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ABSTRACT

Quasinormal modes are eigenmodes of dissipative systems. For instance, if a spacetime
with an event or cosmological horizon is perturbed from its equilibrium state, quasinor-
mal modes arise as damped oscillations with a spectrum of complex frequencies, called
quasinormal frequencies, that does not depend on the details of the excitation. In fact,
these frequencies depend just on the charges which define the geometry of the spacetime
in which the perturbation is propagating, such as the mass, electric charge, and angular
momentum. Quasinormal modes have been studied for a long time and the interest in
this topic has been renewed by the recent detection of gravitational waves, inasmuch as
these are the configurations that are generally measured by experiments. Mathematically,
this discrete spectrum of quasinormal modes stems from the fact that certain boundary
conditions must be imposed to the physical fields propagating in such a spacetime. In
this thesis, we shall consider a higher-dimensional generalization of the charged Nariai
spacetime that is comprised of the direct product of the two-dimensional de Sitter space,
dS,, with an arbitrary number of two-spheres, S2, and investigate the dynamics of spin-s
field perturbations for s = 0,1/2,1 and 2. As a first step, we shall attain the separa-
bility of the equations of motion for each perturbation type in such a geometry and its
reduction into a Schrodinger-like differential equation whose potential is contained in the
Rosen-Morse class of integrable potentials, which has the so-called Poschl-Teller potential
as a particular case. A key step in order to attain this separability is to use a suitable
basis for the angular functions depending on the rank of the tensorial degree of freedom
that one needs to describe. Here we define such a basis, which is a generalization of the
tensor spherical harmonics that is suited for spaces that are the product of several spaces
of constant curvature. Finally, with the integration of the Schrédinger-like differential
equation at hand, the boundary conditions leading to quasinormal modes are analyzed
and the quasinormal frequencies are analytically obtained.

Keywords: Quasinormal Modes. Generalized Nariai Spacetimes. Separability. Boundary Con-
ditions.



RESUMO

Modos quasinormais sao modos proprios de sistemas dissipativos. Por exemplo, se um
espaco-tempo com um horizonte de evento ou horizonte cosmologico é perturbado de seu
estado de equilibrio, os modos quasinormais surgem como oscilagoes amortecidas com um
espectro de frequéncias complexas, chamadas frequéncias quasinormais, que nao depen-
dem dos detalhes da excitacao. De fato, estas frequéncies dependem apenas das cargas
que definem a geometria do espago-tempo no qual a perturbagao esté se propagando, tais
como: massa, carga elétrica e momento angular. Os modos quasinormais vém sendo estu-
dados ha muito tempo e o interesse nesse tema tem sido renovado pela recente deteccao de
ondas gravitacionais, visto que essas sao as configuracoes que sao geralmente medidas por
experimentos. Matematicamente, esse espectro discreto de modos quasinormais decorre
do fato de que certas condicoes de contorno devem ser impostas aos campos fisicos que se
propagam em um tal espago-tempo. Nesta tese, devemos considerar uma generaliza¢ao
em dimensoes superiores do espago-tempo de Nariai carregado que é formado do produto
direto do espaco de Sitter bidimensional, dS,, com varias esferas bidimensionais, S?, e
investigar a dindmica das perturbagoes de campos de spin s para s = 0,1/2,1 e 2. Como
um primeiro passo, devemos atingir a separabilidade das equagoes de movimento para
cada tipo de perturbacao em tal geometria e, em seguida, a redugao em uma equacao
diferencial tipo Schrédinger cujo potencial estd contido na classe de Rosen-Morse de po-
tenciais integraveis, que tem o chamado potencial Péschl-Teller como um caso particular.
Um passo fundamental para atingir essa separabilidade ¢ usar uma base adequada para
as funcgoes angulares, dependendo do rank do grau de liberdade tensorial que se precisa
descrever. Aqui definimos tal base, que é uma generalizacdo dos harmonicos esféricos ten-
soriais. Tal base também é adequada para quaisquer espacos que sao o produto de varios
espacos de curvatura constante. Finalmente, com a integracao da equacao diferencial tipo
Schrédinger em maos, as condigoes de contorno que conduzem aos modos quasinormais
sao analisadas e as frequéncias quasinormais sao obtidas analiticamente.

Palavras chaves: Modos quasinormais. Espaco-tempo de Nariai generalizado. Separabilidade.
Condic6es de contorno.
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1 MOTIVATION AND OUTLINE

It is well-known that a string of a guitar produces a characteristic sound when someone
hits it. This characteristic sound is the natural way the system finds to respond to the
external excitation. Interestingly, similar phenomena are ubiquitous in dynamical systems
that are in equilibrium states. These systems typically respond to a perturbation by
oscillating around the equilibrium configuration with a set of natural frequencies, known
as the normal frequencies. In particular, when some specific frequency is selected we
say that the system is in a normal mode. Now, do black holes have a characteristic
‘sound’ as well? The answer is yes. Studying scattering in Schwarzschild geometry,
Vishveshwara found that the evolution of perturbations is given by damped oscillations
with natural frequencies that do not depend on the details of the excitation [1]. Since these
perturbations decay exponentially in time, they are characterized by complex frequencies.
Hence, they are called quasinormal frequencies (QNFs), and the configurations with a
single frequency are the quasinormal modes (QNMs) |2, 3|. The qualifier “quasi” is used to
indicate that these modes are similar to, but not exactly equal to normal modes. The real
part of a QNF is associated with the oscillation frequency of the perturbation, while the
imaginary part is related to its decay rate. This damping stems from the existence of an
event horizon, which prevents incoming signals to be reflected back, yielding dissipation.
The interesting fact is that these frequencies depend on the charges of the black hole,
such as the mass, electric charge, and angular momentum. Therefore, the measurement
of QNFs can be used to obtain the charges of astrophysical black holes [1, 4]. This has
incited a wide effort to find the QNFs of several gravitational configurations, with several
numerical and analytical techniques being devised [5, 6, 7, 8]. The interest in QNMs has
been renewed by the recent detection of gravitational waves |9], since now the QNFs are
closer of being experimentally accessible. Another reason for studying QNMs is that we
would expect, in light of Bohr’s correspondence principle, that they should give some
hint about quantum nature of gravity [112]. Indeed, a connection between QNFs and the
quantization of the event horizon area has been put forward [11, 12, 13].

From the theoretical point of view, most of the recent works featuring QNMs are
concerned with higher-dimensional spacetimes [14, 15, 16]|. For instance, QNMs are used
to test the stability of certain solutions, this is particularly useful in dimensions greater
than four, in which case there is no uniqueness theorem for black holes, so that the
stability may be the criteria to select physical configurations among several gravitational
solutions [17, 18]. There are several motivations for studying gravitational configurations
in dimensions greater than four. For example, string theory, which intends to describe
the fundamental interactions of nature in a unified scheme, requires the spacetime to
have 10 dimensions [19]. Actually, there are many other theories that seek to explain our
Universe through the use of higher-dimensional theories, for reviews see [20, 21]. Another
source of interest in higher-dimensional spacetimes is the anti-de Sitter/conformal field
theory (AdS/CFT) correspondence, which provides tools to tackle field theories living in
d dimensions by means of studying gravitational solutions in d+ 1 dimensions 22, 23, 24].
Through AdS/CFT correspondence, QNFs can be associated to the thermalization of
perturbations in finite temperature field theories |25, 26, 27, 28, 29, 30].

With the above motivations in mind, in the present thesis we shall consider a higher-
dimensional generalization of the charged Nariai spacetime [31] and investigate the dy-
namics of perturbations of test fields with spins 0,1/2,1 and 2. In particular, we inves-
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tigate the boundary conditions that lead to QNMs and analytically obtain the spectrum
of QNFs. The background used here is the direct product of two-dimensional spacetimes
of constant curvature, dS, x S? x ... x S? , while the most known higher-dimensional
generalization of Nariai spacetime is given by dSy x SP=2 [32, 33]. One interesting feature
of the spacetime considered here is that it supports magnetic charges besides the electric
charge [31], which lead to a richer physics. Moreover, spaces that are the direct product of
two-dimensional spaces can also be of relevance to model internal spaces in string theory
compactifications [34].
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2 QUASINORMAL MODES: AN INTRODUCTION

The study of perturbations is of central importance in almost all branches of physics,
since often the physical systems are in a stable configuration and the changes are all due
to small disturbances that do not build up as time passes by. The perturbation formal-
ism is even more necessary when the mathematical equations that describe the dynamics
of a system are nonlinear, since the effect of perturbations can generally be handled by
means of linear equations, providing thus a great deal of simplification. Einstein’s General
Relativity theory is an important example of this, since its field equation in D dimen-
sions, Einstein’s equation, is a coupled set of D(D + 1)/2 nonlinear (in all orders) partial
differential equations that is impossible to solve analytically in the generic case, that is,
without assuming the existence of special symmetries. This nonlinearity makes the study
of perturbations of metric and matter fields in general relativity a non-trivial problem,
once the matter fields appear in Einstein’s equation through its energy-momentum ten-
sor, which is typically quadratic or of higher order in the matter fields. To overcome this
difficulty it is a standard procedure to work with linear perturbation theory in which one
assumes the weak regime solution, in the sense that the energy-momentum tensor is small
enough in order to allow us to neglect it. Let us see now such a procedure in more details
as well as how to define quasinormal modes.

2.1 LINEAR PERTURBATION THEORY

In D dimensions, the dynamics of general relativity in curved spacetimes with cosmo-
logical constant A is described by the following version of the Einstein-Hilbert action

1
S=—1_[d" R — (D —2)A] + S, 2.1
with |g| being the determinant of the metric g,,, R being the Ricci scalar and S, being
the action of the matter fields {®;} coupled to gravity. The least action principle allows
us to find the equations of motion for the fields g,, and ®; which are given, respectively,
by

1

R+ 5 [A(D—2)—TR| g =87T,,, (2.2)

0Sm
=0 2.3
50, 7 (2.3)

where R, is the Ricci tensor, and the symmetric tensor 7, defined by the equation
2 405,

T (2.4)

= Vel

is the stress-energy tensor associated to the matter fields. Now, let the pair ggy and Y
be a solution for the equations of motion (2.2) and (2.3). Then, in order to study the
perturbations around this solution, we write our fields as a sum of the unperturbed fields

g,(fy) and <I>§.0) and the small perturbations h,, and ¢;

G = 99 + b, =07 + ¢, (2.5)
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where h,, and ¢; are assumed to be small in comparison with gfw and @Y, respectively.
In such a case, we can drop terms of order O(h2,), O(¢7) and O(h,,¢;) and higher in
all equations and get consequently the linearized version of general relativity. Indeed,
inserting the above ansatz (2.5) into (2.2) and (2.3) and neglecting quadratic and higher
order powers of the perturbation fields, we are left with a set of linear equations satisfied
by h,, and ¢;. In general, these equations are coupled, namely ¢; is a source for h,,
and vice versa. However, around the particular background fields ng) and @50) = 0, the
equations governing the perturbed fields ¢; can be decoupled from the metric perturbation
h,, and vice versa. The reason why this happens is because, when CIDZ(-O) = 0, the stress-
energy tensor 7, can be set to zero at first order in the perturbation, since it is typically
quadratic or of higher order in the matter fields and therefore can be neglected. In such
a case, the dynamics of generic small perturbations of the matter fields is equivalent to
studying the test fields ¢; in the fixed background g,(f,),).

2.2 EFFECTIVE POTENTIAL AND QUASINORMAL MODES

In order to solve the perturbation equation for a given test field ¢; propagating in
a given background gffl),), the first step is to separate the degrees of freedom of ¢; by
carefully choosing an angular basis that allows us to decouple the angular variables in the
perturbation equation. Once the variables are decoupled, most of the problems concerning
solving the perturbation equation, for instance, for the scalar field (spin-0), the Dirac field
(spin-1/2), the Maxwell field (spin-1) and the gravitational field (spin-2), can be reduced
to a second order partial differential equation for radial and time variables of the form

[83 — 07 — V(:c)] Q(t,xz) =0, where 0,= % , (2.6)
with @ being a field related to the radial function of the perturbation, x being the tortoise
coordinate whose domain is the entire real line and V' (x) being an effective potential (EP)
that depends on the perturbation. However, the reduction process is not always so easy.
Actually, the variables in perturbation equations cannot even be decoupled for perturba-
tions of an arbitrary background once an arbitrary background possesses no symmetry.
Indeed, the choice of a suitable angular basis depends directly on the symmetries of the
background. So, for the reduction process to be possible, the background must possess
sufficient symmetries. Such a symmetry is expressed by the existence of Killing vectors
and of other tensor associated with symmetries, such as Killing tensors, Killing-Yano ten-
sors and its conformal versions, and conformal Killing tensors [35, 36, 37, 38]. In this
scenario, the choice of an appropriate spin basis for the angular functions plays a central
role for the reduction process |39, 40, 41].

Before proceeding let us work out some examples in four dimensions in which we
present a detailed derivation for the effective potential in Schwarzschild’s background for
various field perturbations. In order to perform this, the key point is the choice of an
appropriate spin basis for the angular functions which in its turn takes into account the
spherical symmetry of the Schwarzschild background.
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2.2.1 Example 1: Spin-0 Field Perturbations Around the Schwarzschild Background

As a simple example, let us study the dynamics of spin-0 field perturbations on the 4-
dimensional Schwarzschild (S) background. The Schwarzschild line element for a spherical
object of mass M is given by

1
g datde” = —fs(r)dt® + f—()dﬁ + 7% (df® + sin®0 d¢?) | (2.7)
A
where the function fg = fs(r) is given by
2M
fs=1-——. (2.8)

As the background is spherically symmetric, it is useful to expand the angular dependence
of a scalar field @ in terms of scalar spherical harmonics Y;"(0, ¢), that is

P = Z Rﬂ,m(ta 7“) Yé,m(9> ¢) (2'9)

lm

For a given value of ¢ > 0 and integer m with 0 — ¢ < m < {, scalar spherical harmonics
are the only regular functions on the sphere satisfying the eigenvalue equation

ASQ}/E,m<97 ¢) = —g(ﬂ + 1) Y'é,m(ev ¢) ) (210)

with Ag2 being the Laplace-Beltrami operator on the unit sphere S?, namely

ma@. (2.11)

1 .
Ag = @89(&11119 Og) +

Now, a scalar field ® of mass p is governed by the Klein-Gordon equation that, in
curved spacetime, is given by

1
= 9, (gs‘”’\/|gs|8l,> ® — 2B (2.12)

The advantage of using scalar spherical harmonics as angular basis, namely (2.9), is that
in the above equation the angular dependence automatically factors out as a global mul-
tiplicative term, so that we end up with an equation that depends just on the coordinate
r. Indeed, plugging the ansatz (2.9) into the Eq. (2.12), we find a second order partial
differential equation for the field Ry ,:

0(0+1)

r2

fé% 83 (TRg,m) + fsfé 8r(ng,m) — 83(7“Rg’m) — fs { + /Lﬂ (TR&m) =0. (2.13)

A very common and useful trick is to change to tortoise coordinate x defined by the
equation

1
dx:f—dr = z=r+2Mn(r—2M). (2.14)
s
Indeed, in addition to this change of variable, if we make the field redefinition
m t?
Rym(t,r) = LEIGL) , (2.15)

r
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from (2.13), we are left with the following one-dimensional wave-like equation for the field

(bf,m:
(07 — 07 = Veeo(1)] dem(t,m) =0, (2.16)

where the effective potential V,_; has the form

0+ 1 2M
Vio(r) = fs ( = ) tg @ (2.17)
The s = 0 label stands for the spin of the scalar field.
O

2.2.2 Example 2: Spin-1 Field Perturbations Around the Schwarzschild Background

Consider a massless, uncharged, spin-1 field A, propagating in a background described
by the metric gﬁy, namely (2.7). To separate the angular dependence, once the background
is spherically symmetric and the field has spin-1, a suitable angular basis for the angular
functions is provided by the vector spherical harmonics, denoted here by &, 4, where
a € {1,2,3}. The latter objects are given by

gl,ém = %7' }/K,m<97¢) )

Eoim =1 X VYim(0.0), (2.18)
gS,Em =T Vn,m<97 ¢) )

where {r,0, ¢} is a spherical coordinate system in R3. Since these three vector fields are
orthogonal to each other, it follows that they are linearly independent and, therefore, form
a frame for the space of vector fields in R®. Thus, in a spherically symmetric problem it
is natural to expand vector fields A in terms of the basis {€, s} as

A= AYr) Eam ., (2.19)

where the sum over the indices ¢ and m of Yy, have been omitted for simplicity. Using
the expression for the gradient in spherical coordinates, it follows that the vector spherical
harmonics are given by

81,Zm = 1/E,m(eu ¢) ér )
1 . .
Erim = ——=0Yim(0,0) €9+ 0pYr.m(0,0) €4,

sin @

. 1 .
Esom = 00Yym(0,0) €y + @%Yz,m(@; P) e

where {€,, &g, &,} is the orthonormal frame associated to the spherical coordinates {r, 6, ¢}.

More precisely, their connection with coordinate frame {0,, 0y, 0y} is the following:
1

rsinf ¢

Thus, the generic vector field A of Eq. (2.19) is written as

A~

. 1 .
€, = ar , €= ;89 y € =

(2.20)

sin @

A=A"Y,, e + (Ai*am,m — AQM) eo

0sYem R
- (A”i—e + AQGQYM) €. (2.21)

S
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Likewise, in a spherically symmetric problem, a 1-form A is conveniently expanded in
the following way

N Yo .
A=AY, & + (Agagye,m A, LA ) e’

sin @

0pYom R

+ (Aa L +A209Ye,m) e, (2.22)
sin ¢

where {&", &’ &”} stands for the frame of 1-forms that is dual to the frame of vector

fields {e,, ey, é,}, namely e“(e,) = ;. This frame is related to the coordinate frame

{dr,df,d¢} as follows:

e =dr, e’ =rdo, & =rsinfdo, (2.23)

so that the line element of R? is written, in spherical coordinates, as ds* = (€")? +
(&%)2 4 (&?)2. Thus, the most general decomposition of the 1-form field in a problem with
spherical symmetry is:

A=AlY, mdr + ATV + AV, (2.24)
where A7 = A, AT = rA3, A= = —rA, and me being the ideal basis for the angular
dependence once the background has spherical symmetry

1
Vi = 0gYpmdd + 0sYemdd and V, = il 0pYpm d0 —sin @ 0pYy,, do . (2.25)
’ ’ sin

Taking into account such a spherical symmetry of the Schwarzschild background, the
ansatz for the gauge field A = A,dz* which is in agreement with such symmetries is
given by

A= (A7 dt + Af dr) Yy + ATV + ATV

fm

(2.26)

where now Aj = Aj(t,r), AT = Af(t,r) and A* = A*(t,r). Notice, however, that the
above expression can be rewritten in the following form

A= <Af{ dt + Af dr) Yo + A” V-

lm

+dAT, (2.27)

where A = AT — 9,A* and A* = A*Y,,,. In a U(1) gauge field theory, we can ignore
the degree of freedom At in the previous equation, since an exact differential can be
eliminated by a gauge transformation. Thus, dropping the tildes, we can say that a
natural ansatz for a 1-form gauge field in Schwarzschild background which is a problem
with spherical symmetry, is:

A=Y [Af,,(tr)dt+ AL, (tr)dr] Yo, + Ay, (6 1) Vi, (2.28)
lm

after we recover the sum over the indices £, m.
Now, spin-1 field perturbations are governed by Maxwell’s equations

V. F™ =0, with Fu = 9.4, — 0,4, (2.29)
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where F* is the Maxwell tensor and A" are the components of the gauge field A. It is
worth mentioning that the decomposition of \A in the basis {Yz,,,V,},,V,,,} is a crucial
factor in order to attain the separation process of the Maxwell equation, since its angular
dependence becomes a global multiplicative factor, so that we end up with an equation
depending just on the coordinate r. Besides that, another important advantage of using
such a basis comes from the behavior of \A under a parity transformation as described in

the following. A parity transformation is a noncontinuous operation P such that

P:0—0—7 and ¢ —od+m. (2.30)

By noncontinuous, we mean that the operation cannot be decomposed in infinitesimal
operations and thus such operations have no generator. Since the operation P applied to
itself is the identity operation, eigenvalues of the operator P can be only +1. Thus when
acting on angular dependence of the gauge field A via (2.30) the parity transformation
P splits it into a sum of two distinct classes of fields. In order to see this, notice that the
fields Ag,,,, A, and Aztm remain unchanged when a parity transformation is applied,
so that the parity of A is completely determined from its angular part, the angular
basis {Yom, V," Vit Under parity transformation (2.30), scalar spherical harmonic

7m7
transforms as

Yo = (1) Yo, (2.31)

and using this, it is easy matter to see that vectorial spherical harmonic transforms as
ViE £ +(—1)* V= . It follows that we can write A as

A=A"+ A, (2.32)
where the objects A* defined by

A+ - Z [Ag]i_,fm(t T) dt + Ailm(t’ T) d’l“] }/g7m ,

lm

(2.33)
Ai = Z AE_,m(tv T) ‘/E,_m ?
fm

transform as A* 5 +(—1)* A* under parity transformation. The fields corresponding
to eigenvalue +1 will be dubbed even, while the fields corresponding to eigenvalue —1
will be dubbed odd, the reason why + has been employed in order to label the fields. In
particular, even fields have parity (—1)¢, while odd fields have parity (—1)**!. Finally,
since the Schwarzschild background metric does not change when a parity transformation
is applied, we expect that the perturbation equations will not mix (—1)¢ and (—1)!
parities. So, we can, without loss of generality, separate the perturbation into its A" and
A~ parts and study them separately.

By an even perturbation we mean the most general perturbation for a given ¢, m and
parity (—1)¢, namely

AP = [AG () dE 4 Ay, (8 7) dr] Yo, (2.34)

lm
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Inserting this ansatz for the massless spin-1 field perturbations into the Maxwell equation,
we are eventually led to the following equations:

Ef = 0, [r? (8. A0, — OiAT,)] — (0 +1) A, =0, (2.35)
EY = 0, [r* (0: A8 — 0 AT )] — L0+ 1) fs AT, =0, (2.36)
Ef = 0,E} —0,EF =0, (2.37)
Ef = Ef =0. (2.38)

Assuming that E;” = 0 and E; = 0, it follows that Ej = 0 and hence E} are trivially
satisfied. Defining, now, a new field Ag® = A (t,r) as

Al = 12 (&A({em — atAlffm) , (2.39)

and assuming the field equations E;” = 0 and E = 0, it follows immediately from the
relation

0. Ef —OEF =0 (2.40)

that AST obeys the one-dimensional wave-like equation
where the effective potential V,_; has the form

00+ 1)] 7

S (2.42)

Veer(r) = fs [

with the s = 1 label indicating the spin of the Maxwell field. In particular, the fields

Af o and Af - of the Maxwell perturbation are related to A" by

1 9.Af
((L+1) fs

1 m
Aa_,fm = m 8IA€1 and Aifm =

: (2.43)

where, as in the previous example, we make use of the tortoise coordinate defined in Eq.
(2.14).

By an odd perturbation we mean the most general perturbation for a given ¢, m and
parity (—1)“*1, namely

A=A (1) V. (2.44)
lm

Inserting the above ansatz into the Maxwell equation, we are left with the following
equations:

E, = [8%—83—‘@:1(7")} AZm:O7
Ey = E; =0,

where V,_;(r) is the potential defined in Eq. (2.42). Hence, assuming that £, = 0, we
have that £, = 0 and that A, obeys the same Schrodinger-like differential equation as
A

]
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2.2.3 Example 3: Spin-2 Field Perturbations Around the Schwarzschild Background

Let us consider spin-2 field perturbations in the Schwarzschild Background, a spher-
ically symmetric vacuum solution of Einstein’s equations, R,, = 0. In order to perform
this, consider a small perturbation h,, in glfy such that the perturbed metric can be taken
as the sum of unperturbed background metric and perturbation,

Guv = giy + h;w s (245)

with A, being very small compared with gfy. In order to build the ansatz for the spin-2
perturbation h,,,, we must note that its 10 degrees of freedom transform differently under
rotations on the sphere S2. Indeed, by decomposing the perturbation h = h,, dz"dz" as

h = hy dt* + 2hy, dtdr + hy, dr® + (hgedz®)dt + (hpodx®)dr+
+ haydz®dz®  where a,b € {6, ¢}, (2.46)

we see that, under such a rotation, the perturbation A, comprises 3 fields which transform
as scalar fields, 2 fields transforming as the components of 1-forms with respect to the S?
and finally 1 field transforming as the components of a second order tensor in S%. FEach
type of field should be expanded in terms of an angular basis that has the same nature. The
scalar fields hy, hy and h,.,. are naturally expanded in terms of scalar spherical harmonics,
Yy m, and the 1-forms hydx® and h,,dxz® in terms of vector spherical harmonics, Vﬁn, as

seen in the examples 1 and 2. Now, for the second order tensor hy, dz®dz?, there are three
fundamental types of elements, they are: E?m = Yom Gab dxadxb,TZrm = VoV Yy mdada®
and T, = (€acVoVY i + eV VY )dzda®, where g,y is the metric tensor on the
sphere, gagg = 1,006 = 0,Gpp = sin® @, whereas é, is the volume form in the sphere.
Explicitly, we have

TS, = Yimd0® +sin® 0 Yy ,de? (2.47)

T = 03Yemd0? +2(060sYem — cot 0 05Ye ) dde (2.48)
+ (33,ng + cos @ sin @ (%Yg,m) do?

Ty, = 2csc 6 (090pYem — cot 8 05Yem) ao*+
+ 2(cos00yYym —sin€ 090,Yem) do? (2.49)
+ 4 (csc 0 8§)Yg,m + cos 0 0pYy,m — sinf ang,m) dfdo .

Thus, it follows that the most suitable way to expand the perturbation h is

h = [Hy(t,r)dt* + H,(t,r)dr* + 2Hy,(t,r) dtdr] Yo,
+ [H, (t,r)dt + H, (t,r)dr| V,} + [H; (t,r)dt + H, (t,r)dr] V,,, (2.50)
+ HO(t,r) T, + H (t,r) T, + H () T,,, -

Spin-2 field perturbations are governed by the linearized version of Einstein’s equation

Ry =0 = 2V'Viho — Ohy — V,V, h=0, (2.51)
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where
O0=¢%%"v,V, and h=g%%"h,,. (2.52)

In spite of the fact that the Eq. (2.51) is much simpler to solve than the full Einstein’s
equation, even in the simplest cases like perturbations on the Schwarzschild background,
proved to be challenging. Regge and Wheeler were the first to decompose the spin-2
perturbations in Schwarzschild background in the angular basis {n,m,%ﬁn,ﬂﬁam,ﬂfm}
[42]. The great advantage of using such a basis is that, in terms of it, they were able to
classify spin-2 perturbations into two types: odd, which have parity (—1)**! and even,
which have parity (—1)*, that is

h=h"+h", (2.53)

where h* are given by

h* = [Hy(t,r)dt* + H,.(t,r) dr® + 2H,(t,r) dtdr] Yom

+ [H(t,r)dt+ H (t,r)dz] V;}, (2.54)
+ HO(t,r) T}, + H (t,r) T}, ,
h™ = [H; (t,r)dt+ H (t,r)dx] V,,, +H (t,r)T,,,. (2.55)

The labels 4 in h* means that, under parity transformation (2.30), h* is multiplied by
+(—1)% For this reason, object h* is said to have even parity, (—1)¢, while h™ is said
to have odd parity, (—1)“*!. Since the Schwarzschild background metric does not change
when a parity transformation is applied, we expect that the perturbation equations will
not mix (—1)¢ and (—1)“*! parities. So, we can, without loss of generality, separate the
perturbation into its h* and A" parts and study them separately.

Regge and Wheeler showed that the equations for A~ can be put into the form of
a Schrédinger-like differential equation with a nonintegrable potential. However, there
were some minor errors in the equations given by Regge and Wheeler. Indeed, Manasse
pointed out that the equations appearing in the literature contained mistakes and were
inconsistent with Einstein’s field equation [43]. Brill and Hartle rederived the odd parity
equations which once again contained some errors as published [44]. Let us now obtain the
correct differential equations for perturbations on the Schwarzschild metric for odd parity
which have been given by Vishveshwara [45], displayed for both parities in Appendix of
his doctoral thesis and published later in Ref. [46]. In order to perform this, we can use
the freedom of choosing a gauge to simplify the general form of the perturbations. Let us
work with the classical Regge-Wheeler (RW) gauge in which the canonical form for the
odd perturbations is [42]

hpyw = [H[(t,r)dt + H;(t,r)dx} Vi - (2.56)

Inserting this ansatz into the equation (2.51), we find that, out of the 10 Einstein equa-
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tions, only 3 are independent. They are:

r Is
E,= OrH + (2 - aT) OH, + [W 1 _ 2] Js H =0, (2.58)
r r T T
Epy= OH; — fs0,(fspH, ) =0. (2.59)

It appears that we have 3 differential equations for only 2 fields, H, and H, . However,
it is not hard to verify that the first equation is a consequence of the other two. Defining
the field

QI_%W(tv T) = fSTB Hr_ (t7 T) ) (260)
it follows immediately from the equation
2 o |E,,—FE_ =0 (2.61)
r T 0¢ reg .

which is a direct consequence of the fact that E,, = 0 and E_; = 0, that Q%y, satisfies
the one-dimensional wave-like equation:

(07 — 07 = VI ()] Qrw(t,r) =0, (2.62)
where z is the usual tortoise coordinate, namely (2.14), and the effective potential VY
is given by

e+1) 6M
v = s [HE - ST 263)

with the s = 2 label standing for the spin of the gravitational field. The equation (2.62)
became known as the Regge-Wheeler equation and the effective potential (2.63) became
known as the Regge-Wheeler potential.

In a similar way to the odd perturbation case, we can use the gauge freedom in order to
simplify the general form of the perturbation. In the case of even perturbations, in which
it is considerably more complicated due to the larger number of fields involved, judicious
gauge field fixing can simplify calculations immensely. Here, taking into account the
fact that t is a cyclic coordinate in the Schwarzschild metric, it is useful to decompose
the temporal dependence of the perturbation as h™ = e*i“tﬁJr, so that ¢t appears in the
perturbation equation just through the Killing vector 0;. In particular, in the Regge-
Wheeler gauge, the form for h'

. H.
h;W = | fs Ho(r)dt? + # dr® + 2H,(r) dtdr| Yo, +r?K(r )T, (2.64)
S
with the fields Hy, H,, H, and K given by
H,.(r
Hor) = 2 i) = fer)
fs
- ]f]ee r
Hy(r) = Hy(r) , K(r)= 2( ). (2.65)
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Inserting this ansatz into the equation (2.51), we end up with only 7 independent equations
for ¢ > 1 out of the 10 components of the linearized Einstein field equations. It is, however,
possible to avoid the task of solving these coupled equations by combining them into
Schriodinger-like differential equation, just as the odd perturbations. Regge and Wheeler
could not reduce them as far as those for odd perturbations, but Zerilli (Z) much later
has found that the even perturbation equations can also be put into a Schrodinger-like
equation with a more complicated form for the potential [47]. In order to perform this,
he defined a new field () implicitly through the equations

AN+ D)2 + 3\Mr + 6M?
K = 0.Qz ,
{ r2(\r + 302 @z +0:Qz
(2.66)
Ar? — 3AMr — 3M?] r wr
Hi = — re 896 - 830 s
1 zw[ 20\ + 3M)? ] 75 Qz + 0:Qz fa Qz + 0:Qz
where A = (¢ — 1)(¢ + 2)/2, and Hy obtained from the algebraic relation
M e+ 1)M
{(5 -l +2)+ 6—} Hy— l—( + 2) + 27Jw7} H, +
r iwr
2wir? 2M(M —
- {(£—1)(£+2)— “}Zr _ 2 - rfS)}K:o. (2.67)
S

Then Einstein’s equations for even parity perturbations can be put into a Schrédinger-like
equation for the field Q4 with effective potential V.Z, given by

(2.68)

Vi [2)\2()\ + 1) 4+ 6A2M72 + 18AM?r + 18M3}
s=2 — JS .

r3(Ar + 3M)?

Such a potential became known as Zerilli’s potential and has nearly identical properties
to the Regge-Wheeler potential. A Schriodinger-like differential equation with the above
potential became known as the Zerilli equation. Zerilli’s equation yields an enormous
simplification in the analysis of such perturbations and his work was of great significance
in the study of gravitational radiation formed from an asymmetric gravitational collapse.
It is also worth mentioning the contribution of Fackerell on the analysis of the solutions to
Zerilli’s equation [48]. The Regge-Wheeler formalism was later extended to other static
black holes in four dimensions [47, 49, 50| and in higher dimensions [51, 32]. Rotating
black holes in four dimensions were tackled in the seminal works of Teukolsky [52, 53]. Re-
cently, some techniques based on monodromy calculations have been put forward to obtain
analytical expressions for the quasinormal spectrum of perturbations in five-dimensional
Kerr background [54]. However, the latter spectrum is written in terms of transcendental
equations whose solutions must be found numerically [55].

O

To summarize this set of examples, we have seen that in four-dimensional Schwarzschild
background, spin-s field perturbations can be described by a Schrédinger-like differential
equation with the Scwarzschild potential (SP)

Vi(r) = fs w+n (1— s?) (2M I 82)“2)] : (2.69)

72 73 4
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Figure 2.1 — Plots of the effective potential (2.69) in Schwarzschild spacetime for different values of
s=0,1,2 and ¢ = 5, in units 2M = 1.
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where the s label standing for the spin of the perturbation, being s = 0 for scalar field,
s = 1 for Maxwell field and s = 2 for the odd part of the gravitational perturbation. For
plots of the potentials (2.69) for different values of s € {0, 1,2}, see Fig. 2.1.

The spinor field case, namely s = 1/2, has a different form for the potential. For the
massless case, for instance, such a potential is given by [56] (see Figure 2.2):

@iﬂ%$—|y|\/ﬁ , (2.70)
T Vs rd r?

where v are nonzero integers, v = +1,£2, ..., and the £ labels standing for the potential
associated with the up (4) and down (—) components of the spinorial perturbation. This
case was discussed first by Brill and Wheeler in Ref. [57] and then extended by Page
[58] and Unruh [59]. A detailed derivation for massive spin-1/2 field perturbations in
generalized Nariai spacetimes is presented in the coming chapters, see also [60]. For the
spin-3/2 field perturbations see Ref. [61].

Once the potential was obtained, we should look for solutions satisfying appropriate
boundary conditions, the QNMs. In order to understand what QNMs are, it is convenient
to decompose the dependence of the field () in the coordinate ¢ in the Fourier basis,
namely,

Vil/g(r) = fs

Q(t,r) = e ™ H(x), (2.71)

with the final general solution for the field Q including a “sum” over all values of the
Fourier frequencies w with arbitrary Fourier coefficients. This is particularly convenient in
backgrounds in which 0 is a Killing vector, so that ¢ appears in the perturbation equation
just through derivative operators d;. Inserting this decomposition into Eq. (2.6), we end
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Figure 2.2 — Plots of the effective potential (2.70) associated with the spinorial components (up and
down) in Schwarzschild spacetime in units 2M = 1, where we take v = £5.
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up with the following Schrodinger-like differential equation for the field H:

dd—; +w? =V (x)| H(x) =0, (2.72)

which is the ideal form to study QNMs in a way that parallels a normal mode analysis.
Once we have an equation of the above form, it needs to be solved with the appropriate
boundary conditions. QNMs are precisely the solutions of the perturbation equations sat-
isfying specific boundary conditions. It is worth pointing out that the boundary conditions
which define a QNM solution depend directly on the background. For the Schwarzschild
background, the boundaries are generally chosen to be the event horizon and the infinity.
In particular, the event horizon is at r = 2M where the coefficient of dr? in (2.7) blows
up. Notice that near the boundaries » = 2M and r = oo the tortoise coordinate (2.14)
behaves as

T|, oy — —00 and x| — +00. (2.73)

r—00

In such boundaries, the real potential V; given in equation (2.70) satisfies

Vi(2)] 0 and Vi(z)] o0, (2.74)

T——+00 T—r—00

where Vi(x) is implicitly defined as Vi(x) = Vi[r(x)], with r(x) being found by inverting
equation (2.14). The above equation means that the function H can be taken to be plane
waves near the boundaries x = H+oo. Indeed, since the effective potential satisfies Eq.
(2.74), such solutions can be

H(z)| ~ e and  H(z)| ~ T (2.75)

T—+00
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In order to fix a sign in the above exponentials, we need to apply the appropriate boundary
conditions. Let us first recall the physical reasoning behind the boundary conditions for
the QNMs in Schwarzschild background. In order to guess the meaningful boundary
conditions for the quasinormal modes in a given background, we should look at its light
cone structure. In Schwarzschild background, for instance, it is useful to introduce the
coordinate v = t + x, so that the relation dv = dt + fisdr holds, where the identity

dr = fLs dr has been used. By analyzing the radial wave propagation, namely df = d¢ = 0,

the Schwarzschild line element reduces to gfyd:c“d:c” = — fgdv®+2dvdr. Now, noting that
the function fg > 0 at r > 2M and fs < 0 at r < 2M, the null rays of this spacetime,

namely gfydx“dx” = 0, are given by

d 2 i
v {>O if r>2M, (2.76)

v=cte and GT=S00 0 it r<2M.

dv
In particular, . tends to infinity as it approaches the region r = 2M. Since the propa-
r

gation occur within (massive case) or on the light cones (massless case), it is impossible
for an observer at the event horizon (r = 2M) to increase its radial coordinate, it will
inexorably fall towards a smaller value of r, as illustrated in Fig. 2.3. Therefore, it is

Figure 2.3 — Illustration of the light cone structure in Schwarzschild spacetime, with 7 = 2M being the
event horizon. The wavy arrows represent the natural boundary conditions.
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natural to use as boundary conditions at » = 2M that the waves are ingoing, which is
represented by an infalling wavy arrow in Fig. 2.3. In its turn, at the infinity, the usual
boundary condition is that no wave comes from infinity, whereas some wave can arrive at
infinity after scattering by the black hole [62, 63]. Therefore, at infinity, it is natural to
impose that waves are outgoing, as represented by a dashed wavy arrow in Fig. 2.3. The
perturbation field H is then a QNM solution when assumed to be ingoing at the horizon
and outgoing at infinity,

H(x)| ~e ™ and H(x)| ~ et (2.77)

T—+00



25

These boundary conditions impose a non-trivial condition on w, the so-called QNFs [5, 6,
16, 60, 124]. Indeed, having defined the boundary conditions to be used, we need to solve
for the frequencies w from differential equation (2.72) viewed as an eigenvalue problem:

R A d?
DH(z) = —w?H(x) where D = proie V(z). (2.78)

Now, the problem boils down to finding the eigenvalues of the D operator. In order to
satisfy the boundary conditions (2.77), we may look for a solution assuming the following
ansatz

H(z) = exp [z /0 " h() da:} , (2.79)

where the function h(z) behaves as

h(x)], oo — +w and  h(z)|,,_ . — —w. (2.80)

Then, plugging the ansatz (2.79) into Eq. (2.72), we are left with the nonlinear equation,
called Riccati equation

dh(z)

dx

Then, in order to obtain QNMs one needs to integrate the Riccati equation numerically
[65]. Chandrasekhar has shown that there are only discrete values of w which allow so-
lutions of such an equation [66]. There is, actually, a discrete infinity of w as shown by
Bachelot and Motet-Bachelot [67]. Instead of normal modes, the corresponding eigenval-
ues of this problem are naturally complex quantities and come in pairs

—h(z)? +w? -V (z) =0. (2.81)

w = £Re(w) + iIm(w), (2.82)

where the real part, Re(w), stands for the oscillation frequency of the perturbation, namely
Re(w) = 27 /T with T being the period of the oscillation, while the imaginary part, Im(w),
gives the characteristic timescale 7 as Im(w) = 1/7 which indicates how rapidly the energy
is leaked out in the form of gravitational radiation. Such QNFs are independent of the
processes which give rise to oscillations, depending only on the potential parameters which
in their turn carry information about both the field perturbation and the background, for
example, the mass, electric charge, and angular momentum. Thus, QNMs modes are
completely determined by theses parameters.

For many relevant backgrounds, for instance, Schwarzschild and Kerr, it is not pos-
sible to calculate the values of their QNFs in exact form, we must use approximate or
numerical methods. There are several numerical and semianalytical methods for solving a
Schrodinger-like differential equation of the form (2.72) and then obtain QNFs with high
accuracy, among which are:

Mashhoon method [68|
Shooting methods [69]

WKB method [70]
Characteristic integration |71]
Continued fractions [72]
Frobenius series [73]

Confluent Heun’s equation |74]
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For instance, using continued fractions technique, Nollert found that spin-s pertur-
bations for s = 0,2 propagating in the Schwarzchild background have QNFs given by
[75]

w = 0.0437123M " — ﬁ@n + D)+ 0[n+1)7 (meN,n>1). (2.83)
The index n which labels the modes is called overtone indez. In particular, notice that w is
completely determined by only one parameter, the mass M, which is the signature of the
Schwarzschild black hole itself. In general, QNFs can be used as an efficient and accurate
tool to infer the charges which define the geometry of a background in which a given
perturbation is propagating, such as the mass, electric charge, and angular momentum.

2.3 QUASINORMAL MODES AND BACKGROUND STABILITY

We have argued that there is a discrete infinity of QNFs which come in pairs, that is,
if w = Re(w) +iIm(w) is a QNF, then w = —Re(w) +iIm(w) also will be, and are usually
counted by their imaginary part. For instance, the fundamental frequency is labeled
with the trivial overtone index (n = 0), that is the frequency with the lowest imaginary
part; the frequency with second lowest imaginary part is labelled with the overtone index
(n = 1) and so on. The presence of the imaginary part in the frequency is a relevant
feature of perturbations in the presence of horizons. In particular, the sign of Im(w)
allows us to analyze the linear stability of a given background. Using (2.82), the temporal
decomposition of the field @ in the Fourier basis, (2.71), can be rewritten as

Q(t,z) = e IRe@FImWIt (1) — M@ [co5 Re(w)t — isin Re(w)t] H(z), (2.84)

from which one can conclude that the field @ grows exponentially for Im(w) > 0. Thus,
this is an indication that there might be an instability. Indeed, multiplying (2.72) by the
complex conjugated field of H, here denoted by H*, and integrating the result we obtain

dx?

[ S s v e o (283

oo
By integrating by parts the first term of the above expression, we end up with the expres-

sion

i: i /_m [W — V()| H(x) - ‘ %Efc)

[e.e]

2] dx =0. (2.86)

Now, we should apply the appropriate boundary condition in order to fix the sign of
Im(w). In asymptotically flat background, the potential V' is positive and satisfies Eq.
(2.74) and therefore the QNMs boundary conditions are given by Eq. (2.77). Taking into
account this latter boundary conditions and the fact that the potential is real everywhere,
the imaginary part of the previous expression leads to the following constraint:

i 2, [H(c0)|” + [H(c0)[
/_ |H(x)|" dx = — 2Tm(w) for Re(w) #0. (2.87)

[e.e]
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Hence, being Re(w) # 0 then the imaginary part of w has to be Im(w) < 0. This means
that the asymptotically flat backgrounds are stable [76]. In general, a background is said
to be unstable if there is at least one growing mode in its spectrum, otherwise, it is stable,
at least under the assumptions made in this analysis. In summary we have:

Im(w) <0 : exponential damping (stable),

Im(w) >0 : exponential growth (unstable). (2.88)

Studying evolution of perturbations on the Schwarzschild background, Vishveshwara found
that the equation (2.72) along with boundary conditions (2.77) cannot admit any solution
with Im(w) > 0, so that the background is stable, according to (2.88). Indeed, Wald fur-
nished a rigorous proof that linear perturbations of the Schwarzschild background must
remain uniformly bounded for all time [77]. Therefore, QNMs are of great relevance for
studying the stability of certain backgrounds. This, however, requires an extremely com-
plicated numerical proof, see [7, 17] for more details. In general, it is not possible to
calculate the values of their QNFs in exact form, There are a few exceptions, one of which
we must present in the part IT of this thesis.

2.4 QUASINORMAL MODES AND BLACK HOLE AREA QUANTIZATION

When the perturbation propagation takes place on the background of black holes,
which are gravitational configurations where the effects of gravity are extreme, quantum
effects in their vicinity cannot be ignored. So, these objects set the ideal scene for testing
the ideas of quantum gravity very similarly to the role developed by the Hydrogen atom
the quantum mechanics. This, in its turn, means that interpretations of their oscillations
can have a major role in understanding various puzzles in fundamental physics. That
is the reason why there are several attempts to connect the QNMs with the quantum
spectrum of black hole excitations. In particular, it has been recently conjectured a
connection between the real part of the QNFs with very large n and the level spacing of
the black hole area spectrum. Bekenstein and Mukhanov proposed a heuristic argument
to the quantization of the black hole area according to which a quantum of area is given
by [78]

§A = al?, (2.89)

where [p, which is equal to 1 in natural units, is the Planck length and « is an undefined
dimensionless constant. For instance, the geometry of the Schwarzschild black hole is
completely determined by only one parameter, its mass. In the context of black hole
thermodynamics, the horizon area A is related to the mass M by A = 167M?, from
which we see immediately that a change dM in the mass corresponds to a change dA in
black hole area given by

0A =32rMOM . (2.90)

Bekenstein’s argument suggests then that the quantization of the mass would lead to the
quantization of the black hole area [78]. This looks like good and intuitive conjecture but
completely non-trivial. Indeed, what is the correct dM to be used? Up to now, there exist
still no final answer to this question, and no confirmation that this is actually correct,
reason why this is still just a conjecture.

Inspired by Bekenstein’s ideas, Hod proposed to determine « via a version of Bohr’s
correspondence principle in which the QNFs with very large n play a fundamental role
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[112|. At the time, the only available data of QNFs with very large n was the frequen-
cies displayed in Eq. (2.83) obtained numerically by Nollert in Schwarzschild black hole
context [75]. Realizing that 0.0437123 ~ In3/(87), Hod then conjectured that such fre-
quencies can be written as

In3 1 _1
w= 87TM—W(2n+1)+O[(n+1) ]. (2.91)

Interestingly, a few years later this result was analytically obtained by Motl in [79] and
later verified by Andersson using an independent analysis [80]. Notice in particular that
in this limit, Re(w) depends just on the black hole mass M and is independent of the
parameters ¢, m and n, being thus the signature of the black hole itself. This crucial feature
can be used to investigate a very interesting conjecture that links the QNMs to black
hole thermodynamics. Based on Bohr’s correspondence principle, namely the transition
frequencies at large quantum numbers should equal classical oscillation frequencies, Hod
postulated then that the energy difference between two subsequent modes is equal to the
real part of their QNFs [112], that is

In3
oM =R = . 2.92
ow) = g (2.92)
Using this, the variation d A can be written as
§A = 4In3l3 (2.93)

from which we can identify the factor appearing in Eq. (2.89) as o = 4In3.

From the results obtained by Hod, a few years later Dreyer was able to fix the so-
called Barbero-Immirzi parameter, the only free parameter in Loop Quantum Gravity
(LQG) [11]; for a recent review, see [81] and Refs. [82, 83, 84, 85]. Supposing that
transitions of a quantum black hole are characterized by the appearance or disappearance
of a puncture carrying the lowest allowed irreducible representation j € {0, %, 1, %, .
of the gauge group SU(2), Dreyer found in complete agreement with the Bekenstein-
Hawking result for the entropy that the count of black hole horizon states is dominated by
configurations in which j = j,.;, = 1, fixing the value for the Barbero-Immirzi parameter.
Explicitly, once the area of the black hole would change by an amount given by A(j) =
87vl%44/7(j + 1) in LQG context, assuming dA = A(jmin = 1) Dreyer concluded then
from (2.93) that the factor « is given by v = In3/(27) &~ 0.124. However, this result
entails some technical problems. For instance, the above value is in disagreement with
the approximate value coming from the entropy of large horizons obtained a few years
later [86]. It is worth recalling that statistical mechanics describes the entropy of a system
by the natural logarithm of the number of microscopic states realizing a given macroscopic
state. Claiming that the procedure for state counting used in the literature contains an
error, Dogamala and Lewandowski and then Gosh-Mitra provided the correct value for
the Barbero-Immirzi parameter that is needed to obtain agreement with the Hawking-
Bekenstein formula for large black holes. In particular, in the Dogamala-Lewandowski
count of the number of microscopic states Barbero-Immirzi parameter has to be v ~ 0.238
[87], while in the Gosh-Mitra count it has to be v ~ 0.274 [88|. Besides that, Barbero-
Immirzi parameter has to be fixed in a way that it is independent from the black hole
considered. For instance, computing the QNFs of Kerr black hole in the limit of large n
and then taking the limit when the rotational parameter an approaches zero, the result
does not reduce to Eq. (2.92). Actually, these asymptotic QNMs are not analytical at
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a = 0, they go as a/? in the @ — 0 limit. This means that the large n limit and the
a — 0 limit do not commute [89, 90|, so that asymptotic value of Re(w), namely Eq.
(2.92), depends on the spin of the perturbation and is not an intrinsic property of the
black hole. Due to these problems, the Hod’s main assumption was later criticised by
Maggiore in [12]. As an alternative approach to remove some of the difficulties posed
in Hod’s conjecture, Maggiore suggested that instead of using Re(w) we shall use the
difference between the natural frequencies of subsequent modes, dwy = (wo)n — (wWo)n—1, Of
a damped harmonic oscillator. This gives a different value for M. Indeed, by considering
& =£(t) as a solution of the equation

£426 +wf =0, (2.94)

where (3 is the damping constant and wy the proper frequency of the harmonic oscillator,
we find that
w=+\wy—p[%—if (2.95)

are the two roots of the characteristic equation w + 2ifw — wy = 0. Therefore, the field
(2.84) is reproduced by a damped harmonic oscillator, with the identifications

Re(w) = £v/wp — 2 and Im(w)=—0. (2.96)

Inverting these expressions, we find that wy can be written in terms of Re(w) and Im(w)
as follows:

wo = v/Re(w)? + Tm(w)?. (2.97)

For very large n, Im(w) > Re(w) and if we consider a transition n — n — 1 we obtain
from (2.91) that

1
OM = dwy =~ 0lm(w) = W (2.98)
Using Eq. (2.90), Maggiore concluded that
§A = 8nl3, (2.99)

from which we can identify the factor appearing in Eq. (2.89) as a = 8. This is exactly a
quantum of area suggested by Bekenstein on the basis of a different reasoning. In contrast
with what happens for Re(w), the quantum of area obtained as of dwy ~ dlm(w) for very
large n looks like to be the most natural candidate as an intrinsic property of black holes.
In particular, the large n limit and the @ — 0 limit commute and the value (2.98) does not
depend on the spin of the perturbation. While the highly-damped regime is not as simple
for charged and rotating four-dimensional geometries as suggested by Hod’s conjecture,
Maggiore’s suggestion can be extended also to Kerr black holes. Indeed, let us consider
the case of an extremal Kerr black hole for which the horizon area A is related to the
mass M by A = 8rM?. Tt follows that a change §M in the mass produces a change JA
in black hole area given by

§A =167 MM ~ 16w MsIm(w) . (2.100)

QNFs with n very large for a Kerr black hole has been numerically found by Berti and
collaborators in Ref. [91]. In particular, they showed that for any a, the imaginary part
Im(w) > Re(w) and is a monotonically increasing function of a, namely

1
Im(w) = 5 +0.0438a — 0.0356a* (2.101)
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where a is the dimensionless Kerr rotation parameter. In this case, the extremal case
corresponds to the values M = 1/2 and a = 1/2 [91, 92|. Assuming these latter values,
we are led to 1
m )
from which we see that this value is 2.6% above the Schwarzschild value. This implies in
the following approximated value for a quantum of area

1
Im(w) = 1.026 5 = 1.026 (2.102)

§A ~ 4rl3, (2.103)

a half of the Bekenstein’s value. Up to now, it is not clear if Maggiore’s approach can
be extended in a consistent way to all geometries. All of this is still a conjecture but,
if it can be proven to be true, it would provide a unique link between general relativity
and quantum mechanics. It is worth mentioning that although Hod’s conjecture cannot
be generalized to the charged and rotating black holes in any simple way, being mostly
regarded as a strange coincidence, Hod’s conjecture was at the very least a crucial step
towards our current scenario of quantum gravity.
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3 FIELD PERTURBATIONS: SPINS 0 AND 1

The study of scalar, spinorial and gauge fields (abelian and non-abelian) propagating
in curved spacetimes plays a central role in the study of General relativity and any other
theory of gravity. The main reason is that besides the detection of gravitational radiation
and observation of the direct interaction between objects via gravitation, the most natural
and simple way to probe the gravitational field permeating our spacetime is by letting
other fields interact with it. In this chapter, we shall perform the integration of the
Schrédinger-like differential equation for the Rose-Morse class of potential to study the
dynamics of spin-s field perturbations for s = 0,1 in generalized Nariai spacetime. In
particular, we should analytically obtain the quasinormal spectrum associated to these
fields.

3.1 GENERALIZED NARTAI SPACETIMES

Let us consider matter fields propagating in the background described in Ref. [31],
a higher-dimensional generalization of the Nariai spacetime. We take the point of view
that, as well as being of interest in its own right, the generalized Nariai spacetime can
provide insight into the propagation of waves on the generalized Schwarzschild spacetime.
In generalized Nariai (GN) background, the metric in D = 2d dimensions is formed from
the direct product of the two-dimensional de Sitter space dS,; with (d — 1) spheres S?
possessing different radii R;, namely

b
f(r)

where dQ? is the line element of the [th two-sphere 52,

d
goNdatdz” = —f(r)dt® + dr’ + Y R dQ} (3.1)
=2

dQ? = Gapdr™da’ = dO7 + sin®6,d¢? ¥ ay, b € {0, ¢1}, (3.2)

with the symmetric second order tensor g,,;, being the metric on the [th two-sphere. The
function f(r) has the following dependence on coordinate r:

2

,
fr)=1- 15, (33)
1
and the radius R; and R; are constants given by
0 —1/2
— A=~ 102 4 <
mom et gy
0 _1/2 (3.4)
e R S =

with ()1 and @); being the electric and magnetic charges, respectively, while () is defined
by

d
Q=01 - Q. (3:5)
=2
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Generalized Nariai spacetime is locally a static solution of the equation (2.2) in the pres-
ence of the electromagnetic gauge field

d
AN = Qi rdt + Z Q1 R? cost dey . (3.6)

=2

It is worth recalling that a spacetime is said to be spherically symmetric if there exists
an action of SO(3) by isometries whose orbits are spacelike two-dimensional spheres.
Clearly this is not the case, since the angular part of the line element is the direct product
of several two-spheres and therefore, the background has SO(3) x SO(3) x ... x SO(3),
d — 1 times, whereas the usual D-dimensional Nariai (N) background has a SO(D — 1)
symmetry. For each of the (d — 1) spheres, there exists three independent Killing vectors
that generate rotations, namely

Kl,l = sin ¢l 891 + cot 91 COSs ¢l 3¢l ,
Ky, = cos ¢, 0p, — cot 6, sin ¢y 0y, , (3.7)
KSJ — a(m .

In addition to these Killing vectors, K; = 0, also generates an isometry. In particular,
this Killing vector is light-like at the closed surfaces r = +=A~/2 so that these are Killing
horizons. The boundary conditions of the quasinormal modes will be posed at these
surfaces, as discussed in Ref. [60]. These surfaces in which the boundary conditions will
be imposed, are the boundaries of the static region of the generalized Nariai spacetime
[96]. This is exactly the region covered by the static coordinates {t,r, 02, ¢o,. .., 04, ¢4}
and, therefore, the Killing horizons are well-characterized geometrically, that is, they are
not arbitrary. This is particularly interesting in order to introduce QNMs, inasmuch as
in static coordinates, the coefficients of the metric are independents of the coordinate ¢,
and therefore the background metric possesses the Killing vector field K; = 0;. In this
case, it is convenient to decompose the time dependence of the fields in this coordinate
in the Fourier basis. Outside of the static region, nothing in the arguments put forward
stops us the Fourier basis to expand the field components. However, this is not the most
suitable choice inasmuch as the notion of time is essential in order to introduce QNMs.
For this reason, in this thesis, we will consider just the static region of the generalized
Nariai spacetime.

Besides the continuous symmetries generated by Killing vectors (3.7), there are also
some discrete symmetries. For instance, we have seen in example 2 that the line element
on S? is invariant under the transformation (6, ¢) — (7 — 6, ¢+ ), called parity transfor-
mation (spatial inversion). Here, however, the line element is invariant under the parity
transformation in each of the spheres. More precisely, the changes

0 - m—0, and ¢ — ¢+ 7 (3.8)

do not modify the line element (3.1). Denoting this transformation by P, it follows that
P? is the identity transformation, so that the eigenvalues of this transformation are +1.
Objects unchanged under P, (eigenvalue +1) are said to have even parity, while those
that change by a global sign (eigenvalue —1) are said to have odd parity.

As we will see in what follows, one important property of studying perturbation equa-
tions in the background considered here, the higher-dimensional generalization of the
Nariai spacetime presented in Ref. [31], is that all equations turn out to be analytically
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integrable. Indeed, we are going to see that the problem of solving the perturbation equa-
tion for the scalar field (spin-0), the Dirac field (spin-1/2) and the Maxwell field (spin-1)
published in Ref. [60] as well as for the gravitational field (spin-2) published in Ref. [93]
boils down to integrating a Schrodinger-like equation whose effective potential V(x) is
contained in the Rosen-Morse class of integrable potentials, as displayed in Table I of
the Ref. [94]. For this class of potentials, which has the well-known Poschl-Teller (PT)
potential as a particular case, all the solutions of (2.72) are analytical. In particular, the
Poschl-Teller potential was originally introduced as a potential for which the Schrédinger
equation is exactly solvable [95] and has the form

C*Vy

Vi) = cosh? [C' (z — )]’

(3.9)

where C, V; and x( are constants. As was said previously, we can prove that the generalized
Nariai spacetime can provide insight into the propagation of waves on the generalized
Schwarzschild spacetime. Notice that the Poschl-Teller potential is symmetric about xg
and decays exponentially in the  — 0 limit, whereas the Schwarzschild potential does not
share these properties. In spite of this, the Schwarzschild potential has a single peak (see
Fig. 3.1), with a suitable choice of constants, the Potschl-Teller potential can be made to
fit the Schwarzschild potential in the vicinity of this peak. For instance, the Schrodinger-

Figure 3.1 — Comparison of effective potentials of perturbations with spin s = 0,1,2 in Schwarzschild
and Nariai spacetimes in four dimensions, in units 2/ = 1. The constants zo = 0,C = 2/v/27 and
Vo = £(£+1). Here, we have chosen the integration constant in Schwarzschild tortoise coordinate defined
in (2.14) for our convenience, so that the the peak of the potential barrier (at r = 3M) coincides with
zo = 0, namely z = r + 2M In(r — 2M) — (3M — 2M In2).

151 Schwarzschild
/=10 potential
Pdschl-Teller
10l potential
o
L
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X
Source: Elaborated by the author (2021)

like differential equation for the massless scalar field, the Dirac field, the Maxwell field
as well as for the gravitational field in four-dimensional Schwarzschild background can
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be made to fit the Schrodinger-like differential equation with the Pdschl-Teller potential
(3.9) if we adopt the transformations

TN tn 1
rs — —, tg — —, wg — Cwy, where C = , 3.10
s s A s N Tl (3.10)

where it is worthwhile recalling that the labels S and N denote Schwarzschild and Nariai,
respectively. Under this transformation, we can approximate these two spacetimes in four
dimensions. In particular, this means that the Nariai spacetime can be taken as a model
for exploring properties of the Schwarzschild spacetime, for example the QNM frequency
spectrum, by using the exact solutions for the Poschl-Teller potential. This is particularly
useful, inasmuch as the effective potential for any field perturbation in Schwarzschild
geometry is non-integrable. For these reasons, the next section is devoted to integrating
the Rosen-Morse class of integrable potentials.

3.2 INTEGRATING THE ROSEN-MORSE CLASS OF INTEGRABLE POTENTIALS

Consider the problem of solving the Schrodinger-like differential equation (2.72) with
the potential V(x) given by

¢

V(z) = a+btanh(@z) + ————
(@) =a anh(0z) cosh?(0 z)

(3.11)
where a, b, ¢ and D are constants with 0 > 0. These constants assume different values
depending on the type of the field perturbation. Such V(x) is contained in the Morse
class of integrable potentials, with the case a = b = 0 being the well-known Pdschl-Teller
potential, see [95]. In order to solve the latter ordinary differential equation, let us define
a new independent variable defined by

1 1
y = -+ - tanh(d x). (3.12)
2 2
Assuming that the domain of z is the entire real line, we find that y € (0, 1), with the
boundaries x = 400 being given by y = 0 and y = 1. In particular, near the boundaries,
the relation between the coordinates x and y assumes the simpler form

T — —00 = y o~ R,
{ T —+o0 = (1—y)~e 27, (3.13)
Now, let us define the constant parameters a, b, and c as follows
( 1
a:—a(0+\/a—b—w2—\/a+b—w2+\/02—4c),
1
b:%(0+\/a—b—w2—\/a+b—w2—\/02—4c), (3.14)
1
c:gx/a—b—wQ—i—l,

\

and, instead of H(z), let us use the dependent variable G(y) defined by

H(z) = ¢ D2 (1 — )20 G(y). (3.15)
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Then, after some algebra, one can check that the function G(y) obeys the equation
d? dG
y(l—y)d—y2+[c—y(a+b+1)]d—y—abGzO. (3.16)
This is the hypergeometric equation, whose general solution is given by

Gly)=aF(abcy) + By F(l+a—cl+b—c2—cy), (3.17)

where F' is the hypergeometric function (usually denoted by oF}), while a and /3 are
arbitrary integration constants that can be fixed by the boundary conditions. Summing
up these results, we conclude, from Eqs. (3.15) and (3.17), that the solution for the
function H obeying Eq. (2.72) is given by

H= (1-y):9 [ay V2 F(a,b,cy)
+ By—(c—l)/QF(l+a_c’1+b_c72—c;y)} . (318)

There are two properties of the hypergeometric function which shall be needed in what
follows. The first concerns the hypergeometric function at y = 0, which is

F(a,b,c;0)=1. (3.19)

Once this happens, it turns out that the latter way of writing the solution is particularly
useful to apply the boundary conditions at y = 0, i.e. = —oo. Indeed, using Eq. (3.13),
one can promptly verify that the following limit holds

H| = a4 gl (3.20)

T—r—00

which will be of relevance to impose the boundary conditions at x = —oo. The second
concerns the hypergeometric function at y = 1, which can be evaluated using the identity
I(c—a—0b)(c)

I'(c—a)l(c—=10)’

F(a,b,c;1) = (3.21)

where I' stands for the gamma function. Then, in order to apply the boundary conditions
at y = 1, i.e. © = 400, it is more useful to write the hypergeometric functions as functions
of (1 —y), so that they become unit at the boundary. This can be done rewriting the
hypergeometric functions appearing in Eq. (3.18) by means of the following identity [97]:

F(a,b,c;y) = F(a,b,c;1) F(a,b,a+b—c+1;1—y)
+ Flc—a,c—b,c;1) (1 —y) v YF(c—a,c—bc—a—b+1;1—y). (3.22)

Doing so, and using Eq. (3.13) we eventually arrive at the following behavior of the
solution at x = +o0:

I'(c—a—-0b)(c)
Te—allc—b "
I(a+b—c)(c)

['(a)l(b)

H]

~ e*D(aerfc)m |: F(C —a— b)F(Q — C) :|
r——+o0o

I'1—a)l'(1-0)
Fla+b—c)l'(2—c)
['a—c+1)I'(b—c+1)

4 ghlatb—c) [oz + 8 } . (3.23)

The exact expression for the constants a,b and ¢ depends on the type of perturba-
tion under study. In what follows, we must use the solution obtained in this section to



36

investigate the QNMs of spin 0,1/2,1 and 2 fields in the background (3.1). We shall
use as the boundaries of this space the horizons r = £ R; and consider four types of
boundary conditions, as described in the following section. Since the spacetime consid-
ered here is the direct product of the de Sitter spacetime with several spheres, it is not
asymptotically flat and, therefore, the issue of choosing suitable boundary conditions can
be troublesome. Indeed, the problem of which boundary conditions one should impose
to compute well-defined QNMs in pure de Sitter space has been subject to several dis-
cussions in the literature [98, 99, 100, 101]|. Likewise, the problem of adopting suitable
boundary conditions for QNMs in anti-de Sitter spacetimes has also been addressed else-
where [102, 103, 104]. In the upcoming section we intend to add to the existing discussion
available in the literature.

3.3 BOUNDARY CONDITIONS

Quasinormal modes are solutions of wave-like equations satisfying specific boundary
conditions, generally forming a discrete set. Therefore, the boundary conditions for the
fields are a central piece of information behind the quasinormal frequencies [6, 5, 8, 105].
The aim of the present section is to discuss the suitable boundary conditions for the
quasinormal modes in the class of generalized Nariai spacetimes considered in this thesis.

In order to motivate the boundary conditions considered in what follows, let us first
recall the physical reasoning behind the boundary conditions for the quasinormal modes in
Schwarzschild spacetime. Looking at the light cone structure of Schwarzschild spacetime,
shown in Fig. 2.3, we note that at the event horizon (r = 2M) it is impossible for an
observer to increase its radial coordinate, it will inexorably fall towards smaller values of
r. Therefore, it is natural to use as boundary conditions at r = 2M that the waves are
ingoing, which is represented by an infalling wavy arrow in Fig. 2.3. In its turn, at the
infinity, the usual boundary condition is that no wave comes from infinity, whereas some
waves can arrive at infinity after being scattered by the black hole [62, 63]. Therefore, at
infinity, it is natural to impose that waves are outgoing, as represented by a dashed wavy
arrow in Fig. 2.3.

Analogously, in order to guess the meaningful boundary conditions for the quasinormal
modes in generalized Nariai spacetime, we should look at its light cone structure. Such
spacetime is the direct product of the two-dimensional de Sitter spacetime, dS,, with
several spheres. In the case of radial wave propagation, namely df;, = d¢; = 0, the line
element is given by the dS; one,

7"2

1
ds* = — fdt* + 7 dr’* where f=1- ik (3.24)

with Ry being a positive constant. Actually, the latter line element represents just a patch
of the whole dS; spacetime, which is rigorously defined as the surface

T2 4 X2 4 Y2 = R (3.25)

immersed into the three-dimentional flat space with Lorentzian line element ds? = —dT?+
dX? 4+ dY?. A parametrization of this surface is given by the coordinates {t,r} defined
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T = +\/R? —r? sinh(t/R,),
X = +/R? —r? cosh(t/R), (3.26)
Y =r.

In terms of the parameters {t,r}, the metric of the surface (3.25) is the one given in Eq.
(3.24). In order for the coordinates T and X to be real, we must have r € [— Ry, Ry|. Thus,
in particular, we find that —R; <Y < R; and X > 0, so that the surface that defines d.S;
is not fully covered by the coordinate system {t,r}. In addition, note that we should not
ignore the negative values of r, since this part of the domain of r describes a portion of
dSs that is different from the one covered by r > 0 [106, 107]. This is an important point
that differs from what happens in higher-dimensional de Sitter spacetimes '. Aiming at
studying the light cones in dS,, it is useful to introduce the coordinate v defined by the
relation dv = dt + %dr, in terms of which the line element reads

ds* = — fdv* + 2dvdr . (3.27)

In particular, since f > 0 in the domain r € (— Ry, R;), we see that 0, is a time-like vector
field, so that v can be pictured as a time coordinate. We can assume that this coordinate
increases as time passes by, namely that 0, points to the future. The null rays of this
spacetime are given by

dv=20,

dv = (2/f)dr.

The first light ray, defined by dv = 0, is tangent to the vector field 0,. Since the inner
product of 0, and 0, is positive, it follows that the light-like vector field 0, points to the
past or, in other words, —0, points to the future. Thus, as times passes by, this light
ray must decrease its radial coordinate, as illustrated by the horizontal arrows in the line
cones in part (a) of Fig. 3.2. The second light ray, given by dv = (2/f)dr, is tangent
to 20, + f0,, which is a null vector field pointing to the future. Since the coefficient
in front of 0, is positive, it follows that, as time passes by, this light ray increases its
coordinate v, just as illustrated by the arrows in the line cones in part (a) of Fig. 3.2.
Also, note that at the boundaries r = £R; we have f = 0, so that the second light ray
points in the direction of d,. Then, analyzing the light cone structure shown in part (a)
of Fig. 3.2, we can see that an observer cannot increase its radial coordinate when it is
at the boundaries r = = R;. This suggests that the natural boundary condition for the
waves in this spacetime is that they are infalling at both boundaries, as depicted by the
wavy arrows. The latter conclusion was based on the arbitrary assumption that 0, is
oriented to the future. Have we had considered that 0, pointed to the past, we would
have found the light cone structure depicted in part (b) of Fig. 3.2. In the latter case,
the natural boundary condition is that the waves should be outgoing at both boundaries,
as illustrated by the wavy arrows. Due to the symmetry t — —t and r — —r of the line
element (3.24), it follows that both choices of time orientation for 0, are equally valid,
there is no preferred choice.

Thus, we can say that the natural boundary condition for the waves is that either
the waves are infalling at both boundaries or the waves are outgoing at both boundaries.

ds* =0 = { (3.28)

IFor instance, dSs; is the surface —T2 + X2 + Y2 + Z?2 = R? immersed into the flat space
ds? = —dT? + dX? + dY? + dZ%. The coordinates {t,r,¢} defined by T = \/R? — rZsinh(t/R,),
X = /R? —r2cosh(t/R1), Y = rcos(¢) and Z = rsin(¢) cover part of dSs. In this case, note that
if we adopt the domain ¢ € [0, 27| we just need to consider the positive branch of r.
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Figure 3.2 — Illustration of the light cone structure of generalized Nariai spacetime. The wavy arrows
represent the natural boundary conditions. In part (a) it is assumed that the time-like vector field 9,
points to the future, while in part (b) it is assumed that 9, points to the past.
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Source: Elaborated by the author (2020)

Nevertheless, as we shall see in the sequel, it turns out that these boundary conditions,
although physically motivated, do not lead to quasinormal modes. On the other hand,
when we impose that the wave is infalling at one boundary and outgoing at the other,
we find what we are looking for: a discrete set of quasinormal modes. Therefore, in
order for our calculations to be more complete, in the following sections we will consider
four different types of boundary conditions, the ones defined in Fig. 3.3. In this figure,
wavy arrows pointing to the right represent waves moving toward higher values of r,
mathematically represented by e “(¢=?) while wavy arrows pointing to the left represent
waves moving toward lower values of r, mathematically represented by e~ “(*%) where
the coordinate x will be defined below. As argued in the previous paragraph, boundary
conditions (II) and (IIT) are the ones physically motivated, although they will not lead to
quasinormal modes. In contrast, we will see that conditions (I) and (IV) are associated to
quasinormal modes. In spite of this, the physical reason why the boundary conditions (I)
and (IV) will be taken into account is because they are the analogous boundary conditions



39

Figure 3.3 — Types of boundary conditions considered in this article. Mathematically, wavy arrows
pointing to the right represent e (=% while wavy arrows pointing to the left represent e~*(t+%),

%
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Source: Elaborated by the author (2020)

to the ingoing at horizon and outgoing at infinity solutions that are causally appropriate
in the Schwarzschild case.

3.4 SPIN-0 FIELD PERTURBATIONS

With the integration of the equation (2.72) for the generic potential (3.11) at hand,
we are ready to move on and study the perturbation of several matter fields. Let us start
with the perturbations in a spin-0 field, a scalar field ® of mass u. It is worth pointing out
that the study of quasinormal modes associated to a scalar perturbation around several
backgrounds is a subject of active investigation. In particular, on the background of
black holes, massive scalar perturbation has been shown to be quite different from that
of the massless one in many aspects. For instance, it presents the so-called superradiant
instability which does not appear in the massless case [108], it may also have infinitely
many long-living modes known as quasi-resonances [109, 110]. Finally, at asymptotically
late times the massive fields show universal behavior independent of the spin of the field
[111] and it can be interpreted as a self-interacting scalar field under the regime of small
perturbations [112]. Yet the scalar perturbation with mass has been investigated only in
very few studies as to its quasinormal spectrum [113, 114, 115]. So, it is important that
we investigate the quasinormal modes associated to a massive scalar perturbation around
the generalized Nariai background.

The equation obeyed by the scalar field while it propagates in the background (3.1) is
the Klein-Gordon equation given by

1
\/Waﬂ <9GN“”\/ Il (%) ® = 1P, (3.29)

where g& is the metric in generalized Nariai background, namely (3.1). In order to ac-
complish the integrability of this equation, it is useful to introduce the tortoise coordinate



40

x defined by the equation

1
f(r)
In particular, note that the tortoise coordinate maps the domain between two horizons,

r € (=R, Ry), into the interval x € (—o00,00). In terms of this coordinate, the line
element is written as

dr =

dr = 1z = Rjarctanh (RL> . (3.30)

1

d
ds’ = f (—dt* + da®) + ) R} d} . (3.31)
=2

where :
f = f(z) = sech®*(z/R,).

Thus, writing (3.29) in these coordinates, we eventually arrive at the following field equa-

tion
d

1 A
F (02 =0) + ) 5 —*| B(a) =0, (3.32)
f s
where ) )
A= —— inf — 9 )
: sind; Do, (5161 O, ) + sin’6, a@ 7 (3:33)

is the Laplace-Beltrami operator on the unit sphere. The eigenfunctions of A; are the
well-known scalar spherical harmonics, Yy, 1, (0;, ¢1), with eigenvalues determined by the
equation

DAYy, (O, 00) = =06+ 1) Yo, m, (01, 1) (3.34)

with ¢; and m; being integers satisfying |m,;| < ¢, and ¢, > 0 in order to ensure that the
Yy, .m, is regular at the points ¢, = 0 and ¢, = 7 , where our coordinate system breaks
down. The index ¢; labels the irreducible representations of the SO(3) isometry subgroup
associated with the spherical parts of the line element, while m; labels the (2¢, + 1)
elements of the basis of the irreducible representation ¢;,. We have seen that whenever
the background has spherical symmetry, it is useful to expand the angular dependence
of a scalar field in terms of scalar spherical harmonics which are the objects with the
same nature with respect to the action of the isometry subgroup SO(3), see example 1.
The symmetry of the generalized Nariai background, however, is a product of spherical
symmetries, namely SO(3)x.SO(3) x...SO(3). In such a case, the Klein-Gordon equation
for a scalar field is separable by the decomposition

= e, () Vim: (3.35)
£m

where

d
Vim = H Y m (01, &1) - (3.36)

1=2
Here and in the rest of this thesis, for notational simplicity, we usually omit the “sum”
over frequency w in the Fourier transform. The general solution for the field ® must,
then, include a “sum” over all values of the Fourier frequency w with arbitrary Fourier
coefficients. In Eq. (3.35) we have taken into account the fact that ¢ is a cyclic coordinate
of the metric, so that it is useful to decompose the temporal dependence of the field ® in
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the Fourier basis. The sum over the collective index {¢,m} means that we are summing
over all values of the set {ly, mo, (3, m3, ..., lg, My}

Then, by inserting the expression (3.35) into the filed equation, we are lead to the
following ordinary differential equation for the components ¢,

d2

=+ w? — V;O(x)} O =0, (3.37)

where the potential Vi is the one studied in the previous section, see Eq. (3.11), with
the parameters a, b, ¢, and 0 given by:

d
06 +1 1
a=0 , b=0 | c:u2+zM L 0= —. (3.38)

Inserting these parameters into Eq. (3.14), we find that the constants appearing in the
hypergeometric equation are given by

1 . b+1) 1
a:§+zR1\/,u2+Zl2 R% _4R%7

1 . b +1) 1 (3.39)
h— - _ 2 _
y i \/“ LR iyl
c=1+1Rw.
In particular, the following relations hold:
dc—1)=1iw and da+b—c)=—iw. (3.40)

3.4.1 Scalar Quasinormal Modes: Boundary Condition (I)

Now, we are ready to impose the boundary conditions. In order to investigate QQNMs
solutions we must impose the appropriate boundary conditions. Let us start with the
boundary condition (I), described in Fig. 3.3. In this case, the field is assumed to move
to decreasing x at the boundary x = —oo while at the boundary x = 400 it should move
towards increasing values of x. Since the time dependence of the mode ¢7,, is of the type
e~ this means that e~ ™'¢y, | = —w(tte

propagating to the left (negative x-direction), while e*i“tgbzm‘x%m should go as e~ (%)

should behave as e ) which is a plane wave

which is a plane wave propagating to the right (positive x-direction). Notice that, in the
case considered in this section, Eq. (3.20) translates to

e—iwt¢zm‘w—>_oo _ ae—iw(t—x) + 6 e—iw(t—i—x) ) (341)
For the boundary condition (I), the condition for QNMs near the boundary z = —o0 is

therefore
a=0. (3.42)
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Next we study the behavior of the scalar mode near the boundary x = oco. In this region,
assuming this latter requirement to hold, Eqgs. (3.23) and (3.39) immediately yield

w ~ F(C —a— b)F(Q _ C) —iw(t—x)
Biimlasioe = I'(1—a)l(1-b)

F(a +b— C)F(2 B C) —tw(t+z)
+BF(a—c+1)F(b—c—|—1)e '

(3.43)

One can ensure the boundary condition (I) by requiring that the coefficient multiplying
e~(+7) should vanish and that the coefficient multiplying e~*(*=) is nonvanishing. Since
f cannot be zero, otherwise the mode would vanish identically, the combination of the
gamma functions has to be such that

Flc—a—-0bI(2—
I'(1—a)l(1-0)

[la+b—c)'(2—c¢)

9)
70 ad T T — et 1)

—0. (3.44)

Now, once the gamma function has no zeros, the way to achieve this is by letting the
gamma functions at the denominator to diverge, I'(a —c+ 1) = oo or I'(b — ¢+ 1) = oc.
Since the gamma function diverges only at non-positive integers, we are led to the following
constraint:

a—c+1l=-n or b—c+1=-n where ne{0,1,2,...}. (3.45)

Therefore, assuming the latter constraints and using Eq. (3.39), one eventually obtains
that

&a+1 1 i
wy = /ﬂ+§: 4R?+y%@n+n, (3.46)

with n being any non-negative integer, called overtone inder. Here, we have started to
employ the notation wj for the frequencies when the boundary condition is (I), wy; for the
boundary condition (II) and so on. The important point to note is that these frequencies
are the only ones compatible with the boundary condition (I). They are the so-called
frequencies of the quasinormal modes. Note the presence of the imaginary part in the
frequency, which accounts for a damping of the field, a feature of perturbations in the
presence of horizons. Moreover, note that the square root could also lead to an imaginary
part of the frequency, in which case the perturbation mode would be solely damped, with
no characteristic oscillation. For instance, in the case of a massless field the frequency of
the spherically symmetric mode (¢, = 0) will be purely imaginary.

3.4.2 Scalar Quasinormal Modes: Boundary Condition (II)

Now, let us investigate the boundary condition (II). In this case the mode e_i“’tqbzm
should behave as e=™(+2) at both boundaries = 400, as depicted in Fig. 3.3. Thus,
since the behavior at x = —o0 is the same as at boundary condition (I), it follows that
Eq. (3.41) remains valid for the boundary condition (II). The only difference is that in
Eq. (3.43) we should eliminate the term e~(¢=*) \hich is possible only if either I'(1 — a)
or I'(1 — b) diverge. Since a and b do not depend on the frequency w, see Eq. (3.39), it

follows that the constraints 1 —a = —n and 1 — b = —n, with n a non-negative integer,
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would represent restriction on parameters that are already fixed, like the mass p and the
radii R; that describe the background. Therefore, we conclude that, generally, we have
no solution for the perturbation when the boundary condition (II) is assumed.

3.4.3 Scalar Quasinormal Modes: Boundary Condition (III)

For the boundary condition (IIT), the mode e_i“’%zm should behave as e~ (%) at
both boundaries x = +o0o. Therefore, at Eq. (3.41) we should set § = 0, in which case
we are left with the following form at x = +o0:

~ I'(c—a—b)(c) .

z=oo " T'(¢—a)l(c—b)
I'(a+b—c)l(c) —iw(t+)
[(a)L(b) '

—iw(t—x)

efiwt¢czm|

(3.47)

In order to eliminate the term e %) we need to set a = —n or b = —n, with n €
{0,1,2,---}. Just as in the case of boundary condition (II), this constraint cannot be

satisfied in general. Thus, we have no quasinormal modes obeying the boundary condition
(III).

3.4.4 Scalar Quasinormal Modes: Boundary Condition (IV)

Finally, for the boundary condition (IV), the field must behave as e (=% at ¥ = —c0
while at z = 400 it should go as e™™{+2), Hence, at Eq. (3.47) we should get rid of the
term e (=2 which can be accomplished by setting ¢ —a = —n or ¢ — b = —n, with
n being a non-negative integer. The latter constraints along with Eq. (3.39) lead to the
following quasinormal frequencies:

d

G+ 1
=+ 2 I — — 2 1). 3.48
wrv iz +Z RJQ_ 1R 2R1( n+1) ( )

=2

This spectrum is almost equal to the one found for the boundary condition (I), the only
difference being the sign of the imaginary part. Thus, while for the boundary condition
(IV) the modes dwindle for ¢t — —oo and diverge for t — +o0, for the boundary condition
(I) it is the other way around.

3.5 SPIN-1 FIELD PERTURBATION

In this section we shall consider the perturbations on the Maxwell field A, a mass-
less spin-1 field. In this case we shall assume that the electromagnetic charges of the
background are zero, namely @)1 = (; = 0, so that we have a vanishing Maxwell field
in the background, A“Y = 0. This is important to validate the separability of the per-
turbations in the background metric and the matter fields, as discussed in chapter 2.
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In particular this means that the radii R, and R; are all equal in such a case, see Eq.
(3.4). For the calculation of quasinormal modes of spin-1 fields in other backgrounds, see
[116, 117, 118, 119].

3.5.1 Ansatz for the Separation of Maxwell’s Equation

As we have proved in the example 2, Maxwell’s equation for a spin-1 gauge field
A = A,dx" in a four-dimensional background with spherical symmetry is separable by
the decomposition

A<t7 r, 917 Qﬁl) = Z [(Gajflml dt + Giﬁlml d’f’) nl’ml

£y,my

+ Gl Vi Gy Vi ] (3.49)

£y,my Ly

Here, {0, ¢} denote the angular variables in the unit two-dimensional sphere whose metric
tensor is g,,p, as defined in Eq. (3.2), with the indices a;b; running through {6;, ¢;}. Under
this decomposition, we can rewrite each component of V#V|, A4, as products of a function
depending on the variables {¢,7} and a non-vanishing function depending on the angular
variables {6;, ¢}, so that V#V,A,; = 0 depends just on the coordinates {¢,r}. This makes
it clear the fundamental importance of using the angular basis {Y}, n,, szfml, %;ml} when-
ever the background has spherical symmetry, where Yy, ,,,, are scalar spherical harmonics
and Viml are vector spherical harmonics as defined in example 2, namely
Ve = 691 }/Zlvml do, + a(Pz }/Zlvml don

£y,my

(3.50)
1 .
= T 8@ nl,ml d&l — S 9[ 8915/2’1,% d(bl .

bmy sin 81

Notice that, since the scalar spherical harmonics are a basis for the functions in the sphere,
nothing in the arguments put forward stops us from using them to expand the components
A, just as we did for the scalar field, namely

A# = Z Gulzmz (tv T)Y&,Mz(elv ¢l) : (3'51)

£,my

However, this is not the most suitable choice inasmuch as each type of field should be
expanded in terms of an angular basis that has the same nature. Indeed, while the
components A; and A, transform as scalar fields with respect to the action of the isometry
subgroup SO(3), the components Ay, and Ay, transform as the components of a covector
in the two-sphere. Therefore, the most natural way to expand Ay, and Ay, is using a basis
of 1-forms in the sphere, namely (3.50). In particular, this latter basis of 1-forms acquires
an elegant form in terms of covariant derivatives in the two-sphere, denoted here by @az-
Starting from the spherical harmonic Yy, ,,,, which are scalar fields in the two-sphere, and
taking covariant derivatives, we find that the 1-forms (3.50) can be elegantly expressed
as:

Vi = Varda® (3.52)

where the components V= = V=(6;, ¢;) are defined as

Vva-:_ = @az nz,mz and ‘/aj - EUJZCZ@CZYZZ,ml ) (353)
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with €,,5, being the volume form in the [th two-sphere.

We are ready to expand, in a natural way, the spin-1 field perturbations A = A, dz*
in the generalized Nariai background whose symmetry is a product of (d — 1) spherical
symmetries. So, a lot of the formulas thus established for the spherically symmetric in
four dimensions case still remain valid by formally replacing Yy, ,,, by the product of scalar
spherical harmonics defined in Eq. (3.36), namely YV, = H?:z Yi, m,- For instance, A;
and A, are scalars with respect to the (d — 1) spheres and should be expanded in terms

of product of scalar spherical harmonics just as we did for the scalar field, namely Eq.
(3.35)

—iwt A+
A= S e AL, Y,
lm

Ae=> e ™AL, Vi, (3.54)

lm

where Ag,,., A, are arbitrary functions of the tortoise coordinate z, Eq. (3.30), and
the sum over {¢,m} means the sum over all possible values of the set {fs, ma, (3, m3,
.., lg,mq}. Beside this, we would say that the objects V;zliml are 1-forms with respect to
rotations in the [th sphere. However, strictly speaking, Vzliml must depend on all indices
{la, ma, l3,m3, ..., L4, myq} and not just on {ls,my} as suggested by the notation Viml.
So in order to be consistent with this requirement, a natural generalization for arbitrary
d is provided by

Vi = Varda™ (3.55)

with VE being defined in terms of V= as follows:

d
V;l; = ‘/a:lt<91’ gbl) H Yén,mn (en’ QSTZ) ) (356)

n=2,n%#l

where V:;[—L have been defined in Eq. (3.53). It follows, then, that

Ag, dz® = Ze—iwt (A Vit + Al Viem) (3.57)

lm

where Aﬁm are generic functions of x. One can easily check that the 1-forms Vﬁm defined
in Eq. (3.55) have the same form as those for the 1-forms Vzliml defined in Eq. (3.50) just
replacing ¢;, m; by [, ¢m and Yy, ., by Vem.

With these objects and taking into account the symmetries of the background consid-
ered here, namely Eq. (3.31), a suitable ansatz for the gauge field in order to separate
the field equation is provided by

d
A= e (A, dt+ ALy de) Vo + Y (Al Vi + Ao View) | - (3:58)
‘m =2

The final general solution for the field A must then include a “sum” over all values of
the Fourier frequencies w with arbitrary Fourier coefficients. This is the most natural way
of writing the degrees of freedom of the Maxwell field which comes from the fact that it is
a spin-1 field and, therefore, the spherical symmetries should show up in terms of vector
spherical harmonics.
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Notice that we can use the freedom of choosing a gauge to simplify the general form of
the Maxwell perturbations. Indeed, the above expression can be rewritten in the following
form

A — § :e—iwt
lm

d
(Ag,ﬁm dt + A, dx) Ve + > A Vi
=2

+d (Z Al;mym)] : (3.59)

=2

where .
Af e = Al — 0. ) AL, (3.60)
=2

In a U(1) gauge field theory, the last term does not represent a relevant degree of freedom
inasmuch as it is an exact differential and therefore we can eliminate it by means of a
gauge transformation. Doing so and dropping the tilde, we can say that the most natural
ansatz for a 1-form gauge field in generalized Nariai background, which is a problem with
a product of (d — 1) spherical symmetries is:

d
A= (Al dt + AT d) Vo + > A Viw | - (3.61)

4m =2
At this point, it is worth recalling that for a given ¢;, the object ngl should transform
as (—1)%, while V" should go as (—=1)“*! under a parity transformation in the Ith two-
sphere, namely Eq. (3.8), which is a consequence from the fact that Yy, ,, oy (=1)4Y%, 1,
However, the symmetry of the generalized Nariai background is a product of spherical

symmetries. So, under a parity transformation in each of the spheres, we find that the
scalar YV, = H;izz Yy, m, transforms as

which implies that Vﬁm pery +(—1)ttettla Vﬁm. Objects that transform in the same
way as YV, under a parity transformation are said to be even, while objects that gain an
extra minus sign compared to )V, are said to be odd. In particular, we say that Vf’}m has
even parity, (—1)2+%++4 wwhile VY, om has odd parity, (—1)fetbetttatl Tt follows that
we can write A as

A=A+ A, (3.63)
where the objects A* defined by

AT = Z et (Aafgm dt + Aiem dx) Vim

lm

(3.64)
d
A= D A Vi
m =2

transform as A= %08 4 (—1)f+bt+a A% In particular, this means that A is an even
field with parity (—1)%2*%+-+4 while A~ is an odd field with parity (—1)%+et-+a+l
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3.5.2  Maxwell Quasinormal Modes: Odd Perturbation

Spin-1 field perturbations are governed by Maxwell’s source-free equations
V,F*" =0, with F, = 0,4, — J,A,, (3.65)

where F* is the Maxwell tensor and A* are the components of the gauge field (3.63).
Now, since the generalized Nariai background metric does not change when a parity
transformation is applied in each of the spheres, we expect that the perturbation equa-
tions will not mix the A" and A~ parts since these have different parities, namely
(—1)fettsttla gand (—1)f2Fbt+a+1 and the background is invariant under parity trans-
formation. Thus, in order to find the general solution one can first ignore the part A~
and integrate for A™; then, set A" to zero and find A~. This separation represents no
loss of generality.

By an odd perturbation we mean the most general perturbation for a given set of

spherical harmonic indices {5, my, €3, ms, . .., Lq, My} and parity (—1)2+THatl namely
d

A =D e ™AL Vi, (3.66)
Im 1=2

Inserting this ansatz into Maxwell’s source-free equation, we end up with the following
differential equations obeyed by the components A,

E, = {% + w? — I/;zl(x)} Al (@) =0, (3.67)
E, = E,; =0, (3.68)
E, = [% + w? — V(x)} Al (@) =0, (3.69)
E, = E, =0, (3.70)

where the potential Vi_; is the one studied in the previous section, see (3.11), with the
parameters a, b, ¢, and 0 given by:

d
NUES! 1
a=0 , b=0 |, c:Zl(lT;;) S =g (3.71)
=2

Then, assuming that E, = 0, which implies that E; = 0, it follows directly that A;gm
obeys the same equation as that for the scalar field mode ¢} when the scalar field has
vanishing mass (¢ = 0). Thus, the quasinormal spectrum associated to this component of
the Maxwell field must be the same as the one for the massless scalar field. In particular,
this means that for the boundary conditions (II) and (III) we have no QNMs, while for
the boundary conditions (I) and (IV) the allowed frequencies must have the form

d .
él(&—i-l) 1 [
= + — 2 1
w= 2L Y
(3.72)
d .
gl(gl—i-l) 1 7
= £ — — 2 1).
S PR A TR TR
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3.5.3 Maxwell Quasinormal Modes: Even Perturbation

By an even perturbation we mean the most general perturbation for a given set of
spherical harmonic indices {fa, Mg, (3, ms3, ..., {4, my} and parity (—1)%2++-+ namely

Z e (A g At + AT d) Vi - (3.73)

Inserting this field perturbation into the Maxwell equation, we are eventually led to the
following equations obeyed by the components A, and Af, :

d
d[1/d b fz + 1
Et+ = % |:? <d Aa_ém + ZWAl fm):| Z Oém = O’ (374)
1=2
d
1 /d 06+ 1
Ef = iw {? (@A&m + z’wAlfém)] +y %%”Ahm =0, (3.75)
1=2
d
B = —Ef —iwE} =0, (3.76)
Ej = E; =0. (3.77)

In order to solve this set of equations, it is useful to use the function zzlgm = Agm(x) defined
by

. 1/d .
Afm = ? <%Aa_,€m + Z(A)A—ltém> s (378)

instead of the degrees of freedom ABL, om and A&m inasmuch as fulgm is the field that satisfies
a Schrodinger-like differential equation. Indeed, it follows immediately from the relation

d oy +_|d A —
d_:cE +iwE} [dz + w? — Vo (:L‘):| Ap(z) =0, (3.79)

which is a consequence of the components E;" = 0 and E;” = 0 of Maxwell’s field equation,
that Agn obeys the same Schrodinger equation as A, with the same effective pontential
and, therefore, has the same spectrum, namely Eq. (3.72). Now, assuming that Agm is a

solution of Eq. (3.79), the identities F;" = 0 and E; = 0 lead to the fact that A, and

Aiﬁm are related to Agn by the following equation:

d -1
o +1)\  d s
A= (222 24, 3.80
0,fm ( R[Q dx m 5 ( )

=2

d -1
b0 +1 oy
Al g = — (Z v 1) lng )> iw Ay, - (3.81)
1=2

Thus, the components A&m and A, of the gauge field must have the same spectrum

of flgm. Indeed, using that Agm satisfies (3.79), we can easily check that Ao om and A1+7€m
obey (3.79), but with a source, namely,

d

v d )
. +w? — Vszl(x)} Af () oc b0 Aun(t, :L’)%Vs:l(a:) (i=0,1), (3.82)
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where ;9 is the Kronecker delta. The general solution for a linear differential equation
with a source is given by the general solution for the homogeneous part of the equation
plus a particular solution that depends linearly on the source. Now, once the dVi_;/dx

goes to zero at the boundaries © = +oo, it follows that near these boundaries A,

satisfies the same Schrodinger-like differential equation as Ayg and, therefore, yield the
same spectrum. Summing up, we have obtained that all the degrees of freedom of the
Maxwell field have the same spectrum, given by Eq. (3.72).
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4 SPIN-2 FIELD PERTURBATION

It is well known that linear differential equations are widely used for describing a
lot of phenomena related to perturbation propagation of different kind of information in
different branches of the sciences. In physics, more precisely in General Relativity, the
great triumph of the perturbation theory involves its application in gravitational waves,
which are probably one of the most relevant predictions of Einstein’s General Relativity
theory. This theme acquired even greater importance after the recent measurement of
gravitational radiation. This makes spin-2 field perturbations one of the most important
perturbation types among several types of field perturbations. In particular, the detection
of their quasinormal modes in gravitational wave experiments allows precise measurements
of the charges of the gravitational background, such as the mass and spin. In this chapter,
we analytically obtain the quasinormal spectrum for the spin-2 field perturbations in
generalized Nariai spacetime. A key step in order to attain this result is to use a suitable
basis for the angular functions depending on the rank of the tensorial degree of freedom
that one needs to describe. Here we define such a basis, which is a generalization of the
tensor spherical harmonics that is suited for spaces that are the product of several spaces
of constant curvature.

4.1 FIELD EQUATION FOR THE SPIN-2 PERTURBATION

In this chapter we shall consider the perturbations on the gravitational field, a massless
spin-2 field, in the generalized Nariai Background, gflfv . Here we shall assume that the
electromagnetic charges of the background are zero, namely ); = @; = 0, so that we
have a vanishing Maxwell field in the background, A%Y = 0 and hence the gravitational
perturbation decouples from the electromagnetic perturbation. In this case, the field

equations reduce to Einstein’s vacuum equation with a cosmological constant A
R/u/ = Aguy . (41)

It is worth pointing out that while in previous chapters Einstein’s vacuum equation was
not assumed to hold, so that the spheres of the generalized Nariai background could
have different radii, depending on the electromagnetic charges of the background, here we
have assumed vanishing charges, so that the gravitational perturbation decouples from
the electromagnetic perturbation. Otherwise, we would have to consider the gravitational
and electromagnetic perturbations simultaneously, since the electromagnetic perturbation
field would be a source for the gravitational perturbation.

Let us perform a small perturbation A, in gflfv such that the perturbed metric can
be taken as the sum of unperturbed background metric and the perturbation,

Juv = gffv + (4.2)

where h, is assumed to be “small”. By small we mean that plugging the above equation
into Eq. (4.1), the terms of order ~ hfw and higher can be neglected in the first order
approximation. Linearizing then Einstein’s vacuum equation around gf,fv we end up with
the following equation for h,:

S(Ruw —Ngu) =0 = 2V'Vihy, — Ohyy — ViV h— 20hy, =0, (4.3)
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Where V. is the Levi-Civita covariant derivative with respect to unperturbed background
g N and O = V¥V, with the indices being raised using the inverse background metric,
gGN #¥_ The background spacetime considered here is the direct product of the de Sitter
space dSs with (d — 1) spheres S? possessing three independent Killing vectors K, (p =
1,2,3) that generate rotations, namely Eq. (3.7). In particular, this means that

JgK ¥ gW 0 (44)

where the operator £k, , is the Lie derivative along K,;. Now, since the Levi-Civita
covariant derivative depends only on gGN it follows that £x,,V, =V, £k, ,. Hence, the
operator that acts on hy, in Eq. (4.3) commutes with £x_,. Thus since £K generates
infinitesimal rotations in the Ith sphere, it turns out that if hW is a solution of Eq (4.3) its
rotated version will also be a solution. This humble assertion has an important practical
consequence, namely when we expand h,, in terms of irreducible representations of SO(3)
we just need to consider the elements of the representation basis with m; = 0, where m; is
the eigenvalue with respect to K3 ;. The other possible values for m; can be attained by
applying the ladder operators, which are just linear combinations of rotations generated
by K;; and Ky ;. This leads to great simplification in the calculations. We shall return
to this point when we introduce the basis used to expand the components of h,.

When the electromagnetic charges of the background vanish, the radii R, and R, are
all equal in such a case and given by

Ry =R =AY2 (4.5)

In particular, the surfaces r = =R, are event horizons in which the boundary conditions
of the quasinormal modes will be posed, as discussed in the section 3.3, see also [93].

42 ANZATZ FOR THE SEPARATION OF THE LINEARIZED EINSTEIN FIELD
EQUATION

As we have proved in example 3, the linearized Einstein field equation for a spin-2 field
perturbation h = h,,dx*dz" in a four-dimensional background with spherical symmetry
is separable by the decomposition

h— Z iwt [(Htt dt* + H,, dr* + 2H,, dtdaz) Yo, m, (det + H;de) VE?L,mZ
£;.my

(4.6)
+H®T? 4+ HTTF

4, mz 4 mz] ’

+ (H;dt+ H;dx) V,

Zl my

+H T,

£,my

where the basis {Yy, ,, V-

ly,my) fl my? Zlm

the objects V,'  stand for VEdz® where

} has been defined in chapter 2. For instance,

‘/;Jj» = Vlll }/el:ml and Va; - ealcl vqnl,ml 9 (47)
and the objects Tfﬁf” stands for Tf?l;lidx“ldmbl where

@ A
Talbl nhml Gaby
Vazvbz Yfl my (4'8)
~ v vis
= eazclvbzv Ykzﬂm + eblclvalv lYKlvml :

alb

T

aib
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The ten H’s are functions only of z and they account for the ten degrees of freedom
associated to hy,, in four dimensions. V," T, —and T,  have even parity, namely
transform in the same way as the scalar YZZ’” under a parity transformation, given by Eq.
(3.8), while V" T, . have odd parity. With this ansatz for h,,, it is much easier to
integrate Eq. (4.3) than using just the scalar spherical harmonics to expand the angular
part of the field.

With Eq. (4.6) at hand, we are ready to expand, in a natural way, the gravitational
perturbation h = h,, dx*dz" in the generalized Nariai spacetime for arbitrary d. Indeed,

let us decompose the perturbation h = h, dz"dz" as

d
h= Dy dt® + 2Ny, dide + hyy da® + Y hya dadt + hyq,dae® da

=2

d d d
+ Z Py, dz®da + Z Z hap, dz®dz’  where ay,b; € {0;, ¢} . (4.9)

=2 =2 n>I

h = hy dt* + 2hy, dtdx + hy, do?

d
+ > hyqdatdt + hyg,da dx

=2
d d d
+ > Ry datda® + > 0 " hap, da®datt (4.10)
=2 =2 n>l

Given the spherical symmetry of the background in each of the spheres, we now de-
compose and classify the gravitational perturbations according to the SO(3) isometry
subgroup associated to each spherical part of the line element. The components hy, hy,,
and hy, are scalars with respect to the (d — 1) spheres and, therefore, their angular de-
pendence should be given by the product of scalar spherical harmonics )y, just as we did
for the scalar field, namely Eq. (3.35)

h =Y e Hf Yom,
lm

hiz = e " Hf Vi, (4.11)
lm

o —iwt 17+
h:m:— E € nggyfma

lm

where H,. H,' and H are generic functions of the tortoise coordinate x, namely Eq.
(3.30). Strictly speaking, all 2d(2d+1)/2 functions H’s which account for the 2d(2d+1)/2
degrees of freedom associated to h,, in D = 2d dimensions depend on spherical harmonic
indices {¢,m}. From now on, such indices will be omitted in the fields for notational
simplicity.

In their turn, hy, and hg, behave as the components of a 1-form with respect to
rotations in the [th sphere, but behave as scalars with respect to rotations in the other
(d — 2) spheres. Thus, a suitable basis for the angular dependence would be {Vlﬂf&m} just
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as we did for the Maxwell field, namely Eq. (3.57)

Pgg, dz = Z e (Hyf Vi + Hy Vigw)
lm

(4.12)
Piga,dz® = Z T (HE YV + Hy Vi)

lm

where Hfi om and H ;S,Em are generic functions of x.

In an analogous fashion, h,; behaves as a symmetric rank two tensor with respect
to rotations in the [th sphere and as a scalar with respect to rotations in the nth sphere
when n # [. Thus, a suitable basis for the angular dependence of this part is

T5E =T (01, 1) H Y™ Oy b)) » (4.13)

n=2,n#l

where Tf?bl and T;:bj have been defined in Eq. (4.8). The corresponding tensors are, then,
defined by .
= =+ A+
Toom = Tow dO} + 2Ty d0iden + T,oorddy, (4.14)

where 7,9 ~and T} have even parity, while 7, has odd parity. Any symmetric rank
two tensor satisfying the above properties under rotation can be written as a linear com-
bination of these tensors

Ry da da = Z N HE TS A+ HE T+ H Tign) (4.15)

lm

with Hl@’i being arbitrary functions of x.

A more tricky type of component is h,,p, with n # [, which behaves as the components
of a 1-form under rotations in the nth and [th spheres, while it behaves as scalars with
respect to rotations in the other spheres. We need a basis for the angular dependence
that has this property. On top of that, we would like the basis elements to have a definite
parity. A way to fulfill these constraints is defining

W+bl = V+( n7¢n) (6, &1) H Yo mi Ok, O1) (4.16)
k#n,l

ng,bl = ( m¢n) (6, 1) H Yo my, (Oks &) (4.17)
k#n,l

Wajlbl = Va+( n7¢n> 9l7¢l H }/Zk,mk ek‘a(bk‘) (418)
k#n,l

WE =V (0, 6u) Vil (01,81 T Yerm, Ok 1) - (4.19)
k#n,l

Using these components we can define the symmetric rank two tensors W1, W3,
and WS in the natural way. For instance,

nl’

Wotim = W+0 dbndb) + Wy, d0nddy (4.20)
Woo,dondby + Wy 5, dpnder, (4.21)
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and analogously for the other three tensors, so that

by —i
hagp, da® du™ = Ze ! (HZJTFL Wfﬁ,zm Wlnem Hy Wi m + H, W, em) , (4.22)
m
with H,, =0 being arbitrary functions of z. Wln o and WP om Dave positive parity, as

they transform in the same way as Vi, under a parity transformation, while Wy, and
Wln m have negative parity. Note that the odd parity modes come from the product of
modes with opposite parities, whereas the positive parity modes arise from the product
of elements with the same parity. The preceding steps used to find a suitable basis for the
angular dependence should not be underestimated. Indeed, the perturbation equation for
h,. is quite involved and can lead to an unbearable entanglement between the components
of hy, if a natural basis is not adopted.

Thus, inserting the expansions (4.11), (4.12), (4.15) and (4.22) into Eq. (4.9), we
conclude that a suitable way to expand the gravitational perturbation h = A, dz"dz" is
as follows:

h=Y e [(H;;d# + 2 dtde + Hdo®) Vo (4.23)
m
d
+ Z (Hyf Vi + Hy Vi) dt + (Hi V0 + Hy Vi) da (4.24)
+ZH+ lZm+H®7;€m+Hl_7;,2m (425)
+ Z Z Hl—;Wl—:L,ém + HZGELWIGTBL,@m + H ln @m Wln Zm] (426)
=2 n>l

where the H’s are all functions of the coordinate x. Counting the number of independent
functions, we have three coming from the first line of the right hand side of the previous
equation, namely from H,}, H, and H}; in the second line there are (d — 1) functions

tx xx?
H; and, analogously, more 3(d — 1) components stemming from H,,, H},, and H_; in

tl zl’
the third line we have 3(d — 1) independent functions; finally, in the fourth line we should
recall that n > [, so that there are 4%

functions, we have:

functions. Summing the number of these

2d(2d + 1)

B44(d—1) +3(d—1) +2(d - )(d —2) = ———,

(4.27)
which is exactly the number of independent components of 5, in 2d dimensions, as it
should be. This proves that no possible degree of freedom of the perturbation field is
being neglected.

Once we have made an appropriate expansion for h,,, we are ready to start the
integration process of Eq. (4.3). In order to do so, we can take advantage of the spherical
symmetries and only consider the cases m; = 0, for all [, so that no ¢; dependence will show
up. Thus, any derivative of the type 0y, will not contribute, including those appearing in
the definition of our basis. For instance, Vd'; and V, are automatically zero in such a case.
As explained before, this will represent no important loss of generality, since the other
solutions can be generated by applying rotations to the ones with m; = 0. Moreover, in
this work we are only interested in the frequencies of the quasinormal modes, which are
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invariant under the rotations in the spheres, so that we do not even need to bother on
generating solutions with nonzero values of m;.

4.2.1 Gauge Transformation

While working with QNMs, a source of simplification in the calculations performed
arise from the gauge freedom in choosing the elements h,, coming from freedom in choice
of the coordinate system. Indeed, if we perform the change in the coordinates

= Tt =2k 4P, (4.28)

where (* = (#(z) is infinitesimal, it follows that the components of the metric in the new
coordinate system are given by

uv gp,l/ = 9w + V,uCu + VVCM .

Thus, performing the perturbation (4.2) in the metric followed by the infinitesimal coor-
dinate transformation (4.28) is equivalent, to first order in the infinitesimal parameters,
to performing just a metric perturbation with the perturbation field being

h,uz/ - huu + v,uCu + vl/(:u . (429)

Since physics is insensitive to coordinate transformations, it follows that the transforma-
tion

by = Iy + V6 + VoG (4.30)

is just a gauge transformation, namely it does not lead to changes in the physical results.
In particular, these transformations do not change the quasinormal spectrum of the grav-
itational perturbation. In what follows we will perform a wise choice for the vector field
¢* in order to eliminate some degrees of freedom of the perturbation field.

4.3 GRAVITATIONAL QUASINORMAL MODES

When a parity transformation (3.8) is applied in each of the spheres, we can split
h into a sum of two distinct classes of perturbation under this latter transformation as

follows:
h=h"+h", (4.31)
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where the h* parts given by

ht =3 e [(Hgdtz +2H dtdy + Hdo?) Vo

Im

d
+ Z (HyVimdt + HAV o de + H T, + HE TS,
=2

d d
DD HE Wi+ HE W

=2 n>l
(4.32)
d
h™ = Z Z e ! [(HJ dt+ Hp, dx) Viem T H Ty,
Z;n =2
+ > (Ho Winom + Ho Wi )] (4.33)
n>l

transform as h* 258 4(—1)f+b+-+lh Ip particular, this means that h* is an even
perturbation with parity (—1)%2+%*-+4 while h™ is an odd perturbation with parity
(—1)f2tbtFlatl We can take advantage of this fact inasmuch as the field equation for
h,., do not mix components with opposite parities. Thus, in what follows we will separate
the integration of the perturbation equation in the odd degrees of freedom, which will be
tackled in the next section, and the even degrees of freedom, which will be considered in
section 4.3.2.

4.3.1 Odd Perturbations

By an odd perturbation we mean the most general perturbation for a given set of spher-

ical harmonic indices {fy, Mo, l3,m3, ..., {4, mq} and parity (—1)%2+st-Fla+1l namely
d
he = Y0 e [(Hy di+ Hyyde) Vi, + Hy T,
Im [=2

d
+ Z (H,, Wi om + Hi,, Wl%,em” :

n>l

However, one can eliminate some degrees of freedom by means of a gauge transformation.
Indeed, performing the transformation (4.30) with ¢, given by

d
Cudat = ey " H; Vi, (4.34)
=2
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it follows that the transformed field iLm, is such that it has the same form as depicted in
the expansion (4.34) but with the fields H~(x) transformed to H~(x) where

[EIt? =H,; +iwH,

= Hy, — &£ H

H =0, (4.35)
H, =H,—-H,,

HS = HS — H; .

Thus, we see that the components H, of the ansatz (4.34) can be eliminated by a gauge
transformation, while the other components just get redefined. Thus, in what follows we
can ignore the degrees of freedom H, and consider that the gravitational perturbation is
given by

d
h- = Z Z e ™ [(Hy dt + Hy dx) Vi,

Im =2
d
+ Z (Ho Wi om + o Wi om) ] -
n>l

Now, inserting this perturbation into the field equation (4.3), we are eventually led to
the following equations:

_ d\|\1/d ___ . - _

By = dr {? (%Htj + ZWHxl)} —A(k—2) Hy —iwA Zn# kin(Hy,, + Hy) =0,
. wfd 3 d 5 B

E = 0 %Hﬂ +iwH, | = Ak —=2)H, + A Fn (H;, + H,) =0,

_ 1(d . _

2
Eps, = % (Hy + Hy,) + [w* = fA (5 = 2)] (Hyy + Hy,) = f By, =0,
(4.36)
In the left hand side of these equations, the objects £, are just to stress that the equation
E,, = 0 comes from imposing the component uv of Eq. (4.3) to hold. The components
that do not appear above, like E;; are identically vanishing. In the last line of Eq. (4.36)

it is being assumed that n # [. Above, we have also used the definitions
d
R = gl(& + 1) and k= Z KRy . (437)
1=2

Thus, the above equations comprise all the restrictions associated to the odd perturbation
equation obeyed by h, .

In order to attain Eq. (4.36), we have assumed that the spherical harmonics Y7, , (61, ¢1)
have m; = 0, which is justified by the spherical symmetry, as explained before. So, we
have used Yy, , = Yy, (0;) where Yy, (6;) obeys the following differential equation:

1 d d
— | si —Y, Y, =0. 4.
Sin 0, db, (sm 0; a0, gl) + K1Y, =0 ( 38)
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In the equations displayed in (4.36), the fields H;, and H, appear only by means of
the combination (HS, + H;,). Note, however, that we are always assuming that n # [, so
that either n > [ or n < [. These fields were defined through Eq. (4.34), where it is always
assumed that the second index is greater than the first. Thus, the fields H,. and H,, with
[ > n are not defined. Hence, the convention in Eq. (4.36) is that these undefined fields
are zero. So, what might appear as two fields in the sum (H; + H_,) is, actually, just

one field. Indeed, if n > [ it follows that H_, vanishes, so that (H; + H_,) = H;, while
if { > n we have (H;] + H_,) = H_;. Summing up, in Eq. (4.36) we have

H,, ifl>n
(Hp + H,)) = : (4.39)

Hp | ifn>1
Assuming that Ej, , vanishes, in accordance with the third equation in (4.36), it
follows from the last line in (4.36) that the fields H,, and HS, both obey a Schrodinger-like
differential equation where the effective potential is the well-known P6schl-Teller potential,
namely is the one studied in the previous chapter, see (3.11), with the parameters a, b, c,

and 0 given by:

a=0 , b=0 , ¢c=A(k-2) , 2=VA. (4.40)

Such a Schrodinger-like differential equation with the above potential is the well-known
Poschl-Teller equation that can be integrated analytically [95]. In order to find the spec-
trum of frequencies of these components, we need to aplly the appropriate boundary
conditions. However, the above equation is the same equation obeyed by the scalar field
mode ¢% when the scalar field has vanishing mass (@ = 0) and when the constraint
Ry = R, = A~'/2 holds. Thus, the quasinormal spectrum associated to this component
of the gravitational field must be the same as the massless scalar field one. In particular,
assuming that the boundary condition for the perturbation field is as depicted in Fig.
3.3, it follows that the boundary conditions (II) and (III) lead to no QNMs, while for the
boundary conditions (I) and (IV) the spectrum of allowed frequencies is

wl—\/K \//{—g—i(nJr%)
' _ (4.41)
wrv \/K MI{—Z‘FZ(H‘F%)

where n € {0,1,2,---}. For more details on the calculation of the spectrum and on the
choice of boundary condition, the reader is referred to Refs. [60, 93]. Thus, summing up,
we have just proved that the spectrum of the degrees of freedom H;, and H; is the one
given in Eq. (4.41). It remains to check whether H;, and H_, have the same spectrum.
Defining the field

1 (d,
=5 (@Hﬂ +2mel> , (4.42)

it follows immediately from the equation

d .
@Eﬂm + iwEyy =0 (4.43)
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that H ;. also obeys the Poschl-Teller equation (4.40) and, therefore, have the same spec-
trum of the fields H;, and H, , namely (4.41). Then, by means of the equations E, =0

and £, = 0 we can write the fields H;; and H_; in terms of the fields that obey the
Poschl-Teller equation. More precisely, we have:

1 d o Tw

H —— Y J(HS + H
" Ar—2)de R_QZWM( mt+Huy)
(4.44)
H, Ly e ) - gy
= Koy — - ——— _H .
xl K —92 n#l dr In nl A(I{ _ 2) l

So, H,, and H_, must have the same spectrum of FI[, H, , and H;, namely (4.41).
Indeed, since fields FI[, H, , and H; obey the boundary condition depicted in Fig. 3.3,
it follows that near the boundaries x — o0 (r — #1/v/A) the behavior of these fields
is T2 Thus, linear combinations of these fields and their derivatives will also obey
the same boundary conditions. Another way to understand why H, and H_ have the
spectrum (4.41) is by applying the differential operator that acts on H in Eq. (4.40) to
the above expressions for H,; and H_,. Doing so, we can check that H, and H_, obey the

Poschl-Teller equation with a source, namely

2
& e A=Y e pd (4.45)
dx? cosh?(vVAz)| " dz

where F; = Fj(z) is some field obeying the Poschl-Teller equation and likewise for H_.
The general solution for a linear differential equation with a source is given by the general
solution for the homogeneous part of the equation, which in the latter case is the Péschl-
Teller equation, plus a particular solution that depends linearly on the source. In the case
of interest, the source goes to zero exponentially at the boundaries, due to the term df /dx.
Hence, near the boundaries H, and H_, obey the Péschl-Teller equation and, therefore,
yield the same spectrum (4.41).

So far, we have imposed and solved the equations E;, =0, £, =0, and E, , =0,
whereas we have just assumed E, , = 0 to be true, without really solving it. However,
inserting the latter expressions for H;, and H_, in the third line of Eq. (4.36) it follows
that £y, = 0 whenever H; and H, obey the Poschl-Teller equation (4.40), so that the
constraint £, , = 0 is already guaranteed to hold once the other equations in (4.36) are

solved. In conclusion, all degrees of freedom of the odd perturbation have the spectrum
(4.41).
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4.3.2 Even Perturbations

By an even perturbation we mean the most general perturbation for a given set of
spherical harmonic indices {fa, Mg, (3, ms3, ..., {4, my} and parity (—1)%2++-+ namely

h=Y e [(Httdt2 + 2Hdtdr + Hypda®) Vi

Im

d

=2
+ Z Z n Km Hl?i Wl?i,ﬂm] ) (446)
=2 n>l

Then, performing a gauge transformation (4.30) with

—twt

d
AYdt+ BYdz — Y HV},,

=2

Cudxt =

)

where A = A(z) and B = B(x) are functions of the coordinate x given by

A = —iwH — 2H], (4.47)
d
= o HT -2, (4.48)

it follows that the transformed perturbation field BW is such that it admits an expansion
just as depicted in Eq. (4.46) but with the fields H(z) transformed to H(z) where

/
H, = Hy; — fo ( Hf — 2H;2) — W*Hy + 2iwH},,
) f/ - + o d oy
H,, = Hy — i H —2H, ) + ﬁH - 2%HI2,
~ " d o d d
H, = H, — Zf_f (@H; — 2H;“2> — zw%H; — 2%}[;5 + iwH],,
~ w
A = Hj - Hy - O (Hf - HY) VI£2,
~ 1d
Hjy = Hy— Hjy+ 5—— (Hf — HY) VI#2,
~ 1
AR = HE - L (H + HY)
oy = 0,
o, = o0,
or = 0. (4.49)
Hence, without loss of generality, we can set
oh,=0 , HL,=0 , H'=0, (4.50)

since the these (d + 1) degrees of freedom can be eliminated by a gauge transformation,
whereas the other H’s are just equal to the previous H’s added by functions of . Thus,
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assuming this gauge choice and dropping the tildes, we can assume that the perturbation
field has the form

d
h=>Y e [(Httdt2 + 2H,pdtdx + Hywda®) Vo + Y (Hif Vi, dt + HLV, dx)

Im =3
+ Z Z ln €m ln fm + Z H® lém:| ; (451)
=2 n>Il

Now, inserting this ansatz into the field equation (4.3), we find the following differential
equations obeyed by the fields H’s:

d? d
Ef = 5 Hu — 2w d—Hm—i—A(Z—mf) Hy — (w® 4 2A) Hyy
5[ e L d ye
+ 2 fl2 Zle)_ﬁ IﬂHl‘i‘dH
" d
+ éff (dxHxx 30 Htt‘l—QZWHtx) = O,
El = E [mfi (l ) +iwk HY — Ky Hm—l—Zzw\/_ (LHPH =0,
CLTdr S Vi
L& o d
Exr = @Htt — 21w %Htx — [(A) +A(2— Iif)] Tx +2A Htt

d /

d & o d o
_2Afz i+ T Hj - 37 s + ]

d
+ Lf( wa—?)_Htt+2ZWHt:E> =0,
L

1
Eyp = - ( szJr)} + iw [? ( in;[)} —ANk—=2)H +
1 d .
Z -l
- ? %Hm * ﬁ <Htt * Hﬂm + A n=2 lWH@ + ek, ) ZwE¢l¢l =0,

o [1/d , d[1[/d :
Efy = iw {? (—xH;{ - sz;Fl)} + i | 7 (%H;l - le;{)} — Ak —2)H}+
d

. d
d 52 + 1
+ = Htl’ YA _.Z' (Htt + me) + A; (%Hn + /ﬁ:nHa:n) - %E@(f’l O
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2

d
Egg, = 5 (Hb + Hy) + [ = Af(k = 2)] (Hj, + HY) = Ef 5, — Ej 5. =0,

dx?
2
E;rmﬁnzd (H69 Hfj)—l—[Q K—Q} :O,
1/d d
Eé)ldn = ? (_H;:rl - Z("J[—Iz;lr) +AH1® Z H® + ’fn H+)]
=2
+ L (Hy— Ha) =0
2f tt — - )
I7 d? @
Ejo = 257+ [ =Mk =2)] HF =0,
I _
B, = By, =0,
7 _ I I
E9191 = E¢>l¢>l + 2Ky E¢l¢>z =0, (4'52)

where f stands for df /dx. The great advantage of using the angular basis {Vn, V/, o
7,5 Imo -+ }, instead of just using the scalar spherical harmonics )y, is that when we com-
pute the components of the perturbation equation (4.3) the angular dependence auto-
matically factors as a global multiplicative term, so that we end up with equations that
depend just on the coordinate z, as we have seen in the odd perturbation in the previous
section and as we just saw in the above equations for the even perturbations. Neverthe-
less, in components ¢;¢; and 6,0, of the even perturbation equation the angular functions
do not factor out automatically, rather we face an equation of the following type

Ly o() = 0. (4.53)

P(x)Yy,0(601) + Q(z) cot 6,— 0

However, in general, the spherical harmonic Y, ¢ is linearly independent from cot QIdioltho,
so that the latter equation implies both P(z) = 0 and Q(z) = 0. This is the reason why
the equations that stem from the components ¢;¢; and 6,0, are split in two separate
constraints, which are denoted in Eq. (4.52) by E} ,, E}!, . Ej,, and Ejf . The only
case in which we cannot conclude that P(z) and Q(z) are both zero in Eq. (4.53) is when
the two angular functions are linearly dependent, namely when

d
g Ynol#) =0 (4.54)

for some constants o and (. Integrating this constraint, we conclude that the linear
dependence happens only if

a Yy, o0(6) + B cot §—

Yi,0(0;) = ¢ (cos 6;)*/7 (4.55)

where ¢ is some constant. This is true only for ¢, = 0, in which case o/ = 0, and for
¢; = 1, in which case o/ = 1. Thus, for any ¢, > 1 we can promptly assume that, in Eq.
(4.53), P(x) and Q(x) are independently zero.

From the equations Eét@ 0 E¢z¢> =0 Eé{m = 0, we have that the fields H;", H
and H;” obey the Poschl-Teller equation, namely Eq. (4.40). In particular, assuming the
QNMs boundary condition, it follows that the spectrum of allowed frequencies is give by

Eq. (4.41). Now, defining the fields V;;, = Vi, and V}}T = V{/] as

1/d d
‘/E{l = f (d H+ + ZCUH;} — %Ht—; — ZUJH;;.L) s
II 1 d + : + d + ; +
‘/ln = ? %Hﬂ + ZCUHH — %Hxn — ZUJth s (456)
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it follows immediately from the identities

d , d?
7 (B, = By,) +iw (Bl = Bl ) = Vi + [0* = (k= 2) f] Vi = 0,
(4.57)
d + + . + + d’ 11 2 11
— (Ely — Ely,) +iw (B, — Bj, ) = Vi + [0 = Ak =2) [] V' =0,

which is a consequence of the fact that the components Ejj = 0 and Ej, = 0, that V}}
and VjII also obey the Pdschl-Teller equation and thus, the spectrum associated to these
degrees of freedom is given by Eq. (4.41).

It is worth recalling that we use a gauge transformation to eliminate some degrees
of freedom of the perturbation, in particular H}, = HJ, = 0. So, from the identities
Erg, — Eyp, = 0 and Eug, — Ey, = 0 and assuming that £} , = 0, it follows that

1 d
HF = I _ . 11
tl A(H— 2) (deQl Zw‘/Ql ) ’

1 d .

and thus the spectrum associated to these fields must be the same as that for V;Z and
VI namely, Eq. (4.41).

in »
It remains to check whether H,}, H,, and H have the same spectrum. From E;, = 0,

we have directly that
1 d (1 , , d (1
H = E; {mf% (?H;> — iwr HY — 22&)\/7% (ﬁHl@ﬂ : (4.59)

and therefore, yield the same spectrum of the fields H,\, H, and H;” that, in its turn, it
is the same spectrum of the fields that obey the Poschl-Teller equation. Finally, from the
identities E , = 0 and Ej; = 0, we find that the fields H;; — H,, and H; + H}, are
related to V)I, H® H,', H;t, H,\. by the following equations:

In > In>

rxr

Hf —Hf = 2§f—zAle@+AfZ [H? + ko (H + H)]

H}+ H = % %Hm - Afz (knHt —iwH?)| (4.60)
n
Thus, from these equations for H,; == H we conclude that these fields are written in terms
of fields that we already proved that have the spectrum (4.41). This finishes the proof
that in the generalized Nariai spacetime all degrees of freedom of the gravitational pertur-
bation, scalar, vectorial, and tensorial, even and odd, have the same spectrum of quasi-
normal modes. This differs, for example, from what happens in other higher-dimensional
spacetimes like Schwarzschild and (anti) de Sitter [11, 36, 37|, in which different parts
of the gravitational perturbation have different spectra. This isospectral property of the
higher-dimensional Nariai spacetime considered here proves that the existence of different
spectra to different degrees of freedom of the gravitational field is much more related to
the symmetries of the spacetime than to the tensorial nature of the degree of freedom of
the perturbation or to the dimension of the background. In particular, when D = 4 we
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have kK = ¢(¢ + 1) and the spectrum (4.41) when the assumed boundary condition is (I)
can be written as

%:i (€+2)(€—1)—%—@'<n+%>. (4.61)

This result coincides with the spectrum of frequencies in D = 4 shown by Cardoso in
Ref. [120] in which an exact expression for the quasinormal modes of gravitational per-
turbations of a near extremal Schwarzschild-de Sitter black hole in four dimensions was
obtained. It is well known that the extremal limit of the Schwarzschild-de Sitter solution,
when the black hole horizon coalesces with the cosmological horizon, yield the Nariai
spacetime [121, 122, 33]. Nevertheless, when D = 4, our analytical results are in dis-
agreement with the quasinormal frequencies for the tensorial degrees of freedom of the
gravitational perturbation displayed in Ref. [123, 124]. We believe that this difference
might have come from a typo in Ref. [123| that was replicated in Ref. |124].

In order to obtain the spectrum of the even part of the gravitational perturbation it
was not necessary to use all field equations displayed in Eq. (4.52). More precisely, we
have not solved Ej =0, Ef, =0 and E] , =0 for n > 2. Therefore, it is prudential to
check if these remaining equations are consistent with the solutions of the ones that we
have used. After some algebra, we have checked that this consistency holds indeed. Thus,
once we assume that H,", H>, H? V,! and V;!/ obey the Poschl-Teller equation (4.40), and
that H;, H,, H', H;; and H/ are given by the expressions displayed above, it follows
that the remaining components of Einstein’s equation are automatically satisfied.
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5 SPIN-1/2 FIELD PERTURBATION

In this chapter, we consider the perturbations in a spin-1/2 field, a Dirac field of mass
(. As a first step, we shall attain the separation of the Dirac equation in the generalized
Nariai background and its reduction into a set of Schrodinger-like differential equations
with a particular effective potential, the Rosen-Morse class of potential. It is worth point-
ing out that although the study of quasinormal modes has a long history, in the context
of general relativity it started with a stability problem that concerned the evolutions of
spin-2 perturbations [42|. Inasmuch as spin-2 perturbations comprise effectively compo-
nents transforming as fields of spins 0, 1, and 2, quasinormal mode frequencies are mainly
obtained for fields with these spins. So we hope that our investigation of the quasinormal
modes associated to a massive Dirac perturbation around the generalized Nariai space-
time can serve to fill a part of this shortfall. For previous works on quasinormal modes
of Dirac fields in other backgrounds, see [56, 125, 126].

5.1 CLIFFORD ALGEBRA AND SPINORS

There are several ways to define Clifford algebras and spinors. Let us here present
one of them, for more details, see [127, 128, 129]. We choose a simplified approach
just to achieve our intent, which is to motivate the natural ansatz for a spin-1/2 field
perturbation, a spinorial field U satisfying the Dirac equation.

Let us work out with the Dirac equation in the /th two-dimensional unit sphere S?
with coordinates {0;, ¢;} , whose line element was given in Eq. (3.1), namely

dQ} = db; + sin® 0,d¢7 . (5.1)
At each point of S?, the orthonormal frame field given by

1
sin 91 o

spans a two-dimensional vector space, denoted here by V . By an orthonormal frame we
mean that the components of the metric g with respect to this frame field are given by

61 =0, and & = (5.2)

g(€m, €y) =0mn Vmmne {1,2}. (5.3)
In this frame, any vector field V' € V can be written as the linear expression

V=V'e + Ve =V"e,. (5.4)

Let us now introduce the Clifford algebra, a special kind of algebra defined on vector
spaces endowed with a metric. In order to perform this, let us write the quadratic form
gV, V) =g(éy, e,)V™V" as the square of V, namely VV = g(V, V). This defines the
so-called Clifford product which has been denoted by juxtaposition. As result, assuming
the distributive property of multiplication, the elements of the frame {é,} must obey the
following algebra

€mén + €nen = 2g(€éy, e,), (5.5)
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which is just the very definition of Clifford algebra of the vector space V endowed with a
metric g, denoted by C/(V, g). It is worth noting that, inasmuch as the Clifford product
of two vectors e, and e, is defined to be such that its symmetric part gives the metric
components, it is defined only up to a product which is skew-symmetric on vectors. Indeed,
we can without loss of generality write it as

€nén = g(em, €y) + en Aéy, (5.6)
where exterior product of two vectors e, A €, = —eé, A e, is defined by the following
relation:

€n€n — Enen =26en A ey, (5.7)

that in its turn defines the exterior product as the totally antisymmetric part of the
Clifford product of &, and e,.

Thus, in two dimensions the set {1, &y, €n A €,} contains 22 = 4 elements and forms a
basis for C/(V, g), so that a general element C € C¢(V, g) can always be put in the form:

C=S5+V"n+DB™énA ey, (5.8)

where the term in the sum denoted by S in the above equation transforms like scalar
under rotation on the two-sphere, while V™ transform like the components of a vector
and finally the elements B™ = —B"™ transform like the components of a skew-symmetric
second order tensor. It is worth mentioning that in higher dimensions, we must consider
antisymmetric products of a larger order. For instance, in 3 dimensions the set {1, &y, €n A
€n, em N e, A €y}, which contains 23 = 8 elements, furnish a basis for the Clifford algebra,
with each of the three objects é,Aé, written as Eq. (5.7) for each choiceof m #n =1,2,3
and a single highest order element ey A €, A €, defined as the totally antisymmetric part
of the Clifford product. In general, in D dimensions, a basis for Clifford algebra contains
20 elements [127, 128].

Once the Clifford algebra C{(V,g) has been defined, we will use it to define the so-
called spinors. Spinors can be defined as the elements of a vector space, denoted here
by S € Cl(V,g), on which a linear and faithful representation for the Clifford algebra
acts, the so-called spinorial representation. This means that if {€ 4} is an arbitrary spinor
frame for S with the index A running over {4, —}, we can choose it conveniently so that
the Clifford action of the frame {€é,} on the spinors {£,} is a constant in a given patch
of S2.

énfy = (Um>BA€Bv (5.9)
where the constant matrices (o)”, are the known Dirac matrices. Multiplying (5.9)
by é, and then adding the result to éye,€ 4, one obtains from (5.5) that these matrices
satisfy the following anticommutation relation

(Um)AB(Un)BC + (UII)AB(Um)BC = Omn 5AC ) (5.10)

which is the definition of the Clifford algebra.

Note that S C C/(V, g) has been introduced to provide a representation of the Clifford
algebra C{(V, g), since S is a vector space and, by definition, C/(V, g) maps S into S. As
a vector space, the space S is called spinor space and its elements are called spinor fields.
In particular, note also that the spinor space is a subalgebra of C/(V,g) under Clifford
product. In two dimensions, a spinor frame {£,} for the spinor space S can be spanned
by the following elements of C/(V, g)

E,=mu(l+m_y), (5.11)
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where the complex vectors m 4 defined as
my = él -+ ZAég s (512)

span a null frame on sphere. Indeed, using Eq. (5.5), it is straightforward to prove that
mmp) = g(my, mp) with the metric components given by

. 0 for A=B,
g(mA;mB) = {1 for A # B. (513)

Under the action of ey, the spinors & 4 satisfy concisely the relations
élﬁA — €—A and é2€A — ZA&_A fOI“ A E {+7_}, (514)

that is, the action of V on S yields elements on S. In particular, this means that S is
invariant by the action of C/(V,g). Thus, if U4 = W4(6;, 1) are the components of W
with respect to the frame {£,}, then the spinor space S has dimension 2! and defined by

S = {\If €CUV,g) | & = TAg, V¥ U ¢ C} . (5.15)

The elements W are the known spinor fields. In higher dimensions, it can be proved that
if D = 2d is the dimension of the vector space, then the dimension of the spinor space is
24; for thorough reviews, see Refs. [127, 128, 130].

The fact that S is invariant by the action of C/(V, g) implies that the algebra C/(V, g)
can be faithfully represented by 2 x 2 matrices. In order to see this explicitly, we only
need to act the elements that span V which are e; and e, on the a general element of S,

namely
el =UT¢ +U7¢ and éW =0T —UTE, (5.16)

where Eq. (5.14) has been used. In particular, this enables us to find explicitly the spinor
representation of the vectors e; and é;. Indeed, Eq. (5.16) implies the following spinor
representation for theses vectors of the basis:

o1 = {(1) (ﬂ o [(3 BZ] , (5.17)

where the spinorial indices have been omitted for simplicity. Hence, in two dimensions,
the spinor frame {£€ 4} for S can be represented by the following column vectors on which
these constant matrices act

g+:{ﬂ and 5_2[(1)]. (5.18)

Indeed, notice that the action of the matrices (0,)" 5 on the above column vectors can
be summarized quite concisely as

0'15,4:5_,4 and UQfA:iAS_A, (519)

which is just the very matrix representation of (5.14). Thus, if V™ are the components of
the vector field V' expanded in the orthonormal frame field {é,}, we have

V=V", = Vig=V"(on";, (5.20)
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where V45 is the spinorial representation of the vector field V in two dimensions. In
higher dimensions, it can be proved that if D = 2d is the dimension of the vector space,
then the Dirac matrices represent faithfully the Clifford algebra by 2¢ x 2¢ matrices.

Clifford algebra provides a very clear and compact method for performing rotations,
which is considerably more powerful than working with the vector representation of the
rotation group, which is the usual approach. Indeed, let n € V be a non-null vector,
n? = g(n,n) # 0. Theses elements are invertible in C{(V, g),

nl=_"_ (5.21)
g(n,n)

In particular, note that n=' = m when n is a normalized vector, namely g(n,n) = 1.
Now, let us consider two normalized vectors nm; and ns given by

1

T, = COS (%) é; +sin <%) e and ny = cos (%) €, + sin (%) €. (5.22)

Then, we can construct the following element

R :=nyny = cos (g) + sin <g) el N éy, (5.23)

labeled by a single real parameter ¢ = ps — 1 € [0,27]. So, to each R, given by (5.23),
we can define a rotation of ( on the plane generated by {é;, eés} as follows:

R
én —> &y, = ReénR;". (5.24)

Since, by definition, a rotation is a linear transformation that preserve the metric, we

should check that this expression for the rotation has the desired property of leaving the
metric invariant. Using (5.5), a simple proof is given by:

(ReenR:")(RenR ') + (Reen R ') (Rcén R )

g(RCéngl, Rcéch‘l) =

_ RC (emen + enem> Rc_l (525)

which is, by definition, a rotation. It is not so hard to prove the following relations:

Rcélel = NN él niny, — COSCél — sin Cég,

This is clearly a rotation on the plane é; A €5, where ( is the angle of rotation. Now,
inasmuch as the composition of rotations is also a rotation, the set of all elements R,
form a group under Clifford product. Denoted by SPin(V), this is called spin group

SPin(V) ={RecCl(V,g) | R=R,R,_ ,...R¢}. (5.27)
Indeed, noting that
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R/ R, = |:COS (%) + sin (%) e N é2:| {cos (%) + sin (%) e N é2:|

= cos (@) + sin <<l —; CQ) e1Néy =R, (5.28)

2

we see that there is an element e := R.—y € SPin(V), called the identity element, such
that eR; = RV R; € SPin(V); there is an element REI = R_ € SPin(V), called
the inverse of R, € SPin(V), such that RCRc_l = e; finally, the product is associative,
namely R¢, (R, R¢,) = (R, R,) R, V R, Rey, Re, € SPin(V).

While a vector é,, transform under rotations as (5.24), the spinors &, transform as
follows:

En 5 € =R &, (5.29)

Indeed, it is simple matter to prove that the action of R: on spinor frame {£,} is given
by!
R&, =c%¢,. and R =e ¢ . (5.30)

Notice in particular that, when a rotation of ( = 27 is applied, vectors remain unchanged
under the action of Ry, € SPin(V), while the spinors are multiplied by —1 when Ry,
acts on the spinor space S.

5.2 ANSATZ FOR THE SEPARATION OF DIRAC EQUATION

In the previous chapters, we started to address the problem recalling that in order
to integrate the field equation for spin-s field perturbations for s = 0, 1, 2, their angular
dependence should be expanded in terms of an angular basis that has the same nature. For
spin-0 perturbations, those that transform as scalar fields under rotations on the sphere,
is convenient to expand their angular dependence in the basis {Y},,,} inasmuch as the
scalar spherical harmonics Yy,,,,, are a basis for the functions in the sphere. For the spin-1
field perturbations, however, which have fields transforming as scalar fields under rotation
on the sphere and fields transforming as the components of 1-forms with respect to the
sphere, a suitable basis is then provided by {Y7,m,, Viml} In the same vein, spin-2 field
perturbations have components transforming as scalar fields, components transforming
as the components of 1-forms with respect to the sphere, and fields transforming as the
components of a rank two symmetric tensor in the sphere. In this case, a suitable basis
is given by {nlml,viml,Tﬁml,Tgfml}. Besides that, the elements of these bases can be
generated from the scalar spherical harmonics by applications of the covariant derivative
operator as it was shown in the previous chapters. Is it possible to extend this procedure
to spin-1/2 perturbations? Spin-1/2 perturbations possess components that transform as
the components of a spinor field under rotation on the sphere. So, as a first step, we must
extend the covariant derivative operator to be able to act on spinor fields.

! This transformation must preserve an inner product defined on the spinor space V. Such a product
is defined as (€4,&€5) = &£,4&p, where the operation ~ reverses the order of vectors in any product,
ém A ey = —éy A én. In particular, this means that R-' = R, . Using this, under the action of Ry,
the following relation holds: (R¢ €4, Rc&p) = (€4,€5) , as should be. Hence, this inner product on the
spinor space is invariant under the action of the spin group.
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The covariant derivatives @m of the frame vector fields e, determine components of
the spin connection w,,, ? by means of the following relation:

A

Vin €n = 0 P &5 - (5.31)

In particular, since the metric g is a covariantly constant tensor, it follows that the coef-
ficients of the spin connection with all indices down Wynp = Wy, g are antisymmetric in
their two last indices, Wyny = —Wmpn. Indeed, the only components of the spin connection
that are potentially nonvanishing are

@212 = —@221 = COtel. (532)

Notice that, however, the indices of the spin connection are raised and lowered with 6,
and 0™, respectively, so that frame indices can be raised and lowered unpunished. In
particular, w, ™ = Wy [“p], where indices inside the square brackets are antisymmetrized.
Then, one can show that the covariant derivative V, must have the following action in
the spinor frame?

A ~

Vinéa = (m)Pi€p where Qp=—-20,"%ée,. (5.33)

The covariant derivative of a spinorial field Ues is, then, given by

A

L 1
V¥ = (am - " énép) W (5.34)

with O, denoting the partial derivative along the vector field e,,.

Now that we know how to act covariant derivatives on spinor fields, we could use this
covariant derivative to build a class of functions defined on the sphere from its action on
scalar spherical harmonics, exactly how we did in the previous chapters. And then, we
could use this class of functions as a basis in terms of which the spinor components will
be expanded. Note, however, that the covariant derivative operator V,, carries a vector
index coming from e, meaning that its spinorial equivalent carries two spinorial indices,
namely V45, while the spinor components have only one spinorial index, namely 4. We
would then need to find a way to obtain a covariant derivative with only one spinor index.
In order to circumvent this limitation, instead of using the covariant derivative along é,
it is more convenient for our purposes using the covariant along the null vector m 4 which
under the action of R, € SPin(V) transforms as

ma -5 my = my. (5.35)

Using that the action of the vectors &, on the spinors £, satisfy Eq. (5.14) along with
spin coefficients (5.32), we find by projecting the covariant the along the null vector m 4,
namely V¥ = (V; +iAV,W), that

Val = (@A@B) £s, (5.36)

2Formally, in order to obtain Eq. (5.35’)), it is imposed for the covariant derivative to satisfy the Leibniz
rule with respect to the Clifford action Vi (VW) = (Vo V)¥ + V(V,,¥)VV € V, ¥ € S and also to be

compatible with the inner product on the spinor space, Vin <\il, ‘i’> = <@m\il, ti>> + <\il, @m<i>> V\il, b c
S.
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with

. 1A AB

ValP = (80p +—— 0y +— cot; | U7

= (o0t g oa+ 5 o)
= (sin ) my (sin ;) W8 (5.37)

where the null vectors m 4 defined in Eq. (5.12) can be seen as differential operators that
act on the space of the functions over S? and we have introduced the parameter s, = —B/2.
Under the action of the operator V4, the components U? satisfying Eq. (5.37) are said
to have spin weight s;, = —B/2. This is an alternative way of characterizing spin weight

quantities, very similar to what was done by Newman and Penrose® by introducing first-
order differential operators & and 0 [131, 132, 133]. In general, a quantity @ defined on
S? is said to have spin weight s; if, under the transformation (5.35), it transforms into
[131, 132, 133]

Q—Q =e9Q. (5.38)
We should then check that the components ¥4 have in fact the expected spin weight
under the transformation (5.35). In order to check this, let us use Eq. (5.30) from which
it follows that

O v, v (5.39)

where U4 is given by
Ut =720t and W' =20 (5.40)
so that the spinor component ¥ has in fact spin weight s, = —1/2, while the spinor

component ¥~ has spin weight s; = +1/2 which is in perfect accordance with Eq. (5.37).

The great utility of using the covariant derivative operator V 4 instead of V,, is that the
effect of V4 on the so-called spin—é spherical harmonics, usally denoted by gY}l,ml(el, ),
is well known and any quantity with spin weight s, = —A/2 can be expanded in a series
in %Y}-l,ml(@, ¢1). For a given set of half-integer parameters {j;, m;, s;}, spin-s; spherical
harmonics can be defined by means of the following equation [131, 132, 133|:

Va (s Ym) = AVl + 1) — si(si + A) geaYjm, for ji€ {1/2,3/2,5/2...},
(5.41)

from which we see that if Y], has spin weight s;, then V4 (5,Yj,m,) has spin weight
s; + A. Notice that Y}, are not defined for |s;| > j;. Indeed, it is straightforward to
see that V4 annihilates ; Y}, for A = +1 while V4 annihilates _; Y}, for A = —1.
Spin-s; spherical harmonics form a complete orthogonal set for each value of s; satisfying
the condition |s;| < j;, that is, they define a basis in terms of which any function with
spin weight s; can be expanded in a series in Y}, .,

3The differential operators d and 9 acting on a quantity @ of spin weight s; can be written in a more
compact form if we denote the operator d by 0, and © by d_. In a particular {6;, ¢;} coordinate system,
the latter operators are defined to satisfy:

94Q = [(sin€))**' my4 (sin6) =] Q

A
= (59, + .173@ —As cot91> Q,
sin 6;

where s; is so-called spin weight of the quantity @ [131]. By comparing equations (5.37) with the above
equation, it is immediate to conclude that the spinor component U has spin weight s; = —A/2.
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Taking into account that the spinor components ¥4 of a spinor field Y possess com-
ponents with half-integer spin weight s, = —A/2, it is handy to expand them in terms
of spin—é spherical harmonics nghmH so that the natural ansatz for spinor fields on the
two-sphere is given by

‘il(eh ¢l) = Z \IJA<917 Cbl)EA with \I}A(le ¢l) = Z Cirmy —gxsz,mz(ela ¢l) ) (542)
A

Ji,my

Now, a Dirac spinor is a eigenfunction of the Dirac operator D, = i™e,V, with eigenvalue
A, namely o R
D)W =)\T. (5.43)

So, since that the action of the vectors e, on the spinors £ 4 satisfy Eq. (5.14), it follows
that the above Dirac equation in terms of %le,ml(el, ¢p) is written as:

@A (,%Y}'l,ml> =N aYjm, (5.44)

In order to obtain the above expression, we have changed the index A to —A in the sum.
Once that the sum over A runs over all values of the set {4+, —}, which comprise the
same list of the values of —A, the final result remains unchanged. Using Eq. (5.41), we
conclude that the Dirac equation (5.44) admits regular analytical solutions only when the
eigenvalues are nonzero integers |134, 135]

N=A

1
P 5‘ C 14243 for jie{1/2,3/2.5/2..}. (5.45)

Now, the ansatz for the spinor field can be naturally generalized to higher dimensions.
In order to perform this, the first step consists of introducing a suitable orthonormal frame
of vector fields. In the problem considered in the present thesis, the background is the
direct product of dS; with two-spheres, so that we have spherical symmetry in each of these
two-spheres. A suitable orthonormal frame e, for this space, with o = 1,2,..., D = 2d,
is then given by

. 1
e = —1 COSh(Z‘/Rl) ﬁt , € = m&@,
1
e; = cosh(z/Ry)0, , e = E@gﬂ (5.46)
l

where the index [ ranges from 2 to d. Since {e,} is orthonormal, the components of the
metric g in this frame are constants. With this notation, we have in particular that

g(eaaeb) = 6ab7
gleq,e5) = 00 < gleq..e5) = 0, (5.47)
gles, &) = dap,

where a and a are indices that range from 1 to d. The index a, for instance, is only a label
for the first d vector fields of the orthonormal frame {e,}, while the index a is a label
for the remaining d vectors of the frame {ez}. These vector fields can be represented by
Dirac matrices I', which in D = 2d dimensions represent faithfully the Clifford algebra
by 2¢ x 2¢ matrices obeying the following relation:

Fa FB —|—Fﬁ Fa = 29(60”65) ]Id, (548)
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with I; standing for the 2¢ x 2¢ identity matrix. In order to accomplish the separability of
the Dirac equation, it is necessary to use a suitable representation for the Dirac matrices.
In what follows, the 2 x 2 identity matrix will be denoted by I, while the usual notation
for the Pauli matrices is going to be adopted:

alzmé] , 02:[? _OZ] , 03:[(1) _01]. (5.49)

Using this notation, a convenient representation for the Dirac matrices is the following:

Fa: 0'3®...®O'3®O’1®]I®...®H,
N——— ——

(a—1) times (d—a) times
[i=03®..003R00,Il®...01. (5.50)
— S———
(a—1) times (d—a) times

Indeed, we can easily check that the Clifford algebra given in equation (5.48) is properly
satisfied by the above matrices*. In this case, spinorial fields are represented by the column
vectors with d components on which these matrices act. So, since the spinors {£ 4} can
be represented by the column vectors {£4}, if we introduce a spinor index A, which can
take the values “+4 1”7 and “— 1", then a basis in D = 2d dimensions for the spinor space
is spanned by the direct product of the elements {4, d times, namely 4, ® 4, ® ... &a,.
Once the base is defined, any spinor field can be represented on this basis as

=) Wi, 4, ®EQ O B En, . (5.51)
A

Since each of the indices A, can take just two values, it follows the sum over {A} =
{Ay, Ay, ..., Ay} comprises 2¢ terms, which is exactly the number of degrees of freedom
of a spinorial field in D = 2d dimensions. The components Wy, 4, 4, transform as the
components of a spin-1/2 field under rotation, therefore, their angular dependence should
be given by the product of spin-A/2 spherical harmonics %Ygl,ml, something very similar
to what we did for the scalar, Maxwell and gravitational fields. Thus, the ansatz for the
spinor components which is in agreement with the symmetries of the background is

\I;AlAz...Ad Z \II t x ijm ] (552)

where

wb>

d
H aYim (01, 60) (5.53)

The sum over the collective index {j,m} means that we are summing over all values of

the set {j2, ma, j3,m3, ... jJa, mq} while the collective index {;1} means all values of the
set {AQ, Ag, .. Ad}

4In D = 2d + 1, besides the 2d Dirac matrices I', and I'; we need to add one further matrix, which
will be denoted by I'y11 given by I'yy1 = 03 ® 03... ® 03.
—_————

d times
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5.3 SEPARABILITY OF DIRAC’S EQUATION

All that was have seen above are necessary tools to attack our problem of separating
the Dirac equation in generalized Nariai background. A spin-1/2 field ¥, as defined in
Eq. (5.51), with electric charge ¢ and mass p propagating in such background is a spinor
field obeying the following version of the Dirac equation:

DU = | (5.54)

with the operator /D being the Dirac operator minimally coupled to the components of
the background gauge field ASY namely

D =T%(Vo —igA"), (5.55)
where the operator V, stand for the spinor covariant derivative whose action on the a
spinor field W is represented by
1
VoV = (aa - Zwo/” rﬁr,y) v, (5.56)

with 0, denoting the partial derivative along the vector field e,.

Remember that, the components of the spin connection w,? which satisfy the anti-
symmetry property wagy, = —Wa~g, are determined from the action of the covariant deriva-
tive operator V, on the frame of vector fields e,, namely V, ez = wamew. By doing this,
we find that the only components of the spin connection that are potentially nonvanishing
are

L.
Wil = — Wit = R, sinh(z/R), (5.57)
1
Wi = — Wy = E cotb); . (5.58)

To solve the Dirac equation, we need to separate the degrees of freedom of the field which
can be quite challenging in general. However, introducing the dual frame of 1-forms { E*},
defined to be such that its action on e, is E%(eg) = g, namely

l

E'= — E' = R;sinf,d
COSh(l’/Rl) ) [ S0 ¢l7
- 1 ~
E'l=- —— 4 E'= R, do 5.59
cosh(z/Ry) z 1 vy, ( )

we see that the line element and the background gauge field AEN can be written as:

d

giNdatda” = > (E°E* + E°E") (5.60)
a=1
d

AN Azt = > " (ATNE* + AGVE") (5.61)
a=1

where the components ASY and ASY in the considered frame are given by

ATN = —iQ Ry sinh(z/Ry) ,  ASYN = QiRicotf, , AFN =0. (5.62)
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We should note that the background fields gw , AGN belong exactly the class of solutions
p studied in Ref. [136]. Indeed, our main goal in thls reference is to show that the Dirac
equation minimally coupled to a background gauge field is separable in backgrounds that
are the direct product of bidimensional spaces. So, let us now present the key points of
this latter separation.

The spinor basis in terms of the elements &4, introduced previously is very convenient,
since the action of the Dirac matrices on the spinor fields can be easily comptuted. Indeed,
using the equations (5.50) and (5.51) along with the fact that the action of the Pauli
matrices on the column vectors &4, satisfy the relations

o1éa, =6-a, , 02a, =1A& a, , 03a, = Adka, , (5.63)

we eventually arrive at the following equation

LW = Z (A1As Ag )W, a6a, ®Ea, @ .. ®Ea, , ®E a, ®Ea,,,®

L ®&a, = Z(A1A2 A A A A Ay (—A) A A A © €4, ®
A

. ®&a, , 84, ® gAaJrl ®...8 é-Ad7 (564)

where from the first to the second line we have changed the index A, to —A,, which does
not change the final result, since we are summing over all values of A,, which comprise
the same list of the values of —A,. Moreover, we have used that (A,)? = 1. Analogously,
we have:

Dol = (A1As. Au1)(iA0) Vi, gy 64, @ Eay @ . ®Ep,, ®Ea, ®En,,,®
A

- ®&a, = —ZZ (A1 A9 AV A Ay Ay 1 (—Ad) Agsr Ay §4; @ 4, @

- ®84,, ® 5Aa Ry ® - ® &4, - (5.65)

In order to accomplish the separation of the general equation (5.55), let us assume the
decomposition of the spinor components defined in Eq. (5.52). From this important
decomposition which is crucial in order to attain the integrability of the Dirac equation
and with Eqs. (5.64) and (5.65) in hand, after some careful algebra, one can show that
the component \IJJA"I1 obeys the following differential equation (the reader is invited to
demonstrate the two equations below or consult more details in Ref. [136]):

[0+ S —igAG™ — iy (01 + I —ig ™) | Wi

= (1 — A )T (5.66)

where the parameter ¢; appearing in the latter equation is part of a set of (d — 1) sep-

aration constants, namely {ci, ca, ..., cq—1}, determined by the angular part of the Dirac

equation, in which each of the angular components 4, Y, ,,,, satisfies the following differ-
2

ential equation:

. . Wii .
O + 2”1 zq.AZGN — 1A <3; + % — zq.AlGNﬂ %sz,mz
= (Cl + Alcl—l),%le,ml y (567)
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where w,s, and ASYN are the components of the spin connection and the background
gauge field, respectively, thus achieving the separability that we were looking for.

Since spin-s; spherical harmonics satisfy regularity requirements on the sphere, namely
at the points 6, = 0 and 6, = 7, where our coordinate system breaks down, the separation
constants {cy, ¢a, ..., c4_1} should only take discrete values. In particular, we will see that
these separation constants are exactly the eigenvalues of the Dirac operator on sphere
under certain conditions. Since we have been able to separate the generalized Dirac
equation into the Eqs. (5.66) and (5.67), we now shall investigate a little further these
equations. In order to study the QNMs, we need to transform the first order differential
equation (5.66) into a Schrodinger differential equation for \I/f;‘ which, in turn, carries
information of the angular part %thml through the separation constant c¢;. So, before

proceeding we first need to explicitly determine this separation constant.

5.3.1 The Angular Part of the Dirac Equation

Let us work out the angular part of the Dirac equation, namely, the equation for
4, Y} m- The frame considered here, the only angular components of w,gs,, ASY that can
2

be nonvanishing according to the Eqgs. (5.58) and (5.62) are

1
Win = T T g coty and AN = QiR cot by, . (5.68)
!
Then, by inserting theses expressions into Eq. (5.67) we are left with the following differ-
ential equation:

(Va, + AlgQuR; cot 6;) aVjm = Ri(Arcis =) o Yim, (5.69)

In order to write this equation in a more convenient form, instead of using the (d —
1) separation constants {ci, ca, ..., cq_1}, let us introduce the parameters {2, A3, ..., A}

defined by
A
Ell =4/l ,—c¢ and c¢4=0. (5.70)
So, inverting these expressions, we can prove that the parameters {¢;} are related to the

parameters {\;} by the following identity

A A A
g =4 2L 42l Od (5.71)
\/Rz2 R} R

Next, if we introduce the parameters

¢ = arctanh(¢ /1), (5.72)

it is a simple matter to prove the identities

Al A

¢, = — sinh and ¢;_1 = —coshyy, 2.73

1 R, Pi 1—1 R, ¥l ( )

so that, assuming the latter relations, the multiplicative factor of 4, Y}, ,,, on the right-
2

hand side of Eq. (5.69) can be written in terms of \; and ¢; as follows:
Rl (Alcl—l — Cl) == Al)\le_AlW . (574)
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Inserting the above expression into Eq. (5.69), we are left with the following differential
equation:

(Va, + AigQiR2 cot 6)) (eA“pl/Q_ " Y]m> — AN <e—Am/2 A Y]m> . (5.75)

In addition to this change of parameters, if we perform yet a field redefinition, we can
obtain a differential equation that is independent of the parameters ;. Indeed, performing
the field redefinition

%le,mz = ¢/ %Y;L,mz ) (5'76)

Eq. (5.75) for 4,Yj, ,», acquires the following form:
2
(Va, + AgQuRy cot0r) Y m, = Ay 4y Yy, - (5.77)

Notice that, inasmuch as e=4#/2 is just a constant multiplicative factor, 4, Y, m, POSsess
2

the same properties satisfied by 4,Yj, 1, In particular, 4, Y} ,,, is also a spin-A/2 spherical
2 2
harmonic and therefore, obeys Eq. (5.41).
The great advantage of using {\;, 4, Y}, ,,, } instead of {¢;, 4, Y}, n, } shows up when the
2 2

magnetic charges of the background vanish, ¢); = 0. In this case, the equation for 4, Y}, .,
2

reduces to
VAZ <—%le7ml> = Al/\l %thml , (578)

which is exactly the Dirac equation at the [th two-dimensional unit sphere whose eigen-
values are known, namely (5.45). Indeed, spin-1/2 spherical harmonics admit regular
analytical function on sphere only when the eigenvalues \; are nonzero integers [125, 126|

N o=+1,42 43 ... (5.79)

It is worth stressing that the parameter c; is the only separation constant showing up
in the equation for W%". In particular, according to Eq. (5.71), this separation constant
is related to the eigenvalues of the Dirac equation by

(5.80)

Since the case @; = 0in Eq. (5.77) has a known solution, as described above, it follows
that we can look for solutions for the case Q); # 0 by means of perturbation methods,
with @; being the perturbation parameter. Indeed, in the celebrated paper [138], a similar
path has been taken by Press and Teukolsky in order to find the solutions and their
eigenvalues for the angular part of the equations of motion for fields with arbitrary spin
on Kerr spacetime, in which case the angular momentum of the black hole was the order
parameter. In this respect, see also Ref. [139].

5.3.2 The Radial Part of the Dirac Equation

Concerning the differential equation for the fields \Ifiq‘, the only nonzero radial compo-
nents of the spin coefficients and the background electromagnetic field in the considered
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frame are given by

1
Wil = —Wni =~ sinh(z/R;) and AN = —iQ, R, sinh(z/R;). (5.81)
1
Inasmuch as the coefficients in the equation for \IJ]A"11 do not depend on the coordinates ¢
which stems from the fact that 0; is a Killing vector fields of our metric, we can expand
the time dependence of " in the Fourier basis,

\I/Qr?(t, x) — o wt ¢Z)1Jm(x) . (5.82)

Here, we are omitting the integral over all values of the Fourier frequencies w for notational
simplicity. It follows that the field equation (5.66) yields

d . . 1 w
{% +iAw + (2A1QQ1R1 — 2_R1> tanh(az/Rl)] V4, im

_ (Cl - ZAI ,LL) w )
~ cosh(z/Ry) = AvIm

Notice that these first order differential equations are coupled, namely, the spinor com-
ponent ¢ ;. is a source for component ¢ ,  and vice versa. Eliminating, for instance,
Y® s ive us a second order differential equation for component 9% ;. By doing this,
after some algebra, we are left with the following Schrédinger-like differential equation for
the field ¥% .,

P + w? — Viz1/2() Ui, m =0, (5.83)

where the potential V,_;/5(x) is the one considered in Eq. (3.11) with the parameters a
b, ¢ and 0 given by

1 .
a = —Q—QQ1(2A1+QQ1R%),

AR?
b = —R—1(1A1+2qQ1R2) (5.84)
¢ =p +Z—+@+ 7 QIR?,
,_ |
==

The expression for constant separation ¢; has been used, namely Eq. (5.80). These
are known as potentials of Rosen-Morse type, which are generalizations of the Poschl-
Teller potential [94, 95]. It is straightforward see that this potential satisfies the following
properties:

Vie1)2| —a+b and Viyp|  —a—b. (5.85)

T—+400

In general, the potential function V,_;/, is assumed to be regular at 7 = 0 (z = 0), in
particular it can be equal to a constant different from zero. In our case, we find that

Vierja|, o — a+c, (5.86)

which clearly is regular. So, we point out that for this potential both limits (5.85) and
(5.86) are finite and thus there is no reason to demand for a regular solution in these
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points. Notice that the potential above is complex, whereas in most problems of QNMs
the potentials turn out to be real. Although it is possible to make field redefinitions
in order to make the potential real, we shall not do it here; see Ref. [137]. Moreover,
inasmuch as the potential does not vanish at x — 400, the solution at the boundaries is
not of the plane-wave type, see Eq. (5.89).

5.3.3 Dirac Quasinormal Modes

By plugging Eq. (5.84) into Eq. (3.14), we find that the constants appearing in the
hypergeometric equation can be written as

d
bY: 1 R R2

a =il | @2 +ZR—IZ + PRQIRT + (1 + Ay) (1 — uu?l) — (1 — AI)QQ; L

1=2 1
b= —iRy | p*+ i AL + PRQ?R? + (1 + Ay) L iw& —i(1 - Al)quR%

=2 Rl2 i 4 2 2 ’
1

¢ =5 +idi (@R —whRi) - (5.87)

Now, with Eq. (5.87) at hand, we are ready to impose the boundary conditions in
order to investigate the quasi-normal modes. Since all we need, for this end, are the
asymptotic behavior obtained in Eqgs. (3.20) and (3.23), and since they depend just on
the exponents d(c — 1) and d(a + b — ¢), it is useful to write the explicit expressions for
these combinations:

0(c—1)= —iAw+iA1gQ1 Ry — QLRl’
(5.88)
da+b—c)= —iw—tilRl—l—ﬁ.
2R,

Now we are ready to impose the boundary conditions. Without loss of generality, we can
consider that the spin A; is already chosen and fixed at A; = + or s; = — since the
QNFs should not depend on choice of Ay = +. Let us impose, for instance, the boundary
conditions (IV) for the component A; = + of the spinorial field. In this case, using
the identity (5.88) along with the equation (3.20), we eventually arrive at the following
behavior of the solution at z — —oo:

. , : 1 , (i _1
e—zwtwi’jm’x_)_oo _ ae—zw(t+x) €<ZquRl 2R1>95 + 66—%)(15—27)6 (ZquRl QRI):E7 (589)
which is not a solution of the plane-wave type, as expected, inasmuch as the potential
does not vanish at this point. For the boundary condition (IV), Fig. 3.3 tells us that
e’iwt¢i7jm must have a dependence of the type e (=% at © — —o0, while it must goes
as e~“+7) at ¢ — +oo0. Thus, from Eq. (5.89), we conclude that we must set o = 0.
Then, inserting o = 0 into (3.23), we end up with the following behavior of the solution
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at r — +oo:

» Fe—a-=-0bIl2—-¢)| _, (9@ B1 5k
iwt, W ~ iw(t+x) Q1 R1—55
€ ¢+,Jm|x—>+oo ~ [ I'(1—a)l(1—b) € € '

I'la+b—cl'(2—-¢) —iw(t-z) ,(~19Q1R1+ 55 )z

The boundary condition (IV) imposes that the coefficient multiplying e=*(*=) should
vanish. Since 8 cannot be zero, as otherwise the mode would vanish identically, we need
the combination of the gamma functions to be zero. Now, once the gamma function
has no zeros, the way to achieve this is to let the gamma functions in the denominator
diverge, I'(a —c+ 1) = oo or I'(b — ¢ + 1) = co. Since the gamma functions diverge only
at nonpositive integers, we are led to the following constraint:

a—c+1l=—-n or b—c+1l=-n, (5.91)

with n being a non-negative integer. These imply that the frequencies must be given by

2

. .
Lb PQIR2 4 —— (2n+1) (5.92)
1

d

=2

withn € {0,1,2,...}. It is worth recalling that \; are the eigenvalues of the Dirac equation
in the /th two-sphere. Likewise, imposing the boundary condition (IV) to the component
Ay = — of the spinorial field, we find that we must set 5 = 0 at Eq. (3.20) and then
c—a = —nor c—b= —n, with n being a non-negative integer. This, in turn, lead to the
same spectrum obtained for the component A; = +, namely (5.92).

Analogously, imposing the boundary conditions (II) and (III) for the spinorial field,
we find that no quasinormal mode exists in these cases, just as happens with the scalar
and Maxwell’s fields. On the other hand, imposing the boundary condition (I), we find
that the quasinormal frequencies are given by

1

)\12

d
wi =\ W2+ ) T+ PQIRT -
=2

where n € {0,1,2,...}.

5.4 ANALYZING THE REGULARITY OF THE SOLUTION

For the sake of notational simplicity, let us here omit indices jm of ‘Ifi‘”f We have
seen that the solution for the spinor component W4, is not exactly a plane wave at the
boundaries, which is a consequence of the fact that the potential V,_; 5(x) does not vanish
at ¢ — £o0o. Indeed, computing the asymptotic form of the time-dependent fields W4,
when the assumed boundary condition is (I), with the spectrum given by (5.92), we find
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that
Ul = o e~ wtdle—1)z
= o VTSR CQIR () o~ a) Ry (b liaQuR) g (5.94)
v, | _ [la+b—c)l'(2—c) —iwt ,—0(at+b—c)z

2400 = P e Db —c+ 1)°

_ o Latb=P2—0) /oy wmreaiR ()
Fla—c+1I'(b—c+1)

w e~ DA e(anQlR?)#ﬂ’ (5.95)
V|, = B eiwtemo(e=1)e

_ Be;i\/u%zl N /R?+q2Q3R3 (t—x) e*(nJr%)%’l ef(nfiqull*?f)%1 : (5.96)
U_| Lla+b—c)l'(c) . 2(a+b—c)z

e = PTG

=0 F(a +(b)—(c))F(c) eq:i\/,u2+zl A2 /R2+q2Q2 R2(t+x)
I'(a)I'(b

% e (n+ )R1 €(n qu1R2)Rl ) (597)

Looking at these asymptotic forms, two features stand out: (i) the solutions do not
represent progressive waves moving to the right or left, as we should demand from the
boundary condition; (ii) since n is real and positive, both fields W, diverge exponentially
at the boundaries. It seems that something is wrong. Nevertheless, this impression
comes from the fact that we are looking at the fields themselves instead of analyzing the
conserved current that describes the flux of Dirac particles.

The conserved current associated to the Dirac field interacting with the background
electromagnetic field is .J, = WI', ¥, where ¥ stands for the adjoint of ¥, which for the
representation adopted here is given by

U=V (050050 - ®03), (5.98)
see also Ref. [127]. In particular, the current along the radial direction is given by:
Ji = (6
= ZZ U4, (t,2)Ea,] 02030 s, (t, 2)Ep, X (Angular Part). (5.99)
A B

Thus, using that 0964, = 1A16_4,, 0364, = A1€4, along with ﬂh{Bl = da,p, and ignor-
ing the multiplicative factor coming from angular dependence, it follows that the radial
current is given by

J; = Re(W,U*) (5.100)

where x stands for complex conjugation and Re(- - - ) takes the real part of its argument.
Then, inserting the asymptotic forms (5.95) into Eq. (5.100), lead us to the following
asymptotic behavior for the current when the boundary condition is (I):

(t—=)
Jllx o~ 6_(2n+1)T17
J: - ~(2n+1) G2 (5.101)
1|xa o € :
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Figure 5.1 — The dashed lines denote the region where the current is ill-defined. Part (a) corresponds to
boundary condition (IV), B.C.(IV), while part (b) is corresponds to boundary condition (I),B.C.(I).
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Source: Elaborated by the author (2020)

_ (t—z) _ u
Ji’x~>+oo ~ e @) R = e (@n+1)z;
: —(2n+1) L)

Jl’:p—>—oo ~ € !

Y
_Cmg (5.102)
Thus, since the dependence of JT on the coordinates ¢ and z occur just through combi-
nations (¢t — z) and (¢ + z), it follows that J; becomes a progressive wave at boundaries.
In particular, at * — +oo the flux of particles is in the direction of increasing x, while
at x — —oo the flux of particles is in the direction of decreasing x, which is in perfect
accordance with the boundary condition (I).

From the asymptotic behavior shown in Eq. (5.101), one could conclude that the
current J; diverges exponentially at the boundaries. However, this can be circumvented
for arbitrarily large negative times. Indeed, defining the null coordinates

u=t—z and v=t+uz, (5.103)

we see, from Eq. (5.101), that for + — 400 the current J1 is ill-defined at u — —oo,
but well-defined elsewhere. On the other hand, for x+ — +o0o the current diverges at
v — —o0, while it is well-defined in other regions of the spacetime. This means that,
for the boundary condition (I), the current is ill-defined at the past null infinity, but it is
non-divergent elsewhere, as depicted in part (b) of Fig. 5.1.
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Analogously, computing the asymptotic form of the current J; for the solution corre-
sponding to the boundary condition (IV), namely

m“r’x*)foo — ﬂ efiwtefa(cfl)x
= BeFVIHE N RHP QR (t—a) [ D)7y o~ (D (5.104)
\I/+| R ﬁ F(a +b— C)F<2 B C) e—iwteb(a-i-b—c)a:
reo [a—c+1I'(b—c+1)

_p La+b=0PC—0) & /ms R edmets)
Fa—c+1DI'(b—c+1)

% e(n—i-%)}%l 6("+1—iQQ1R§)RL1 ’ (5105)

o —iwt 0(c—1)z
\Ij—’x—>—oo =oe €

— o TV R4 Q3R (t-a) (n+3) 7y ,—(n+1+iaQuRY) 77
-« F(CI, +b— C)F(C) —iwt 0(a+b—c)z
e P(a)l'(b)

Pla+b—)T(c) eIV I R+ QRS (t+2)
[(a)T(b)

e g (5.107)

, (5.106)

v

1y _t
% e(”+2)R1

we find that o)
Jil o~ Lt il g ’
(t-2) ” (5.108)
Ji| S DIED _ entl) g
Thus, for the boundary condition (IV), the current is divergent for u — 400 and v — +o0.
In other words, the current is ill-defined at the future null infinity, but it is well-defined
elsewhere. The part (a) of Fig. 5.1 shows the region where the current is divergent for
the boundary condition (IV).
The very same behavior is found for the current of the scalar field, whose conserved

current is defined by

r——+00

Ty = Tm(® 9,8%). (5.109)

Indeed, computing this current at the boundaries using the asymptotic form of the scalar
field obeying the boundary condition (I), namely Eqgs. (3.41) and (3.43), leads us to the
following current in the radial direction:

—(2n+1)¢=2) —(2n41) %
Tilosioo ~ € no=e o (5.110)

—(2n+1) L2 —(2n+1) 2 :
‘790|x—>—oo ~ e 1T —e 1,

This is the same behavior of the spinorial current for the boundary condition (I), see
Eq. (5.101). Likewise, when the adopted boundary condition is (IV), the component 7,
at the boundaries using the asymptotic forms Eqgs. (3.41) and (3.47) has the following
asymptotic behaviours

namely

(t+x) v
jx’:pﬁ+oo (@n+1) B = 6(2n+1)R1

(t—a) W (5.111)
jz|x—>—oo ~ 6(2n+1) Ry — 6(2n+1)R

)

1

which is the same asymptotic form of current J; in Eq. (5.108).
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The fact that there exists regions of the spacetime where the physical current is ill-
defined should not come as a surprise. Indeed, the reason why the solutions for the
boundary conditions (I) and (IV) are called quasinormal modes instead of normal modes
is that the spectrum of allowed frequencies has also an imaginary part. Therefore, the
time dependence of the fields, 7! blows up at ¢ — oo when Im(w) > 0, whereas it
diverges at t — —oo for Im(w) < 0. Generally, the QNMs are thought as states that do
not exist at all times, rather they are excitations that occur at a particular time interval.
In particular, they do not form a complete basis for the space of solutions of considered
field equation [8].

With all these results at hand, we complete the results obtained in previous chapters
in which the quasinormal spectrum for fields with spins 0,1 and 2 have been explicitly
calculated. For the convenience of the reader, all the obtained QNFs are summarized
below in table 5.1

Table 5.1 — Allowed frequencies for the spin-s fields for each value s of the spin considered here and for
each one of the four boundary conditions described in Fig. 3.3. The subindex I in wy , for instance, stands
for the frequencies when the boundary condition (I) is assumed and so on and x indicates the absence
of QNFs.

Spin—s Field W1 Wrr  WIIr wrv
) 4 L 1/2 ) d 1 1/2
5= 0 i[u +Zz:m—;—m] X x i[ﬂ +Zz:m—f—@]
~3im (2 +1) +om (2 +1)
A A
_ £ 18+ S 3 + Q] £ [+ S, 7 + Q3R]
s=1/2 ; i X ; i
d K 1 1/2 d K 1 12
R Y R |
— 5 (2n + 1) +am (20 + 1)
d K 9 1/2 d K 9 1/2
s=2 * [2152 R? @} X X + [21%2 R @}
—sg(2n + 1) +3r-(2n+1)

Source: Elaborated by the author (2020)
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6 CONCLUSIONS AND PERSPECTIVES

In this thesis we have investigated spin-s field perturbations for s = 0,1/2,1 and 2
propagating in a higher-dimensional generalization of the charged Nariai spacetime with
dimension D = 2d. One interesting feature of this background is that the perturbations
can also be analytically integrated. It has been shown that they all obey a Schrodinger-
like equation with an effective potential contained in the Rosen-Morse class of integrable
potentials, with the solution given in terms of hypergeometric functions, as shown in
section 3.2. This is a valuable property, since even the effective potential associated to
the humble Schwarzschild background is non-integrable, in spite of being separable. We
have also investigated the QNMs associated with these fields by choosing the natural
boundary conditions in the background considered here. From the causal point of view,
we have seen that the natural boundary conditions to be imposed on the perturbations
are (II) and (III) of Fig. 3.3, but they do not lead to QNMs. On the other hand, the ad
hoc boundary conditions (I) and (IV) of Fig. 3.3 do allow QNMs with the corresponding
QNFs summarized in table 5.1. Analyzing this table, it is interesting noting that the
imaginary parts of the QNFs, are generally the same for the four types of fields and
they do not depend on any detail of the perturbation, rather they only hinge on the
charges of the gravitational background, through the dependence on R;. Differently, the
real parts of the QNFs depend on the mass of the field and on the angular mode of the
perturbations. Another fact worth pointing out is that while the fermionic fields always
have a real part on their QNFs spectra, meaning that they always oscillate, the bosonic
fields can have purely imaginary QNMs frequencies. Indeed, due to the negative factor
“—1/(4R?)” inside the square root appearing in the scalar spectrum (s = 0), it follows
that for small enough R, along with small enough mass and angular momentum, the
argument of the square root can be negative, so that this term becomes imaginary. The
same argument remains valid for the Maxwell field (s = 1) for which both scalar and
covector degrees of freedom have the same spectrum as displayed in table 5.1. Regarding
the gravitational field (s = 2), all degrees of freedom of the perturbation have the same
spectrum as displayed in table 5.1. This differs, for example, from what happens in
other higher-dimensional spacetimes like Schwarzschild and (anti) de Sitter [11, 36, 37|,
in which different parts of the gravitational perturbation have different spectra. Thus, the
isospectral property of the higher-dimensional the Nariai spacetime considered here proves
that the existence of different spectra to different degrees of freedom of the gravitational
field is much more related to the symmetries of the spacetime than to the tensorial nature
of the degree of freedom of the perturbation or to the dimension of the background. Here
the background has SO(3) x SO(3) x ... x SO(3) symmetry, d — 1 times, whereas the
Schwarzschild black hole has a SO(2d — 1) symmetry.

The separability of the degrees of freedom of perturbations with spin s = 0,1/2,1,2
has been attained in chapters 3, 4 and 5 thanks to construction a suitable angular basis.
In its turn, this angular basis constructed here can also be used to separate the degrees of
freedom of spin-s field perturbations propagating on other backgrounds with the symmetry
SO(3) x SO(3) x ... x SO(3). In particular, the higher-dimensional black hole presented
in Ref. [31] can certainly be handled with the technique introduced here. The same
idea can also be applied to any spacetime that is the direct product of several spaces of
constant curvature. The QNF spectrum associated with each of the perturbation types
have been analytically calculated. With all these spectra at hand, we can write down
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a unique formula that works for all of these cases whenever electromagnetic charges of
the background are zero, namely, (); = @; = 0, so that all radii of the spheres of the
generalized Nariai spacetime are equal in such a case:

d 2
1 1
=VA | £ 12+ v —(s—5) +ie (n+5])] . 1
@ VA 8 l:gy’l (S 2) “ (n 2) (6.1)

where € = —1 stands for the QNFs when the boundary condition (I) is assumed and € = 1
when the boundary condition is (IV). The parameter s is the spin of the perturbation and
(t its mass while vy, is a positive constant related with angular momentum eigenvalue.
For instance, for gravitational perturbation that is a massless spin-2 field (u = 0, s =
2) this constant has to be vs—o; = £;(¢; + 1) which in its turn is the same for the scalar
field (s = 0) and for the Maxwell field (s = 1), since these are all bosonic fields. On
the other hand, for spinor perturbation that is a massive spin-1/2 field (s = 1/2) we
must have v,_i/0; = A? where A\, € {#1,£2,43,...} are the eigenvalues of the Dirac
operator on the unit sphere. It is worth pointing out that while in chapter 3 Einstein’s
vacuum equation was not assumed to hold, so that the spheres of the generalized Nariai
spacetime could have different radii, depending on the electromagnetic charges of the
background, in chapter 4 we have assumed vanishing charges, so that the gravitational
perturbation decouples from the electromagnetic perturbation. Otherwise, we would have
to consider the gravitational and electromagnetic perturbations simultaneously, since the
electromagnetic perturbation field would be a source for the gravitational perturbation,
as discussed above in section 3.1. Note also that we have not analyzed the perturbations
for the Proca field and for massive gravitational field, i.e., for spin one and two the above
formula has been checked only for the case of vanishing mass, 4 = 0. However, it is
natural to expect that the above formula for the spectrum will also hold for these cases
not considered yet.

In view of the results obtained in this thesis, an interesting application is the inves-
tigation of superradiance phenomena for the spin-1/2 field. Although bosonic fields like
scalar, electromagnetic, and gravitational fields can exhibit superradiant behavior in four-
dimensional Kerr spacetime [140], curiously, this is not the case for the Dirac field [137].
Thus, it would be interesting to investigate whether an analogous thing happens in the
background considered here.

The next natural step, once we have integrated the perturbations of spin-s fields for
s =0,1/2,1 and 2 in the background considered here, as well as studied their boundary
conditions, is to consider the perturbations in a spin-3/2 field, a fermionic field satisfying
the Rarita-Schwinger equation, propagating in the higher-dimensional generalization of
Nariai spacetime. Research on the latter problem is still ongoing and shall be considered
in a future work.

Another interesting application is to extend the work that we have done on the gener-
alized Nariai spacetimes to the case of other spaces that are the product of several spaces
of constant curvature. An interesting topic of research would be to investigate spin-s
field perturbation for s = 0,1/2,1,3/2,2 propagating in the higher-dimensional general-
ization of Schwarzschild spacetime, which is a static black hole whose horizon topology is
R xS?x...8% One interesting feature of this black hole is that, in addition to the electric
charge, it has a magnetic charge, differently from the higher-dimensional generalization
of the Reissner-Nordstrom solution [141]|, which only has electric charge. Thus, in spite
of the static character of the black hole to be considered in a future work, the physics
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involved can be quite rich. We would like then to see, for instance, if QNFs are the same
for fields with spins 0,1/2,3/2 and 2 in this black hole, as is the case of the extremal
4-dimensional Reissner-Nordtrom black hole [142].
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