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ABSTRACT

This thesis deals with some theoretical aspects related to the two-dimensional incom-
pressible micropolar fluids model. In particular, two problems were addressed. The first of
them is known in the literature as the initialization problem. The fundamental idea of this
type of problem is to recover information from the initial data based on observations of the
state of the system. For this purpose, a bounded and smooth domain of R? with Dirichlet
boundary conditions was considered. Optimal control theory techniques ensure the existence
of at least one and at most a finite number of solutions for the problem. We also provide
sufficient conditions to guarantee uniqueness of the solution. The second problem was the
study of well posedness, in Hadamard's sense, for the micropolar model with partial viscosity
and singular initial data, including the possibility of measures as initial data in Morrey spaces.
Through integral techniques and compactness arguments, the existence of a weak solution was
established. Uniqueness and stability of these solutions were also analyzed, showing the model

to be well posed.

Keywords: Micropolar fluids. Initialization problem. Singular initial data. Morrey spaces.



RESUMO

Esta tese trata de alguns aspectos tedricos relacionados ao modelo bidimensional para
fluidos micropolares incompressiveis. Em particular, foram abordados dois problemas. O primeiro
deles é conhecido na literatura como problema de inicializacdo. A ideia fundamental desse tipo
de problema é partindo de observacdes do estado do sistema, buscar recuperar informacdes dos
dados iniciais. Para tanto, foi considerado um dominio suave e limitado do R? com condicdes
de Dirichlet na fronteira. Através de técnicas da teoria de controle 6timo, assegura-se a
existéncia de pelo menos uma e no maximo uma quantidade finita de solucdes para o problema.
Também foram estudadas condicGes suficientes para garantir a unicidade de solucdo. O segundo
problema foi dedicado ao estudo da boa colocacdo, no sentido de Hadamard, para o modelo
micropolar com viscosidade parcial e dados iniciais singulares, incluindo a possibilidade de
medidas como dados iniciais em espacos de Morrey. Por meio de técnicas integrais e argumentos
de compacidade foi estabelecida a existéncia de solucdo fraca. A unicidade e a estabilidade

dessas solucdes também foram analisadas, concluindo que o modelo é bem-posto.

Palavras-chaves: Fluidos micropolares. Problema de inicializacdo. Dados iniciais singulares.

Espacos de morrey.
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1 INTRODUCTION

This thesis deals with the analysis of some problems on fluid mechanics. More specifically, we
study some problems related to the system of nonlinear partial differential equations describing
micropolar fluids in two spatial dimensions.

Initially, let us briefly recall some generalities related to the problems studied here. To
describe the behavior of fluid particles over time, some assumptions and simplifications are
necessary. Indeed, the initial idea is that of a fluid as a continuous medium, that is, the
matter in the fluid is continuously distributed in order to fill the entire region of the space it
occupieq’] Then, based on the universal laws?] and the constitutive laws, we obtain a set of
partial differential equations (PDEs) for the variables of interest (velocity field, pressure, mass
density, ...). This way, we have got a mathematical model.

The so called initial value problems or Cauchy problems arise naturally in the above context,
being considered fundamental in continuum mechanics. The general idea is: Assume that
the mechanical state at time t = 0 (initial conditions) and the physical properties (PDEs and
complementary conditions) for all t are known. Then, determine the mechanical state of this
medium for all t (see (CARA, 2005)). The analysis of this type of problem is based on the
existence, uniqueness and stability of solution, that is, in the well-posedness of the system in the
sense of Hadamard. By stability we mean the continuous dependence of the solution with respect
to the data. In particular, the study of this type of problem for the Navier-Stokes equations
has provided significant advances in several areas of the natural sciences and technology.

The Navier-Stokes equations form the fundamental mathematical model for describing
the motion of Newtonian fluids as water and most gases. Since a wide variety of important
fluids are non-Newtonian, new theories and mathematical models taking into account the
complexity of these fluids are necessary. Over the time, the great advance in this direction is
notorious. Micropolar fluids follow this line of advances, describing accurately the behavior of
fluids with microstructures as, for example, polymeric suspensions, liquid crystals, blood or
fluids containing certain additives (LUKASZEWICZ, |1999). From this point of view, in this work
we aim to contribute to the study of micropolar fluids. Precisely, we address two problems,
independent of each other and originally studied for the Navier-Stokes equations, and extend
their results to the two-dimensional micropolar case, emphasizing the possible influences of the
fluid structure on the obtained results.

The first problem is the so called initialization problem. It is strongly related to practical
issues in the field of atmospheric sciences, in particular, in meteorology. In modern atmospheric

scienceﬂ, the equations that govern atmospheric circulation (nonlinear PDEs) are analyzed

1 More formally, a continuum media is a collection of elements (particle or material point) which can be put

into one-to-one correspondence with some region (open connected set) of Euclidean space.

Laws of conservation of mass, momentum and energy, see (CHORIN; MARSDEN, (1990)).

This is a field that combines, in general, meteorology, physics, mathematics, chemistry and computer
sciences (JACOBSON, 2005)).
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through numerical and computational approaches. Thus, it is very important the initial conditions
of this system to be completely defined in order to allow the execution of the algorithms. This
is considered central to numerical weather prediction (GAL-CHEN, (1978; LEDIMET; TALAGRAND,
1986)). Based on some technological devices (weather balloons, reconnaissance aircraft and
satellites), it is possible to obtain observational data for the system, while the complete definition
of the initial conditions is not ensured a priori. The initialization problem consists in to use
such observed data from the system to recover the initial data. In the Navier-Stokes case,
this problem has been studied in the works (NOTTE-CUELLO; ROJAS-MEDAR; SANTOS, 2002;
WHITE, [1993; |ZHOU, 1995). More specifically, in (NOTTE—CUELLO; ROJAS-MEDAR; SANTOS,
2002)), the authors was investigated a initialization problem for the Magnetohydrodinamic
type equations (MHD), where the Navier-Stokes model is a particular case. In (WHITE, |1993)),
the author studies initialization problem for the Burgers equation with viscosity, which is a
conservation law related to the Navier-Stokes model in one-dimensional case. In (ZHOU, [1995),
the two-dimensional Navier-Stokes case is in fact studied.

The second problem is the study of the well posedness for the micropolar model with
singular initial data. The case in which the initial data are measures (in convenient Morrey
spaces) is included in the analysis. For this, partial viscosity and the evolution of vorticity in
a micropolar fluid are considered, as well as their relationship with the angular velocity of
the particles. In the Navier-Stokes case, there are several works with singular initial data, of
which we mention, for instance (BEN-ARTZI, [1994; |BEN-ARTZI M.; CROISILLE; FISHELOV, 2013;
BENFATTO; ESPOSITO; PULVIRENTI, [1985; [COTTET, |1986} |GALLAGHER; GALLAY], [2005; |GIGA;
MIYAKAWA; OSADA, (1986)), and the references therein. The study of the evolution of vorticity
for the case of singular initial data goes beyond the classical theory of Leray. Indeed, in this
theory the initial data has “finite energy”, while measures have, in general, infinite energy (see
(BEN-ARTZI M.; CROISILLE; FISHELOV/ 2013))).

Below, we outline the contents of this work. In chapter , we describe the model of micropolar
fluids and summarize some information and related results that will be used throughout this
work (for more details see (GIGA; GIGA; SAAL, 2010; LUKASZEWICZ, |1999; |LUKASZEWICZ, [2001;
MAJDA; BERTOZZI; OGAWA, |2002; IROJAS-MEDAR|, |1997; IROJAS-MEDAR, 1998)). In chapter
[3}, we investigate the initialization problem for the micropolar fluids model. The problem is
formulated as an optimal control problem. We prove that this problem has at least one and at
most finitely many solutions. Finally, we determine sufficient conditions to assure uniqueness of
the solution. The results of this chapter were accepted for publication in Applied Mathematics
& Optimization (SILVA; CUNHA; ROJAS-MEDAR), [2020). In chapter [4 we deal with the Cauchy
problem for the partial viscous micropolar fluids model in the whole space. We assume null
angular viscosity and singular initial data, which includes the possibility of vortex sheets or
measures as initial data in Morrey spaces. For this purpose, we will consider the velocity-vorticity
formulation for the micropolar fluid model presented in chapter 2] The results of this chapter
will soon be submitted for publication in an indexed journal (BEJAR-LOPEZ A.; CUNHA; SOLER,
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). In chapter , we briefly present some current projects and future works that arise naturally

from what was discussed in previous chapters.
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2 MICROPOLAR FLUIDS MODEL

Let O C R™ be a bounded open set, n = 2 or 3, with smooth boundary 0Q. For a T > 0,
we write Q1 :=Q x (0, T) and X1 :=0Q x (0, T). The behavior of an incompressible fluid,

with constant density p = 1, confined to Q) is described by the following system of equations,

du—divt+ (u-V)u=1f in Qr,
divu=0 in Qt, (2.1)
u=20 in ZT,

u(-,0) =uqy in Q,

where we use boldface letters to denote vector fields in R™. In system , the unknown
u=1u(x,t) = (u(x,t), -, un(x,t)) represents the linear velocity field. The functions
Uy = up(x) and f = f(x, t) = (fi(x,t), ---, f.(x,t)) are given and denote, respectively, the
initial linear velocity and external force. The tensor T : R;‘;m — R?;m is called stress tensor.

We denote by R‘S‘;m the set of all symmetric matrices n x n.. The first equation above it is
frequently called the equation of motion of a fluid.

Fluids for which the stress tensor can be written as
2
T(e(u)) = —TTId 4+ 2ve(u) — gv(divu)ld, (2.2)

are called Newtonian fluids and they have been extensively studied in the last decades. In
identity (2.2), we have that the unknown TT = TT(x, t) represents the pressure, the viscosity v

is a positive constant given, Id is the identity matrix in R™ and

e(w) = = [Vu+ (Vu)']

N —

is the shear-stress tensor due to friction forces. A large class of real fluids are Newtonian fluids,
for example water and most gases. In this case, the previous system becomes the well-known

Navier-Stokes system

o — vAU+ (u-V)u+ VIT=f in Qr,
divu =0 in QT,
u=~0in ZT,

u(-,0) =ug, in Q.

This model does not consider certain fluids where the stress tensor is not symmetric, for
example, polar fluids, and the same goes for fluids that can support stress moments and body
moments, for example, microfluids. In this context, we can find fluids with microstructures as
polymeric fluids, liquid crystals and biological fluids as blood or fluids containing certain additives,

which in general are of great interest for applications in the field of industry, engineering and
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biology. These fluids are called micropolar fluids and constitute a subclass of simple microfluids
(ERINGEN, 1964), which exhibit only micro-rotational effects and micro-rotational inertia of its
elements. From a physical point of view (LUKASZEWICZ, 1999), micropolar fluids describe the
motion of fluids consisting of rigid, randomly oriented (or spherical) particles suspended in a
viscous medium, where the deformation of fluid particles is ignored. In (ERINGEN, |1966)), A.
C. Eringen developed the mathematical model of micropolar fluids as a simplification of the
theory of simple microfluids. According to this theory, one considers the interaction between
the fluid motion and rotational motion of micro—particles. Moreover, they are generalization of
the Navier-Stokes model in the sense that the micropolar fluids model allows considering some
physical phenomena that cannot be treated by the classical Navier-Stokes approach, given that
the particles of the fluid are subject to both translation and rotation motion.

The basic micropolar model, with constant density p =1, is

ou+ (u-V)u=div T +f,
Ol+ (u-V)l=divl+14+g,

where
s T=—(T+ 2vdivu)ld + v[Vu + (Vu)'] + k[Vu — (Vu)'] — 2kwy,
= 1 =1Iw, where I € R3*3 is the called microinertia density tensor,
= T =7vo(div wld + vq[VW + (VW)!] + v, [VW — (VW)t],
. (Wx)ij = €xijWxk and
G — eijijkE], where €y; is the Levi-Civita symbol.

As above, the unknowns u = u(x, t), w = w(x, t) and TT = T1(x, t) represent, respectively,
the linear velocity field, the microrotation field (interpreted as the angular velocity field of
rotation of particles), and the pressure. The functions f and g are given and denote, respectively,
the density of external body forces per unit mass and a body source of moments. The terms
T, L and T represent, respectively, stress tensor, angular momentum per unit mass and the
moment stress tensor. The positive constants v, K, Yo, Ya, Ya are viscosity coefficients given,
satisfying
Yo+ Ya>Ya-

If1=0,T =0 and g = 0, then the stress tensor T is symmetric (Tx = 0), which is the
situation generally considered in the literature. In this case, the system above reduces to the

Navier-Stokes equations presented above.

1 Here we use the Einstein notation for tensors.
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Assuming, in addition, the fluid to be incompressible, we have the micropolar fluids model
in Q

ou— (v+K)Au+ VIT+ (u- V)u =2kcurlw +f in  Qr,
oW —vYAW— (ax+ pB)Vdivw +4kw + (u-V)w =2keurlu+g in Qr, (2.3)

divu=20 in QT,
together with boundary and initial conditions
u=0 w=0on X, (2.4)
u(x,0) =up(x), w(x,0) =wg(x), x € Q, (2.5)

with y =vq+va >0and a+ f =vo+VYa—Ya > 0. For more details see (LUKASZEWICZ,
1999).

In the present work, we restrict ourselves to the case n = 2. Such a case can be understood as
a special case of the three-dimensional model (LUKASZEWICZ, 2001)). To this end, one considers
that the flow itself and the external fields do not depend on the x3-coordinate. Moreover, assume
the velocity component us in the x3-direction to be zero and the axes of rotation of the particles
to be parallel to the xsz-axis, that is, u = (u;(x,t), us(x,t), 0) and w = (0, 0, ws(x, 1))
with x = (x1, x2) € Q C R2? The external forces are f = (fi(x,t), fa(x,t), 0) and
g = (0, 0, gs3(x,t)). Then, using the notation u = (ui(x,t), ux(x,t)), w = ws(x, t),
IM=TI(x), f=(fi(x,t), f2(x,t)), g =gs(x,t) and

culu=———, divu=—=+4+ —, curlw = ,
aX2 6x1

ou, Oou; . ow;  Ou, ows  O0ws
aXl ax2 ' N aXl ax2 ' '

we can replace u, w, f and g as above into system ([2.3)) to obtain the system

ou— (v+ k)Au+ VIT+ (u- V)u = 2kcurlw + f in Qr,

0w — YAW + 4kw + (u - V)w = 2xcurlu + g in Qr,
divu =0 in Qr, (2.6)

u=0w=0 in X,

u(x,0) = up(x), w(x,0) = wp(x) x € Q.

There are several articles dealing with the mathematical analysis of the micropolar fluids
model and important results have been obtained, among them we have well-posedness, asymp-
totic behavior and stability results. We briefly mention some results: In (ROJAS-MEDAR, 1998)),
the authors proved the existence of weak solutions in bounded regular domains Q. Existence
of local and global in time strong solutions was obtained in (ORTEGA-TORRES; ROJAS-MEDAR,
1999) and (ROJAS-MEDAR, [1997)). In (ORTEGA-TORRES; ROJAS-MEDAR; CABRALES, 2012)) and
(ROJAS-MEDAR; BOLDRINI, [1997)), the authors studied local and uniform in time convergence

rates for Galerkin approximations of the solutions. Regarding the several aspects of long time
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behavior of micropolar fluid flows, let us highlight the following results. In (SILVA et al., 2019),
the long time behavior of weak solutions, in L? sense, for the micropolar fluids equations in the
whole space R3 was studied through Fourier splitting. In (SILVA; FRIZ; ROJAS-MEDAR, 2016)), the
authors studied the convergence of nonstationary solutions to stationary solutions of system
(2.3)-(2.5) when t — oo in the L? and L* case, with « > 3 (see also (LUKASZEWICZ, 2001))).
In (SILVA; FERNANDEZ-CARA; ROJAS-MEDAR, ; [SILVA; CRUZ; ROJAS-MEDAR, 2014) the authors
proved the existence of a small time interval where the fluid variables converge uniformly as the
viscosities tend to zero. The case of unbounded domains is less studied. For the case of an ex-
terior domain, we highlight (BOLDRINI; DURAN; ROJAS-MEDAR, [2010), where the authors proved
the existence and uniqueness of a strong solution. For two-dimensional unbounded domains,
one can look at the work (LUKASZEWICZ, 2003) (see also (LUKASZEWICZ; SADOWSKI, 2004)). In
the general case of a connected open set of R™, with n = 2,3, in (GALDI; RIONERO, 1977) the
authors proved theorems of existence and uniqueness of weak solutions. For applications, for
example in theory of lubrification, theory of porous media and natural sciences, see (FERRARI,
1983; |LUKASZEWICZ, (1999). Other related works are (ELLAHI et al, 2014} |LUKASZEWICZ, 1990;
SZOPA, [2007; [YAMAGUCHI, 2005)).

2.1 FUNCTION SPACES

As stated above, we use boldface letters to denote vector fields in R™, as well as to indicate
spaces whose elements are of this nature. We also use the standard notation for the usual
Lebesgue and Sobolev spaces. The inner product in L?(Q) and H(Q) are represented by (-, -)
and ((-,)), respectively. We denote

Cy(Q) ={v e (CF(Q))?; divv =0},

H = the clousure of C§°,(Q) in L%(Q),
V = the clousure of C§;(Q) in Hé(Q).

The spaces H and V are Hilbert spaces with respect to the inner products induced by L?(Q)

and H}(Q), respectively. Moreover,
V ={vecHyQ); divv =0}

and
Vs H=H"— V"

with each space dense in the following one and with compact injections (see e.g. (TEMAM;
FORSTE, 1979))). The norm in L? and H will be denoted by | - |, while the norm in H} and
V will be denoted by || - ||. We indicate by P the orthogonal projection from L?(Q) onto
H. The well known Stokes operator is A : D(A) < H given by A = —PA with domain
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D(A) = H?(Q) N V. It is characterized by
(Au,v) = ((u,v)),

for all w € D(A) and v € V. When Au € L*(Q) one has u € H*(Q) and the norms |[u|;
and |Au| are equivalent if Q is regular. Similar properties hold for the Laplacian operator B =
—A : D(B) — L?(Q) with Dirichlet boundary conditions and domain D(B) = H?(Q)NH(Q).
If X is a Banach space, T is either a positive real number or T = 400 and 1 < p < o0, we
denote by LP(0, T; X) the Banach space of all measurable functions v : (0, T) — X, such that
t — ||v(t)||x is in LP(0, T) with norm

T 1/p
My = (| volka)) i 1<p<oo,
0
and

[V[loo = ess sup [[v(t)]|x,
te[0,T]

if p = 0o. The space C([0, T], X) is understood in a similar manner. We define the trilinear

form
2

ov;
b(u,v,w) = J W —w;dx
i,jZ—I O ]an

for vector-valued functions u,v,w € V, and

for u € V and scalar functions v, w € H}(Q). These forms satisfy the following properties
(see (TEMAM; FORSTE, [1979; TEMAM, |1983)):

Lemma 2.1. (i) b(u,v,w)

1. is a continuous form on Hé(Q) X Hé(Q) X Hcl)(Q),'

2. bu,v,v)=0,YueVandVveH;Q),

3. bu,v,w)=-buw,v),YucVandVvwecHyQ);

4. b(u, v, w)| < V22| ul|V2 || Iwl 2w Y2, YV u, v, w e Hy(Q);

5. |b(w, u,v)| < V2ul|ul[|v|, Vu, veV;

6. |b(u, v, w)| < ClulV?||ul|/2|[v||*?|Av[}2w|, Vu € V,v € D(A),w € H;
7. [o(u, v, w)| < Clul?2Aulr?|v||w|, Vu e D(A),ve V, wec H.

(i) b1(u,v,w)

1. is a continuous form on Hg(Q) x H}(Q) x HA(Q);

2. bi(u,v,v)=0,YueVandVveHQ)

3. bi(u,v,w) = —b;(u,w,v), Yu eV andVv,we H}(Q),

4. [or(u,v, w)| < CuY2|[u|*2|v|[w[*2|w||*2, ¥ u € Hy(Q) andv, w € H}(Q).
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2.2 WEAK AND STRONG SOLUTIONS IN L? SENSE

The weak formulation of problem (2.6)) is as follows.

Definition 2.2. A pair of functions (u,w) defined on QO x (0, T), T > 0, is called a weak
solution of system ([2.6)) if

u € %0, T;V)NL®(0,T;H), o,u e 30, T; V"), (2.7)
w € L2(0, T; H3(Q)) N L*=(0, T; L?(Q)), ayw € L0, T; H }(Q)), (2.8)

and they satisfy

(B, @) + (v + k) (1, @) + b(w, u, @) = 2k (curlw, @), (2.9)

(Ow, ) +v((w, d)) + 4k(w, &) + by (u, w, d) = 2k(curlu, P), (2.10)
u(x, 0) = uo(x), (2.11)

w(x, 0) = wpo(x), (2.12)

forall @ € V, ¢ € H}(Q).

Remark 2.3. The regularity conditions (2.7)) and (2.8)) imply uw € C([0,T];H) and w €
C([0, TI; L?(Q)). Therefore, the initial conditions (2.11)) and (2.12)) make sense with uy € H
and wy € L2

Strong solutions are defined as follows.

Definition 2.4. Ifu and w are such that

u e 120, T;D(A)) NL®(0, T; V),
w e L2(0,T; D(B)) N L®(0, T; H:(Q)),

and satisfy (2.9)) - (2.12)), the pair (u, w) is said to be strong solutions of system ({2.6)).

Note that in this case the regularity of the solutions imply the initial conditions to be
satisfied pointwisely. We state known results about the existence of such solutions. For their
proof, see (ROJAS-MEDAR, 1997, ROJAS-MEDAR, (1998).

Theorem 2.5. Given T > 0, ifug € H and wy € L2(Q), then there exists a unique weak
solution (u, w) of system (3.1)). Moreover, this solution satisfy the energy inequality

T

.
|u(t)l2+lw(t)|2+(v+K)J Hu(t)szth [w(t)][?dt < <|u0|2+|w0|2)ecwv”,
0 0

(2.13)
for all t € [0, T].
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Theorem 2.6. Let T >0, ifug € V and wy € H}(Q) then, in a (possibly small) time interval
[0, T], with 0 < T < T, the problem (3.1) has a unique strong solution. This solution belongs
to C([0, TI; V) x C([0, TI; H{(Q)) and satisfies

T

[u(O? + i) 2 + CJ

{|Au(t)|2 + |Bw(t)|2}dt < Ko = Kolv, k., |[uo]l, [wol, T).
0

(2.14)
for all t € [0, T], with Ko — [[uo||®> + |[wel|? for T — 0. In addition, if uy € D(A) and
wg € D(B), then the solution (W, w) satisfies, in particular,

.
19w (t)]2 + [0ew(t)? + COJ {Hatu(t)Hz + ||atw(t)||2}dt < CebKotCT (2.15)
0

for every t € [0, T]. Also,

ue CH[0, T H)NC([0,TI: D(A)),
w e CH[0, TI; L3(Q)) n C([0, T]; D(B)).

The results above will be widely used in chapter 3

2.3 VORTICITY EQUATION

In this section we present some notations and basic results that will be used in chapter [}
where the micropolar model will be studied through the velocity-vorticity formulation.

The previously mentioned works have in common the use of velocity-pressure formulation
and the solution in L? sense. However, in the context of fluid dynamics it is interesting to
describe the events in terms of the evolution of the vorticity field. The vorticity of the vector
field v in R™ is denoted by curl v and represents the tendency of the fluid to rotate around
x € R™. For n = 2, the vorticity is a scalar real-valued function and, in the present work, we
write as w(x,t) = curl u(x,t), x € R? and t > 0. Under the perspective of numerical and
computational methods, such approach is of great importance since it simplifies significantly
some numerical methods as the vortex method, which is widely used in the context of the
Navier-Stokes equations (COTTET, [1988). Moreover, the vorticity contains all the necessary
information for velocity field reconstruction from the Biot-Savart Law:

u(x, t) = (K*w)(x,t) :J K(x —y)w(y, t)dy, (2.16)
RZ
where K is the Biot-Savart kernel, that is,
1
K(x) = %'szxL' x € R?, (2.17)

where X+ = (—xz,x1). The velocity fields given by (2.16)) may include, in particular, the case
of vortex sheet.
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Remark 2.7. Here we use the same notation for the convolution A x B = (A x By, A x B,)
of a scalar function A and a vector function B = (By, B,) that are defined on R?. It is also
convenient to fix the same notation for the convolution of a function f and a measure |, that

is, we consider

(f*u)(x)=J f(x — y)duly).

The use of the velocity-vorticity formulation to describe fluid dynamics, especially for the
Navier-Stokes system, has been studied since the 1980's. In particular, the works (CHORIN|
1982; IMAJDA, 1986; [MAJDA; BERTOZZI; OGAWA, [2002) bring more details about such a study
and the equivalence between the cited formulations. The main advantage of this approach,
with regard to this thesis work, is the parabolic character of the vorticity equation as well as
the fact that the pressure term is eliminated from the system.

The formulation of system in terms of velocity-vorticity is

orw — (V+ kK)Aw + (u- V)w = —2kAw + curl f,
0w — YAW + 4kw + (u - V)w = 2kw + g,

u=Ksxw,

where we take the curl operator of the first equation in , and we use that
curl ((u-Viu) = (u- V)w, curl (Au) = Aw and curl (VIT) = 0. Moreover, in order
to apply the Biot-Savart law, the boundary condition is replaced by a condition of decay at
infinity. Then, we can use the equivalence between the identity and the system

curl u = w,
divu =0,

lu(x, t)| — 0 as [x| = +oo.

Note that the pressure field can also be recovered considering the incompressibility of the fluid
and the velocity fields (u, w):

AlT = div (f— (u- V)u+ (v + k)Au + 2keurl w),

when the drivatives make sense.

To finish this section, we emphasize that in chapter [4| we will use for simplicity w := b to
represent the angular velocity, in order to avoid possible confusion between the notations for
angular velocity and the vorticity.
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3 THE INITIALIZATION PROBLEM

The fundamental idea of initialization problem is to seek to recover information from the
initial data, based on observations of the state of the system. Due to its importance in a
great variety of problems, as for example in numerical weather prediction, and more generally
in numerical simulations for prediction models, initialization problems have been studied by
several authors, for instance, in (GAL-CHEN, (1978} LEDIMET; TALAGRAND) |1986; LORENC, |1986;
NOTTE-CUELLO; ROJAS-MEDAR; SANTOS, 2002 WHITE, (1993 |ZHOU| 1995). In (LEDIMET;
TALAGRAND, 1986)), the use of variational methods is proposed, including techniques of optimal
control. In this method, the initial condition is understood as a control variable. Then, a control
functional is introduced comparing the observed data with the solution of the mathematical
model, which depends on the control variable. In this way, the problem is therefore viewed
as a minimization problem. The control formulation of initialization problems is discussed
in (LIONS| [1971)). Through this approach, the initialization problems for Navier-Stokes and
MHD equations have been treated in (NOTTE-CUELLO; ROJAS-MEDAR; SANTOS|, 2002; WHITE,
1993} ZHOU, |1995)). In these works, it has been proven that if the time interval on which the
observations are taken is short enough, then there exists at most a finite number of solutions to
the initialization problem. In (ZHOU, [1995)), it is proven that such a solution is indeed unique.
Our main goal in this chapter is to extend these results for the micropolar fluids case.

Thus, let us consider the following system in R?

ou— (v + k)Au+ VIT+ (u- V)u = 2xcurlw + f in Qr,

0w — YAW + 4kw + (u - V)w = 2xcurlu + g in Qr,
divu =0 in Q. (3.1)

u=0w=0 in X,

u(x,0) = up(x), wix, 0) =wp(x) x € Q,

where we assume, without loss of generality to our ends, f =0 and g = 0.

This chapter is organized according to its published version (SILVA; CUNHA; ROJAS-MEDAR,
2020). In section [3.1] we show the continuity of the flux of as well as its Gateaux
differentiability up to second order. In sections 3.2 and [3.3] we present our main results.

3.1 CONTINUITY AND GATEAUX DIFFERENTIABILITY OF THE FLUX

Consider the map S : V x H}(Q) — L[2(0,T; V) x L?(0, T; H}(Q)), which takes the
initial data (ug, wg) € V x H}(Q) to the corresponding solution of problem (3.1)) in a time
interval [0, T]. We denote

S(ug, wo) = (u{ug, wo), w(ug, wo))
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and

S(ug, wo)(t) = (u(t; ug, wo), W(t; ug, wo)),

for each t € [0, T]. In view of the Definition , we can also see S as a map from V x Hcl,(Q)
into L*°(0, T; H) x L*°(0, T; L2(Q)). We show that these maps are continuous.

Proposition 3.1. Given (ug,wy) € V x H}(Q), there exists a constant
C=C(v,k,v, T, ugl, Iwgl|) such that

IS (0, Wo) — (2. 8) 1o (0. 110) x 1 (0,712) + IS (0, Wo) — S(z, S)H%_Q(O,T;V)XB(O,T;H}))

< Clluto, o) — (2,8) gy (32)
for all (z,s) € V x H}(Q).
Proof. Let

8(t) = S(uo, Wo)(t) —S(z, s)(t) = (81(t), 82(t))
and
X = (U — 2z, wo — 8) = (X1, X2),

where (z,8) € V x H}(Q). In view of the embedding V < H and H}(Q) < L[?(Q), it is

sufficient to prove that

||5||Lo<> (0,T:H)x 1 (0,T:12) T ||6||L2 (0,T;V)x12(0,T;H}) C”XH%—[XU' (3-3)

Note that 8; and &, satisfy the system

(0¢81, @) + (v + k)((81, @) + b(81, u(ug, wo), @)
+b(u(z,s), 81, (p) = 2k(curl &,, @),
(0482, @) +v((82, d)) + 4Kk(d2, d) + b1 (81, w(ug, Wo), §)
+b1(u(z,s), 82, ¢) = 2«(curl 81, ¢),
81(0)
52(0)

= X1,
= X2:

for all @ € V, ¢ € H}(Q). Taking @ = 8;, & = §, and adding these equations we obtain

;;t{“s (BF + |52(t)|2} + (v 4 K82 (0)]2 + VII82 (1) % + 4K[S5 (1)

+ b(81(t), u(t; ug, wo), 81(t)) + b1 (81(t), w(t; ug, wo), 82(t))

= 2K{(cur| 62(t), Sl(t)) + (curl Sl(t), 62(t))}
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By Lemma [2.1] and Young's Inequality,

1d
§a{|51(t)|2 + |52(t)|2} + (v 4+ &) |81 (1) 17 +v]182(1)[|> + 4xl82(t)
v+ K 42 4k?
< 1807 + 2155012 + 185(t)1> + —[81(t)
2 2 v+ K 2%
1
{||u(t;u0,w0)||2 + [[w(t; 110,W0)||2}|51(t)|2 + —|lw(t; ug, wo) ||?I82(t) P
v+ K 8y
v+ K 42 4k?
< ||51(t)||2+z||52(t)||2+ 182(1)12 + —< 181 (1) + 182 (1)
2 2 v+ K Y

; c{(v T 9)lluelt: o, o) +v||w(t;uo,wO)||2}{|61(t)|2 i |52(t)|2},

that is,

8kv
v+ K

£{|51(t)|2 i |62(t)|2} (v )80+ v 502 +

5,(1)]?
T 162 (1)

< c{l T (v k) [t o, wo) +w|w(t;uo,wOW}{wt)F i mmrz}.

Let F(t;up, wo) = 1+ (v + ) |Ju(t; ug, wo)||> + v|[w(t; ug, wo)||*>. Then,

d
dt{lél(t)l2 + I52(t)|2} + (v K)[[81()2 + v]182(1)[|* < CF(t;uo,*V\fo){lfn(t)2 + |52(t)|2}-
Integrating from 0 to t, we have

t t

810 + 5202 + (v + &) j ||51(£)||2d5+vL 162(8)]2d

< CollxlBuas + € | FE; uo,wO){rsl(a)F i |62(a)|2}da. (3.4)

0
In particular, by Gronwall’s Inequality

t
181(t)1 + 162(t)* < Collx|[Fi, 2 exp (CJ F(&; U-o,Wo)dE.), vtelo, Tl
0

Note that due to the energy inequality (2.13)),

t
cj F(&; o, wo)dE < C(v, .. T, [uol, wol), ¥ t € [0, T].
0

Then,
161 ()12 + 182(t)1* < Cllx||3n2r ¥t €0, TI. (3.5)

Using inequalities (3.5)) and (3.4, we obtain

|sl(t)|2+|62(t)|2+e{j Isae) e+ |

0 0

t

stz(anfda} < ClxlB  (36)

for all t € [0, T] and ® = min{v + k,y}. This implies the map S to be continuous from
V x H§(Q) into L=(0, T; H) x L=(0, T; L>(Q)) and from V x H}(Q) into L3(0, T; V) x
L2(0, T; H3(Q)). O
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Next we show that the map S: V x H}(Q) — L2(0, T; V) x L2(0, T; H3(Q)) is Gateaux
differentiability. The Gateaux derivative of S at (z,s) € V x H}(Q) along the direction (7, T)
is denoted by

n =DS(z,s) - (7, T) = (1, M2),

which, if it exists, is a continuous linear map from V x H}(Q) into L2(0, T; V) x L2(0, T; H}(Q)).

Proposition 3.2. The map S is Gateaux differentiable and v is the solution of the linear

system

(0tmy, @) + (v + &) (M1, @) + by, u, @) + b(w,ny, @) = 2k(curin,, )
(02, d) +v((2, d)) + 4x(M2, ¢) + bi(ny, w, ) + bi(u,n2, d) = 2x(curlny, ), (3.7)
7T

®)

)
n;(0) =,
n2(0) =

for all @ € V,b € H}(Q), where u = u(t;z,s) and w = w(t;z,s). The function m is
estimated by

0+ a(0R +0{ | Ime)Pae + | InfePaef < Clim oIy (39)

for all t € [0, T] and ©® = min{v + K, y}.

Proof. Let (1n;,M2) be the solution of system ([3.7)). We need to show

I|m {Ilnl n = Millezomv) + [M2n —ﬂ2||L2(o,T;Hg)} =0, (3.9)
where
u(z + hm, s + ht) —u(z,s)
MNin = h
and

w(z + hm, s + ht) —w(z, s)
Moh = n )

with h € R. The pair of functions (1; ;,, N2,n) satisfy

(OMyn @)+ (v+x)((Myn @) + by, ulz+ hm, s + ht), @)
+b(u(z,s), My p, @) =2k(curinay, @),

(0M2,n, @) +v((M2n, §)) + 4x(M2n, &) + bi(Myn, W(z + h7t, s + h1), d)

+ b1(u(z, 5), M2, @) = 2k(curlny , ¢,

N1n(0) =

M2n(0) =
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for all @ € V, ¢ € H{(Q). Therefore, r =1, —n; and L =1, — 1 satisfy the system

(0cr, @) + (v +K)((r, @) +b(u(z,s), 7, @)
+b(r,u(z,s), @) = 2k(curl |, @) — b(ny n, hnyn, @),
(0L, ) +v((L, d)) + 4x(1, &) + bi(u(z, s), 1, §) (3.10)
+b1(Myn, M2n, @) = 2k(curlT, ) + bi(r, b, W(z, s)),
r(0) =0,
1(0) = 0,

for all @ € V, b € H(Q). Taking @ =1, ¢ = Lin system (3.10)) and adding these equations

we obtain

{l r(t)? + Ut }+(v+K)Hr(t)||2+v||1(t)\|2+4n<ll(t)|2

(t), curlr(t)) +b(r(t), u(t;z, ), r(t)) + b(nyn(t), r(t), hny (1)

1d
2dt
4k(l
+ b1 (r(t), L(t), w(t; 2, 8)) 4+ bi(ny (1), L(t), hnan(t)).

Using Lemma , Young's inequality and the fact that (u, w) € C([0, T]; V) x C([0, TI; H}(Q)),

we obtain the following estimates

L)+ eg][r(t) |2,

4k|(1(t), curl r(t C
Colr(B)P + esl|r(1)[2,
C
C

b(r(t), ult; z,s), r(t

|b(ﬂ1,h( ), r(t), hﬂl n(t H2

)
)
) €3|n1,h(t)|2|’hn1,h(t) + e3r(1)]%,
,S)

)<
)<
)<
)| <

b1 (r(t), L(t), w(t; TP + ea|[r(t)[|* + Ces UL
+ es|[L(t)] 2,
b1 (My (1), Ut), hnzn (0 < Cony (D0 1 (D] + Canzn (1) [hnzn (1))
+ o112,

with €, >0,1=1,2,3,4,5,6. In particular, we have

1d

35T+ UOR L+ (v 4+ Q0] 4 YIOIR € (o + o0
+(Ce, + Ce)IUD)P
+ (€14 €2+ €3+ ea)||T(1)]?
+ (es5 + €6)||L(L)
+ C1|n1,h(t)|2Hhﬂl,h(t)||2

+ Calnon (1) P[[hnan (1) |12
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Choosing the €;'s so that €; + €+ €3+ €4 =k and €5 + €5 = % we obtain

s{mor e} avitiE v < cof op + e

+ Cimyn (V)P[0 (8)] (3.11)
+ Coman (V) |[hnan (B[

By Gronwall’s Inequality and r(0) =0, 1(0) = 0, we have
T

r(OF + LR < cj

{C1|n1,h(t)|2”hn1,h(t)H2 + C2|n2,h(t)|2th2,h(t)H2}dt
0

Since
.
| {c1|n1,h(t)|2uhn1,h(t)uz " c2|n2,h(t)|2uhnz,h(t)\|2}dt
0
C T
= QJ lu(t; z + hm, s + h1) —u(t; z, s)[|u(t; z + hm, s + ht) —u(t; z, s)||°dt
0
C T
+ Ww(t;z 4+ hm, s + ht) —w(t; z, s)?||w(t; z + hm, s + ht) — w(t; z, s)||°dt

ﬁ
< m“u(z +hr, s + ht) —u(z, s)|[Fe o1 Uz + hr s + h) —u(z, 8)[[F20 10y

C
+ EHW(Z + N, s + h1) —w(z, )|} o 102) [W(Z + 7t s + W) —w(z, 5)H2L2(0,T;H3)'

we have by Proposition
[r(t)P +[L(t)* < Ch2. (3.12)

By inequalities (3.11]) and (3.12)

i
| {mmt)uz +v!l1(t)H2} {|r DR+ 1t |2}dt
T

+C J Myn(t |th1,h(t)“2dt

_10

+C2J Mo (1) [[hnan (1) || dt
0
< Ch?,
that is,
N
[ {2t vinorefac< e (313)
0

proving (3.9). To prove the estimate ([3.8), just proceed as in Proposition [3.1] Indeed, taking
@ =1, & =y in system (3.7)). Then, adding these equations and considering Lemma ,
Young's and Gronwall’s inequalities, we obtain the estimate ((3.8]). O]

Similar arguments can be applied to the second order Gateaux derivative of S. For { =
(z,s) € V x H}(Q), we denote the second order Gateaux derivative of S at 1 along the
direction (7t, T) = ((711, 72), (71, T2)) by D2S(1p) - 7t - T. We are interested only in

C=D3S() -7 7= (&, ().
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Proposition 3.3. The second order Gateaus derivative ( exists and is the solution of the linear

system
(01, @) + (v +k)((C1, @) + b(C1, 1, @)
+b(u, ¢1, @) = 2k(curl &, @) — 2b(ny, M4, @),
(0¢C2, &) +v((C2, d)) + 4x(C2 d) + b1(Cy, W, P) (3.14)
+b1(u, G, ¢) = 2x(curl ¢y, &) — 2b1 (N1, M2, d),
)=0
)=0

G0
(2(0

forall@ € V,d € HJ(Q), whereu = u(t; z,s), w =w(t; z,s) andn(t) = (DS(P)-7)(t) =
(n1(t),m2(t)). The function ( is estimated by

1€lltz (0,7 v)x 200,11 < MHT‘”%/ng)' (3.15)
with M = M(v,k,y, T,u,w) > 0.

Proof. We consider
N1 (z + hmy, s + hm) —14(z2, s)

Cinh= n
and
N2(z + hmy, s + hi) —na(z, s)
C2,h - h y

with h € R, and the associated system with the pair ({1 1, (o,n). Then, we proceed as in the
proof of Proposition [3.2] O

3.2 FORMULATION OF THE INITIALIZATION PROBLEM

Here, we present the problem of initialization as an optimal control problem whose control
variables are the initial data. In this way, we look for solving a minimization problem, as well as
to characterize its solutions through the “adjoint problem” (optimality conditions). Uniqueness
of the solution is investigated in the next section.

Let T >0, B > 0 and Z;, Z, be Hilbert spaces serving as the observation space z(t) =
(z1(t), zo(t)). Let C: V x H}(Q) — Z; X Z, be a bounded linear mapping. We assume z €
[2(0,T; Zy) xL2(0, T; Z,). The control-to-state mapping S from V x H}(Q) into L2(0, T; V) x
L2(0, T; H3(Q)) is well defined and continuous (see Proposition . It follows that the map
P — CS(1) is a continuous mapping from V x H}(Q) into L?(0, T; Z;) x L3(0, T; Z,). The
constant [3 serves as a regularization coefficient. The state is compared with the data by the
control functional

T

J) = | ICS)(0) — 200130, 00+ By (3.16)

0
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The optimal control problem is to find Pg € V x H}(Q) such that

J(wo) = min{J(W) : b € V x H3(Q)). (3.17)
We consider the following lemmas.

Lemma 3.4. Let {Wy} be a sequence in V x H{(Q) such that Py — g in V x H}(Q)
and let S(\Pp), S(Po) be the corresponding solutions of (3.1). Then, S(y) — S(g) in
[2(0,T; V) x L2(0, T; H}(Q)).

Proof. Since V x H}(Q) < H x L?(Q) with compact injection, Py — g strongly in
H x [2(Q). By Proposition 3.1 S(px) — S(Po) in L=(0, T; H) x L(0, T; L3(Q)), hence
in L2(0, T; H) x L?(0, T; L?(Q))). By estimate (2.13), {S(ix)}x is bounded in L*(0, T; V) x
L2(0, T; Hg(Q)). Therefore, there exists a subsequence {S(1y;)}; that converges weakly to
some P in L2(0, T; V) x L2(0, T; HA(Q)). Since L2(0, T; V) x L2(0, T; H{(Q)) < L2(0, T; H) x
L2(0, T; L2(Q)), we have { = S(1g). Then, by a subsequence argument, we conclude that
S(x) — S(o) in L2(0, T; V) x L2(0, T; H5(Q)). L

Lemma 3.5. Let {\pyx} be a sequence in V x H}(Q) such that Py — Pg in V x H{(Q).
Then, CS(x) — CS(g) in L2(0,T; Z;1) x L2(0, T; Z>).

Proof. Let x € L?(0,T; Z;) x L?(0,T; Z,). Then,

T

i
L (CS) X z0x 2ot = JO (S(r), C*Xvcrip (.

where (-,-)z,xz, is the inner product in Z; x Z, and C* denotes the adjoint of C.
By Lemma [3.4}
T

]
L (S(), C*X)y r iyt — L (S(bo), CX)y ity dt

)
- L (CS(Po), X) 2124,

By the definition of weak convergence, we obtain CS({i) — CS(pg) in L%(0,T;Z;) x
12(0,T; Z,). O

The main result of this section is the following.

Theorem 3.6 (Optimality Criterion). There exists a solution \g of the minimization problem
(13.17)).

Proof. Initially note that

J(p) = |CS(p) _Z||%2(0,T;zl)><L2(o,T;z2) + BH‘NK/XH}) >0,
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for all P € V x H}(Q). Then, let d = inf{J(i) ; ¥ € V x H}(Q)} and let {1y} be a
minimizing sequence for J, that is, J({x) — d. Since > 0, we have

1
Wkl e < El(lpk) <C, VkeEN.

This implies that there exists a subsequence, which we still denote by {\p }, such that . — Py
in V x H}(Q). By Lemma 3.5 CS(Wx) — CS(Wp) in L2(0, T; Z,) x L3(0, T; Zy). Since in a
Hilbert space the norm is weakly lower semicontinuous, it follows that

d =liminf J(1px)

= “k”ljorlf {||CS(1I)k) - Z||2L2(0,T;zl)xL2(o,T;zz) + BH‘PkH%/ng}

> J(o).
Hence, J(1o) < d and we conclude that J({g) = d, that is, {rg is a solution of the minimization
problem (13.17)). This finishes the proof O

Under the above conditions, it is not always possible to guarantee the uniqueness of the
solution, since the state is a nonlinear function of the control (initial data). Hence, we define
the set

Uo ={Wo ; o is a solution of problem ([3.17))}. (3.18)
From the continuity of J, it follows that U is a closed set in V x H}(Q). We will obtain more

information about the set Ug in the next section. In this direction, the following theorem is of

great importance.

Theorem 3.7. Suppose P, = (ug, wg) € Ug. Then, there exist u,p € 1%(0,T;V) and
w, q € L0, T; Hi(Q)) such that
(0tu, @) + (v+k)((u, @) + blu,u, @) = 2x(curlw, @),
(0w, &) +v((w, d)) + 4x(w, d) + br(u, w, d) = 2k(curlu, d), (3.19)
(u(0), w(0)) =,

—(0p. @) + (v+«)((p, @) + ble,u,p)
+b(u, @, p) = 2x(curlq, @) + (C1S(Po) — 21, C1&) z,,
—(0eq, &) +v((q, b)) + 4k(q, d) + bi(p, W, $)
+bi(u, &, q) = 2x(curlp, d) + (CaS(WPo) — 22, C2&) 7, (3.20)
(p(T), q(T)) =0,

2{(p(0), )+ (q(0), q>)} T B(Po, )

.
+ J {bl(p(t),W(t).nz(t)) —bi(n, (1), wt), q(t))}d’t =0, (3.21)

0
for all &, = (@, d) € V x H}(Q) and C = (Cy, Cy).
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Proof. We begin by computing the derivative of the functional J. For a fixed g, we have

T
%D](ﬂ)o) &= L (CS(o)(t) —z(t), Cn(t)) z,xz,dt + B((Wo, £)), (3.22)

for all £ € V x H}(Q), where 1 = DS (W) - & is the Gat@aux derivative of S at 1 along the
direction & = (@, ¢), which satisfy the system (3.7)). Now, let (p, q) be the solution of the

adjoint system ([3.20)) above. Setting (@, d) = (p, q) in system (3.7), (@, d) =1 = (N1, M2)
in adjoint system ((3.20]), after some manipulations we obtain

2at{(p,n1) i (q,ng)} by (p(t), wit), ma(t))

+bi(n, (1), wit), q(t)) = —(CS(Po)(t) — z(t), Cn(t))z,x 2,

Integrating from 0 to T, we have
i
2{(p(0),<p)+(q(0),¢)}+J {bl(p(t),w(t),nz(tn—bl(nl(t),w(t),q(t))}dt

;
— J (CS(Wo)(t) — z(t), Cn(t))z,x 2, dt

DJ (o) - & — B((Wo, &),

that is,

2{(p(0), @)+ (q(0), ¢)} B0 £))

.
+ [ {outp(0) with ) — batms (0, wi0) a(0) bat = S0 - &

0
Using that DJ (o) - & = 0 for g € Uy, for all § € V x H}(Q), we obtain identity (3.21). [

In (ZHOU, |1995), two formulations of the initialization problem for the Navier-Stokes model

as an optimal control problem are presented:
[. Assuming that observations are taken continuously in time;

II. Assuming that the final state of system (the state of the system at a terminal time T) is

observed.

Moreover, the author shows that the arguments used for the case (I) may be adapted to case
(IT) analogously with minor modifications. Here, the estimate implies that it is possible
to get the previous results for the case (II) in the same way as in (ZHOU, 1995) (section
3). Therefore, we will omit the details for the case (II) and only present the corresponding
theorems.

Thus, considering that the final state is observed, the problem is to find an initial data so
that the corresponding final state is the closest to the observation. We compare the state with

the data using the control functional

J() = 1CSW)(T) = zall} g + BIWIY ra (3.23)
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where C = (C1,C,) : V x H}(Q) — V x H}(Q) is a bounded linear mapping, zq =
(z},23) € V x H}(Q) is the observation at time T and S(1)(T) is the evaluation of S(1) at
time T. As before, the optimal control problem is to find g € V x H}(Q) such that

J(Wo) = min{j() ; P € V x HY(Q). (3.24)

Theorem 3.8 (Optimality Criterion). There exists a solution \pg of the minimization problem
(13.24)).

Theorem 3.9. Suppose Py € Uy = {W ; P is a solution of (3.24)}. Then, there exist
u,p € L2(0,T; V) and w, q € L?(0, T; H}(Q)) such that

(0w, @) + (v+x)((u, @) +b(u,u, @) =2x(curlw, @),

(0w, d) +v((w, d)) +4k(w, d) + b (u, w, d) = 2x(curlu, ¢), (3.25)
(1(0),w(0)) = 1o,

—(0ep, @) + (v +x)((p, @) + b(e,u,p) + b(u, @, p) = 2k(curlq, @),
—(0¢q, ) +v((q, ) +4x(q, d) + bi(p,w, ) + bi(u, d, q) = 2k(curlp, d), (3.26)
(p(T), q(T)) = (C5(C1S(wo)(T) — zg), C5(CaS(Wo)(T) — 23)),

2%mm4ﬂ+mmym}+ﬁmmzn

.
+ J {bl(P(t),W(t).nz(t)) —bi(n, (1), wt), q(t))}d’t =0, (3.27)

0

for all &, = (@, d) € V x H}(Q).

3.3 SUFFICIENT CONDITIONS FOR UNIQUENESS

We now prove, under certain additional conditions of regularity and compactness, that the
minimization problem studied above admits at most a finite number of solutions. Moreover, we
show that through a suitable relation between T, 3 and the optimal controls, the solution is
indeed unique. We consider the problem ([3.17)) and, therefore, the system - (B:21). We

assume the control 1 to be an element of an admissible set Q.4 such that
() Qaa C (H2(Q) X H2(Q)> N <v X Hé(Q)) and bounded in H*(Q) x H2(Q);

(i) Qqaq is convex and closed in V x H}(Q).

The existence of a solution to the control problem restricted to Qqq is shown as in the proof
of Theorem [3.6] since Q44 is bounded, convex and closed. We define the solution set

U = {1 ; Py is a solution of problem ([3.17)}. (3.28)
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Remark 3.10. Since (Hz(Q) X HZ(Q)) N <V X H(l)(O.)) — V x H}(Q) with compact

injection and U C Q4 is bounded and closed, the set U is a compact set in V x H}(Q).
Theorem 3.11. If the time interval [0, T] is short enough, then U is finite.
Proof. Initially see that
D?J(p) - -t =2(CS(P) — Z, CD?S(P) - 70 - T)12(0,1;21)x 12(0,T:25)
+2(CA, Cn)i2(01,21)x12(0T;20) + 2B (7T, T))VXHg,:

for all 7t, T € V x H}(Q), where §j = DS() - T and 1 = DS() - 7t. In particular, for T =7

we have

D?J(W) - 77t =2(CS(W) — Z, CQ)12(0,1:2,)x 12(0.T:25)
+ 2||Cn||2L2(0,T;Zl)><L2(O,T;Zg) + 25”"”3&1{5'

where 1 and ¢ = D2S(1p) - 7t - 7 satisfy identities (3.7)) and ([3.14)), respectively. Our goal is to
show that if T > 0 is small enough, then D?J(1) is positive definite, that is,

D?J(P) - 7.7 > e||m|?, VeV x Hy(Q).

Then, it will follow by Taylor expansion up to second order that the points of U are isolated.

Finally, we use the compactness to prove that U is finite. Indeed, since
1
§D2J(1I)) -1 > Bl 4 [[Cnl? = [|C[[CS (W) — Z][]|¢]
> B> — ICIlICS(W) — Z[ ||,

we have by the estimate ([3.15))
D2J(w) e > (26— 2MICIICS(w) - 21 )l

By Lemma , the map Y — [|CS(W)—Z||12(0T:2,)x12(0.T;z,) IS cOntinuous from V x H}(Q)

to R. Then, by compactness of U, we have
Rt = ngﬁ |CS(p) — Z||L2(0,T;Zl)><L2(0,T;Z2) < +00.

Therefore,
DJ(Wp) - - > (2(5 — 2M||C||RT> 7|2

Since Rt — 0 for T — 0 and 3 > 0 fixed, we can choose T > 0 small enough so that
28 — 2M||C||[Rt > € > 0. Therefore, for T > 0 small enough we have D?J(») positive
definite. 0

For the purpose of proving the uniqueness for solution of Problem (|3.17)), we use
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Proposition 3.12. The solution of the adjoint system satisfies the following inequality

!
[ {psr+ a1 bas < e, (3.29)

where lim F(0,T) =0.
T—0
Proof. Taking & = (@, $) = (p, q) in identities (3.20) and adding the resulting expressions,

1d

_ Ea{m(t)lz + |q(t)|2} + e{Hp(tW + Hq(t)Hz}

< o(p(8)ult), pIE))| + Ioa(plt], w(t), a(t)) + 2¢{ (eurl ), p(1)) + curl p(1), ql0) |

F(CSOP)(E) — 21, CLEM)2, + (CaS()(1) — 22, CoE))2,
< 0{ P17 + a1} + cof IO + Iwlt)]2-+ 1 {p(0R + la(wye}

+ ool CHS ) (8) — 22 (1), + | CalPICaS () (1) — 22(0) 3,
< o{ P07+ a1} + cof IO + Iwi0)?-+ 1 {p(0R + la(wre}

+ o3| CIPICS (W) (1) — Z(V)[|Z, % 2,
that is,

~ PO+ | < cof IR + Iwlo)l? + 1 {{p(0R + la(wre}
+ o[ CIPICS (W) (1) — Z(1)[1Z, < 2,

Integrating from t to T and using that p(T) =q(T) =0

T s
PP +1q(t)P < oc3HCH2J exp (COJ {Iu()]]?+ [w(T)|* + 1}dT>
t &
X ||ICS(W)(s) — Z(s)HzZlezds.
Hence,
PP +1q(t)F < c(t, T)Ry,
where lim c(t, T) > 0 and Ry is as in the proof of Theorem|3.11| Defining Fo(t, T) = c(t, T)R,

T—0
we have

P+ Iq(t)]* < Fo(t, T),

with TIim0 Fo(0, T) = 0. Similarly as above, we also obtain
%

~ i PR i+ 2L ipIR + iR b cof lucol? + wiol +1}
«{ P+ laroe

+os|[CIPCS (W) (t) — Z(1)[1Z, x 2,
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that is,

PO + aP < ex e { Ip(OR + la(t)R

+ Cz{llu(t)\F + [w(t)]]> + 1}{!p(t)r2 + !q(t)\z}

+¢3[CS(W) (1) — Z(1)[1 2, 2,

Integrating from t to T

!
J {Hp(s)|!2+|\q(s)|!2}ds <—c1{rp(t)r2+rq(t)|2}

t

.
+ CzJ {Hu(8)|\2 +[[w(s)|* + 1}{!}?(8)!2 + Iq(S)Iz}ds

t

.
+ C3J ICS(W)(s) — Z(s)szlxzzds

&
< czj {Hu(s)H2 + [[w(s)||* + 1}{|p(s)l2 + !q(s)lz}ds

t

T
+ C3J ICS(W)(s) — Z(s)\|2zlszds

t

< ea(T—1) tren[g% Fo(t, T) 4+ csRy :=F(t, T).

This proves the estimate ([3.29)). O

Finally, suppose there exist two solutions \; = (uj, wg), P, = (u3, w3) for the optimal

control problem (3.17)). If (uy, wy), (up, W), (P1, q1), (P2, q2) are the corresponding solutions
of the state and adjoint equations as given in Theorem [3.7, we define

(U1 —up, w1 —wy) = (84, 82),
(P1— P2, 91 — q2) = (P, P2),
Py — P,y = (vi,v2).

We see that 8, p and v satisfy the system

)
P
v

(0¢81, @) + (V+k)((81, @) + b(81,us, @) + b(uy, 61, @) = 2k(curl 5, @)

(0102, &) +v((82, ) + 4K(d2, d) + b1 (81, w1, ) + bi(uy, 82, §) = 2k(curl 64, §)
(3.30)

85(0) =,

—(0¢p1, @) + (v + k) ((p1, @) + b, u1, p;) + b(@, 81, p,) + b(us, @, py)
+ b(81, @, p,) = 2k(curl py, @) 4+ (C18, C1&) 7,
—(0¢p2, ®) + v((p2, d)) + 4x(p2, §) + bi(p1, Wi, d) (3.31)
+b1(py, 82, &) + bi(uy, &, p2) + b1(81, b, q2) = 2k(curl py, §) + (C28, C2&) 7,
p(T) =0,
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2(p(0), &) +B((v, &)

.
+J {b1(P1,W1,ﬂé) — bl(ﬂiywl, qi) — bl(Pz:WQ,ﬂg) + bl(ﬂiwz. Clz)}dt =0, (3.32)
0

forall & = (@, d) € V x H}(Q), C = (Cy,Cy) and nt = (i, n}) = DS(;) - & We seek

estimates for 8, p and v.

Lemma 3.13. Let & and v be defined as above. There exists nonnegative functions Gi(t),

i=1,2, such that
T T
152 < exp (j Gl(t)dt){r|vu2+j szdt}.
0 0

18 Loe0,1;v) Lo 0,113y < Co,1(T)|[V]] + Cs2(T), (3.33)

with lim Cs:(T) >0,1=1,2.
T—0

In particular,

Proof. By the estimate (2.15)), we have (0:8;(t), 0:82(t)) € V xH}(Q). Taking @ = 9:8:1(t),
& = 0¢05(t) in system ([3.30)) and adding the expressions, we get

0uB(1F + 0.8a(0)P + 5 (01 < 26 (curl (1), 0.84(1) + (cur 8s[1), 2alt)
+1b(81(t), us(t), 0¢8:(t))]
+b(ux(t), 81(t), 0¢8:(t))]
+1b1(81(t), wi(t), 0¢02(t))]
+ b1 (u2(t), 02(t), 0¢d2(1))l.

Using Holder and Young inequalities together with Lemma |2.1, we obtain
d
a”‘s(t)w < G1(1)[[8()[* + Ga(t),
where
Gy (t) = Co + Caflua (V)][[Aug (1)] + Coflua(t)][Auz(t)] + Csfwi (1] + Cafua(t)]?,
Ga(t) = Cs[[0:82(t) ||
T
Since uy, u, € L2(0, T; D(A))NC([0, T]; V) and wy, wy € L2(0, T; H3(Q)), we haveJ Gi(t)dt < oo,

0
i =1, 2. Applying Gronwall's Inequality and using that §(0) = v, we obtain

T T
IS < exp (j Gl(t)dt) {Hvl\2 + Gz(t)dt}.

Then, Theorem [2.5] and Theorem [2.6] give us the estimate (3.33)). O
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Lemma 3.14. Given T > 0 and for 8, p be defined as above, we have

T s

lp(t) < J exp (Ks JO {||u1(T)HQ+HW1(T)Hz+1}dT> {K6+K7HP2(S)||2+K8||q2(t)\2}||5(S)H2d8-
t

In particular, there exists K(t, T) > 0 such that

() <K& T81Fw (01w w0108 (3.34)
where lim K(0,T) =0.
T—0
Proof. Taking & = (@, ) = p in system ({3.31)), adding the resulting expressions and writing

0 = min{v + K, vy}, we have

1d

—ialp(t)\z +6][p(t)[[>< [b(py (1), ua(t), p1 ()] + [b(py(t), 81(t), P2 (1)

HIb(81(1), p1(t), pa(£))] + by (p1(t), wi(t), pa(t))]
HIb1 (pa(t), 82(t), p2(t))] + b1 (81(t), p2(t), qa(t))]
+2K{(curl p2(4), p1 (1)) + (curl py (1), Pz(t))} L (C8(b), Cplt))
< Kollus ()][lp1 (V)] p1 (V]| + 2K1 |1 (1)]]]|81 (1) p2 (1) ]
+Kalpy (VM2 oy (V)] 2[wi (1) lp2(1)[*2 | p2(t) |12
+Ks|[p2(t)[[[[82(t)[[[|e2(t) ]|

+Ka|81(0)[[][02(0) [ g2 ()] + 2kl p2(t)[[lpy ()]
+2k| p1 (V) [[lp2(1)] + [|CIP I8 (B[] (B,

that is,

1d

—5 PP +0lp(t)* < Ks{Hul(t)!P + lwi(B)]* + 1}|p(t)l2 +0[p(t)]

i {K6 T Kelpa(0]7 + K8|rq2(t)u2}us(t)u2.

Through Gronwall's Inequality and the fact that p(T) = 0, it follows

T

o) <J

t

S
exp (s || (Iual0)2+ w0241} ar) { Ko Kelpalo) P+ Kallaa (0 1515) s
Hence, using the estimate (2.13) and Proposition [3.12 we obtain the estimate (3.34). [

Lemma 3.15. Let v and p be defined as above. If v € V x H}(Q) and v # 0, then there

exists a constant C,, 1 > 0, independent of T, and a nonnegative function C,, »(T) such that

where _l|_ILT>10 Cy2(T) =0.
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Proof. Taking & = v in identity (3.32)) and using the Cauchy-Schwarz and Poincaré inequalities,
we have

T T
Bl[v|* = — 2(p(0),v) — L b1(py, wi, m3)dt + JO bi(ng, wi, q1)dt

T T
+J bl(p21W2:n§)dt_J bi(m7, wa, g2)dt
0 0

T T
< 24(Q)[p(0)]|[v] ‘f'J |b1(P1'W1.ﬂ§)|dt+J b1 (m7, w1, q1)ldt
0 0

T

N
+J |b1(P2,W2,ﬂ§)|dt+J Ib1(n3, wa, q2)ldt
0 0
= Cyalp(O)l[[v]| + Z L.

It is enough to bound the first integral Iy, since the others can be bounded in an entirely

analogous way. To this end, use Lemma , the fact that w; € C([0, TI; H3(Q)), Holder
inequality and estimate (3.8)) to obtain

T T
Ilzj waprLnQMt<cJ 19, (O [wr (]| [mA(1)]|dt

)
<cma|wl|ﬁ|m1 )bt | dt
tEOT 0

1/2 ¢ T 1/2
< max (1] || Imi ndﬁ {[ 1ptvipa
0

with TIim0 c1(T) = 0. Therefore, defining C,,»(T) = ) _; ci(T), we obtain
—

sMW<{c¢mw+cwn@ww

If v # 0, we have inequality (3.35]). O

Theorem 3.16. Assuming U C Qqq and the interval [0, T] to be short enough, there is only
one solution of the initialization problem (P1).

Proof. Assume that v # 0. By the estimates ([3.33)), ([3.34) and ([3.35)

< Cyalp(0)] 4+ Cy2(T)
< Gy,1K(0, T)H‘SHLoo(o,T;V)xLoo(o,T;Hg) + Cy2(T)
< Cy1K(0, T)Cs 1 (T)|IV]| + Cy1K(0, T)Cs2(T) + Cy2(T),

that is,
BV < Ky(T)[[v]| + Ka(T)
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with lim Ki(T) =0, i=1,2. Thus,
T—0
Ka(T)
B —Ky(T)

Letting T — 0, we get 0 < ||v|| < 0, which is a contradiction. Therefore, the solution of the

Problem ([3.17) is unique. O

0 <|vll <
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4 MICROPOLAR FLUIDS WITH SINGULAR INITIAL DATA

The generation of vorticity usually occurs in very small regions, being natural to consider
initial vorticity concentrated in a set of zero Lebesgue measure. This motivates us to consider
the initial vorticity in L! or, more generally, as a finite measure. We call this initial vorticity
a singular initial data. We would like to understand what is the evolution of this vorticity
over time. In the Navier-Stokes case, there are several works with singular initial data, for
instance (BEN—ARTZI, 1994; IBEN-ARTZI M.; CROISILLE; FISHELOV, |2013;  BENFATTO; ESPOSITO;
PULVIRENTI|, (1985} [COTTET, [1986; |GALLAGHER; GALLAY|, [2005; |GALLAGHER; GALLAY; LIONS,
2005; |GALLAY; WAYNE, 2005} |GIGA; MIYAKAWA; OSADA, [1986), and the references therein. In
(BENFATTO; ESPOSITO; PULVIRENTI, 1985)), the authors constructed a smooth global solution
for the Navier-Stokes model in R? by considering the initial vorticity as a linear combination
of Dirac masses whose total variation is small when compared to the viscosity. This result
was generalized for the case of a finite measure in (COTTET, [1986)) and (GIGA; MIYAKAWA,;
OSADA|, 1986). On the other hand, in (BEN-ARTZI, [1994)) a global result of well-posedness in
[!(IR?) was obtained. In (GALLAGHER; GALLAY, 2005), the uniqueness for the initial vorticity
being a finite measure was analyzed in bidimensional case. The authors were able to remove
the hypothesis about its size. For the three dimensional case, in (COTTET; SOLER, 1988} GIGA;
MIYAKAWA, 1989; |SOLER, 1994)) similar results to the two dimensional case were obtained
under the hypothesis of small initial vorticity. In addition, an L* estimate and decay in time
of the velocity field were obtained and the physically relevant case of the vortex sheets was
also discussed. We recall that the initial data has a vortex sheet structure if the vorticity can
be written as wg = «ds, where « is the strength and 6s is the Dirac measure located on
the curve S. In all these works, the parabolic character of the vorticity equation was of great
importance so that these singular data are compatible with the considered model.

Turning our attention to the micropolar case, the parabolic character mentioned above was
also a key argument in (DONG; ZHANG, [2010), in the particular case of null angular viscosity
(y = 0), to prove the global existence and uniqueness of smooth solutions for the system

(2.6) with initial data in H¥(R?), s > 2. The authors used an interesting new quantity, namely

L=w— —Kb, with the goal of circumventing the recursive relationship that exists between
the angula\r/ velgcity b and the vorticity w, and then obtain estimates in L* for both quantities
(see too (DONG; LI; WU, [2017)) and (DONG; CHEN, 2009)).

Motivated by these works, our goal here is to analyze the Cauchy problem associated with
the two dimensional micropolar fluids with partial viscosity, namely vy = 0, in terms of the
evolution of the singular initial vorticity. We are also interested in the asymptotic behavior of
the micropolar fluid motion with respect to time t > 0 as well as in the case of vortex sheets
structure of vorticity described above. This type of study is new in the context of micropolar
fluids.
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Thus, let us consider the following system in R?:

orw — (V+k)Aw + (u- V)w = —2kADb + curl f,
0tb+4xkb+ (u-V)b =2kw+g,
u=Ksxw, (4.1)
w(+,0) = wy,

b(', O) - bo.

We assume, without loss of generality, f =0 and g = 0. We also use the standard norm in
the space LP(R™) is denoted by || - ||, and for the case of O C R™ bounded open set we
denote by || - ||Lr(q), with 1 <p < oo and n € N. On the other hand, for our purposes it is
important to mention the well-known Morrey—type space of measures. It is known that these
spaces are suitable for the mathematical formulation of phenomena that involve, for example,
mass concentration as the initial vorticity (TADMOR, [2001). Let us recall the definition of these
spaces. Let B(x, R) be the euclidean ball of center x and radius R > 0. We define the Morrey
space MP(R™) = MP as the set of all measures p satisfying

/ 1 1
TVer) (W) <CRYP, =4 = =1,
P P
independently of x € R™ and R > 0, where TVg(x r)(1) is the total variation of u in the
B(x, R). The Morrey spaces of functions MP(R™) = MP are defined as the space of locally

integrable functions f such that
J [f(y)ldy < CR™P" ¥x € R™, R>0,
B(x,R)

where C is independent of x and R. We highlight that MP is a Banach space with respect to

the norm

Inllver = sup an/p/TVB(x,R)(H)-
x€R™ R>0

In the same way, MP is also a Banach space under the norm

||f||Mp = sup R—TL/P/J |f(y)|dy
B(x,R)

x€R™,R>0

Note that M coincides with the space of finite variation measures, here denoted by M, and
M! =11, Moreover, M*® = L*, with equivalent norms, and L? C MP for 1 < p < oo, with
continuous injection.

In what follows, we use C to denote a generic constant, independent of x and t, but still
depending on the general data of the problem. When we need to explicitly indicate certain
dependencies, we write C = C(Z,R,---).

We now list the main results of this chapter.
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Theorem 4.1. Let wg, by € L}(R?) N L*®(R?). Then, the system (4.1)) has a unique global
mild solution, in the sense of Definition (see page 51 below), and the inequality

[u(, )l < Clv, K){(v + K]t} /2 (4.2)

holds, with t € (0, T], for all T > 0. Moreover, assume that (w,u,b) and (d),ﬁ,f)) are
mild solutions of system (4.1)) with initial data (wq, bg) and (W, bAO), respectively. Then, the

following inequalities are verified
I —a)(, 1)l < CE72 (4.3)
(= @) O+ [[(w = @), Voo + [[(b =B, )]l + [[(b = B) (-, )]low < CIT, (4.4)

where ﬁ = ﬁ(wo, bo, (,UAo, 6\0) = max{||w0 — djOHl: ||(,U0 — (,UA()HOO, ||b0 —6\0H1, ||b0 —bl\o”oo} and
C > 0 is a constant independent of TI.

Theorem 4.2. Let wg € M(R?) and by € M(R2) N MP(RR?), with p > 2. The system ([4.1))
has a unique global weak solution, in the sense of Definition (see page 63 below), such

that
Ju(, )]s < Clv, kH{(v + <)t} 2, (4.5)

with t € (0, T], for all T > 0. Moreover, the solutions are also stable in an analogous sense to
(4.3)-(4.4), where in this case 1T depends on the norms M(IR?) and MP (R?) of the initial data.

Below we summarize the general ideas used to demonstrate the above results. First, we
introduce a new quantity relating the vorticity and the angular velocity by

W = (v+ k)w — 2kb. (4.6)

Then, we have that system (4.1)) is formally equivalent to the following system, which will be our

main object of study in the sequel,

4k? 2
QW — (v AW + W — _u.vyw 4 XV,
V4K v+ K
u:K*< L w2 b),
v+ K v+ K
4kv 2K
b+ b+ (u-V)b= (4.7)
vV + K v+ K
W(-,0) = Wy = (v + k)wg — 2kby,
b(ro):bo

The next step will be to consider a regularized problem for obtained by regularizing
the initial data and introducing a time-delay in the nonlinear terms. We will prove uniform
estimates for short times by integral equation techniques. In particular, we prove L* estimates
for the velocity field, which allow us to obtain the existence of solutions through compactness
arguments. Using the same ideas, uniqueness and stability of solution are obtained.

This chapter is organized as follows: in section [4.1] we introduce some notations and basic
results and the definition of solutions. We construct the regularized problem to obtain the

existence of a regularized solution. In sections [4.2] and [4.3} we prove our main results.
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4.1 PRELIMINARIES AND THE REGULARIZED PROBLEM

The aim of this section is to introduce the notations and summarize the basic results that
are necessary to follow the arguments.
We begin with the following result, see (BREZIS|, 2010, Proposition 4.16) for the details.

1 1
Lemma 4.3. Let f € L}(R"), g € LP(R") and h € LI(R™), with = + q = 1. Then we have

JRn(f « g)hdx = J ) g(f * h)dx,

where f(x) = f(—x).

The following results will be used extensively in this work to obtain a priori estimates for
the solutions, see (FISHELOV, [1991; [MICHALSKI, |1993).

Lemma 4.4. /Ifd,u, T >0 andt > 0, then

t
tl_“J (t—s)* s e ™ds < C, (4.8)
0

where C = C(W, 8, T) = max{1, 2" *}G(8)(1 + 8/u)t° and G denotes the Gamma function.

Lemma 4.5. Given f € W™P(R") and 0 : R™ — R satisfying:

1 O(x)dx =1,

2. x“O(x)dx =0, V| < —1,

JR™
3. Ix|™0(x)|dx < oo.
JR™
Set 05(x) = 26 (%), 8 > 0. Then ||f — 05|, < CO™]|f[|wms.

Lemma 4.6. Let ¢ : R2 — R? be a bijective map and 1 : R? — R? the identity map. If
[ — ¢ € L®(R? R?), there exists a constant C such that for every w € L}(R?) N L*®(R?), it
holds

|| (Ktx—y) = Kix— ply)oly) dy| < ClL=@ueise) 1+ log [1-0feiea)). (49)

where C = C([|w||r1(re) + ||l Lo (r2))-

We highlight more properties of the Biot-Savart kernel that will be useful. See (GIGA; GIGA;
SAAL, 2010, Chapter 6), (GIGA; MIYAKAWA, |1989, p. 588) and (STEIN, |1970, p. 119) for different

proofs.
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Lemma 4.7. 1. [Hardy-Littlewood-Sobolev inequality] Let 1 < q < p < oo with

1 1 1
St =g TLand e MP(RY). Then, Ko e MI(R") and
1K v < Cp) [l
2. Consider
1 1 1 1
p n q n

and i € MP(R™) N M9I(IR™). Then, there exists a constant C > 0 so that

(=) /G=3), L Ge2)/G3)

K oo < Cllrellpen el 7da

System (|4.1)) couples the heat equation and the non-linear transport equation. Regarding
the heat equation, the Duhamel Principle will be widely used here in order to define a mild

solution to

dov—(v+Kk)Av=h, x €R? t >0,

V(', O) = Vo,

which is explicitly given by

where

B 1 Ix|?
M. t) = 4rt(v + k)t P (_ 4(v + K)t)

is the Heat kernel.
The following result summarize some properties of the heat kernel I" in Morrey spaces. See
(GIGA; MIYAKAWA, |1989, p. 586 - 590) for the details.

Lemma 4.8. Let 1 <p < q < oo and u € MP(IR?). Then, there exists a constant C > 0 for
which the inequality

1081 (+, t) * pl[ma < C{(v + k)t} 1BIZ-A/P=L/a) |y, (4.10)

holds, for all t > 0, where [ is a multi-index. Moreover, T'(-,t) * u — W, ast — 0, weakly as

measures on each fixed open ball and

lim (I, 1) # e = Il (4.11)

We recall below the definition of convergence of a function f(-,t), as t — 0, weakly
as measures. We begin recalling the definition of weak-* convergence in measures spaces
(see (BEN-ARTZI M.; CROISILLE; FISHELOV, 2013, Appendix A)).
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Definition 4.9. We say that the family of measures (L, ).~o converges in the weak-x topology

to measure W, if

lim (ke, @) = (1, @),

e—0
for all @ € C(R?), where and (-,-) denote the pairing between measures and continuous
functions, that is,

(W @) = J @edu.
R2
For f(-, t) € L}(R?), with t > 0, we can identify this function with a measure (. 1) by

(We(0), @) = JRQ f(x, t)p(x)dx,

where dx is the Lebesgue measure. Thus, f(-,t) — u, as t — 0, weakly as measures means

lim (0, @) = (1 @), (4.12)
or more specifically,
lim J f(x, t)p(x)dx :J edy, (4.13)
t—0 R2 R2

for all @ € CP(R?).
fpueMPNMI, 1< p < g< oo, then we also have the following result of interpolation in

Morrey spaces

ellaer < ell5e el nea,

1 1—-06 ©
with - = ——+ — and 0 < 0 < 1. In particular, all the previous estimates also hold in LP

spaces.

Now, we recall the classical representation for solutions of the transport equation.

Lemma 4.10. /fv € L=(0, T; W"*(R?)) and h € L1(0, T; LP(RR?)), the following Cauchy
problem for © = 0(x, t) with initial data 0y € LP(R?), 1 < p < oo, has a unique solution

0.0 —div(v0) =h, x e R? te[0,T),
divv =0,
0(-,0) = 0,.

This solution is defined by
t

O(x,t) = 00(X(0;x,t)) +J h(X(s;x,t),s)ds,
0

where the function X(t;x,tg), 0 < tg < T, denotes the characteristics related to v, that is,
the unique solution of the system

%X(t;x,to) =v(X(t;x,t),t), t€[0,T),

X(to;X, to) =X.

In particular,
t

190G, Olly < 9]l +j0 Ih(-s)[lpds, t € 0,T). (4.14)
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For the proof, see (AMBROSIO, 2008, Chapter 1) and (COTTET, (1988, p. 232). This result

can be easily extended to Log-Lipschitz velocity fields

v(x +y,t) —v(x, t)] < Clyl(1 + [Infyl]), (4.15)

for all x,y € R? and t > 0, which will be our object of study here.

In order to construct regularized system for (4.7]), we consider two C§° positive functions
p(t) and VP (x) such that

(i) P(Ix|) =1(x) and it is a nonincreasing function of |x|,
(ii) det =1 and Jtl)dx =1,
(iii) supp(p) C [1,2].

Given ¢ > 0, weset p(t) = e 1p(t/e), We(x) = e 2 (x/e), WE = Wy, and b§ = box,,
where * denotes the convolution in R?. Note that W§, bs € W™ (R2) N W™= (IR?), for all
m e N.

We denote by TT(Wj, bg) a constant depending on the norms of the initial data, either in terms
of the L! and L norms, as in Section , or in terms of the norms in Morrey spaces, as in
Section [4.3]

Given a function f defined on R? x R, we define the time-delay mollification of f, denoted by
ME(f), by

+o00

ME(f)(x,t) = J pe(t —s)f(x, s)ds. (4.16)

2e
Directly by this definition, it follows

ME(f)(x,t) =0, if t<2¢,
IME(F)(, H)|Ix < max  ||f(, s)Ix (4.17)

t—2e<s<t—e

< max[[f(,s)][x,
t/2<s<t

for any normed space X.
Introducing the following regularized and linearized problem

€ & 4K2 € & £ £ 8K2V £ £
W — (v + kK)AW?® + W& = —M?((uf - VW?®) + M*#(b*)
vV + K vV + K
u£:K*( 1 € 2K MS(b£)>
v+ K v+ K
4 2
bt + Y bE 4 (UF - V)bE = —— W, (4.18)
v+ K vV + K
W%JD:M@
b(-,0) = bg,

one can state the main result of this section:
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Proposition 4.11. For each ¢ > 0, problem (4.18) admits a unique classical solution
(W¢,u®,b®). This solution is C* and div u¢ = 0.

Proof. We proceed by induction. We consider the time interval J,,, = [me, (m+1)e], m € N.
The argument will be as follows: using the definition ({4.16]), problem ({4.18)) reduced to a linear
problem on each time interval J,,. Through the semigroup theory, the smoothing effect of the
heat equation and the classic theory of the transport equation, we obtain smooth solutions
We, u®, b in J,. Since the nonlinear couplings associated to the system for t € J,,, 1 are
delayed on their values in t € J,,,, the problem is now linear and we conclude that there exists
a unique smooth solution for the above regularized problem. Indeed, using the definition ({4.16)),
for 0 <t < ¢ the system transforms into:

42

ath —(v+ K)AWl€ + _— KWf =0,
1
E:K €
t *<V+K 1>
4xv 2K
aba b& E_ bE: €
t 1+v+|< 1+ (U V)b v+k L
Wi (-, 0) = Wg,
bf(‘,O):bS,

for 0 < t < e. Since W§ € C*®(R?) NLY(R?) NL*®(RR?) (in particular), classic theory for heat
equation with a potential assures that there exists a unique smooth solution W£(-, t) € C*(R?)

1
of the above system. Therefore, uj(-,t) = mK * W¢ is well defined and is C*(R?) for

0 < t < . Furthermore, the hypothesis b§ € C*®(R?) implies that there exists a unique

bé(-,t) € C*°(R?) satisfying, in the classic sense, the system
4kv 2K
atbi + mbf + (U,f . V)bi = v KWlS'

bi(-,0) = bg,

for 0 <t < e. In summary, for 0 < t < € system (4.18)) admits a unique C* solution given
by (W, uf, bi). Now, if € <t < 2¢, consider

2

VNS
o0W5 — AWS W§ =
tVVo (V+K) 2+'V—|—K 2 0,
1
E:K &
w2 *<v+|< 1>
4xv 2K
J:+bE bE [ bE = €
¢ 2+v—|—|< 2+ (U3 - V)b v+ 2
W5 (-, e) = W5 (- ¢€),
b5 (-, €) =bi(: ¢€),

for ¢ <t < 2e. As in the previous case, this system admits a unique C*®(R?) solution given
by (W5, u5, b5). We can repeat the reasonig for each spatial derivative. By gluing the previous
solutions, we have that system ({4.18)) admits a unique C* solution for 0 < t < 2e. In this
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way, we construct a sequence {(W;, us , b )} given by the solution of the system

42

Wi, — (v+ k) AW, + s Kan = Gm,
1 2K
& €
— H
u,, K*<V+me+V+K m>,
4kv 2K
0¢b5, + Tk n ben + (uj, - V)b;, = vr Kan,

Wi (-, me) =W, _4(-, me),

br, (-, me) = by, (-, me),

for (m—l)sétéme Here, G1:G2:G3:H1:H2:H3:O,

3e 2

Ga(x,t) = L pe(t —s) [jilb;(x, s) — (u$ - V)WE(x, s)] ds,
3e

Ha(x, 1 :L pelt =)= b5(x, 5)ds,

for3e <t < 4e. If m =5,

(m—2)¢ 8K2V
Gm(x,t) = J pe(t—s) [ Cals) — (UG - VIWE ,(x, s)] ds
(m—3)e V+K
(m—1)e 8K2V
+J Pe(t—s) [ m—1(x,8) — (ug 1 - VIW 4 (x, S)} ds,
(m—2)e V4K
(m—2)¢ 2 (m—1)e¢ 2
H (x,t):J pe(t—35s) £ (x,s)ds+J pe(t—3s) ¢ 1(x,s)ds,
m (m—3)e ‘ V+K m2 (m—2)¢ ‘ V+K mt

for (m —1)e < t < me. By an induction process, we have that G,,, H,,, € C*® for every
m € N, which implies, via the Duhamel principle, the existence and uniqueness for the triplet
(We,uf,b®) defined by We(x,t) = W (x, 1), us(x,t) = u (x,t),bs(x,t) = b (x,1),
with m such that (m — 1)e < t < me is the unique C* solution of system (|4.18]).
Furthermore, u® is divergence-free as a consequence of div K = 0 (for x # 0) and a
classic cutoff argument. Indeed, given & > 0, we consider a cutoff function 05(x) = 0(/x|/d),
where 0 € C(RR?) is such that supp(0) C [0,2] and O(r) =1, for all r € [0, 1]. If we denote

1 2 _
He — ( we 4 =K ME(be)) and 85 = 1 — 05, then
vV + K vV + K

u®(x,t) :J 05(x —y)K(x —y)H(y, t)dy + ng 0s(y)K(y)H* (x —y, t)dy

RZ
= I0(x,t) + I3(x, t).

Since div(K(x)) = 0 for every x # 0 we deduce
Aiv(I§x 1) = | div(Bix— yIKix - y) <y, Ody

x—yl>8 (4.19)
zjl | VBsbxe—y) Kix—y)H (v, 0y,
x—y|>
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Since 05(x —1) is radial while K(x —1y) is tangential, we have div(I¢(x,t)) = 0. On the other
hand, using that K is integrable in balls centered in 0, the Dominated Convergence Theorem

and the induction above, we derive

(I3 1)) = | 0s(u)K(y) - TH(x—y, dy
(4.20)
:J VOs(x —y) - K(x —y)H (x —y, t)dy =30
[x—yl|>&

Therefore, since div(u¢(x,t)) = div(I3(x,t)) + div(I5(x, t)) for every & > 0, it follows that
div(u¢(x,t)) = 0 and the proof is completed. O
In order to define the mild formulation of system (4.18)), note that using divu® =0, we

have M*((u® - V)W?¢) = M#(div u*W¢). Since M¢ commute with the convolution and with
the differentiation with respect to x, we obtain

+00 d(UEWe)

M—yit=s)| - pels =) 3 S0y, ddy
)

—T(-, t—s) * ME(div usWe) (-, s)= _J
2¢e

+o00 or . .
:J ps(s—T)J Y =y, t—s)(ufW)(y, 1)dydr
j

Therefore, we can write
—T(,t—s)* M*((u® - VIW?®)(-,s) ;== VI (-, t —s) « M®(u*W?)(.,s).

Then, the mild formulation of the problem (4.18) can be formulated by using the Duhamel

Principle and Lemma [4.10] as follows

t
We(- 1) = ei‘ﬁtr(-,t)*wg+J e VR EOYT( t— 8) % ME(UEWE) (-, s)ds
0
2 t
Sk J e RSP £ — ) % ME(bE)(-, 5)ds, (4.21)
vV 4+ K 0
e t) = (ke d 2 owe 2 mee) b ) (4.22)
T v+ K v+ K Y '

4kv 2 t 4kv
be( 1) = e VEE (XE(0; -, 1) + — Jemtsts(XE(s;-,t),s)ds, (4.23)
vV + K 0

where

%Xa(t;x,to) =us(X*(t;x,t), t), te[0,T),

X* (to; X, to) =X.
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4.2 INITIAL DATA IN L} 0 L™

In this section, we will present the proof of the Theorem [4.1] It will be divided into several
parts dealing with existence, uniqueness and stability of solutions. Firstly, we establish the a
priori estimates for the sequence (W*¢,u®, b®) that was introduced in the previous section and

analyze the convergence of this sequence.

4.2.1 A priori estimates
We first derive a priori bounds for family (W€, u®, b¢) with initial data Wy, by € L}(R?) N
[(R?).

Proposition 4.12. There exist T* = T*(v, k, TTI(Wp, bg)) > 0 and a positive constant C =
C(v, k) such that the following estimates

[us (- t)loo < Cl(v + )t} V2, (4.24)
W )|+ W ) floo + (D5 ) 1+ [16°(-, )]0 < CTT(W, bo), (4.25)

hold for any timet € (0, T*]. In addition, the functionu® is uniformly bounded in L>(0, T*; L>°(IR?)).

Proof. In view of Lemma [4.7] and identity (4.22)), we have

C
lus (-, t)|loo < {||W£(-.t)|]1+]WE(-,t)\|oo+2K< max |[b®(-,s)[l1+ max ||b£(-,s)|]00>
v+ K t/2<s<t t/2<s<t
(4.26)
for all t > 0.
Let ¢ =1 or co. Using identity (4.23), we have
€ 2K ‘ — Ay (t—g) €
105, t)]|q < TT(Wo, bo) + e vix [WE(-, s)||qds, (4.27)
v+ K Jp
for all t > 0. Now, combining property (4.17)), Lemma and identity (4.21]), we have

4|<2

t K2
IWEC Ol < e WGl + | e T L 8 MEWE) ) g
0

2y, rt 2
S| I g Mg

t 2
< Wsllg + Clv + K)1/2J (t— s)’”%’h(t*s)\|ME(W£u€)(~, s)||qds
0

8Kk2v [t a2
“v (S IME (D) (-, 8) | g ds.
| I M) ) g s

Then, we find

t 2
[WE(-, 1)]lq < TT(Wo, bo) + C(v + K)—1/2J (t—s) Y2 viw(t=s)  max [ (1) oo [WE, T) || g ds

0 s5/2<T<s
8 2 t 2
i 20

0 s/2<Tt<s
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for all t > 0. Combining the estimates (4.26]), (4.27)) and (4.28)), and setting

s<t

At) = sup {HWE(-'S)HL IWE(-, 8) oo, [[0° (-, )], [[0°(-, s)Hoo},

we find
A(t) < ColT(Wo, bo) 4+ C1(v, K)EA(t) + Ca(v, K)VEA(1)?,

or equivalently
0 < ColT(Wo, bo) + (Cit — L)A(t) + CoVIA(1)?,

2
2
where Cq > 1, C(v, k) = 8:\/% and Cy(v, k) = C(v+k)~3/2(2k+1). Choosing T* > 0

small enough such that

el
C, (4.29)
o= (CiT* —1)2 — 4CoIT(Wy, bo)CovV/T* > 0,

and by the continuity of A, we obtain
1—Cit— 1
oA matve 1
2C2\/E 2C2\/1_L

2 1
for t € (0, T*]. From this we deduce [[u®(-, t)||e < C(VKT—'I—()M’(), t > 0, and the estimate

(4.24)) holds. Now, replacing the estimate (4.24)) into (4.28) and adding the estimate (|4.27)),

we obtain

t

IWE (1)l + 166 (- Dllq < CoTT(Wo, bo) + C(v, K)j

{(t )22 g o (s o 3 (ts)}
0

X ma WEe(-, 1)l + ma be(, T ds.
{ e Iweeolla+ | pax o8l

If A(t) = max {IWe (-, 8)]lq. 165 (-, 8)|lq }+ we have

t

A1) < Coll(Wo, bo) + C(v, kA (1) L

< ColT(Wo, bo) + C(v, k)M(t)AL(t),

((t —5) V22 e Ve (t=s) 1o vix (t_s)> ds

with M(t) =2t + C. Then, if C(v,k)M(T*) < 1, we have proved the estimate ([4.25)). Since

C(2k+1)
K

we know that ||u®(-, t)||L~ < A(t) and we have just proved that A(t) is uniformly

bounded, we deduce that u®(x, t) is uniformly bounded in L. H

Remark 4.13. Since W§, b € W™L(R2) N W™= (R?), for all m € N, repeating the
previous arguments for each spatial derivative of u®, W¢, b®, we can obtain estimates for

[[We (-, t)|[[wme, and ||bE (-, t)||wmr, this time depending on initial conditions and on a negative
power of €.
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4.2.2 Existence of solution

The objective of this section is to prove the existence of mild solution for system . We
prove that the estimates given in Proposition provide compactness properties which in
turn allow us to pass to the limit in the regularized problem. The existence of the limit is based
on the Ascoli-Arzela Theorem (see (GIGA; GIGA; SAAL, 2010, Chapter 5)). We begin with the

definition of mild solution.

Definition 4.14. The triplet (W, u,b) is a mild solution for system (4.7)) if it satisfies the
initial data in the sense of weak-x convergence ast — 0 (see Definition identity (4.13)),
and

W(x, 1) = ¢ 5T (1) « W) (x) + J; e VR ESIYT( t— 5) % (UW)(x, s)ds

8Kk2v [t _a
+ € VJ e*3+2K(t’S)F(~,t—s)*b(x,s)ds,
VvV + K 0

4KV 2 t 4KV
b(x, t) = e i the(X(0:x, 1)) + — J e v SIW(X (s %, t), s)ds,
v+ K Jg

1 2
ux 1) = —— K+ W(x, t) + ——K #b(x, 1),
vV + K vV + K
hold, where the equality is understood in the sense of L>(0, T*; L(R?)) functions.

Proposition 4.15. The family of solutions (W*®,u®,b®).~q to the system (4.18)) admit a
subfamily, still denoted by (W*®,u®, b®).~, such that

W —~ W weak-* in L*°(0, T*; L®(R?)), (4.30)
b® — b weak-* in L=°(0, T*; L=(R?)), (4.31)
u® — u uniformly in compact set of R? x [0, T*]. (4.32)

Proof. Through the estimate ([4.25)), one gets {W¢}.~o and {b*},~¢ are bounded in L (0, T*; L~ (R?)).
Therefore, there exists a subfamily and W, b such that the convergences and
hold.

In order to obtain the convergence (4.32), we use the estimates and to
find that {u¢},~¢ is uniformly bounded in L>=(0, T*; L>(R?)). Now, we need to ensure the
family {u®},~o to be equicontinuous in time and space. By inequality , we obtain the
spatial equicontinuity for fixed time, that is, for all 3 > 0, there exist 6 > 0 such that if
I(x,1) — (y,t)] < &, then [uf(x,t) —ut(y,t)] < B, for x,y € R? and t € [0, T*]. For the
equicontinuity in time, let t,t +h € [0, T*] with h > 0. We can write

u®(x,t+h)—u(x,t) = v_T_KK*{W‘“‘(x,tJrh)—We(x,t)}
42 K*{Me(ba)(x,t—i-h)—M‘“‘(ba)(x,t)}.(4.33)
v+ K
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The definition of M® combined with identities (4.21]) and (4.23)), give

K * {Ws(x,t—i—h) —We(x,t)} =K=x {F(x,h) * W (x, t) —We(x,t)}

t+h <2
+J e ViR PRSIy (x t + h — s) * K % ME(Wuf)(x, s)ds
t

8k“v +th (t—l—h s) E€(TE
+ . Mx,t+h—s)*KxM*(b®)(x,s)ds
t

v+ K
and
K x {Ms(bs)(x,t—kh) —Me(be)(x,t)} = J+Oo Pe(t—s)Kx {bs(x,s—kh) —bs(x,s)}ds,
with

K {bﬂ(x,s+h) —bﬂ(x,s)} — K« { e VR (sThpe(XE (s, %, 5 + h), 5) —bﬂ(x,s)}

2K S+h 4kv
V—l—KJ e vir (TTIK « WE(XE (T, %, T+ h), T)dT.

Then, we obtain

K {W¢(x,t+h) —W¢(x,t)}| < |[K=*{T'(x,h) * W(x,t) — W*(x, 1)}

t+h
+ ‘K * {J e*%(”hﬂ)vr(x,t—kh— s) * M&(Weu®)(x, s)ds}

t

8k>v (Pt e
+ ‘K* {v—i— . J e vie(Hh=sIpx t + h—s) % ME(bE)(x,s)ds}
t

8k?2
v+ K
In order to estimate W1, applying Lemma |4 With 0 =T, we obtain

Wi = [K «{T(x, h) * We(x, 1) — We(x, t)}| < CVh, (4.34)

where, for small €, we have chosen the ¢! associated with the WP norm of W¢(-, t) in the
order of ¢ = v/h, while for ¢ large it is enough to apply the mean value theorem. Due to
Proposition [4.12, W, and W3 can be estimated as

t

t+h s
W, = ‘K * {J e vie (PRSI YT(x t + h — s) % ME(Weus)(x, s)ds}‘

t+h
<J V(- t+ = s)[|1][ME(Weus) (-, s) | 22IME (Weus) (-, s) [ 2ds - (4.35)

t

t+h
< CJ (t+h—s)"Y2ds < ChY/?

and

t

t+h
W; = ’K* {J e —3(thhes) Nx,t+h—s) *Ms(bs)(x,s)ds}'

t+h
gJ 1K 5 ME(69) (-, 8)ods (4.36)
t
t+h
<[ e I s < Cn
t s/2<T<s
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On the other hand, in order to estimate the second term of identity (4.33), note that

K % {(b(x, s + h) — b¥(x, 8)}| < (K x {e*é‘ﬁ(smbﬁ (X(s,%, s + h), s) — b(x, s)}]

2K sth _ 4kv (T*S) € €
e vix K W (X (t,x, T+ h), 1)dT
V4K

2K
v+ K

Now, in order to bound the term B;, we write

= B, +

B,.

4kv

Blz‘K {e vk (5Hpe (XE (s, %, s + h), s) — bE(x, 8)

e v pE(x 5) — e ViR (sFMpE (x,s)}‘

< ‘K*{e*ﬁi(”h)bs (XE(5,%, 5 + h), ) — e ix(sthipe (x,s)}‘
+ ‘K * {e’%(”h)bs(x, s) —be(x, s)}‘
= Bll + Blg.

Then, we have by Lemma [4.6|

4KV

By = J K(x —yle” Vik(sth)pe (XE(s,y,s—i—h),s)dy—J K(x —z)e vix 5tMpe(z 5)dz
R2 R2

J [K(x —y) — K(x — X¢(s, 1, s + h))Je v (SFMpe (XE (s, y, s + h), ) dy‘
]R2
< CII(-) = XE(s, -, s + M) loo (1 + [log [|I(-) = X (s, -, s + N) ool ,

where C = C(|[b®(-, s)||1 + [|b%(+, $)|l) > 0. Since
I1(:) = X=(s, -, s + M)l = sup|X(s,y,s + h) — I(y)|
y

=sup|X®(s,y,s+h)—X(s+h,y,s+h)
y

s+h
J uﬁ(xs(a,y,sm),a)da‘«h

= sup
Yy s
we obtain
and

By, — ’K ¥ {<e—3‘ﬁ(s+h) - 1) be(y, s)}

4KV

< Clem ¥ | [os (- ) oS )12 (4.38)

< Ch.

Permuting integrals in time with the convolution, taking into account the estimates for W*

and the area preservation properties of the mapping flow X¢, we also deduce

s+h
B, = ‘K % {J e‘éiVK(T_S)WE(X‘“‘(T,x,T+ h),’t)d’t}‘ < Ch. (4.39)

S
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Hence, combining the estimates (4.34)-(4.39)), the family t — u®(x, t) is equicontinuous in
time allowing to apply Ascoli-ArzelAj theorem to deduce the existence of a subfamily of {u}.
such that convergence (4.32)) hold. O

Proposition 4.16. The triplet (W, u,b) given by Proposition[4.15is a mild solution of system

(4.7).
Proof. Let @ € CF(R? x [0, T*)) and Q = supp(@). The identity (4.21)) leads to

T*

JT* JR2 WEe(x, t)o(x, t) dx dt :J‘

J o (x, 1) % WE (x)@(x, t) dx dt

T* t )
+J J U e_éiK(t_s)VF(-,t—s)*ME(uEWE)(x,s)ds] @(x,t) dx dt
0 R2 0

8k2v [T e
+ J J U e vie FTSIP(L £ —5) % ME(b)(x, s)ds} @(x,t) dx dt.
v+ K 0 R2 0

The convergence of the left hand side follows directly from weak-* convergence of W*. For the
first term of right hand side it's possible to take the limit by definition of mollifier sequence.
Now, we prove the convergence of the second term of the right hand side, and the same idea

can be used to prove the convergence for the last term. Thus, we consider
T t L,
J J U e vis TSIYT( t —s) *Me(uswg)(x,s)ds} @(x,t)dxdt:=1; + I,
o Jr2 LJo

where

T* t >
IIZJ J U e_3$K(t_S)VF(-,t—s)*(ME(uEWE)—uEWS)(X,s)dS] @(x,t) dx dt
0 R2 0

and

T t )
I, = J J U e v STt — ) * (UWEWE)(x, s)ds] @(x,t) dx dt.
o Jr2 LJo

We begin showing that I; converges to 0. Indeed, since

T rt
L] = J JJ e*é‘fx“*“vr(.,t—s)*(MS(uffw&)—uﬁwe)(x,s)cp(x,t) dxdsdt‘
RQ

0 0
< Cv, &, T @] (om0 [IMT(WWE) —u Wl 10 1411 (0)),

and |[M®(u*W*®) —u*W*¢|| = (0 1+11(q)) < Ce, we have I; — 0. Now, we focus on I,. Let

us write I = I»; + I5», where

T t
Iy = J J U e*%(t’s)VF(~,t— s) x (UWW*E —uW?®)(x, s)ds} ¢(x,t) dxdt.
o Jr2 LJo

and

T t
I, = J J U e—é‘i“—s)vr(-, t—s) x uWe(x, s)ds] @(x,t) dx dt.
0 R2 0
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We have

o] =

T t
J J U e’%“’s)VF(-,t — ) * (USWE —uWeé)(x, s)ds} @(x, 1) dx dt‘
o Jr2 [Jo

t

T*
< |’@|’Lw(0’T*;Lm(R2))J J HVF(,’C — S) * (UE —u)We)(, S)HLl(Q) ds dt
0 Jo

< C(v, &k, T)[[ @[ 0,771 () [[U° — WL 0,750 (@) [WE Lo (0,740 (02)) — 0.

On the other hand, using Fubini theorem and the fact that W& — W weak-x in L*®(0, T*; L*°(IR?)),
we find
T* L,
I %J J U e vix TP t—s) * (UW)(x, s)ds | @(x, t) dx dt.
o Jr2 LJo

These arguments together with the Fundamental Lemma of Calculus of Variations lead to

t

W(x, 1) = e+ (- ) % Wo(x) +J e VR OYT( L — s) % (UW)(x, s) ds

0
8Kk2v Jt 42 (4.40)

e v+« (t_s)r(‘, t— S) * b(xv S) ds

vV + K

The same strategy applied to identity (4.23)) yields

0

T* T
J J b%x,t)cp(x,t)dxdtzj J e VIRTBE(XE(0; %, 1)) (x, 1) dx dt
0 R2 0 R2

2K T* t 4kv
J J U e vic THIWE(XE(s;x, 1), s)ds | @(x, t) dx dt.
v+ K 0 R2 0

We analysis the term

T*
]:J J e VIRBE(XE(0; %, 1)) (x, 1) dx dt.
0 R2

For the rest of the terms, the argument is analogous. Using the change of variables X (0;x,t) =

Y, we can write it as

4kv

T T
J J e—i‘iltbg(x%o;x,t))q)(x,t)dxdt=J J e v'bE(Yy)e(XE(0;y, 1), t) dy dt
0 R2 0 R2

=J1+ ]2

where -
Ji= J JRZ ¢ VRS (Y) (@(XE(0;y, 1), 1) — (X(0;y, 1), 1)) dy dt,

and

T*
o = J J e VI DE (Y) @ (X(0; Y, 1), t) dy dt.
0 JR?

The term J; converges to 0 due to the continuity of @ (uniform on compact sets):

-
il = j JR2 e b5 (Y) (@(X 0y, 1), 1) — o(X(01y, 1), 1) dy dt

0

T*
<||b3||L°°J J (X< (0;y, 1), ) — o(X(0;y, 1), 1)] dy dt — 0.
0 Q
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Since ||b§ — bol|1 — 0, we find

T*
Jo — J J e v tbo(y)@(X(0;y, 1), t) dy dt.
0 R2

By change of variable, we obtain

T*
] — J J e_%tbo(X(O;x, t))e(x, t) dx dt.
0 Jre

Then, we conclude

4Kkv

t
b(x,t) = e vietbo(X(0; %, t)) + 2K Je3i1(tSJW(X(s;x,t),s)ds. (4.41)
vV + K 0

Finally, the identity (4.22)) leads to

T T
1
J J u®(x, t)e(x,t) dx dt :J J K*xWe(x,t)p(x,t) dx dt
0 R2 0 rR2 Y + K

T*
2
+J J ® K& ME(b)(x, t) @ (x, t) dx dt := Ny + N,.
0 RZV"’K

We prove the convergence of Ny directly from Lemma [4.3]and definition of weak-* convergence
of (W*®).. For N5, we proceed in the same way as above, that is, adding and subtracting b® in
the second member of the convolution. Then, the proof is completed by combining the above

inequalities. L

In order to obtain global existence for the mild solution, we can consider the initial time to
t =0 < T*, and take T* > 0 as in Proposition 4.12| Then, we have the estimates (4.24)) and
(4.25) hold in [, T* + 8] and so on. We have proved the following result

Corollary 4.17. Let Wy, by € L} (R?)NL>®(R?). For any T > 0, the system (4.7)) has a global

mild solution, such that
{(v+ «)t}2u € L®(0, T; L*(R?)).

Remark 4.18. Note that in each step described above, the initial data is more regular and
thus we have regularity gain for the obtained solution (see (CAFFARELLI; KOHN; NIRENBERG,
1982)).

4.2.3 Uniqueness and stability of the solution

Let us take advantage of the results in the previous section to show uniqueness and
asymptotic stability for the solution of the problem (4.7)) with respect to disturbances of the
initial data.

Proposition 4.19. Let Wy, by € LY(R?) N L*®(IR?). There exists a unique global solution of
system (4.7)) satisfying the estimate (|4.2)).
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Proof. Suppose (W*, ul,b!) and (W? u?,b?) are solutions of system ([4.7]). We will show
that W! = W? and b! = b? on R? x (0, T], for all T > 0. We set

Z(-,t) = (W' =WA)(-, 1),
(b —b2)(-, t).

-

P

S—
|

Note that (Z, E) satisfy the system

2

4 1 2 2
NZ— (v+KAZ+ 5 z_—<<1<*( z+ 28 E)>-V>Wl—(u2-V)Z—|—8KVE
v+ K v+ K v+ K vV + K

4 1 2 2
d.E + KVE+(u2-V)E:—<<K*( A E— E)>-v>b1+ ~ 7
vV + K v+ K vV + K vV + K

Z(-,0)=0,
E(-,0) =0,

t 4k 1 2
Z(-t) = J e_V+2K(t_S)VF(-,t—s)* {w1<1<*( z+ -t E>)}(-,s)ds
0 v+ K v+ K

t
+ J e IRIYT( t—s) « (Zu2)(-, s)ds

0
8 2 t 4K

4 KVJ e RSPt — g) % E(-, 5)ds,
v+ K 0

t 4KV 1 2
E(,t) = J eierK(t*S)vr(',t—S) * {bl (K* (—Z+ < E)) }(',S)ds
0 vV 4+ K vV + K

2k [t v
J e vie(t=s)7 (. g)ds.
vV + K

0
Then,
t 1 2K
1Z(-, t)|l1 gJ VI(-, t—s) % {Wl (K* < Z+ E>) }(-,s) ds
0 v+ K v+ K 1
t
+J V(- t—s) % (Zu2)(-, 5)[ds
0
2 t
4 S J oS IP(t — ) % E(, 8)||1ds
vV + K 0
t
< Co(v+ K)3/2J (t— 3)1/231/2{]\2(-, s)|l1 + 2k||E(-, s)Hl}ds
0
t
+C0J (t—s)_1/2s_1/2HZ(-,s)Hlds
0
dev [V a2
VTK J e 2K [EL, 5) 1 ds,
that is,

t 2
20l < {(t— §)-1/251/2 +e—fﬂ<t-s)}{uzc,s)ul +2KHE(-,s)ul}ds,
0
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4
with C; = max {CO(V + k)32 4+ C,, iv } Similarly, we have
v+ Kk

t
2k[[E(, t)|l1 < C2J {(t— §)1/2g71/2 + e Vix (t—s)}{HZ(-, s) |1 + 2x|[E(-, s)Hl}ds,
0

42

with C, = max {2KC0(V + k)32, } Therefore,

v+ K
1Z(-,t)]]1 + 2k||[E(-, t)]1

t K2 KV
< C3J {(t— §)L/2571/2 4 o () +e—3ﬂ<t—s)}{uzp,s)”1 —|—2KHE(-,S)H1}dS,

0

where C3 = max{C;, C,}. Define Y(t) = sup{||Z(-,s)H1 + 2|<||E(-,5)H1}, t > 0. Then,

s<t

Y(t) < C(v,x, T)Y(t), with C(v,k,T) < 1, see Proposition [4.12] This estimate implies
Y'(t) = 0 and, therefore, the solution of problem (4.7 is unique. O

Finally, let us state the stability result in the following proposition.

Proposition 4.20. Let W,, by, Wy, by € L}(R?) N L®(R2). Assume that the (W, u,b) and
(W, 1, b) are solution of problem (4.7)) with initial data (W, bo) and (W, bo), respectively.
Then, the inequalities below are satisfied fort > 0

I(u =) (-, )]l < CEH2, (4.42)
IW = W) )]l + (W = W), B)oo + [[(0 = D), )1+ [ (b = B) (-, )| oo < CTT,
(4.43)

where TT = TT(Wj, bo, Wo, bo) = max{||Wy — Wol|1, [Wo — Wollse, I|o — bol|1. |bo — bollee}
and C > 0 is a constant independent of 1.

Proof. Defining Z =W — W, E=b—bandU=u—1, they satisfy the system

42 8K2
Z—(VHKAZ+ S 7 ——(U-VIW—(a-V)Z+ 2V
v+ K v+ K
llzK*( L Z+ 2KE),
VvV + K v+ K
4 2
LE+ Y E4L (- V)E=—(U-V)b+—""7
V4K vV + K

Z(-,0) = Zo = W, — W,
E(-,0) = Eg = b — by.

Then, we can proceed as Proposition |4.19] m
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4.3 MEASURES AS INITIAL DATA

In this section we deal with a priori estimates considering the initial data W, € M(RR?)
and by € M(RR2) N MP(IR?), with p > 2 fixed. This case lead us to a theory of existence of
weak solutions for system (4.7). The main difference with respect to the case in which initial
data are in L1 N L is how one derives the appropriated a priori estimates.

First, observe that by W*(., 1), bs(-,t) € C®*[R)? N LYR?) and

1 2
u¢ =K>|<( We + < Ms(be)). We have
vV + K vV + K

1 2
curlus (1) = WE(- t) + —&
v+ K v+ K

that is,
We(-,t) = (v + k)eurlu® (-, t) — 2kM*(b®) (-, t).

Therefore, for 0 < s < t, we can write
—T(t=s)« M*((u® - VIWF)(-, s) = VI(-, t —s) « M (WFuf) (-, s) (4.44)
and
—T( t=s)« M*((u® - VIWF)(., s) = —(v + kJeurl VI(-, t —s) « M*(uuf)(,s)

2KVt —s) % ME(ME(bE)us) (- s),  (4.45)

2
where u®u® := E u;uj. We have the following result:
ij

Proposition 4.21. There exists T* = T*(v,k, TI(Wp, bg)) > 0 and a positive constant
C = C(v, k) such that

U (-, )]|oo < Cl(v + k)12,
IWe(-, t)|[1 + [|b (-, t)[]1 < CTT(Wy, bo),
{(v 4+ R [WE (-, ) me + [[05(-, 1) [me < CTT(W, bo),

hold for all t € (0, T*].
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Proof. Note that

_4|<2
e
[uf (-, t)][oo < VK [(K*T(, ) * Wy lloo
t 2
J e v ()| K sk (T, t — 5) « ME((uf - V)WE))(-, 8)]|ods
vV + K 0

8 2 t 2
. (ViZ)L eHEO It )5 (K ME(67)) ) s

HK be)('vt)”oo

v—i—
< {(v + <)t 2 Wollae
V4 K

C t _4|<2 (t—S) € e 1/2
+ e Vix IT(-, t—s) * ME((u® - VIWSE) (-, s)||;

v+ K 0

X |IT(-, t —s) * ME((u€ - VIWE) (-, s)[|1/2ds

8k2v t (t—s)

_— V+K K ME ood
+(V+K)2Le B M (D) - 5) ol

2K

HK () )| co-

Applying Lemma , we obtain the estimates

IT(t—s) * ME((us - VIWE)(-, s)||1 = ||[VT(-, t —s) « ME(WEUE)(-, s)|1
< C{(v+K)(t—s)}?  max ||u (D oo [WE (-, D) |1,
s/2<T<S
and

IPCLt =) ME((U - VIW) (- 8)lloo < (v 4 k) leurl (-t — s) « ME(uéus) (-, ) oo
2| VT (-, £ — ) 5 ME(ME(69)u) (- 8) oo

SC{(v+K)(t—s))1 max [us(, 1%
s/2<T<s

+2kC{(v + k) (t —s)) V2P

X max {HUE(',T)HOO maxT||b‘c'(-,ﬂ)HMp}.

s/2<T<S T/2<n<

On the other hand, by Lemma we have

K ME(B) (- )l < CIME(BE)(, ) [FIME(B5) (-, )l

C be (-, )| b () I
bR LRl

<
<
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—2
where o = h € (0,1). Therefore, combining the above estimates we obtain
[u(-, t) oo < {(v+ )t Wl

v+«
C t —3/4 3 3/2 € 1/2

+(VJFK)l/zL{(V+K)(tS)} / s/g1<aT><<Sllu (DI IWe - )1y ds
1/2

# COLC [ty g gt o) /2

vV 4+ K 0

1/2 1/2
X max {nu&(-.r)umuwe DI max ol ||/}
<m<

s/2<T<S

8k2vC (¢
— (t s) € o £ 1—x
+——1 e Vi max be(-, T max be(-, T ds
(V + K)2 Jo s/2<T<S H ( )”1 s/2<T<s H ( )HMP
2xC
max b (-, )
V+ K t/2<s<t

max_[[b°(-,s) [y

Thus,

{(v+ Q2 u () loo < Clv+ k) Wollae

t
+Clv+ K)—3/2t1/2J (t—s) /45734
0

xmax_ ({(v+ T2 uf (-, 1) 00) ¥ 2 [WE (-, T)

1/2
172 ds

+(2K)1/2C(‘V+K)3/21/2pt1/2J e v+|<(t s)(t_s)71/271/2p571/2

0
X max {{(V+K)T}1/2Hu€(-,’t)|OOHWE Hl/? (4.46)
s/2<T<s
x  max |bS( \|1/2}
T/2<n<T

—I—8K2VC(V+K)_3/2t1/2J ) max b, 1)F
0 s/2<T<s

x  max |[b(-, )|t *ds
s/2<T<S H ( )HMP

+2kC(v+ k)22 max  ||be(-, 8)[1* max |[bE(-,s)||E
( ) t/2<s<tH ( )”1 t/2<s<’cH ( )”Mp

Analogously, we obtain the following estimates for W and b®, where we assume
1 1—
1<2p(p+2)t'<r<2and0< B <1 such that ;=[5+T:

t
16, 1) []1 < [|bol|e + 2k(V + k)™ J IWe(-, s)||1ds, (4.47)

t
105 (-, t)|[mr < |bollaee + 2K(v + K)”l/pJ sTHVPL(v 4+ k)sPVP|IWE (- s) || me ds,

i (4.48)
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[We(, t)lr < [[Wollm
t

+cw+K)‘1J (t—s)2s7Y2 max {(v+ )T 2([uf (-, 7)o [ WE(

0 s/2<T<s
t
+ 8Kk%v(v + K)_IJ max ||b(-,T)|[1ds,

0 s/2<T<s

and
{(v+ QT YPIWe(, ) me < C[Wollne

t
+ C(v + k) 11/p J (t—g) /2 V/rHl/pg=3/2+1/7
0

 max {{(v T2 (D) e WE L, D))

s/2<T<S

-, T)|[1ds

(4.49)

(4.50)

< (v + K)T}“/P\WE(-,T)\WPB}ds

t <2
—|—8K2v(v+|<)_1/pt1_l/pj e v max [[bE(-, )| mrds.

0 s/2<T<s

Setting TT(Wp, bg) = max{||[Ws||n, ||Pol|a, [|Pol|ner },

A(t) = sup {{(v S e 8) oo [WE L 8)

s<t

{(v + )P IWEL 8)[[me, [0, 8) [, D5 (-, S)Hmp},

and taking into account Lemma [4.4] we can rewrite the estimates ({4.46) - (4.50)

{(v + 2 U (- 1) [loo < Clv + k) TTI(W, bo)

+ C((v + k)72 4+ (2)Y2(v + K)3/21/2p>?\(t)2

+ C(v + ) V2HY2A (1),
(-, t)]|1 < TT(Wo, bo) + 2x(v + K)HA(t),
105 (-, t)[|mp < TT(Wo, bo) + 2k (v + k) >FH/PE/PA(L),
[WE (- )||1 < TT(Wo, bo) + C(v + k) IA(1)? 4 8KV (v + k) HA(t),

and

{(v+ ) YPIWE( )| me < CTT(Wo, bo) + C(v + k) TIA(1)2 + 2v(v + )1 V/PE1/PA(L).

Therefore,
0 < A(t) < Colv, K)TT(Wy, bg)
+ Ci(v, K, p) [t + t2 + /P 4 tP=V/P |\ (1)

+ Ca(v, Kk, P)A(1)?,
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or equivalently
0 < ColT(Wo, bo) + {Cl [t + V2 4t 4 t“"“”’] — 1}7\(t) + CoA(1)%,
where Cp, C; and C, depend on v + k and are given by
Co=C(v+xk)1+C+3
C1 = max {C(v + K)1/2, 2k (v + |<)_1 + 8K2v(v + K)_l, 2k (v + K)_2+1/p, 2v(v + K)l_l/p}

and
Co=C((v+k)32 4+ 2)"3(v+k)¥2V2P) L 2C(v+ k)L

Thus, for initial data such that 4CoC,IT(Wy, bg) < 1, there exists T* > 0 for which
C, [t /2 /e t(Pl)/P} —1<0,

2 (4.51)
o= {Cl {t + 12 4 VP 4 t(P—l)/P] — 1} — 4CoCoTT(W,, by) > 0,

hold for all t € [0, T*]. Indeed, since lim C; [t—i—tl/2 + /P —I—t(pl)/p] = 0, there exists

t—0+t

d > 0 such that t € (0, 8) implies C; [t +t1/2 VP 4 t(p_l)/p} <1l— 2\/C0C2U(W0, bo),
proving inequality (4.51]) for 0 < T* < 8. Therefore, since A is continuous, we conclude that

0 < A < ——. This complete the proof. O
2C,

With these estimates, all the results from the previous section can be extended to the
case under discussion considering t > 0. However, this solution must be understood in a weak
sense, see Definition below. However, a bootstrap a posteriori argument provides that the
solutions will be regular, see (CAFFARELLI; KOHN; NIRENBERG, 1982)).

Definition 4.22. Given W;, by € M(R?) and T > 0, we say that (W, u,b) is a weak solution
of system (4.7)) if it satisfies the initial data in weak-+ sense, see Definition identity (4.12)),
and

() w=K+ (LWJr 2 b),

vV + K v+ K

(ii) The following equalities

2

JT Jw (atcp —(v+Kk)Ap +

(p+(u-V)cp) dw
0

v+ K

8k2v [T
=—J (- 0) dWp + ”H o db,
R2 +K R2

v 0
T 4xv
J;) JR2 (atd) + \/——l—KCb + (u- V)(b) db

(4.52)

T

| 0.0 v+ 2 |

0

JRz b dW.

hold for every @ € C3(R? x [0,T)) and ¢ € C}(R? x [0, T)).



64

Indeed, taking into account that every uniformly bounded family in L! admits a
subfamily which converges weak-* as measure in L*(0, T*; M(R?)) together with Propo-
sition , then an identical argument to that of Proposition [4.15] allows to conclude the
following result.

Proposition 4.23. The family (W¢,u®, b®).~q of solutions system ({4.18) admits a subfamily,
still denoted by (W*¢,u®, b®).~o, such that

WE — W weak-* as measures in L=(0, T*; M(RR?)), (4.53)
b — b weak-+ as measures in L*®(0, T*; M(R?)), (4.54)
u® — u uniformly in compact set of R? x (0, T*). (4.55)

Proposition 4.24. The triplet (W, u,b) given by Proposition is a weak solution of
system (|4.7]).

Proof. The regularized solutions (W¢, u®, b®). ¢ satisty the system (4.18)) in the weak sense

2

T*
4
J J <at(p—(v+K)A(p+ <
R2

T+
. V+K(p>W£dxdt+J JRZ M£<((u,E .V)(p(x,t))We)dxdt

0
8k2v

v+ K

T
J J ME®(b®)edx dt,
R2

= —J @, 0Wdx +
R2 0
(4.56)

L 4kv c e e 2k [T c
i+ ——d+ (u- V) |bdxdt=—| &(-,0)bSdx + Weddx dt,
0 R2 v+ K R2 v+ K 0 R2
(4.57)
for every @ € C3(R? x [0, T)) and ¢ € C3(R? x [0, T)). Note that the explicit dependence of
the variables (x, t) in identity (4.56)) for @ indicates that the function is not affected by the
time-delay of M®. From the estimates for W*¢ and b® in Morrey spaces (Proposition |4.21]), we

deduce that the velocity is equicontinuous in space and time for t > 0. Next, considering the

non-linear term in identity (4.56)

[¢ .= J'T* J M¢® (((u": -V)o(x, t))W‘“‘) dx dt,
RZ

0

and using identity (4.22)), we obtain

e __ ]' T £ £ £
It = v+|<J0 JWM ((K*W )-Veo(x,t)W )(x,t)dxdt

T
+ v2—|'—<|< Jo JRz ME <(K *M5(b%)) - Volx, t)WE) (x, t)dxdt

T+
:=J J M*® (K(x—y)V(p(x, t)W;W;)(x, t)
0 JRZxR2

T
—I—J J M# (K(x—y)V(p(x, t)ME(bE)yW,i)(x, ).
0 JRZxR2
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By the estimates in Morrey spaces, there are no concentrations in the diagonal (x = y)
towards Dirac masses at the limit of M*® ((K(x — y)V(p(x,t)W;W;E) (x,t), in compact sets

of R? x R? x (0,T*), as ¢ — 0. The same idea applies to the second term of 1¢. Then, the

following convergence property for the non-linear terms

JT* JR2 Me (((us : V)(p(x,t))W) dx dt —>J

0 0

T*
J (u-V)ep dw
R2

hold true, see (NIETO; POUPAUD; SOLER, [2001; SCHOCHET, [1995) for similar argument. Passing
to the limit in the linear terms does not present additional difficulty. Thus, we have proved the

proposition. O

The nonconcentration argument from the preceding proof and the convolution properties

in Morrey spaces with singular kernels allow us to deduce the following result.

Corollary 4.25. If Wy € M(R?) and by € M(R?) N MP(R?), with p > 2, then the system
(4.7)) has a global weak solution such that for any T > 0,

{(v + «)t}%u € L®(0, T; L®(R?)).

The uniqueness and stability of solution are entirely analogous to the previous case. This
complete the proof of Theorem [4.2]
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5 ADDITIONAL COMMENTS AND FUTURE WORKS

We briefly present some ongoing projects and future works that naturally arise from what
was discussed in the previous chapters.

It is of great importance for the formulation of the initialization problem as an optimal
control problem that the model be well posed, in the sense of Hadamard, in order to ensure
the map S, defined in section [3.1] to be well defined. In this sense, one may seek conditions
ensuring good properties for the map S in order to extend the results from chapter (3| for the
variable density case. Obtaining analogous results for the three dimensional case is also a
natural question. We intend to address these in a near future.

In the introduction of chapter[4] we have mentioned the case of vortex sheets as a motivation
to consider initial data in Morrey spaces. Classically, this configuration is associated with vorticity.
Indeed, as mentioned before, let §s be the Dirac measure located on the curve S in R?, with
no end points, parametrized by a piecewise C! function ¢ : 1 — R2. Here, I is an open real
interval and « a function on the curve S which represents its density or strength. In the case
of a vortex sheet structure of vorticity, the initial data is a measure of the type «ds. These
measures belongs to M?*(RR?), where s depends on the regularity of & and on the regularity of

the tangent T to S according to the following result.

Lemma 5.1. If the initial vorticity wy is given by ads and T € LP(S)?, withp > 1, then
2p’
2p' —1

wo € M*(R?), with s = and p’ is defined as % + % =1

Proof. By the definition of the Dirac delta on a curve, we have

(oS5, @) =J 0(C(E)) - T(L(E)(C(E)) dE, ¥ @ € Co(R2)?,

I

where - is the inner product in R?. Therefore

TVaer) (08s) < J @(C(E))] IT(L(E)) xl(C(£)] dE

¢(I)NB(x,R)
< JlleelTedir 161 N B RIYP < [l Tec]| o RYP

1 1
Then, for s’ = 2p’, we have S + 7= 1 and conclude that

TV (x.r) (&8s) < || @] [ Tarl| Lo R’

and ads € M5 (R?). O

Note that in the particular case of Lipschitz sheets, p = oo, the initial vorticity belongs to
M?2(IR?). Also, we can consider extending the structure of vortex sheet to the initial configuration
of W, which is included in the functional framework studied above. This possibility involves not

only the vorticity, but also affects the microstructure represented by b. Our goal is to analize if
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there are persistent conditions in time for this structure and then to study its dynamics in the
microscale associated with b. This study is ongoing.

In the context discussed in chapter , a natural research line is the evolution of configurations
of constant vorticity in a domain (vortex patches). Despite the complexity of the motion and
the deformation process that the vorticity undergoes, these special vortices subsist without any
deformation and keep their shape during the motion. In the framework of bidimensional Euler
equations, the first known example in the literature goes back to Kirchhoff who discovered
that a vorticity uniformly distributed inside an elliptic shape performs a uniform rotation about
its center with constant angular velocity. Notice that the solutions of vortex patch type have
motivated important mathematical achievements in recent years (BURBEA, 1982; |CHEMIN|
1993; DEEM; ZABUSKY,, (1978)). The vanishing viscosity limit has been one of the key tools in
the analysis of Euler's equations from Navier-Stokes results. In this scenario, we can study the
evolution of vortex patches. This a very typical problem in the framework of Euler's equations
in fluid mechanics (SUEUR, [2015). The question to be raised concerns the existence of vortex
patch-type structures in micropolar fluids, of course in the vanishing viscosity regime. In this
context, the objective is related with the very challenging problem on the inviscid limit of
incompressible Navier-Stokes equations. In our case, the occurring spin up of the flow created
by the rotating particles may lead to a decrease of the effective viscosity. So, the additional

microrotation viscosity may be negative and could compensate the viscosity of the fluicﬂ

1 It seems that, at least, in the case of ferrofluids the microrotation viscosity could be negative and cancel

the overall viscosity.
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