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ABSTRACT

Random lasers (RLs) are photonic systems that emit light amplified by stimulated emis-

sion of radiation, (coherent emission) due to multiple scattering of light by a disorder

medium inside a gain medium. Since there are no fixed mirrors, the feedback mech-

anism provided in conventional lasers does not exist here. This role is made by the

multiple scattering of light inside the gain medium owing to the presence of scatterers.

RL light can present multi-directionality in the emitted beams, multimode character and

a complex behaviour due the connection between strong scattering, disorder and gain.

RL was first proposed by Letokhov (1968) to occur in any gain material with scatter-

ing after a determined volume threshold. Nowadays there are RL in different materials,

and one with most potential for applications are RLs that takes the advantages of fibre

optics, where laser emission is obtained in conventional or specially designed optical

fibres. The complex behaviour of RL light emission has been used to observe statis-

tics phenomena in a well controllable device and performing analogies with statistical

mechanics. In this work, we study the statistical properties of the light emitted by an

Erbium doped random fibre laser, with a specially designed fibre Bragg grating. In this

sense, the feedback mechanism is provided by multiple scattering of light due the inten-

tionally inscribed random phase shifts during the grating writing process. The linewidth

reduction and the output intensity as a function of the input pumping power was char-

acterized, showing a typical threshold resembling a conventional laser character. The

multimodal behaviour was determined by speckle measurements. Interaction between

the laser modes was analysed by the emission spectra performing the analogies to

the spin glass theory, considering the laser modes and input pump power analogue

to the spin variables and inverse of temperature, respectively. A glassy behaviour was

attributed to the Erbium random fibre laser emission by the analysis of the emission

spectra. With the definition of the intensities fluctuation order parameter (analogue to

the Parisi order parameter), its probability density distribution changes shape, show-

ing that the system goes from a non-correlated regime below threshold to a correlated

mode behaviour above the threshold. It is a clear evidence of a photonic paramagnetic

to a photonic spin-glass phase transition. From the same experimental data, we char-

acterized the maximum emitted intensity in each spectrum, its connection to the large

intensity fluctuation is experimentally studied, and three different regimes on the emit-



ted intensity were observed: Gaussian pre-laser regime, Lévy-like around the thresh-

old and Gaussian laser regime well above the threshold. The large intensity fluctuation

also motivated the study of extreme events in this system. We observed the presence

of rare events of large intensity fluctuation that well complied with the theoretical predic-

tion. We analysed each sub-set of the maxima intensities emitted, forming a new set

of variables. It was observed a good agreement between the Lévy stable distribution

and Extreme events statistics, and experimental evidences of connection to the glassy

behaviour was experimentally observed. Our results introduce new insights to the un-

derstanding random laser emission properties and confirm the use of RL as a photonic

platform to study a broad range of physical process, optical amplifiers, sensors and

light source to image measurements.

Keywords: Open cavity. Phase-transition. Non-Gaussian. Glassy behaviour.



RESUMO

Lasers aleatórios (LAs) são sistemas fotônicos que emitem luz amplificada por emis-

são estimulada de radiação (emissão coerente), devido ao múltiplo espalhamento por

um meio desordenado em um meio de ganho. Como não existem espelhos fixos, o

mecanismo de realimentação fornecido pelos lasers convencionais é inexistente neste

sistema. Esse papel é desempenhado pelos espalhadores dentro do meio de ganho.

A emissão de LA pode apresentar multidirecionalidade nos feixes emitidos, caráter

multímodal e um comportamento complexo devido à conexão entre o espalhamento,

desordem e ganho. LA foi proposto pela primeira vez por Letokhov (1968) para ocor-

rer em qualquer material de ganho com espalhamento após um determinado limiar

de volume do meio de ganho. Atualmente existem LAs com diferentes materiais, e

um destes com maior potencial para aplicações são os que aproveitam as vantagens

de fibras ópticas, onde a emissão do laser é obtida em fibras convencionais ou es-

pecialmente projetadas. O comportamento complexo de emissão de luz em LAs tem

sido utilizado para observar fenômenos estatísticos de forma controlável e realizar

analogias com a mecânica estatística. Neste trabalho, estudamos as propriedades

estatísticas da luz emitida por um laser de fibra aleatório dopado com Érbio, com

uma rede de Bragg especialmente projetada inscrita na fibra óptica. O mecanismo de

retroalimentação é fornecido pelo espalhamento múltiplo da luz devido às mudanças

de fase aleatórias inseridas durante o processo de escrita da rede de Bragg, que in-

duz uma variação no índice de refração. A redução da largura de linha e a intensidade

de saída em função da potência de bombeamento foi caracterizada, mostrando um

comportamento limiar típico de um laser convencional. O caráter multimodal do laser

aleatório foi determinado pela técnica de speckle. A interação entre os modos deste

laser foi analisada pelos espectros de emissão realizando analogias com teoria do

vidro de spin, considerando os modos do laser e a potência de bombeamento de en-

trada análoga às variáveis spin e ao inverso da temperatura, respectivamente. Um

comportamento vítreo é atribuído à variação da intensidade da emissão de laser de

fibra aleatório de Érbio pela distribuição de densidade de probabilidade do parâmetro

de ordem (Parâmetro de Parisi) da flutuação de intensidade ao analisarmos os espec-

tros de emissão, observando a partir do parâmetro de ordem que a flutuação em cada

comprimento de onda passam de um regime sem correlação (antes do limiar) para um



regime com correlação. Observa-se claramente uma transição da fase paramagnética

fotônica para a fase vidro de spin fotônica. A partir do mesmo conjunto de dados ex-

perimentais, analisando os espectros de emissão, caracterizamos o regime estatístico

da máxima intensidade emitida em cada espectro, e a sua conexão com flutuação

extrema de intensidade é estudada experimentalmente, e três diferentes regimes na

intensidade emitida foram observados, regime Gaussiano de pré-laser, regime semel-

hante à estatística de Lévy em torno do limiar e Gaussiano bem acima do limiar. A

flutuação de intensidade também motiva o estudo de Eventos Extremos neste sis-

tema. Observamos a presença de eventos raros de grande flutuação de intensidade

em acordo com a previsão teórica. Neste caso, analisamos os máximos de cada sub-

conjunto das intensidades máximas emitidas, formando um novo conjunto de valores.

Foi também observada uma conexão entre as estatísticas de distribuição estável de

Lévy e de Eventos Extremos, e foram obtidas evidências experimentais adicionais da

conexão da estatística de Lévy com o comportamento vítreo. Os nossos resultados in-

troduzem novos conhecimentos para entender as propriedades de emissão de lasers

aleatórios e confirmam o seu uso como plataforma para estudo de diversos processos

multidisciplinares em física, amplificadores ópticos, sensores e fontes de luz para ger-

ação de imagens.

Palavras-chave: Lasers Aleatórios. Sistemas complexos. Estatística de Lévy. Eventos

extremos. Vidros de Spin.
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1 LASERS AND RANDOM LASERS

1.1 Lasers

The main process used by a laser device is the amplification by stimulated

emission of radiation, followed by oscillation to sustain the gain higher than the losses

(1). Stimulated emission occurs when an income photon interacts with the excited

medium and stimulate the emission of a second photon. Figure 1 shows the idea of

stimulated emission (c) and compares to the absorption (a) and spontaneous emission

(b). When a photon of energy hν is resonant with the energy difference of the energy

levels, these photons can be absorbed (Figure 1 (a)), promoting the electrons to an ex-

cited energy level. The spontaneous emission is a downward energy process (Figure 1

(b)) where an excited atom releases energy by the emission of photons in any direction,

without coherence. In the stimulated emission a first photon stimulates the emission of

second photon, amplifying the number of existing photons.

Figure 1 – Stimulated emission. The populated and unpopulated energy level used in
the optical transition are represented by grey bars, with the energy E1 > E0.
The absorption is represented in (a) where an atom is excited by an upward
transition, spontaneous emission in (b) with energy spontaneously emitted,
and in (c) a stimulated transition.

The light amplification by stimulated emission is the key of laser devices, to-

gether with a feedback mechanism. Essentially, this device is formed by three elements,

gain medium, pump mechanism, and an oscillator:

1. A gain medium where the laser process occurs, that can be, a fluorescent ma-

terial (solid, liquid, gas, etc.). Such material needs to have low surface imper-
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fections and low inhomogeneity to avoid light scattering, aiming at reducing the

energy loss due to photons leakage;

2. The second element of a laser device is a pump mechanism or an energy source,

to induce population inversion in the gain medium, more atoms in an excited

state than in ground state. The gain medium needs to be a material with as low

scattering as possible otherwise more pump photons are necessary to generate

population inversion and then the laser threshold increases;

3. An oscillator, usually two mirrors, to partially trap the light during enough time to

be amplified by the active material by stimulated emission, promoting a feedback

mechanism. The cavity formed by the mirrors also determines the laser emission

modes.

Figure 2 (a) shows a simple scheme of a conventional laser device. The optical

pump mechanism is sketched as green laser beams, of frequency ωp, is on the spec-

tral range of the absorption curve of the gain medium (GM). The amount of energy

absorbed by the GM is released by the emission of vibrational energy or by fluores-

cent process. Photons emitted by the gain medium are partially trapped by the cavity

formed by mirrors M1 and M2, denominated as a Fabry-Perot cavity. An amount of light

bounces back and forth through the GM to be amplified with a gain coefficient β. An-

other amount leaves the cavity and contribute to the loss. The coefficient α quantify all

the loss in the cavity, that are produced by some process, as cavity leakage, scattering,

etc. Figure 2 (b) shows a example of transmission of the allowed cavity modes of a

Fabry-Perot resonator.

1.1.1 Laser threshold

With the increase of the pump power more photons and gain are generated,

until saturation occurs. The gain after one round-trip inside the cavity increases with

(1)

Grt = r1r2 exp(2L(β − α)), (1.1)

where r1 and r2 are the reflectivity of the mirrors M1 and M2. This equation is valid for

a cavity with a gain coefficient β, loss coefficient α, and for a gain material uniformly

distributed inside a cavity of length L. Laser emission will occur when in one round-trip,
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Figure 2 – A conventional Fabry Perot laser cavity and allowed cavity modes. (a)
Scheme of a laser device formed by two mirrors M1 and M2, by the Gain
medium (GM) and a pump energy source sketched as a green laser (down
arrows). The laser beam output is through the mirror with lower reflectivity.
Allowed cavity modes of a Fabry-Perot resonator with reflectivity of the mirror
r1 = 0.9999 and r2 = 0.8r1. In this case the mode (m + 1) do the best
overlap with the hypothetically fluorescence emission curve, represented by
the dashed blue lines. Above the threshold the laser emission is more like
probable to occur at this frequency.

the amount of energy that bounces the cavity exceeds the amount of loss β > α, and

the gain is Grt ≥ 1.

The Fabry-Perot “consisted of two closely spaced and highly reflecting mirrors,

with mirrors surfaces adjusted to be as flat and parallel to each other as possible. [...],

such Fabry-Perot interferometer or etalon can have sharp resonances or transmission

passband at discrete optical frequencies” (Siegman p. 409 (1)). Longitudinal transmis-

sion cavity modes have frequencies

νm = m
c

2nL
, m = 1, 2, 3, · · · , (1.2)

with a uniform refractive index n in the whole cavity.

After the gain surpasses the losses, the curve of the emitted power versus

input power increases (usually) linearly, the threshold input power is represented in

Figure 3 as Pth. Simultaneously, a spectral narrowing occurs.

The emitted laser frequency, is balanced by the frequency curve of the fluo-

rescent emitted light and the allowed mode frequencies of the cavity νm, as sketched

in Figure 2 (b). The mode that matches with the gain curve of the amplifying medium

will be favoured and can determine the laser emission frequency (wavelength). Some

other mechanism can change the emission, but their study is beyond the purpose of
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Figure 3 – Laser threshold. Output versus input power picture of laser emission (con-
tinuous curve) and spectral narrowing (dashed curve), the changes on the
curve slope is an evidence of laser threshold.

this work and can be found in Reference (1).

The characteristic of the light emitted by lasers varies greatly. Usually the emis-

sion is directional and has a high spatial coherence that can results in a high beam

quality, and high intensity. In the temporal scenario, the electric field of the electro-

magnetic wave oscillates in phase providing high temporal coherence and a single

frequency laser operation can be obtained. In some cases, spatial coherence can be

a disadvantage of the conventional lasers. For example, the well known grainy interfer-

ence pattern (2), formed by the interference of wave fronts of same frequency but out

of phase and with different amplitudes, the so-called speckle pattern, can be harmful

to laser images applications. However, they can be used to understand the properties

of a scattering material or track biological system (2, 3).

1.1.2 Scattering

Light scattering often happens in our daily lives, usually when light propagates

and hit small particles (compared to the wavelength of the light) or, pass through a

medium with different refractive index values. Atmospheric phenomena arises from

these effect such as the colour of the sky and fog (4, 5, 6, 7). The scatter can be due

to molecules, impurities or inhomogeneity in the medium refractive index. Specifically,

the blue colour of the sky is explained by the Rayleigh scattering, where the intensity

of the scattered light (Is) is inversely proportional to the wavelength (λI) of the incident
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photons (Is ∝ 1/λ4
I) (7).

The scattering of light is classified as elastic and inelastic. In the first category

are included scattering processes that occur with no change in the frequency of the

incident wave, where the Mie and Rayleigh scattering are included. The first is related to

phenomenon when the electromagnetic wave is scattered by particles with dimensions

of the order of the wavelength of incident light. Rayleigh scattering occurs for particles

with dimensions much smaller than the wavelength of the electromagnetic wave.

In the class of inelastic scattering are processes that has a change in the fre-

quency of the incident photon, loosing or gaining energy. The Raman scattering is an

example, whereby an incident electromagnetic wave of frequency ωI in a molecular sys-

tem is scattered. The scattered wave frequency is ωS = ωI ±ωV E, where the change of

the incident frequency is determined by the material vibrational energy, that is propor-

tional to the vibrational frequency ωV E, In the case where incident light loses energy

(smaller frequency, higher wavelength), Raman Stokes nomenclature is used, just sim-

ilar as is used in the fluorescent stokes emission nomenclature, even though they are

different processes.

Conversely, when energy is absorbed by the incident wave in the scattering

process an anti-stokes Raman scattering occur. The Brillouin scattering class is another

inelastic process. It is similar to the Raman scattering, but the energy change in the

scattered photons are due to the presence of large number of low energy phonons, or

acoustic phonons.

1.2 Random Lasers

Leaving behind systems where light scattering is detrimental, there is at least

one system where this effect is desired. Known as random laser (RL), they are sys-

tems that uses highly disordered medium to scatter the emitted stimulated photons

from a gain material or the gain material and scatter are the same, with feedback be-

ing provided by multiple scattering of light inside the gain medium. The word random

arises because the major role that determine the feedback process is the random path

travelled by light, forced by randomly distributed scatters centres (8).

A conventional laser cavity is usually formed by well-defined mirrors, that will

provide the properties of the emitted light. But, RL do not have such typical cavity
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with the characteristics c/2L modes. Instead of it, the scatter centres play the role of

mirrors, similar to randomly distributed cavities. To provide such scattering effect in RL,

small particles can be used (9), fluctuation in the medium refractive index (10), natural

structures present in biological systems (11), crystal powder (8), etc. The RL scatterers

can be embedded in the gain medium, as a laser dye with scattering particles. Or the

gain medium can be both, the active and the scattering material, for example, as occur

in a semiconductor powder (12).

The first proposal of light amplification in a scattering material was made, the-

oretically, by V. S. Letokhov in 1968 (13) after a sequence of works of R. V. Ambart-

sumyan and the Nobel laureate Basov (14, 15, 16, 17). Since the first clear experimen-

tal demonstration, that was done by N. M Lawandy et al. (9), a great number of works

has been developed. Nowadays there are random lasers in a great amount of materi-

als, in different geometries, in three-dimensional bulk (9, 18, 19) and two-dimensional

layers material (11, 20, 21). Exploiting the optical fibres geometries had led to a quasi-

one-dimensional random laser (10, 22, 23).

Several RL applications arises as in fundamental and applied physics. The

open cavity characteristic of multimodal RL and strong scattering are favourable to

multimode interaction. RL has complex behaviour that makes it a photonics platform

for statistical physics studies (24). The low spatial coherence of RL provides a speckle

free laser that can be direct used to acquire speckle-free high-quality images (25). In

this section, the introductory characteristics of random laser are presented.

1.2.1 Lasers with non-resonant feedback

The idea to use a laser system with non-resonant feedback1 is old and is dated

from 1966. R. V. Ambartsumyan published a work that demonstrated a laser with two

ruby crystal as gain medium (15). The feedback mechanism was provided by a mirror

with reflection of 70% and a scatter material, an aluminium plate surface of magnesium

oxide film sputtered on, or by a volume material with sulphur particles. The experi-

mental setup used by Ambartsumyan is drawn on Figure 4, (a) represents the scatter

material, (b) and (c) is the gain medium and (d) a mirror, and the collection set up is

made by filter (e) a photo detector and (f) and oscilloscope (g). The threshold value
1 Random Lasers were only called as such after 1995. Until then, different nomenclatures were used.

For the sake of clarity, we will call it a random laser from the beginning.
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was dependent of the separation distance between the gain and scatter material and

was independent of the inclination angle of the scatter medium, showing the relevance

of the amount of photons that are backscattered for the laser emission.

Figure 4 – Experimental setup used by R. V. Ambartsumyan in 1966. Scatter
medium provided the feedback (a). The gain medium is composed of two
ruby crystals (b) and (c). Output mirror (d). Filter (e), photo-detector (f) and
an oscilloscope (g). Figure adapted from Reference (15).

Above the threshold, the emission fluctuations were similar for a laser. The

fact that they used a mirror does not lead to the laser modes exhibit resonant prop-

erties but decrease the laser threshold in more than two orders of magnitude. This

non-resonant feedback laser did not show the typical frequencies c/2L of resonant

lasers. The modes were coupled, and the frequency of the active medium determined

the laser frequencies. They also observed low spatial coherence and unusual linewidth

reduction dynamics, and the intensity distribution in the laser image recorded was more

uniform in the non-resonant feedback than when compared to the resonant feedback

case. Such characteristic is also similar to the current random laser system, which was

first predicted one year later.

1.2.2 Negative absorption in a scattering medium

Vladilen S. Letokhov theoretically showed that it is possible to generate laser

emission from a scattering medium with negative resonance absorption (i.e., gain), and

he called such material a photonic bomb (13). To derive the proper equation, the author

started from the diffusion equation of photons, analogue to neutron’s diffusion equation

(8)
∂ ~W (~r, t)

∂t
= D∇2 ~W (~r, t) +

v

lg
~W (~r, t) (1.3)

where ~W (~r, t) is the photon energy density, v is the velocity of the light inside the scat-

tering medium, lg is the gain length (negative absorption), and the diffusion coefficient

is D = vlt/3, where lt is the transport mean free path. The general solution to Equation
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1.3, for the case of a homogeneous pump was written as,

~W (~r, t) =
∞
∑

n

anΨn(~r) exp

[

−t

(

DB2
n −

v

lg

)]

(1.4)

where an is a constant determined by the boundary conditions, Ψ = 0 at the bound-

aries of the scattering medium, Ψn and Bn are eigenfunctions and eigenvalues of the

Equation 1.5, where, Bn = 2πn/L for a sphere of radius L/2.

∇2Ψn(~r) +B2
nΨn(~r) = 0 (1.5)

Analysing the solution 1.4 of the Equation 1.3, there is a determined length

of the scattering medium where the eigenvalues Bn goes smaller enough to the gain

surpass the absorption. This threshold values occur when the Equation 1.4 changes

from an exponential decay to an exponential increase, this condition is defined by

DB2
n − v/lg = 0. (1.6)

When DB2
n < v/lg, the system is dominated by negative absorption, and the threshold

values is at DB2
n = v/lg. For a medium of dimension L, and for the lowest eigenvalue

the condition for threshold is L ∼
√

(ltlg)/3 (8), which determines the critical volume to

occur negative absorption, the proportionality factor is determined by the shape of the

scattering medium.

1.2.3 Modes in random laser

Orthogonal solutions of light propagation give the concept of modes with shape

determined by the diffraction and boundary conditions (26). The open cavity and strong

scattering characteristics do not make RL modeless. The propagation of light here is

provided by the long-lived modes related to the electromagnetic expansion in term of

spatial modes eigenvector E(r). Indeed, such properties are very propitious to multi-

mode behaviour. Instead of c/2L characteristics of Fabry-Perrot resonators modes, the

RL lasers modes are determined by the path travelled by the light scattered in the active

material. Some authors (24, 27, 12, 28) initially proposed two different RL regimes, res-

onant (coherent) and intensity feedback (incoherent). In the coherent feedback, closed

loops are responsible to narrow linewidth peaks emissions by interference effects of

the travelling wave, which is a resonant feedback mechanism, these peaks show typi-

cal characteristic of laser light, such as Poisson count statistics. In a scattering medium
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light can return to the starting point and all photons that are backscattered can suffer

by interference effect. The modes that have constructive interference effects, with a

phase delay 2πn, n = 1, 2, 3..., and the gain surpass the loss will have laser emission

(8).

The non-resonant or intensity feedback mechanism is provided by waves that

propagates by open paths and interference effects are not observed. However, even

without the presence of narrow linewidth peaks or with a narrow smooth spectrum with

modes averaged out the emission is multimode, e.g., coherent effects are present in

the system even whereas the spectra are smooth. Then, the inability to observe the

narrowing linewidth peaks in random laser (multimode behaviour) is owing to the lack

of experimental setting (24). The ideal conditions to observe ultra-narrow peaks is using

excitation with low pulse duration (ps) (12, 29) and single-shoot observation (24).

1.3 Bulk Random Laser

Random laser can be defined as devices where the feedback mechanism and

the laser process are determined by multiple scattering of light (24). RL has typical

length scales to describe the scattering process (27):

• The scattering mean free path ls = (nsσs)
−1 is defined as the distance between

two consecutive scattering events, in a medium with the density of scatter ns, and

averaged scattering cross section σs;

• The transport length lt = (ls)/(1 − 〈cos θ〉) is defined as the average distance

the wave travels before its direction of propagation is randomized (〈cos θ〉 is the

average cosine of the scattering angle);

• Amplification length lamp is defined as the root-mean-square average distance

travelled between the start and end point for path of length lg, when the amplifi-

cation length becomes smaller than the typical distance travelled by photons to

leave the sample the laser emission occurs;

• lg is the gain length, the distance travelled until the intensity is amplified by a

factor of e.

• Other characteristics are the size of the random medium L and the volume.
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RL light transport operate in different regimes, and analogue definitions ap-

plied to electron transport can be used here. The ballistic regime occurs when the

dimensions L of the scattering medium is less or equal to the scattering mean free

path L ≤ ls. In this case, the photons can propagate through the whole material with-

out any scatter event, and the feedback can be provided by backscattering reflection.

The diffuse transport regime occurs when the wavelength that propagates in the scatter

material is λ ≤ ls ≤ L. And the localization regime is when the effective wave vector in

the random media k is related to kls ∼= 1. RL feedback is provided only by the random

scattering of light in a high scattering active medium, and can be obtained in many

ways. The most common are nano-particles colloidal suspension (9), powder crystal

(12) and porous materials (30). Those scattering can be inherent to the material or

artificially made.

1.3.1 Random laser material and emission

A material for RL must provide a medium where the light can suffer enough

elastic scattering before goes out, e.g. the amplification length must be smaller than

the sample size. The lt need to be at least smaller than the sample dimensions. A large

value of l means a weak scattering regime. The angular spectral pattern of the random

laser emission is dependent on the scattering strength.

For low ls values, the emitted spectra as a function of collected angle maintains

its shape, and for high values even the wavelength of the peak intensity can change

for different collected angles (31).

The relatively easy production makes a wide number of materials being ex-

ploited for RL manufacture, as liquid dyes (9, 19), polymers (32), powder crystal (18,

12), bio-materials (11, 21), glasses where changes in the refractive index plays the role

of scatter (23), etc. A review of each material is far beyond the purpose of this thesis.

Reference (30) are review most of the published works until 2015.

As already mentioned, the emission emerging from bulk RL are generally mul-

tidirectional. Because of the random nature of the path travelled by photons in the

random medium, taking control of the emitted direction of this system is not an easy

task, although work in this direction has been reported (33, 34). In the diffusive scatter-

ing regime, for example, using spherical SiO2 scatters in Rhodamine 6G dye, most of
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the RL light is emitted in the backward direction, the intensity emission decreases for

large angles measured in relation of the pump beam because of the re-absorption by

unexcited dye molecules (31).

The association of strongly scattering medium and gain competition, have led

RL to exhibit complex behaviour in the intensity emitted spectra (24). Large fluctuation

in the emitted intensity of the RL systems at and above the threshold value is observed

(28). The main reason for such effect at the threshold are gain competition, lucky pho-

tons that almost retain all the gain, achieving amplification with different path length,

and the fluctuation in the path length (28, 35, 29, 8, 36). The multimode characteristic

of random laser creates a wide energy landscape where the system can reach (37, 38).

At every time that a spectrum is collected, it can exhibit a different shape, observing

intensity fluctuation as result of mode interaction. A detailed description of these char-

acteristics will be present in the chapter 3 when non-Gaussian and extreme events

statistic of the emitted intensity of RL in optical fibres are presented, and in the chap-

ter 2 when the photonic analogue of spin glasses system emerged from multimode

interaction is studied.

Two examples of bulk materials used for 3D RLs are rare-earth doped powders

and colloids based on laser dyes, as briefly reviewed below.

1.3.2 Powder random laser

Work based on powder materials shown characteristics of laser like emission,

spectral narrowing and slope change in the emitted intensity versus the pump power

(8). But in such systems with micro-particles, was difficult to say, when the feedback

mechanism was provided by multiple scattering of light, or by total internal reflection

inside the powder particles.

V. M. Markushev et al. (39) did the first experimental study of laser emission

in a scatter material, the sample was a powder phosphor of Na5La1−xNdx(MoO4)4,

formed by micro-particles with dimensions varied between 1 µm and 10 µm, excited

by nanosecond tunable Rhodamine 6G laser. The authors observed a clear threshold

behaviour, characterized by strong reduction of emission pulse lifetime (at λ ≈ 1066

nm), a reduction in the spectra linewidth and a huge emission intensity increase. Worth

noticing is that at the Markushev’s paper was observed that laser emission occurs at
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the point where the spontaneous emission was maximum.

Random laser emission was demonstrated in Nd3 doped YBO nano-crystals,

of centre symmetric and hexagonal structure (40). With an excitation pumping laser op-

erating at 806 nm, the RL emission occur at 1056 nm. A photonic spin-glass transition

was observed in this system, and a suppression of the glass behaviour at high pump

power were finding (40).

Self-second-harmonic generation and self-sum-frequency using NdxY1.00−xAl3(BO3)4

nano-crystal powder, with tunable laser emission by varying the Nd concentration is

also reported in powder RL (41).

1.3.3 Dye colloidal random laser

Dye lasers provide wide spectrum range lasers and are easily tunable, in liq-

uids or solid state materials. The first unambiguous demonstration of random laser was

made in a dye colloidal suspension of TiO2 nanoparticles in Rhodamine dye (9), where

Lawandy et al. proposed a system where the gain medium and the scattering materials

are distinct (9), differently for the micro-particles case where doubt on feedback were

present. Using a colloidal solution of TiO2 nano-particles embedded in Rhodamine 640

dye in methanol, pumped by 532 nm radiation of a frequency doubled Nd:YAG laser,

they observed that such colloid has a typical threshold value. The slope of the inten-

sity emitted as a function of the pump power change, emitted intensity grew linearly

after the threshold and the spectral full width at the half maximum (FWHM) decreases.

The observed narrowing linewidth from 80 nm to 5 nm, was dependent of the transport

length (9, 42, 43).

This work was a trigger to the development of works to study the basic pro-

cesses behind the random laser materials, including the role of scattering concentra-

tion and other characteristics in such laser process. Rhodamine dyes are widely used

compound for dye RL, as it has a broad emission in the visible spectra and depend-

ing on the solvent medium and, owing to the high absorption, this dye material can be

easily excited by the second harmonic of a Nd:YAG laser.

Controlling the scattering and dye concentration, is possible to observe a linewidth

reduction of the emission spectra as the pump energy increases, and is followed by a

high enhancement in the emitted peak intensity. This process is different from the ef-
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fect of amplified spontaneous emission, where spontaneous emitted light is amplified

when passes through a region with excited dye molecules. As was shown by Lawandy

in 1994 (9), the emission linewidth reduces with the reduction of the transport length

lt, and the RL emitted pulse duration is almost ten times less than in a pure dye com-

pound.

Other way to use dye compound are in porous material, to make a solid-state

dye RL. The Rhodamine can be infiltrated in the alumina ceramic with porous of mi-

crometers dimensions. Scattering mechanism is provided by the porous structure (44).

The first experimental demonstration of a random fibre laser was also performed with

dye gain medium inserted into a hollow optical fibre with TiO2 scattering particles (22).

Dye colloidal random laser, also called laser paint, is usually formed by nano-

particles embedded in a dissolved dye. This material also suffers from emission insta-

bility due the nano-particles precipitation, drastically reducing the emission intensity

after few hundreds pump pulse, but with the use of specially designed nano-particles,

as in Reference (45), a dye random laser that maintain stable even after 80,000 pump

pulses was obtained, a practically static scatter medium. Therefore, it provided the op-

portunity to observe the spin glass transition in dye RL. Such effect is studied in the

context of random fibre laser in the next chapter.

1.4 Random fibre laser

In Reference (22), a hollow core optical fibre was filled with a dye Rhodamine

colloidal suspension with scattering nano particles. Exciting the molecules with a trans-

verse pumping the authors observed laser emission due the scattering gain medium.

That was the first experimental demonstration of a random fibre laser (RFL), which was

more efficient than their bulk similar device. Presently, the most common way to gen-

erate RFL is using the Raman gain in optical fibre, which were first demonstrated by

Churkin et al. (46), and reviewed by Turitsyn et al. (10). Spontaneous Raman emission

is a process that resembles fluorescence, but are distinct effects (47). Likewise, the

stimulated Raman scattering is similar to the stimulated emission, but it occurs only

after a critical pump power. The stimulated scattering process arises when an intense

excitation light generates strong stokes light field with n photons. If the stokes waves

interacts with the next excitation photon in the media, is possible to generate a new one
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resulting in n + 1 Raman stokes photons, in a fast process.

In a laser system, it is necessary to store enough energy to amplify the subse-

quent photons, and it is made by the population inversion of the gain medium. However,

the stored energy in the Raman scattering is gone after the pulse ends. If the pump

mechanism is not strong and fast, stimulated Raman effect will not occur, so the fun-

damental mechanism to Raman laser will not be present. Strong scattering medium

takes the advantages of enhances the possibility of interaction of the emitted waves

and incident waves with the matter (31, 36, 48). Turitsyn et al. in 2010 demonstrated

for the first time a Raman random laser (23). The Rayleigh scattering due fluctuations

in the refractive index of long fibres was used as the feedback mechanism. Raman

laser emission was latter demonstrated in different optical fibres, as in short fibres with

longs fibre Bragg gratings (49).

In bulk material, from the random walk view, has a completely different dynamic

from low dimensional systems. Raman RL in bulk was showen by Hokr et al. (48) 4

years later of the work of Turitsyn. The authors used as gain media a strong scatter

Raman active material in the visible spectrum. The disordered BaSO4 powder nanos-

tructure was pumped by a 532 nm laser of 50 ps pulse duration. After a determined

critical volume, the stimulated Raman scattering dominates, and linewidth reduction of

the Raman scattering was measured. This work opened a whole host of applications,

as the Raman scattering material are commonly system. For example, if in an unknown

powder material is irradiated by a strong laser pulse, another strong laser pulse can be

generated, and makes it detected at distances (50). Such process can be used in de-

tection of chemical material composition using the Stokes shifted values.

Random laser is an attractive system with a wide range of applications and

basic studies. The research on RL system are still opens. A better understand of light

localization process and light diffusion in random media is still an important task to

control the emission properties of Random Laser. Random fibre lasers are a very con-

venient platform to study RL properties. It has control on directionality of the random

laser, can work in both CW and pulsed regime and can operate in the Anderson local-

ization regime (10). Also, Raman fibre laser can open the possibility to obtain emission

power of hundreds of watts (51). The use of fibre Bragg grating as scatter medium

allow Raman random laser emission in short length fibre optics (52).
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1.4.1 Fibre Bragg Grating

A common problem of laser where the feedback is provided by scattering ma-

terial is the non-uniform distribution of the gain, as not only the spontaneous emission,

also the pump beam is affected by scatters. Then, the goal is obtaining scatterers that

acts only on the emitted light of the gain medium. A smart way to provide this kind of

material, that non-longer can directly affect the pump light, is using fibre Bragg grat-

ing (FBG), which is permanently inscribed by modulation of the refractive index of the

optical fibre core.

The orthogonal modes that propagates in a waveguide with a grating have

forward and backward components written as (53):

[

∂Aν

∂z
exp[i(ωt− βνz)] + c.c.

]

−
[

∂Bν

∂z
exp[i(ωt+ βνz)] + cc

]

=

i

2ω

∫ ∞

−∞

∫ ∞

−∞

(

∂2

∂2t2
dxdyPgrating,ta

∗
µ,νt

)

(1.7)

where Aν and Bν are the forward and backward propagation modes, respectively a is

the radial transverse field distribution of the guided modes, Pgrating is the perturbation

on the polarization response of the dielectric media, that for a periodic modulation is

(53),

Pgrating = 2nǫ0

[

1 +
∆n

2

(

ei[(2πN/Λ)+φ(z)] + c.c.
)

]

Eµ (1.8)

Considering this perturbation and coupling between the forward and their identical

backward propagation mode, e.g., the coupling between the input wave and reflected

signal, the new equation for the forward and backward waves, as derived in Reference

(53) chapter 4.3, as:
dI

dz
+ i

[

κdc +
1

2
(∆β)

]

I = −iκ∗
dcO/2 (1.9)

dO

dz
− i

[

κdc +
1

2
(∆β)

]

O = iκdcI/2 (1.10)

where ∆β = βµ ± βν − 2πN/Λ is the phase matching condition between two different

modes propagating in a perturbed waveguide with N modulations with period Λ, it can

be interpreted as parameter that determines how fast the power exchange between the

modes decreases (53). The input wave is I = Aνe
− 1

2
[∆βz−φ(z)] and the reflected signal

O = Bνe
1

2
[∆βz−φ(z)], κdc influences the mode propagation due the average changes in
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the refractive index modulations. The phase φ = constant in Equation 1.8 for a uniform

FBG and reflection amplitude signal, in a waveguide of modulation length L, can be

written as:

ρ =
(κdc/2) sinh(ϕL)

δ sinh(ϕL)− iϕcosh(ϕL)
(1.11)

where the detuning parameter as a function of the input wavelength λ is δ = κdc +
∆β
2

,

when the detuning δ = 0, the forward wave has a maximum coupling with the backward

wave signal, e.g., the reflectivity is maximum. ϕ =
√

|κdc|2 − δ2 and ∆β = (4πneff (λB −
λ))/(λ). The peak reflectivity will occur at the Bragg wavelength λB = 2neffΛ. A scheme

of the transmitted and reflect light by an FBG is in Figure 5.

Figure 5 – Sketch of light transmission and reflection of an FBG. When a broad-
band spectrum enters the waveguide with an FBG, the reflected spec-
trum has a peak at the Bragg wavelength, with a very narrow linewidth
(∆λ ≈ λ2

2neffL
). De deep in the transmission signal is also present.

FBG can be obtained using a photosensitive optical fibre, e.g. a silica fibre with

the core doped with Ge or Ge-Sn, and so by hydrogenation of the fibre (53). This dopant

material makes the core refractive index sensible to UV-light, when it is exposed to a UV

radiation interference pattern, the refractive index increases in the bright interference

fringes. Different methods can be applied to fabricate FBG (53), the simplest way is

using a phase mask to induce a UV interference pattern on the fibre, actually, this

makes a copy of the phase mask patter in the fibre core refractive index modulation.
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1.4.2 Phase shift in a fibre Bragg grating

In a matrix form, a uniform FBG of length L with the input signal I normalized

to 1, has reflected signal at the output −L/2 and transmitted signal at the output L/2

modelled as (53, 54) :




1

S(−L/2)



 =





T11 T12

T21 T22









R(L/2)

0



 (1.12)

where T11 = cos(αL) + i sin(αL)δ
α

, T22 = cos(αL) − i sin(αL)δ
α

, T12 = −iκdc sin(αL)δ
2α

, T12 =

iκdc sin(αL)δ
2α

. Some phase shift in an uniform FBG can be induced. It can be by splitting

the uniform FBG in parts after and before the phase shift positions, with matrix Ta and

Tb, and inserting the phase shift matrix Tfs between them. Such that the total matrix

T = TaTfsTb. For a system with n uniform FBG segments, separated by phase shift,

the matrix T is written as:

T = T2TfsT1

T = T3Tfs2T2TfsT1

...

T = TnTfs(n−1)Tn−1 · · ·T3Tfs2T2TfsT1 (1.13)

The expected effect by the insertion of different phase shifts in an FBG are shown in

Figure 6. While the uniform modulation in the refractive index couple only λB (Fig. 6

(a)), the insertion of a phase shifts provides more coupling between the forward and

backward waves 6 (b-c).

1.4.3 Random laser based on random fibre Bragg grating

Lizárraga et al (55), wrote several FBG with different lengths in a fibre. The

FBGs were separated by different distances, making a chain of random distributed

FBG that the distance between them will act like scatter. They demonstrate random

laser, with emission spectra dependent on the number of written gratings. However, this

technique allows the insertion of only few FBGs, thus limiting the number of scatters by

the fibre length.
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Figure 6 – Phase shift effect in the backward wave propagation in FBGs. Sketched
modulation of refractive index and expected reflectivity for a uniform FBG (a),
an FBG with a unique phase shift (b) and FBG with some phase shift (c).

1.4.4 Fabrication procedure of random fibre Bragg grating

In 2008 M. Gagné and co-works (56) published a novel fibre Bragg grating

fabrication method. The main goal of the author was to develop a method to write long

FBG. The method consists of an interferometer as sketched in the Figure 7.

A UV beam incident over a phase mask has the diffraction orders ±1 incident

over the optical fibre. Phase modulator (PM) are used to synchronize the fringe pattern

with the optical fibre movement, e.g., while the optical fibre is pulled the UV interfer-

ence pattern moving with the fibre, and a periodic and long FBG is inscribed into the

fibre core. When the authors measured the transmitted and reflected spectrum, was
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Figure 7 – Random phase shift FBG fabrication. Scheme of the experimental setup
that can be used to fabricate FBG. A UV laser beam is used to induce a re-
fractive index change in the optical fibre core, a λ/2 and a polarize is set to
control the laser intensity that is focused by a cylindrical lens over a phase
mask. A continuous movement of the phase mask holder moves the fringes
of the interference patter, and a different approach with two phase modu-
lation (PM) can be used for it. The interference patter moves synchronized
with fibre movement. The vibration on the optical fibre caused by friction with
the fibre holders when is pulled, introduces random phase shift in random
position into the FBG. The fringes patter is generated by fourth harmonic
(266 nm) of the Spectra-Physics Q-switched Nd:YLF laser operating at 1064
nm, and set to 25 kHz with a UV average power of 400 mW.

observed a lot of narrow peaks signalling the presence of many phase shifts. It oc-

curs because the method used to translate the optical fibre generates friction with the

fibre holders, and it shakes the optical fibre generating misalignment (57). It introduces

phase shift into the FBG, in true random position with random intensity. The transmis-

sion and reflection spectra of such grating are shown in Figure 8. The large number

of scatters can be observed by the presence of large number of peaks due the phase

shifts.

1.4.5 Erbium doped random fibre laser

Gagné et al. (49) used the aforementioned kind of random fibre Bragg grating

to demonstrate a random fibre laser where the scattering process are generated by
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Figure 8 – Transmission and reflection spectra of a 30 cm FBG with random

phase shifts, adapted from Reference (49). In left side reflection spec-
trum measured with resolution of 3 pm, and transmission spectrum on the
right side. Many individual peaks was observed due the large number of
phase shifts inserted during the fabrication process.

random phase shifts into a unique FBG. The random FBG of 30 cm (or 20 cm) length

was written in an Erbium doped optical fibre, the phase shifts inserted in the fabrication

process play the role of many scatters, obtaining a device with scattering and gain.

After injection of a pump laser beam (980 nm or 1480 nm) laser emission with low

threshold value of 3 mW and narrow linewidth, ≈0.5 pm, was observed. The emission

power versus input pump power measurements is shown on the left side of Figure

9, where the power emission characteristic of the two devices (20 cm or 30 cm long

random FBG) as a function of the pump power is explored using a 980 nm or 1480

nm lasers. The laser emission occurs when the device have length L larger than the

localization length (L > 5 cm).

Figure 9 – Er-Random fibre laser characterization, adapted from Reference (49).
In left side, emitted power as a function of the injected power. Right side
shown the emission spectrum of the 30 cm Er-RFL.

The right side of Figure 9 show the emission spectrum of the 30 cm device
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pumped by a 1480 nm laser. At a pumping power far above the threshold, 120 mW,

and the spontaneous emission is suppressed. It also shown the multimode behaviour

of this laser. The 30 cm device is used in the works described in this thesis.
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2 PHOTONIC SPIN GLASS IN ERBIUM RANDOM FIBRE LASER

This chapter presents the results of the statistics of the mode interaction in the

intensity fluctuation in the spectral measurements of Random Laser.

The next section will describe the properties of the Erbium random fibre laser

used in our work, as our measurements in the input output power characterization, the

linewidth reduction and the estimation of the number of lasers modes with speckle

contrast analysis. Following it, we review the thermodynamic spin glass and go to the

analogy with photonics systems. From reviews of important results in this topic related

with random laser, it introduces the reader into concepts used to analyse our results

and ends with the statistical concepts presented in the text using our experimental

results. Initially, we introduce to the spin glass transition, using some easy examples.

If more details are need, the references in the text are pointed out. The results of this

chapter were published in Reference (58).

2.1 Our results: Characterization of the Erbium random fibre laser

The same fibre (30 cm) employed in Reference (49) was used to develop the

work that will be described. We performed the laser output emission versus the input

power. In our results, the 30 cm Erbium doped random fibre laser was also pumped by

a 1480 nm cw laser. We measured a laser threshold 4× larger than the value reported

by the authors in the Reference (49). It happens as a consequence of the fibre com-

ponent used. As the injection of light is through fibre connectors, give rises to losses

on the absolute power transmitted to the FBG. The fibre fusion splices used also in-

troduces loss. After some time, we did the characterization using better quality splices

and connectors, and we measured a laser threshold only 2× large than the reported in

the Reference (49).

2.1.1 Laser input output characterization of random fibre laser

As all the statistical analysis in this work depend on the power threshold, and

not on absolute power value. We did all analysis normalizing the pump power by the

pump power threshold, using the ratio P/Pth. The spectra below and above the laser
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threshold are depicted in Figure 11 (a), four representative average spectra are shown.

A 86142B Optical Spectrum Analyser (see Figure 10) with resolution set to 0.06 nm

was used to measure the emission spectrum, and a sequence of 1500 spectra was

collected for each pump power, with the sweep time set to 776 ms to acquire one

complete spectrum.

Figure 10 – Experimental setup used to intensity fluctuation analysis. A 86142B
Optical Spectrum Analyser (4) with resolution set to 0.06 nm was used to
measure the emission spectrum, the swept time measuring each spectrum
was 776 ms. A 1480 nm pump (1) diode laser was used to pump the 30 cm
Erbium-RFL (2), a wavelength divisor multiplexing (3) split the pump and
signal, and the pump power is monitored by a power meter (4).

The spectra are averaged over 1500 measurements. The pump was a cw diode

laser operating at 1480 nm. The RL emission was around 1543 nm. A sharp linewidth

reduction is observed, reducing from 17, 85 nm to 0.06 nm, and its value is limited by the

instruments’ resolution of 0.06 nm, that is why we didn’t observe spikes representative

of the longitudinal modes as observed in (49). The emission spectrum for pump power

below to above the laser threshold are showed in Figure 11 (a). While Figs. 11 (b)

and 11 (c) shows the full width at half maximum (FWHM) (red diamond) and emitted

intensity (blue circles) as a function of the pump power, which was varied in steps of

≈1.0 mW from 6 mW to 28 mW, in steps of ≈ 10 mW from 28 to 38 mW, in steps of

≈20 mW from 38 mW to 70 mW, and in steps of ≈30 mW from 70 mW to 90 mW. From

the data of the emitted intensity, the threshold value of 16 mW was measured, which

is very different from those of Reference (49). This is due to the high insertion loss of

some of the components used in our experimental setup shown in Fig. 10.

This characterization was repeated before each experiment, for all the results
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presented in this work. The goal was to all the times know the actual value of the ran-

dom laser threshold P/Pth and the relatives input power P/Pth. The maximum output

power emitted by the Er-RFL was ≈ 1.5 mW, pumped by 100 mW. The behaviour is

always the same in relation to the threshold and it is a function of the threshold value,

and do not depend on the absolute pump power value.

Figure 11 – Random laser characterization results. Spectral shape evolution (a), as
a function of the pump power P normalized by the threshold power Pth. (b)
FWHM (triangles) and emitted intensity (circles) as a function of P/Pth. The
characterization near threshold pump power is in (c), showing the threshold
inferred from the FWHM and output intensity versus input power.

A first thing that comes from a careful observation of these results and compar-

ing with a spin glass system is: To observe the photonic analogue of spin glass system

(that will be described below) a multimode laser emission is necessary to have mode

interaction. It is not observed in the results showed in the Figure 11 (a). Spikes are av-

eraged out during the measurement and cannot appear. To demonstrate that this RFL

is multimode, speckle contrast measurement was employed to estimate the number of

mode present in this system. The same illumination setup applied in the Reference (25)

was used, as shown in Figure 12. A scattering medium with a dried TiO2 nanoparticles

of 250 nm average dimension was used to generate speckle. The transmitted light was

captured by, a CCD (400 nm – 900 nm) and an infrared camera (0.4 µm – 1.9 µm).

For a mono-mode laser, as result of the spatial coherence, the scattering

medium will introduce some bright spot in the image of the transmitted light. The addi-

tion of different laser mode will introduce another pattern of speckle contrast. The im-

age acquired when the illumination is done by a multimode laser can be interpreted as

a sum of m speckle patterns generated by each different mode. The sum of the average

intensity value over all camera pixel 〈Iq〉 is 〈I〉 =
∑

q〈Iq〉, with variance σ2 = 〈I2〉 − 〈I〉2.
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When the measured speckle image is considered as a sum of m independent speckle

patterns, of distinct laser modes, with probability distribution

P (I) =
mmIm−1

Γ(m)〈I〉 exp
−mI
〈I〉 (2.1)

where I is the intensity sum over all the pixels, the number of laser modes is related to

the speckle image contrast and can be estimated by

C =
σ

〈I〉 =
1√
m

(2.2)

where σ is the standard deviation, 〈I〉 the average speckle intensity, and m is the num-

ber of lasers modes.

Figure 12 – Experimental setup used to acquire the speckle images. Three lasers
was characterized, conventional laser (upper image), Rhodamine 6G dye
RL (middle) and the RFL (bottom). For the RFL a wavelength divisor multi-
plex (WDM) and a dichroic mirror is used to remove the pump beam. And
the symbols are L: Lens; Obj: objectives; S: scatter. Cam: camera.

The speckle contrast was measured from the central portion of the speckle

pattern with an area of 600 × 600 pixels, to avoid optical aberrations produced at the

edges of the sensor. This area was divided into sub areas of 80 × 80 pixels, obtaining

the contrast for each subdivision and averaging these results. The system was tested

with a 632.8 nm cw helium-neon laser, yielding a contrast of C = 0.81, equivalent to ≈2
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modes. The speckle contrast of the Erbium RFL emission pumped by a 1480 nm cw

laser, and operating far above the laser threshold, was measured as C =0.070, which

correspond to m ≈204 modes. We also measured the contrast for this device pumped

by a 980 nm cw laser, and the contrast value obtained of C =0.065, is quite similar to

the 1480 nm pumping case, with m ≈236 modes. Such measurements of the number

of modes are nearly equivalent as this value give us only a estimative.

For validation of the experimental setup, we measured a well-characterized RL

based on a Rhodamine 6G dye and 250 nm TiO2 particles, pumped by the second

harmonic (532 nm) of a pulsed (7 ns, 5 Hz) Nd:YAG laser. A contrast of C =0.058

corresponding to m ≈297 modes was measured. The speckle contrast data are shown

in Fig. 13, the speckle images (a), (c) and (e) are respectively the second harmonic

(532 nm) of a pulsed Nd:YAG laser, 980 nm cw semiconductor laser and 1480 nm cw

semiconductor laser. The RL speckle free regime, similar to the Reference (25) and

using the same experimental setup as shown in Figure 12, can be observed in the

Figure 13 (b). These results are also summarized in table 1.

Table 1 – Contrast ratio C and number of modes m for conventional lasers and random
lasers. The Er-RFL system pumped by a 980 nm or 1480 nm diode laser
displays m = 236 and m = 204 modes, respectively. A Rhodamine 6G dye
random laser pumped by a second harmonic of a Nd:YAG laser shows m =
297 modes.

Laser Contrast & number of modes
Second harmonic of an ND:YAG laser, @ 532 nm C = 0.71, m = 2
Diode laser, @ 980 nm C = 0.54, m = 3
Diode Laser, @ 1480 nm C = 0.70, m = 2
Rh6G+TiO2 RL, @ 590 nm C = 0.058, m = 297
1D Er-RFL pumped by a 980 nm diode laser, @ 1540 nm C = 0.065, m = 236
1D Er-RFL pumped by a 980 nm diode laser, @ 1540 nm C = 0.070, m = 204

The results in this section showed the typical laser characteristic of the Er-RFL.

The linewidth reduction and increase in the emitted intensity are observed for large

gain. The spectral results, limited by instrumentation, show a single smooth spectrum.

However, with the speckle measurements, we demonstrated that it was only because of

the lack of a better experimental setup to make the measurements, and the behaviour

is multimode. In the next section, the spin glass systems are introduced.
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Figure 13 – Speckle measurements images. Speckle images of (a) a second har-
monic (532 nm) pulsed Nd:YAG laser, (b) Rh6G-TiO2 RL (590 nm), (c) 980
nm semiconductor laser, (d) Er-RFL pumped by 980 nm laser, (e) 1480 nm
semiconductor laser, and (f) Er-RFL pumped by 1480 nm laser.

2.2 Spin glass system

Spin glass is a system where its properties can be determined by disorder

and frustration. In magnetic systems, the interaction of the spins magnetic moments

at low temperature state are randomly disordered, and frozen. The two indispensable

ingredients for spin glass state are lack of order and conflicting constraints (59, 60).

The disorder comes from the partially random interaction between the spins.

It can be a mixture between ferromagnetic and anti-ferromagnetic interactions. The

frustration occurs when a spin is in a state that it is not snuggled. It can be an effect

from the competition introduced by the random interaction between the spin magnetic

moments and, give rises to conflicting constraints in the lowest energy state. Using the

Figure 14 it is easy to have a picture of these two concepts. Let’s define black circles as

spins oriented “up” and white circles as spins oriented “down”. The interaction between

the magnetic moments of the spins, ferromagnetic and anti-ferromagnetic interaction
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Figure 14 – Scheme of spin interaction. The circles are nodes and the colour repre-
sent the spin orientation. In the ferromagnetic case (a) are oriented in the
same direction (same colour), antiferromagnetic interaction (b) neighbour
spin oriented in different direction (different colour). The spin glass system
(c) is represented as a system with frustration. In (d) each circle represent
a different time t of observation on the spin orientation in a paramagnetic
system.

are sketched as two lines connection and black line connection between the circles,

respectively.

In a system formed by ferromagnetic interaction, Figure 14 (a), the spins must

be parallel oriented, and the opposite happens in anti-ferromagnetic interaction system

Figure 14 (b). In a spin glass system, the interaction is set as mixture between the last

two cases in a random distributed pattern (disorder). The two magnetic interactions

are present, and when the system temperature goes down carrying the system to the

lowest energy state, spins start to be randomly oriented as a consequence of the inter-

action pattern, and then frozen-in. As a result, some conflicting spin orientation arises.

Figure 14 (c) illustrate this scenario. In any position that the last spin (labelled with

“?”) stay, it will be in an discomforted situation. In the Figure 14 (c) it is represented

as two consecutive anti-ferromagnetic interactions. The right edge spin orientation is

undetermined as its left neighbour is black the spin needs to be white meanwhile the

spin is also forced to be black as its right neighbour is white. This indeterminacy is

an example of what is called frustration. In the spin glass systems, the disorder must

produce frustration to be relevant. Figure 14 (d) shows an example of paramagnetic

interaction, the spin orientation at high temperature is non-longer determined by the
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individual interaction between the spin, as it can couple to external sources, each circle

in Figure 14 (d) represents the spins’ configuration at different time.

The macroscopic magnetic properties of this system, the magnetization, in av-

erage is

M = (1/N)
∑

i

〈Mi〉 = 0

.

The order parameter M is zero at high temperature, and goes to ±1 as the

temperature decrease to a point below of a critical temperature Tc. The main difference

from a spin glass system, is that the spin are not frozen in the paramagnetic state case.

The name spin glass is due the analogies with chemical glass, as it is com-

posed by atoms that had stuck in random position in a structural disordered way (61).

Instead of structural disorder, the thermodynamic spin glass system is composed by

interaction disorder.

2.2.1 A simple model

The Ising spins are an example of thermodynamic glass system (59)1 The

model is a periodic lattice of N molecules (nodes), to each node a spin variable with

values Si = ±1 is set, each spin can be only up or down. The exchange energy between

first neighbour nodes i and j is given by Jij . When Jij > 0, neighbouring spins have the

same S value. And conversely have different S values if Jij < 0. The internal energy,

for a zero external magnetic field, is given by:

H = −
N
∑

i,j
i 6=j

JijSiSj (2.3)

where N is the number of nodes, Si,j takes values ±1 (i, j = 1, 2, ..., N), i and j are

the spin labels. Jij is a quenched random spin to spin interaction with a Gaussian dis-

tribution function. In this case we consider non-zero interaction for nearest neighbours

only. For a positive (negative) interaction, the product between two spins in the lowest

energy state is positive (negative).
1 Actually, this is called as Edwards-Anderson Ising model, and a more useful is the infinity-range

Sherrington-Kirkpatrick Hamiltonian, as it does not include geometrical constrains . To a better (and
straightforward) explanation of how this goes from the EA to SK model the chapters 3, 4 and 5 of the
reference (61) and their references is a good start point.
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Thus, consider a lattice formed by 9 nodes, as in Figure 15. The part (a) shows

an example of a chain with positive interaction (two lines), spins aligned in the same

direction (same colour). Figure 15 (b) shows negative (one line) and positive interac-

tions (two lines) and the spins are aligned in both directions. In these cases (a) and (b)

all spins are in a ground state determined by the interaction exchange energy, there is

nothing to force breaking this rule, then the ground state of the system is easily deter-

mined. However, in the case of Figure 14 (c) there is also a mixture between positive

and negative interactions, but contrary to the case of Figure 15 (a) and (b), this mixture

of exchange energy creates frustration. Look to the centre node, and the fact that in-

teractions are fixed, its easily to see that the spin is in an uncomfortable position. Any

choice of the spin with the label “?” inside the circle result in a mismatch with the spins

interactions and their orientation. So, in this case, the ground state of the system is

degenerate.

Figure 15 – Example of a square lattice with disorder interaction. (a) only positive
interaction, (b) mixture with positive interaction without negative chain prod-
uct and (c) with negative chain product.

As many nodes the frustrated system have, more degenerate can be the ground

state. This means there is an energy landscape at the ground state, with valleys, that

can trap the system. Then, if an EA Ising system formed by N nodes, at a temperature

T > Tc, with fixed random interaction Jij, the system is then in a paramagnetic state,

where the average macroscopic magnetization M is zero, as the spins magnetic mo-

ment orientation are fluctuating in time. When the system is left to rest, it goes to the

ground states and reach a determined spin configuration. In the case of a ferromag-

netic system this only goes to a state with magnetic moments ±1. Spin glass system

behaves different, at each time the experiment is repeated, with the same initial condi-
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tions, because of the degeneracy and the frustration introduced by disorder interaction,

it is possible that the system goes to different valleys of the ground state energy land-

scape, with different spin configuration. The measured spin magnetic moment 〈mi〉 in

each site i, can result a different value at each experiment γ.

Moreover, in each experiment the magnetic moment fluctuates from spin to

spin. The degree of freezing of the system is given by the order parameter

q =
1

N

∑

i

|〈Si〉γ|2 (2.4)

and give us information of the spin orientation inside a valley of the energy landscape.

A order parameter qγβ is used to quantify the amount of proximity between the results

in each experiment γ and β (59), and give us details about the possible valleys that

form the energy landscape:

qγβ =
1

N

N
∑

i

〈Si〉γ〈Si〉β (2.5)

for qγβ = 0, there is no correlation between the measurement γ and β. As qγβ increases

more correlated are the states in the experiments γ and β. As we are interested in the

whole system behaviour, a probability distribution to find the system in a specific state

is statically described by

P (q) =
∑

γβ

δ(qγβ − q) (2.6)

In the paramagnetic state, as the system is completely uncorrelated, the possi-

ble results for the Equation 2.6 is a peak centred at values zero of the order parameter.

For ferromagnetic state, there are only two possible results for each node magnetiza-

tion, and the function P (q) has only two δ-functions at the values ±m2. In the spin

glass state there is a continuous fragmentation of the valleys of states into smaller

ones. The system can then freeze in different states, and then in the distribution func-

tion P (q) a continuous curve between the δ-function appears. The maximum value of

the P (q) is called as selfoverlap, that means the most possible state to find the system

(59, 61). The example aforementioned are sketched in the Figure 16. A more complete

and detailed introductory treatment of spin glass can be obtained by the references

(59, 61, 62, 63).
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Figure 16 – Examples of PDF order parameter P (q). The PDF P (q) can show only
a delta peak at q = 0 in the paramagnetic state, and ±m2 in ferromag-
netic state. The glass state is described by the appearance of a continuous
curve between the delta functions.

2.3 Random laser as photonic analogue to thermodynamic spin glass

Random lasers spectral emission has interesting properties, such that they

can be used as physical statistical platforms, allowing the study of statistical phenom-

ena in controlled systems. Using the intensity fluctuation spectra in random lasers,

Ghofraniha (37) and co-authors demonstrated the first observation of the glassy be-

haviour of light in RL and replica symmetry breaking (RSB), i.e., an RL system under

identical experimental conditions can reach different states characterized by different

emission spectra. RSB theory predicts that, identical system, prepared under identical

initial conditions, can demonstrate different results. It was observed that, the shape of

the distribution function of an order parameter q, named as Parisi overlap, change their

form from a peak centred at 0 to maxima with values q 6= 0. The RL were called as the

photonics analogue of thermodynamic spin-glass systems.

This open cavity RL system pumped after certain power threshold (Pth) shows

emission determined by long-lived modes with frequency k and spatial pattern Ek(r). It

was experimentally observed that large fluctuation in the intensity emission occur when

pump power is near the Pth, and still remain far after threshold, with less fluctuation

intensity.

This behaviour was called shot-to-shot intensity fluctuation in RL, and not only

the intensity, the actives’ emission modes also can change in time, creating a shot-to-

shot non-trivial spectrum fluctuation.
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This shot-to-shot fluctuation resembles previously mentioned spin glass sys-

tem, in the sense that the measured state where the system goes is the emitted spec-

trum. The Ising degree of freedom S = ±1 is related with the slow modes amplitudes

contribution ak(t) to the electric field expansion

E(r, t) =
∑

k

ak(t)E(r)e
iωkt + c.c. (2.7)

inside the material, with the oscillation period 1/ωk smaller than the relevant time scale

for ak(t). The randomness in the material refractive index introduces the time indepen-

dent disorder by the irregularity of the spatial mode profile in ak(t) modes interaction.

As many modes are pumped and active, these are trying to oscillate coherently at the

same time what gives rise to the photonic frustration. The system can be described by

the Hamiltonian (40, 38, 64)

H =

n
∑

{jk}′

Jjkaja
∗
k +

1

2

n
∑

{j,k,l,m}′

Jjklmaja
∗
kala

∗
m (2.8)

where {· · · }′ implies the frequency-matching conditions |ωj − ωk| . γ and |ωj − ωk +

ωl − ωm| . γ, with γ being the finite linewidth of the modes, J is the random interaction

between the spins with PDF P (J), j, k, l,m represent the laser mode label. By analysing

the Hamiltonian of Equation 2.8 using the replica method (60), that is: As the interaction

variable is unknown, but are random variables with a known probability distribution

and quenched as J does not depend on the experiment time scale, it is necessary to

analysis different realizations of the system, and computing it averages free energy.

Thus, under the same set of random interaction variables, for N copies of the system

the averaged free energy is evaluated (60, 38, 64)

F = −T logZ
J

= lim
N→0

ZN
J

N
(2.9)

where the bar denotes the average over the J’s configurations, the random laser pump-

ing rate is P ∝
√

1
T

,

Z
J

=
∑

J

P (J)ZN
J

(2.10)

is the disorder averaged partition function of the N times replicated system. As the

number of interaction into the system is sufficiently large, a self-averaged free energy

is obtained (64). The order parameter between two system replicas a and b is given by
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(38, 64)

Qab =
1

E

n
∑

k=1

aak(a
b
k)

∗ (2.11)

The glass phase in the random laser emission was proposed in (65), as a result of

the large mode competition for the available gain in a quenched disordered system. In

such case the modes do not oscillate with the same phase. The experimental access

for measurement of the replica symmetry in random lasers is not easy. The emitted

intensity Iγ(k) = |aγk|2 by the replica γ at the wavelength indexed by k is more exper-

imentally accessible, and present a non-trivial fluctuation (8, 18), also the connection

between the replica analysis of the mode amplitude and the intensity fluctuation was

made in (38).

The experimental observation of the PDF in the replica analysis was made by

Ghofraniha (37). The proposed order parameter to the intensity fluctuation overlap was

qγβ =

∑

k ∆γ(k)∆β(k)
√

∑

k ∆
2
γ(k)

√

∑

k ∆
2
β(k)

(2.12)

where γ, β = 1, 2,..., NS, for each pump power, denote the replica labels, the average

intensity at the wavelength indexed by k is I(k) =
∑NS

γ=1 Iγ(k)/NS, and the intensity

fluctuation is given by ∆γ(k) = Iγ(k)− I(k).

The experimental parameter qγβ can assume values in the interval [0.1]. Glass

behaviour can be identified by the analysis of the point q that P (q = qγβ) have its

maximum. When the peak is centred at q = 0, no correlation is observed between

the emitted intensities, the system is in a photonic paramagnetic phase. For q 6= 0, the

intensities fluctuations are correlated q = 1 fluctuating in the same sign and same value

in relation to the average, or anti-correlated q = −1 fluctuating in the same intensities

but differs in the sign.

In Ghofraniha’s paper was observed that the experimental PDF of the order

parameter P (q) changes from a distribution with peak centred at q = 0 below the

pump threshold (high temperature), to a PDF P (q) that present peaks at q 6= 0, with

a continuous curve between those peaks, as the system pump power (temperature)

increases (decreases). This observation signalizes to the glass phase of light, where

the intensity fluctuation, in relation to the average emitted spectrum, at each wavelength

k, are correlated as a result of the mode competition by the gain. Such behaviour was
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also observed in bulk colloidal dye-nanoparticles RL (45) and rare earth doped powder

RLs (40).

2.4 Our Results: Glass behaviour on the Erbium-RFL

So far, there is no demonstration of the spin glass system in one dimensional

random laser. A fibre optics is employed to obtain an approximation of a one-dimensional

laser. Here we describe a spin glass behaviour on the 30 cm Erbium random fibre laser

(Er-RFL).

2.4.1 Characterization of RSB Phase transition

The order parameter qγβ , is used to quantify the RSB phase transition from

photonic paramagnetic to the spin-glass RL behaviour. This order parameter is similar

to the Parisi overlap parameter in spin-glass theory (61, 59). This parameter can be

calculated either among the mode’s amplitude aj or intensities Ij ∝ |aj |2, the latter is

more accessible experimentally and both are similar. By measuring fluctuations in the

intensity averaged over NS system replicas, the overlap parameter is (37)

qγβ =

∑

k ∆γ(k)∆β(k)
√

∑

k ∆
2
γ(k)

√

∑

k ∆
2
β(k)

(2.13)

where γ, β = 1, 2,...,NS, with NS = 1500 for each pump power, denote the replica labels,

the average intensity at the wavelength indexed by k reads I(k) =
∑NS

γ=1 Iγ(k)/NS, and

the intensity fluctuation is given by ∆γ(k) = Iγ(k) − I(k), k is the wavelength of each

point of the spectrum, in the experimental data it is labelled from 0, 1, · · · , Nk.

In this experimental procedure using a 1480 nm cw pump laser, each emission

spectrum collected with the time frame of 776 ms is considered a replica of the system.

i.e., a copy of the RL system under identical experimental conditions, and random

scattering medium fixed. The spectra collected, or each replica of the system, below,

near and far above the laser threshold are in the Figure 17, (a), (b) and (c) respectively.

The replicas are labelled from 0 to 1499, and the wavelength measurement window is

from 1528 nm to 1560 nm. The Equation 2.13 give the information of how the fluctuation

at each wavelength indexed by k in relation to the average is correlated to each other.

That is, there is a value for the parameter qαβ that describes the correlation of each

fluctuation of one spectrum α to another spectrum β. With it a histogram of all qαβ is
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realized (experimental P (q)), and the point of maximum occurrence determines the

point where the system can more probably founded.

Figure 17 – Random laser emitted spectra. Representative emission spectra from be-
low (a) near (b), and above the random laser threshold, and the respective
intensity fluctuation as a function of the pump power (d-f).

The probability density function (PDF) P (q), analogue to the Parisi order pa-

rameter in RSB spin-glass theory (37), describes the distribution of the replica overlap

q = qγβ , signalling a photonic uncorrelated paramagnetic or a RSB spin-glass phase, if

peaks are exclusively at q =0 (no RSB) or also at values |q| 6=0 (RSB).

Figure 18 shows the P (q) evolution as a function of the pump power from below

(a-b), through around (c-d) to above (e-i) the random laser threshold, characterizing

the phase transition from photonic paramagnetic phase (qmax = 0) to spin glass phase

transition qmax 6= 0. Figure 19 shows the value |q| = qmax at which the P (q) assumes

the maximum. For |qmax| = 0 the system is most probable overlap to a non-correlated

state, i.e., all the modes oscillate independently and do not interact. For qmax = 1 the

modes interact and are no more independent, their fluctuation are correlated, qmax = 1

(fluctuate in the same direction and similar amplitude in relation to the average) or

qmax = −1 (fluctuate with similar amplitude in different direction).

A sharp transition coinciding with the threshold is observed from the photonic

paramagnetic (Figs. 19, below Pth) to the spin-glass phase (above Pth). Figure 19 (a)

displays qmax for pump power below and above Pth (up to 2Pth), together with the emis-
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Figure 18 – Observation of RL glass behaviour in RL. PDF P (q) obtained from ex-
perimental data at the indicated pump power (normalized with respect to
Pth), showing the random laser phase transition from the photonic param-
agnetic regime (a,b) to the spin glass transition (c-i).

Figure 19 – Replica symmetric breaking as RL threshold determination. Value
|q| = qmax at which P (q) assumes the maximum (circles) as a function
of the normalized input power together with the FWHM (triangles) for the
sake of comparison with the random laser threshold.
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sion linewidth reduction for the sake of comparison. The results for pump power up to

12Pth, showing the steady behaviour, are in Figure 19 (b).

2.4.2 Summary

As a summary, we used a RL system where the disorder scattering medium is

formed by a continuous FBG with random phase errors, instead of the presence of ran-

dom scattering particles (22), such medium is static and scatterers do not influence the

pump beam. The multimode characteristic of the Er-doped random fibre laser was con-

firmed, as it is necessary to a RSB phase transition that relays on the mode interaction

regime.

Regarding the RL space dimensionality, we showed, for the first time, that the

replica symmetric theoretical approach also works in 1D random laser. Actually, by

taking the random couplings as Gaussian variables in the photonic Hamiltonian, the

explicit connection with the spatial structure of the disordered nonlinear medium is lost.

This reasoning is reinforced by the fact that, while the summations in the magnetic

spin Hamiltonian run over the spins positions in the lattice (which take into account the

geometrical structure), the sums in the photonic Hamiltonian are over the mode labels,

which keep no structural link with the background medium, not depending on the sys-

tem geometry. In conclusion, we have demonstrated a photonic spin glass phase in

an Er-doped RFL. This can be observed in the P (q) evolution, confirming the role of

the RL modes as analogues to disordered spins from the thermodynamic spin glasses.

The multi-mode behaviour was confirmed by speckle contrast measurements. And the

results also show that this transition undoubtedly coincides with the RL threshold, con-

firming previous results (37, 40) on different dimensions. The evidence of RSB in the

cw regime also opens up important possibilities for new experimental demonstrations

of other expected transitions.
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3 INTENSITY FLUCTUATIONS IN RANDOM LASER

RL output emission can present high intensity fluctuation. Around a determined

pump power injected into the RLs, the system can reach the threshold and comes back

to below threshold (24, 66), in a laser-no-laser behaviour. This can be related to the high

sensitivity to the initial conditions and mode competition due the extended modes’ char-

acter. A Lévy like distribution in this regime is observed (67), and the degree that the

system goes inside of this non-Gaussian regime can depend on the scattering strength

and external parameter (68). In this chapter we will present the Lévy-like behaviour of

the random fibre laser emitted intensity.

3.1 Lévy distribution

The Lévy distribution presents a divergent variance because of the high in-

tensity fluctuation and is also called by fat tail distribution, with non-zero probability

for events localized far from the average value. The probability distribution follows a

power law, that violates the central limit theorem in the presence of an infinity variance.

In physical systems, a probability density function with a diverging second moment

represents an unphysical possibility. In any system of stochastic variables statistically

independent and identically distributed, with finite second moments, a Gaussian distri-

bution is obtained (69). The addition of a boundary limit to the probability distribution,

e.g., P (X) = 0 for X > Xmax or by tempering the power law with an exponential at-

tenuation (P (X) ∼ X−µ exp(ηI)) (69, 29), with large finite moments has a Lévy like

behaviour with an ultra-slow convergence to a Gaussian regime. Actually, the afore-

mentioned is Lévy like intensity fluctuation of random laser as it has a large but finite

variance, with a truncated Lévy distribution with finite moment.

The Lévy distribution can be found in systems like financial market and food

search by albatrosses (70, 71, 72). The distribution can have the form of P (I) ∼ X−u

with number of samples of the set {I} → ∞, for (73),

• u ≥ 3 the variance is finite, and the central limit theorem is applied and a Gaussian

distribution is recovered.
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• u < 3 the variance starts to diverge and a broad distribution appear, and the cen-

tral limit theorem is not more applied and states that a non-Gaussian distribution

govern the system.

3.1.1 Lévy walks

Like as Gaussian distributions, Lévy is also a stable distribution, a random walk

that have heavy tail distribution can be viewed as a sequence of localized Gaussian

random walk connected by large jumps with no points between the start and end point

of the jump, also known as Lévy flights. This is sketched in Figure 20 (b), while in (a)

Gaussian random walks is shown for completeness and comparison. The first 1000

step random walk is simulated, starting from the position (x, y) = (0, 0), the step can

go to any angular direction with uniform distribution. The step size is generated with

a Gaussian distribution α = 2.0, centred at 1.0 (Figure 20 (a)). The Lévy step size

distribution is simulated with α = 1.6 and location parameter also 1.0, showing step

size of tens and hundreds of units.

Stable distribution with the Fourier transforms to the k-space, can be described

by the family of α-stable distribution given in the k-space by the equation:

P (k) = exp{ikv − |ck|α[1− iβsgn(k)Φ]} (3.1)

In Equation 3.1 the Lévy index α ∈ (0, 2] is the most important parameter, since it holds

the type of statistics that characterizes the system of random variables. Strong fluctua-

tions in the random variable with relevant deviations from the Gaussian behaviour are

associated with values in the range 0 < α < 2, and the boundary value α = 2 recovery

the Gaussian distribution. The parameter β ∈ [−1, 1] carry information of the asym-

metry of the distribution, v drives the location and c is a scale parameter. The other

Φ = tan(πα/2) if α 6= 1, whereas Φ = −(2/k)ln|k| if α = 1. The Lévy PDF displays

closed analytical form only for a few values of α.

Examples of α-stable PDF are in Figure 21. The PDF was numerically obtained

with the algorithm provides for python (74). The α parameter assumes values that

varies from 0.8 to 2.0 in steps of 0.4. And the skewness parameter is β = 1.0 Figure

21 (a), β = 0.0 Figure 21 (b) and β = −1.0 Figure 21 (c). The fast decay of Gaussian

distribution when compared to a Lévy is depicted in the insert of Figure 21 (b). As large

is the α faster will decay the PDF for large X values. For skewness β > 0 (a) the
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Figure 20 – Example of random walk with the path length determined by the alpha

stable distribution. Path length determined by the α-stable when α = 2
(a), and α = 1.6 (b), In both cases the location parameter is 1.0 and the
skewness parameter is 1.0. Observe that for the Lévy-like case, the path
shows long lines connecting small paths. Also, the step size as function of
the step label number is in (c-d).

Figure 21 – Alpha stable function examples. In all the cases the α parameter as-
sumes the values 2, 1.6, 1.2 and 0.8, and the β values are 1.0 (a), 0 (b)
and -1.0 (c). The insert of (b) shows the asymptotic decay difference be-
tween the Gaussian to Lévy regime in log scale. The Gaussian distribution
faster goes to zero as x increases.

large vales of intensity fluctuation are for positive x, and for negative x (c) when the

skewness is negative.
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3.2 Lévy intensity distribution in random laser

The laser threshold determination in conventional laser is usually inferred by

the point where the emission intensity diverges (1), the system has a well-defined point

where its emitted intensity, at a certain wavelength determined by the cavity geometry,

goes to laser operation regime. It is not often observed in RLs, where the open cavity

character makes that a preferred laser emission is not present (12), and after a certain

pump energy, the system can start a laser-no-laser behaviour jumping from below to

above and backs to below threshold (66) making difficult to determine the exact pump

energy threshold. Rare long-lived extended modes that can occupy a region larger than

the amplification length, can dominate over the others, retain most of the gain resulting

in a large amplification. They can generate large intensity fluctuation as a result of the

variation of the length of these modes. This behaviour of large intensity fluctuation was

observed in several experiments (12, 66, 67).

3.2.1 Observation of Lévy distributions in the intensity emission of bulk RL.

The presence of Lévy statistic in random laser intensity fluctuation was demon-

strated in Rhodamine 6G based random laser (67). The formation of a fat-tailed prob-

ability distribution of the emitted intensity was observed. A Lévy behaviour increases

with scattering concentration, and the author argues that a non-uniform gain distribution

was the origin of it. The characteristic α parameter was also proposed as proportional

to the transport and gain length, which variation shows the transition from the Gaussian

to Lévy-like behaviour.

S. Lepri et al. in Reference (75) studied the different statistical regime present

in random laser. Using a diffusive model, they derive the emission probability which

depends on the gain and scattering mean free path length:

p(I) =
lG
〈l〉I

−(1+αd), αd =
lG
〈l〉 . (3.2)

The Lévy exponent for it diffusive regime αd determines if the power law follows a

Gaussian αd > 2 or a Lévy distribution αd ≤ 2. The author suggested that the random

intensity fluctuation has a transition from Gaussian to Lévy and vice-versa depending

on the sampler parameter as gain length and scattering concentration. Also, they well

predicted that the Lévy intensity fluctuation Regime occur around the RL threshold.
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G. Zhu et. al (44) demonstrated that the random laser threshold can have a

Lévy-like intensity fluctuation. They also showed that the Lévy intensity fluctuation in

their ceramic-based RL is not related to the fluctuation of the pump source. Indeed,

even with high stable pump the fluctuation is large around the threshold.

The works aforementioned fail to make a detailed studied of the intensity fluctu-

ation dependency on the pump energy, moreover the analysis used in their works was

not easily adapted from one to another system.

R. Uppu and S. Mujumdar proposed a method to identify the statistical regime

of the intensity fluctuation, in the output emission of RLs, using the α-stable distribution

(28), Equation 3.1. The sample of study was a canonical Rhodamine 6G based random

laser, ZnO nanoparticles of 20 nm diameter as scatterers, pumped by the second har-

monic of a Nd:YAG laser of 30 ps pulse duration. With the analysis of 2000 spectra, the

authors estimate the parameter of the α-stable distribution. The tail exponent α shown

three different behaviour. The first was when the probability of random laser emission is

zero, and the alpha stable distribution parameter of the fluorescence emission is α ≈ 2.

The regime where the probability of random laser PRL grows in the interval

0 < PRL < 1 the tail parameter decreases from α = 2 to α ≈ 1, where more modes

are activated, and the intensity fluctuation become large, and then increases again to

α = 2, with the minimum values where the probability of random laser PRL approximate

to 0.5. The third was for laser behaviour far above the threshold, where a new Gaussian

regime is recovered, and PRL ≈ 1. This method also agrees with the linewidth reduction

and intensity increases of the emitted spectra.

The intensity fluctuation regime in RL is dependent on the scattering strength.

When the mean free path increases the intensity fluctuation also increases, thus the

system goes deeper into the Lévy regime and more slowly goes back to the Gaussian

(68). In the sense of photons path, high intensity emission is explained: as large is the

path travelled by the photons then higher is the amplification, and such photons retain

almost all gain. The fluctuation in the path length from each path realization reflects in

the intensity fluctuation.
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3.2.2 Lévy statistics in the random laser transition

A detailed study of the Lévy distribution in the random laser threshold was

made by Ignesti et. al (68). They realized a numerical simulation and also experimental

study, the results shown a statistical transition that follows the random laser transition

from the regime pre-lasing to laser regime, e.g., α-stable parameter curve as a function

of the pump energy shows a negative slope change, the stable distribution character-

ized by an α = 2 goes to α = αmin near the pump power threshold. As the system goes

near the laser regime the slope again change, but now for a positive value and thus

goes back from the α = αmin to the maximum value α = 2. Such behaviour is sketched

in Figure 22, the continuous curve represents the form of the alpha stable curve as

a function of the pump energy, and it is compared to the FWHM reduction (a) and in-

tensity increases (b) after the threshold. The α parameter reaches the minimum value

when is near the threshold, where the modes’ activation starts. The curve remains con-

stant in the pre laser regime, where no laser modes are active, then Gaussian regime

is present.

Figure 22 – Sketch of the expected alpha stable parameter as a function of the

pump energy curve. The alpha values goes from the high value to a min-
imum in the random laser transition (continuous white curve). The dashed
lines represent de FWHM reduction (a) and intensity increases as a func-
tion of the random laser regime, below, around and above the laser thresh-
old.

The main idea proposed from Ignesti Reference (68) are:

• If the system has a small mean free path length (compared to the emission wave-

length), the system is in the strong scattering regime, thus long path travelled by

photons are less probable, as well large intensity fluctuations. If the RL emission

occur in such regime, is not probable that the system reaches small α values to
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reach a deep Lévy regime. Thus, a RL mode does not retain all the available gain,

to dominate the others.

• Large fluctuation can arise as the mean free path length increases, then the sys-

tem slow comes back to the Gaussian regime, and the width of the red region in

Figure 22 increases.

Levy statistics was also observed in the Rhodamine 6G based random laser.

In Reference (35) the author suggested the Lévy statistic as the universal identifier of

RL threshold. Such prediction was analytically derived in Reference (76). A power law

probability distribution was obtained and a truncated Lévy like distribution around the

threshold described the RL system.

3.2.3 Statistical intensity fluctuations of RL model

In the analysis of Replica Symmetric breaking on random laser, a Hamilto-

nian with coupling term originated from spatially inhomogeneous refractive index, non-

uniform distribution of the gain and an effective damping contribution due to the energy

leakage was writen (40) as:

H =
n

∑

{jk}′

Jjkaja
∗
k +

1

2

n
∑

{j,k,l,m}′

Jjklmaja
∗
kala

∗
m (3.3)

The Langevin equations for the slow modes amplitudes a(t), with the presence of i.i.d

noise, as described in Reference (40) is,

daZ
dt

=
∂H

∂a∗Z
+ FZ , (3.4)

with Z = j, k, l and m, describe the intensity fluctuation in random lasers. Writing IZ =

cZ |aZ|2 and manipulating the Equation 3.3 leads

1

ck

dIk
dt

= −2Re







∑

{j}′

Jjkaja
∗
k +

1

2

∑

{jlm}′

[Jjklm + Jjmlk] aja
∗
kala

∗
m + a∗kFk







(3.5)

When the authors add the optical noise as a sum of additive and multiplicative statisti-

cally independent stochastic processes, and considering slow-amplitude modes aZ(t),

comparing to the rapidly evolving phase dynamics, they obtain the equation for the

probability density function (PDF) P of emission intensity IZ as

∂P

∂t
= − ∂

∂IZ
[(−dZIZ − bZIZ + 2QIZ)P ] + 2Q

∂2

∂I2Z
(I2ZP ) (3.6)
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where Q controls the magnitude of the multiplicative fluctuation, bZ and dZ are term

that depend on the coupling quartic terms. The solution of Equation 3.6 has a form of

a tempered exponential decay power law:

P (IZ) = AZI
−µZ

Z exp(−bZIZ/2Q). (3.7)

providing a theoretical background that the intensity fluctuations in RLs are governed

by a Lévy-like statistics.

In Equation 3.6 the intensities at wavelength indexed by Z are IZ > 0. AZ is a

normalization constant. The solution P (IZ) with the power law exponent 1 < µ = 1 +

dZ/2Q < 3, is described by the Lévy distribution with α = µ−1, that is, an exponentially

truncated Lévy distribution of intensities IZ for 0 < α < 2, for the interval 1 < µk < 3.

The PDF P (IZ) describes a Gaussian regime α = 2 when µk is out of the interval

1 < µk < 3. For a giving disorder strength, the parameter µk shifts from an initial

Gaussian regime µk < 1, to a Lévy-like 1 < µk < 3 and then goes back Gaussian

µk > 1. As did Uppu in Reference (35), the author of Reference (40) also proposed

the Lévy α-stable parameter as a universal identification of RL threshold. They also

proposed, and experimentally demonstrate that the multimode overlap parameter, that

describe the Replica Symmetric Breaking in random laser, as these behaviours are

described by the same Hamiltonian H, also is a universal identify of RL threshold. In

1D system such behaviour was not well studied, the Reference (77) has proposed that

the emission statistic in 1D RL can follow a heavy tailed distribution. In the next section

we will show our results of Lévy-like statistic of the intensity fluctuation in quasi-1D RL.

3.3 Our results: Lévy statistic in intensities of random fibre laser

This section study the intensity fluctuation of the output intensity in a continuous-

wave-pumped erbium-doped one-dimensional random fibre laser (RFL), with specially

designed Bragg grating scatters. The results are published in the Reference (78). Tran-

sitions from Gaussian to Lévy-like and back to the Gaussian regime are described as

the input excitation power increases from below to above the RFL threshold. Such sys-

tem presents a large second moment causing an ultra-slow convergence to Gaussian

regime. Such experiment demonstrated for the first time the presence of Lévy statistic

in one-dimensional random laser system.
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3.3.1 Lévy statistic in the intensity fluctuation of a random fibre laser

The device used here was based on a 30 cm Er-doped fibre Bragg Grating, with

random phase shifts inserted during the fabrication process. The experimental setup

used is shown in Figure 23. A home-assembled semiconductor cw laser operating at

Figure 23 – Experimental setup used in the intensity fluctuation measurements.
A InGaAs camera (4) with 0.1 nm resolution was used to measure the
emission spectrum, the swept time was for measuring each spectrum was
776 ms. A 1480 nm pump (1) diode laser was used to pump the 30 cm
Erbium-RFL (2). A wavelength divisor multiplexing (3) was used to split the
pump and signal. A power meter (4) monitored the pump power.

1480 nm was used as the pump source. The pump laser was connected to the RFL

and the RFL output was split through a 1480 nm/1550 nm WDM. The lower wavelength

output was directly pointed to a power meter and the other output to the spectrometer.

A liquid-N2 cooled InGaAs near-infrared camera, spectral resolution of 0.1 nm at 1530

nm, was used to record and save the emission spectra. A collection of 5000 spectra

was recorded for each input excitation power, with integration time of 100 ms. This large

number of spectra was due the large fluctuation of our RL system if compared to the

bulk materials. The intensity fluctuations were measured around the maximum spectral

emission intensity, within the spectral resolution of our instrument.

The laser characteristic power in versus power out was again realized. The

emitted intensity the Erbium-RFL system for normalized input power below, near and

above the threshold are in Figure 24 (a), (b) and (c), respectively.

The estimation of the threshold power was (16.30± 0.05) mW determined from

the FWHM reduction. Also, the high intensity fluctuation was not related to the pump
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Figure 24 – Emitted intensity spectra. Representative emitted intensity for below (a),
near (b) and above (c) the RL threshold.

power intensity fluctuation (less than 5%). The pump laser fluctuations do not affect the

Erbium-RFL fluctuations, particularly because the former was kept working all the time

well above (10×) the threshold, see chapter 2, and it also agrees with the results of

the Reference (44) where the pump and RL signal intensity fluctuation was not corre-

lated. From the experimental data of Figure 24 a discrete sequence of intensities I was

obtained and it was used to make the experimental PDF (I)

3.3.1.1 Intensity fluctuation

The emitted intensity fluctuation of the 5000 measured spectra are shown in

Figure 25 (a-c), and the maximum emitted intensity I of each spectrum evaluated

around the laser emission is shown as a function of the recorded label (1, 2, 3, · · · , N).

Observe that such behaviour is clearly similar to the regimes aforementioned, Gaus-

sian (a), Lévy (b), and Gaussian again (c). Thus, a high variance in the intensity fluctu-

ation emission is observed and a Gaussian to non-Gaussian Regime is expected to oc-

cur. Figures 25 (d-f) show the experimental histogram of the experimental data shown

in (a-c). Two Gaussian-like histogram are shown: below threshold (d) and above thresh-

old (f), also the above threshold regime has more variance than below. The Lévy-like

histogram (e) is characterized as an asymmetrically distribution for values larger than

the average, because the laser threshold behaviour.

The statistical analysis was done on the probability density distribution P (I)

of the maximum emitted intensities. If the second moment of P (I) are finite, then a

Gaussian dynamics is assured by the central limit theorem (CLT). If the second moment

diverges, e.g., the variance takes large values in relation to the average, the system
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dynamics is governed by the Lévy alpha stable distribution, Equation 3.1.

Actually, the Gaussian distribution can be recovered from Equation 3.1 fixing

α = 2 and taking the location parameter as the mean. So, the Equation 3.1 can de-

scribe both Gaussian and non-Gaussian regimes, depending only on the value of the

parameter α. The histogram representing the experimental PDF P (I) are depicted in

Figure 25 (d-f).

Figure 25 – Intensity fluctuation and α-stable probability distribution of intensi-

ties. (a-b) Maximum emitted intensity fluctuation from below to above the
random laser threshold. (d-e) histogram of the experimental data at the re-
spective relative pump and α−stable curve fit using the quantile method
provided by scipy.

Such results are supported by the theoretical summary presented in the previ-

ous sections. Where are included: the gain and radiation loss; the disorder mechanisms

with a background spatially inhomogeneous refractive index; non-uniform distribution

of the gain, and cavity leakage.

The Experimental PDF P (I), shown in Figures 25 (d-f) by the histogram, has

the best fit to Equation 3.1 represented by continuous red curve. The parameters were

estimated using the fast quantile-based method (79) implemented in an open-source

library 1 that also provides the probability density function calculations (74).
1 The quantile-based method in such library is used only to find the starting points that are used

in other methods but, the quantile precision is acceptable when used with caution. To access the
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Observe that the α values are consistent with the fluctuation observed. The

Gaussian regime below and above for α ≈ 2, Figure 25 (d) and (f) and a Lévy like

distribution with α ≈ 0.5, Figure 25 (e). The obtained stable parameter values are in

table 2. The positiveness asymmetry of the intensities is represented by β = 1. The

location parameter v agrees with the intensity where the histogram, Figures 25 (d)

and (f), shows it maximum, and in the Gaussian regime with the mean values. A wide

spread of intensities is observed by the broadening of the PDF P (I) from below to

above the threshold. It is related to the intensity fluctuation above the threshold larger

than below, but much weaker than those observed near the threshold.

Table 2 – Summary of the Best Fit Parameters to Equation 3.1 for the measured inten-
sity PDFs of Figs. 25 (e-f)

Input power α β v c
0.6Pth 1.9 1.0 0.858 0.021
1.1Pth 0.5 1.0 0.001 6.25× 10−5

0.8Pth 2.0 1.0 0.682 0.682

The confirmation of the Lévy-like behaviour of the measured emitted intensi-

ties of the 1D Erbium-RFL system is shown in Figure 26. The main parameter of the

α-stable distribution is in function of the normalized input power P/Pth. With the in-

creases of P/Pth the statistics of intensities fast goes from pre-lasing Gaussian (α = 2)

to the Lévy like (0 < α < 2) behaviour around the RL threshold. And then, when

P/Pth > 1, the statistics return again to a new Gaussian Regime, but now it is in the

RL phase, with less fluctuation than around threshold but more fluctuation than below

threshold. It is the same behaviour observed in bulk random laser (29, 35, 76) and

the observed independence on dimensionality here is also supported by the Langevin

treatment aforementioned. Also, the curve clearly coincides with the linewidth reduc-

tion, as suggest by (35), it reinforces that the Lévy behaviour is an identifier of the

RLs threshold, e.g., a fast decay on the FWHM values is observed when the system

reaches the non-Gaussian regime.

This change in the statistical regime can be viewed as a result of the change

in the homogeneity of the gain distribution as the pump power P increases relatively to

the threshold power Pth. Near the pump energy threshold, a given mode can dominate

quantile method is necessary to use _fitstart(lista_max) that can be founded in the source code
of scipy library (80).
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Figure 26 – Lévy stable distribution parameter α (circles) and FWHM (triangles)

as a function of the normalized input power. The evolution of the α val-
ues with the increases of the pump power shows three statistical regimes
of intensity fluctuations for the Erbium-RFL system: pre-lasing Gaussian
α ≈ 2 regime, Lévy RL emission 0 < α < 2 around the threshold Pth, and
Gaussian RL behaviour of the emitted intensities α ≈ 2 above the thresh-
old Pth. The sharp decrease in the α values at the first Gaussian to Lévy
transition coincides with the abrupt change in FWHM at the RL threshold.

over the others taking the highest amount of the gain with a large gain path. Large

fluctuation arises from relevant fluctuation in photon path length. Raising the probability

of extreme events characteristic of heavy-tailed power law Lévy distribution.

3.3.1.2 Lévy statistic and spin glass behaviour

In the previous chapter we introduced the glass treatment of RLs. The effective

Hamiltonian

H =

n
∑

{jk}′

Jjkaja
∗
k +

1

2

n
∑

{j,k,l,m}′

Jjklmaja
∗
kala

∗
m (3.8)

is expressed with the amplitude of the normal modes. The disorder is included in the

sum of the quadratic and quartic term, both possess the same origin on the systems dis-

orders. Such Hamiltonian is analogue to the Hamiltonian of disorder spin glass model

(38). With the pump power being the role of the inverse temperature, and the modes

amplitudes like spin variables. A phase diagram of RLs was constructed based on this

Hamiltonian, and the modes as a function of the input power and disorder strength

determines the photonics phases (64).

The replica symmetric breaking characterization is made by the distribution of

the mode-to-mode correlation parameter for many system replicas. The paramagnetic

scenario is when the distribution of the parameters is centred at zero. But when the dis-

tribution has peaks at non-zero values, the symmetry of the system is broken, and spin
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glass phase emerges. The order parameter can be calculated by the correlation of the

modes, or by the emitted intensity. Using the intensity, more experimental accessible,

the order parameter is given by

qγβ =

∑

k ∆γ(k)∆β(k)
√

∑

k ∆
2
γ(k)

√

∑

k ∆
2
β(k)

(3.9)

where γ,β = 1, 2,...,NS, with NS = 5000 for each pump power, denote the replica labels,

the average intensity at the wavelength indexed by k reads I(k) =
∑NS

γ=1 Iγ(k)/NS,

and the intensity fluctuation is given by ∆γ(k) = Iγ(k) − I(k). The same experimental

data used to analysis the intensity fluctuations are applied in the spin glass analyse.

Figure 27 show qmax values as a function of the relative input power P/Pth. A RSB

phase transition can be observed with a sharp transition from |q| = 0 to |q| > 0 values,

signalizing the presence of the RL glass phase transition. In the same Figure are also

present the characterization of the intensity statistic by the Lévy α−stable distribution.

Figure 27 – Lévy stable distribution parameter α (circles) and RL glass behaviour

determined by the order parameter q as a function of the normal-

ized input power. The evolution of the α values with the increases of the
pump power shows three statistical regimes of intensity fluctuations for the
Erbium-RFL system: pre-lasing Gaussian α ≈ 2 regime, Lévy RL emission
0 < α < 2 around the threshold Pth, and Gaussian RL behaviour of the
emitted intensities α ≈ 2 above the threshold Pth. The sharp decrease in
the α values at the first Gaussian to Lévy transition coincides with the RL
glass phase transition.

Figure 27 shows that Lévy-like behaviour and spin glass transition occur si-

multaneously at the RL threshold. This behaviour was first reported in bulk random

laser, now was also demonstrated in low dimension RL system. Both behaviours can

be theoretical supported by the Langevin equation of the normal modes with the same

Hamiltonian, and maybe have the same physical origins. A complete explanation is still
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an open task (68). This results also proposed that the presence of extreme events in

low dimensional random laser can be present. Actually, in the next chapter, the appli-

cation of the Generalized extreme events statistics in random fibre laser is made.
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4 EXTREME EVENTS

Extreme events mean the presence of independent identical distributed vari-

able of large values, in other words, the presence of an extreme high value event of

low probability. With large number N of an event realization, if p is the probability of oc-

currence of a determined event, the amount of times that it can appear goes with Np, a

rare event of probability 1/N can occur at least one time (81). In nature, the occurrence

of extreme events is also present. Rogue waves, giant sea waves that rarely occur, with

step much larger than the neighbour waves level, is a known example. Extreme events

also impacts the market management (82, 83), and the measurement of the energy

that hit the earth from solar wind (84), are examples.

4.1 Examples in optics

The rogue waves concept in optics was introduced using soliton propagation

in microstructured optical fibre, where huge light waves arises from smooth pulses that

are perturbed by low intensity noise (85). This rare emission events in supercontinuous

pulse generations was demonstrated that can be enhanced using a proper modulation

of the pump pulses envelope, with an order of magnitude higher, in the generation rate

of such extreme events, and a slide frequency can diminish this rate (86).

Rogue waves were also observed by Hammani in Raman amplification, using

commercial high non-liner optical fibres due an increased spectral broadening (87).

They also proposed that a partially incoherent pump can lead to exhibition of Rogue

waves (88).

4.1.1 Extreme statistic in random laser

In optics, random fibre laser is a wealthy device to explore extreme events

as results of their complex behaviour as well offer more control over the experiment.

Gorbunov et al. (89) studied the intensity dynamics of a half open cavity laser. The

system used was a 40 km single mode fibre (SMF28) directly pumped by a 1445 nm

Raman fibre laser and coupled to a FBG with λB =1550.5 nm. This complex system

has the gain provided by stimulated Raman scattering, and feedback by the Rayleigh
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scattering due to refractive index fluctuation. It was observed a stochastic behaviour of

the intensity of the emitted spectra, with the intensity like identically distributed random

variable with a large sequence of measurements N >> 1. Strong intensity fluctuation

was observed, and occurrence probability diminish with the pump power increases.

Indeed, the intensity dynamics show large events, at least 20 times larger than the

average value (89).

In bulk random laser the statistics of extreme have been studied by Uppu (90),

observing its dependence on the pump power and scatter strength. Large intensities

were again most possible to occur at low pump power, where gain is scarce and some

photons modes can dominate over the others. Large pump power makes that large

intensity being not rare, and extreme events probability are very reduced. However, the

use of GEV distribution to characterize the random laser emission dynamics was per-

formed only in (90), and a possible connection between the Lévy α−stable distribution

of random laser intensities was proposed.

The asymptotic study of extreme values of independent and identically dis-

tributed random variables is given by extreme value theory. For any PDF P (I) of N ran-

dom variables forming a set of I values, such that I ∈ {I1, I2, · · · , IN−1, IN}, the cumu-

lative distribution function of the maxima Fmax(x), where x = max{I1, I2, · · · , IN−1, IN},

in the limit where the number of samples N → ∞, has a limit distribution that belongs

to one of standard type of extreme value distribution (81). The three independent distri-

bution are (73)

• Gumbel distribution, that join all PDF P (I) with a tail falling faster than a power

law, that is, PDF that goes to Gaussian distribution in the central limit theorem,

and present no upper bounds. The distribution F of their maximum x is given by:

FGumbel(x) = exp
[

−e−
x−m

σ

]

, x ∈ ℜ. (4.1)

• Fréchet distribution includes PDF P (I) with a tail falling as a power law and in the

central limit theorem not recover a Gaussian distribution. Has P (I) ∼ I−µ, in the

limit N → +∞, and ξ = 1
µ−1

. This distribution also has no upper bounds limit, and

F (x) is:

FFréchet(x) = exp

[

− 1
[

1 + ξ
(

x−m
σ

)]1/ξ

]

, x ∈ [m− σ/ξ,∞], ξ > 0; (4.2)
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• Weibull distribution are PDF that has a finite right endpoint, x∗, where the F fast

goes to 1.0,

FWeibull(x) = exp

[

−
(

m+ (σ/|ξ|)− x

σ

)1/ξ
]

, x ∈ [∞, m+ σ/ξ], ξ < 0; (4.3)

A distribution that gather the three extreme values distribution is the Gener-

alized Extreme Values distribution (GEV). Similar to the case of α-stable distribution

where only a parameter describes the regime, Gaussian or Lévy, in the GEV distribu-

tion that reads as,

Fξ,m,σ(x) = exp

[

−
(

1 + ξ
x−m

σ

)−1/ξ
]

(4.4)

the main shape parameter ξ ∈ (−∞,+∞) describes the class of extreme events the

CDF F (x) is, Gumbell ξ → 0 or Fréchet (Weibull) ξ > 0 (ξ < 0). And the parameter

m ∈ (−∞,+∞) is the location, σ > 0 is the scale parameter and 1 + ξ
(

x−m
σ

)

> 0.

The value of the main parameter ξ influences over the shape of the distribution

is shown in Figure 28 where three values of ξ is used. In (a) and (b) are PDF Pmax(x),

and (c) and (d) show the distribution F (x). The function has x values limited by the

percentiles of percent 0.01 and 0.99 (a-c).

When ξ = −0.5 (blue dotted curve) a right upper bound is present, Weibull

case, and a minimum limit is not present, and F fast converges. In the other side,

for ξ = 0.5, the Fréchet distribution is recovered and it has no upper bound and slow

converges (c). Finally, for ξ → 0, the distribution fall fast, no upper bound is present. The

scale and location parameter used to obtain these curves are 1.0 and 0, respectively.

4.1.2 Lévy distribution and extreme events

The Lévy α−stable distribution has the characteristic function given by

P (k) = exp{ikv − |ck|α[1− iβsgn(k)Φ]} (4.5)

The main parameter α determines if the regimes are a Gaussian α = 2 or Lévy like

0 < α < 2. As intensities’ fluctuation in random laser increases, the α decreases and

the system has a PDF, of intensities I, P (I) with a fat tail. As mentioned in the previous

chapter, the intensity dynamics of random laser follows a power law behaviour, with

PDF P (I) ∼ I−µ. It includes the regime where P (I) decay at large I faster than a power
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Figure 28 – Generalized extreme value distribution examples. PDF Pmax(x) with the
curves limited by the percentiles of percent 0.01 and 0.99. Convergence is
show by the cumulative function F (x) (c-d).

law, µ ≥ 3, resembling the α = 2 Gaussian statistics. The Lévy like PDF is recovered

for heavy tailed power laws with large second moments, with α = µ − 1. It is expected

that if dynamics of the emitted intensities of RL has its extreme value statistic governed

by the Fréchet domain, ξ > 0 in the GEV distribution, a connection between the Lévy

α−stable and GEV distribution of the RL emitted intensity is also present, ξ ∼ 1/α.

This feature was not observed it in Reference (90) due the low number variables. One

should expect that α = µ − 1 = 1/ξ < 2 if the parameter ξ > 1/2, the Lévy regime is

present. Or α = 2 if 0 < ξ ≤ 1/2, the Gaussian Regime govern the system. If ξ → 0, a

distribution that fall faster than a power law is expected, α = 2 Gaussian distribution.

4.2 Our results: Extreme statistics applied in random fibre laser

In this section we report our observation of extreme intensity events in a quasi-

one-dimensional cw-pumped Erbium doped random fibre laser. The results were also
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published in Reference (91). The same device employed to the Lévy study and first

characterized in the Reference (49) is used here. But, for the statistical analyses a very

large number of emitted spectra was collected (150000), 30× more than the amount

collect in (90).

The experimental setup used is the same used to the Lévy-like behaviour study

present in Figure 23 and described in the last chapter, with each spectrum being record

with integration time of 50 ms.

The intensity value at the wavelength of maximum output intensity of the mea-

sured spectrum j is denoted as Ij , forming a long-time series sequence {Ij}, with

j = 1, 2, ..., N , N = 150000 for each excitation power. The total time measurement was

≈ 150 min. The random phase shifts inserted in the Bragg gratings makes a stochastic

intensity dynamic as a result of the system disorder, that are present in the Langevin

equation from where the PDF P (I) can be determined (40).

To obtain the set of x maximum values, we subdivided the sequence {Ij} into

M blocks of N/M intensity values each, such that M >> 1 and also N/M >> 1. A new

long-time series xn was generated at each excitation power, with n = 1, 2, ...,M , where

xn is the maximum intensity among the values of the nth block of N/M intensities. The

experimental distribution of the extreme values is determined by {xn}, with PDF given

by Pmax(x), and cumulative density function (CDF) F (x) =
∫ x

0
Pmax(x)dx. The choice of

number of spectra blocks (M) and the number of intensities (N/M) in each block can

reflect on the fits parameter of the GEV distribution (84). If a large number of intensities

per block (N/M) is chosen, this rise to a small number of M blocks, e.g., low number of

maxima values x = M , making the experimental CDF F (x) not statistically significant.

And the contrary, with a large number of maxima x and low number of spectra per

block, can reflect on a statistical irrelevancy on the maxima per block. As N is fixed

(150000), the choice was made such that N >> 1 and N/M >> 1.

It is expected that the statistic of the emitted intensity of the random fibre laser

can change as the input power increases. The Gaussian to Lévy, and back to Gaussian

transition is observed around the threshold value, as mentioned in the last sections.

The Lévy domain have their statistic of their maxima describe by the Fréchet distribution

(GEV distribution with the shape parameter ξ = (µ− 1)−1 > 1/2).

The emitted intensities at the wavelength of maximum emission intensity of the



Chapter 4. Extreme Events 72

Erbium-RFL, forming the set of {Ij} discrete values of the spectra j = 1, 2, ..., N (N =

150000), are described in Figure 29. The normalized excitation power chosen was (a)

P = 0.77Pth well below the threshold, (b) P = 0.88Pth near and below the threshold, (c)

P = 1.21Pth near and above the threshold, and (d) P = 1.72Pth far above the threshold

of the random laser.

Figure 29 – Maximum intensity value Ij (in arbitrary units) of the spectra j =
1, 2, ..., N (=150,000) emitted by the Erbium-RFL system. Data are
shown for four values of the normalized excitation power 0.88Pth, (c)
1.21Pth, and (d) 1.72Pth. The threshold power was Pth = 16.30 mW.

It is observed that a drastic change in the fluctuation patterns of {Ij} appears

as the threshold is reached. In both regimes near the threshold has a fluctuation up to

∼ 22× (b) and ∼ 66× (c) above the average intensities. And it maximum appear not so

often. The fluctuation well above (d) and below (a) the threshold does not present any

rare event of large peak intensities (actually the few peaks intensities that appear in (a)
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are not laser emission).

The sequence of maxima {xn}, with n = 1, 2, · · · ,M , obtained by subdividing

the set {Ij} into M = 800 blocks of 187 intensity values each, with the maximum value

of block n denoted as x are depicted on Figure 30. The pattern of the new variables x

is observed to be similar to those of Figure 29.

Figure 30 – Maximum intensity value xn (in arbitrary units) for each box n. Data
are shown for four values of the normalized excitation power 0.88Pth, (c)
1.21Pth, and (d) 1.72Pth. The threshold power was Pth = 16.30 mW.

The increase in the magnitude of intensity fluctuations observed near the thresh-

old in Figs. 29 and 30 suggests that the PDF of intensity values P (I) can be generally

described by the family of Lévy αstable distributions. Indeed, in agreement with previ-

ous statistical regime mentioned in the Lévy section aforementioned, if 0 < α < 2 and

the Gaussian limit if α = 2, and report in other works (29, 40), by the determination

of the best-fit parameters of the experimental PDF P (I) to the Fourier transform of α

stable function, a Gaussian regime was readily identified well below the threshold, with
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the Gaussian value α = 1.98 at the pump power 0.77Pth. For well above the threshold,

the best fit was obtained by the exponential, the best fit obtained well above threshold

at pump power of 1.72Pth also assures that the PDF P (I) is governed by the α = 2

Gaussian statistics according to the CLT. However, such Gaussian regime present im-

portant differences since, for instance, the former, below threshold, corresponds to the

pre-laser behaviour, whereas the latter, above threshold, has been characterized as

a random laser regime where a self-averaging of the gain between the active laser

modes is present.

In contrast to these Gaussian regimes observed far from the threshold, the

Lévy statistical behaviour is clearly identified just above the threshold, with the best-fit

value α =1.69 determined at P/Pth = 1.21. We mention that even lower values of α

can be found when the threshold is approached from above, as reported as showed in

our last results. However, for excitation powers very close to the threshold the intensity

fluctuates so widely that relatively stable results for the EVS analysis in this regime

would require the collection of a much larger number of emission spectra.

In the pump power near below the threshold 0.88Pth, the fluctuation pattern is

distinct of the well below the threshold 0.77Pth. As laser modes starting to be activated

the system are in the boundary between the Gaussian and Lévy regime, the Lévy sta-

ble parameter best fit was α =1.88. As proposed experimentally in other works (68)

the system can still be considered as in the Gaussian regime for α > 1.80. The issue

to determining precisely the Lévy index α from the analysis of the PDF of intensities

in random laser systems is a not easy task, another approach as proposed in Refer-

ence (92), where intensities fluctuations not easy to detect by the Lévy analysis can

be detected. Even with more intensity fluctuation than the well below the threshold, the

system is still under a regime where it PDF P (I) is Gaussian in the CLT for far above

the threshold.

Figure 30 shows the experimental PDF P (I) for the same data of the Figure

29, normalized by the maximum value in the set {Ij} (I/Imax), the red circles are the

experimental results and the dashed curve is the best fit adjust. Observe that in the

case far above the threshold, an exponential fit was the most snuggled.
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Figure 31 – PDF P (I) of the emitted of the set of intensities {Ij} of the Figure

30. The red circles are the experimental points and dashed lines indicate
the best-fit curves to Lévy α-stable distribution (a-c), and an exponential
fit emerges in (d). Gaussian statistic is observed in the pump power below
(a,b) and for pump power far above the threshold we can infer a Gaus-
sian regime as result of the CTL (d), according to the central limit theorem.
The Lévy distribution α = 1.69 is near above the threshold (c), The inten-
sities are normalized by the maximum emitted intensity Imax between the
150,000 spectra.

4.2.1 Extreme events fit of the experimental CDF

From the data of the Figure 30 the experimental CDF F (x) is determined for

each pump power, with the results depicted as green circles in Figure 32. The curves,

solid red line and dashed blue line, represent respectively the Gumbel and GEV best

fit. For the Gaussian regime well below the threshold 0.77Pth, both fits are similar, that

indicates the ξ → 0, that the GEV fit can be well approximated by the Gumbel dis-

tribution. The GEV shape parameter obtained was ξ = 0.08. The best fit of the shape
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parameter is typical of a large-I power-law PDF P (I) with exponent, as aforementioned,

µ = 1 + 1/ξ = 13.4 > 3. Indicating of a Gaussian behaviour of intensity fluctuation with

α = 2, since 0 < ξ ≤ 0.5. Also, this agrees with the α = 1.98 obtained directly from the

PDF P (I).

Figure 32 – Experimental CDF of maxima and the GEV fits. Experimental cumula-
tive distribution from the analysis of the {xn} as green circles. The best fit
curves to the Gumbel are indicated as solid blue and dashed lines. The
GEV best fit are continuous red lines. The Fréchet regime is obtained for
the pump power near the laser threshold with the shape parameter ξ con-
sistently with the Lévy statistical behaviour of the PDF P (I).

For the case near but below the threshold, 0.88Pth, the intensity fluctuation

increases, as observed in Figures 29 and 30, as the system is in the pre-laser regime.

In the results of the Figure 32, the CDF F (x) is well fitted to the Fréchet distribution

for 0.88Pth. The best fit shape parameter is ξ = 0.35 for this case it makes that the

associated power law parameter α falls with µ = 1 + 1/ξ = 3.86 more slowly that in the
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well below threshold regime (µ = 13.5), but it is still on the Gaussian regime according

to the CLT. And is very close to the Gaussian boundary value (µ = 3), signalizing to

the proximity of occurrence of the threshold. The outlier emission peaks observed at

this pump power are not well characterized by the α−stable distribution, the attempt to

indicate that the system changes in a certain time window from Gaussian to Lévy was

in (93) as a result of the photon path fluctuation, but the number of intensities collect

must be larger than 150, 000 to have a well statistical significance.

In the Lévy regime for pump power just above the threshold with 1.21Pth the

GEV distribution for ξ = 0.62 provides better fit than the Gumbel to the experimental

CDF F (x). The best-fit shape parameter implies to a power-law exponent µ = 1+1/ξ =

2.61, that is below the boundary µ < 3, indicating a P (I) with a large−I asymptotic

dependence of P (I), and α = 1/ξ = 1.61 which is similar to the α = 1.69 resulting from

the direct analysis of the PDF P (I) of intensities. In the case far above the threshold,

the self-averaged gain makes that extreme events being rare, the shape parameter

ξ → 0. It implies that α = 2. It indicated that the PDF P (I) falls faster than a power law,

which is consistently to the exponential fit, that can recover a Gaussian behaviour in

the CLT.
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5 FINAL REMARKS

We mounted and characterized an Er-RFL system which employs a specially

designed FBG, and a typical laser threshold and spectral narrowing were characterized.

Using speckle contrast we showed that the Er-RFL has a multimode behaviour, show-

ing that this system can be used as light source for image acquisition by the measured

low speckle contrast.

We apply our system to study statistical phenomena as a photonic platform.

With the analogy to spin glass system, we observed the glassy behaviour in one dimen-

sional RFL. The order parameter q for the intensity fluctuation overlap, was calculated

from the experimental data and the RSB phase transition signalized by the change on

the shape of the PDF P (q) was observed. This results can contribute to understand

the laser behaviour in random media with the thermodynamic background. Also, more

study on the connection of spin glass phase and heavy tail intensity distribution are still

necessary in other kinds of random media, and with different gain mechanism.

With the analysis of the fluctuation of the laser emission intensity, we demon-

strated for the first time that their statistical regimes of intensity fluctuations in a one-

dimensional RL system, shifts from the pre-laser Gaussian to the Lévy-like behaviour

around the threshold, and to the subsequent Gaussian regime above the threshold.

Gaussian to Lévy transition coinciding with the RL threshold, as suggested by other

authors, was confirmed. Such transition also indicates the boundary between the pho-

tonic paramagnetic regime to spin glass transition in RL. Our results are consistent with

the theoretical analysis based on Langevin equation (40, 76).

As the laser action starts, the interplay between the gain and feedback due to

the large number of disordered scatterers, changes the output intensity statistics as the

injected pump power increases. Such mechanism are also present in the quadratic and

quartic term of the Langevin equation. The complexity of the laser build up in a strong

scattering medium (large number of random phase shifts in a unique FBG), result in

strong intensity fluctuations emerging around the threshold value that can give rise, as

demonstrated, to extreme events of statistical significance.

We reported, for the first time, the observation of intensity extreme events in
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one-dimensional RFL. A large number of emission spectra was analysed in the regimes

below (far and near) and above (near and far) the random laser threshold. The intensity

GEV statistic of the experimental data complies nicely with the theoretical predictions

based on the stable GEV distributions, with Gumbel and Fréchet distribution for the

regimes far and near the threshold, respectively. A good agreement between the Lévy

statistics and Gaussian was also observed, showing that RL are good platform for

demonstration of statistical predictions. Depending on the excitation power the extreme

events of emitted intensities are well described by the Gumbel distribution, with a PDF

P (I) that fall faster than a power law (Gaussian Regime below the threshold), or by the

Fréchet distribution, with a PDF that resembles a fat tail distribution.

We expect that our results can introduces new insights in the random laser

phenomenology. Further work on complex system using the Er-RFL platform can be

realized. Our group is already studying the relationship betweens turbulence and spin

glasses (94). Random bit generation can also profit from RLs, as already demonstrated

in bulk (95) and in fibre RLs (96).
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