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RESUMO

Esta tese investiga as propriedades do estado fundamental e os diagramas de fase
quanticos de sistemas de spin de baixa dimensionalidade, com foco em cadeias do tipo
escada de spin—1/2 e modelos relacionados. Esses sistemas oferecem um terreno fértil para
explorar a interacao entre frustracao magnética, correlacoes quanticas, topologia e campos
externos. Combinando métodos numéricos avancados, principalmente o grupo de renor-
malizacdo da matriz densidade (DMRG), com abordagens analiticas, analisamos como
diferentes geometrias de acoplamento e campos magnéticos dao origem a fases quanticas
distintas, incluindo platds de magnetizagao, fases topologicas e protegidas por simetria, e
transi¢oes de primeira ordem. O estudo abrange escadas uniformes e alternadas, bem como
sistemas de escadas acopladas que interpolam entre comportamentos unidimensionais e
bidimensionais. Em particular, examinamos como a frustracao influencia a estabilidade
dos estados coletivos de spin e como os acoplamentos entre escadas podem induzir tran-
sigoes entre estados de valéncia ressonante (RVB), fases de Haldane e fases triviais com
excitagoes coletivas de spin. Embora modelos analiticos aproximados, como mapeamentos
para bosons duros e teoria de ondas de spin, captem certos aspectos qualitativos desses
sistemas, nossos resultados destacam suas limitagoes na descricao precisa de fendémenos
criticos e fronteiras de fase, reforcando a importancia de analises numéricas de alta pre-

cisao.

Palavras-chaves: Transicoes de Fase Quéanticas. Escadas de Spin. Sistemas Frustrados.

Magnetismo Quantico. DMRG.



ABSTRACT

This thesis investigates the ground-state properties and quantum phase diagrams of
low-dimensional spin systems, with a focus on spin—1/2 ladder chains and related models.
These systems provide a fertile ground for exploring the interplay between magnetic frus-
tration, quantum correlations, topology, and external fields. By combining advanced nu-
merical methods, primarily the density matrix renormalization group (DMRG), with ana-
lytical approaches, we analyze how different coupling geometries and magnetic fields give
rise to distinct quantum phases, including magnetization plateaus, symmetry-protected
and topological phases, and first-order transitions. The study covers both uniform and
alternating ladders, as well as coupled ladder systems that interpolate between one- and
two-dimensional behavior. In particular, we examine how frustration influences the stabil-
ity of collective spin states, and how interladder couplings can drive transitions between
resonating valence bond (RVB) states, Haldane phases, and trivial phases hosting collec-
tive spin excitations. Although approximate analytical models, such as hard-core boson
mappings and spin-wave theory, capture some qualitative aspects of these systems, our
results highlight their limitations in accurately describing critical behavior and phase

boundaries, reinforcing the importance of high-precision numerical analysis.

Keywords: Quantum Phase Transitions. Spin Ladders. Frustrated Systems. Quantum

Magnetism. DMRG.
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marked. Inset: singlet ((ns)) and triplet |to) ((,)) probability densities
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(a, b) Thermodynamic-limit Luttinger parameter K versus J, near
Kosterlitz-Thouless transitions, with critical points Jy gr, = 0.255 £
0.005 and Jy xr, = 0.935+0.005. (¢, d) Extrapolation of critical fields
h_, hy at m = 1/2 to the thermodynamic limit, yielding hxr, = 1.467+
0.002 and hgp, =1.98+0.01. . . . . . . ..o
KT transitions in the J, versus .Jj plane. Calculated points (e) and
symmetric points (e) are shown, with error bars smaller than or equal to
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theory results. Dashed lines are fits to KTy (J)/3 + 0.16Jf + 0.12Jﬁ’)
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Jy for fixed h, with first-order transitions marked (orange lines) as in
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(a) Spin-(s, S) ladder with a four-spin unit cell (two spins of each type)
and periodicity 2u, where u is the rung spacing. The leg coupling J
sets the scale; phases are tuned via J, . (b) Swapping spins on alternate
rungs reduces the periodicity to u. (c¢) Folded and unfolded Brillouin
zones for J;, = —0.5 in a system with L =20 rungs. . . . . . . . . . ..
DMRG-derived phase diagram of magnetic field h versus rung cou-
pling J, for the (1/2,1) alternating spin ladder. Thermodynamic-limit
transition lines are obtained via finite-size scaling of the per-rung mag-
netization m as a function of h. The color scale indicates m for a system
with L =100 rungs. . . . . . . . . . .
Lower w(™) (k) and upper w*) (k) free spin-wave magnon bands, calcu-

lated from the classical ferromagnetic vacuum at zero magnetic field

(h = 0). The bands are shown for J, ranging from -1 to 1 in steps of 0.2.115

DMRG results showing average magnetizations of Spin-% and spin-1
sites, and the average rung magnetization, from h-scan calculations for
(a) J. = 0.25 and (b) J. = —0.25. (¢) Comparison of critical fields
estimated from h-scans with those obtained via finite-size scaling of
per-rung magnetization curves. . . . . . ... ..o 0oL
The average rung magnetization, computed using DMRG for a J | -scan
at h = 0.45, is shown in the main plot. The inset displays results for
h = 0.45, 1.35, and 2.5. Critical transition points J. to the 1/3-plateau
are marked for h =045and 1.35. . . . . ... ...
(a) Transverse spin correlation function between spin-1/2 and spin-1
sites on the same rung, computed using DMRG for J, = —0.25 and
J1 = 0.25 in an h-scan, for a system size L = 128. Local extrema are
indicated by triangles. (b) Transverse spin correlation function I'(r)
for specified magnetization per rung m and J, values, calculated for
L = 128. (c¢) Schematic of short-range magnetic order for the indicated

mand J, values. . . . . ...
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DMRG results for the transverse spin correlation function (—1)"T'(r),
with 7 as the distance along a ladder leg, at m = 1/3 for (a) J, =
—1.4 and (b) J, = —1.2, shown for system sizes L as indicated. The
Luttinger parameter K is computed for (¢) J, = —1.4 and (d) J, =
—1.2 by fitting the correlation data to r—/K) over distance intervals
8 <r <16, 16 <r <32, and 32 < r < 48. (e) Thermodynamic-limit
K versus J; near the Kosterlitz-Thouless (KT) transition, with the
critical point estimated at J; xyr = —-1.32+0.02. . .. ... ... ...
Schematic of coupled two-leg ladders. Thick lines denote antiferromag-
netic exchange couplings within each ladder (J., Jj), and dashed lines
indicate interladder couplings (J' ). All couplings are positive. . . . . .
Schematic of the expected resonating valence bond (RVB) state in a
four-leg ladder. The RVB pattern (a) dominates for J; > 0, and pattern
(b) dominates for J; < 0. . . . ... ...
DMRG results for the ground state of a spin—% four-leg ladder with
L = 32 rungs, open boundary conditions, and couplings J, = J| =
1. Panels show J; = 0.2 (a), J; = 0.6 (b), and J; = 1 (c). In (a),
rung singlets are prominent. As .Jj increases, singlets delocalize along
the legs, weakening rung-singlet correlations. Calculations used a bond
dimension of 3000 and a truncation error of 10=7. . . . . . . .. .. ..
DMRG results for a Spin-% 2N-leg ladder with J;, = 1. (a) Spin gap
extrapolated to the thermodynamic limit for N = 2 and N = 3 at
the isotropic point (J, = Jj). (b) Spin gap extrapolated for N = 2
at the non-isotropic point (J; = J./2). (¢, d) Linear extrapolations of
dimerization order parameters D, and D,, respectively, for N = 2 and
J) = Jy. Calculations used a bond dimension of 3000 and a truncation
error of 1077, . . . ..
Schematic of coupled frustrated two-leg ladders. Thick lines denote an-
tiferromagnetic couplings within each ladder (J., Jj, Jx), and dashed

lines indicate interladder couplings (J', J.). All couplings are positive.
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Figure 55 —

Figure 56 —

Figure 57 —

Figure 58 —

Figure 59 —

Proposed phase diagram of the spin—% antiferromagnetic J;—J5 square-
lattice model, as presented in the work referenced by the figure. The

< 0.61, and it is a gapless spin

~Y

< 0.56 and a VBS phase for 0.56 <

~

nonmagnetic region is 0.45 < Jy/J;

liquid phase for 0.45 < Jo/Jp

JofJU S 061, o

Ground-state phase diagram of the Ji,-Ji,-J> model, including four
phases: the Néel (AFM), VBS, gapless QSL, and a collinear (stripe)
phase. The dashed blue lines denote the hypothetical shape of the VBS
phase close to the origin. Solid blue lines in the middle region denote

the unknown QSL shape close to the tricritical point (filled blue circle).

Open blue circles have emergent O(4) symmetry. . . . . . . ... ...

DMRG results for the ground-state phase diagram of a spin—% frustrated
four-leg ladder with L = 32 rungs. The color scale represents the aver-
age total rung spin, excluding four rungs from each edge to minimize

finite-size effects. Calculations used a bond dimension of 3000 and a

truncation error of 1077, . . . . . . ..

DMRG results for a spin—% frustrated four-leg ladder with L = 96
rungs and open boundary conditions. Shown are the local rung spin
S;, ground-state magnetization (§f>, and first excited-state magnetiza-

tion (AS?) at selected phase diagram points. Calculations used a bond

dimension of 3000 and a truncation error of 10~7. . . . . . . . . . . ..

DMRG results for a spin—% frustrated four-leg ladder with L = 48, 72,

and 96 rungs under open boundary conditions. Shown are linear extrap-

z

% Calculations

olations of the spin gap A and string order parameter O

used a bond dimension of 3000 and a truncation error of 10~7. . . . . .

Ground-state phase diagram obtained via DMRG for (a) the lower lad-
der and (b) the effective ladder of two coupled frustrated ladders with
L = 32 rungs and Jx = 0.64. To mitigate finite-size effects, four rungs
at each edge were excluded during averaging. The coupling J| promotes
rung-singlet formation in the effective ladder, whereas J/, encourages
singlets along the legs. The effective ladder captures rung-singlets from

the frustrated ladder, causing the frustrated ladder to transition from

a rung-singlet to a rung-triplet phase. . . . . . ... ..o
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Figure 60 —

Figure 61 —

Figure 62 —

Ground-state phase diagram obtained via DMRG for (a) the lower lad-
der and (b) the effective ladder of two coupled frustrated ladders with
L = 32 rungs and J, = 0.7. To mitigate finite-size effects, four rungs
at each edge were excluded during averaging. The lower ladder pre-
dominantly remains in the rung-triplet phase but transitions to a rung-

singlet phase near the four-leg regime, losing its quasi-one-dimensional

behavior. . . . . .

DMRG-based linear extrapolation of the string order parameter OF, for
the lower frustrated ladder with J, = 0.7. Two paths were analyzed:
(1) fixing J| = 0 while varying J/,, and (2) fixing J/ = 0 while varying

J' . In both cases, the couplings destabilize the SPT Haldane S = 1

phase. . . . .

Ground-state phase diagrams of the entire system with L = 32 rungs,
obtained via DMRG. To mitigate finite-size effects, four rungs at each
edge were excluded when calculating the average rung total spin S.
The phase diagrams reveal three primary regions: S = 0, S = 1, and

S =~ 2. These transitions are driven by the shifts in the upper and lower

frustrated ladders from rung-singlet to rung-triplet phases. . . . . . . .
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Code 1 — A typical Python setup script for running DMRG simulations in ALPS.

Code 2 — Creation of the Hamiltonian (2.64) using the OpSum system. . . . . . .

Code 3 — The following code provides a basic illustration of setting up a one-
dimensional spin-1/2 chain using ITensor in Julia. While this example is sim-
plified for clarity, a typical implementation would include additional commands

to compute local quantities and utilize packages to save the output data.

66



LIST OF TABLES

Table 1 — Action of the rung operators on the basis states.



LIST OF ABBREVIATIONS AND ACRONYMS

1D One-Dimensional

2D Two-Dimensional

AFM Antiferromagnetic

AKLT Affleck- Kennedy-Lieb- Tasaki
ALPS Algorithms and Libraries for Physics Simulations
CBC Cylindrical Boundary Condition
CD Columnar Dimer

DMRG Density Matriz Renormalization Group
FBZ Folded Brillowin Zone

FP Fully Polarized

HAF Heisenberg Antiferromagnetic

KT Kosterlitz-Thouless

LL Luttinger Liquid

MPO Matriz Product Operator

MPS Matriz Product State

NRG Numerical Renormalization Group
OBC Open Boundary Condition

PBC Periodic Boundary Condition
PEPS Projected Entangled Pair State
PM Paramagnetic

QCP Quantum Critical Point

QSL Quantum Spin Liquid

RG Renormalization Group

RS Rung-Singlet

RT Rung-Triplet



RVB
SD

SPT
SVD
UBZ

VBS

Resonating-Valence-Bond
Staggered Dimer
Symmetry-Protected Topological
Singular Value Decomposition
Unfolded Brillouin Zone

Valence-Bond Solid



1.1
1.2
1.3

2.1
2.1.1
2.1.2
2.1.3
2.14
2.1.5
2.1.5.1
2.1.5.2
2.1.6
2.2
2.2.1
2.2.2
2.2.3
2.2.4
2.3
2.3.1
2.3.2
2.3.3
24
2.4.1
2.4.2
2.4.3

3.1
3.1.1

CONTENTS

INTRODUCTION . . . . . . ettt et e e e e 27
SPIN MODELS AND PHASE TRANSITIONS . . . . .. ... ... .. 29
LOW-DIMENSIONAL QUANTUM MAGNETISM . . ... ... ... 32
THESIS OUTLINE . . . . . . . .. 37
DENSITY MATRIX RENORMALIZATION GROUP (DMRG) 39
FORMULATION . . . . . o e 40
Singular Value Decomposition . . . . . . ... .. ... .. ..... 41
The Decimation . . . . . . . . .. .. ... L 0o 43
Lanczos Method . . . . . . . . .. .. ..o 44
DMRG Algorithms . . . . . .. ... ... o 45
Correlations . . . .. .. ..o 48
Sites in the Same Block . . . . . . . . .. Lo 48
Sites in Different Blocks . . . . . . . . .. L 49
Theoretical Foundation of DMRG Success . . . . .. .. ... .. 49
MPS FORMULATION OF DMRG . . . .. ... ... ... ...... 51
MPS Representation . . . . . .. ... 0oL 51
MPO Representation . . ... ... ... ... ... ... ...... 54
Tensor Networks in DMRG . . .. ... ... ... ... ...... 55
The Algorithm . . . . . . . . ... .. . 56
APPLYING DMRG TO 2D SYSTEMS . . ... ... ... ... .... 58
Convergence . . . . . . . . . . .. 59
Gaps and Excited States . . . . . . ... ... ... .. ... 61
Boundary Conditions . . . . .. ... ... ... ... ... 61
COMPUTATIONAL METHODOLOGY . . .. .. ... ... ..... 62
ALPS . . 63
ITensor . . . . . . . . . . . . 64
Our Approach . . . . . . . . . . 67
QUANTUM MAGNETISM IN LOW DIMENSIONS ... .. 68
LUTTINGER LIQUID . . . . . ... o .. 68

Density Operator and Bosonization . . . ... ... ... ... .. 69



3.1.2
3.1.3
3.2
3.2.1
3.2.2
3.2.2.1
3.2.2.2
3.3
3.3.1
3.3.2
3.8.2.1
3.4
3.4.1
3.4.1.1

4.1
4.1.1
4.1.2
4.1.3
4.1.4
4.2
4.2.1
4.2.2
4.3
4.3.1
4.3.2
4.3.3
4.8.5.1
4.8.5.2

5.1
5.1.1
5.1.2

Particle Creation Operators . . . . . . ... ... ... ... .... 70

Luttinger Liquid Hamiltonian . . . . . . . ... .. ... .. ... 71
LINEAR SPIN CHAIN . . . . . ... .. 71
Spin—% Chain . . . . . .. .. 72
Numerical Results for Linear Spin Chains . . . . . ... ... .. 74
The Spmf% and Spmf% Chains . . . . . . . . . 75
The Spin—1 and Spin-2 Chains . . . . . . . . . . ... ... 77
TOPOLOGICAL PHASES . . . . . . . . o . 79
The Haldane Phase . . . . . . . .. ... ... ... ... ....... 80
Order Parameters . . . . . . . . . .. ... ... ... 80
String Order Parameter . . . . . . . . . . . . 82
SPIN LADDERS . . . . . . 83
Spin—% Two-Leg Ladder . . . . . . . .. ... ... ... ....... 85
Ground-State Phase Diagram of the Spmf% Two-Leg Ladder. . . . . . . 85
SPIN—% FRUSTRATED LADDER ... ... .......... 87
GROUND-STATE PROPERTIES AT ZERO FIELD . . . . . . ... .. 89
Fully Frustrated Case . . ... .. ... .. ... ... ........ 89
Haldane Phase . . . . . . . . . .. .. . ... 90
Weakly Coupled Chain Limit . . . . ... ... ... ........ 92
Ground-State Phase Diagram . . . . .. ... ... ... ...... 93
FRUSTRATED LADDER IN AN EXTERNAL MAGNETIC FIELD . . 94
Mapping to the XXZ Chain . . .. .. ... ... ... ....... 96
Hard-Core Boson Mapping . . . . . . . .. ... ... ... ..... 98
PHASE DIAGRAM . . . . . . . . 100
First-Order Phase Transition. . . . . . . . .. ... ... ... ... 102
Kosterlitz-Thouless Transition Points . . . . . . .. ... ... . 105
Other Phase Diagrams . . . . . . . .. .. ... ... ... ...... 107
Case: Jy=02 . . . ... 108
Case Jy=0.8 . . . ... ... 109
MIXED-SPIN LADDER . . ... ... ... 110
THE ALTERNATING SPIN—(%, 1) LADDER . . . ... ... ... ... 112
Spin-Wave Theory . . . . . . .. .. ... ... ... ... 113

Magnetization . . . . . . ... 115



5.2
5.2.1
5.2.2

6.1
6.1.1
6.2
6.2.1
6.2.1.1
6.2.1.2
6.2.2
6.3

KOSTERLITZ-THOULESS TRANSITION . . . . ... . ... ... .. 117

Transverse Spin Correlations . . . . . . . . ... ... ... ..... 118
Identifying KT Transition Points . . . . . .. .. ... ... .... 119
COUPLED TWO-LEG LADDERS . ... ............ 121
N COUPLED LADDERS . . . . . . .. . o .. 122
The Square Lattice Limit . . . . . . . ... ... ... ........ 125
N COUPLED FRUSTRATED TWO-LEG LADDERS . ... ... .. 126
Square Lattice Models . . . . . . .. ... ..o 128
The Ji—Js Model . . . . . . . . . . . . . 128
The Jiz—Jiy—Jo Model . . . . . . ... ... ... 150
Numerical Results for the Frustrated Four-Leg Ladder . . . .. 130
NUMERICAL RESULTS FOR TWO COUPLED FRUSTRATED LAD-

DERS . . . o 134
CONCLUSION . . . . o e ettt e e e e e e e 139
References . . . . . . . . . . . . i e e e 142



27

1 INTRODUCTION

Magnetism has long attracted scientific interest, with its earliest documentation linked
to lodestones—naturally magnetized minerals known for their ability to attract iron. Prior
to the 19th century, electricity and magnetism were regarded as unrelated phenomena.
This perspective changed in 1820 when Hans Christian Orsted demonstrated that an
electric current can deflect a magnetic compass needle [1], revealing a fundamental con-
nection between electric and magnetic fields and initiating the development of classical
electromagnetism.

Despite this progress, the microscopic origin of magnetism remained elusive for much
of the 19th century. James Clerk Maxwell’s formulation of the electromagnetic field equa-
tions in the 1860s provided a unified description of electric and magnetic phenomena [2].
These equations describe how time-varying electric and magnetic fields give rise to one an-
other and accurately capture the macroscopic behavior of electromagnetic fields. However,
they do not account for the microscopic sources of magnetism, such as the spontaneous
alignment of magnetic domains observed in ferromagnetic materials like lodestones.

Lodestones, primarily composed of magnetite (Fe3O,), are known to exhibit permanent
magnetization. Although classical electromagnetism can describe the field generated by
such materials, it lacks a mechanism for explaining the internal alignment of atomic
magnetic moments. This limitation pointed to the necessity of a microscopic theory of
magnetism.

The advent of quantum mechanics in the early 20th century provided the necessary
framework. The discovery of the electron in 1897 [3], followed by the development of atomic
models such as that of Bohr in 1913 [4], highlighted the inadequacy of classical physics
in describing atomic-scale phenomena. A key conceptual advance was the introduction of
the electron’s intrinsic angular momentum, or spin, which plays a central role in magnetic
behavior.

The quantization of angular momentum was first observed experimentally in the
Stern—Gerlach experiment of 1922 [5], which demonstrated that silver atoms possess dis-
crete magnetic moment orientations. While initially interpreted in terms of orbital angular
momentum, later developments clarified that spin is the primary source of the observed

quantization. This finding established spin as the fundamental microscopic origin of mag-
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netism.
The macroscopic magnetic properties of materials arise from interactions between the
spins of individual electrons. Depending on the nature and geometry of these interactions,

different types of magnetic ordering can emerge:

e Ferromagnetism: characterized by parallel alignment of spins, leading to a net

magnetic moment (e.g., magnetite).

e Antiferromagnetism: involves alternating spin orientations, resulting in zero net

magnetization.

e Ferrimagnetism: similar to antiferromagnetism but with unequal opposing mo-

ments, yielding a net magnetization (e.g., hematite).

e Paramagnetism: unpaired electron spins tend to align with an external magnetic

field but become disordered by thermal agitation in its absence.

These types of magnetic order are schematically illustrated in Fig. 1.

Figure 1 — Examples of magnetic ordering: (FM) Spins align parallel in the same direction. (AFM) Spins
alternate in opposing directions. (FiM) Spins oppose with unequal magnitudes. (PM) Spins
orient randomly.
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Source: The author (2025)
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Magnetic properties are also sensitive to external conditions, particularly tempera-
ture and pressure. In 1895, Pierre Curie discovered that ferromagnetic materials exhibit
spontaneous magnetization only below a specific temperature, now known as the Curie
temperature [6]. Above this threshold, thermal fluctuations overcome spin alignment, and
the material enters a paramagnetic state. This phenomenon provided early insight into

magnetic phase transitions and remains a cornerstone in the study of magnetic materials.

1.1 SPIN MODELS AND PHASE TRANSITIONS

Spin models are fundamental to understanding magnetic systems and their associated
phase transitions. Among the earliest and most influential is the Ising model, introduced
by Wilhelm Lenz in the 1920s [7] and solved in one dimension by Ernst Ising [8]. In
its classical formulation, the Ising model describes spins as discrete variables (s; = £1),
interacting with their nearest neighbors. Despite its simplicity, it serves as a cornerstone
in the study of magnetic ordering and critical phenomena. Its Hamiltonian, including a

coupling to an external magnetic field h, is given by
M=) Jysis;—hY s, s ==%l, (1.1)
(i.3) i

where J;; denotes the coupling constant: positive for ferromagnetic (.J;; > 0) and negative
for antiferromagnetic (J;; < 0) interactions. The second term represents the Zeeman
energy due to the external field. In one dimension, thermal fluctuations inhibit long-range
order at finite temperature, precluding a phase transition due to entropic dominance.

In two dimensions, however, the model undergoes a continuous phase transition at a
finite critical temperature 7,. Lars Onsager’s exact solution for the zero-field case (h = 0)
in 1944 [9], employing transfer matrix techniques, revealed the emergence of spontaneous
magnetization below T, signaling a transition from a disordered Paramagnetic (PM)
phase to an ordered ferromagnetic phase. This seminal result, illustrated in Fig. 2, firmly
established the Ising model as a prototypical framework for studying criticality.

The three-dimensional Ising model remains analytically unsolved due to its inher-
ent complexity. Numerical approaches, particularly Monte Carlo simulations [10, 11] and
Renormalization Group (RG) methods, provide valuable insights. Monte Carlo techniques

yield statistical estimates for thermodynamic quantities such as magnetization and suscep-
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tibility, while RG analyses uncover universal behavior and critical exponents, in agreement

with experimental results for materials such as iron and nickel.

Figure 2 — Magnetization per spin, m, as a function of the dimensionless temperature, kgT/J, for the
Ising model on a 32 x 32 square lattice in the absence of an external magnetic field. Simulations
were performed using the demon algorithm. Due to the symmetry of the system, two degenerate
ferromagnetic states are possible: one with all spins aligned up and the other with all spins
aligned down.

1
05 .
g O o 0 -
05 _|
1 ‘.J \ \ \
0 2 4 6 8 10
k,T/J

Source: The author (2025)

Extending beyond discrete spin variables, vector spin models offer a more general
description. In the classical Heisenberg model, spins are treated as continuous vectors
S = (S*,SY,5%) with components constrained to lie on a unit sphere. The quantum
Heisenberg model generalizes this further by introducing spin operators Se, satisfying the

angular momentum commutation relations:
(5%, 8%) = i€np,S7, (1.2)

where €, is the Levi-Civita symbol. The corresponding Hamiltonian is
H= > > J.Ssy, (1.3)
ac{z,y,z} (i)
which includes, as special cases, the isotropic Heisenberg (XXX) model (J, = J, = J,),
the anisotropic XXZ model (J, = J, # J.), and the fully anisotropic XYZ model (J, #
Jy# 1.).
In classical Two-Dimensional (2D) systems with continuous symmetry, the Mermin—Wagner

theorem [12] forbids spontaneous symmetry breaking at finite temperatures. This result
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arises from the divergence of low-energy fluctuations (Goldstone modes), which destabilize
long-range order. Nonetheless, certain 2D systems exhibit unconventional transitions. A
prominent example is the 2D XY model, where spins are confined to a plane. This model
undergoes a topological phase transition, known as the Kosterlitz- Thouless (KT) transi-
tion, at a critical temperature Tk [13]. Unlike conventional transitions, it is not associated
with spontaneous symmetry breaking, but rather with the unbinding of vortex—antivortex
pairs. Below Tk, the system enters a quasi-long-range ordered phase characterized by al-
gebraically decaying spin correlations. In contrast, three-dimensional systems can exhibit
true long-range order through conventional continuous symmetry breaking.

Quantum extensions of these models replace classical spins with discrete quantum
degrees of freedom, introducing quantum fluctuations that are particularly relevant in low-
dimensional systems. These fluctuations lead to phenomena such as quantum criticality,
where zero-temperature phase transitions occur due to quantum rather than thermal
fluctuations.

Classical phase transitions arise from the competition between thermal energy and
interaction-induced ordering, and typically occur at finite temperature (7" > 0K). By
tuning external parameters such as pressure or magnetic field, a system may transition
between distinct phases—for example, from a PM to a ferromagnetic phase. Above the
critical temperature (e.g., the Curie temperature), thermal agitation disrupts spin align-
ment, while below it, interactions dominate and stabilize ordered configurations.

As temperature approaches absolute zero (7' — 0K), thermal fluctuations are sup-
pressed, but quantum fluctuations, arising from the Heisenberg uncertainty principle,
remain significant. These drive quantum phase transitions, which are governed by a non-
thermal control parameter g (e.g., pressure, magnetic field, or chemical doping). The
transition occurs at a Quantum Critical Point (QCP) located at g = g.. Near the QCP,
the system becomes scale-invariant, and physical quantities exhibit power-law scaling.

The divergence of the correlation length ¢ and characteristic timescale t.. follows

5 ~ |g - gc|_ya tc ~ |g - gc|_VZ> (14)

where v is the correlation length exponent and z is the dynamical critical exponent. At
the critical point, fluctuations span all spatial and temporal scales, resulting in universal
behavior characterized by critical exponents. Although strictly speaking quantum critical-

ity occurs at T' = 0 K, its signatures can be observed experimentally at low temperatures,
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where quantum and thermal fluctuations coexist. These features are depicted schemati-

cally in Fig. 3.

Figure 3 — Field-temperature phase diagram of the spin—-ladder compound (Hpip)2CuBry4, showing quan-
tum disordered (QD), quantum critical (QC), and spin Luttinger-liquid (LL) phases
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Source: Reference [14]

Accurate analysis of these models—particularly in the quantum regime—relies on nu-
merical techniques. Monte Carlo simulations, despite being hindered by the sign problem
in many quantum systems, remain widely used in both classical and quantum contexts.
The Density Matriz Renormalization Group (DMRG) method [15-17] has become a stan-
dard tool for studying One-Dimensional (1D) quantum systems, offering highly accurate
ground-state and low-energy spectra. A diverse array of numerical methods is available
for studying many-body quantum systems, including variational methods, exact diago-

nalization, tensor networks, and neural quantum states [18].

1.2 LOW-DIMENSIONAL QUANTUM MAGNETISM

Quantum spin models, defined by lattice geometry (e.g., linear chains, ladders, square
or Kagome lattices), interaction strengths (.J;;), and dimensionality, offer a versatile frame-
work for describing a wide range of physical systems, including real magnetic materials.
Among these, the 1D Heisenberg Antiferromagnetic (HAF) model plays a foundational

role in the study of quantum phenomena. Haldane famously conjectured that the ground
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state of such systems depends crucially on the spin magnitude: half-odd-integer spin
chains (S = %, %, . ) are gapless, whereas integer-spin chains (S = 1,2,...) possess a fi-
nite energy gap—the so-called Haldane gap—separating the ground state from the lowest
excitations |19, 20]. This prediction triggered a surge of interest in low-dimensional spin
systems, particularly for S = 1, where the resulting Haldane phase has been well estab-
lished both theoretically [21, 22| and experimentally [23-25]. As a topological phase [26],
it evades the traditional Landau paradigm of symmetry breaking, featuring hidden string
order and characteristic edge states in open chains [22, 27-29]. These traits mirror more
general topological phases of matter, such as topological insulators [30], which also ex-
hibit bulk-edge correspondence—insulating bulk behavior coexisting with conducting edge
modes.

Spin ladders form an important class of quantum many-body systems that interpolate
between 1D chains and 2D lattices. They serve as effective models for several real mate-
rials, including (Hpip),CuBry [14], (C5H12N)2CuBry [31], (VO)2P207, and SrCusO3 [32],
all of which realize spinf% ladders. The structural and magnetic properties of these com-

pounds—illustrated in Fig. 4—make them ideal platforms for exploring low-dimensional

quantum effects.

Figure 4 — (A) Ladder compound (VO)3P207. (B) Schematic representation of a two-leg compound,
SrCus03, and a three-leg compound, SroCu3Os. The black dots represent Cu atoms, the
intersections of solid lines represent O atoms, and the dashed lines indicate Cu-O bonds. J
denotes the coupling along the ladder, while J’ represents the coupling along the rungs.
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The ground-state properties of spin ladders depend strongly on the number of legs:
even-leg ladders typically exhibit a finite spin gap and host gapped spin-liquid phases,
while odd-leg ladders are generally gapless [33-35]. This even-odd effect is supported
by analytical results, such as Lieb-Schultz-Mattis-type theorems [36], and by extensive
numerical studies up to four-leg ladders [37-39|, scaling analyses [40], and experimen-
tal data [32, 41-43]. Ladders with higher spin also attract theoretical and experimental
attention. For instance, NasNiy(C20y4)3(H20), and S-CaCryO4 realize spin—1 [44] and
spinf% [45, 46] ladders, respectively.

The spinf% frustrated two-leg ladder, featuring diagonal couplings, has attracted con-
siderable interest [47-51|. These couplings introduce magnetic frustration, which sup-
presses full Antiferromagnetic (AFM) order. The resulting ground-state phase diagram
includes Rung-Singlet (RS) and Rung-Triplet (RT) phases [49, 51|, with the latter often
associated with Haldane-like behavior. Frustrated two-leg ladders display several unique
phenomena, including equivalence to spin—1 chains under specific exchange patterns [49,
52, 53|, fractional magnetization plateaus [48, 54-56], first-order transitions [48, 49, 54],
spinon and magnon condensation [48], and KT transitions [55-57].

Nevertheless, only a few materials are known to realize spinf% frustrated ladders,
limiting experimental validation. BiCuy,POg [58] is a rare example, where frustration
stems from next-nearest-neighbor couplings along the ladder legs [59]. Another candi-
date, Li;CuyO(SOy)s, exhibits J, = Jj and a ferromagnetic rung coupling J, , along with
a strong antiferromagnetic next-nearest-neighbor exchange Jy [60-63], as illustrated in
Fig.5.

In mixed-spin ladders, the interplay between spin arrangement and coupling strengths
can give rise to ferrimagnetism, as anticipated by the Lieb-Mattis theorem [64—76]. Similar

behavior is found in other 1D ferrimagnetic models [77, 78|, such as alternating spin

chains with spin—(3, 1) and spin—(%, 3), which exhibit ferrimagnetic ground states and
magnetization plateaus at 1/3 and 2/3, respectively [79-85].

Studies using DMRG have explored the roles of density-dependent magnon hopping,
magnon-magnon interactions, and edge-state behavior [86]. In certain anisotropic models,
the 1/3 magnetization plateau terminates in a KT transition [87], similar to findings in
anisotropic ferrimagnetic chains [88-90]. In contrast, isotropic trimer systems exhibit a

1/3 plateau without a KT transition [91].
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Figure 5 — (a) Tetragonal crystal structure of LisCusO(SO4)2 at room temperature. Cu are in blue, O in
red, S in yellow, and Li in green. (b) Detail of the atomic structure of the chains running along
the ¢ axis. (¢) Magnetic model deduced from the atomic structure, with the three dominant
interactions along the chain: J, in green, J = Jyx in blue, and Js in red. (d) Topologically
equivalent frustrated two-leg spin ladder.
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Extending from 1D to higher dimensions presents significant theoretical and compu-
tational challenges. Coupled spin ladders, shown in Fig. 6, offer a practical step toward
2D systems. These have been extensively studied [33, 92-97|, and are known to exhibit
quantum phase transitions between gapped disordered states and magnetically ordered
Néel phases.

One notable compound is BayCuTeOg [98-100], which realizes weakly coupled spin—%
ladders through orbital ordering of Cu?* ions. While isolated ladders would feature a
spin—singlet ground state, the system undergoes magnetic ordering at a Néel temperature
much lower than the dominant exchange energy scale. This suggests that interladder
couplings are weak but sufficient to drive magnetic order, placing the compound near the
quantum critical point separating the gapped and ordered phases (see Fig. 7).

Another relevant example is CoH;sNoCuBry [101], a spinf% magnetic insulator com-
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posed of coupled two-leg ladders. Its low-temperature magnetic behavior and proximity

to the quantum critical point have been characterized [102-104].

Figure 6 — Ba2CuTeO6 exhibits a coupled ladder structure, where the exchange interactions Jyung and
Jieg define individual two-leg ladders, and Jiyter couples these ladders together.
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Figure 7 — (a) Monoclinic structure of BasCuTeOg showing the 12R hexagonal stacking sequence. The
intra-ladder (J1eg and Jyung) interactions between the Cu2* cations (colored green) are indi-
cated by the red arrows. The inter-ladder interaction Jiter through the face- sharing CuOg-
TeOg-CuOg trimer is indicated by the blue arrow. (b) Two-leg spin ladder structure of Cu2™
cations in BayCuTeOg viewed along the a axis. (¢) Two-leg spin ladder phase diagram. The
red arrow shows that BasCuTeOg lies close to the quantum critical point (QCP) on the Néel
ordered side of the phase diagram.
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Source: Reference [100]

Frustrated magnetic systems hold greater promise for hosting exotic quantum phases,
such as spin liquids and topological states, due to competing interactions. Yet, frustration
in coupled ladder systems remains relatively unexplored [105]. While numerical methods

like quantum Monte Carlo are powerful for unfrustrated models, they suffer from the
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sign problem in frustrated systems, especially in 2D, necessitating the use of advanced
computational techniques.

Given the success of unfrustrated coupled ladders in modeling quantum materials,
the frustrated case is particularly compelling. Frustrated two-leg ladders exhibit rich and
complex phase diagrams that go beyond those of unfrustrated systems, providing strong
motivation for the present study. The model shown in Fig. 8 offers a promising framework
for exploring the interplay of frustration and dimensional crossover in quasi-1D and 2D

settings, including the emergence of novel and potentially topological phases.

Figure 8 — Schematic representation of two coupled, frustrated two-leg ladders. Solid lines denote intra-
ladder interactions, while dashed lines indicate inter-ladder couplings.

Source: The author (2025)

1.3 THESIS OUTLINE

This thesis is organized as follows:

Chapter 2 introduces the DMRG method, the primary numerical tool used in this work.
We present both its traditional formulation and modern Matriz Product State (MPS)-
based approach, with attention to implementation details. The chapter also describes the
computational libraries employed, includes code examples, and outlines the methodology
applied throughout the thesis.

Chapter 3 focuses on low-dimensional quantum spin systems. We begin with spin—5
chains for §' = (%, 1, %, 2), presenting DMRG results and discussing the Haldane conjecture
and associated topological phases. The chapter concludes with an analysis of spin ladder

models, including the ground-state phase diagram of the spinf% two-leg ladder.
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Chapter 4 analyzes the phase diagram of the Spin*% frustrated two-leg ladder under
an external magnetic field. We examine ground-state properties, identify distinct phases

and their boundaries, and estimate KT transition points.

1
29

Chapter 5 investigates a Heisenberg two-leg ladder with alternating spins (5,1) in a
magnetic field. Combining DMRG and spin—wave theory, we construct the phase diagram,
estimate critical points, determine phase boundaries, and compare numerical results with
analytical predictions.

Chapter 6 explores systems of coupled Spin*% two-leg ladders, considering both un-
frustrated and frustrated configurations. Using DMRG, we construct phase diagrams,
characterize the resulting phases, and extend the study to even-leg systems, with partic-
ular emphasis on the four-leg case.

Chapter 7 summarizes the main findings of this thesis and outlines possible directions

for future research.
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2 DENSITY MATRIX RENORMALIZATION GROUP (DMRG)

The DMRG, introduced by Steven White in 1992 [16, 17|, is a powerful numerical
method for investigating strongly correlated 1D and quasi-1D quantum systems. A defin-
ing feature of such systems is the exponential growth of their Hilbert space with system
size, which poses significant obstacles for both analytical approaches and conventional
approximation methods, such as perturbation theory or standard variational techniques.
The core challenge addressed by DMRG lies in the computational intractability associ-
ated with this vast Hilbert space. The method’s key innovation is to represent the ground
state within an optimally reduced basis, retaining only the most relevant components
while discarding less significant contributions. This strategy enables a drastic reduction
in the effective Hilbert space dimension while preserving the essential physical properties
of the system.

The traditional formulation of DMRG has its roots in the broader context of RG
theories, which aim to capture the behavior of many-body systems near criticality. The
development of DMRG was motivated by the limitations of the Numerical Renormaliza-
tion Group (NRG) method [106], as critically assessed by White and Noack [107]. While
NRG proceeds by iteratively diagonalizing the Hamiltonian and retaining only the lowest-
energy eigenstates, it often fails to provide accurate descriptions of low-energy properties
in extended systems. In contrast, DMRG improves upon this approach by introducing a
two-block scheme (see Fig. 9(b)), which outperforms the single-block strategy employed
in NRG (see Fig. 9(a)).

In the NRG framework, one begins with a small block of sites in a 1D system and
incrementally adds new sites. To mitigate the exponential growth of the Hilbert space,
a maximum number of retained states, denoted by m, is imposed. Once this limit is
reached, truncation is performed by discarding states beyond this threshold after each
site addition. This iterative procedure continues until convergence of the ground-state
energy is achieved. The selection process, commonly referred to as decimation, retains
states associated with the lowest eigenvalues and thus plays a decisive role in the method’s
effectiveness. DMRG retains the iterative structure of NRG but enhances its precision by
using a two-block architecture, which offers a superior balance between computational

efficiency and the fidelity of physical information.
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Figure 9 — (a) Representation of an iterative growth process in the NRG method. (b) Representation of
an iterative growth process in the DMRG method.
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Source: Adapted from [108] and [109].

2.1 FORMULATION

The ground state of the system can be expressed in terms of a bipartite decomposition

) = 3" cli) @ 1) = el 2.1)

where |i) and |7) form orthonormal bases for subsystems A and B, respectively, and the
coeflicients ¢;; are given by ¢;; = (ij| V). It is assumed that the state |U) is normalized, i.e.,
(¥|W) = 1. When the dimension of the basis for block A reaches a maximum allowed value
m, a change of basis is performed through a procedure known as decimation, transforming
the basis to |¢/). This transformation aims to minimize the squared norm of the difference

between the true ground state |¥) and its approximation |¥):

2

5= [w) - |¥)

(2.2)
where the approximate state is defined as
B) = > culi's). (2.3)
=1 j

Considering the system illustrated in Fig. 9(b) as a bipartite structure composed of
blocks A and B, the Hilbert space of the full system (superblock) is given by Harp =
H 4@ Hp, with total dimension Darp = D4 Dp. For a pure state |¥), the density matrix
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p=w)(w]. (2.4)

The reduced density matrix associated with block A is obtained by tracing out the degrees
of freedom of block B:

pt = Trg| W) (T (2.5)
The matrix elements of p4 are

Pl = (0l ) = 3 (i ) (i) = 3 i, 2.0
For pure states, the density matrix p satisfies several key properties:

e Idempotency: p? = p,

e Hermiticity: pf = p,

e Normalization: Trp =1,

e Positivity: all eigenvalues are non-negative.

The eigenvectors |p:!) of p# form an orthonormal basis for the reduced Hilbert space
of block A, with associated eigenvalues p/* > 0 that satisfy the normalization condition

>, p2 = 1. The spectral decomposition of p* then takes the form
P =" oo, (2.7)

and a completely analogous decomposition applies to the reduced density matrix of block

B.

2.1.1 Singular Value Decomposition

For a general complex matrix M of dimensions M x N (with M > N), the Singular

Value Decomposition (SVD) provides a decomposition of the form
M = USVT, (2.8)

where U is an M x N matrix with orthonormal columns (UTU = Iy), Visan N x N
unitary matrix, and S is a diagonal N x N matrix whose non-negative diagonal elements

w; are known as the singular values of M. Equation (2.8) defines the SVD of M.
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Applying this decomposition to the matrix of coefficients ¢;; appearing in Eq. (2.1),

we obtain
Z Unwi (Vi)' Z Uikwi Vi, (2.9)
which allows the many-body wavefunction |¥) to be re-expressed as

Z Ulkwkvk\m

- (o ) (S v
= wilag)|be), (2.10)

where we define the orthonormal states

\ak>=ZUikli>, |bk) = Z Tl7)- (2.11)

In the context of Hilbert spaces, unitary transformations preserve inner products and
therefore the norm of vectors, playing an analogous role to rotation operators in Euclidean
space R?. In this framework, the matrices U and V serve as change-of-basis operators
that rotate the original bases of blocks A and B, respectively, into new orthonormal sets.
The resulting vectors |ay) and |b) form orthonormal bases referred to as the Schmidt
basis.

Thus, the wavefunction |¥) can be expressed in Schmidt form as

= wilagby), (2.12)

which highlights the bipartite entanglement structure of the state. In this basis, the re-

duced density matrices for subsystems A and B take particularly simple diagonal forms:
P = Trg| W) (V] = Zwk\ak (ag], (2.13)
= Try | U) (0| = Zwk|bk (by)- (2.14)

The squared singular values w? thus correspond to the eigenvalues of both reduced
density matrices. These quantities are central to DMRG, as they determine which basis
states contribute most significantly to the entanglement between blocks and guide the

truncation process in the renormalization procedure.
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2.1.2 The Decimation

Returning to the truncation procedure introduced previously, we now express both the

exact ground state |¥) and its approximation |¥) in terms of the Schmidt decomposition:

T) = wilarbe), (2.15)
k=1
¥) = Z wi|axby). (2.16)

where M is the full dimension of the Schmidt decomposition and m is the number of
states retained in the truncated basis. The approximation |\if) is obtained by keeping only
the m Schmidt vectors associated with the largest singular values wy.

The error in this approximation can be quantified using the squared norm introduced

in Eq. (2.2). In analogy with the Frobenius norm for matrices,
IM|[* = Te(M™M), (2.17)

the squared norm for vectors in Hilbert space corresponds to their inner product. As-
suming the singular values are ordered such that wy; > wy > --+ > wyy > 0, the squared
difference between the full and truncated states becomes:

S = [1¥) — [¥)[?

2 2

M m<M M
= Zwk|akbk> — Z wk|akbk> = Z wk|akbk>
k=1 k=1 k=m+1
M M
= Z wkwl<albz\akbk> = Z wsz5k,z
kl=m+1 kl=m+1
M
= > (2.18)

k=m+1

where the last equality follows from the orthonormality of the Schmidt vectors: (a;b;|axby) =
Okt

From Egs. (2.13) and (2.14), the squared singular values w? are the eigenvalues of the
reduced density matrices p* and pZ, and the vectors |ag) and |by,) are their corresponding
eigenvectors. Therefore, Eq. (2.18) gives the sum of the eigenvalues associated with the
discarded states in the reduced Hilbert space.

To minimize the truncation error S, one must retain the eigenvectors corre-

sponding to the largest eigenvalues of the reduced density matrix, as these carry the
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dominant weight in the entanglement spectrum. This procedure is the core of the density
matrix-based truncation in the DMRG algorithm.

At each renormalization step, the quantity
m
e=1-)Y w, (2.19)
k=1

defines the discarded weight, representing the loss in norm resulting from the truncation.
Since the singular values satisfy the normalization condition Y 0" w? = 1, Eq. (2.19)
directly measures the contribution from the states removed during the decimation. The
total discarded weight accumulates throughout the successive truncations and serves as a

reliable metric of the approximation quality.

2.1.3 Lanczos Method

A central objective in many numerical algorithms for quantum systems is the diag-
onalization of the Hamiltonian. The Lanczos method [110] is one of the most widely
used techniques for this task, particularly in large Hilbert spaces. It is favored for its
low memory requirements—storing only three vectors at any given step—and for its
rapid convergence to extremal eigenvalues, typically limited only by machine precision.
Through an iterative process, the Lanczos algorithm generates an orthonormal basis in
which the Hamiltonian is represented as a tridiagonal matrix [111].

We begin with an arbitrary normalized vector |¥y) from the Hilbert space. The next
vector in the sequence is generated by applying the Hamiltonian #H and orthogonalizing
via the Gram-Schmidt procedure:

(To|H[ o)

Uy) = 7-2]\1’0> — W

|Wo), (2.20)

which ensures orthogonality: (¥o|W;) = 0. The process continues with

<\If1|7:[|\111>
(Wy|Wy)

wy — a0 g (2.21)

|\Ij2> :7:[|\Ij1> - <\IJO|\IJO>

which guarantees (Vo|Ws) = (V|W¥s) = 0.
Generalizing this process, we recursively define the (n + 1)-th vector in the Krylov

subspace as

|\Dn+1> = ?:[‘\Ijn> - an‘an> - bi’anfl% (222)
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for n = 1,2,..., with initial conditions |¥_;) = 0 and by = 0. The scalar coefficients a,

and b? are given by

W), (0,0,
n= T bn =, 2.23
= g, T W 1T ) (2.23)

In the basis W), |¥1),|Vs),..., the Hamiltonian is represented by the tridiagonal

matrix:
-ao bo 0 O -
by a3 by O
H=10 by as by ...|- (2.24)
0 0 b3 as

This sparse structure allows for efficient diagonalization using standard numerical
routines, such as the QR algorithm or specialized methods for tridiagonal matrices.

A key feature of the Lanczos method is its extreme memory efficiency. At any
given iteration n, only three vectors need to be stored: |¥,,_1), |V, ), and the result of
applying the Hamiltonian, 7:[|\I/n> This feature makes the Lanczos algorithm especially
attractive for large-scale problems, such as those encountered in exact diagonalization or

as part of the DMRG warm-up process.

2.1.4 DMRG Algorithms

Having established how to select the reduced basis, we now describe how DMRG
performs numerical calculations using its two core variants: the infinite-size DMRG and
its enhanced form, the finite-size DMRG. Both follow the block growth scheme illustrated
in Fig. 9(b), where two blocks are initialized and sites are added iteratively until the
system reaches a predefined target size. At each step, the Hilbert space is truncated using
the reduced density matrix, and the process repeats until the desired size is attained or
the energy error satisfies a prescribed tolerance.

The general procedure is as follows:

e Construct the local operators for each site and the interaction terms between neigh-

boring sites.
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e Begin the block growth as depicted in Fig. 9(b).

e When the block dimension exceeds d x m (where d is the local Hilbert space dimen-

sion and m is the maximum number of states retained), perform truncation using

the density matrix.

e Diagonalize the superblock Hamiltonian using the Lanczos method to obtain the

ground state.
e Compute the reduced density matrices for blocks A and B.
e Retain the m eigenvectors corresponding to the largest eigenvalues.

e Transform the Hamiltonian and operators into the new basis |a;) |b;).

In the first iteration, the basis transformation reads:

;) Zg (i faf) [aR), k) =D (ak[bi) [ak),

k

where |a)) |b9) denotes the initial basis.

(2.25)

In the second iteration, a site |s;) is added to the right of block A and to the left of

block B, leading to
@iy = [s1) @ |ag) = [s1a;),  [b)) = [s1) @ [b;) = [s15) -

The updated basis becomes

m m

jaf) = D (siailad) [siai), [6}) =D (sabi [b7) |10

k=1 k=1

At the n-th iteration, the basis evolves as

m
jary = (snorap " ap) [spoaap ™) =D (Ua)ly |snaai™"),
k=1

m

) = (snorap B2 |suabp ) =

k=1

(Un)ig [sn-1b77")

e
Il
—

where the transformation matrices are defined by

Ua)} = (snrai M at)y,  (Up)}y, = (snabfy 1[0} -

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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By convention, |sg) = I. Operators are then rotated into the new basis:

- Z Z (a} |sn—1a}™") {sn_1a} ™" O|sn_1az,_l><sn_1a271 |at)
= Z Z (UI‘)zk (Osn,laz_l,sn,laz,_l)A (UA)?,k’ ’ (231)
k=1 ’
(Ouar)” = er1O |62
=3 (O [snoabf ) (sncaly T O sucabiy ) (sucabp |07
-y (U;)"k (Ot ) Ui (2.32)

This procedure is repeated until the system reaches the target size or the energy error

falls within the desired tolerance. This describes the infinite-size DMRG algorithm.
For the finite-size DMRG, the process initially mirrors the infinite-size algorithm

until the system reaches its maximum size. At that point, an optimization phase known

as sweeping is introduced (see Fig. 10). Sweeping improves accuracy by refining the basis

through a sequence of right-to-left and left-to-right passes.

Figure 10 — Finite-size DMRG algorithm.

. . .. block A 2 sites block B
end of infinite
DMRG | [e]e] |
block B 1=
gr(;(\:vth | (retrieved) |O O| =— | | 8
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gr(;(\:vth l— |O O| (retrieved) | %
gr&?;éﬁmte | |O Ol |

Source: Reference [109].

During a sweep, sites are shifted between the two blocks. In a right-to-left sweep, for
example, sites are sequentially moved from block B to block A. At each step, a site from
B is added to A, followed by truncation of block A’s basis and rotation of all relevant

operators. This continues until block B is reduced to a single site. The left-to-right sweep
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then reverses this process. Sweeping continues until the energy error satisfies the tolerance

or a fixed number of sweeps is completed to balance both computational cost and accuracy.

2.1.5 Correlations

During each DMRG sweep iteration, local operators are rotated into a new truncated
basis. Consequently, special care must be taken when computing correlation functions
involving operators acting on different sites. Let O, and O; be operators acting on sites ¢
and j, respectively. Depending on the sweep configuration, these sites may belong to the
same block or to different blocks. Denote by |a) and |b) orthonormal bases for blocks A

and B, respectively. The ground state is written as

T) =) " caslab). (2.33)

a,b
2.1.5.1 Sites in the Same Block

If both sites ¢ and j belong to block A during a particular iteration (see Fig. 11), the

correlation function is given by:

(0;05) = (V|0:05]¥)
= Z Z CabCony <a'b’\OiOA;~ lab)

a,b a’ b

=33 carciy (V[b)(a'|0:0a)

a,b a' b

- Z Z Cabc:’b(éij)aa’v (2.34)
b a,a

where Oij = Ol(A); is the composite operator acting entirely within block A, and orthonor-
mality of the B basis implies (b'|b) = dpy -

During the truncation procedure, Oij must be rotated into the new reduced basis just
like other operators. Importantly, one must not compute the product OZO; after trun-
cating the individual operators, as this yields incorrect results due to loss of information

during truncation.
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Figure 11 — Case where the operators belong to the same block.

Source: Reference [108].

2.1.5.2 Sites in Different Blocks

When sites 7 and j belong to different blocks—say, 7 is in block A and j is in block B

(see Fig. 12)—the correlation function becomes:

(0;05) = (V]0;05] V)
= Z Z CabCony <a'b'\OiOA} |ab)

a,b a' b

=D cacuy{d|Oia)(¥'|O5b)

a,b a' b

= Z anbcz,b,(oi)aa/@;)bb/. (235)

by a,a

Figure 12 — Case where the operators belong to different blocks.

Source: Reference [108].

2.1.6 Theoretical Foundation of DMRG Success

The remarkable efficiency of DMRG for 1D systems with open boundary conditions—contrasting
sharply with its limited performance for periodic boundaries and higher dimensions—initially

puzzled researchers. This behavior was later elucidated through the lens of quantum in-
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formation theory: the effectiveness of DMRG is fundamentally linked to the geometry and
topology of the system, as these govern the structure of quantum entanglement—a mea-
sure of the information required to faithfully represent a quantum state. A key quantity
capturing this is the von Neumann entropy.

In quantum mechanics, entanglement characterizes composite systems in which sub-
systems cannot be described independently. Consider two spinf% particles in the following

states:

R
=
I = Y I - )

|Wy) 5 : (2.37)

W) (2.36)

The state |¥s) can be factorized, allowing each spin to be described independently:

) = () (L0221, (2.38)

In contrast, |¥;) cannot be factorized in this way; the state of one particle depends on
the state of the other. This inseparability is the hallmark of entanglement.

Entanglement is quantitatively captured by the von Neumann entropy:
S=-Tr(plnp), (2.39)

where p is the reduced density matrix of one subsystem. In the Schmidt basis (see

Egs. (2.13) and (2.14)), this entropy becomes:
Sq=-Tr (ﬁA In ﬁA) = — Zwk In wy, (2.40)
k
Sp=-Tr(p"Inp”) = - Zwk In wg. (2.41)
k

where wy are the Schmidt coefficients. The equality Sy = Sp # 0 indicates the presence
of entanglement between blocks A and B.

Within the DMRG algorithm, truncation is performed by retaining the states with
the largest Schmidt coefficients wy, which effectively maximizes the von Neumann en-
tropy. This procedure ensures that the most entangled—and thus most physically rele-
vant—states are preserved, while less significant ones are discarded. As a result, DMRG is
particularly powerful for strongly correlated systems, such as low-dimensional spin mod-
els, where capturing the entanglement structure is essential for an accurate description of

the ground state.
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2.2 MPS FORMULATION OF DMRG

Over the years, the DMRG method has been recast within the broader formalism of
tensor network states, which naturally encode entanglement structures in 1D quantum
systems. Among these, the MPS representation has emerged as a central framework,
providing both conceptual clarity and computational efficiency. More generally, tensor
networks furnish a unifying language for the efficient representation of quantum states
in higher dimensions, with notable extensions such as Projected Entangled Pair State
(PEPS). These developments have established tensor network methods as indispensable
tools in modern computational quantum physics, bridging areas such as condensed matter

theory, quantum information, and statistical mechanics.

2.2.1 MPS Representation

Consider a quantum system composed of N sites, each associated with a local basis

|s;). The most general pure state of the system can be written as

’\I]> = Z 0317“,,31\,‘3152 o 8N>7 (242)

81,.0,8N
where, for brevity, we adopt the notation

Y= > . (2.43)
5 51,82;--5SN
Assuming all sites have the same local Hilbert space dimension d, i.e., dim(|s;)) = d

for all 7, the state coefficients ¢y, . s, can be viewed as entries of a rank-N tensor. To

N

begin constructing a MPS, we reshape |¥) into a matrix T of dimension d x d¥—!, with

the mapping

5317(32,...751\,) = 0517.“75]\,, (2.44)

Performing a SVD on this matrix yields

681,(82,.--751\1) = Z USlJflS’ﬂkl VkT1782...SN' (2'45)
k1

where r; < d is the rank of . The matrix U can be interpreted as a collection of d row

vectors A%, with components Ay} = Uy, x,. The product SVT is then reshaped into a new
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dN—2

matrix \I~l(k152)7(53~~~5N) of dimension rid X , giving

T1
Cs1ysn = Z ARV (ky52) (5551 (2.46)

k1=1

Applying another SVD to ¥ and continuing this process iteratively, we obtain

Corion = D ARAR - AN AN (2.47)

kn—2,kn—1""kNn—1
k

which we often write more compactly as a product of matrices:
Coyypysy = ATLAT - ATNZLASN, (2.48)

Here, the matrices A% are site-dependent and indexed by the local physical index s;, while
the auxiliary bond indices k; encode the entanglement between adjacent sites. If necessary,
dummy indices of dimension one can be introduced at the boundaries to treat all tensors
uniformly as matrices.

The state is now exactly represented in the MPS form:

(W) =D ATA - ANAN |5y sy). (2.49)

In the exact construction above, the bond dimensions grow rapidly, reaching a maxi-
mum of d/? in the middle of the chain. More precisely, the dimensions of the intermediate
tensors scale as (1 x d), (d x d?), ..., (dN*71 x dN/2), ..., (d* x d), (d x 1) from left to right.
This exponential growth in bond dimension renders exact MPS representations impracti-
cal for large systems. Truncated SVDs are typically employed to maintain a manageable
bond dimension while controlling approximation error.

At each SVD step, the unitarity condition UTU = I implies that the corresponding

A® matrices satisfy

Z(AS"TAS")knk;L = Ok, » (2.50)

Sn

D AT A =T (2.51)

Sn
Matrices that satisfy this condition are referred to as left-normalized, and a state in which
all tensors are left-normalized is said to be in the left-canonical form. This construction

is illustrated schematically in Fig. 13.
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Figure 13 — Graphical representation of an iterative construction of an exact MPS representation of an
arbitrary quantum state by a sequence of singular value decompositions.

)] Or,

of i oL
(0] l (0)3

o bbb bbb

Source: Reference [109].

The choice of starting from the left is arbitrary. An analogous construction starting

from the right produces the right-canonical form, with tensors satisfying
o AmAt = (2.52)

where the A®" are now right-normalized.
Combining these two canonical forms leads to the mized-canonical representation, in
which the decomposition is left-normalized up to site i and right-normalized from site

7 + 1 onward:

|0 = Z = A ... ASISBS+L ... BWN|sy .- sy), (2.53)

where S is a diagonal matrix containing the singular values from the last SVD, and the
B tensors are right-normalized, satisfying Eq. (2.52).
The various exact MPS representations discussed above highlight the fact that the

MPS form is not unique. In particular, the left-, right-, and mixed-canonical forms each
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offer specific advantages for algorithmic implementations. Moreover, the MPS structure
admits a gauge freedom: for any pair of adjacent tensors A% and A®*+! sharing a bond
dimension D, we can insert the identity I = MM ~! between them:
ASiASHL = ASTTAS L = AS MM A (2.54)
which leaves the overall state unchanged under the transformation
Asi s ASIM, AL = MTASH (2.55)

for any invertible D x D matrix M. This gauge freedom can be exploited to enforce

canonical forms or optimize numerical stability during simulations.

2.2.2 MPO Representation

Operators can be represented analogously to states using Matriz Product Operators

(MPOs). Consider an arbitrary operator O expressed in the local basis as

A / !
O=> CaiiN|s1sa- - sn)(shsh - syl (2.56)
5,8

Applying successive SVDs to the coefficient tensor yields an exact MPO representation:

O = Z WslsIIWSQSIZ Ce WSN—lSG\T—leNS,N’SlS2 Ce SN><SI15/2 N SI]V’, (257)

where each W** is a matrix associated with site 4 and physical indices (s;, s}).
The action of an MPO on an MPS yields another MPS. Explicitly, for Ompo and

| W) nmps, we have:

Ontro [ W) arps — Z PSS v AP A% . A 515y sx)
- Z Z ;?W;ffoz AT AR L )]sis2 e sw)
= Z Z WlslslA?mW;f;?Aﬁ ke )|S1827 - sN)

- Z Z )\81 (1,1),(p1,k1) Spl,kl) (p1,k2) ’5182 5N>

=D XN fsisy e sy) = | @) ups, (2.58)

where the new MPS tensors A% are constructed by contracting the physical indices of
W% with the corresponding A%. The resulting bond dimension increases to the product

of the original MPS and MPO bond dimensions [109].
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2.2.3 Tensor Networks in DMRG

The mathematical structure of MPS and MPO can be elegantly formulated using
tensor notation. A tensor is a mathematical object characterized by a set of indices,
where each combination of index values corresponds to a numerical entry. The number of
indices defines the rank of the tensor: for example, a rank-0 tensor is a scalar, a rank-1
tensor is a vector, and a rank-2 tensor is a matrix. The coefficients in Eq. (2.42) can be

regarded as components of a rank-/N tensor:
= Csy,59,....,sN" (259)

Up to this point, MPS has been described in terms of one matrix per site. However, for
a lattice consisting of N sites, it is advantageous—especially in the context of the DMRG
algorithm—to access all N — 1 possible bipartitions of the system (i.e., into subsystems
A and B with a single cut) [112]. To accommodate this, the MPS can be rewritten as a
sequence of rank-1 and rank-3 tensors. This representation is commonly referred to as the

tensor-train form:

:Zr[l]ii/\[l]alF[Z]” A2, T[8J s AlBlas - - - TINTE 51, -, 3v), (2.60)

ajag aga3

where s; indexes the local physical basis at site i (e.g., for a spinf% system, s; € T,] or
equivalently s; € 0, 1). The bond index «; ranges from 1 to the bond dimension m, which

controls the amount of entanglement retained. The tensor I'[i]}} is a rank-3 tensor

—1Q5
associated with site i, and A[i],, is a rank-1 tensor containing the Schmidt coefficients
between sites ¢ and ¢ + 1.

Similarly, an MPO can be expressed as:
0= ZZF 151 Ao, D132, A2y - DINTEN Y 51 osn) (), syl (2.61)

Working with a large number of tensors quickly becomes algebraically cumbersome
due to the proliferation of indices. To address this, a graphical notation—known as tensor
network diagrams—offers an intuitive and powerful visualization tool. The basic rules for

this diagrammatic notation are:

e Tensors are represented as shapes (typically filled or shaded), and indices appear as

lines extending from these shapes.
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e Connecting two index lines represents a contraction, i.e., a summation over the

shared index.

Figure 14(a) illustrates examples of tensors represented using diagrammatic notation.
Basic tensor operations, such as contraction, are shown in Fig. 14(b). A closed loop in
these diagrams indicates a trace over a contracted index, as exemplified in Fig. 14(c),

which depicts the trace of a single tensor.

Figure 14 — (a) Examples of tensors represented in diagrammatic (graphical) notation, where each leg
corresponds to a tensor index. (b) Basic tensor operations such as contraction, represented by
joining legs corresponding to summed indices. (¢) A closed loop indicating a trace operation,
exemplified by tracing over a single tensor’s indices.

(a)

i C g (c)
.
Tr(Ri;)

= 2k TigeUjw = Wi

Source: The author (2025).

2.2.4 The Algorithm

The modern formulation of DMRG is grounded in tensor network theory, particularly
through the use of the MPS and MPO representations [109, 113-116|. The objective is to
determine the MPS that minimizes the variational energy:

(Y|H|W)

b=

(2.62)
The algorithm proceeds through the following steps:

e Initialization
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— Initialize the system with a trial MPS of small bond dimension m.

— Represent the Hamiltonian # as an MPO.

e Sweeping Procedure
The optimization is performed by successively updating the MPS tensors in a local
basis:
— Select a pair of neighboring sites within the MPS.

— Contract the surrounding MPS tensors and the MPO to construct an effective

Hamiltonian ’I:[eﬁ acting on the selected sites.

— Solve the eigenvalue problem
,}qefﬂqjopt) = Emin|‘;[lopt>7 (263)

typically using iterative methods such as Lanczos or Davidson [117], to obtain

the locally optimal state |Wqp).

Apply a Schmidt decomposition to |W) using SVD, and retain only the lead-
ing Schmidt coefficients to update the MPS tensors.

Shift the optimization window to the next site pair and repeat the process,

sweeping from left to right and then from right to left (completing a full sweep).

— Continue the sweeping procedure until the energy E converges within a desired

threshold.

The use of the Schmidt decomposition allows for systematic truncation of the bond
dimension by discarding small singular values. This adaptive truncation ensures that com-
putational resources are focused on the most relevant entanglement degrees of freedom.

The overall procedure can also be represented diagrammatically. Figure 15 provides a

schematic summary of the DMRG algorithm in tensor network notation:
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Figure 15 - (a) The left MPS |¥) (orange) and the Hamiltonian # as an MPO (blue) are shown as tensor
networks, with physical indices d and bond dimensions m; annotated. (b) The variational
problem (¥|H|¥) = E(¥|¥) is represented diagrammatically. (c) Two adjacent sites (green)
are selected for local optimization. The problem is reformulated as an eigenvalue equation,
and redundant contractions are eliminated by exploiting gauge freedom. (d) Instead of eval-
uating the full network, left and right environments are pre-contracted, allowing efficient
optimization of the two-site tensor (orange) via the Davidson algorithm. (e) The optimized
tensor is factorized using SVD, truncated to bond dimension m;, and the singular values are
absorbed according to the sweep direction to preserve orthogonality.

a)
d d d d d d d d
- my my my my ms mg my -

C) I

%

d) ‘

e) .
L~ 0

Source: Reference [116]

2.3 APPLYING DMRG TO 2D SYSTEMS

Any 2D spin model can be mapped onto a 1D chain by introducing long-range inter-
actions. This reformulation allows the application of DMRG to 2D systems, albeit with
significantly greater computational challenges and typically lower accuracy than in the
1D case. Figure 16 shows two examples of constructing a 1D path within a 2D lattice.

The absence of a unique mapping complicates this extension. Different paths induce
different interaction ranges, and the resulting computational cost is highly sensitive to
the chosen layout. Optimal mappings depend on both lattice geometry and the structure
of interactions.

Despite these challenges, the computational cost of DMRG in 2D scales exponentially
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Figure 16 — (a) and (b) represents two forms of make a linear path in a 2D system.

(a) '

Source: The author (2025).

with the system width—rather than the total number of sites as in exact diagonaliza-
tion—making moderate-width cylinders or strips feasible. In practice, the scaling pref-
actor can be favorable. Notably, even in the absence of a sign problem, DMRG often
yields results with accuracy comparable to that of Quantum Monte Carlo methods [118].
The method has been successfully applied to various 2D lattices, including triangular

[118-120], kagome [121, 122], and square lattices [123, 124].

2.3.1 Convergence

A reliable DMRG study of a 2D system requires multiple, independent calculations
across different system sizes and parameter regimes. To extract meaningful insight into
the true 2D behavior, each ground state must be computed with high precision and
thoroughly characterized. Two main factors can prevent DMRG from identifying the true
ground state: (i) an insufficient number of retained states after truncation, leading to a
poor approximation of the wavefunction; and (ii) convergence to a metastable state due
to the variational nature of the algorithm [125].

Convergence is typically assessed by increasing the number of states kept until the

energy and key observables stabilize within a chosen tolerance. This can be achieved by
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fixing the bond dimension m, by imposing a target truncation error, or by combining
both. In practice, it is often effective to set a target truncation error alongside a minimum
and maximum m. The minimum m is particularly important, as truncation errors can be
misleading at low bond dimensions and may result in slow or false convergence.

To mitigate metastability, it is advantageous to initialize the simulation with a wave-
function that closely approximates the true ground state. However, finding such an initial
state can be nontrivial, especially for unfamiliar systems. Preliminary calculations on
smaller systems or at low m—where DMRG is more controlled—can help identify domi-
nant correlations that guide the construction of an appropriate initial guess.

For systems with conventional symmetry breaking (e.g., antiferromagnets on bipartite
lattices), a Néel state often serves as a suitable starting point. For more complex orders,
an initial wavefunction can be prepared using a modified Hamiltonian with symmetry-
breaking “pinning” fields [126]. For example, to favor a valence bond solid, one can add
local terms of the form AS; - Sj between selected pairs (i, j), as illustrated in Fig. 17. The
pinning strength A is then gradually reduced during the sweeps, allowing the system to

relax toward the true ground state.

Figure 17 — Results of a DMRG calculation for the Heisenberg model on a 16 x 8 cylinder with antifer-
romagnetic order pinned at the open boundaries. To work in the strong pinning limit, it is
useful to imagine the finite system embedded within a larger system acted on by an infinitely
strong field (shown here as the shaded regions). The pinning fields at the physical edges are
determined by the Hamiltonian bonds connecting the real and fictitious system.

AN N

Source: Reference [126]

For complex lattices or phases with large unit cells, exploring alternative DMRG paths
can reduce the risk of metastability and the required bond dimension. Since DMRG
more efficiently captures entanglement along bonds that remain short-range in the 1D
mapping, the choice of path significantly influences performance. In favorable cases, a well-

designed path can represent nontrivial initial states, such as valence bond solids, exactly
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with modest m. Furthermore, observing consistent results across different paths strongly

suggests convergence to the true ground state, rather than a metastable configuration.

2.3.2 Gaps and Excited States

In addition to ground state properties, the study of elementary excitations is crucial
for phase classification, stability analysis, and the computation of experimentally relevant
quantities. A central objective in this context is the determination of the energy gap to
the first excited state.

Two main strategies exist for computing excited states and energy gaps within DMRG.
When the excited state resides in a different quantum number sector than the ground
state—as in spin gap calculations for magnetic systems—DMRG can directly target the
lowest-energy state in the desired sector by exploiting quantum number conservation.
This method is generally preferred unless the excitation becomes localized at the system’s
boundaries, which can be verified by inspecting local observables. In such cases, alternative
techniques such as restricted sweeping may be more suitable.

For excitations within the same quantum number sector as the ground state (e.g.,
singlet excitations), or in systems lacking conserved quantities, DMRG can target mul-
tiple low-lying eigenstates simultaneously. This involves maintaining distinct superblock
wavefunctions for each state while sharing common boundary blocks. However, accurately
representing multiple states within a single truncated basis typically requires a larger bond
dimension than for single-state calculations.

In scenarios such as topological phases with large ground state degeneracies and no
relevant conserved quantum numbers, these standard methods can become inefficient.
In such cases, the flexibility of the MPS and MPO formalisms proves advantageous. By
representing states as MPSs, one can compute full wavefunctions and perform overlap
calculations between independently obtained states, enabling a more robust exploration

of the low-energy manifold.

2.3.3 Boundary Conditions

Boundary conditions play a crucial role in determining local observables, such as the

site-resolved magnetization (S?). Open Boundary Condition (OBC), the most commonly
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used scheme, introduces finite-size effects due to the absence of neighbors at the edges,
leading to asymmetric interactions. To mitigate such edge effects, Periodic Boundary
Condition (PBC) can be employed by connecting the first and last sites, thereby preserving
translational invariance. This makes PBC more suitable for studying bulk properties and
performing reliable finite-size extrapolations, even in smaller systems.

A compromise between these two extremes is offered by Cylindrical Boundary Condi-
tion (CBC), which applies periodicity in one direction while keeping the other open. This
is particularly effective for ladder or quasi-1D geometries, as it reduces edge effects while
limiting entanglement growth, thus remaining more computationally tractable than full
PBC. Although CBC still retains some boundary influence, it often yields more accurate
bulk properties than OBC.

Nevertheless, both PBC and CBC come with increased computational cost. Reaching
the same level of accuracy as with OBC typically requires a significantly larger bond
dimension m, often scaling as m? [109, 127], due to the need to capture nonlocal entan-
glement—particularly between distant sites connected by periodicity. In practice, CBC
demands a smaller m than PBC, though the precise scaling depends on the specific model
and system size.

Boundary conditions also influence the physical interpretation of numerical results.
In systems exhibiting spontaneous symmetry breaking, OBC can stabilize symmetry-
broken states through boundary-induced asymmetry, facilitating their detection. In con-
trast, PBC enforces global symmetry, which may obscure such phases or mix degenerate
ground states. The effectiveness of CBC in revealing symmetry breaking is system depen-
dent; it may either preserve or suppress such features, depending on the geometry and

correlations of the model under study.

2.4 COMPUTATIONAL METHODOLOGY

Implementing the DMRG algorithm from scratch is no longer necessary, thanks to
several efficient and well-tested library implementations. These frameworks streamline
DMRG simulations to the task of specifying the appropriate model and computational

parameters. This section outlines the tools employed in this work.
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2.4.1 ALPS

The Algorithms and Libraries for Physics Simulations (ALPS) project [128-130] pro-
vides a comprehensive software suite for simulating correlated quantum systems. It sup-
ports a variety of numerical methods, including Classical and Quantum Monte Carlo,
Exact Diagonalization, and DMRG.

To define a simulation, the following components must be specified:

Lattice: The geometric structure of the system.

e Degrees of Freedom: The local Hilbert space and the operators acting on it.

Model: The Hamiltonian, defined in terms of the available operators.

e Measurements: The observables to be computed.

Simulation Parameters: Numerical settings controlling the simulation.

Standard lattices and Hamiltonians are predefined in the lattices.xml and models.xml
files. Once the system is specified via the ALPS interface, a standardized input file is gen-
erated. This file can then be used with various ALPS solvers, including Exact Diagonal-
ization, DMRG, and Quantum Monte Carlo. Additionally, ALPS provides tools for data
analysis and visualization, along with a graphical interface via VisTrails, which improves
transparency and reproducibility.

While many parameters are shared across ALPS applications, DMRG simulations

require several specific inputs:

e NUMBER EIGENVALUES: The number of eigenstates and energies to com-

pute (default is 1; set to 2 when computing energy gaps).
e SWEEPS: The number of DMRG sweeps to perform.

e MAXSTATES: The maximum number of retained states. The bond dimension

increases with each sweep up to this limit.

e CONSERVED QUANTUMNUMBERS: The set of quantum numbers con-
served by the model. These allow matrix block-diagonalization for improved perfor-

mance. If not specified, the simulation assumes a grand canonical ensemble.



64

Additional parameters exist but typically require no modification. A practical example

of defining and running a DMRG simulation using ALPS is provided in Code 1.

Code 1 — A typical Python setup script for running DMRG simulations in ALPS.

"open ladder frustrated”,
"spin”

'N,Sz"',

input_file = pyalps.writelnputFiles('parm_local_mag_open_frustrated64_44"', 6 parms)

pyalps.runApplication('dmrg',input_file,writexml=True)

Source: The author (2025)

1 import pyalps
import numpy as np
3 import matplotlib.pyplot as plt
import pyalps.plot
5
#prepare the input parameters
7 parms = [{
"LATTICE'
9 'MODEL '
"CONSERVED_QUANTUMNUMBERS '
11 'Sz_total'
7o
13 "J1!
X
15 'SWEEPS'
"NUMBER_EIGENVALUES'
17 "MAXSTATES'
e
19 3]
21
23 res =
2.4.2 ITensor

ITensor [113] is a tensor library inspired by tensor diagram notation. Its design phi-

losophy emphasizes translating tensor diagrams directly into code, minimizing the need

for auxiliary concepts. For instance, summing two I'Tensors requires only that they share

the same indices—regardless of order—with index matching and contraction handled au-

tomatically.

Unlike ALPS, which operates largely as a black box with predefined lattices and mod-

els, ITensor provides greater flexibility, allowing detailed customization of models and

simulations. It includes DMRG implementations based on the MPS formalism and sup-

ports both C++ and Julia. This work uses the Julia version.
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The DMRG parameters from ALPS carry over to I'Tensor with some renaming—for

example, “max states kept” corresponds to the “maximum bond dimension.” A typical

DMRG simulation in [Tensor involves defining lattice sites, constructing the Hamiltonian,

specifying algorithmic parameters, and executing the code.

As an illustrative example, consider a 1D Spin—% chain of N sites governed by the

Heisenberg Hamiltonian:

N-1 N-1

. A o 1/~ A o

H=JY S Siu=J) {s;s,al +5 (Sjsm +S; s;l)} . (2.64)
=1 =1

The workflow in ITensor typically consists of the following steps:

e Create Sites: Use siteinds(”S=1/2", N, conserve_gns=false) to define N
spin—% sites. Setting conserve_gns=false indicates that quantum numbers such

as total S% are not conserved.

e Construct the Hamiltonian: Define the operator sum using ITensor’s OpSum/AutoMPO

system. The OpSum interface provides a high-level language to specify sums of local

operators, which AutoMPO compiles into an MPO representation.

Code 2 — Creation of the Hamiltonian (2.64) using the OpSum system.

os = OpSum()

for i = 1:N-1

4 os +=J, "Sz", j, "Sz", j+1
os += J/2, "S+", j, "S=", j+I
6 os += J/2, "S-", j, "S+", j+1i
end

Source: The author (2025)

e Convert to MPO: Use MPO(os, sites) to convert the operator sum into an

MPO.

e Initialize the State: For simulations without conserved quantities, initialize the
state with randomMPS(sites) . If quantum number conservation is enabled, use

productMPS(sites, state) to specify an initial product state explicitly.

e Set DMRG Parameters and Run: Define algorithmic parameters such as the

number of sweeps and bond dimension, then execute the simulation.
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A complete code example is provided in:

Code 3 — The following code provides a basic illustration of setting up a one-dimensional spin-1/2 chain
using ITensor in Julia. While this example is simplified for clarity, a typical implementation
would include additional commands to compute local quantities and utilize packages to save
the output data.

1 using ITensors

3 function heisenberg(J,N,n_sweeps,n_maxdim)

sites = siteinds("S=1/2",N;conserve_qns = false)
5 os = OpSum()
for j=1:N-1
7 os += J,"Sz",j,"Sz",j+1

os += J/2,"S+",j,"S-", j+1

9 os += J/2,"S-",3,"S+",j+1
end
11 H = MPO(os,sites)

psi®@ = randomMPS(sites)
13 sweeps = Sweeps(n_sweeps)
setmaxdim! (sweeps,maxdim)
15 setcutoff!(sweeps,1E-10)
noise!(sweeps,1E-5,1E-5,1E-8,1E-8,1E-10,1E-12,0)
17 energy, psi = dmrg(H,psi@, sweeps)
println(" energy = $energy”)
19 return energy, psi

end

21 energy, psi = heisenberg(J,N, sweeps,maxdim)
Source: The author (2025)

A key feature of ITensor is its OpSum/AutoMPO system, which offers an intuitive and
flexible interface for building Hamiltonians. This contrasts with ALPS, which requires
editing structured XML files such as lattices.xml and models.xml. In ITensor, the
geometry is implicitly defined by the pattern of site interactions. For example, in the
ladder geometry of Fig. 16(a), interactions like J, S; - Sy (rungs) and JHSl - Ss (legs) are
defined directly from site indexing.

ITensor provides prebuilt site types such as spinf% and spin—1, specified via "S=1/2"
or "S=1" in siteinds. For higher spin values or custom models, users must define site

objects and operator sets manually. The library also supports a variety of physical degrees

of freedom, including electrons, bosons, and fermions; see [113] for further details.
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2.4.3 Our Approach

This work employs both ALPS and, primarily, [Tensor to compute ground-state prop-
erties of the studied models. A central element of the methodology is the use of the cut-
off parameter, which dynamically controls the retained bond dimension during DMRG
sweeps. Since the required bond dimension is typically unknown a priori, this adaptive
strategy ensures that the simulation maintains the desired accuracy while optimizing
computational efficiency.

Another important parameter is the noise, which introduces small perturbations dur-
ing early sweeps to improve convergence, particularly in models with complex energy
landscapes. This helps avoid metastable configurations by promoting exploration of the
variational space. The noise is initially set to 107 and progressively reduced over the
course of the sweeps [113].

The adopted methodology consists of the following key elements:

e Bond Dimension and Cutoff: A maximum bond dimension of 3000 is allowed
per sweep. The cutoff parameter ensures that only the minimum number of states

necessary to achieve the target accuracy is retained.

e Cutoff Values: For low-dimensional systems (e.g., chains and two-leg ladders),
cutoff values in the range of 1078 to 1071 are employed. For more complex or
effectively higher-dimensional systems, such as multi-leg ladders, the cutoff is relaxed

to the range of 107% to 10~7.

e Initial State: A Néel state is typically used as the initial state in AFM models. In

some cases, a random initial state is adopted to avoid bias and improve convergence.

e Extrapolation to the Thermodynamic Limit: Linear extrapolation is per-
formed using results for systems of lengths L, 3L /2, and 2L, providing estimates for

the thermodynamic limit.

¢ Boundary Conditions: All simulations are carried out with open boundary con-

ditions.
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3 QUANTUM MAGNETISM IN LOW DIMENSIONS

The study of low-dimensional magnetic systems, particularly those constrained to 1D,
has evolved into a highly active and insightful area of research. These systems offer a
fertile ground for investigating quantum ground states, excitation spectra, exotic phases
of matter, and the intricate interplay between quantum and thermal fluctuations. From
a theoretical standpoint, 1D magnetism is remarkably rich, serving as an ideal testbed
for a broad range of analytical and numerical approaches. These include exact solutions
(such as the Bethe ansatz and mappings to fermionic models), quantum field-theoretical
techniques (e.g., conformal field theory and bosonization), many-body formulations (in-
cluding hardcore boson representations), perturbative expansions (notably high-order se-
ries techniques), and powerful numerical methods such as exact diagonalization—either
via full spectrum computations or restricted to low-lying eigenstates using the Lanczos
algorithm—alongside the DMRG and quantum Monte Carlo simulations.

A defining characteristic of 1D magnetism is the profound and sustained synergy
between theoretical predictions and experimental observations. The early 1980s marked
a pivotal moment in the field with groundbreaking theoretical contributions: Faddeev
and Takhtajan revealed the spinon nature of excitations in the spinf% HAF chain [131],
while Haldane established a fundamental dichotomy between half-integer and integer spin
chains, now known as the Haldane conjecture [19, 20|. These seminal works reignited in-
terest in quasi-1D magnetic materials and catalyzed substantial developments in experi-

mental techniques aimed at probing low-dimensional quantum magnets.

3.1 LUTTINGER LIQUID

Quantum magnets confined to one spatial dimension (1D) exhibit a rich interplay be-
tween strong correlations and enhanced quantum fluctuations, leading to physical behavior
that markedly deviates from that of higher-dimensional systems. A unifying theoretical
framework for describing the low-energy properties of such systems is provided by the
Tomonaga-Luttinger liquid (Luttinger Liquid (LL)) theory [132, 133|. Initially developed
in the context of interacting fermions, LL theory has been successfully extended to spin

chains through bosonization techniques, whereby spin operators are mapped onto bosonic
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fields that represent collective excitations.

This formalism accounts for hallmark features of 1D quantum systems, such as power-
law decaying correlation functions, fractionalized excitations (e.g., spinons), and universal
low-energy behavior that transcends microscopic details. In particular, it captures the crit-
ical behavior of paradigmatic models like the spin—% HAF chain, where the conventional
Fermi liquid theory fails. The LL paradigm thus provides a coherent and robust descrip-
tion of a broad class of gapless 1D quantum fluids, encompassing both fermionic and

bosonic systems, as well as spin chains.

3.1.1 Density Operator and Bosonization

Consider a one-dimensional system of particles located at positions x;. The microscopic

density operator is defined as:
plx) = Z Sz — ;). (3.1)

To describe the system in the continuum limit, we introduce a smooth and monotonically
increasing field ¢(x), constrained such that ¢(x;) = 27i at the particle positions. In terms

of this field, the density operator becomes:
pla) = 6(o(x) = ¢(x:))|Vo(x)|- (3-2)
Employing the Poisson summation formula, the density can be rewritten as:

p(x) = w Z () (3.3)

Introducing a field ®(z) associated with deviations from a uniform background density

po, we define:
o(x) = 2(rpor — (), (3.4)
which yields the expression:

p(o) = | = 20(0)| T exp @iplame - 0(a), 35)

At length scales much larger than the interparticle spacing, oscillatory contributions with

p # 0 average out, leading to the smooth approximation:

p(2) ~ po — %vqm). (3.6)
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Since the density operators at distinct positions commute, it follows that ®(x) is a self-

commuting bosonic field.

3.1.2 Particle Creation Operators

The particle creation operator in the bosonized description takes the general form:

of () = /p(a)e 0@, (3.7)

where the operator O(a:) is chosen to ensure that the appropriate (anti)commutation

relations are satisfied. For bosonic particles, the canonical commutation relation,

~

[dp(x), ()] = 8(a — '), (3.8)
requires:
[ﬁ(m), e_ié(x/)] =0(x — x’)e‘ié(w'). (3.9)
Using Eq. (3.6), this relation is fulfilled if:
J RS YW . /
{—V@(m), O(x )} = —id(x — 2'). (3.10)
T

Thus, the bosonic creation operator becomes:

Plh(z) o \/Po — %V(i)(x) Z exp (2ip(mpox — @(m)))e‘ié(’”). (3.11)

In the fermionic case, anticommutation relations must be enforced. Exploiting the
fact that e**(*)/2 alternates in sign at particle positions, the fermionic creation operator is

constructed as:

~ ~

) = dh)er
5 1/ po — %Vé(m) S exp (i(2p+ 1)(mpor — B())e 0@ (3.12)

These operators effectively describe excitations in the continuum limit and are especially

suited for analyzing the asymptotic properties of correlation functions.
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3.1.3 Luttinger Liquid Hamiltonian

The universal low-energy physics of gapless one-dimensional systems is captured by
the effective Hamiltonian [134]:

H = % [(wn(x)f + —(V®(2))?| d, (3.13)

where ®(z) is the bosonic field introduced above, and II(z) is its conjugate momentum.
The parameters u and K represent the excitation velocity and the Luttinger parameter,
respectively, and fully characterize the low-energy behavior of the system [135]. Analogous
to the role of quasiparticle mass and interaction strength in Fermi liquid theory, these
parameters encode the effects of interactions and collective behavior in 1D systems.

The LL framework describes systems with a gapless excitation spectrum and power-
law correlation functions, whose exponents depend non-universally on the value of K [136,
137|. For a system with average density po, the density-density correlation function as-

sumes the form [138]:

1 1\ 2K 1\ 8K

(0p(x,7)dp(0)) = = + Ay cos(2mpox) (;) + Ay cos(4dmpox) (;) +oee, (3.14)
where dp(z) = p(x) — po, r = /22 + (ur)?, and A,, are non-universal, model-dependent
amplitudes. This expression highlights the quasi-long-range order and scale-invariant na-

ture of the LL phase, governed entirely by the parameters u and K.

3.2 LINEAR SPIN CHAIN

The linear spin chain is one of the most fundamental models in quantum magnetism,
yet it displays a remarkably rich variety of physical phenomena. Despite its apparent
simplicity, it captures essential features of strong correlations and quantum fluctuations
that also appear in higher-dimensional systems. Linear spin chains serve as paradigmatic
platforms for both theoretical investigations and experimental realizations, including im-
plementations in cold-atom setups and magnetic materials.

In this section, we focus on chains with nearest-neighbor AFM interactions. The cor-

responding Hamiltonian is given by:

H=73 8 8in=7 (S S+ SYSY,, + 8 Afﬂ) , (3.15)
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where J > 0 denotes the AFM coupling strength, and the model corresponds to the 1D
isotropic Heisenberg chain.

Using the spin ladder operators, S’li = 5’;7” + zS’Zy , the Hamiltonian can be rewritten as:

~ A A 1 /4, A PN
H= JZ (Szz it 5 <Si+Si_+1 + Sz'_Si—i:H>) ; (3.16)
subject to the standard angular momentum commutation relations:
197, 85] = £6,;57, S, 8] = 20,55 (3.17)

A landmark result for spin chains is Haldane’s conjecture (1983) [19, 20|, which predicts
fundamentally different ground-state properties depending on whether the spin quantum

number S is integer or half-integer:

e Integer spin (S = 1,2,...): The system possesses a finite excitation gap (the
Haldane gap) above the ground state, and spin-spin correlations decay exponentially,

indicating short-range magnetic order.

1 3

¢ Half-integer spin (S = 3,3,...

): The spectrum is gapless, with a continuum of
low-energy excitations and power-law decaying spin correlations characteristic of

critical behavior.

This distinction underscores the role of quantum statistics and topological effects in
1D systems and has profound implications for both theory and experiment. The spin—%
Heisenberg chain, in particular, serves as a prototype of a gapless quantum critical system

described by LL theory (see Section 3.1).

3.2.1 Spin—% Chain

For a single spinf% site, with A = 1, the spin operators in the z-basis are represented

by the matrices:
§* =3 , St = , 8T = : (3.18)

which act on the basis states | ) and | |) as:
A 1 A A
Sy =511, STIN =0 ST =1,
A 1 A A
S =2, SH=11. S1=0 (3.19)
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In a chain of L spinf% sites, local operators are defined via tensor products, such as

A

SF=1® - -®5*®---®L Consider the fully polarized ferromagnetic state:

2

[Wo) = [ 11 1) (3.20)

Under periodic boundary conditions, gf 1= Sf , the Hamiltonian from Eq. (3.16) yields:
. A JL JL

H|Wo) = J;stfﬂm’d = T|‘Do> = Ey|Wo), Eo= T (3.21)

For AFM coupling (J > 0), this state corresponds to the highest-energy eigenstate; con-
versely, for ferromagnetic coupling (J < 0), it represents the ground state.

Excited states with n down spins (magnons) are obtained by applying spin-lowering
operators to |W):

\nl,ng,...,nL>:H nl

7

Uo), Zn =n, n;€0,1. (3.22)
A general n-magnon state takes the form:

Z Cnl ..... nL‘nla ng,...,Nn > (323)

.....

n, follow a plane-wave form.

.....

For a single magnon, the trial wavefunction is:
L
=> e™n), [n)=10,...,1,,...,0). (3.24)

To evaluate H|¥(p)), consider how its components act on |n). The Ising term con-

tributes:

Ln),  ifi#n,n—1,
S287 |n) = i) (3.25)

—z|n), ifi=n—1ori=n.

Summing over 7:
; 1 1 1 L
Zs SZ.|n) = [(L 2).1—1—1} In) = <Z‘§> n). (3.26)
The ladder terms yield:

S8, In) = ’ (3.27)
0, otherwise,

R In—1), i=n,
;5 faln) = 4 (3.28)

0, otherwise.
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Thus,

(In+1)+n—1)). (3.29)

N —

%Z (Sjﬁi;l - S”;S’;l) [n) =

Applying the full Hamiltonian:

A =73 e (5= 5 )1+ 50+ 1) +1n - 1)

n=1
L
L 1 -
_ = = ipn
J (4 5 +cosp) 321 e’ |n)
= Ev(p)[¥(p), (3.30)
with energy:
L 1

Ey(p)=J <Z ~3 + cosp) , €(p)=FEi(p) — Ey = J(cosp —1). (3.31)

For N magnons, the exact solution [139] gives:

I 1 3.32
_§Z>\2+1/4’ (3:32)
]:1 J

where the rapidities A; satisfy the Bethe equations:
)\j + i/? )\k + 7 .
- =1,...,N. 3.33
(Aj—z‘/z) HA—/\k—z I (3:33)
k#]

In the AFM ground state, the \; are real and symmetrically distributed around zero. In
the thermodynamic limit (L — o00), they form a continuous distribution, leading to a
gapless excitation spectrum.

The spin—% HAF chain exemplifies a LL, exhibiting gapless excitations, power-law spin
correlations, and fractionalized spinon excitations. These features are rigorously confirmed
through bosonization and conformal field theory, which map the system to a Tomonaga-

Luttinger liquid with Luttinger parameter K = 1/2 [134].

3.2.2 Numerical Results for Linear Spin Chains

For spin-S > % systems, the Bethe Ansatz becomes increasingly intricate, and exact
solutions are generally intractable. In such cases, Haldane’s conjecture offers critical the-

oretical guidance. To compute thermodynamic properties of spin—S chains, the DMRG
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method proves highly effective, allowing accurate analysis of 1D quantum systems with
moderate computational resources. Nonetheless, DMRG is limited by the maximum sys-
tem size it can reliably simulate—typically L < 1000 sites—due to the exponential growth
of the Hilbert space.

The Hilbert space dimension per site is 2S5 + 1, so for a chain of L sites, the full
dimension scales as (25 + 1)%, or 2& for spin—3. As DMRG relies on a variational op-
timization over matrix product states, increasing system size leads to computationally
intensive operations.

To address finite-size effects, simulations are performed for various lengths and ex-
trapolated to the thermodynamic limit (L — oo) via finite-size scaling. A commonly used

ansatz for the spin gap is

a b
AE(L)=A+ 7 + I (3.34)

where A denotes the thermodynamic gap, and a and b are fitting parameters. This ap-
proach also applies to other observables such as the correlation length, entanglement
entropy, and specific heat. Using Eq. (3.34), we extract the Haldane gap in the thermo-

dynamic limit.

3.2.2.1 The Spinf% and Spinf% Chains
For half-integer spin chains (S = %, %, with J = 1), DMRG simulations yield the

thermodynamic spin gap values shown in Fig. 18:
Al/g == 0, A3/2 - 0 (335)

These results confirm Haldane’s conjecture, which predicts gapless excitations for half-
integer spin chains, in contrast with the gapped spectra of integer-spin chains. The gapless
nature of the spinf% chain is exactly verified by the Bethe Ansatz. Experimental realiza-
tions include quasi-1D compounds such as CsyCuSbyClyp [140], CuPzN [141], and KCuF;
[142] for S = 1, and AgCrP»Ss [143] and CsVCls [144] for S = 3, all belonging to the
same universality class [145].

The ground states of both chains exhibit vanishing local magnetization ((S?) = 0
Fig. 19), due to quantum superposition. Half-integer spins lack a |0) eigenstate, prevent-

ing a simple classical description. Their excitations are spinons—ifractional quasiparticles
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carrying spin—% [140, 146]. In the spin—% HAF chain, a spin flip disrupts the singlet
ground state and fractionalizes into two spinons, each with AS* = % Unlike classical do-
main walls, spinons are delocalized and propagate freely. In finite systems, spinons appear
in pairs to conserve total spin. The spin—% chain also supports spinon excitations, con-
sistent with its gapless nature. The low-energy behavior of both systems is described by
the SU(2); Wess-Zumino-Witten conformal field theory [147|, confirming the deconfined

spinon picture.

Figure 18 — Spin gap AF versus 1/L for a linear spin chain with open boundary conditions. Red and
blue points represent DMRG results for spin—% and spin—% chains, respectively. Dashed lines
show extrapolations to the thermodynamic limit using Eq. (3.34). The maximum truncation
error is ~ 1078,
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Figure 19 — Local magnetization of the ground state and the first two magnetic excitations in a linear spin
chain with open boundary conditions, computed using DMRG. The magnetization distribu-
tion, (S7), and excitation, (AS?), are shown for the k-th excitation (e.g., k = 1 corresponds

to a transition from SZ ., = 0 to SZ ., = 1). Panels (a.1)~(a.3) depict spin-1 chain; panels

(b.1)~(b.3) depict spin-3 chain. The maximum truncation error is ~ 1075,
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3.2.2.2 The Spin—1 and Spin—-2 Chains

For integer-spin chains (S = 1,2, with J = 1), DMRG results in Fig. 20 provide the

following thermodynamic gaps:
Ay =041, Ay =~0.08. (3.36)

The Haldane gap for the spin—1 chain (A; ~ 0.41J) is a well-established result [148—
150], experimentally observed in compounds such as NENP [23, 151, 152|. For the spin—2
chain, the gap is significantly smaller, with early DMRG estimates around A, ~ 0.08.J
[153-155]. The most accurate value to date, (0.0890 4 0.0007).J, was obtained by Nakano
and Sakai [156]. Experimental signatures of the spin—2 Haldane gap have been reported
in MnCls(bpy) [157, 158|.

Figure 20 — Spin gap AF versus 1/L for a linear spin chain with open boundary conditions. Panels (a)
and (b) represent DMRG results for spin-1 and spin-2 chains, respectively. Dashed lines show
extrapolations to the thermodynamic limit using Eq. (3.34). The maximum truncation error

is ~ 1078.
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The spin—1 chain exhibits edge magnetization while remaining non-magnetic in the

bulk, as shown in Fig. 21. In the Sf,,,; = 0 sector, two spin—1 edge states form a doublet

(panel a.1). A transition to S

= a1 = 1 flips one edge spin, producing a localized excitation

(panel a.2). These edge states contribute to a fourfold degeneracy across Sg,, = 0, %1

in the thermodynamic limit. Bulk excitations are spin—1 magnons—delocalized triplet

states—with energy Ay ~ 0.41.J, as shown in panel a.3.
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Figure 21 — Local magnetization of the ground state and magnetic excitations in a linear spin chain with
open boundary conditions, computed using DMRG. The magnetization distribution, <,§’f>,
and excitation, (AS?), are shown for the k-th excitation. Panels (a.1)-(a.3) depict spin-1
chain; panels (b.1)—(b.3) depict spin-2 chain. The maximum truncation error is ~ 1075.
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The ground state of spin—2 chains can differ markedly from that of spin—1 chains. A

trivial product state, such as
) =1 ®[0) @ - ®|— 1)z, (3.37)

is unentangled and lacks topological features. In contrast, the spin—1 Haldane phase is a
highly entangled quantum state. In the Valence-Bond Solid (VBS) picture provided by the
Affleck-Kennedy-Lieb-Tasaki (AKLT) model [159], each spin—1 site is represented as two
symmetrized spin—% particles forming singlet bonds with neighboring sites. This results
in a gapped Symmetry-Protected Topological (SPT) phase, characterized by short-range
entanglement and nonlocal string order. Certain spin—2 chains, however, such as trivial
AKLT-like configurations, may exhibit ground states that are close to product states,
with minimal quantum correlations and no topological order—for instance, with all spins

in the m = 0 state.

Figure 22 — Illustration of the AKLT state for a spin-1 chain with open boundary conditions. Large
shaded circles represent spin-1 sites, each a symmetric combination of two spin—% particles
(small solid circles). Blue lines indicate singlet bonds between neighboring spin—% particles.
Under open boundary conditions, an unpaired spin—% remains at each boundary, leading to
a fourfold degenerate ground state in the thermodynamic limit.

Source: Reference [29]
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3.3 TOPOLOGICAL PHASES

Phases of matter are traditionally characterized by an order parameter, which quan-
tifies the macroscopic organization of microscopic degrees of freedom and is typically
associated with spontaneous symmetry breaking. For instance, in magnetic systems, the
magnetization acts as an order parameter, distinguishing between magnetically ordered
and disordered phases.

In a broken-symmetry phase, the order parameter acquires a finite expectation value,
signaling long-range order. In contrast, it vanishes in the symmetric, disordered phase.
A paradigmatic example is the Ising model, whose ordered and disordered phases are
separated by a phase transition associated with the breaking of a discrete Z; symmetry.
In the absence of such a symmetry, the two states can be adiabatically connected, and no
true phase transition needs to occur.

Phase transitions may also arise in the absence of symmetry breaking. These are often
first-order transitions, terminating at critical endpoints, as exemplified by the liquid-gas
transition. More remarkably, certain quantum phases — known as topological phases — are
distinct despite lacking any local order parameter or conventional symmetry breaking. The
classification of such phases, especially in higher dimensions, remains an open problem,
with symmetry playing a nuanced role in their stability and distinction.

Topology, in the mathematical sense, concerns properties invariant under continu-
ous deformations. In physical systems, topological invariants classify phases according to
global features such as connectivity and winding, rather than local order. In the context
of quantum matter, topological phases [160] are characterized by entanglement structures
that cannot be adiabatically transformed into one another without closing the energy gap
or breaking a protecting symmetry, such as time-reversal or particle-hole symmetry.

The discovery of the integer [161] and fractional [162] quantum Hall effects in the
1980s provided the first experimental realizations of topological phases. Simultaneously,
Haldane’s conjecture on integer-spin chains revealed a new class of gapped quantum phases
in one dimension, now recognized as SPT phases. These breakthroughs have established

topological phases as a central theme in modern condensed matter physics.
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3.3.1 The Haldane Phase

The ground state of the spin—1 HAF chain, introduced earlier, is a topological phase
known as the Haldane phase. This phase lacks a conventional local order parameter, yet
it can be characterized by a nonlocal string order parameter. A hallmark of this phase is
the presence of fractionalized edge states under OBC, where excitations are localized at
the boundaries while the bulk remains gapped — a feature reminiscent of edge currents
in the quantum Hall effect.

As illustrated in Fig. 21, the spin—1 chain exhibits a nontrivial ground state, in contrast
to the trivial ground state found in the spin—2 chain. In general, topological phases can

be categorized as follows:

e Nontrivial topological phase: A phase that cannot be adiabatically connected to
a trivial product state without either closing the excitation gap or breaking a
protecting symmetry. Such phases typically exhibit long-range entanglement and

symmetry-protected edge states.

e Trivial topological phase: A phase that can be smoothly deformed into a product
state without a phase transition, and that lacks topological signatures such as edge

modes or string order.

The Haldane S = 1 phase is a prime example of a SPT phase [29, 163|, meaning it is
topologically distinct from a trivial phase only in the presence of certain symmetries, such
as lattice translation, time-reversal, and spatial inversion [163]. Its nontrivial character
originates from bulk entanglement rather than solely from edge properties. In contrast,
the spin—2 ground state is topologically trivial, as it can be adiabatically transformed into
a product state in the absence of symmetry constraints. Pollmann et al. [21] demonstrated
that odd-integer spin chains generically host SPT phases, while even-integer spin chains

tend to realize trivial phases.

3.3.2 Order Parameters

Order parameters provide a means to detect magnetic order in quantum spin systems.

They assume nonzero values in the presence of a particular type of order and vanish
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otherwise. For a spin—1 chain, consider the following representative states:

|\Ij>Ferro = | TT T T>7 (338)
(W) arm = | 1L+ 1), (3.39)

where the AFM order parameter satisfies (Oapm)rerro = 0, (Oarpm)arm = 1.

Common magnetic order parameters include:
e Ferromagnetic order

— Order parameter: Magnetization (M)

Definition: Quantifies the net spin polarization.

— FEaxpression:

L
1 Oz
M = 17 E (S7) (3.40)
— Signature: M # 0 in ferromagnetic phases; M = 0 in PM or AFM phases.

e Antiferromagnetic order

Order parameter: Staggered magnetization (M)
— Definition: Measures alternating spin orientation.

— FExpression:
1 A
M= 2 (=148 (3-41)

— Signature: My # 0 in AFM phases; M, = 0 in disordered or ferromagnetic

phases.
e Spin-dimerized order

— Order parameter: Dimerization (D)

— Definition: Detects alternating bond strengths, indicative of spontaneously

dimerized states.

— Expression:

Z(_1)1<Sz +Sit1) (3.42)
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— Signature: D # 0 in dimerized phases; D = 0 otherwise.

A finite M, indicates AFM correlations, although it does not necessarily imply long-
range order, especially in finite systems where fluctuations may give rise to a nonzero
value even in paramagnetic phases. In the thermodynamic limit, a finite M, confirms long-
range AFM order, while a vanishing M, suggests short-range correlations. In particular,
disordered phases such as spin liquids or VBSs may exhibit short-range spin correlations,

yet satisfy My — 0 as L — oo.

3.3.2.1 String Order Parameter

The Haldane phase in spin—1 chains exhibits only short-range AFM correlations and
lacks conventional long-range magnetic order. Instead, it is characterized by a nonlocal
hidden order, captured by the string order parameter introduced by Rommelse and den
Nijs [164]. For spin—1 systems, this parameter is defined as

i1
0% = lim <S’f‘ exp <i7r Z 5’,?) S'Jo‘> : (3.43)

lj—il—o0 it
where a@ = x,z denotes the spin component. This nonlocal correlator detects hidden
order by effectively filtering out local spin fluctuations through the exponential phase
factor, which acts as a string of phase shifts. In the Haldane phase, both longitudinal and
transverse components of 0% are nonzero [164, 165], with O* ~ —0.37 for S = 1 [150].
For arbitrary integer spin S, Oshikawa generalized the string order parameter to ac-
count for the broader spin Hilbert space [166]:

. =1
0 = lim <sa exp (% 3 5;:) 5;*> (3.44)

j —1|—>00
= k=i+1

For S = 2, the generalized string order parameter is also nonzero, with O, ~ —0.72
[153], indicating that a form of hidden order persists despite the absence of conventional
magnetic order.

Although the string order parameter is nonzero for both S = 1 and S = 2, it does
not, by itself, guarantee a nontrivial phase. In the S = 1 case, nonzero string order
reflects a nontrivial SPT Haldane phase, characterized by edge states and a nontrivial

projective symmetry action. However, for S = 2, the string order parameter remains finite,

indicating hidden antiferromagnetic correlations, yet the phase is topologically trivial.
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This demonstrates that string order captures certain nonlocal correlations but is not
sufficient to distinguish SPT phases: even trivial phases can exhibit nonzero string order
in the absence of protected edge modes or projective symmetry representations.

Using ITensor, we compute Eq. (3.44) for finite systems, following Ueda et al. [167].
Measurement points are chosen as i = |L/3] 4+ 1, j = [2L/3], ensuring:

e Maximal distance from edges.
e Large correlation distance [j — i|.

e Proportional scaling of |j — i| with system size L.

«

<, across system sizes yields the thermodynamic limit value.

Extrapolating O

3.4 SPIN LADDERS

A spin ladder consists of N coupled spin chains, each with intrachain coupling Jj.
Interchain coupling J, connects corresponding sites across adjacent chains, forming a

ladder-like geometry (Fig. 23).

Figure 23 — Schematic of a spin ladder with coupled linear chains. The leg coupling J|| governs interactions
along each chain, while the rung coupling J, connects adjacent chains.

T N

Source: The author (2025)

Spin ladders are quasi-2D systems, characterized by a width N (number of legs) and
length L (number of rungs). Typically, L > N, so ladders retain strong 1D character.
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When L = N, the geometry approaches that of a square lattice, and 2D effects become
more pronounced. Assuming only nearest-neighbor interactions, the Hamiltonian reads:

L N-1 L-1 N

7:[ = JL Z Z Si,l . Si,l+1 + J” Z Z Si,l : Si-ﬁ-l,lv (345)

i=1 =1 i=1 I=1
where Siﬁl is the spin operator at rung i, leg [.

For the isotropic case J, = J|, the nature of the ground state depends on the par-
ity of N: ladders with even N form gapped spin-liquid phases, while odd-N ladders are
gapless [33-35]. This distinction is supported by Lieb-Schultz-Mattis-type theorems [36],
numerical studies up to N = 6 [37-39, 168|, scaling theory [40], and experimental realiza-
tions [32, 41-43].

Sénéchal [169] and Sierra [170] extended Haldane’s conjecture to ladder systems,
proposing that spin—S, N-leg ladders are gapless when SN is a half-integer and gapped
when SN is an integer. This generalized conjecture is well supported for Spin—% lad-
ders [39, 168, 171], while evidence for S > 1/2 remains limited. Using DMRG, Ramos and
Xavier [168] provided numerical data for systems with S < 5/2 and N < 6, confirming
the gap behavior for several combinations of S and N.

White et al. [39] proposed a Resonating- Valence-Bond (RVB) picture [172] to interpret
the qualitative differences between even- and odd-leg ladders. In this framework, the
ground state consists of valence bond singlets resonating between different configurations.
These resonances, including four-site plaquette flips [173], lower the ground state energy.
Two main classes of configurations are considered (Fig. 24): resonating configurations,
which support quantum fluctuations and minimize energy, and staggered configurations,

which are energetically unfavorable and suppress resonance.

Figure 24 — Valence bond configurations in spin ladders. (a) Resonating configuration with alternating
dimer bonds. (b) Staggered configuration without resonance.
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Source: Adapted from [39]
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3.4.1 Spin—% Two-Leg Ladder
For spinf% sites and N = 2, Eq. (3.45) describes the two-leg Heisenberg ladder. As-
suming J; > 0, the system exhibits distinct regimes depending on the rung coupling

JLZ

e No rung coupling (J, = 0): The ladder decouples into two independent spin—%
HAF chains. Each chain is gapless and described by LL theory [134], as discussed

in Section 3.2.2.1.

e Isotropic coupling (J1 = Jj): A gapped spin-liquid phase emerges, characterized by
short-range correlations and a finite spin gap A ~ 0.5.J [39, 174].

o Weak rung coupling (|J.| < Jj): The legs remain nearly independent, retaining LL

behavior similar to a single HAF chain.

In the strong rung-coupling limit (|.J.| > J), two distinct gapped phases arise:

o Antiferromagnetic rungs (J, > 0): The ground state consists of rung singlets
(S = 0), forming a gapped RS phase [175, 176]. The gap corresponds to the en-
ergy required to break a singlet bond.

e Ferromagnetic rungs (J, < 0): Rung triplets (S = 1) dominate, leading to a gapped
RT phase [49]. This phase can be mapped to an effective spin—1 HAF chain with
reduced coupling Jj/2.

Early numerical studies suggested a finite critical value J, for gap opening [37, 177].
However, field-theoretical and scaling arguments [40, 178, 179], later confirmed by numer-
ical simulations [180, 181|, established that the critical point lies at J, . = 0, with the

spin gap scaling linearly with |J, | for any nonzero coupling.

3.4.1.1 Ground-State Phase Diagram of the Spmf% Two-Leg Ladder

We compute the ground-state phase diagram of Eq. (3.45) for the spinf% two-leg ladder

using DMRG, focusing on rung correlations. The local rung operator is defined as

A A

R; = Si,l “Si2, (3.46)



86

and the average rung correlation is given by

L L

R=2 3R =73 (80 8ia) (3.47

=1 i=1

h

The resulting phase diagram, shown in Fig. 25, illustrates the competition between J

1

5 chains, yielding R ~ 0

and J. For J, = 0, the system consists of two decoupled spin—
and a gapless LL phase, as discussed earlier. For J, > 0, rung singlets dominate; in the
strong-coupling limit, R — —0.75, corresponding to the ideal singlet value and indicating
a gapped RS phase. Conversely, for J; < 0, rung triplets form with R > 0, characteristic
of a gapped RT phase. In the weak-coupling regime (|J,| < J)), the system behaves
similarly to decoupled chains, with R ~ 0.

Both regions J, > 0 and J, < 0 are fully gapped, with the spin gap scaling linearly

with |.J,|. No phase transition occurs for finite J,; the only critical point is at J; . =0,

where the gap closes and the system becomes critical [178-180).

Figure 25 — Ground-state phase diagram of a spin—% two-leg ladder, computed using DMRG as a func-
tion of rung coupling J; and leg coupling J);. The color scale represents the average rung
correlation R, calculated for L = 100 rungs with a truncation error of ~ 10710, At J, =0,
R ~ 0, indicating two decoupled spin—% chains. In the strong rung coupling limit (|.J. [ > J)),
R — —0.75 for J; > 0 (singlet-dominated RS phase) and R — 0.25 for J; < 0 (triplet-
dominated RT phase). In the weak rung coupling regime (|J.| < J), R ~ 0, reflecting

nearly independent legs.

Averaﬁe runﬁ correlation
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Source: The author (2025)
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4 SPINf% FRUSTRATED LADDER

Magnetic frustration arises when competing AFM interactions prevent all spin pairs
from simultaneously minimizing their energy. A prototypical example is shown in Fig. 26,
where three mutually interacting Ising spins cannot all align antiparallel. This incom-
patibility leads to a macroscopically degenerate ground state. Under certain conditions,
frustration stabilizes exotic quantum phases, such as spin liquids, where spins remain
entangled and fluctuate down to zero temperature despite the absence of long-range or-
der [182].

Figure 26 — A triangular arrangement of antiferromagnetically interacting Ising spins, constrained to
point either up or down, serves as the simplest example of frustration. In this configuration,
it is impossible for all three spins to be fully antiparallel. Consequently, instead of the two

ground states expected from Ising symmetry (all spins flipped up or down), the system
exhibits six degenerate ground states.

Source: Reference [182]

Frustrated quantum magnets constitute a fertile ground for exploring unconventional
critical phenomena [183, 184], including quantum analogs of water’s liquid—gas critical
point [185], critical endpoints [186], and quantum bicriticality, such as that observed in
the heavy-fermion compound YbAgGe [187]. In antiferromagnetic systems, an external
magnetic field h= (0,0, h) often acts as a tuning parameter. If the total longitudinal spin

z

component S ., is conserved, the magnetization,

~

M = guB<Stzotal>7 (41)

may exhibit quantized plateaus—regions where dM/dh = O—interspersed with phases of

continuously varying magnetization.
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Introducing a diagonal AFM coupling J, into a spin ladder geometry, as depicted
in Fig. 27, generates frustration by introducing competing interactions between spins on

opposite legs.

Figure 27 — Schematic representation of a frustrated two-leg ladder. Here, J denotes the interactions
along the legs, J, along the rungs, and J« along the diagonals. The diagonal coupling J«
introduces magnetic frustration into the antiferromagnetic arrangement.

S; 2

Jj S

il

Source: The author (2025)

The Hamiltonian for a spin—% frustrated ladder with L rungs and open boundary
conditions, restricted to nearest-neighbor interactions, is given by:

L L-1 2
7‘2 = JLZ |:Si,1 ‘gi’Q —h(AZI +;§f12>] +JHZZSZJ€ 'Si,k

i=1 i=1 k=1
L1
+ Jx Z (Si,l Sit12+ Sia2- Si+1,1> ; (4.2)
i=1

where SM and Sm denote spinf% operators at rung ¢ on the lower and upper legs, respec-
tively. The magnetic field h is expressed in energy units, with gug = 1, where g is the
Landé factor and up is the Bohr magneton.

It is convenient to define the total and difference spin operators on each rung as:

S, = Si,l + Si,?a (4.3)
D, =Si1 — Sio, (4.4)

which yield the inverse relations:
§,- 54D g, SoD (45)

The operators S, and D; satisfy specific commutation relations detailed in Appendix A.

Substituting Eq. (4.5) into Eq. (4.2), the Hamiltonian can be recast as:
L-1

L A
- S? —2s(s+1 fs J A A Ao
,H:Jlizll 2( )—hSi +3'“ (Si-Si+1+Di~Dm>
J L—1
5 (S,- S — Dy SZ»H) . (4.6)

i=1
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For spin—% sites (s = 1/2), this simplifies to:

L L—1 L—1
. . . Jy+J A Jy—J A A
H:JLZ<S?/2—th>+%Zsrsi+1+ H2 x D, Diyy
i=1 =1 =1
3LJ,
_ . 4.
- (4.7)

The constant term —3L.J, /4 may be omitted for practical purposes. Since S, represents
the total spin of two spin—% sites, each rung hosts either a singlet (S = 0) or triplet
(S = 1) configuration, depending on the parameters J,, J|, Jy, h.

Importantly, the Hamiltonian (4.7) exhibits a symmetry under the exchange J < J,.
The first two terms remain invariant under this transformation, while the third changes
sign. However, as shown by the original Hamiltonian (4.2), swapping the spins on each

rung, S;; < Sm, is a symmetry operation that leaves the system unchanged. This opera-

tion effectively inverts D, or ]f)z-+1, thereby restoring the invariance of the full Hamiltonian.

4.1 GROUND-STATE PROPERTIES AT ZERO FIELD

The energy spectrum of the Hamiltonian (4.7), denoted as E(h,J., J, Jx), depends
on four parameters, where all exchange couplings (J,.Jj, Jx) are assumed to be AFM.
For fixed couplings, the spectrum becomes a function of the magnetic field A, written
as E(h). As h increases, spins progressively align, eventually reaching a Fully Polarized
(FP) ferromagnetic state at sufficiently large fields. Due to the antiferromagnetic nature
of the couplings, this fully polarized state corresponds to the highest energy, leading to a
monotonically increasing F(h).

At zero field (h = 0), the ground state is governed by the Hamiltonian:

L L—1 I—
~ J 42 J|| + Jx A
H= > ;:1 S; + 5 ;:1 Si-Siyi + El
3LJ,
— 4.
- (48)

4.1.1 Fully Frustrated Case

In the fully frustrated case (Jx = J|j), the Hamiltonian simplifies to:

. 3LJ
H = = 4 Z S? + J Z Si St (4.9)
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In this regime, many eigenstates can be constructed exactly [49]. A rung in a singlet state
(S = 0) decouples from its neighbors [188]. Thus, any configuration with N, spatially
separated triplet rungs (S = 1) embedded in a background of singlets forms an exact
eigenstate of Eq. (4.9), with energy:

3LJ,
4

E(N,) = — — JUN,, N, <Lj2, (4.10)

where N; < L/2 ensures sufficient spacing to maintain triplet isolation. For polarized
triplets with S* = +£1, the total magnetization is M = N, — N_, where N, denotes the
number of triplets with S* = +1, respectively. These states span all quantum sectors of

fixed total spin and have energy:

3
E(m) = (m—z) J L, for0<m<1/2, (4.11)
E(m) = (m—z) J L+ (2m—1)JyL, for1/2<m <1, (4.12)

where m = M/L is the magnetization per rung. In the latter regime, the triplets are no
longer separated, and the interaction term S, Siﬂ contributes to the energy.

For large J, , the Sf term favors singlets, stabilizing the RS phase. Conversely, for small
J 1, the exchange interaction promotes rung triplets, leading to the RT phase [49]. A first-
order transition between these two phases occurs at J, /J) ~ 1.4 [49, 51, 189], and this
transition remains robust under small deviations from the fully frustrated condition [47,

48, 190, 191].

4.1.2 Haldane Phase

In the limit J, < Jj, the Hamiltonian (4.9) reduces to:

describing an effective spin—1 Heisenberg chain. In this regime, the frustrated ladder enters
the RT phase, wherein each rung behaves effectively as a spin—1 degree of freedom. This
raises the question: is the RT phase distinct from the Haldane S = 1 phase? The answer is
no. The spin—% HAF ladder maps onto a spin—1 chain and belongs to the same universality
class [53], establishing the equivalence between the RT phase and the Haldane phase.
For example, at J; = 1 and Jj = 0.8, the RS-Haldane phase transition occurs at

Jy &~ 0.67 £ 0.01 [47|. Choosing J. = 0.72, we analyze the ground-state properties
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(Fig. 28). The RT phase exhibits characteristic features of the Haldane phase: spinf% edge
states (Figs. 28(a) and (b)) and a finite spin gap A &~ 0.306 (Fig. 28(d)). In comparison,

the spin—1 chain has a gap A = 0.411J, implying an effective coupling:

0.306
= o (.74, 4.14
Joir = 5y <07 (4.14)

which closely matches the chosen value J,, = 0.72.

Figure 28 — DMRG results for a spin—% frustrated ladder with J, =1, J; = 0.8, Jx = 0.72, L = 100 rungs,
and open boundary conditions. (a) Spin—% edge states, characteristic of a spin-1 chain. (b)
First magnetization excitation, confirming the edge-state nature. (¢) Local rung correlation,
indicating a rung-triplet state. (d) Energy gap A = 0.306, obtained via linear extrapolation
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To further confirm this identification, we compute the string order parameter:
A~ ~ ]71. ~ ~ ~ A~
Oz (i ) = <( fo 55 exp (m > (S Ss,k)) (S, + S;,j)> S )
k=i+1
using ITensor tools. By evaluating O, for system sizes L, 3L/2, and 2L with L = 100,

and extrapolating to the thermodynamic limit, we find:

lim OZ(i,7) = —0.37, (4.16)

|j—i]—o0

which is nearly indistinguishable from the spin—1 chain value of —0.38 [150, 192].
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4.1.3 Weakly Coupled Chain Limit

In the weak-coupling limit (J,J« < J), field-theoretical analysis predicts a phase
boundary at J, = 2J, separating the RS and Haldane phases [193, 194]. However, the
nature of this boundary—whether it marks a direct transition or harbors an intermediate
phase—remains a subject of debate.

Starykh and Balents [194] argued that fine-tuning J, and Jyx cannot eliminate all
relevant inter-leg couplings. They proposed the emergence of a spontaneously dimerized
intermediate phase—either Columnar Dimer (CD) or Staggered Dimer (SD)—where spin
pairs form singlet dimers (Fig. 29). These phases would separate the RS and Haldane
regimes.

Figure 29 — Schematic of possible phases in a spin—% frustrated ladder: rung-singlet (RS), Haldane, colum-

nar dimerized (CD), and staggered dimerized (SD). The RS and Haldane phases are well-
established, but the dimerized phases remain debated

(a) Haldane phase

N

(b) SD phase v

(c) CD phase

Source: Reference [195]

For J, < Jj, the CD phase is predicted within:

2

5J J2
2y — —2 < JL <2 — = (4.17)
™ ™

Early numerical studies reported no evidence for such an intermediate phase [196, 197].

Although Liu et al. [195] suggested a dimerized region for 0.373 < J; < 0.386 at J, = 0.2,
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their results were inconclusive. Hikihara and Starykh [198] observed tentative signs of
dimerization at J; = 0.38, J. = 0.2. However, Barcza et al. [199], using high-precision
DMRG over 0.36 < J; < 0.4, found no such phase. More recent studies agree that the
HAF ladder does not host a dimerized phase [200, 201], although such phases may appear

with ferromagnetic interactions [198| or next-nearest-neighbor leg couplings [202-204].

4.1.4 Ground-State Phase Diagram

The ground-state phase diagram, derived from numerical methods [47, 51, 190, 191,
195-197, 199, 200], is shown in Fig. 30. The model hosts two distinct phases: the RS phase
and the Haldane phase, separated by a quantum phase transition (red line). Fixing Jj = 1
as the energy scale, setting J, = 0 recovers the conventional spin ladder of Section 3.4.
Conversely, for J; = 0, the system maps to a spin—1 chain with gapped spin—1 magnons.
While early studies suggested a first-order transition at all coupling strengths, subsequent
work revealed a continuous transition at weak rung couplings, becoming first-order at
stronger couplings [190, 196].

Figure 30 — Ground-state phase diagram of the spin—% frustrated ladder. The system features two distinct
phases, the rung-singlet and the rung-triplet, separated by a quantum phase transition (red
line). Purple rungs with ellipses represent rung-singlet spin states, while red rungs with
parallel spins represent rung-triplet states. Numbered circles denote specific points in the

phase diagram for which thermodynamic results are provided in the source of the figure.
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4.2 FRUSTRATED LADDER IN AN EXTERNAL MAGNETIC FIELD

In the presence of an external magnetic field (h # 0) and fixing J, = 1, the Hamilto-

nian in Eq. (4.7) can be decomposed into three terms:

~

L -1
. . .. . 5T R
Hl - E S2/2 - hSZ HQ - J Sl . Si+1> 7‘[3 — 7 E Dl . Di+17 (418)

=1

with effective couplings defined as:

J|| + Jy

J = 7

0J = J)— Jx. (4.19)
Each term plays a distinct physical role:

e H; favors rung singlets at low fields (h < 1) but promotes triplets at high fields
(h >1).

e 7, introduces repulsion between adjacent rung triplets, stabilizing a magnetization

plateau at m = 1/2, where triplets occupy alternating rungs.

e H; enables triplet mobility due to the non-commutation of D, with H,, leading to

gapless regions between plateaus.

Previous studies [47-49, 55, 205, 206] predict magnetization plateaus at m = 0, m =
1/2, and m = 1, with intervening gapless LL phases exhibiting square-root singularities
at the plateau edges. However, numerical results show deviations: the singularity near
m = 1/2 is weak, and a magnetization jump is observed between m = 1/2 and m = 1, as
illustrated in Fig. 31.

According to the condition established by Oshikawa, Yamanaka, and Affleck [207], a

magnetization plateau at m is allowed only if:
(S, —m,,) = integer, (4.20)

where S, and m, are the total spin and magnetization per unit cell, respectively. For
a unit cell containing two spin—% sites, plateaus preserving translational symmetry can
appear at m = 0 (the PM state) and m = 1 (the FP state), as observed for specific
values of J, in Fig. 31, with corresponding critical fields hpy and hgp. For moderate J,

a plateau at m = 1/2 is stabilized with a doubled unit cell of four spins. This plateau
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is bounded by critical fields h_ and h,, and in finite systems with open boundaries, it
manifests two steps associated with domain walls, connected at h = hy.
In the gapless LL phases between plateaus, transverse spin correlations decay as power

laws:
L(r) ~ =28, (4.21)

where K is the LL exponent and r is the spin separation along the chain.

Figure 31 — Magnetization per rung, m = (SZ.,)/L, versus magnetic field h for a ladder with L = 128
rungs and Jj = 0.55. Shown are the paramagnetic (PM), m = 1/2, and fully polarized (FP)
plateaus, with critical fields hpys, h—, by, and hpp. The field by indicates a magnetization
jump, and hg marks the finite-size splitting of the m = 1/2 plateau into two steps under open
boundary conditions.

1F FP plateau
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Source: Reference [47]

The nature of elementary excitations varies across the magnetization plateaus:

e At m = 0, the lowest-energy excitations are magnons (triplet excitations) with

AS* = +1.

e At m = 1/2, the excitations are spinons, interpreted as domain walls separating

ordered triplets. These carry AS* = +1/2, depending on the field direction.
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e At m = 1, magnons correspond to singlet states embedded in a polarized back-

ground, with AS* = —

Quantum phase transitions between gapped plateaus and gapless regions are driven by

the condensation of these elementary excitations.

4.2.1 Mapping to the XXZ Chain

In the fully frustrated limit discussed in Section 4.1.1, the total spin on each rung
is conserved, and the ground state is exactly known. We now consider a regime in the

vicinity of this limit, characterized by:
< JK 1. (4.22)

In this parameter regime, each rung predominantly occupies either the singlet state or the
S* =1 triplet state. The remaining triplet components are energetically unfavorable for
any value of the magnetic field. This restriction effectively reduces the Hilbert space to two
states per rung. Employing perturbation theory in 6.J, we derive an effective Hamiltonian
restricted to this low-energy subspace.

By identifying the singlet with a spin-up state and the S* = 1 triplet with a spin-down
state, the original ladder model maps onto an spinf% AFM XXZ chain with easy-axis

anisotropy |48, 55]:

L-1 A A
< i z+1+$8

=1

M

XXZ

S+ .87 Afﬂ) H Z Heggo(33 4+ 83)/2,  (4.23)
where s are spinf% operators, and the effective couplings and fields are given by:
j=06J+0J%), j.=J+0(5J%), H=h—-1—=J+0(0J?), Hege=J (4.24)

The edge field Hegee breaks the degeneracy between the Néel states, selecting a particular
ordering and stabilizing the fractional magnetization plateau where singlets and triplets
coexist in a nearly degenerate configuration.

The XXZ chain exhibits a spin gap in the AFM regime (j,/|j| > 1) at zero field [208],
yielding a plateau at zero magnetization for |H| < Hy,. At H = £ Hyi, the gap closes
and spinons condense, leading to a gapless LL phase. These transition points correspond,

in the original ladder, to the boundaries of the m = 1/2 magnetization plateau. For
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|H| > Hpin, the system remains in the LL phase until saturation at |H| = Hpax, marking
the transitions to the m = 0 and m = 1 plateaus.

The critical fields of the XXZ chain are given by [208]:

o . = (1)
Hmax — Jz 5 Hmin - h — 4.25
Jz + 1] jlsi ngkzoowhk’g (4.25)

where cosh g = j./|j|. Translating back to the original ladder variables, with h = H + J +
1+ O(8J?), we define the following critical fields:

ho =1—16J], (4.26)

hy =2J +16J| +1, (4.27)

he=1+J u:ii (4.28)
= T J/16J]) ]

where T}, () denotes the k-th Chebyshev polynomial of the first kind:

To(z) = (z ++Va22 — 1)k %2— (r — Va2 — 1)1“‘ (4.20)

The phase structure is thus described as:
e h < hy: Gapped m = 0 plateau.

e hg < h < h_: LL phase.

e h_ < h < hy: Gapped m = 1/2 plateau.
e hy < h < hy: LL phase.

e h > hy: m =1 plateau.

As a concrete example, consider Jj = 0.2 and J, = 0.18, which yield J = 0.19 and
|0J| = 0.02. Using Eqgs. (4.26)—(4.28), the critical fields computed via the XXZ mapping

are:
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These results, compared with numerical data from DMRG in Fig. 32, demonstrate
the accuracy of the XXZ mapping in the regime defined by Eq. (4.22). However, as
|0J| increases, higher-order corrections become relevant, and the mapping loses precision.
Moreover, since the XXZ chain does not exhibit magnetization jumps, it cannot capture

discontinuities observed in the ladder model for larger values of §.J.

Figure 32 — Magnetization per rung m = (SZ.,)/L versus external magnetic field 4 from DMRG calcu-
lations for a ladder with L = 128 rungs, J = 0.2, and Jx = 0.18. For a finite-size ladder,
The small magnetization step in the middle of the m = 1/2 plateau occurs when the spinon
changes its spin from AS?* = —1/2 to +1/2. Maximum truncation error is ~ 10719,
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Source: The author (2025)

4.2.2 Hard-Core Boson Mapping

The spin system can be mapped onto hard-core bosons to determine the critical field

hgp associated with the transition from the FP state. The mapping is given by:
A 1

Six =5 — @l din, (4.30)
St = i, (4.31)
S =l (4.32)

where @; 5, are hard-core bosonic operators. To preserve the spin commutation relations

(Eq. 3.17), these operators satisfy:

(] . ] = 030 (1 — 28] L), (aie)® = (a],)* = 0. (4.33)
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enforcing the hard-core constraint, i.e., at most one boson per site.

Using this mapping, the Hamiltonian in Eq. (4.2) becomes:

N J
H(freehc :(J+J +h— )N+ HZ 1a1+11+a 2a1+12—|—hc)

1 o e J e e
+ 3 Z(allai,z + ai,gai,l) + TX Z(Gj,laiﬂ,z + ai,zai+1,1 +h.c), (4.34)

2

where N = > k&l‘L xQik is the total boson number. Interaction terms are neglected for
simplicity.
To describe low-energy excitations above the fully polarized background, we define

bosonic operators that create singlet and S* = 0 triplet states:

AT R

A — (4.35)
'L \/_ )
N 1 +a
io=l 2 (4.36)
" \/_
These operators act on the FP state |FP), where all spins point up:
sppy = 1T (437)
V2
+
i) ,[FP) = L+ 1) o). (4.38)

V2

Applying a Fourier transform and diagonalizing Eq. (4.34) yields:
free hc) Z 58 AT S + Z g t £O7q, (439)

with the dispersion relations:
e'(q) = (Jj + Jx)(cos(q) — 1) + h, (4.40)
e*(q) = (Jy — Jx)cos(q) = (Jy+Jx) —=1+h (4.41)
The band minima determine the onset of condensation:

g = Et(7T> =h— Q(JH + JX), (4.42)

min

eS(m)=h—1-—2J ifJ, <J,
oo () I x <) (4.43)

e(0) =h—1—2Jc if Ju > Jj.

The corresponding critical fields are:
2 J| |+ J (4.44)

L+2J) if Je < Jj, (4.45)

14+2J, if Jy >JH'
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Comparing Eqs. (4.42) and (4.43) allows us to determine which excitation condenses first
as a function of Jy and J, thus identifying the critical field hpp. The resulting phase

boundaries are shown in Fig. 33.

Figure 33 — Critical field hgp for the fully polarized state as a function of Jx and Jj.
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Source: Reference [47]

4.3 PHASE DIAGRAM

Figure 34 shows the phase diagram of the magnetization m as a function of the mag-
netic field ~ and the diagonal coupling J, for a frustrated ladder with J; = 0.55 and
system size L = 128 rungs. The color scale indicates the magnetization m, and the
boundaries of the magnetization plateaus in the thermodynamic limit are indicated. For
fixed J, plateaus at m = 0, 1/2, and 1 are generally bounded by second-order quantum
phase transitions occurring at the critical fields hgp, h_, h,, and hpy. As these transitions
are approached from the gapless Luttinger liquid phase [135], the Luttinger parameter K
flows to characteristic values: K — 1 at the boundaries of the FP and PM plateaus, and
K — 1/4 at the boundaries of the m = 1/2 plateau.

Nevertheless, the phase diagram also features first-order transitions. Specifically, for

J« = Jy = 0.55, both the PM-to-m = 1/2 and m = 1/2-to-FP transitions exhibit
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discontinuous jumps in the magnetization along the line hy. This first-order transition
line terminates at a bicritical point located at J. = 0.5, where the two second-order lines
associated with the FP plateau merge.

The m = 1/2 plateau closes at two KTs transition points, characterized by the Lut-

tinger parameter flowing to K — 1/2 from the gapless side. These transitions occur at

(Jx. 1, hicr,) = (0.255 4 0.005, 1.467 & 0.002), (4.46)

(e, 13, hicrs) = (0.935 £ 0.005, 1.98 % 0.01). (4.47)

Figure 34 — DMRG-derived phase diagram of magnetic field & versus frustration Jy for J; = 0.55 in
the thermodynamic limit. Magnetization m is color-coded for a system with L = 128 rungs.
Gapped plateaus at m = 1 (fully polarized, FP), m = 1/2, and m = 0 (paramagnetic, PM)
are bounded by hgp, hy, h—, and hpy, respectively. Gapless Luttinger liquid (LL) phases lie
between plateaus. The Luttinger parameter K approaches 1 (FP, PM) or 1/4 (m = 1/2) at
second-order transitions from the LL side and 1/2 at Kosterlitz-Thouless (KT) transitions
(o) closing the m = 1/2 plateau. A first-order transition line ks, marked by magnetization
jumps, begins at a bicritical point () on hpp and includes two points () at Jy = Jj.
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Source: Reference [47]
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4.3.1 First-Order Phase Transition

The magnetization jump observed in Fig. 31 indicates a first-order transition between
singlet and triplet |to) states. The probability densities of singlets and triplets on rung i

are given by:

s St 1 o 1

<nz> = <Sj$i> = Z — <Sz,1 SZ 2> =+ <ni71ni72> ~ Z_l — <Si,1 . Si,2>, (448)
) I T U P

(Rf) = () ;t0.) = 1 () +(Si1 - Si2) — (i) ~ 1 (S7) +(Six-Si2), (4.49)

where the contribution from (7,17, 2) is neglected, which is nonzero if the rung is in the
triplet state |t_;), which has a low probability of occurrence.

The corresponding system-wide densities are defined as:

1 & 1 &

() = 7 D (), () = 7 > _{A). (4.50)

i=1 =1

Figure 35 displays (ns) and (n,) as functions of m for J, = 0.75 (main panel) and

Jy = 0.4 (inset), in the range 0.5 < m < 1.

Figure 35 - DMRG results for singlet (7,) and triplet (7,) densities versus magnetization m for .J; =
0.55, Jx = 0.75, and L = 128. Magnetization states within the jump occur for 0.70 < m <
0.78. Inset: same parameters except Jx = 0.4
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Source: Reference [47]

For J, = 0.75, a clear first-order transition occurs at h = hy, leading to a discontinuous

magnetization jump (see also Fig. 33). In the magnetized phase m; ~ 0.78 < m < 1, the
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system is fully dominated by triplets, with (ns) = 0 and (n) # 0. Conversely, in the
interval 0.5 < m < 0.70, singlets dominate, with (ns) # 0 and (n,,) = 0. Within the
narrow coexistence window Am = 0.08, the system exhibits domain separation between
singlet-rich and triplet-rich regions. In contrast, for J, = 0.4, no magnetization jump is
observed, and singlet dominance persists throughout, with (n) # 0 and (r,) = 0.

The nature of these phases is further elucidated by examining transverse spin corre-

lations, defined as

Lulr) = 3 (85, + S8 mciir (451)

l,i¥m,j i~ m,j

where I'j; () = I'ye(r) corresponds to correlations along the same leg, and I'1o(7) = [y (7)
to opposite-leg correlations. These correlators decay algebraically in the critical phases I,

I', and II, as shown in Fig. 36.

Figure 36 — Transverse spin correlations I'11 (r) (same leg) and I'15(r) (different legs) near the fully polar-
ized (FP) plateau for J; = 0.55, shown in the bottom panels. In phases I and I, the singlet
density (i) # 0 and triplet |to) density (fi,) & 0, while in phase II, (fis) ~ 0 and (fi,) # 0.
The bicritical point () is at Jx = 0.5, h = 1+ 2.J; = 2.1. The dashed line h; denotes
the singlet condensation critical line for the noninteracting model, and Ay is the first-order
transition line from DMRG in the thermodynamic limit.
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At the bicritical point (Jx = 0.5, h = 2.1) [209-211], the critical phases I and II merge
into the FP phase, where both (ns) and (n,) vanish and the excitation gap remains
finite. For J, < 0.5, decreasing h drives a condensation of singlets, yielding (ns) # 0 and
(ny,) = 0 in phase I. For J, > 0.5, triplet |¢y) condensation occurs, with (ns) = 0 and
(ny,) # 0 in phase II, which maps onto a spin—1 chain in a magnetic field [49, 52, 53].

The transition from phase II to phase I or I’ along the line hs(Jy) is of first order, as
is the transition from the m = 1/2 plateau to phase II at J, =~ Jj. All three phases— I,
I', and II-—are gapless and characterized by distinct local configurations: rungs in phases
[ and I’ are in superpositions of singlets and |t;) triplets, while in phase II, they are in

to) triplets. At h = hy, the energy becomes flat as a function of magnetization in the
f gy g
)

(jump)

thermodynamic limit, indicating a degenerate ground state for m9"™ < m < m 7 and

macroscopic phase separation between singlet-rich (I or I') and triplet-rich (II) domains.

Figure 37 presents the phase diagram for 0.5 <m < 1,0.5 < J, < 1.12, and L = 128.

Figure 37 — DMRG results for the magnetization jump boundaries mgjump) (lower) and m upper)

versus Jy at Jj = 0.55. Data are shown for L = 128 (e) and the thermodynamic limit
L — oo (x), with error bars Am = 1/128. Phases I, I’, and II correspond to Fig.36. The
bicritical point at Jx = 0.5, m = 1 (h = 2.1) and the Kosterlitz-Thouless (KT) point are
marked. Inset: singlet ((75)) and triplet |to) ({(74,)) probability densities along the chain for
Jx =0.52, m =102/128 and Jyx = 0.55, m = 90/128.
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The phase separation region spans from the bicritical point at (J, = 0.5, m = 1) to
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the termination point of the magnetization jump at J, = 1.1. Within the coexistence

(jump)

region m; , phase II coexists with phase I for 0.5 < J, < 0.55, and

with phase I' for J, > 0.55. At J, = J), phase II also coexists with the m = 1/2 plateau.

4.3.2 Kosterlitz-Thouless Transition Points

At the KT transitions, the magnetization remains fixed at m = 1/2, and the excitation
gap Ah closes with an essential singularity. On the gapless side, the transverse spin cor-
relations I';;(r) (Eq. (4.51)) follow the asymptotic behavior of Eq. (4.21) with Luttinger
parameter K = 1/2, indicating broken translational symmetry and one boson per two
rungs [135].

To estimate the critical coupling J. in finite systems with open boundaries, we extrap-
olate the thermodynamic-limit value of K based on the known critical condition K = 1/2
at J = J. [87, 212]. Figures 38(a) and (b) display I'11(r) for two representative values of
Jy at m = 1/2. Fits to Eq. (4.21) yield estimates for K. Because K depends on the fitting
range 7 in systems with open boundaries [212], we perform fits over multiple intervals and

extrapolate the resulting K values, as shown in Figs. 38(c) and (d).

Figure 38 — Transverse spin correlations I'1;(r) and Luttinger parameter K at m = 1/2, J = 0.55. (a)
(=1)"T11(r) for Jyx = 0.25; (b) T'11(r) for Jx = 0.95; both for L = 128,192, 256. (c¢,d) K vs
1/L for J, = 0.25 and 0.95, respectively, from fits to 1/r/2K over r € [8,16],[16, 32, [32, 48].
Extrapolated K = (Kpnin + Kmax)/2 with error 6K = (Kyax — Kmin)/2-
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The extrapolated thermodynamic-limit value of K is estimated as the midpoint of its

range over the two largest system sizes:

Kmax Kmin Kmax - Kmin
Amax + Kmin S = fmex ~Tmin

K = :
2 2

(4.52)

Figures 39(a) and (b) present K versus J, near the two KT transitions, for J, < Jj

and .J, > Jj, respectively. The critical couplings are identified as:
Jx kr, = 0.255 £0.005, Jx g, = 0.935 £ 0.005. (4.53)

The corresponding critical fields hkr, and hkxr, are determined by extrapolating the
plateau boundaries h_ and h, at m = 1/2, for J, values close to the critical points

(Figs. 39(c,d)):

hgr, = 1.467 +0.002, hxr, = 1.98 + 0.01. (4.54)

Figure 39 — (a, b) Thermodynamic-limit Luttinger parameter K versus Jy near Kosterlitz-Thouless tran-
sitions, with critical points Jx g, = 0.255 = 0.005 and Jx kT, = 0.935 £+ 0.005. (c, d)
Extrapolation of critical fields h_, hy at m = 1/2 to the thermodynamic limit, yielding
hxT, = 1.467 £ 0.002 and hxr, = 1.98 £ 0.01.
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In the regime described by Eq. (4.22), the system maps onto an spinf% XXZ chain, for
which the Bethe ansatz predicts a KT transition at Jy = JH/S for J. < Jj. For Jj = 0.55,
this yields J = 0.18, which deviates from the numerical result Jy xr, = 0.255 £ 0.005
by a correction of order ~ J? kT, For Jx xr, = 0.935 £ 0.005, the mapping becomes

unreliable as Jy, =~ J.
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Exploiting symmetry under leg exchange, we generalize the KT transition curves for
Jy = 0.2, 0.55, and 0.8, and include the corresponding symmetric points, as shown in

Fig. 40. The critical lines are well described by perturbative fits:

J
KTy @ Ju= 3 +016Jf + 0127}, (4.55)

KTy:  Jy =3J)—3.77Jf +2.60.J}. (4.56)

Figure 40 — KT transitions in the Jx versus Jj plane. Calculated points (e) and symmetric points (e)
are shown, with error bars smaller than or equal to symbol size. Solid lines .J, = .J;;/3 and
Jx = 3J) represent perturbation theory results. Dashed lines are fits to KT (JH/3—|—O.16J‘? +

0.12J3) and KTy (3J) — 3.77J% + 2.60.J%).
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4.3.3 Other Phase Diagrams

We now examine the phase diagrams for J = 0.2 and J| = 0.8, shown in Figs. 41(a)
and 41(b), respectively. For J; = 0.2, no bicritical point or first-order transition line is
observed, as the minima of the singlet and triplet bands do not cross for J; < 0.5 (see
Fig. 33). In contrast, for J; = 0.8, a bicritical point emerges at J, = 0.5, h = 1 +2J,

consistent with the expected behavior for J; > 0.5.
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Figure 41 — (b) DMRG phase diagram of magnetic field h versus frustration Jx for J; = 0.8.
Thermodynamic-limit transition lines are derived from finite-size scaling of magnetization
m versus h, with m color-coded for L = 128. The diagram highlights fully polarized (FP),
gapped paramagnetic (PM), gapless Luttinger liquid (LL), and singlet Haldane phases, with
Luttinger parameter K at incommensurate transitions, Kosterlitz-Thouless (KT) points, a
first-order transition line (dashed), and a bicritical point (). (¢) Intradimer correlation
(Si,1 - Si2) versus Jy for fixed h, with first-order transitions marked (orange lines) as in (b).
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4.8.8.1 Case: Jj =0.2

At J = 0.2, two first-order transitions occur at J, = J; = 0.2: one between the
m = 0 and m = 1/2 plateaus at h = 1, and another between the m = 1/2 and m = 1
plateaus at h = hgp. Each transition point lies at the junction of four second-order lines,
delineating coexistence regions between disordered phases: m = 0 with m = 1/2, and
m = 1/2 with m = 1. The surrounding Luttinger liquid phases (0 < m < 1/2 at h =1
and 1/2 < m < 1 at h = hpp) merge with these disordered phases, analogously to the
scenario at J, = Jj = 0.55, h =1 (Fig. 34).

The m = 1/2 plateau closes via KT transitions for both J, < Jjand Jy > J. DMRG
simulations show that the ground state is a coherent superposition of |t;) triplets and |s)
singlets, similar to the case Jj = 0.55, J, = 0.4 (Fig. 35).

According to Landau theory, a tetracritical point arises at the intersection of four
second-order lines separating three ordered phases [209, 210]. However, at J, = Jj = 0.2,
both h = 1 and h = hgp involve disordered phases (m = 0, 1/2, or 1), thus precluding

classification as a tetracritical point.
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4.8.8.2 Case Jj = 0.8

The phase diagram for J; = 0.8 features both a bicritical point and a first-order
transition line. In contrast to the Jj = 0.2 and 0.55 cases, the m = 1/2 plateau closes
via a KT transition only for J, < J. For J, > J|, no KT transition occurs due to the
steeper decline of the singlet condensation field, driven by interactions that go beyond
the free hard-core boson picture.

While finite-size scaling identifies the phase boundaries, additional insight is gained
from dimer correlations (S;; - S;2). In simulations with a spatially varying .J, at fixed
h |213], a linear gradient of .J, is applied along the ladder (Fig. 41(c)). Across the first-
order transition (orange line), the correlation takes (S;; - S;2) = 0.25 in phase II (right
side), resembling a spin—1 chain, and varies from approximately —0.75 to 0 on the left
side as h increases from 0 to 2.43.

At m = 0, the right side of the first-order line (phase II) realizes a gapped Haldane
phase with nontrivial topology, in contrast to the trivial gapped PM (m = 0) state on the
left.
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5 MIXED-SPIN LADDER

One-dimensional spin—% ladder models constitute a fundamental framework for in-

1
2

vestigating interacting quantum systems in reduced dimensions. The prototypical spin—
two-leg ladder is known to possess a gapped singlet ground state accompanied by short-
range spin correlations. In contrast, mixed-spin ladders—where the spin magnitudes and
exchange couplings alternate along the rungs or legs—can give rise to ferrimagnetic ground
states, as anticipated by the Lieb—Mattis theorem [75]. A substantial body of work [64—
66, 68, 69, 71-74] has been devoted to exploring these systems, revealing a rich variety
of ground-state phases and quantum phenomena. Notably, ferrimagnetic order is not ex-
clusive to mixed-spin ladders but also emerges in other one-dimensional quantum spin
models, where it exhibits remarkable and often unconventional features |77, 78§].

Alternating spin chains composed of spinf(%, 1) and spin—(%, 2) units exhibit ferri-

202
magnetic ground states characterized by quantized magnetization plateaus. In particular,
the former system displays a 1/3 magnetization plateau [79-84|, while the latter supports
both 1/3 and 2/3 plateaus [85]. Recent studies employing the DMRG method have inves-
tigated various aspects of these systems, including density-dependent magnon hopping,
magnon-magnon interactions within the spin—wave framework, and the presence of edge
states [86].

In certain anisotropic spin models, the 1/3 plateau vanishes via a KT-type transi-
tion [87], a phenomenon also observed in anisotropic ferrimagnetic chains [88-90]. By
contrast, isotropic spin—% trimer systems exhibit a robust 1/3 plateau without undergo-
ing a KT transition [91].

The Hamiltonian describing the alternating spin—(s,.S) ladder in the presence of an

external magnetic field h is given by

0y [gm 8§ L gm. ég?)] — hge, (5.1)

where 87 and S}" are spin operators located at unit cell j and leg o = 1, 2, with quantum
numbers s and S, respectively. These satisfy (85)* = s(s 4 1) and (S?)Q = S(S+1). The
exchange coupling along the legs is denoted by J = 1, which sets the energy scale. The
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parameter J, represents the rung coupling, and 5% is the total spin z-component, with

gpp = 1.

Figure 42 — (a) Spin-(s, S) ladder with a four-spin unit cell (two spins of each type) and periodicity 2u,
where u is the rung spacing. The leg coupling J sets the scale; phases are tuned via J .
(b) Swapping spins on alternate rungs reduces the periodicity to u. (¢) Folded and unfolded
Brillouin zones for J; = —0.5 in a system with L = 20 rungs.
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For analytical approaches such as spin—wave theory, it is convenient to consider a unit
cell of size 2u, where u denotes the spacing between neighboring rungs (see Fig. 42(a)).
This unit cell contains four spins—two of magnitude s and two of magnitude S—resulting
in four magnon bands and a first Brillouin zone (Folded Brillowin Zone (FBZ)) of size
k = 27/2u. The Hamiltonian is invariant under a glide reflection symmetry [214, 215],
which combines a translation by u with leg exchange (1 <+ 2). This symmetry permits the
use of a reduced unit cell containing only one rung (two spins: s and ), leading to two

magnon bands and an Unfolded Brillouin Zone (UBZ) of size k = 2m /u. Upon reindexing
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the spins accordingly (see Fig. 42(b)), the Hamiltonian takes the simplified form:
7:[ == JJ_Zéj S]+Z (éj 'sj+1+sj 'éj+1> —héz, (52)
J J

where j indexes the rungs.

In the presence of a magnetic field, these systems develop a quantized magnetization
plateau at s* = S —s = 1/2 per unit cell. For the decoupled case J; = 0, the critical fields
are given by h_ = 0 and h, = A, where A denotes the gap to the next magnetization

sector. More generally, the critical fields can be computed as
hy =|E[s*=(S—s)£1,h=0] - E[s*=(5—s),h=0]|, (5.3)

where E[s*, h = 0] denotes the ground state energy in the sector with total magnetization

s* at zero field.

5.1 THE ALTERNATING SPINf(%, 1) LADDER

For s = 1/2 and S = 1, Eq. (5.3) predicts a magnetization plateau at one third
of the fully polarized value. The critical fields in the thermodynamic limit, A_(J,) and
hi(Jy), were determined via DMRG simulations combined with finite-size scaling [74].
The resulting phase diagram is shown in Fig. 43.

At J; =0, the system consists of two decoupled alternating spin chains with (1/2,1)
rungs, each with a unit cell of length 2u (see Fig. 42(a)). The ground state carries a
total spin 1/2 per unit cell, corresponding to 1/3 of the fully polarized magnetization, in
agreement with the Lieb-Mattis theorem. The system displays long-range ferrimagnetic
order with a spin gap A ~ 1.76 [80-84] for spin-raising excitations, while spin-lowering
excitations remain gapless due to spontaneous breaking of spin-rotational symmetry.

For J, < 0, the conditions of the Lieb-Mattis theorem no longer apply, and the ground
state becomes a singlet (Sgs = 0) at h = 0. Nonetheless, the 1/3 magnetization plateau
remains stable for J; < 0, with a finite lower critical field (h_ > 0). As J, increases, the
plateau terminates at a KT transition where h_ = h in the thermodynamic limit, with

surrounding gapless regions in the LL universality class.
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Figure 43 — DMRG-derived phase diagram of magnetic field h versus rung coupling J, for the (1/2,1)
alternating spin ladder. Thermodynamic-limit transition lines are obtained via finite-size
scaling of the per-rung magnetization m as a function of h. The color scale indicates m for a
system with L = 100 rungs.
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5.1.1 Spin-Wave Theory

Spin-wave theory provides a useful framework for analyzing the critical field of the FP
plateau and other regions of the phase diagram for general s and S. Using the Holstein-

Primakoff transformation, spin operators are mapped to bosonic variables:
§F=s—n, (5.4)

§Y = /25 — na, (5.5)
57 =a'v2s —n, (5.6)
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where a' and @ are bosonic creation and annihilation operators, and # = a'a. For large-S

expansions, a leading-order approximation is used:

~

&=V (1 SRy 0(32)) i~ V250, (57)
S
5~ =a'Vas <1 - 423 + 0(52)> ~ V2sal. (5.8)

This is valid in the low-density regime.

Applying this to Eq. (5.2) for rung j yields:

U S Az .

Sj = 5 - Tay, Sj =1- Tj s (59)
§F = aj, S =/2b;, (5.10)
57 =al, S =2, (5.11)

(5.12)
Substituting into Eq. (5.2), neglecting constants, and applying a Fourier transform gives:

H= 3" [ton(@by + Blaw) + (20 + R)ivas + (2 + R)i | (5.13)
k

where ty, = (J. +2cosku)/v/2, e, = —(J1L +2), and g, = —(J, +2)/2.

Diagonalizing this Hamiltonian yields the dispersions:

€q t+ € 1
w}(li)(k') = Tb + 5\/(5(1 — 51;)2 + 4t%k + h

1
:_%(JL+2):|:Z\/(JL+2)2+8(JL+2cosku)2+h. (5.14)

The FP state remains stable for h larger than the minimum of the lower band w,(l_)(k),
which occurs at k = 0 for J; > 0 and at k = 7/u for J; < 0. Thus, the critical field for

the onset of the FP plateau is:

hep(J1 > 0) = -2 (0) = g(Jl +9), (5.15)
hep(JL < 0) = —w! ) (%) = ?L(JL +2)+ i\/((}l +2)? +8(J, —2)2 (5.16)

The two bands for h = 0 are shown in Fig. 44.



115

Figure 44 — Lower w(~) (k) and upper w(*) (k) free spin-wave magnon bands, calculated from the classical
ferromagnetic vacuum at zero magnetic field (h = 0). The bands are shown for J, ranging
from -1 to 1 in steps of 0.2.
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Interpreting magnons as hard-core bosons (equivalent to spinless fermions), the 1/3
magnetization plateau corresponds to full occupancy of the lower band, whose number
of states matches the number of rungs. The plateau width is given by the band gap, as

shown in Fig. 43. However, spin-wave theory predicts a gap closure (h_ = hy ) at J, = =2,

h = 0, which deviates from DMRG results |74]:

Jxr = —1.32 (5.17)

hir = 1.02 (5.18)

5.1.2 Magnetization

The magnetization on spin—%, spin—1, and full (%, 1) rungs for J, = —0.25 and 0.25

is shown in Fig. 45(a), obtained via DMRG simulations with an h-scan from h = 0 to

h = 3.39. The FP critical fields match Eqgs. (5.15) and (5.16):

hep(J. = —0.25) = 2.96, (5.19)
hep(J. = 0.25) = 3.38. (5.20)
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Figure 45 — DMRG results showing average magnetizations of spin—% and spin-1 sites, and the average

rung magnetization, from h-scan calculations for (a) J, = 0.25 and (b) J, = —0.25. (c)
Comparison of critical fields estimated from h-scans with those obtained via finite-size scaling
of per-rung magnetization curves.
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Ferrimagnetic order is visible in the 1/3 plateau for both values of J,. Magnon occu-
pancy at spin-1/2 sites, (f,) = 1/2—(S?), exceeds that at spin-1 sites, () = 1—(S¢), for
rung magnetizations between m = 0.5 and full polarization. This asymmetry originates

from the local potential difference:

1
Aszaa—eb:—i(Jl+2). (5.21)

For J, = —0.25, the reduced Ae diminishes the imbalance. In the range 0 < m < 0.5,
magnon occupancy at spin—1 sites rises steeply while it decreases at spin—1/2 sites, as the
total rung magnon density (fyung) = 1.5 —m exceeds 1, highlighting the role of interaction
effects.

Critical fields h_ and h extracted from finite-size scaling and h-scans show excellent
agreement. For J;, < 0, the gap becomes small, making h_ and A, harder to resolve.

Centering h-scans around the expected critical fields improves accuracy in these regimes.

Rung magnetization from J, -scans—where J, varies linearly across the system under
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fixed h—is shown in Fig. 46. Results from uniform systems with J, = —0.4 and —0.25
closely match the J,-scan data at h = 0.45, except for minor boundary effects near the

plateau’s critical point.

Figure 46 — The average rung magnetization, computed using DMRG for a J, -scan at h = 0.45, is shown
in the main plot. The inset displays results for A = 0.45, 1.35, and 2.5. Critical transition
points J. to the 1/3-plateau are marked for h = 0.45 and 1.35.
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The inset of Fig. 46 displays rung magnetization for J,-scans at h = 2.5, 1.35, and
0.45. At h = 2.5, the system never reaches the 1/3 plateau (m = 0.5), while at A = 1.35
and 0.45, the plateau becomes visible. The corresponding critical values of J, match
those in Fig. 43. For h = 0.45, the plateau is approached from below, while for h = 1.35,

magnetization remains above m = 0.5 as J; decreases past the critical point.

5.2 KOSTERLITZ-THOULESS TRANSITION

In gapless phases, the transverse spin correlation function exhibits a power-law decay
at long distances:

L(r) ~r'2K, (5.22)

where K is the Luttinger parameter. At the 1/3 magnetization plateau, the system hosts
two bosons per unit cell, corresponding to integer filling. The KT transition occurs when

K = 2 [135]. To locate this transition, the magnetization is fixed at the 1/3-plateau
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value (m = 1/2), and J is varied to identify the point where K = 2. In practice, finite-
size effects and the exponentially small energy gap near the KT transition render this

determination nontrivial.

5.2.1 Transverse Spin Correlations

Figure 47 presents transverse spin correlation functions between spin—% and spin—1

sites within the same rung and along the ladder for representative values of J, in both

the J, <0 and J, > 0 regimes.

Figure 47 — (a) Transverse spin correlation function between spin-1/2 and spin-1 sites on the same rung,
computed using DMRG for J; = —0.25 and J; = 0.25 in an h-scan, for a system size
L = 128. Local extrema are indicated by triangles. (b) Transverse spin correlation function
['(r) for specified magnetization per rung m and J, values, calculated for L = 128. (c)
Schematic of short-range magnetic order for the indicated m and J, values.
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The transverse spin correlation function is defined as:

1o oa s
Ciy = 5(S75; +5750), (5.23)
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where ¢ and j denote ladder sites. In Fig. 47(a), for J, < 0, the transverse correlation
remains positive from A = 0 up to the saturation field. Semiclassically, spinf% and spin—1
projections in the zy-plane align in the same direction, as illustrated in Fig. 47(c). For
Jy, > 0, the spin projections on each rung point in opposite directions, also depicted
in Fig. 47(c). In both cases, correlations remain stable within the plateau regions. Lo-
cal extrema, marked by triangles, appear near the field where the spinf% magnetization
vanishes, as observed in Fig. 45(a).

The transverse spin correlation along a ladder leg is shown in Fig. 47(b) and defined

as:

Dieg ()L = (Cig) i) —15)1=r» (5.24)

for a system of size L, where [(i) denotes the rung index of site i. A spatial average
over all site pairs on the same leg separated by distance r mitigates boundary effects. In
the gapless phases (m = 0.25 and m = 1.25), correlations follow the power-law behavior
characteristic of the LL phase, except at large distances due to open boundary conditions.
In contrast, for the m = 0.5 plateau, the correlation decays exponentially, indicating a
gapped phase. For both signs of .J,, leg correlations alternate in sign, consistent with
the semiclassical configurations shown in Fig. 47(c). Magnetization profiles of Spin—% and

spin—1 sites, displayed in Fig. 46, further corroborate this picture.

5.2.2 Identifying KT Transition Points

The correlation function in Eq. (5.22) is evaluated for system sizes L = 128, 192, and
256 over a range of J, values near the anticipated transition. Figures 48(a) and 48(b)
show representative cases for J, = —1.4 and J;, = —1.2, respectively.

To estimate the Luttinger parameter K in the thermodynamic limit, the correlation
data are fitted to Eq.(5.22) over the distance intervals (8,16), (16,32), and (32,48) for each
system size. The resulting K values are extrapolated to the infinite-size limit, as illustrated
in Figs. 48(c) and 48(d). The extrapolated K and its uncertainty are estimated from the
variation across system sizes as L — 00.

Finally, Fig. 48(e) plots K as a function of J, near the transition. The crossing point

with K = 2 yields an estimate for the KT transition:

Jixr = —1.32+0.02, (5.25)
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This estimate is supported by the error behavior: errors are larger in the gapped region,
where finite-size effects dominate, and become negligible in the gapless phase, where the

correlation length diverges.

Figure 48 — DMRG results for the transverse spin correlation function (—1)"T'(r), with r as the distance
along a ladder leg, at m = 1/3 for (a) J;, = —1.4 and (b) J, = —1.2, shown for system sizes L
as indicated. The Luttinger parameter K is computed for (¢) J, = —1.4 and (d) J, = —1.2
by fitting the correlation data to r~1/2K) over distance intervals 8 < r < 16, 16 < r < 32,
and 32 < r < 48. (e) Thermodynamic-limit K versus J, near the Kosterlitz-Thouless (KT)
transition, with the critical point estimated at J; gkt = —1.32 £ 0.02.
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6 COUPLED TWO-LEG LADDERS

The preceding chapters focused on isolated two-leg ladders, including both frustrated
and mixed-spin variants. In this chapter, we turn our attention to coupled spin—% two-
leg ladders with both nearest-neighbor and diagonal exchange interactions. While two-
leg ladders have been extensively investigated through analytical and numerical tech-
niques—leading to a nearly complete characterization of their phase diagrams—the de-
termination of precise phase boundaries remains an open problem. In contrast, fully 2D
quantum spin systems, despite substantial research over the past decades, are far less un-
derstood. Their increased complexity and the significantly higher computational demands
pose formidable challenges relative to their 1D and quasi-1D counterparts.

Low-dimensional quantum systems host a variety of emergent phenomena, including
the LL phase, which is restricted to 1D. Coupled spin ladders thus offer an appealing
theoretical framework for probing emergent 2D physics while retaining the analytical
tractability and numerical accessibility of quasi-1D models. However, the phase diagram
of 2D coupled ladders remains largely unexplored, particularly in the presence of frus-
tration, making it a fertile ground for further investigation. Most prior studies have fo-
cused on unfrustrated coupled ladders, since standard techniques for studying frustrated
2D quantum magnets—such as Quantum Monte Carlo—are hindered by the minus-sign
problem.

Experimentally, several materials have been identified as realizations of coupled spin
ladder systems [98, 99, 102, 216]|. These compounds provide valuable platforms to test
theoretical predictions and to explore exotic quantum phases. Advances in experimental
techniques such as inelastic neutron scattering, nuclear magnetic resonance, and other
spectroscopic probes have revealed signatures of spin gap formation, quantum critical-
ity, and phases stabilized by frustration and interladder coupling. Further experimental
efforts—particularly under extreme conditions such as high magnetic fields or ultra-low
temperatures—hold the potential to unveil novel aspects of the intricate interplay between

dimensionality, frustration, and quantum correlations in these systems.
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6.1 N COUPLED LADDERS

A system of N coupled spinf% two-leg ladders can be represented as a single 2/N-leg
ladder with alternating rung couplings, as illustrated in Figure 49. The corresponding

Hamiltonian is given by

2N—-1 2N—-1 L—-1 2N
H= Z JLZS”C smwlzsm Sikst| + 41D Sin-Sipin,  (6.1)
i=1 k=1

even

where S,k denotes the Spin*% operator at rung position i and leg k, and 0 < J| < J,.
The limits J| = 0 and J| = J, correspond, respectively, to decoupled two-leg ladders
and a uniform 2N-leg ladder. The former exhibits independent RS states on each ladder
with a finite gap for J; > 0 and a critical point at J;, . = 0. In contrast, the latter

is characterized by an extended, uniform geometry. These limiting cases provide useful

benchmarks for understanding the behavior of the intermediate regime.

Figure 49 — Schematic of coupled two-leg ladders. Thick lines denote antiferromagnetic exchange cou-
plings within each ladder (J, J)), and dashed lines indicate interladder couplings (J' ). All
couplings are positive.

Ju

Source: The author (2025).

When J, = J|, the model describes a uniform 2N-leg ladder, an even-leg quasi-2D
system. As discussed in Section 3.4, such systems exhibit a finite spin gap at the isotropic

point J; = J). Fixing J| > 0 as the energy scale, the phase diagram can be explored by
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tuning J, . In the strong-rung limit .J; > J), the system effectively consists of decoupled
2N-spin rungs, forming a product of singlet states with an energy gap that scales as
A ~ J; [176]. Numerical estimates at the isotropic point J, = Jj = J yield Ay = 0.5J
(N=1), Ay =(0.16 £0.01)J (N =2), and Ag = 0.05J (N = 3) [168, 171].

Nishiyama et al. [217] demonstrated that the four-leg ladder exhibits a RVB structure
(see Figure 50), with a phase diagram qualitatively similar to the two-leg case. They
identified two distinct disordered phases, one for J, > 0 and another for J;, < 0, separated
by a critical point at J; . = 0. Their findings suggest that the RVB character is a generic

feature of even-leg ladders.

Figure 50 — Schematic of the expected resonating valence bond (RVB) state in a four-leg ladder. The
RVB pattern (a) dominates for J; > 0, and pattern (b) dominates for J; < 0.
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Figure 51 shows the ground state configuration for a four-leg ladder at J, = 1. In the
strong-rung regime (Jj = 0.2), the ground state is predominantly composed of singlets on
each rung. As J| increases, these singlets resonate and delocalize along the leg direction,
reducing local rung-singlet correlations. As the number of legs 2N increases, the gap
decreases due to enhanced singlet delocalization. This behavior follows an exponential

decay [170]:

Ay ~ NS?exp (—SNa), (6.2)
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where a is a constant, S is the spin magnitude, and N is the even number of legs.

Figure 51 — DMRG results for the ground state of a spin—% four-leg ladder with L. = 32 rungs, open
boundary conditions, and couplings J; = J| = 1. Panels show J; = 0.2 (a), J; = 0.6 (b),
and J =1 (c). In (a), rung singlets are prominent. As J increases, singlets delocalize along
the legs, weakening rung-singlet correlations. Calculations used a bond dimension of 3000
and a truncation error of 1077,
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For the case N = 2, we investigate the spin gap and dimerization order parameters.

The latter are defined as
1 & &
Do =5 Z(—l) (Si - Siven)s (6.3)

where a € {z,y} denotes the spatial direction, i = (i, i,) specifies the lattice site, and N,
is the total number of bonds in direction «. For a four-leg ladder of length L, we have N, =
4(L—1) and N, = 3L. This quantity serves as an order parameter for detecting dimerized
phases, such as a VBS. In contrast, an RVB state corresponds to a quantum superposition
of multiple singlet coverings and does not exhibit fixed dimerization patterns. Accordingly,
we expect D, = 0 in the RVB phase.

If even-leg ladders generically host RVB-type ground states with finite gaps, their
phase diagram is expected to consist exclusively of disordered phases. As J/ is increased
from zero, the system smoothly interpolates between decoupled two-leg ladders and a
uniform 2N-leg ladder, remaining within the same gapped phase for finite N. Therefore,
no quantum phase transition is expected as long as N < L/2 remains, since the limiting
states at J| = 0 and J| = J, are adiabatically connected. Numerical results for N = 2,

shown in Figure 52, are consistent with this expectation.
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Figure 52 - DMRG results for a spin-1 2N-leg ladder with J, = 1. (a) Spin gap extrapolated to the
thermodynamic limit for N = 2 and N = 3 at the isotropic point (J, = J). (b) Spin gap
extrapolated for NV = 2 at the non-isotropic point (.J; = J1/2). (c, d) Linear extrapolations of
dimerization order parameters D, and D,, respectively, for N = 2 and J = J . Calculations
used a bond dimension of 3000 and a truncation error of 10~ 7.
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6.1.1 The Square Lattice Limit

For N <« L/2, the system exhibits no phase transition. However, as N approaches
L/2, the 2N-leg ladder gradually approximates a 2D square lattice. Unlike finite even-leg
ladders, which are gapped and exhibit short-range RVB correlations, the square lattice
displays long-range Néel order. Despite their similar short-distance physics, the qualitative
difference in long-range behavior implies the emergence of a quantum phase transition in
the thermodynamic limit—from a disordered phase to one with long-range magnetic order.

Consider the case of isotropic couplings (J, = Jj = J) in the limit N — L/2. For
J| = 0, the system consists of decoupled two-leg ladders in the gapped RVB phase.
At the other extreme, J| = J corresponds to a spinf% AFM square lattice, character-
ized by Néel order and gapless excitations [218]. A quantum critical point emerges at
a finite interladder coupling J| . = 0.31J, as reported by mean-field theory [33], quan-
tum Monte Carlo simulations [92, 96, iPEPS calculations [219], and the coupled cluster

method [105]. Experimental realizations of this transition are observed in materials such
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as BayCuTeOg [98, 99| and CyHgsNoCuBry [102].

For small N, tuning J/ interpolates smoothly between the disordered RVB phases of
two-leg and even-leg ladders, with no indication of a phase transition. As N increases,
however, the energy gap decreases exponentially, as described by Eq. (6.2), and square-
lattice effects begin to dominate. This ultimately leads to the development of long-range
order. Therefore, a genuine quantum phase transition arises between the disordered phase
characteristic of finite-width ladders and the ordered phase of the square lattice in the 2D

limit.
6.2 N COUPLED FRUSTRATED TWO-LEG LADDERS
Introducing diagonal exchange couplings J, and J/, into the system shown in Figure 49

results in a model of N coupled spin—% frustrated two-leg ladders, illustrated in Figure 53.

Figure 53 — Schematic of coupled frustrated two-leg ladders. Thick lines denote antiferromagnetic cou-
plings within each ladder (J, Jj, Jx), and dashed lines indicate interladder couplings (J,
J%). All couplings are positive.
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The corresponding Hamiltonian extends Eq. (6.1) and is given by:

OIN—-1 L
Z [Z Jk(;mng Sik - Sz K1+ Z i (diag) Sz k- Serl k+1 Sz k41 Serl k)]
k=1 =1
ON L—1
k=1 i=1

Here, the rung and diagonal couplings alternate: .J"™ = J, for odd k and .J, for even k,
while (%8 = J (0odd k) or J', (even k). We consider the parameter ranges 0 < J| < J,
and 0 < J, < Jy. When J| = J/ = 0, the system consists of N decoupled frustrated
two-leg ladders, which exhibit RS and Haldane ground states. On the other hand, setting
J| =J, and J = Jy yields a uniform 2N-leg frustrated ladder.

To facilitate the analysis, we define rung operators:
Rz’,k = gzk + Sz‘,k—i—la f)i,k = Szk — Sz’,k—i—l- (6.5)
Using these definitions, the Hamiltonian becomes:
2N—1 -1
LIS R g~
- [ ZR S R 1
odd

2N—1 , L-1
+ ) [ LZRszr S Ry Rovg— Doy DM)] (6.6)
k=2

=1

-1

J, =
E Dy Diyi
=1

even

2N—1 2N—1
= Z Hi(JL, Jj, I Z Hi (T, JL). (6.7)
odd even

In this form, H;, corresponds to the Hamiltonian of a single frustrated two-leg ladder,
while ”7'-A[§C represents a two-leg ladder with rung coupling J/ and leg coupling J! . The full
Hamiltonian thus describes a system composed of N frustrated two-leg ladders and N —1
interleaved unfrustrated ladders.

The structure of the Hamiltonian leads to the following commutation relations:
(o, Hon] = [H., H. ] =0 forall n,m, (6.8)

since frustrated and unfrustrated ladders do not share sites among themselves. However,

frustrated and unfrustrated ladders do share sites when adjacent, which leads to:

(Ho, H. ] #0 for m=n=+1, (6.9)
[Ho, 7.1 =0 for m#n=+1. (6.10)



128

As discussed in Chapter 4, a single frustrated two-leg ladder is invariant under the
exchange Jj <+ J,. In the coupled system, this symmetry remains valid only if J!, # J.; it
is explicitly broken when J/, = J, due to the presence of cross-coupling terms in Eq. (6.6).

To characterize different phases, we compute the average effective rung spin S, defined

through the total rung spin operator:

~ 2N ~
Si=> Sk, (6.11)
k=1
which leads to:
R 2N 2N-1 2N A
SE= 57 42> Y Sia-Sig, (6.12)
k=1 a=1 fB=a+1
R 2N 2N-1 2N R
< 12> - Z<Sz2,k> + 2 Z Z <Si,a ' Siﬂ)) (613)
k=1 a=1 fB=a+1
3N 2N—1 2N
Si(Si+1) = = +2 ; 621@& - Sip). (6.14)

Here, S; denotes the total spin on rung ¢, and 2N is the number of legs. The average

effective rung spin is then computed as:

1
S = EZS@" (6.15)

with each S; extracted from Eq. (6.14).

6.2.1 Square Lattice Models

When J| = J, and J{ = J,, the system becomes a uniform even-leg frustrated ladder,
which can be viewed as a quasi-2D analogue of the square lattice with nearest-neighbor
(J1 = J. = Jj) and next-nearest-neighbor (J, = J,) interactions. This configuration

corresponds to the well-known J;—J; Heisenberg model.

6.2.1.1 The Ji—Jy Model

The spin% HAF Ji—J5 model on the square lattice has long been conjectured to host
a Quantum Spin Liquid (QSL) phase and is often discussed in connection with high-

T. superconductivity [220-224]. Despite extensive investigation over the past decades,
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the zero-temperature phase diagram of this model remains under debate. For Jy/J; <
0.41, the ground state exhibits Néel AFM order. For Jy/J;
a collinear AFM phase. The nature of the intermediate region (0.41 < Jo/J; < 0.62)

Y

2 0.62, the system enters
remains controversial, with quantum fluctuations possibly destabilizing magnetic order
and giving rise to a magnetically disordered PM phase.

Several competing scenarios have been proposed for this intermediate regime. These
include columnar [225-229] or plaquette [230-237] VBS states, as well as gapless [238-249|
or gapped [123] QSL phases.

A 2012 DMRG study suggested the presence of a gapped Z, QSL in the range
041 < Jo/Ji < 0.62 [123]. In contrast, a 2014 SU(2)-symmetric DMRG study identi-
fied a plaquette VBS phase for 0.5 < Jy/J; < 0.61, and a near-critical region between
0.44 < Jy/J; < 0.5 [233]. More recently, a 2018 DMRG analysis proposed a gapless QSL
phase for 0.46 < Jo/J; < 0.52, and a VBS phase for 0.52 < Jo/J; < 0.62 [247]. A 2022
PEPS study on 24 x 24 lattices found a gapless QSL for 0.45 < Jy/J; < 0.56, followed
by a VBS for 0.56 < Jo/Ji < 0.61 [250], as shown in Figure 54. However, a 2024 study

challenged these results, favoring a direct transition from Néel to collinear order via an

intermediate plaquette VBS phase and reporting no evidence of a QSL [124, 251].

Figure 54 — Proposed phase diagram of the spin—% antiferromagnetic J;—Jy square-lattice model, as pre-
sented in the work referenced by the figure. The nonmagnetic region is 0.45 < Jp/J; < 0.61,
and it is a gapless spin liquid phase for 0.45 < Jy/J; < 0.56 and a VBS phase for
0.56 < Jo/J1 < 0.61.
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Source: Reference [250]
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6.2.1.2 The J1x7J1y7J2 Model

The Jy,~J1,~J2 model generalizes the J;—J; model by introducing anisotropic nearest-
neighbor couplings J, and J, along the z- and y-directions, respectively [194, 252-254].
This additional degree of freedom enriches the phase diagram and may stabilize novel
quantum phases.

Using tensor network techniques, Liu et al. [252] mapped out the phase diagram of this
model (Figure 55). In the strongly anisotropic regime, a continuous transition is observed
between Néel AFM and columnar VBS phases, characterized by emergent O(4) symmetry.
As the anisotropy is reduced, this transition line terminates at a tricritical point, beyond

which a gapless QSL phase appears between the AFM and VBS phases.

Figure 55 — Ground-state phase diagram of the J,-J1,-J> model, including four phases: the Néel (AFM),
VBS, gapless QSL, and a collinear (stripe) phase. The dashed blue lines denote the hypothet-
ical shape of the VBS phase close to the origin. Solid blue lines in the middle region denote
the unknown QSL shape close to the tricritical point (filled blue circle). Open blue circles
have emergent O(4) symmetry.
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Source: Reference [252]

6.2.2 Numerical Results for the Frustrated Four-Leg Ladder

As the ladder width increases, square lattice models become increasingly relevant.

However, narrow ladders retain quasi-1D behavior. As discussed in Section 4.1, a frus-
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trated two-leg ladder in the RT phase maps onto a spin—1 chain exhibiting a Haldane
phase. For a four-leg ladder, one might expect spin—2 chain behavior, although spin—1
rung states are also possible due to the presence of four spinf% sites per rung.

Figure 56 presents the finite-size phase diagram of a frustrated four-leg ladder with
fixed perpendicular coupling J;, = 1. The diagram identifies distinct regions based on the
average rung spin S, notably 0 < S < 1 and 1.5 < § < 1.9. The S = 0 region corresponds
to the gapped RS phase, characterized by a fully gapped configuration. In contrast, the
S =1and S = 2 regions suggest analogies with spin—1 and spin—2 chains, respectively, im-
plying distinct magnetic behaviors. To characterize these phases, we analyze key physical
quantities such as local magnetization, spin gaps, and order parameters, offering insights

into the nature of the underlying quantum states and their transitions.

Figure 56 — DMRG results for the ground-state phase diagram of a spin—% frustrated four-leg ladder with
L = 32 rungs. The color scale represents the average total rung spin, excluding four rungs
from each edge to minimize finite-size effects. Calculations used a bond dimension of 3000
and a truncation error of 1077,
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Source: The author (2025).
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Figure 57 displays the local rung spin S; and magnetization profiles for the ground and
first excited states. In the ground state, <5’f ) = 0, consistent with both spin—% and spin—2
chains. In the first excited state, behavior varies across regions: the S = 1/2 region exhibits
a localized magnon, while the S =~ 1 region shows a magnon-like excitation without edge
states. The S =~ 1.9 region displays a magnetization profile closely resembling that of a

spin—2 chain, indicating that the system effectively mimics a spin—S chain when S ~ 2.

Figure 57 — DMRG results for a spin—% frustrated four-leg ladder with L = 96 rungs and open boundary
conditions. Shown are the local rung spin S;, ground-state magnetization (S7), and first
excited-state magnetization (Agf) at selected phase diagram points. Calculations used a
bond dimension of 3000 and a truncation error of 10~7.
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Unlike the two-leg ladder, the four-leg ladder does not exhibit spin—1 chain behavior

or the associated SPT Haldane phase. The string order parameter is defined as:

N
O, = lim <S’fexp [% Z S’,j

| —1|—00
=l k=i+1

5j> S:=Si+ 82, + 825+ 57, (6.16)

DMRG calculations yield O, = 0 for S = 0.98 and OZ, ~ —0.58 for S = 1.9, after linear

str str

extrapolation. These results are shown in Figure 58, alongside spin gap extrapolations.

Figure 58 — DMRG results for a spin—% frustrated four-leg ladder with L = 48, 72, and 96 rungs under
open boundary conditions. Shown are linear extrapolations of the spin gap A and string order

parameter OZ, . Calculations used a bond dimension of 3000 and a truncation error of 10~7.
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For S = 1.9, the four-leg ladder mimics a spin—2 chain, with a nonzero string order
parameter and spin—2-like magnetization profile. The nearly vanishing spin gap may reflect
numerical limitations, as the spin—2 chain gap is known to be small (A ~ 0.09 [156]).
The exponential decay of the spin gap with increasing leg number likely renders linear
extrapolation unreliable.

The RT phase observed here is distinct from the SPT Haldane phase and is adiabat-
ically connected to the RS phase. For S < 1, Figure 57 reveals a localized magnon in
the RS phase at S = 0, which progressively delocalizes as S increases, reducing the spin
gap. Both phases are gapped and exhibit trivial ground states. This adiabatic connection
explains the absence of spin—1 chain behavior in the four-leg ladder: unlike the two-leg

ladder, which undergoes a first-order RS-RT transition, the four-leg system smoothly
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interpolates between RS and RT phases, bypassing the topologically nontrivial Haldane
phase.

6.3 NUMERICAL RESULTS FOR TWO COUPLED FRUSTRATED LADDERS

We consider a system of two coupled frustrated ladders, with interladder couplings

satisfying 0 < J| < J, and 0 < J! < J,. The Hamiltonian is given by

L -1
7:/, =J Z Z Sw . Si,a+1 + Jx Z Z (Sza : Si+1,a+1 + Si+1,a : Sz’,a+1>

ae{1,3} i=1 ae{l1,3} i=1
L -1
+J1 Z Si2-Siz+ J., Z (Si,Q *Siv13+Sit12- Si,3>
i—1 i=1
4 L-1

+ JH Z i Si,a . SH_LQ. (617)

a=1 i=1
The couplings J, Jj, and Jy define two identical, individually frustrated spin ladders,
while the interladder interactions J| and J) form an effective ladder structure, with
J' acting as a rung coupling and J! as a leg coupling. Throughout this section, we fix
J1 =1 and J; = 0.8. For these values, an isolated frustrated ladder hosts both the RS
and Haldane phases, separated by a first-order quantum phase transition occurring at
Jx, =~ 0.67 £ 0.01 [47]. We investigate the effects of interladder coupling by focusing on
the lower ladder, taking advantage of the system’s reflection symmetry.

For J, = 0.64, the isolated frustrated ladder resides in the RS phase. Figure 59(a)
presents the phase diagram of the lower frustrated ladder when it is coupled to an identical
upper ladder. The interladder couplings J| and J/ can drive a phase transition from the
RS phase to a RT phase within specific regions of parameter space. This transition emerges
due to the structure of the Hamiltonian, which consists of two decoupled frustrated ladders
and an additional effective ladder. While the two frustrated ladders do not share any sites,
the effective ladder overlaps with both, mediating indirect interactions between them.

The effective ladder, characterized by AFM couplings (J, J., > 0), favors the forma-
tion of an RS phase. In contrast, the frustration within the individual ladders tends to
destabilize this RS phase, promoting an RT phase instead. The competition between the
effective ladder and the frustrated ladders thus underlies the phase transitions observed

in the system.
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Consider two limiting cases. First, when J, = 0, the effective ladder reduces to a set
of decoupled rungs. For J| > 0, these rungs form local singlets, thereby stabilizing the
RS phase. At J, = 0.64, the isolated frustrated ladder is also in the RS phase. However,
as J/| increases, the effective ladder increasingly favors singlet formation on its rungs. For
sufficiently large J/, this singlet formation competes with that of the frustrated ladder,
effectively capturing singlets and destabilizing its RS phase, thereby inducing a transition
to the RT phase.

Second, in the limit J| = 0, singlets preferentially form along the legs of the effective
ladder rather than on its rungs. This accounts for the extended region in Figure 59(a)
where the frustrated ladder remains in the RS phase. When J| ~ J!, the competition
between rung and leg singlet formation within the effective ladder reduces its ability to
disrupt the singlet structure of the frustrated ladder, thereby allowing it to retain its
rung-singlet character. As J| — J,, the phase transition becomes increasingly smooth,

and the system begins to resemble a four-leg frustrated ladder.

Figure 59 — Ground-state phase diagram obtained via DMRG for (a) the lower ladder and (b) the effective
ladder of two coupled frustrated ladders with L = 32 rungs and Jx = 0.64. To mitigate
finite-size effects, four rungs at each edge were excluded during averaging. The coupling J/
promotes rung-singlet formation in the effective ladder, whereas J/ encourages singlets along
the legs. The effective ladder captures rung-singlets from the frustrated ladder, causing the
frustrated ladder to transition from a rung-singlet to a rung-triplet phase.

Average rung correlation

075 05 025 0 025
g (b) 1

0.25

0.25

Source: The author (2025).

Figure 59(b) presents the phase diagram of the effective ladder. In the regime J| > J/ ,

singlet formation is predominantly localized on the rungs, whereas for J| < J, singlets
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form primarily along the legs, giving rise to the RT phase. In both limits, the effective
ladder competes with the frustrated ladder for singlet correlations, driving the latter’s
transition from the RS phase to the RT phase. Conversely, when J| ~ J., the effective
ladder lacks a dominant singlet configuration, allowing the frustrated ladder to preserve
its rung-singlet order.

For J, = 0.7, the isolated frustrated ladder is in the Haldane phase, characterized by
a rung-triplet formation rather than rung singlets. Figure 60 shows the phase diagram
for the lower frustrated ladder (a) and the effective ladder (b) in this regime. Since the
frustrated ladder no longer hosts rung singlets, the effective ladder cannot compete for
them and consequently remains in the RS phase. However, near the four-leg ladder limit

(J| =~ J.,J. ~ Jy), the system gradually loses its quasi-1D character.

Figure 60 — Ground-state phase diagram obtained via DMRG for (a) the lower ladder and (b) the effective
ladder of two coupled frustrated ladders with L = 32 rungs and Jx = 0.7. To mitigate
finite-size effects, four rungs at each edge were excluded during averaging. The lower ladder
predominantly remains in the rung-triplet phase but transitions to a rung-singlet phase near
the four-leg regime, losing its quasi-one-dimensional behavior.
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To quantify this transition, we compute the string order parameter for the lower lad-
der at Jy, = 0.7, performing a linear extrapolation to the thermodynamic limit in two
representative cases: J| = 0, and J/, = 0. As shown in Figure 61, both types of coupling
suppress the nontrivial Haldane order, reducing it to the trivial S = 1 phase previously

observed in the four-leg ladder.
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Figure 61 — DMRG-based linear extrapolation of the string order parameter OZ, for the lower frustrated

ladder with Jyx = 0.7. Two paths were analyzed: (1) fixing J| = 0 while varying J{, and (2)
fixing J), = 0 while varying J . In both cases, the couplings destabilize the SPT Haldane
S =1 phase.
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Source: The author (2025).

Considering the full system, Figure 62 displays phase diagrams of the effective rung
spin for various values of J. These diagrams closely follow the structure seen in the lower
ladder, but account for the contributions of both ladders. As J, approaches the transition
point (Jx, . ~ 0.67), the RS phase region narrows considerably. Notably, even at J, = 0.7,
a small RS phase region survives near the four-leg limit (J| ~ J,, J =~ Jx).

In contrast to unfrustrated systems, frustration induces quantum phase transitions
even for a small number of coupled ladders. However, interladder coupling ultimately
diminishes the quasi-1D character of the original frustrated two-leg ladder, particularly

through the emergence of the RT phase, which lacks topological order.
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Figure 62 — Ground-state phase diagrams of the entire system with L = 32 rungs, obtained via DMRG.
To mitigate finite-size effects, four rungs at each edge were excluded when calculating the
average rung total spin S. The phase diagrams reveal three primary regions: S =0, S =1,
and S =~ 2. These transitions are driven by the shifts in the upper and lower frustrated
ladders from rung-singlet to rung-triplet phases.
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7 CONCLUSION

This thesis has explored the intricate quantum phase diagrams of low-dimensional
quantum systems, with particular emphasis on spinf% ladder chains and their variants. By
combining advanced numerical techniques—chiefly the DMRG method—with analytical
approaches, we have investigated the emergence of distinct quantum phases, topological
properties, and critical phenomena in these systems. Our contributions advance the field
of quantum magnetism by elucidating how frustration, topology, and external magnetic
fields govern the ground-state behavior of spin ladders. The results, published in [47, 74],
offer a solid foundation for both theoretical development and experimental exploration in
condensed matter physics.

A central achievement of this thesis is the comprehensive analysis of the spinf% frus-
trated two-leg ladder in an external magnetic field. By computing transverse spin correla-
tion functions, we accurately estimated the K'T' transition points associated with the clo-
sure of the fractional m = 1/2 magnetization plateau for intra-ladder couplings Jj = 0.2,
0.55, and 0.8. For Jy = 0.2 and 0.55, two KT transitions were identified: one in the regime
Jx < Jj and another in J, > Jj.. In contrast, the case J = 0.8 exhibits only a single KT
transition in the J, < J| region, followed by a first-order transition into a spin—1 phase.
Exploiting the symmetry of the ladder, we mapped out the full curve of KT points in the
Jy vs. Jj plane, thus delineating the phase boundaries of the m = 1/2 plateau. These
findings, detailed in [47], reveal the delicate competition between frustration and rung
coupling in stabilizing fractional magnetization plateaus. We expect these results to moti-
vate experimental studies in candidate materials or optical lattice platforms, particularly
those probing dynamical and finite-temperature effects in non-equilibrium regimes.

Another significant contribution lies in the study of the mixed spinf(%, 1) alternating
ladder under an external field. We constructed its phase diagram as a function of the
magnetic field h and the interdimer coupling J, , identifying two distinct magnetization
plateaus: one at full polarization and another at 1/3 of the saturation magnetization. The
1/3 plateau, occurring for negative J , vanishes at J; = —1.32 via a KT-type transition,
which we characterized using transverse spin correlations and the Luttinger parameter
K = 2. The critical fields delimiting the fully polarized phase were obtained exactly from

magnon dispersion relations, treating the polarized state as the vacuum. While a hard-core
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boson approximation combined with a free-spin-wave treatment qualitatively reproduces
the 1/3 plateau, it significantly overestimates the width and fails to capture the precise
critical points determined by DMRG. This highlights the importance of numerical accu-
racy in analyzing mixed-spin systems. These results, presented in 74|, suggest promising
directions for future studies, including the effects of disorder on magnetization plateaus
[255], edge-state coupling in mixed-spin chains [86], and ferrimagnetic coupled ladders
[256].

The thesis also advances our understanding of coupled ladder systems, both unfrus-
trated and frustrated. In the unfrustrated case, our DMRG results for two and three
coupled ladders indicate the absence of sharp quantum phase transitions: increasing the
interladder coupling J/ leads to an adiabatic evolution of the RVB state from two-leg
to multi-leg systems. This continuity underscores the robustness of RVB physics in such
systems. In contrast, the frustrated case exhibits a rich variety of phase transitions. For
two coupled ladders, we constructed phase diagrams near the first-order transition be-
tween the RS and Haldane phases observed in a single frustrated ladder. We showed that
interladder coupling drives a transition from the RS phase to a trivial RT phase, while
stronger intra-ladder coupling destabilizes the SPT Haldane phase. Furthermore, for the

four-leg frustrated ladder, our results demonstrate that the system behaves effectively as

1
2

a spin—2 chain, distinct from spin—z or spin—1 chains. These findings open a promising
route for exploring phase transitions in coupled spin ladders—an area still under active
investigation.

Altogether, the results presented in this thesis deepen the theoretical framework for
understanding low-dimensional quantum systems. The precise determination of phase
boundaries, the identification of fractional and topological phases, and the treatment of
coupled systems all highlight the synergy between advanced numerical tools like DMRG
and physical intuition. Our results help bridge the gap between theoretical models and
realizable experimental platforms such as solid-state compounds or cold atoms in optical
lattices. Moreover, the failure of certain approximate methods, such as the hard-core boson
approach, to capture critical phenomena underscores the need for further refinement of
both numerical and analytical methods.

Several avenues remain open for future work. The role of disorder in stabilizing or

destroying magnetization plateaus, especially in mixed-spin chains, is still not fully un-

derstood. Finite-size scaling of phase boundaries in coupled ladders could clarify the
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thermodynamic behavior and reveal emergent criticality. The extension to three or six
coupled frustrated ladders may uncover novel phases and transitions. Exploring the out-
of-equilibrium dynamics under quantum quenches or thermal driving could shed light on
non-equilibrium physics in these systems. Further studies on edge-state coupling and frus-
tration in ferrimagnetic ladders may also reveal new topological or symmetry-protected

phases.
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APPENDIX A - RUNG OPERATORS ALGEBRA

The rung operators SZ = Si,l + Sz}? and ]5, = Sm — Sm are defined for each rung i,
where Si,l and SZ’Q are the spinf% operators on the two legs of the rung. Their commutation

relations are derived as follows:

>

[Siu j] = []f),“ ]f)_]] = [Si,h Sj,l] + [Si,zu Sj,2]7 (Al)

[Si7 ]jj] [SZ 1, Sj,l] - [Si,Qa Sj,?]' (A2)

)

Since spin operators on different sites commute, cross-leg commutators vanish for ¢ # j:
Si1,Sj2] = [Sia,S;1] =0, (A.3)

For spins on the same leg, the standard spinf% commutation relations apply:
[gl?pgfﬂ = @'5kj€a675”2,17 [gl?g: g]ﬁQ] = iékjeaﬁwgl;yzv (A4)

where ¢y; is the Kronecker delta, €,4, is the Levi-Civita symbol, and «, 8,7 € {z,y, z}.

Combining these, the rung operator commutators simplify to:
158, 87 = ibijear ST, [DF, D)) = idijeapS;, [P, D] = ibijeas,Dy. (A.5)

where 57 = S’]l + 5']2 and D] = 5']1 — S]Q These relations show that S; and D; form a
closed algebra under commutation.

Each rung, comprising two spin—% sites, has a local Hilbert space spanned by four
states: one singlet state |s) and three triplet states |ty), |t+), and |t_), corresponding to
total spin S = 0 and S = 1 with z-components m = 0, +1, —1, respectively. The action

of the rung operators SZ and ]f)z on these basis states is summarized in Table 1.

Table 1 — Action of the rung operators on the basis states.

S | s | S | bi| Df D;
s)i | O 0 0 0): | =V2I+)i | V2[-)s
0 | 0 [ V2 | V2[5)i | Is)s 0 0
)i | [+ 0 V2|0); 0 —V2]s);
[=)i | —1=)i | V2(0)i 0 V2]s); 0

Source: The author (2025)
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