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ABSTRACT

An important branch at Multivariate Analysis is Statistical Shape Analysis (SSA). A
common demand in SSA is to study the shape property over objects in images, called
planar-shape. To quantify difference in planar-shape between distinct groups is crucial in
several areas — such as biology, medical image analysis, among others — and we provide
advances in this sense. This thesis assumes pre-shapes which are obtained from two-
dimensional objects follow the complex Bingham (CB) distribution, having like the most
important particular case the complex Watson (CWW') model. From numerical evidence we
present in this thesis, statistical tests which are well-defined in the SSA literature may
provide low empirical test power curves. In order to obtain new alternatives to overcome
this issue, we use information theory measures; in particular, stochastic entropies and
distances. These measures play an important role in statistical theory, specifically into
estimation and hypothesis inference procedures under large samples. First, we propose
new distance-based two-sample hypothesis tests for triangle mean shapes. Closed-form
expressions for the Rényi, Kullback-Leibler (KL), Bhattacharyya and Hellinger distances
for the CW distribution are derived. The performance of proposed tests is quantified and
compared with that due to the F2 test (analysis-of-variance tailored to the SSA literature).
Furthermore, we perform an application to real data. Second, we extend the first topic
proposing new distance-based two-sample hypothesis tests (for both homogeneity and
mean shape) for the CB distribution and landmarks number higher than three. We derive
the Rényi and KL divergences and the Bhattacharyya and Hellinger distances for the
CB distribution. Three from among them may also be used like tests between two mean
shapes or as discrepancy measures between the CB models. We prove also that the KL,
discrepancy for the CB model is rotation invariant. In order to evaluate and compare
our proposals with other four SSA mean shape tests, a simulation study is also made to
evaluate asymptotic and robustness properties. Finally an application in evolutionary
biology is made. Third we tackle the proposal of new entropy-based multi-sample tests
for variability in planar-shape. We develop closed-form expressions for the Rényi and

Shannon entropies at the CB and CW models. From these quantities, hypothesis tests



are obtained to assess if multiple spherical samples have the same degree of disorder.

Keywords: Stochastics distance. Complex Watson distribution. Complex Bingham

model. Shannon entropy. Rényi entropy. Mean shape.



RESUMO

Um ramo importante na Anélise Multivariada é a Andlise Estatistica da Forma (AEF).
Uma demanda comum em AEF é estudar propriedades de forma sobre objetos em imagens,
chamada forma-planar. Quantificar diferencas em forma-planar entre grupos distintos é
crucial em varias areas — tais como biologia, analise de imagens médicas e outras — e nés
apresentamos avancos neste sentido. Esta tese pressupoe que pré-formas obtidas a partir
de objetos bidimensionais seguem a distribuigdo Bingham complexa (CB), tendo como o
mais importante caso particular o modelo Watson complexo (CW). A partir de evidéncias
numeéricas que apresentamos nesta tese, testes bem definidos na literatura da AEF podem
fornecer baixas curvas empiricas para o poder do teste. A fim de obter novas alternativas
para superar este problema, usamos medidas da Teoria da Informagao; em particular,
entropias e distancias estocasticas. Essas medidas desempenham um papel importante
na teoria estatistica, especificamente nos procedimentos de inferéncia por estimacgao e
hipoteses em grandes amostras. Primeiro, propomos novos testes de hipoteses de duas
amostras baseados em distancias para formas médias de tridngulo. Expressoes em forma
fechada para as distdncias de Rényi, Kullback-Leibler (KL), Bhattacharyya e Hellinger
para a distribuicao CW sao derivadas. O desempenho dos testes propostos ¢ quantificado
e comparado com o teste F2 (andlise de varidncia adaptada a literatura de AEF). Além
disso, realizamos uma aplicacao a dados reais. Em segundo lugar, estendemos o primeiro
tépico propondo novos testes de hipéteses de duas amostras baseados em distancia (tanto
para homogeneidade quanto para forma média) para a distribui¢do CB e nimero de pontos
de referéncia maior que trés. Derivamos as divergéncias de Rényi e KL e as distancias
de Bhattacharyya e Hellinger para a distribuicdo CB. Trés dentre elas também podem
ser usadas como testes entre duas formas médias ou como medidas de discrepancia entre
modelos CB. Provamos também que a divergéncia KL para o modelo CB ¢ invariante
a rotagao. Para avaliar e comparar as nossas propostas com outros quatro testes de
forma média em AEF, também é feito um estudo de simulacdo para avaliar propriedades
assintoticas e de robustez. Finalmente, uma aplicagdo em biologia da evolugao é feita.

Em terceiro lugar, abordamos a proposta de novos testes de miiltiplas amostras baseados



em entropia para a variabilidade em forma-planar. Desenvolvemos expressoes em forma
fechada para as entropias de Rényi e Shannon nos modelos CB e CW. A partir dessas
quantidades, testes de hipdteses sao obtidos para avaliar se multiplas amostras esféricas

tém o mesmo grau de desordem.

Palavras-chave: Distancias estocasticas. Distribuicao Watson complexa. Modelo

Bingham complexo, Entropia de Shannon. Entropia de Rényi. Forma média.
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1 INTRODUCTION

In this chapter we first motivate this manuscript. In particular, we discuss about a
possible combination lines between: Statistical Shape Analysis (SSA) and Statistical Infor-
mation Theory (SIT). Further main contributions, computational support and structure

of this thesis are also furnished.

1.1 Motivation

Over the years, SSA has gained attention in the literature due several areas, such as:

e In Biology: Cranial differences between the sexes of apes — in particular male and
female adult gorilla skulls — have been studied by (O’Higgins| (1989)) and |O’Higgins and
Dryden| (1993)). [Sonat et al.| (2009)) have proposed landmarks for the hippocampus in
rat brains based on empirical experiment and have investigated hippocampus shape

changes in rat brain with epilepsy using SSA methods.

e In Medicine: Studies on focal neuroanatomical anomalies in patients with schizophre-
nia have been made by Bookstein (1996)), assessing the shape differences in the
brain. In the medical image analysis context, |Golland et al.| (2005) have presented a
computational framework for image-based analysis and interpretation of statistical
differences in anatomical shape between populations. Colak et al.| (2011) have inves-

tigated shape differences of the corpus callosum in patients with Behget’s disease

using SSA.

e In Geology: Mean shapes of fossils and structures for their variability have been

estimated and studied by Lohmann| (1983) and Dryden and Mardia| (2016)).

e In image detection and processing: [Frangi et al. (2002) have provided a generic
framework for automatic selection of corresponding landmarks in three-dimension
(3D) shapes. Subsequently, this technique has been applied at the construction of 3D
shape models for 3D cardiac magnetic resonance imagery. |Wang et al.| (2003)) have

furnished a simple and efficient automatic gait recognition algorithm utilizing SSA.
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The SSA can be understood as a set of procedures for analyzing shapes under un-
certainty (DRYDEN; MARDIA| [2016). The core concept of this theory is the one of
shape, geometrical information which remains after removing the effects of changes in
location, scale and rotation. One manner to work with shapes of objects is to define a
geometrical configuration called landmark configuration, which labels points (known as
landmarks from (i) anatomical, (ii) mathematical and (iii) imputation points of view,
(BROMBIN et al, 2016) over them, according to some common coordinate system; for
instance, Bookstein (BOOKSTEIN]| 1986) and Kendall (KENDALL] 1984) systems are
two possibilities. Additionally, the term pre-shape means the landmark configuration
after extracting location and scale. According to Dryden and Mardia| (2016]), the shape
is an equivalence class and, from a practical probabilistic perspective, it is common to
work in the pre-shape space. To determine our action field in this thesis, we assume that
under-study objects are in the plan (although would be in three or high dimensions), called
as planar-shape.

According to Dryden and Mardia, (2016]), some SSA goals are: (i) to study how shape
changes during growth; (ii) how shape changes during evolution; (iii) how shape is related
to size; and (iv) how to describe shape variability. In order to model changes in shape it
is necessary to define suitable statistical models according to |[Kent| (1997)). Among the
various probability models used in shape data, two of the main distributions are: the
complex Bingham (CB) model proposed by [Kent| (1994)) and, as one of its particular case,
the complex Watson (CW) model pioneered by Mardia and Dryden (1999). Some of their
theoretical and computational properties have been developed in Dryden and Mardia
(2016)). Two reasons for wide demand of these models are their analytically tractable
densities and by their two parameters are aligned with two important geometrical features
in spherical data: mean shape and concentration degree. Biological hypothesis have been
often formulating in the SSA framework, on which resulting data are in a particular Hilbert
space. Tailored tests are then sought to take accurate decision in this area. Considering
the CB and CW models, hypothesis tests have been proposed to check difference of mean
shapes in two or multiple samples. |[Amaral, Dryden and Wood (2007)) have provided a novel
bootstrap hypothesis test based on the lambda statistics for directional and planar-shape

data. Micheas and Dey| (2005a) have proposed new Bayesian method based on the CW
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distribution that is used in detecting shape differences between two groups of mice. A
common assumption which is made when formulating hypothesis tests for mean shape in
the unit sphere is “samples should be strongly concentrated”. This fact is geometrically
justified, since models under this assumption are asymptotically equivalent to the ones in
the tangent plan (commonly more tractable). However, sometime we find data having low
concentration. This thesis addresses a way by means of SIT to treat with shape change
on both high and low concentrations, assuming CB and CW probability distributions for
shape data.

According to [Salicru et al.| (1994) SIT measures (in particular stochastic divergence
and entropy measures) may play an important role in statistical theory; specifically into
estimation and hypothesis inference procedures under large samples. In this context, several
works have been developed. Basseville (2013)) has provided an annotated bibliography for
investigations based on divergence measures for statistical data processing and inference
problems. |Nascimento, Cintra and Frery| (2010) and [Frery, Nascimento and Cintra
(2014)) have derived statistical tests based on stochastic distances for speckled intensity
and polarimetric synthetic aperture radar (SAR) data, respectively. [Frery, Cintra and
Nascimento| (2013) have furnished new entropy-based (for the Shannon, Rényi and restricted
Tsallis entropy) hypothesis tests under the scaled complex Wishart law for polarimetric
SAR data. In general this thesis builds statistical mechanisms to apply SIT to SSA in order
to solve biological issues. New planar-shape tools to check homogeneity, mean shape and
entropy-based variability in spherical samples are given. As first essays, we develop new
distance-based two-sample tests for mean shapes of triangles (two-dimensional objects with
three landmarks) without condition about concentration. To reach this goal, we assume
that pre-shape data are well described by the CW distribution. We derive expressions for
the Rényi, Kullback-Leibler, Bhattacharyya and Hellinger stochastic distances on the CIW
distribution.To quantify the performance of the proposed tests in contrast with the F2
literature test for mean shapes Mardia and Dryden| (1999), both synthetic and real studies
are made.

Posteriorly, as extensions to the first proposal, we provide new distance-based two-sample
hypothesis tests (for both homogeneity and mean shape) for the CB distribution and
number of landmarks higher than three. We derive the Rényi and Kullback-Leibler
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divergences and the Bhattacharyya and Hellinger distances for the CB distribution. We
prove also that the Kullback-Leibler discrepancy for the CB model is rotation invariant. In
order to evaluate and compare our proposals with other four SSA mean shape tests (based
on Hotelling 72, Goodall, James and lambda statistics (DRYDEN; MARDIA/ 2016])),
a simulation study is also made to evaluate asymptotic and robustness properties. An
application in evolutionary biology is also made. Finally, as third contribution, we tackle
the proposal of new entropy-based multi-sample tests for variability in planar-shape. We
develop closed-form expressions for the Rényi and Shannon entropies at the CB and CW
models. From these quantities, hypothesis tests are obtained to assess if multiple spherical
samples have the same degree of disorder. An application to real data using the second
thoracic vertebra T2 of mice is done to assess possible effects of body weight on the shape

of mouse vertebra.

1.1.1 Main contributions

In general, this thesis advances at proposing new tests, for medical and biological

hypothesis using tools of SIT applied to SSA. As specific contributions, we propose:

i) derivation of expressions for Rényi, Bhattacharyya, Hellinger and Kullback-Leibler

divergence measures under the CB and CW distributions;

ii) proposals of pivotal statistics for two-sample tests based on distances of item (i) for

both triangle and planar-shape data;

iii) derivation of expressions for the Shannon and Rényi entropies under CB and CW

models;
iv) proposals of two multi-sample pivotal statistics based on item (iii) entropies;

v) Monte Carlo experiment which illustrate how to use proposed and literature tests
as well as compare them; discussions of applications on which proposed tests are

successfully employed.

The main contributions of this thesis results in the submission of the following three

papers.
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entitled by Distance-based Hypothesis Tests for Triangle Shapes submitted to

the "Journal Computations and Graphical Statistics”.

Paper I1I: | entitled by Divergence-based Pivotal Statistics for Planar-Shape submitted to

the “Journal of Multivariate Analysis”. Status: under review.

Paper III: | entitled by Entropy-based Pivotal Statistics for Multi-Sample Problems in

Planar-Shape submitted to the “Test”. Status: under review.

1.2 Computational Support

This manuscript has been written using the KTEX software and its references were
made in the BibTEX . Additional information about this typography system can be found
in [Syropoulos, Tsolomitis and Sofroniou/ (2003) and |Gratzer| (2007). As computational
support, it has been used the R (Version of this program is freely available at <https:
/ /cran.r-project.org/>)). statistical software. Main R packages and functions that we used
in this thesis are furnished in Table [1l

Table 1 — R packages and functions that we used in this thesis

Packages Functions

shapes resampletest(), procrustes2d(), plotshapes(), procGPA(),
riemdist(), realtocomplex(), preshape(), complextoreal(),

maxLik  maxBFGS()

optimx optimx()

MASS truehist(), ginv()

graphics  curve(), lines(), abline(), points(), plot(), par(),

hypergeo  genhypergeol()

grDevices x11()

utils data()

stats runif(), pchisq(), qchisq(), ks.test(), optimize()

base set.seed(), length(), mean(), var(), summary() , round(),
matrix(), array(), function(), return(), sqrt( ), cbind(),
return(), Conj(), sort( ), ceiling( ), print( ), source(
), agplot( ), qchisq( ), pf( ), numeric(), facto-

rial(),seq(), list(), eigen(), sum(),Re(),Im(), diag(), re-

quire(),library(),abs(),sin(),cos(),exp(), log() , sample(),
t(), c(),pf(), af(),
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1.3  Structure of the thesis

The thesis unfolds as follows. In the first chapter, we present motivation and goals
of this thesis. The second chapter contains a brief survey about some concepts and
preliminaries results which we use in this work. The third chapter describes the hypothesis
testing methodology which is based on the divergence class proposed by [Salicru et al.
(1994)) for CW distributed data from triangles in the plan. The fourth chapter presents
divergence-based two-sample hypothesis tests on the CB distribution for planar-shape.
The fifth chapter provides entropy-based multi-sample hypothesis tests for in planar-shape
on the CB distribution. Subsequently, the sixth chapter addresses the main conclusions.
Future works are also presented. Finally, the Appendix chapter tackles in detail the

derivations which are made during this thesis proposal.
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2 BACKGROUND ABOUT STATISTICAL
SHAPE ANALYSIS AND INFORMATION
THEORY

2.1 Statistical Shape Analysis

The main concept of Statistical Shape Analysis (SSA) (KENT) 1995)) is the meaning
of shape, which is defined how what remains after removing location, scale and rotation.
According to |Dryden and Mardial (2016), the SSA is concerned with methodology for
analyzing shapes in the presence of randomness. The under-study objects could be sampled
at random from a population and the main aims of SSA are to estimate population mean
shapes, to estimate the structure of population shape variability and to carry out inference
on population features.

One way to describe a shape is to indicate a finite set of points in the boundary of the
object. This finite number of points of each object are called landmarks. It is the main
font of data for the description of shapes. |Dryden and Mardia| (2016) have furnished a

precise definition for landmarks as follows.

Definition 2.1. A landmark is a point of correspondence on each object that matches

between and within populations.

There are three basic types of landmarks : scientific, mathematical and pseudo-landmarks.

a) Scientific landmark: is a point assigned by an expert that corresponds between
objects in some scientifically meaningful way; for example, the corner of an eye or
the meeting of two sutures on a skull. In biological applications, such landmarks are
also known as anatomical landmarks, and they designate parts of an organism

that correspond in terms of biological derivation.

b) Mathematical landmarks are points located on an object according to some
mathematical or geometrical properties of the figure; for instance, at a point of high

curvature or at an extreme point;
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c) Pseudo-landmarks are points on an object, located either around the outline or
in between scientific or mathematical landmarks. Its use is to visualize a shape and

not for analyzing it.

In this thesis, in our applications will take into consideration both mathematical and
anatomical landmarks. The mathematical representation of landmarks in an object is

called configuration.

Definition 2.2. A configuration is the set of landmarks on a particular object. A configu-
ration matriz X is a k X m matriz of cartesian coordinates of the k + 1 landmarks in m

dimensions. A configuration space is a space of all possible landmark coordinates.

In this thesis, we consider k£ > 2 landmarks number (triangle and others) in m = 2
dimensions, called of planar-shape. Thus, the configuration matrix is

Z1,1 T1,2

T T
X = [ x2]T _ 2,1 2,2

Th4+1,1 Tk+1,2

where x} and xJQ indicate coordinates in real and imaginary axes, respectively.
Some transformations must be made in X to remove the effects of location, scale and
rotation. For m = 2, the mathematical configuration must be rewritten as a complex

vector. Define a (k+ 1) x 1 complex vector
T . _ .
ZO = [Z?, Zg, cee Z?k—i—l)] = []}171 + 1212, .- s T(k+1),2 + lx(k—i-l),z}—r for i — \/_—1’

which corresponds to the complex coordinates for landmarks.

To describe the shape of an object, it is necessary to specify a suitable coordinate
system; i.e, a system that is invariant under translation, scaling and rotation of the
configuration. There are several coordinate systems with this properties in SSA; as,
for example, Bookstein coordinates for planar and triangular shapes Bookstein| (1984),
Bookstein| (1986).

Watson (1986) have considered a coordinate system for triangle shapes. |Kent| (1994)
has proposed Kent’s polar coordinates in the tangent space (the tangent space is the

linearized version of the shape space in the vicinity of a particular point of shape space).
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Kendall (1984) has provided a coordinate systems similar to Bookstein’s coordinates, but
location is removed in a different manner. Rohlfl (2000a) has compared Kendall’s shape
space, Kendall tangent space and the shape space implied by differences in angles of
lines connecting pairs of landmarks. In this thesis, we will use the Kendall coordinate
systems. To get these coordinates, we need to define the Helmert submatrix, as follows.
According to Dryden and Mardia (2016), the Helmert submatrix (denoted H) is a
k x (k + 1) Helmert matrix without the first row. The full Helmert matrix H* is a square
(k+1) x (k + 1) orthogonal matrix with its first row of elements equal to 1/v/k + 1 and
the remaining rows are orthogonal to the first row. We drop the first row of H* so that

the transformation H X does not depend on the original location of the configuration.
Definition 2.3. The jth row of the Helmert submatriz H is given by
(g hjy =30y, 0,...,0) for by =—[j(j + 1))V

So the jth row of H consists of h; repeated j times, followed by —jh; and k — j zeros for
j=1,... k.

The next example illustrates H* and H.

Example 2.1. For k+ 1 = 3 the full Helmert matriz is explicit by

Sl = 3l

SILSILS) -
SLSI-S-

and the Helmert submatriz is

i
SlislL
S
Sl =

To remove the location effect in 2° = [29, ..., z?k +1)]T, we pre-multiply it by the Helmert
submatrix H; i.e.,

zy = HZ".
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The origin is removed because coincident landmarks are not allowed. We refer to zg as
the Helmertized landmark coordinates. The centred landmark coordinates are an

alternative choice for removing location and are given by:

1

zZc = CZO Wlth C = I(k+1) — ml(k+1)1&+l),

where Ijq) is the identity matrix of order (k4 1) x (k + 1) and 1(;41 is an ones vector.
We can revert back to the centred landmark coordinates from the Helmertized landmark

coordinates by pre-multiplying by H . Thus

H'zg=H'zg=H Hz2"=C2".
Then, z¢ are the centred landmarks and C' is the centring matrix.

Example 2.2. Consider one particular mathematical configuration of an individual which
was obtained of male chimpanzee skull data having k + 1 = 8 landmarks. The full dataset
has already been described in|O’Higgins and Dryden (1995) and | Dryden and Mardia (2016)).

The original complex landmarks of this data are

2% = [43 — 21i,0 + 01, 0 + 34i, 14 + 101, 25 + 1791, 40 + 150i, 75 + 104i, 90 + 31i] .

The Helmertized landmarks are

zg =[—30.41 + 14.85i, —17.55 + 36.331, —0.29 4 83.72i,9.62 + 134.61i,

21.54 + 83.44i,50.61 + 27.93i, 57.86 — 44.101]T )
The centred landmarks are

2 =[7.13 — 93.25i, —35.87 — 72.25i, —35.88 — 38.25i, —21.87 + 28.75i,

—10.87 + 106.751,4.13 + 77.751, 39.12 4 31.751, 54.12 — 41.251]T .

The Figure[1 represents the original, helmertized and centered settings for a male chimpanzee
skull data. The dataset was assessed by command panm.dat by means of platform R in

the package shapes.
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Figure 1 — Illustration of original, helmertized and centered configurations of a male
chimpanzee skull. The full dataset has already been described in |Dryden and
Mardial (2016, pp. 19).

To remove the scale effect, we divided the obtained Helmertized configuration (zg) by its

norm
ZH ZH
z = = s
lzull  Vza*zn
where (-)* represents the complex conjugate operator and || - || denotes the norm of a

complex vector. According to [Kendall (1984)), this normalized vector z is called pre-shape,

defined as follows.

Definition 2.4. The pre-shape of a configuration matriz X is given by

Xg HX

Z: pu— y
1 Xull  |[[HX]|

which is invariant under the location and scaling of the original configuration.

Example 2.3. Considering the same dataset of Example the pre-shape of a mathe-

matic configuration individual of the male chimpanzee skull is given by

z =[—0.14 + 0.07i, —0.08 + 0.171, 0.00 + 0.40i,

0.05 + 0.64i,0.10 + 0.40i, 0.24 + 0.13i,0.28 — 0.21i] . (2.1)

The Figure [4 draws the pre-shape of the configuration individual [2.1].
The pre-shape space denoted by S* (k landmarks and m dimensions) is the space of

all possible pre-shapes. Formally Dryden and Mardia| (2016) define as follows.
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Figure 2 — Illustration of the pre-shape of a configuration individual from male chimpanzee
skull data.

Definition 2.5. The pre-shape space St is the orbit space of the non coincident k
point set configurations in R™ under the action of translation and isotropic scaling. This

space collapses into a complex hypersphere of dimension k, that is,
CS* 1 = {z € Ch 2| = 1},
where CF is the complex space of dimension k.

Note that the term “pre-shape” means that we are one step away from shape: rotation
still has to be removed.

In order to remove rotation information from the configuration, it identifies all rotated
versions of the pre-shape with each other and this set or equivalence class is the shape of

X.

Definition 2.6. The shape of a configuration matriz X is all the geometrical information
about X that is invariant under location, rotation and isotropic scaling (Euclidean similarity

transformations). The shape can be represented by the equivalence class given by
[X]={ZI;T' € SO(m)},

where SO(m) is the special orthogonal group of rotations and Z is the pre-shape of X.

For m = 2, in the planar-shape case, the shape of an original configuration is given by

[z] = {zexp(if); 6 € [0,2m)}.
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Definition 2.7. The shape space is the space of all shapes. Formally, the shape space
denoted by 3F is the orbit space of the non coincident k point set configurations in R™
under the action of the Euclidean similarity transformations (translation, rotation and

scale).
The shape of X is a set: an equivalence class under the action of the group of similarity

transformations. In order to visualize shapes it is often convenient to choose a particular

member of the shape set [X], which refers to the following concept.

Definition 2.8. An icon is a particular member of the shape set [ X| which is taken as
being representative of the shape.

According to |[Dryden and Mardia (2016)), the word icon can mean “image or likeness”
and it is appropriate as we use the icon to picture a representative figure from the shape
equivalence class which has a resemblance to the other members, that is the objects of the

class are all similar. The centred pre-shape is a suitable choice of icon.

Example 2.4. Referring again to dataset of the Example the icon of a configuration

individual of the male chimpanzee skull data is

zc =10.03 — 0.44i, —0.17 — 0.341, —0.17 — 0.18i, —0.10 + 0.14i, —0.05 + 0.51i

0.02 4 0.37i,0.19 + 0.15i,0.26 — 0.20i] " .
In the Figure[3, we can see the illustration of the centred pre-shape icon, the rotation is

unchanged from the original configuration z°.

Im(zc)

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

Re(zc)

Figure 3 — An icon for an individual male chimpanzee skull data, which is the centred
pre-shape.
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Figure 4 — The hierarchies of the various
spaces.

Another very important coordinate system in SSA and widely used in the later
chapters is the Kent’s polar pre-shape coordinates. Kent| (1994) has proposed some

non standard polar coordinates on the pre-shape sphere for two-dimensional objects. Given

a point [z, 29, . . . ,zk]T on CS*~1 we transform it to [sy,..., sk 1,01, ..., 0k, where
Re(z;) = S;/2 cos(6;) and Im(z;) = sjl-/2 sin(6;),
k—1
forj=1,...,k s; >0,0€[0,2r) and s, =1 — Z sj. The coordinates s1, s2,..., 851

i=1
are on the (k — 1)-dimensional unit simplex in R*~! defined by

k—1
Siq1 = {[sl,...,sk_l]T; s; >0 and Zsj < 1}.
=1

The vector s = [s1,..., sk,l]T follows the truncated multivariate exponential (TME)

distribution to a simplex with density given by [Kent, Constable and Er| (2004])

k—1
fre(s) =b(A) [ Ajexp(=X;s;), s;>0, j=1,...k—1,
Jj=1

-1
k-1
where b(\) = {H 11— exp(—)\j)]} . By identifying the complex pre-shape sphere with
j=1
Sp_1 % [0,27)*, we have the volume measure of CS*~1 as:

21 Fdsy .. dsp_1db; . .. dbg.

The total volume is 27% /(k — 1)!, since the volume of the j-dimensional simplex (DRYDEN;
MARDIAL 2016) is 1/41, for j = 1,2,3, .. ..
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2.1.1 Full Procrustes coordinates and mean shape

The expression “Procrustes analysis” was first used by Hurley and Cattell (1962) in
factor analysis. In Greek mythology, Procrustes were the nickname of a robber Damastes,
who lived by the road from Eleusis to Athens. He would offer travellers a room for the
night and fit them to the bed; by stretching them. If they were too short or chopping off
their limbs if they were too tall. The analogy is rather tenuous but we can regard one
configuration as the bed and the other as the person being “translated”, “rotated” and
possibly “rescaled” so as to fit as close as possible to the bed.

The goal of full Procrustes coordinates is to match the shape of two objects. The
idea is to be able to compare the shapes between two objects independently of their

]" and

rotation and scale. Consider the centred unit size configurations y = [y1,..., ¥k
w = |wy,...,wp]" where ||y|| = ||w|| = 1, y*1 = w*1, = 0, (-)* represents the complex
conjugate operator and 1, is the k£ x 1 vector of ones. In order to compare the configurations
in shape we need to establish a measure of distance between the two shapes. A suitable
procedure is to match w to y using the similarity transformations. The differences between

the fitted and observed indicate the magnitude of the difference in shape between w and

y. Consider the complex regression equation
y=(a+1b)1; + wexp(il)w + € = [1;,w|A+ € = XpA +¢, (2.2)

where A = [A}, Ay]" = [(a + ib)1;, wexp(i6)] are the 2 x 1 complex parameters with
translation a a + ib, scale w > 0 and rotation 0 < # < 27; € is a k x 1 complex error vector;
and Xp = [1x, w] is the k x 2 design matriz. To carry out the superimposition we could
estimate A by minimizing the least squares objective function, the sum of square errors

D*(y,w) = €'e = (y — XpA)*(y — XpA).
From this expression (2.2)), we define the full Procrustes fit (registration) of w onto y.
Definition 2.9. Let w and y in C*, such that y*1;, = w*1, = 0. The full Procrustes fit
of w onto y is

w’” = XpA = (a+ib)1), + @ exp(if)w,

where A is obtained by the expression

argmin (y — XpA)*(y — XpA) = argmin ||y — (a + ib)1; — @ exp(if)w]||*.

a,b,w,0 a,b,,0
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It follows from Dryden and Mardia (2016) that full Procrustes fit has matching

parameters
(@ +1b) = 0; § = arg (w'y) = —arg (y'w)) and @ = |lw'yl|/|[w]]>,  (2.3)

where arg(-) is the argument of a complex number.
Thus, from Definition [2.9] and Equations in (2.3)), we have the full Procrustes fit of w onto

y is given by

w” = XpA = (a+ib)1y, + @ exp(if)w = ||’,’w ‘?|J2H expliarg(w*y)|w
w
_Nwyl] wy o wy
|lwl|[? Jlwyl| [Jw]]?

In order to define the full Procrustes distance between two shapes, we use the residual

vector given by

r=y— XpA=I[I,— Xp(X,Xp) ' X}]y.

Therefore, we will to compare shapes by means of w’ and vy,

dp(y,w) = Vrr = \Jy'y — (yrww'y)/(ww).

Now this expression is not symmetric in y and w unless y*y = w*w. A convenient
standardization is to take the configurations to be unit size, that is ||y||* = ||w]||* = 1. So,

if we include standardization, then we obtain a suitable measure of shape distance.

Definition 2.10. The full Procrustes distance between complex configuration w and

y is expressed by

. Yy w . .
dr(y,w) = inf |- — ——wexp(if) — 1x(a + 1b)||
abw=d |[[|yl|  [Jwl]
(| ywuw'y
( w*wy*y> '

The full Procrustes distance is natural from a statistical point of view, obtained from
a least squares criterion and optimizing over the full set of similarity parameters. The
squared full Procrustes distance naturally appears exponentiated in the density for many
simple probability distributions for shape (DRYDEN; MARDIA| |2016). However, this is

not the only choice of distance between shapes. Since the shapes of configurations are
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represented by fibres (fibres on the pre-shape sphere correspond one to one with shapes in
the shape space, and so we can think of a fibre as representing the shape of a configuration)
on the pre-shape sphere, we can define the distance between two shapes as the closest
great circle distance between the fibres on the pre-shape sphere. This shape distance is
called the Procrustes (Riemannian) distance in shape space and is denoted by p.
Thus, the angle between the complex pre-shapes y and w is defined in |[Dryden and Mardia
(2016) by

p(w,y) = arccos(|y*w|), where 0 < p(w,y) < 7/2.

Note that, p(-,-) can be considered as the smallest angle (with respect to rotations of
the pre-shapes) between the vectors corresponding to y and w on the pre-shape sphere.
There exist a relationship between the Procrustes distance and full Procrustes distance,

expressed by
cos(p(w, y)) = (1 — dp(w, )"

The shape distance allows comparing two configurations, but comparing several at the
same time it is not possible. To solve this problem we present an important concept in
SSA, extensively used in this thesis: the mean shape of a random sample of configurations.

According to Dryden et al.|(2014), there are different notions of mean shape, and it
is important to distinguish between them. The different means are obtained by using
different distances, embeddings and projections in the definition of the mean. For example,
Fréchet mean shape Le and Kume| (2000), Procrustes mean shape Dryden| (1991), extrinsic
and intrinsic mean shape Bhattacharya, Patrangenaru et al.| (2003) and Bhattacharya
and Patrangenaru (2005) among others. In this thesis, we use the concepts of full
Procrustes mean shape (is an extrinsic mean for planar landmark data using the complex
Veronese-Whitney embedding on pre-shape space) based in Dryden and Mardia, (2016,
chap. 3-4), as follows.

Definition 2.11. Let x be a random quantity on pre-shape space. The population full

Procrustes mean shape is given by

p = arginf E[dp(x, p)].
m
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Now, consider the situation where a random sample of centred configurations wq, wo, . .., w,
is available and we wish to estimate a population mean shape, such as the population full

Procrustes mean.

Definition 2.12. The full Procrustes estimate of mean shape [fi] is obtained by minimizing
(over ) the sum of square full Procrustes distances from each w; to an unknown unit size

mean configuration w, that is

] = argﬂinf > db(wi, p).

Kent| (1994) has furnished an result to obtain the full Procrustes estimate of mean shape

by means of product matrix S, as follows.

Proposition 2.1. The full Procrustes mean shape [@] can be defined as the eigenvector

corresponding to the largest eigenvalue of the complex sum of squares and product matrix

n

*

S =2 %7,
i=1

where z; = w;/||w;|| for j =1,...,n are the pre-shapes.

Thus, @ is given by the complex eigenvector which is corresponding to the largest
eigenvalue, or the dominant eigenvector of S. The eigenvector is unique (up to a rotation -
all rotations of @i are also solutions, but all these correspond in the same way), provided
that there is a single eigenvalue greater than S. A relevant comment about the estimative
of mean shape is made by [Rohlf (2003), which has realized sampling experiments were
performed to investigate mean square error and bias in estimates of mean shape produced

by different geometric morphometric methods.

2.2 Shape Distributions

An extremely important step in SSA (like as to detect changes in shape) is to define
a probability model to describe planar-shape data (DRYDEN; MARDIA| 2016). One of
main distributions for planar-shape is the CB model. The real Bingham distribution was
introduced by Bingham| (1974)) as a generalization of the Dimroth-Watson model [Watson

(1965)). Its complex version of the Bingham distribution and some of its mathematical
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properties have been derived by Kent| (1994). One of its simulation procedures has been
proposed by Kent, Constable and Er| (2004). They have shown such algorithm depends
only of the truncated multivariate exponential (TME) distribution. In this thesis, we use
to produce synthetic experiment a truncated simplex method combined with the TME
law.

Several works have been developed using the real Bingham distribution and its complex
counterpart. Kent (1987) has proposed an asymptotic expansion for the Bingham normal-
ization constant. Kume and Wood (2005) have furnished a saddlepoint approximation
for the Bingham normalizing constant. Kume and Wood| (2007) have shown that an
arbitrary joint partial derivative of the Bingham normalizing constant may be proportional
to the normalizing constant of a Bingham distribution of higher dimension. |Amaral et
al| (2010) have derived bootstrap procedures for constructing confidence regions for the
mean shape of objects labelled by landmarks in two dimensions. |Dryden et al.| (2005)
have developed a mathematical treatment for the statistical analysis of high-dimensional
spherical and shape data. Dore et al.| (2016) have provided a bias-corrected estimation
method for the CB distribution. In the Bayesian context, Micheas, Dey and Mardia| (2006))
have proposed a maximum posteriori probability estimators having the CB model like the
posterior distribution. Amaral, Floréz and Cysneiros| (2013) have furnished methods to
detect influential observations in samples of pre-shape under such model. |Leu and Damien
(2014)) have developed full Bayesian analysis for planar landmark data arising from the
CB distribution.

A particular case of the CB distribution is the complex Watson (CWW') model, proposed
by Mardia and Dryden| (1999). Maximum likelihood estimation and hypothesis testing
procedures for the CIW model in one and two samples are furnished. These models are
adequate for shape analysis data according to |Dryden and Mardial (2016)). It is relevant to
mention how the CW distribution has been explored in the literature. [Micheas and Dey
(2005a)) have proposed a novel Bayesian method based on the CW distribution that is
used in detecting shape differences between the second thoracic vertebrae for two groups
of mice, small and large, categorized according to their body weight. Micheas, Dey and
Mardial (2006) have developed maximum likelihood and Bayesian estimation methods to

describe shape and obtain confidence bounds and credible regions for shapes.
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2.2.1 The complex Bingham distribution

In this subsection, we briefly discuss a model we use in this work for describing pre-
shape data, admitting each k-dimensional random vector is associated to an object in the
plan with £ + 1 landmarks. The CB distribution is defined on the unit complex sphere
in C* for k > 2, say CS* ! = {2 = [z1,.. ., zk]T; z*z = 1}, and its probability density

function (pdf) is given by
f(z;A)=c(A)exp(z*Az), zeCS* !,

where (-)* represents the complex conjugate operator, A is a k x k hermitian matrix (i.e.
A = A*) and ¢(A) is the normalizing constant (DRYDEN; MARDIA| 2016, pp. 221)
given by

c(A) = 2773 a;j exp ();) with aj_l =TI\ = ), (2.4)

=
where \; < Ay < --- < Ap_1 < A\p = 0 denotes the eigenvalues of A. This normalizing
constant is such that ¢(A) = ¢(A), where A = diag(A1, Mg, ..., Ax) and diag(-) denotes the
diagonal matrix of a vector argument. This distribution is denote as z ~ CBj_1(A). The
CB distribution has the property of invariance under scalar rotation; i.e., z and exp(if)z
have the same distribution for all § € [0, 27), property commonly used to define shape.
Dryden and Mardia (2016) have stated that if an object is rotated, then its density and
statistical properties are similar to those due to object at the original rotation. According
to Kent, Constable and Er| (2004), the matrix parameters A and A+ Yy, for T € R, define
the same distribution. Hence, without loss of generality, we may shift the eigenvalues of A
so that they are non positive with the largest one equaling 0. Let Ay > Ay > ... > Ay =0
denote the eigenvalues of —A; i.e. \;, here corresponds to —\; in (2.4), with j =1,...,k.

Kent| (1994) has affirmed that the CB distribution can be obtained by conditioning a
zero mean complex multivariate normal distribution to have unit norm. In particular, if
w ~ CN(0,X), then w | {||w|| =1} ~ CBj,_1(—3%7"). To obtain the CB log-likelihood
function, we consider zi, 2o, - , 2,, for n > k, be a sample of (k + 1)-dimensional unit

complex vectors and

S=Y zz (2.5)
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be k x k complex matrix, termed by product matriz. Suppose that the eigenvalues of S are
positive, distinct and denoted by 0 < l; < ... <[ and let g4, ..., gr be the corresponding
eigenvectors. According to Dryden and Mardia| (2016), the log-likelihood function at A is
given by

n k

U(A;z) =) z]Az; —nlogc(A) =) Ay Sv; —nloge(A).

i1 j=1

Considering A\; < Ay < -+ < Ap_1 < A = 0 constants, the ML estimate of eigenvectors

(7;) referring to matrix A are given by 4; = g;, for j =1,..., k. So,
k
((A;z) =) ;A —nlogc(A). (2.6)
j=1

Deriving the expression (2.6, we find the system of non linear equations

o(A;z) 1 ,
—— = =; =1,...,k—1.
aA] n]7 J 9 )

There is not closed-form solution for ML estimators of eigenvalues. Thus, it is need to use
interactive process Nocedal and Wright| (2006). |Dryden and Mardia| (2016) have proved

under high concentrations that
N2 —nfl; for j=1,... k-1

Details about ML estimators can be found in |Amaral, Floréz and Cysneiros (2013) and

Dore et al.| (2016]).

2.2.2 The complex Watson distribution

The CW distribution is an especial case of the CB model, they are defined in the same
support, namely, CS*~! . The CW pdf (MARDIA, 1999) is defined by

f(zim, k) = ci(r) " exp{rcos’[p(H "z, H p)]}, =z e CS*,

with p(H "z, H"p) = cos™(|z* ), for 0 < p(H "z, H 1) < 7/2, and the function | - |
represents a complex number norm. This distribution is denoted as CWj_1(p, k), where
k is a concentration parameter, p is the modal vector on pre-shape sphere and p is the

Procrustes distance. The integrating constant defined in (?7?) is given by

o7k
Cl(K’) = W 1F1(17ka ’%)a
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where
az ala+1l)2® a(a+1)(a+2)a’
F b =1l+-—=4 —>— EYREE
b a) =14 e o T Db 1) 3 ’

is the confluent hypergeometric function (ABRAMOWITZ; STEGUN]| [1964). The concen-

with a,b,z € R,

tration parameter (k) can assume negative values, but the assumption £ > 0 is the most
common in shape analysis. For positive concentration, the modal pre-shape direction is
p exp(if), where 6 € [0,27) is an arbitrary rotation angle. If kK = 0, one gets the uniform
distribution in the complex unitary sphere. Commonly, we consider the case of large k.
Second Mardia and Dryden| (1999), if  is large, then the CW model tends to a complex
multivariate normal distribution in the tangent space. The CW model has the property of
invariant under scalar rotation according to [Kent| (1994) and Mardia and Dryden (1999).
This characteristic is very relevant in SSA, because if an object is rotated, then its density
and statistical properties are similar to those due to object at the original rotation.

The ML estimation on CW distribution presented below was found in [Dryden and
Mardia, (2016). Let zq,..., 2, be a random sample from a population modelled by the
CW distribution, with n > k and consider the product matrix defined in . According
to Mardia and Dryden| (1999) the log-likelihood function at (u, k) is given by

k

Up, Ky z) = Ktr (Z ljgjg;) —nlog(ci(k)).

j=1
Assuming k constant, the ML estimator for p is

o = exp (i&)gx,

where & is a arbitrary rotation angle (0 < & < 27). The ML estimator for x is determined

by solving

Note there is not closed-form expressions, but under high concentration the following an

approximation holds:
Kk~ Lk —2) .
n — lk

2.2.3 The relation between CB and CW models

According to |[Mardia and Dryden| (1989b) the CBy_1(A) and CWj,_;(p, k) models are

equivalent, that is, when there are just two distinct eigenvalues in A (a single distinct largest
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eigenvalue and all other eigenvalues being equal). In this case all directions orthogonal
to the modal axis have equal weight and so this model implicitly assumes a spherical
error distribution, as would be obtained from independent isotropic landmarks with equal

variances. In this case the complex Bingham distribution can be re-parameterized so that

A=r(I—pp),

where p is the modal vector on the pre-shape sphere. This equivalence is used in the
random generation process of the CW model by means of the CB distribution generation.
For this reason, in the Chapter [3| we are interested at studying triangles in the plan and
A is a matrix with order two.

The Proposition suggests a parametric relationship between the CB and CW
models; in particular, the CW concentration parameter x is written in terms of the CB of

vector eigenvalues.

Proposition 2.2. Let z ~ CBy_1(A) (fork+1=3). Then A = k(I — pu*) implies in

2)\1
" wy 2D

where g(p) is the function of the modal vector p given in Appendiz[A]

The proof of this result can be found in Appendix [A]

2.2.4 Simulation for the CB distribution

By reproducibility issues, we mention CW distributed data are generated from the CB
model. The methods for generation algorithms on CB were proposed by [Kent, Constable
and Er| (2004)), which showed this process depends only from the TME distribution.
In this chapter, we use the truncation to a simplex method combined with the TME
model. First we simulate k outcomes from the truncated exponential, Texp(A), by the
acceptance-rejection method and then these values are expressed in polar coordinates to
obtain observations of the CB model. The algorithm 1 represents steps to simulate the
TME distribution by means of the acceptance-rejection procedure.

The method for simulating the CB distribution uses observations of the TME model,
as follows.

The algorithm 2 returns a vector k, z = [z, ..., 2] which has a CB distribution.
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Algorithm 1 Simulation of the truncated exponential distribution

1: Generate observations, say u;, of a random sample from w; ~ U[0,1], j =1,...,k—1.
2: L/et s; = —(1/)\j)log(1 — u;(1 — exp(—);)) and s = [s],...,5, 4], such that
s;,J = 1,...,k — 1 are outcomes of a random sample from Texp(A;.)
k—1
3: If Z s; <1, set s = . Otherwise reject s* and return to 1.
j=1

Algorithm 2 Simulation of complex Bingham distribution

1: Generate s = [s},...,s,_,]", outcomes from s; ~ Texp();) according to the Algo-
rithm 1.

k k-1
2: If Z s; < 1, define s, = 1 — Z 3;. Otherwise, return to step 1.
j=1 j=1

3: Generate an observed sample, say ¢;, for j = 1,...,k from a random sample from
0 ~Ul0,27), j=1,... k.

4: Compute z; = s;/Q exp(i0;), j=1,... k.

2.3 Statistical Information Theory

Information Theory (IT) is a branch of the Mathematics which is related to Probability
and Statistics. It plays an important role in Modern Communication Theory. In a concise
way, it can be said that its field of activity is related to the mathematical systematization of
information transmission between communication channels. The first studies in I'T aimed
were performed by Hartley| (1928). [Shannon| (1948) has extended this idea, considering —
among other things — the effect of noise on communication channels. The crucial concepts
of Shannon theory lie on two measures: information and entropy. Such concepts have a
considerable impact in several areas, such as, Telecommunication and Statistical Inference
Blatt and Hero (2007). From these concepts, a tool called relative entropy measurement
(a kind of divergence) was introduced by |Kullback| (1978). This tendency of connecting
Mathematical Statistics and IT has been coined as Statistical Information Theory (SIT).
The first goal of relative entropy was to quantify the error of choosing a variable when
another would be more adjustable to the information. Subsequently, to the first classes of
entropies and divergences class have been invested in the statistical inference context.

Over the years, some divergence classes have been used in statistical inference for various
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purposes, such as the study of their asymptotic properties and proposals of hypothesis
tests. [Esteban| (1996]) have provided entropy-and divergence-based goodness-of-fit and
homogeneity tests can be applied to multinomial populations. Morales, Pardo and Pardo
(2001) have proposed a divergence-based procedure to test composite hypotheses related
to s populations when sample sizes are different. Eguchi and Copas| (2006]) have explored
a connection between the Kullback-Leibler divergence and the Neyman—Pearson lemma.
Nascimento, Cintra and Frery| (2010]) have derived and compared eight stochastic distances
in the SAR image processing context. [Tanejal (2013) have furnished bounds on the
probability of error in terms of generalized symmetric divergence measures. Rover and
Friede (2017) have proposed a method ( in terms of the KL divergence ) of constructing an
easily tractable discrete mixture distribution as an approximation. |Contreras-Reyes (2014)
have derived an asymptotic expression for the KL divergence measure of the multivariate
skew-t distribution.

According to [Kullback| (1978), Information Theory has its mathematical roots in the
concept of disorder or entropy in thermodynamics and statistical mechanics. Rényi et al.
(1961) have stated that the entropy can be interpreted not only as an uncertainty measure
as also an information measure. |Pardo| (2005) have interpreted the entropy as diversity
measure that appears in many areas. In the field Economy, the diversity quantity is
defined as the presence of a great number of different types of industries in a geographical
area. In Biology, this measure is understand as the number of species in a place as well
as the abundance of those species. In this thesis, the concept of entropy is understood
as a variability multivariate measure approached by (Chen et al.| (2016). Some entropy
classes have been used in statistical inference for various purposes, such as the study of
their asymptotic properties and proposals of hypothesis tests. |Lin (1991) have introduced
a new class of information-theoretic divergence measures based on the Shannon entropy.
He determined the relationship of such measures with the variational distance and the
probability of misclassification error. Nadarajah and Zografos (2005) have derived exact
expressions for Rényi and Shannon entropies for various continuous bivariate distributions.
Baratpour, Ahmadi and Arghami| (2008) have explored properties of the Rényi entropy of
order statistics. [Frery, Cintra and Nascimento (2013) have furnished analytical expressions

for the Shannon, Rényi, and restricted Tsallis entropy measurements under scaled complex
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Wishart distribution. Pietrzak et al. (2016) have proposed a frequency-based framework
using the Gaussian limit results for the effective number of species (the Hill numbers)
with the approach of the empirical Rényi entropy and divergence. (Chen et al.| (2016) have
provided some new insights about the behaviors of entropy as a measure of multivariate
variability. Seo and Kang| (2014)) have derived the entropy of the generalized half-logistic
distribution in terms of Type-II censored samples from a Bayesian perspective.

Song, Song and Kang| (2017) have developed two methods which were based on
the maximum entropy principle and the ordinary entropy method for estimating the
parameters of the four-parameter exponential gamma distribution. More information on
these stochastic measures can be found in Rényi et al.| (1961), Kailath| (1967), Diaconis
and Zabell (1982), Middleton, Electrical and Engineers (1996)), MacKay| (2003]), Pardo
(2005)), |Liese and Vajda| (2006) and Emmert-Streib and Dehmer| (2009)).

2.3.1 Divergence measures

In this thesis, we admit the convention that a “divergence” represents any non negative
function, say D(z||ly) > 0 for @,y € Z C CP and p € Z,, between two probability
measures that satisfy the identity of definiteness property (BARTLE; SHERBERT) 1982,
p. 328, chap. 11,); i.e., D(x||y) = 0 & x = y. When such a function is also symmetric, it

is called as “distance”, say
dxz,y) >0:(i)d(x,y) =0 < x =y (definiteness) and (ii) d(x,y) = d(y, x) (symmetry).

Finally, we conceive “metric” as a distance which also satisfies the triangular inequality

(DEZA; DEZA, 2009). Now we particularize this theory to the CB and CW models.

Definition 2.13. Let ®, and x5 be random variables defined over the same probability
space, equipped with densities fy,(z;01) and fz,(2;602). The Kullback-Leibler and Rényi

divergences are given by, respectively,

Di1(601]162) = /

(Csk—l

fz,(2;01) log [M] wi(dz) = Eg, [log (M)]
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and

Dip(61]165) = 7~ log / (2:0) 177 (2, 02) wy(dz)

<> B

where 3 € (0,1) is the Rényi divergence order, Eg, () is the expected value in terms of 6,

1

and wy(dz) is the uniform measure on CS*~!. Since the Kullback-Leibler divergence is a
non symmetric measure, Seghouane and Amari (2007)) have proposed the symmetrization

of this divergence:

Dy (604]|60 D1 (60-]|6
dicr(01,0,) = [Drcr.(64]] 2)‘; r1(0]| 1)].
We denote di(61,0:) as the KLi distance. The quantity 2dgr(61,602) is also known
as J-divergence or Jeffreys divergence. Some strategies have been used to symmetrize

modifications of D%(-||-), such as for the directed divergence proposed by (Chung et al.

(1989). Here, we assume

p—1 2

It is important to emphasize that throughout the thesis the value of the order parameter

d2(6,,0,) = R { expl( — 1) D(6:1165)] + expl(8 — 1) D(62]/6))] }

[ is not estimated but chosen. In what follows, we define other used quantities.

Definition 2.14. Under the same conditions in the Definition [2.15, the Bhattacharyya

and Hellinger distances between the probability measures are given by, respectively,

dp(61,6:) = _10g/<CSk*1 \/f:m(z;Ol) far(2;62) wi(dz) = —log By, For(2:01)

(2 02>]

and

dr(01,05) = \/; /(Csk_1 (\/fm(z;Ol) - \/wa(z;92)>2wk(dz)

= \I 1 — Eg, 7fw2 (= 02)]

fa:l (z; 91) .

In this work, by issues of formalism with the Hellinger statistic that we propose next, we

refer the Hellinger distance as dg (61, 0) = [di (01, 65)]2.
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2.3.2 Entropy measures

We discuss the definitions and some properties of these entropy measures a follows.

Definition 2.15. Let @ be a random variable having an absolutely continuous distribution

with its pdf given by f(x;80). The Shannon entropy denoted by (Hg) is defined as

Hs(x) = Hs(0) = Eo[—log(f(;0))] = — /[log(f(fv;H))]f(w; 0)wy.(dx).

The Rényi entropy with order § € Ry — {1} and denoted by (Hpy) is expressed by

log [Ba(f(2:6)" )] = [=—51og [ f(w:6) (i)

Hiw) = Hy(0) = 1=

Golshani and Pashal (2010) and (Contreras-Reyes| (2015) have provided some relevant

properties of the Rényi entropy, listed below:
1. The Rényi entropy can be negative;

2. The Rényi entropy is invariant under a location transformation of the random

variable. For example, for m € R

Hy(z +m) = Hy(x);

3. The Rényi entropy is not invariant under a scale transformation of the random

variable. For example, for m € R we have:
Hp(ma) = Hp(x) + [ log(m)[;
4. For 3y < By , we have H f; (x) > H f; (x) for all x, and the equality holds if and only
if  is a uniform random variable;

5. The Rényi entropy converge for Shannon entropy for all § € R, — {1}, that is
: B —
%LH% Hp(x) = Hs(x).

Additional properties about Rényi and Shannon entropies can be found in |Pardo (2005)),
Cover and Thomas| (1991) and Sdnchez-Moreno, Angulo and Dehesa) (2014)).
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3 DISTANCE-BASED HYPOTHESIS
TESTS FOR TRIANGLE SHAPES

3.1 Introduction

This chapter focuses on SSA for pre-shape data obtained from triangles in the plan.
In this context, Kendall has shown how variables for pre-shape of labeled triangles can
be mapped to points on a sphere Mardia and Dryden| (1989a)). In terms of visualization,
Kendall (1983)) has defined one of the half-lunes of the shape sphere like projection area of
unlabeled triangle shapes. Some papers have presented studies about models, inference
and other statistical methods for pre-shapes of triangles as follows. A statistical description
of mean biological form and size-changes by means of linearized significance tests has
been proposed in |[Kendall (1984). The tests have been based on a convenient parametric
distribution for shape changes in triangles. Mardia and Dryden| (1989a)) have presented
a distribution for pre-shapes of triangles under the Bookstein model using the Mardia
and Dryden method. Furthermore, it was examined the reduction of this distribution
when the shape space is reduced to a subset of the sphere. Dryden and Mardia, (1991])
have investigated the exact distribution for pre-shapes of general Gaussian labeled point
configurations in two dimensions and the triangle case has been considered in detail. Mardia
(1999) has provided an uniformity test for highly dispersed shapes, using the standard
techniques of directional statistics. They have approached the isometric transformation
from triangular shapes to a sphere in three dimensions in order to provide a rich class of
distributions for pre-shapes. |Rohlf| (1999) has demonstrated that the pre-shape space of
planar triangles Procrustes aligned to a reference triangle corresponds to a unit hemisphere.

A common assumption which is made when formulating hypothesis tests for mean shape
in the unit sphere is “samples should be strongly concentrated”. This fact is geometrically
justified, since models under this assumption are asymptotically equivalent to the ones in
the tangent plan (commonly more tractable). However, sometime we find data having low
concentration. This chapter addresses a way by means of SIT to treat with shape change

on both high and low concentrations. We propose distance-based two-sample hypothesis
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tests for pre-shapes which are extracted from triangles. To obtain novel associated pivotal
statistics, we derive the Hellinger (H), Bhattacharyya (B), Rényi (R) and KL distances
for the CW model. We also prove the KL distance is invariant under rotation, but the
other three outperform this drawback. We carry out Monte Carlo experiments to quantify
the performance of our proposals, adopting as comparison criteria empirical test sizes and
powers. Finally, an application to real data is made using the second thoracic vertebrae
T2 of mice in order to assess possible effects of body weight on the mouse vertebra shape.
Numerical evidences indicate that our proposals may be better detectors of mean shape
difference between samples of triangles than the F2 test (analysis-of-variance tailored to
SSA literature) proposed by Mardia and Dryden| (1999).

The chapter is organized as follows. Section tackles the two-sample hypothesis
tests based on distance measures for pre-shape data. Numerical results are displayed in
Section [3.4] The conclusion remarks are presented in Section [3.5] Finally, proofs of the

theoretical results are given in Appendix [A]

3.2 Distance-Based Measure for the CW Model

In this section, we present new contributions in distance-based statistical inference in
the pre-shape context. We develop closed-form expressions for the Kullback-Leibler, Rényi,
Bhattacharyya and Hellinger stochastic distances between two probability measures which

come from the CW distribution which are enunciated in the following results.

Theorem 3.1. Let &1 ~ CW_1 (1, K1) and xo ~ CWy_1(a, ko) with pdfs given, respec-
tively, by fz,(2;601) and fqu,(2z;02). Then the Kullback-Leibler distance (denoted by dgr,)

s expressed as

0

1
dKL(01702) - 5 {01 /{}1 Z le a)\ Z M2] aA AM1)

01 /ﬁ

9 9
A, 3 (A A A 3.1
cl(lig) ]Zl Mo a)\TQj C( Tz) Cl(lig Z Ty a)\T2 ( T2>} ) ( )
; - , oe(+) .
where ¢1(+) and ¢(-) are the CW and CB integration constants, respectively, oy the
J

first derivative Amaral, Floréz and Cysneiros (2015) of normalization constant of the CB
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model expressed as

A koo ‘
Jc(A) _ ok Z ajexp(\;) + aexp(N;) + azb; exp(\) |

O =R CYEpY]
J#i
: 1
with A = diag(\y, ..., M), a; ' = [[(N = N) and by = > .
’ %;1, I#i (X =)
J

Theorem 3.2. Under the same conditions of the Theorem[3.1. The Rényi distance with
order parameter § € (0,1) (denoted by d ) is

A1 Ke)c(V) cf_l K1)c( Vs
oo = e300 (S0}

where Vi = (k1fpip; — kao(8 — V) popl) and Vo = (kaSpaps — k1(8 — 1) py) are both

hermitian matrices with order k.

Corollary 3.1. Under the same conditions of the Theorem [3.1. The Bhattacharyya

(denoted by dg) and Hellinger (denoted by dy ) distances are given by

15(01,6,) = —log ((‘4)) (3.3)

Cl(lil)cl (Hz)

and
c(A)
di(01,0:) =1 — , 3.4
( ) (cr(k1)er(kz)) 3

R1

2

R2

here A =
where ( 5

papy + uzué)-
The proof of the results above can be found in Appendix [A]

Figure [f illustrates the distances obtained in the results 3.1, [3.2]and [B.I] The graph
was obtained by considering the following configuration: A = (8,0)" (vector of eigenvalues),
k+1 = 3 (number of landmarks) and n = 50 (the size of sample which is used to estimate
k and p). From X fixed, estimates for u and k, say @ and R, are obtained from CB
distributed generated data. We then fix gy = py = @ and take (k1, k2) = (R, (1 + €)R)
with € € (—0.01,0.01). We can see the Hellinger and Bhattacharyya distances are closed
and, when the parameter [ increases to one, the Rényi distance approaches of the KL

distance. Similar behavior has been obtained in works |Pardo| (2005)), |Frery, Nascimento

and Cintra, (2014) and Nascimento, Cintra and Frery| (2010)).
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Figure 5 — Plot of KL, Rényi, Bhattacharyya and Hellinger distance measures. For graphi-
cal procedure we take A = (8,0)", n =50 and k + 1 = 3. We fixed the p and

taking (k1, k) = (R, (1 + €)R) with € € (—=0.01,0.01)

In particular, for the CIW model, the KL distance is invariant under rotation, as
discussed in the next proposition. This fact poses a disadvantage to discriminate points
which are meaningfully distinct in rotation. Before we enunciate this result, a procedure for
obtaining the rotation matrix described by [Amaral, Dryden and Wood| (2007) is discussed.
Suppose that a and b are complex unit vectors in C2. For the application to shape analysis,
a pre-shape b should be chosen from the shape [b] of b, where b*b = 1. Then b moves to
a along a horizontal geodesic in the pre-shape space. Let b = b(b*a)/|b*al so that b has

the same norm as b and b*a is real. Now, define the vector

the matrix A = aé* — éa* and the angle ( = cos '(a*h). Consider that the vectors

a,b € C? satisty |a|?> = 1 and |b|> = 1, and suppose |b*a| < 1. Let &, A and { be defined

as above. Then the matrix R = exp(CA) with
. (i
exp(CA) =L+ ) FAJ
— !

satisfies the following properties:

(a) R is 2 x 2 unitary matrix; (b) R can be written

R =1, + sin(C)A + (cos(¢) — 1)(aa” + é¢");
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(¢) Rb = a; (d) For any z € C? such that a*z = 0 = b*z, the matrix R is the identity

transformation, i.e., Rz = z.

Proposition 3.1. Let ¢ ~ CWj_1 (1, k1) and €3 ~ CWy_1(po, k2). Let R be a rotation

matriz, then the Kullback-Leibler distance is invariant under rotation, that is,

dKL(017 02) = dKL<917 R*02R)

The proof is given in Appendix [A]l
3.2.1 New distance-based hypothesis tests

In what follows, we define the mathematical mechanism of the use of the (h,p)-
divergence class, on which the new hypothesis tests are proposed. A way to make
hypothesis tests is through the (h, p)-divergence class, which has been introduced by
Menéndez et al. (1995) and discussed by Salicru et al.| (1994)). It is an extension of the

-divergence class — pioneered by |Csiszar (1967) — and defined as follows.

Definition 3.1. Let &1 ~ CWy_1(p1,k1) and o ~ CWy_ (2, ka) be two probability
measures having densities fy,(z;601) and fz,(z;05), respectively. The (h,p)-divergence,
say di;(@l, 0,), is defined as
o1 s i)+ (0]
(3.5)
where h: (0,00) — [0,00) is a strictly increasing (or decreasing) function with h(0) = 0,
and ¢: (0,00) — [0,00) is a convex (or concave) function such that p(1) =0, 0p(0/0) =0
and 0¢(x/0) = lim o(z)/z (SALICRU et al |1995)

Notice that each pair (h, ) in yields a particular divergence. Table [2| displays
those we use in this chapter. The measures (3.1)), (3.2), and can be used isolated
from any inferential context (such as in many machine learning and computer science
works), but here we are also interested to study the their asymptotic behavior.

Now we are in position of proposing distance-based two-sample hypothesis tests for

difference mean shapes. We are interested in to test:

Ho: [p] = [pno] vs. Hi:[pa] # [pol, (3.6)
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Table 2 — (h, )-distances and their functions

(h, ¢)-distance ‘ h(y) o(z)
Kullback-Leibler y/2 (x —1)logx
Rényi (order f3) ﬁlog(w;l) y+1) %

Bhattacharyya —log(—y+1) —T + xT—H

Hellinger y/2 (v —1)?

where [p;] = {exp(i@)p : 0 < 6 < 27}, forj = 1,2 (i.e. [p;] represents the shape
corresponding to the modal pre-shape p;). For obtaining of the novel pivotal statistics,
under the regularity conditions discussed and proved in |Salicru et al.| (1994), we use the

following lemma holds.

Lemma 3.1. Let 0, = (511,...,511\4) and 0y = (521,...,52]\4) be ML estimators for

parameter vectors @, and 0y having My < M common components based on independent

samples of sizes nq and no, respectively. If

01 = 92, then

— 0 € (0,1) when ny,ny — 00 and
ni + No

2711712 d (
ni+mny [ 1'(0)e"(1) dv

Sz(é\l, 52) —

In particular for this manuscript,

A A 2n1ny Y D 2
Sp(01,6:) = Vm dp(61,0-) m XM—My»
where v is the o-finite measure on the measurable space (X, B), «_ Dy » represents

ni,n2—o0

the convergence in distribution, D = {K'L, R, B, H} and v is a chosen value according to
the used stochastic distance; i.e., v = [h'(0)¢"(1)]7! = {1,1/8,4,4}. In what follows, we
assume X = {1} and v(1) = 1, which yields

[ W) (1) do = K(0)¢"(1)
X
(Salicri et al., 1994, assumption adopted in Example 1).

Based on Lemma (4.1)), tests for the null hypothesis 6; = 65 can be derived, as given

in the next proposition.

Proposition 3.2. Let ny and ny be large and SD(§1,§2> = s, then the null hypothesis
<

0, = 05, can be rejected at level a if P(s < X%V[—Mg) Q.
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From Lemma [£.1] and Proposition [4.2] combined with the Theorem [5.1], four new hypothesis
tests for the CW distribution come from distance-based pivotal statistics which we provide

subsequently. We divide this discussion in two cases:

Case 1 (k1 = Ka):

[1.1] Rényi statistics with order 5 € (0,1) - S&(-,-):

2n1n2

426, 6. P 2, 3.7
1+ 1o (01, 2)mX2 (3.7)

Sf{(é\lv 52) - /871

[1.2] Bhattacharyya statistics - Sg(-,-):

Ening

PPN D 9
dp(01,05) —— x5.
1 + Mo B( b 2) ni,n2—00 X2

SB<§17 52) -

[1.3] Hellinger statistics - Sg(-,-):

Ening ~ o~ D 9
dH(OhOQ) — Xa-
ny + N9 ni,ng—00

SH(é\l? §2) -

From adopting My, = 1 in Proposition , the Sg, Sp and Sy statistics in the case 1
follow asymptotically the chi-squared distribution with degrees of freedom two. This
discussion does not include the KL distance because its associated distance is invariant

under rotation, as proven in Proposition |3.1

Case 2 (K1 # Ka):

[2.1] Kullback-Leibler statistics - Skp(-, ) :

2n1n9 ~ D

2
dKL<91792) — 7 X1-
nl _|_ n2 ni,ma—00

SKL<§17 62) -

[2.2] Rényi statistics with order 5 € (0,1) - S&(-,-):

2n1ny S~ A D
d7(01,0,) ———— X3.
Ny + N9y ni1,n2—+00

Sh(61,8,) = 57!

[2.3] Bhattacharyya statistics - Sg(-,-):

Sp(61,0,) = - nde(Zl,@) ﬁ X%-

SH(Ol,OQ) = n dH(é\l,é\z) L) X% (38)
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In the case 2, the Sk, statistic follows the x? model because - after matrix manipulations
involving quadratic forms - its distance in (3.1]) is only the result of comparison between

two non null eigenvalues. The rest of them have the x2 model from plunging My = 0 in

Proposition

3.3 Asymptotic Results under High Concentration

Mardia and Dryden| (1999) have proposed theoretical and asymptotic results for the
CW probability measure under large concentration. Now we highlight some of these results
that we are going to use in section of numerical results. The next proposition defines a

limit relation between CW and complex normal distributions.

Proposition 3.3. If k is large, then the CW model tends to the complex normal distri-
bution with mean p and covariance matriz (1/2k)(Iy — pp*)~, where ()~ represents the

generalized inverse.

From Proposition
2k[(z — )" (I — pp*)(z — p)] = 25(1 — 2*pp*z) = 25 sin’(p(H 'z, H ' p))

follows approximately the x3, , distribution for large , since the complex rank (I}, — pp*)

is kK — 2. Then, it holds
Sy = 2ksin®(p(H z, H p)) —2— x3_,. (3.9)

In the next section, we will use as a criterion to identify points which indicate low
and high concentration degrees within the CIW parametric space.

Mardia and Dryden (1999)) have developed a large concentration two-sample test to
detect different between shapes using the Equation as follows. Let z1,20,...,2,
and y1,Ys,...,Yn be two independent random samples from z ~ CWj_1(u1, k1) and
y ~ CW;_1 (e, k2), respectively.

Suppose that one wants to test the hypothesis . Using the equation for large

K, it follows that

n N UCR . D 1
Y sin?p(zi, )] + D sin®[p(y;, fa2)] ——— 5= X{or_a)(nim_2)-
=1

n1,n2—>00
= 1,n2 2K
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By analogy with analysis-of-variance, we obtain

. A = . o D 1
ZSIH2[0(2i7 fy)] + Z sin” p(y), )] ——— 7X%2k74)(n+m71)7
i=1

n1,n2—00
= 1,n2 2K

where ﬁl is the overall ML estimator for p, if the two groups are pooled.
Setting
B =Y sin?[p(z, )] + 3 sin?lolyy. )] — Y sinlp(z, )] — 3 sin?lp(y;. o))
i=1 j=1 i=1 =1

we have (under Hy)

n+m-—2)B
Spy = — ( — ) - n?_mj For—a,2k—4)(ntm—1); (3.10)
> sin?[p(zi, )] + ) sin®[p(y;, f1o)]
i=1 Jj=1

which may be defined as decision rule that rejects Hy for large values of Sps.
According to Mardia and Dryden! (1999), by using Taylor series expansions for large
concentrations,

B (nt +mh) " sin®[p(fan, fin)].

For large k, the test based on Spgs is equivalent to the two-sample test proposed by Goodall
(1991).

3.4 Numerical Results and discussion

This section addresses a numerical assessment of the performance of the proposed tests,
comparatively to the Sgo test of the SSA literature. This study has been made over both

generated CW and real data.

3.4.1 Analysis with synthetic data

In order to assess the new hypothesis tests which are induced from the combination
between Theorem and Proposition we have employed CW generated data, using
the simplex method proposed by Kent, Constable and Er| (2004) and the mapping given
in (2.7). An important practical procedure in SSA (e.g., for making hypothesis tests) is to

understand if an under-study phenomenon is on low or high concentration. Thus, before
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we carry out a detailed study, a pilot essay has been made to investigate when pre-shape

data are strongly concentrated in terms of Proposition 3.3} i.e.,
Hy : CW<£Complex normal (concentrated strongly data),

where £indicates equivalence in distribution. In particular, we can use the limit result of
Sy in (3.9). For this initial quantitative study, we also used the Kolmogorov-Smirnov (KS)
test (DARLING] [1957)) at the level significance 5%. Based on Monte Carlo experiments
with three thousand replicas, we have furnished values of S; as input to the KS test.
As prior knowledge, we suspected that scenarios which are governed by indexes (i) A =
{(1.5,0),(2,0)} and (ii) A = {(8,0), (15,0)} represent low and high concentration degrees,
respectively. Figure [6 illustrates such scenarios on the unit sphere through the plot of
four generated samples. Indeed, (i) and (ii) point out by visual inspection low and high
concentrations, respectively.

Note that identifying similarity before low concentration degrees is intuitively more

difficult than in concentrated strongly scenarios. Table [3| displays results of mean KS

Figure 6 — Illustration of the low and high concentrations scenarios, respectively. Consider-
ing the eigenvalues vectors (i) A = {(1.5,0), (2,0)} and (ii) A = {(8,0), (15,0)}.

test p-values (4gg) for three sample sizes (n = 50,70, 100) and the situations of Figure @

Results indicate quantitatively samples indexed at xk = 1.5 and 2 as of low concentration
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and those indexed at kK = 8 and 15 as of high concentration. In the rest of this section, we
assume the last conclusion.

Table 3 — Mean KS test p-value for four concentration degrees

Low concentration ‘ High concentration
A n &KS A n &KS

(1.5,0) 50 0.0047 (8,0) 50 0.3453
70 0.0033 70 0.2998

100 5.6230x107° 100 0.2148

(2,0) 50 0.0480 (9,0) 50 0.3705
70 0.0321 70 0.2504

100 0.0034 100 0.2348

Now, we are in position of performing the size and power studies of the proposed
two-sample tests in contrast with the Sp, test of the SSA literature. We have considered
the cases 1 and 2 as well as two concentration degrees, low and high. We have investigated
initially the asymptotic behavior of the proposed pivotal statistics by means of a short
study. As discussed, we expect the pivotal statistics S}%, Sp and Sy in the case 1 converge
in distribution (under the null hypothesis) for x3. In numerical terms, we considered 3000
Monte Carlo replicas, on which values of Sy for two samples with n; = ny = 70 under the
high concentration scenario A = (8,0) were obtained. The KS test was employed to an
array of observations of Sy, yielding p-value axs = 0.7162 and concluding the observed
array comes from the x3 at level 5%. The Sp, test has also been used over the same data,
indicating the same conclusion (kg = 0.6891). In order to illustrate this behavior, Figure
displays the theoretical and empirical densities for Sy and Sgo statistics as well as their
respective quantile-quantile plots (qg-plots). Graphics indicate both statistics work well.

For the case 2, we look for the pivotal statistics Sg,SH and Sp (under the null
hypothesis) converge in distribution for x3 and Sk for x3. The KS test has been
employed to outcomes of S%? and Sy at n; = ny = 100 and X = (8,0), yielding p-values
ags = 0.9382 and agg = 0.9973, respectively. The same investigating mechanism applied
to observations of Sk, has provided agg = 0.8322. Figure || illustrates the asymptotic
behavior of these statistics.

All tools reach what is expected. Subsequently, tests we discussed in previous section

are submitted to wider studies.
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concentration. The configurations considered for this simulate procedure were:
the eigenvalues vector A = (8,0) and sample size n; = ny = 70
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vector A = (8,0) and the sample size n; = ny = 100
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Tables [4] and |5| present empirical test sizes under low concentration scenarios for the
cases 1 and 2, respectively. In Table ] rejection rates underestimate the expected value
o = 5%. This case is the hardest situation among those considered, because it offers
only the difference between mean shapes (for triangles, one eigenvalue per sample) as
mechanism for decision rule in a context on which data are strongly mixtured. The lower
the concentration levels, the larger sample sizes are required for tests work as expected.
Although of the F2 test statistic presents a limitation in the low concentration scenario,
we use this statistic in the Table [l We can verify that the F2 test is extremely liberal
for all sample sizes considered at a adopted nominal level a = 5%. We conclude that
the application of the F2 test statistic is indicated only when the following restrictions
are assumed: the concentration degrees in two samples are equal and over the high
concentration scenario.

Table [5| displays the p-values of all proposed tests for case 2. Note the KL test
performance was also included, since it only can be applied when the concentration
parameters are assumed different. Here we verify the Hellinger and KL tests stand out for
all sample sizes, showing rejection rates which are more closed to the adopted nominal
level. These results are extremely important, since the majority of SSA tools assume to
be under a high concentration scenario (MARDIA; DRYDEN, 1999; MICHEAS; DEY),
2005a; MICHEAS:; DEY], |2005b)).

Table 4 — Rejection rates under Hy for distance-based (Hellinger, Rényi and Bhattacharyya)
tests with k1 = ko for low concentration scenario. The adopted nominal level

a = 5%.

A ny P @5%1 ds%s d5%7 (343%9 &SB OA‘SH OACSFQ
(1.5,0) 30 30 |0.011 0.012 0.012 0.011 0.012 0.01 0.176
30 50 | 0.016 0.016 0.016 0.016 0.016 0.016 0.166

70 70 | 0.026 0.027 0.027 0.026 0.027 0.026 0.183

100 150 | 0.035 0.035 0.035 0.035 0.035 0.034 0.178

200 200 | 0.038 0.038 0.038 0.038 0.038 0.038 0.19

(2,00 30 30 |0.022 0.022 0.022 0.022 0.022 0.019 0.127
30 50 |0.028 0.028 0.028 0.028 0.028 0.026 0.114

70 70 | 0.036 0.036 0.036 0.036 0.037 0.034 0.131

100 150 | 0.036 0.036 0.036 0.036 0.036 0.036 0.12

200 200 | 0.04 0.04 0.04 004 0.04 0.04 0.132

Table [6] displays empirical test sizes for the high concentration scenario in the case 1.
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Table 5 — Rejection rates under Hy for distance-based (Hellinger, Rényi, Bhattacharyya
and Kullback-Leibler) and F2 tests with k; # ko for low concentration scenario.
The adopted nominal level o = 5%

A ny Mo OAéS%l @5%3 OA‘SE’J OAéS%Q @SB @SH CAVSKL
(1.5,0) 30 30 | 0.054 0.056 0.056 0.054 0.056 0.05 0.032
30 50 | 0.054 0.055 0.055 0.054 0.056 0.05 0.046

70 70 | 0.05 0.052 0.052 0.05 0.052 0.048 0.043

100 150 | 0.051 0.051 0.051 0.051 0.051 0.05 0.049

200 200 | 0.046 0.046 0.046 0.046 0.046 0.046 0.041

(2,0) 30 30 | 0.054 0.055 0.055 0.054 0.055 0.049 0.039
30 50 | 0.056 0.057 0.057 0.056 0.057 0.049 0.05

70 70 | 0.05 0.051 0.051 0.05 0.051 0.048 0.046

100 150 | 0.05 0.05 0.05 0.05 0.05 0.049 0.052

200 200 | 0.044 0.044 0.044 0.044 0.044 0.044 0.044

We compare the results of the tests based on S}B{, Sp and Sy with that on Sgy. We verify
that they work equivalently under large values of x. In Table[7] displays empirical test
sizes for the high concentration scenario in the case 2. We can see for small sample sizes,
the p-value underestimates the nominal level of the test, but for large sample sizes the tests
are more significants. In summary, according to the simulation procedures performed with
respect to the significance of the distance-based measures tests, for case 1 we indicate the
Bhattacharyya and Rényi (order § = 0.9) statistics. For case 2 we indicate the Hellinger
statistic.

Table 6 — Rejection rates under Hy for distance-based (Hellinger, Rényi and Bhattacharyya)
and F2 tests with k7 = ko for high concentration scenario. The adopted nominal
level o = 5%

A ny  No ds%l ds%:s d5%7 ds%g Ay Qs Qs
(8,0) 30 30 | 0.05 0.05 0.05 0.05 0.05 0.047 0.051
30 50 | 0.046 0.046 0.046 0.046 0.047 0.044 0.049

70 70 | 0.05 0.05 0.06 0.05 0.05 0.048 0.051

100 150 | 0.043 0.043 0.043 0.043 0.043 0.042 0.045

200 200 | 0.052 0.052 0.052 0.052 0.052 0.051 0.053

(9,00 30 30 | 0.05 0.0561 0.051 0.05 0.051 0.046 0.052
30 50 | 0.047 0.048 0.048 0.047 0.048 0.044 0.049

70 70 | 0.05 0.05 0.056 005 0.05 0.049 0.051

100 150 | 0.044 0.044 0.044 0.044 0.044 0.043 0.045

200 200 | 0.052 0.052 0.052 0.052 0.052 0.051 0.053

Tables [§] and [9] extend the previous study by means of empirical test power; that is, the
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Table 7 — Rejection rates under Hy for distance-based (Hellinger, Rényi, Bhattacharyya
and Kullback-Leibler) tests with k; # kg for high concentration scenario. The
adopted nominal level a = 5%

A ny No OAéS%l @3%3 @5%7 @3%9 &SB CAVSH &SKL
(8,0) 30 30 |0.063 0.061 0.061 0.063 0.06 0.055 0.055
30 50 | 0.059 0.058 0.058 0.059 0.058 0.052 0.062

70 70 | 0.057 0.056 0.056 0.057 0.056 0.054 0.057

100 150 | 0.055 0.055 0.055 0.055 0.055 0.053 0.057

200 200 | 0.05 0.05 0.05 005 0.05 0.05 0.047

(9,0) 30 30 | 0.063 0.062 0.062 0.063 0.061 0.055 0.054
30 50 | 0.058 0.057 0.057 0.058 0.057 0.052 0.063

70 70 | 0.056 0.056 0.056 0.056 0.056 0.053 0.056

100 150 | 0.056 0.056 0.056 0.056 0.056 0.054 0.056

200 200 | 0.051 0.051 0.051 0.051 0.051 0.05 0.047

rejection rates when samples come from different distributions, denoted as 1 — 7, where 7
is the size estimate of error of kind II. For this, it is necessary to determine a mechanism
of separation of Hy in H;. In this thesis, we employ a procedure of transformation of the
null hypothesis described by |Amaral, Dryden and Wood, (2007)). It consists in obtaining a
rotation matrix R that — when applied to the data — allows a sample to have the same
mean shape, but distinct rotations. The angle used in the rotation matrix, say ¢power,
assumes values in the interval [0, 27). We select three values of ¢poyer, say 0.047,0.097
and 0.37, to illustrate the empirical test power for the case 1 in Table [8 and for the case
2 in Table @ For ¢power € {0.097,0.37}, it is noticeable tests are equivalently powerful.
With exception of (¢power, ) = (0.047,70), the F2 test presents rates mildly higher than
others. However, we would like to highlight two advantages of distance-based tests in
contrast to F2. First the statistics depends of pre-shape outcomes, differently of
ones f. It imposes the former to higher degrees of computational complexity and
of influence of potential outliers. Second distance-based tests do not have restriction of
working only under high concentration.

Figure @(a) displays the power function of the Rényi statistics with order § = 0.9
(all the others present the similar behavior) for the case 1 under the low concentra-
tion scenario. The angle vector for all graphics of power functions takes values of ¢
in [0.0017, 0.0057, 0.0097, 0.017, 0.027, 0.037, 0.047, 0.057, 0.067, 0.077, 0.087, 0.097, 0.17,

0.2, 0, 37]. Figure [9(b) tackles situations in the low concentration scenario for the case
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Table 8 — Rejection rates under H; for distance-based (Rényi, Bhattacharyya and Hellinger)
and F2 tests with k1 = ko for high concentration scenario. The adopted nominal

level o = 5%
A power m1 mz | (1 =)o (1=7)gos (1=n)sor (1 =)go0 (1 =1)sp (1 =M)sy (1=0)se

(8,0) 0.047 30 30 0.291 0.292 0.292 0.291 0.292 0.279 0.300
70 70 0.631 0.632 0.632 0.631 0.632 0.627 0.637

100 150 0.859 0.859 0.859 0.859 0.859 0.858 0.861

0.097 30 30 0.924 0.924 0.924 0.924 0.925 0.918 0.928

70 70 0.999 0.999 0.999 0.999 0.999 0.999 0.999

100 150 1.00 1.00 1.00 1.00 1.00 1.00 1.00

0.37 30 30 1.00 1.00 1.00 1.00 1.00 1.00 1.00

70 70 1.00 1.00 1.00 1.00 1.00 1.00 1.00

100 150 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Table 9 — Rejection rates under H; for distance-based (Hellinger, Rényi and Bhattacharyya)
tests with k1 # kg for high concentration scenario. The adopted nominal level

a = 5%
A power 1z | (1 =D)go1 (1 =)oz (1 —7)sor (1 =N)sos (1 =7)sp (1= 7)sy

(8,0) 0.047 30 30 0.286 0.286 0.286 0.286 0.286 0.2869
70 70 0.592 0.591 0.591 0.592 0.591 0.583

100 150 0.821 0.821 0.821 0.821 0.821 0.819

0.097 30 30 0.901 0.902 0.902 0.901 0.902 0.893

70 70 1.00 1.00 1.00 1.00 1.00 1.00

100 150 1.00 1.00 1.00 1.00 1.00 1.00

0.37 30 30 1.00 1.00 1.00 1.00 1.00 1.00

70 70 1.00 1.00 1.00 1.00 1.00 1.00

100 150 1.00 1.00 1.00 1.00 1.00 1.00

2. The Rényi distance test (with order 5 = 0.9) presents the fast increasing of the power
function.

Figure [10)] illustrates the empirical test power under high concentration for the cases 1
and 2, respectively. For the case 1, the proposed tests are as powerful as the F2 test.
Additionally, for the case 2, we verify the good performance for all proposed tests, with
exception of Sk, (due to its property of invariance under rotation). This means that all
the proposed pivotal statistics are very useful to detect the differences between the mean
shapes on the unit complex sphere for two independent samples coming from the CIW

model.
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Figure 9 — Empirical power function of the Rényi (with order f = 0.9) test under low
concentration for three sample sizes ny = ny = n € {70,100, 150}, eigenvalues
vector A = (8,0) and the angle selected to compute the rotation matrix ¢
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Figure 10 — Empirical power function of distance-based and F2 tests under high concen-
tration for sample sizes n; = 30 and ny = 20, eigenvalues vector A = (8,0)
and the angle selected to compute the rotation matrix ¢

3.4.2 Biological data analysis

Consider we wish to explore in a biology experiment the effect of the body weight on
the shape of mouse vertebrae, such as described in |Dryden and Mardial (2016)). Three

groups of mice have been considered: large (mice selected at each generation with large
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body weights), small (mice selected with small body weights) and control (unselected
mice). The real data were extracted from the package shapes by mean of the dataset
mice available in the software R (for more details, see <https://cran.r-project.org/web/
packages/shapes/index.html>). In this dataset, 6 landmarks have been measured on each

bone and partitioned in two distinct triangles. as illustrated in Figure [I1 and [I3|

-

—h..og.
o
+.......
(o]

Figure 11 — Prototype of the second thoracic vertebra T2 of the group mice. Six mathemat-
ical landmarks (4) on a T2 mouse vertebra, together with 54 pseudo-landmarks
around the outline. This figure was taken from Dryden and Mardial (2016},

pp- 9).

The groups small and large had sample sizes of 23 bones; while the group control,

30 bones. This database has been utilized by many works:

1. Mardia and Dryden| (1989b) have investigated shape changes in pairs of groups
(control, large) and (control, small) under the exact distribution of Bookstein’s

variables and considering possible geometric insights.

2. Kent| (1997) has compared two groups (small and large) of mouse vertebrae in
order to test the difference between mean shapes using the Hotelling’s 7 test Dryden

and Mardia (2016]). This test demonstrated such difference is extremely significant.

3. Micheas, Dey and Mardia| (2006) have considered only the small group in order to
make statistical inference for the mean shape by means of both maximum likelihood

and Bayesian methods for the CWW model.

More details about the biology experiment we are treated can be found in Falconer| (1973,

Johnson et al.| (1985) and [Johnson, O’Higgins and McAndrew| (1988)). In our application,


https://cran.r-project.org/web/packages/shapes/index.html
https://cran.r-project.org/web/packages/shapes/index.html
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we have also considered two configurations of triangle shape extracted from the dataset of

mice.

e Configuration A: triangles that are formed by landmarks 3,4 and 5 in Figure .

e Configuration B: triangles which are designed by landmarks 1,2 and 6 in Figure .

Figures illustrate the database of origin landmarks of the configuration A
for three groups (control, large and small), and Figures exhibit the same for
the configuration B. According to |Dryden and Mardia (2016), the landmarks 1 and 2
are at maximum points of an approximate curvature function, 3 and 5 at the extreme
points of negative curvature at the base of the spinous process, 4 at the tip of the spinous
process, and 6 at the maximal curvature point on the opposite side of the bone from 4.
The under-study objects are highly concentrated and all mutually independent Dryden
and Mardia| (2016).

(a) control in the configuration (b) large in A (c) small in A

(d) control in the configuration (e) large in B (f) small in B
B

Figure 12 — Databases of triangles (i.e., k + 1 = 3 landmarks) representing T2 vertebrae
of mice at configurations A, (a)—(c), and B, (d)—(f).
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In Figure [13, we use the generalized Procrustes analysis on Kent’s partial tangent
coordinates (DRYDEN; MARDIA| [2016) and we obtain the mean shape of the three

groups for configurations A and B.

w Control
* Large
* Small

04

0.2
|

0.0
|

-0.2
|

04

-0.6
|

Figure 13 — Fit of mean shape of the landmark configurations using the generalized
Procrustes analysis to £+ 1 = 6 landmarks. Illustration of the second thoracic
vertebra T2 of mice.

In our study, we were interested at detecting the difference in the pre-shapes of triangles
between the two groups in the two following contexts: (i) control vs. large and (ii)
control vs. small. We have performed the study considering the cases 1 and 2 under
high concentration. For the selection of the sample sizes 10 and 15 of the two groups, we
made the resampling procedure with 1000 Monte Carlo experiments. We considered the
resamples without replace of two groups.

Table [10] displays the rejection rates under null hypothesis of the proposed and F2 tests
between the groups control and large at the case 1 and configuration A. Note that, for
sample size 10 and 15, we verify the proposed distance-based tests detect the difference
between mean shapes, while the F2 test does not reject the null hypothesis. But when
considering the total sample size all tests present good results. Thus, we may partially
conclude our proposals performed better than F2 in small samples, condition commonly
found in SSA experiments.

In Table 28] we carried out the experiment for the comparison control vs. large at

the case 2. Results indicate that the proposed tests have rejected the equality of mean
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Table 10 — Rejection rates under Hy for control vs. large at k3 = ko and configuration

A

Landmarks n; mns Qg0 Qgos Qugo7 Qlgo.9 as, Qs Qs

(3,4,5) 10 10 | 0.047 0.048 0.048 0.047 0.048 0.032  0.164
15 15| 0.044 0.044 0.044 0.044 0.044 0.03 0.216
30 23 | 0.04496 0.04492 0.04492 0.04496 0.04491 0.04917 0.0458

shapes as expected, with exception of the KL test at ny = 30 and ny = 23.

Table 11 — Rejection rates under Hy for control vs. large at x; # ko and the configura-

tion A
Landmarks ny N9 @5%1 @5%3 ds%j @5%9 CA“SB @SH @SKL
(3,4,5) 10 10| 0.025  0.024 0.024  0.025  0.024 0 0
15 15| 0.035  0.034 0.034  0.035  0.033 0 0
30 23 | 0.0311 0.03417 0.03417 0.0311 0.03519 0.04112 0.06243

Table displays the rejection rates under null hypothesis for control vs. small,
considering the configuration B and case 1. For two smallest sample sizes, the F2 test did
not detect difference between the mean shapes, whilst the proposed tests identified the
discrepancy. The increasing of the sample size tends to correct the F2 performance and all

tests concludes what it is expected, there is difference between groups control and small.

Table 12 — Rejection rates under Hy for group control vs. small at k3 = kg and the
configuration B

Landmarks n; ns Qg0 Qg0 Qugo7 Qg0 Qs Qs, Qs

(1,2,6) 10 10| 0.013 0.013 0.013 0.013  0.013 0.008  0.209
15 15| 0.025 0.025 0.025 0.025 0.025 0.021  0.322
30 23| 0.04997 0.04996 0.04996 0.04997 0 0 0.03165

Table (13| furnishes results for all proposed tests in control vs. small and the case 2.
We recommend the H test because it has presented the empirical test sizes more closed to
5%.

In summary, considering the two configurations for the case 1, we noted the proposed
tests outcomed the F2 test, what indicates our methodology as good tools to detect

differences in complex spherical pre-shapes of triangles in the two-sample context. Taking
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the case 2, the Hellinger statistic obtained better results, particularly for sample sizes

ny = 30 and N9 = 23.

Table 13 — Rejection rates under Hy for group control vs. small at ki # ko and the
configuration B

Landmarks ny N9 @5%1 @5%3 ds%j ds%s &SB éng CAYSKL
(1,2,6) 10 10 | 0.003 0.003 0.003 0.003 0.003 0 0
15 15| 0.006 0.004 0.004 0.006 0.004 0 0
30 23| 0.03763 0.04231 0.04231 0.03763 0.04388 0.05037 0.02209

3.5 CONCLUSION

This chapter has proposed four distance-based two-sample hypothesis tests for quanti-
fying differences between triangle mean shapes. We have assumed the well-defined complex
Watson (CW) distribution for describing pre-shape data. We have furnished expressions for
Rényi, Kullback-Leibler, Bhattacharyya and Hellinger distances on the CWW model as well
as have motivated their use in SSA for triangle complex spherical data. As a consequence
from the use of proposed stochastic distances, we have provided pivotal quantities, which
have been successfully employed to verify if two samples of triangle pre-shapes come from
the same spherical probability measure on both low and high concentration degrees. The
performance of our proposals has been quantified by means of Monte Carlo experiments
and compared with the Sgo statistics test, well-defined tool for the CW model. Results
have presented evidence that the Sg, S, Sy and Sk, tests may present estimated type I
errors which are controlled. Moreover, estimated (in terms of rotation matrices) power
functions of the proposed tests (with exception of the Kullback-Leibler version which is
invariant under rotation) have obtained the good behavior, even on low concentration.
Finally, we have illustrated the potentiality of these measures on real data. Our application
has evaluated the difference between mean shapes of the two groups on second thoracic
vertebrae T2 of mice. Results have favored three of our proposed tests, mainly in small

sample size experiments.
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4 DIVERGENCE-BASED PIVOTAL STATIS-
TICS FOR PLANAR-SHAPE

4.1 Introduction

In this chapter, we propose new divergence-based two-sample tests in planar-shape.
First we derive the Rényi, KL, Bhattacharyya and Hellinger distances for the CB distribu-
tion and, as a consequence, provide four relating hypothesis tests. Further we prove that
the KL-based statistics is invariant under rotation and, therefore, it is able only to study
homogeneity. Adopting as figures of merit both (i) test size and power and (ii) robustness,
we make a Monte Carlo study to quantify the performance of our proposals, in comparison
with other four SSA tests: Hotelling 72, Goodall, James and lambda. Results indicate
divergence-based tests have empirical test size as controlled (closed to adopted nominal
level) as the literature ones; but, our proposals outperform the remainder in terms of
both empirical test power and robustness. Finally, an application to real data is made in
the |O’Higgins and Dryden| (1993)) context. Results provide evidence in favor of all our
proposals, with exception of the KL test (which has statistics invariant under rotation).

The remainder of this chapter is organized as follows. Section approaches a survey
of some of main planar-shape literature tests. In section addresses the proposal of new
divergence-based hypothesis tests. Section we furnish numerical results from synthetic
and actual experiments. Concluding remarks are presented in section Subsequently,

the Appendix [B] provides details about the derived results.

4.2 A survey about some hypothesis tests for planar-shape

Now some hypothesis tests (for mean shapes) which are well-defined in the SSA
literature are discussed. Over the years, proposing statistical inference methods in planar-
shape has been addressing by many papers. Lele and Richtsmeier| (1991) have provided a
test for shape difference based on a matrix analysis which was equipped by an Euclidean

distance. |Lele and III} (1996]) have addressed to test the equality of two shapes from
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landmark configuration data when covariance matrices are unequal. Rohlf| (2000b) has
presented a survey about important SSA two-sample tests for shape equality as well
as a comparative study of their empirical test powers. Micheas and Dey| (2005b) have
derived hypothesis tests and credible regions for average shape difference from a Bayesian
viewpoint, assuming the complex elliptical shape distribution. The hypothesis tests which
were proposed by Hotelling 72, Goodall F', James (SEBER/ [1984) and lambda (AMARAL;
DRYDEN; WOOD, [2007)) have aimed to check if there is shape difference between two
independent random samples which are extracted from two-dimensional objects. In what

follows, we discuss these four two-sample tests. The common hypotheses of these tests are

Hoy: [p1] = [pe] (= [po]) vs. Hi: [pa],[pe] unrestricted, (4.1)

where [po] is the common mean shape. The notation [p;] = {exp(iv)p; : 0 < v < 27}
for j = 1,2 represents the shape, corresponding to the modal pre-shape p;. The full
Procrustes estimate of mean shape [fi] can be defined as the eigenvector which corresponds
to the largest eigenvalue of product matrix S (DRYDEN; MARDIA| 2016). Below, we

describe, briefly, the exiting test present in literature.

a) Lambda statistics (AMARAL; DRYDEN; WOOD), 2007): Consider {X;;;j =1,...,n;}
for i =1, ...,p be p independent samples at C? and let fi; be the estimator for pg
based on the ith sample. Under the assumptions in Amaral, Dryden and Wood
(2007) and choosing the matrix M, for i = 1,...,p, such as in this reference, we
have that

n'/2 M pg ﬁ CN4-1(0,Gy),

where

G, has full rank and is a positive definite hermitian matrix. So, assuming
— — k —_— —
To(p) = 2p" Agp and Ay = n Y M;G; " M, (4.2)
i=1
for é’\z is the be a consistent estimator for G;, the lambda statistic — denoted by
Amin — 1S the smallest eigenvalue of :4\0 in and fiy is the corresponding unit
eigenvector. So,

Ami [To(p)] = To(fro)-

L = Iin
{pef|pel =1}
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Under some conditions proposed in |Fisher et al|(1996|), one has that
D
Amin 7= Xa(p-1)(d-1)»

n—oo

where p is the sample size d is the dimension of the space considered.

Hotelling T2 statistic (AMARAL; DRYDEN; WOOD, 2007; DRYDEN; MARDIA,

2016): Let X;,,..., X, for i = 1,2 be two independent random samples which
are drawn from population variables with mean shapes p; and py. We consider
a two-sample test for data in the Procrustes tangent space. In this context, the
pole corresponds to the overall pooled full Procrustes with mean shape ;. Let
v1,...,Vy and wi,...,w,, be the partial Procrustes tangent coordinates (with
pole f1;, i = 1,2). A multivariate normal model is proposed in the tangent space,
where v; ~ N(&;,%) for i =1,2,...,ny, wj ~ N(&;, %) for j =1,2,...,ny and v,
and w; are all mutually independent. Let (U,w) and (S, S2) denote the pairs of
sample means and covariance matrices in each group. If the covariance matrices are
assumed to be equal, then the squared Mahalanobis distance between ¥ and w is
D? = (v —w)'S, (v — w), where S, = (ny +ny — 2)71(n1 Sy + n2S2) and S, is
the Moore-Penrose generalized inverse of S,,. Under Hy, we have & = &> and the

two-sample Hotelling T2 statistics is

nlng(nl + ng — M — 1)

Fy =
a (n1+n2) (n1+n2—2)M

D2

where M = 2p — 2 is the dimension of the planar-shape space. This statistic follows
the Faf(ni4n,—m—1) distribution under Hy and the associated test is appropriate
when variability is small and hence the tangent space approximation is reasonable.

As decision rule, one rejects Hy for large values of Fpy.

James statistics (JAMES| 1954; SEBER) 1984): When covariance matrices in the
previous item are not assumed to be equal, an alternative is to use the test statistic

proposed by [James| (1954)), given by

1 1 -
F; = (v—w)' (Sv - S,,,,) (v — w).
ny (%)
This statistics follows asymptotically the x3, distribution, under Hy, regardless of

whether or not 3; and X, are equal. In this case, we reject Hy for large values of

Fy.
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d) Goodall statistics (GOODALL; [1991): If 3; = ¥, = 3 and we have the isotropic co-

variance structure X = 2021, then the statistic reduces to|Goodall (1991)) two-sample

F statistic. Under Hy, the following statistic has the Fis (n,4n,—2)n distribution:

. <”1+n2—2), dE (i, fis)
G nl_l +n2_1 ny ) . n2 ) . )
ZdF(Xli> 1) + ZdF(X2j7 f12)

i=1 j=1

this result is valid for small o and we reject Hy for large values of Fg.

Now we discuss shortly assumptions of previous four tests. According to [Amaral,
Dryden and Wood| (2007)), the lambda statistic is designed for highly concentrated data.

The Goodall statistic (DRYDEN; MARDIA| [2016, p. 199) assumes the complex
normal joint distribution on the landmark space, rotational symmetry and equal dispersion
structure across populations. The Hotelling T2 statistic (DRYDEN; MARDIA| 2016, p.
187) allows general dispersion structures and normality for the observations on the tangent
space. The James statistic (SEBER], |1984} p.115) is a modified version of the Hotelling 7"
statistic, admitting different dispersion structures. The four tests we discussed previously

will be compared.

4.3 New Divergence-Based Tests in Planar-Shape

Now we present closed-form expressions for the KL, Rényi, Bhattacharyya and Hellinger

distances between CB probability measures.

Theorem 4.1. Let &1 ~ CBy_1(A1) and s ~ CBy_1(As) with pdfs given, respectively,
by fz,(2; A1) and fo,(z; As). Then the KL distance is expressed by

1
dii (A, As) = [

where Ay = diag{/\gq),)\gﬁ, e ,)\iq)} is the diagonal matriz of eigenvalues of A, for

q = 1,2. The expression for the first derivative of the CB normalization constant is

Jc(A) _ ok {i aexp(A;)

+ ajexp(N;) — a;bjexp(N;) |,
a)\] = ()\l_)\]) J ( ]) 777 ( ])
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1 1
witha; = || —— and b; =) ——.
’ g (A — ) ’ ; (A = A)

Theorem 4.2. Under conditions in Theorem the Rényi distance (d%) with order

parameter 3 € (0,1) is

dg(A17A2) _ 1 log{ c*ﬁ(Al)c(ﬁfl)(Ag)c(Ang) + C*B(AQ)C(ﬁfl)(Al)c(ARgl) },

g—1 2
where A; is the matriz of eigenvalues of A; for i = 1,2, Agr1o is the matriz of eigenvalues

of [BA1 + (1 — B)As] and Agsy is the matrix of eigenvalues of [5 Az + (1 — B)A4].

The proof for the two previous theorems is in Appendix [B] The following corollary holds
from Theorem [£.2]

Corollary 4.1. Under conditions in Theorem [4.3, Hellinger and the Bhattacharyya

distances are

dr(Ar, Ag) = 1 — [e(Ay)c(Az)]2e[(Ay)],
and
do(Ar, A2) = Jlogle(An)e(Az)] — logle(Ay)],

where Ay and Ao are the matrices of eigenvalues of Ay and As, respectively, and Az is

1
the matriz of eigenvalues of §(A1 + As).

A proof of these results

can be found in Appendix . According to Kent, Constable and Er| (2004), the matrix
parameters A and A 4+ YI,, T € R, indicate the CB same distribution. Hence, without
loss of generality, we may shift the eigenvalues of A so that they are non positive with
the largest one equals to 0. Let Ay > Ay > ... > A\ = 0 denote the eigenvalues of —A.
This change is used for all simulation procedures in this chapter. Figure [14]illustrates the
behavior of all distances proposed in Theorems and and Corollary .1} For this, we
generate a CB distributed sample with size n = 30, vector of eigenvalues A = (200, 100, 0)
and number of landmarks k£ 4+ 1 = 4. We obtain as MLE the matrix

10.299737 4 0i 35.028267 — 5.2182851 —0.272037 + 1.593317i
A= 35.028267 + 5.2182851 90.690588 — 0i 3.499143 — 1.834944i )
—0.272037 — 1.5933171  3.499143 + 1.834944i 199.009675 — 0i
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which is used to illustrate the derived distances. The distances between A and (14 7)A
for |7] < 0.01 are then plotted in Figure[14 For the Rényi distance, we assume the order
parameter 3 € {0.1,0.3,0.7,0.9}. It is noticeable the following inequality holds:

A% < dp = dy < &% < d% < d% < dgr.

Further, d tends to dg; when 51 1.

Distances
1.5e-05 2.0e-05 2.5e-05
1 1 1

1.0e-05
1

5.0e-06
1

0.0e+00
1

Figure 14 — Illustration of the Hellinger, Kullback-Leibler, Bhattacharyya and Rényi ( with
order 8 € {0.1,0.3,0.7,0.9} ) distances. For graphical procedure we consider
the configuration: sample size n = 30, vector eigenvalues A = (200, 100, 0) and
number of landmarks k£ 4+ 1 = 4. We compute the distances between A and
(14 7)A with |7] < 0.01

In contrast with the expressions for d%, dp and dg, the KL distance depends only of
eigenvalues of matrices in its arguments. This fact is linked with the property of rotation

invariant, which is satisfied only by dgr.

Proposition 4.1. Let 1 ~ CBy_1(A1) and s ~ CBy_1(As). Let R be a rotation

matriz, then the Kullback-Leibler distance is invariant under scalar rotation, i.e.,
dxr(A1, As) = dg (A1, R"AsR).

Details about rotation matrix and the proof of Proposition [4.1|are presented in Appendix

B. Figure [15] illustrates this property. In particular, we investigate the effect of rotation
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(dependent of an angle, ¢ € (0,0.97)) over the KL. and Hellinger distances. Large values
angle imply high differences between A; and A, such as discussed by [Amaral, Dryden
and Wood| (2007). Note that the Hellinger distance detects the increasing of variation;

while the KL. measure is not sensible to such variation.
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(a) Hellinger distance (b) Kullback-Leibler distance

Figure 15 — Distances between two matrices with and without rotation in terms of the
angle ¢ € (0,0.97). For graphical procedure we take: eigenvalues vector
A = (200,100, 0), sample size n = 30 and number of landmarks k£ + 1 =4

4.3.1 New hypothesis tests

Now, we are in position to present the proposed hypothesis tests. Consider Zl and Zg
be MLEs for A; and A, based on two observed samples having sizes n; and no, respectively.
We recall MLEs for eigenvectors of the matrix A, are ones of S§; with j = 1,2. Further,
one should use an optimization non linear procedure for obtaining MLEs for eigenvalues
of A; and, as a consequence from the spectral decomposition, matrix MLEs of A; are
obtained.

Consider initially we are interested to test
H,Q . A1 = A2 vSs. Hll . A1 7é AQ. (43)
Once the matrices A; are hermitian, it follows from the Spectral Theorem (?7) that

I'A;T; = Aj, where I'; is the matrix of eigenvectors of A;. Thus, the hypotheses

in (4.3 can be rewritten as:

H()ZAl:Ag vS. Hll 2A1 #Ag
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From the SSA physical perspective, the rejection of Hy may indicate three scenarios:

i) There is difference between diagonal matrices of eigenvalues under common eigen-

vectors taking as nuisance parameters; i.e,

H()iAl :A2 vS. H1 IAI%AQ.

ii According to Mardia and Dryden| (1999), if \] = --- = X,_,, for j = 1,2, then the CB
distribution collapses in the complex Watson CIW model, which has as parameters
the mean shape (say p) and a concentration parameter (say x). Assuming k as a

nuisance common parameter, (4.3)) is replaced by

H : [p1] = [pa] wvs. H{ :[p], [p2] unrestricted. (4.4)

where p; is the populacional mean shape associated to ith sample for : = 1,2. The

hypothesis [£.4] are often used in the SSA literature.

iii) There is difference between full matrices. In this case, the test is over .

In this chapter, we focus on the conditions i) and ii) because they are related with
tests which were discussed in Section . By the argument in condition ii) one has —
similarly the CB model which extends the CW distribution — “Hy : Ay = Ay” generalizes
“Hy : [m1] = [po]” under restrictions ii.1) M = --- = M., = X, ii.2) A, = 0 and iii.3)
X, = q(p;) and ¢ : CS*' — R, is a mapping which is determined from the analytical
relation between the CB and CW models.

Under the regularity conditions discussed in Salicrt et al.| (1994)), the following lemma

holds.

Lemma 4.1. Let 0, = (QAH, . ,§1M) and 0y = (521, . ,§2M) be MLEs for parameter

vectors @1 and 05 having My < M common components based on independent samples of
m

sizes ny and ngy, respectively. If — 0 € (0,1) when ny,ny — oo and 6; = 0,

n
then
271177,2 D

S"(6,,0,) = 2
»(01,62) Ny 4 ny mma—od XM Mo

. . D
where v is the o-finite measure on the measurable space (X, B), “—_>> 7 represents
ni,ma2—00

the convergence in distribution, D = {K'L, R, B, H} and v is a chosen value according to
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the used stochastic distance; i.e., v = [h'(0)¢"(1)]7' = {1,1/8,4,4}. In what follows, we
assume X = {1} and v(1) = 1, which yields

[, 1" (1) dv = K ()" (1)

(Salicri et al., 1994, assumption adopted in Example 1).

Based on Lemma (4.1]) (for the proof, see Salicru et al.| (1994, pp. 377-381)), the tests

for the null hypothesis 8; = 8, can be derived in the form of the following proposition.

Proposition 4.2. Let ny and ny be large and SD(§1,§2) = s, then the null hypothesis
Hy : 0, = 05 can be rejected at level o if the observed s is greater than the upper a quantile

of X3r—n1, distribution.

It follows from Lemma and Proposition (taking My = 1 due to identifiability
condition of the CB model as discussed in Subsection combined with Theorems
and [£.2] and Corollary [4.] four new hypothesis tests for the CB distribution. The degrees
of freedom of the pivotal statistics of proposed tests are associated to the condition i)
that generalizes the case ii) (for which four literature tests are alternatives) and represent
the quantity of the eigenvalues minus one (of restrictions A\, = 0) to eliminate CB no

identifiability.

a) Kullback-Leibler statistics - Sk (-, ) :

2n1n2

—_ D
dKL(AlaAQ) — Xi—r

nl + n2 n1,N2—>00

Skr(Ay, Ay) =

b) Rényi statistics with order 3 - So(-, -):

— =~ 2nmn — D
B _ p-1 172 8 2
Sr(A1, Az) = . dp(A1, As) | = Xk-1- (4.5)
c) Bhattacharyya statistics - Sg(-,-):
— —~.  8niny ~ = D 9

Sp(Ai1, Ag) = L + 1 dB(Al,AQ)mJ;;OO Xk—1

d) Hellinger statistics - Sg(-, -):
8n1n2

—~ D
dy(A, A2)  —  Xiy

nl _I_ n2 ni,ng—00

Su(Ay, Ay) =
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4.4 Numerical Results and Discussion

This section is organized in three parts. First the performance of well-defined and
proposed tests is quantified in terms of estimated test sizes and powers for CB generated
data. Second a robustness study for such tests is made. Finally an application to real
data from a evolutionary biology experiment is designed and discussed. For numerical
assessment, we use the literature tests which are implemented in the function resampletest on
the package shapes (see <https://cran.r-project.org/web /packages/shapes/index.html>)

of the software R.

4.4.1 Asymptotic behavior analysis of pivotal statistics from synthetic data

Here, we investigate how much considered tests approximate of what it is asymptotically
expected. To that end we first present evidence proposed tests follow the chi-squared
distribution with & — 1 degrees of freedom. Once all pivotal statistics are (under null
hypothesis) asymptotically equivalent, we display only results for the Rényi statistic at
order 8 = 0.9, say S%°. Figures [16| exhibits results of a Monte Carlo simulation study,
having 4000 replications to describe the limit distribution of S%°. In particular, we
use outcomes from two CB distributed random samples having vector of eigenvalues
A = {200, 100, 0}, number of landmarks k + 1 = 4 and sample sizes n; = 70 and ny = 100.
Then, theoretical and empirical densities for values of S%" are displayed in Figures and
m as well as the respective quantile-quantile plot (qq-plot). It is noticeable results favor
derived statistics are in fact asymptotically chi-squared with £ — 1 degrees of freedom.
In quantitative terms, the KS test has been applied to the array of observed statistics,
yielding p-value 0.3513 as expected.

Now we present results of a test size study for proposed Kullback-Leibler, Rényi
(8 € {0.1,0.3,0.7,0.9}), Bhattacharyya and Hellinger tests. From the planar-shape
literature as discussed by Dryden and Mardia (2016]), it has noticed that the CB distribution
imposes a hard estimation process which depends of the degree of concentration of data
into the unit complex sphere. Then, we divide our study in two scenarios. We define the
first and second scenarios as low and high concentrations, respectively. We use the term

“high concentration” for data generated from the CB distribution at the eigenvalue vector


https://cran.r-project.org/web/packages/shapes/index.html
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Figure 16 — Asymptotic behavior of the Rényi (with order 8 = 0.9) statistics. For graphical
procedure we consider the configuration: eigenvalues vector A = {200, 100, 0},
number of landmarks k + 1 = 4 and sample sizes n; = 70 and ny = 100

A = (A1, A2, 0), such that A\j; > A2 and [A;; — Aj2| > 100; for otherwise, we denoted by
“low concentration” Leu and Damien| (2014)) have used a similar setup. Further, in all the
simulation procedure, we consider 4000 Monte Carlo replications with adopted significance
level a = 0.05.

Table [14] displays the empirical test sizes for the proposed tests under low concentration
scenario. In general distance-based tests have demonstrated controlled empirical test sizes
(i.e., good approximations to the adopted nominal level, 5%) for both small and large
sample sizes. There is mild evidence at the case A = (8,2,0) that better rates are obtained
as the sample size increases.

To compare rates in Table [14] with those of four well-defined planar-shape tests — say
Hotelling T2, James, Goodall and lambda — Table [15| shows rates of the latter. It has
been observable the F test performed very poorly for all sample sizes and the A, test
overestimated meaningfully the adopted nominal level for small sample sizes. About the
Amin Statistic, results might be justified because this test has been designed for highly
concentrated data. In general, the Fy and F); tests have approached well 5% (i.e., have
controlled estimated test sizes). These tests have similar rates and this can be justified

because our studies assume samples which are generated under the equal covariance
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Table 14 — Rejection rates under H(/) of distance-based (Rényi, Bhattacharyya, Hellinger
and Kullback-Leibler) tests for low concentration scenario. The adopted
nominal level o = 5%

A ny %) S%l S%d 5%7 5%9 SB SH SKL
(10,5,0) 30 20 | 0.056 0.053 0.053 0.056 0.052 0.047 0.057
30 50 | 0.052 0.05 0.05 0.062 0.052 0.048 0.052

50 50 | 0.061 0.056 0.05 0.051 0.05 0.048 0.051

70 100 | 0.048 0.048 0.048 0.048 0.048 0.047 0.049

120 150 | 0.049 0.048 0.048 0.049 0.048 0.048 0.049

(8,2,0) 30 20 |0.054 0.053 0.053 0.054 0.052 0.047 0.055
30 50 | 0.058 0.058 0.058 0.058 0.058 0.056 0.058

50 50 | 0.043 0.043 0.043 0.043 0.042 0.039 0.044

70 100 | 0.05 0.05 0.05 0.05 0.05 0.049 0.051

120 150 | 0.052 0.052 0.052 0.052 0.052 0.052 0.053

Table 15 — Rejection rates under H, of literature ( Hotelling 72, Goodall, James and
lambda) tests for low concentration scenario. The adopted nominal level
a=5%

A nq o FH FG FJ )\min
(10,5,0) 30 20 | 0.05 0.255 0.054 0.074
30 50 | 0.055 0.271 0.058 0.08

50 50 | 0.052 0.282 0.053 0.059

70 100 | 0.057 0.284 0.058 0.066

120 150 | 0.045 0.275 0.045 0.056

(8,2,0) 30 20 |0.052 0.647 0.056 0.086
30 50 | 0.053 0.663 0.054 0.086

50 50 | 0.056 0.687 0.056 0.064

70 100 | 0.052 0.685 0.051 0.062

120 150 | 0.046 0.679 0.047 0.052

matrices.

Table [16] provides empirical test sizes for the proposed tests under high concentration.
In general all tests have performed well, presenting rates which were closed to the adopted
nominal level a = 0.05. The worst results were obtained by Sg and Sy. In the Table [17]
results have given evidence that Fy and F); can furnish better rates than Fg and A,
analogously to what happened on low concentration. In summary, for high concentration
scenarios, results from Tables [16] and 17| have suggested that proposed tests can provide
empirical test sizes as good as those of Fy and F}.

Now we consider a study of test power (i.e., the rejection rates when samples come from
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Table 16 — Rejection rates under H(/) of distance-based (Rényi, Bhattacharyya, Hellinger
and Kullback-Leibler) tests for high concentration scenario. The adopted
nominal level o = 5%

A ny %) S%l S%d 5%7 S%g SB SH SKL
(200,100,0) 30 20 | 0.050 0.048 0.048 0.050 0.047 0.042 0.053
30 50 | 0.056 0.054 0.054 0.056 0.054 0.061 0.058

50 50 | 0.050 0.049 0.049 0.050 0.048 0.045 0.052

70 100 | 0.051 0.051 0.051 0.051 0.050 0.048 0.052

120 150 | 0.049 0.048 0.048 0.049 0.047 0.046 0.049

(300,150,0) 30 20 | 0.049 0.047 0.047 0.049 0.046 0.041 0.052
30 50 | 0.055 0.054 0.054 0.055 0.054 0.051 0.058

50 50 | 0.049 0.047 0.047 0.049 0.046 0.045 0.050

70 100 | 0.051 0.050 0.050 0.051 0.049 0.048 0.052

120 150 | 0.047 0.047 0.047 0.047 0.047 0.046 0.048

Table 17 — Rejection rates under H, of literature (Hotelling 72, Goodall, James and

lambda) tests for high concentration scenario. The adopted nominal level
a=5%

A ny UP; Fy Fg Fy Amin
(200,100,0) 30 20 | 0.046 0.055 0.048 0.076
30 50 | 0.046 0.061 0.05 0.078

50 50 | 0.0561 0.062 0.051 0.059

70 100 | 0.049 0.058 0.048 0.058

120 150 | 0.058 0.065 0.058 0.063

(300,150,0) 30 20 | 0.046 0.053 0.049 0.049
30 50 | 0.046 0.059 0.05 0.078

50 50 [ 0.0561 0.06 0.051 0.058

70 100 | 0.049 0.058 0.048 0.058

120 150 | 0.058 0.064 0.058 0.063

different distributions). For this, it is necessary to determine a mechanism of separation of
Hy and H;. We employ a procedure called transformation of the null hypothesis, described
by Amaral, Dryden and Wood| (2007). In this procedure, we obtain a rotation matrix that
— when applied to data — allows a sample to have the same mean shape. Figures and
display several empirical power function cases for proposed and literature tests in
terms of angle ¢, respectively. Here the used sequence of angles for graphics of the power
function has been defined in ¢ € {0,0.0017,0.0047,0.0067, 0.0087,0.017,0.027}. Under
high concentration scenarios, we considered the vector of eigenvalues A = (300, 150, 0)

and sample sizes n; = 30 and ny = 20. We generated two samples under H, and
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after transformed one of them to make Hj false, pre-multiplying by the rotation matrix.
Taking the estimated test power as comparison criterion, our proposals have performed
meaningfully better than Fpy, Fo, F'; and Ay, tests. Among the literature tests, the
lambda test presented the highest power. For the proposed statistics, the Rényi (with

p € {0.1,0.9}) tests provided the best rates among both proposed and literature tests.
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(a) Power function for distance-based tests under (b) Power function for planar-shape literature
high concentration scenario tests under high concentration scenario

Figure 17 — Empirical power function for discussed tests under high concentration. For
graphical configuration we take: eigenvalue of vector A = (300, 150, 0), sample
sizes n; = 30 and ny = 20, number of landmarks £ + 1 = 4 and the angle
selected to compute the rotation matrix ¢

Table [18] presents values for the power function of proposed distance-based tests under
low concentration. Note that the power values tend to one as the sample size and angle
increase as expected. Results of empirical power function under high concentration are
given in the Table [I9 Proposed tests have presented behavior better than those in
lower concentration. It is expected because changes under high concentration are more
apparent, implying in higher empirical power. Table [20] presents a power study for the
literature tests under the low concentration scenarios. The lambda test has presented
the best performance, but its growth was slower than divergence-based tests. Table
gives empirical power results under the high concentration scenario. Results pointed out
all tests worked well. In summary, the proposed tests were meaningfully more powerful

than literature tests, more expressive differences are given for low concentration and small
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rotation. For high concentration, considering the angles ¢,oper = {0.0017,0.0087}, the

proposed ones overcame the literature tests.

Table 18 — Rejection rates under Hi of distance-based (Rényi, Bhattacharyya and
Hellinger) tests for low concentration scenario. The adopted nominal level
a=5%

A prower ny N9 ds%l @5%3 545%7 ds%.s) &SB @SH

(10,5,0) 0.001wx 30 50 | 0.67475 0.67300 0.67300 0.67475 0.67225 0.65975
50 50 | 0.67850 0.6765  0.6765 0.67850 0.67650 0.66525

70 100 | 0.68575 0.68525 0.68525 0.68575 0.6850 0.67700

0.0087 30 50 | 0.70825 0.70550 0.70550 0.70825 0.70525 0.69450

50 50 | 0.68775 0.6865 0.6865 0.68775 0.68625 0.67825

70 100 | 0.69700 0.69625 0.69625 0.69700 0.6960 0.68950

0.05m 30 50 | 0.92475 0.92425 0.92425 0.92475 0.92375 0.91850

50 50 ]0.95975 0.9595  0.9595 0.95975 0.95925 0.95625

70 100 | 0.98750 0.98750 0.98750 0.9875  0.9875 0.98725

Table 19 — Rejection rates under H; of distance-based (Rényi, Bhattacharyya and
Hellinger) tests for high concentration scenario. The adopted nominal level
a=5%

A (bpower n1 N9 Oés%l Oés%.a 055%7 045%9 asg (07

(200,100,0) 0.0017 30 50 | 0.6930 0.68875 0.68875 0.6930 0.68725 0.67200
50 50 | 0.691  0.68675 0.68675 0.691  0.68525 0.6745
70 100 | 0.67075 0.66775 0.66775 0.67075 0.66725 0.66125

0.008w 30 50 | 0.8985 0.89725 0.89725 0.8985 0.89725 0.89275
50 50 | 0.940 0.93975 0.93975 0.940 0.93975 0.9350
70 100 | 0.98075 0.98075 0.98075 0.98075 0.98050 0.98000

0.05w 30 50 1.00 1.00 1.00 1.00 1.00 1.00
50 50 1.00 1.00 1.00 1.00 1.00 1.00
70 100 1.00 1.00 1.00 1.00 1.00 1.00

Note that the KL test has not been considered in the previous discussion about
power. According to Proposition [4.1] the KL distance is invariant under rotation and,
therefore, the KL test is not adequate to test . However, this test may be useful to
detect changes in eigenvalues of the CB parameters; meaning changes in the degree of
concentration. To illustrate this, we also perform a second way of variation under the
alternative hypothesis. We consider an additional simulation study to assess power in
terms of change in eigenvalues of the CB parameter. To that end, we adopt the following

setup: (i) two samples of CB generated data at the vectors of eigenvalues A = (300, 150, 0)
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Table 20 — Rejection rates under Hf of distance-based (Hotelling T?, James, Goodall
and lambda) tests for low concentration scenario. The adopted nominal level
a=5%

A gbpower n Uz FH FJ FG’ >\min
(10,5,0) 0.001w 30 50 | 0.05450 0.05425 0.27600 0.08125
50 50 | 0.05150 0.05200 0.27975 0.06050

70 100 | 0.05475 0.05500 0.27275 0.06475

0.0087 30 50 | 0.05800 0.05600 0.27050 0.08650

50 50 | 0.06500 0.06500 0.29400 0.07200

70 100 | 0.06325 0.06200 0.30875 0.07675

0.06r 30 50 | 0.41625 0.41250 0.66725 0.50925

50 50 | 0.51850 0.52050 0.75425 0.57225

70 100 | 0.79175 0.78950 0.91400 0.84300

Table 21 — Rejection rates under H, of distance-based (Hotelling 72, James, Goodall
and lambda) tests for high concentration scenario. The adopted nominal level

a=5%

A (bpower T T2 FH FJ FG /\min
(200,100,0) 0.0017 30 50 | 0.05225 0.05250 0.06550 0.08300
50 50 | 0.05750 0.05775 0.06375 0.0650

70 100 | 0.05525 0.05350 0.06450 0.07100

0.0087 30 50 | 0.35600 0.35475 0.25125 0.44625

50 50 | 0.47500 0.47725 0.35625 0.51600

70 100 | 0.70575 0.70800 0.54775 0.74975

0.057m 30 50 1.00 1.00 1.00 1.00

50 50 1.00 1.00 1.00 1.00

70 100 1.00 1.00 1.00 1.00

and (1 + ¢) - A such that € € {0,0.1,0.2,0.3,0.4,0.5,0.6,0.8,0.9,1.0}, and (ii) number of
landmarks k£ + 1 = 4, the sample sizes n; = 70 and ny = 100 and 4000 Monte Carlo
replicas. Figure [18| exhibits results of empirical powers. As literature tests are appropriate
only for changes in mean shapes, we do not consider them in this study. We compare
the performance of KL and Rényi (with order 5 € {0.005,0.9}) tests. Note that both KL
and Rényi rejection rates have increased for one, but the Rényi test showed to be more
powerful than the KL test. Furthermore, independently if we choose the order () close or

away from 1, the behavior of the Rényi statistic is the same.
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Figure 18 — Empirical power function for the proposed Rényi (with order g € {0.005,0.9})
and KL tests without rotation matrix. For simulation procedure we take:
sample sizes n; = 70 and ny = 100, eigenvalues vector A = (300, 150, 0).
To ensure that the procedure is under the alternative hypothesis we pre-
multiply the eigenvalue vector of the second sample by (1 + ¢) such that
€4{0,0.1,0.2,0.3,0.4,0.5,0.6,0.8,0.9, 1.0}

4.4.2 Robustness analysis from synthetic data

Beside comparing considered tests by their asymptotic performances, we also study
how much they are robust before contaminated spherical samples. Specifically 4000 Monte

Carlo replicas have been considered and we implemented the following procedures:

a) We generate two samples coming of the CB under high concentration scenario with

eigenvalues vector \; = {300, 150,0}) with sample sizes n; — 2 and ny — 2;

b) We simulate one pair of the CB generated outcomes, weakly concentrated with

eigenvalues vector \y = {10, 5,0};

c) We concatenate the highly concentrated samples with the two observations obtained

in the low concentration scenario.

Tables [22] and 23] approach empirical rejection rates under contaminated samples
for (i) distance-based and (ii) planar-shape literature tests, respectively. Proposed tests

have presented estimated test sizes which were near to 5%; while the performance of
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remainder tests has been strongly affected by inserting points of low concentrated in highly

concentrated samples.

Table 22 — Rejection rates under Hé of distance-based (Rényi, Bhattacharyya, Hellinger
and Kullback-Leibler) tests for contaminated samples. The adopted nominal
level a = 5%

nq N9 S%l 5%3 5%7 S%g SB SH SKL
30 50 | 0.051 0.049 0.049 0.051 0.048 0.044 0.053
70 100 | 0.043 0.042 0.042 0.043 0.041 0.04 0.043
120 80 | 0.051 0.05 0.05 0.051 0.05 0.049 0.052
140 200 | 0.049 0.048 0.048 0.049 0.048 0.048 0.049

Table 23 — Rejection rates under H, of literature (Hotelling 72, James, Goodall and
lambda) tests for contaminated samples. The adopted nominal level o = 5%

n1 U Fy Fa Fy Amin
30 50 | 0.015 0.003 0.015 0.015
70 100 | 0.017 0.011 0.016 0.022
120 80 | 0.024 0.02 0.024 0.027
140 200 | 0.035 0.036 0.034 0.044

To complement the previous discussion Figures [19| exhibits curves of power function
for proposed and literature tests, respectively. For this numeric procedure we consider
the angle ¢ € {0,0.0017,0.0047, 0.0067, 0.0087, 0.017, 0.027, 0.057} for computation of
the rotation matrix and the sample sizes n;y = 30 and ny = 50. It can note for the
literature tests in the Figure that the Goodall test showed worst robustness, while the
lambda test presented the best behavior. For proposed tests in Figure [I9a] the Hellinger
test has been the less robust, comparatively those defined from the Rényi (with order
p € {0.1,0.9}) test. In short, based in the results synthetic and real data, we indicate
the Rényi for any order parameter and Bhattacharyya tests for detect difference between

mean shapes.

4.4.3 Evolutionary biology data analysis

This section addresses an application in evolutionary biology. Specifically, the sexual
dimorphism Oxnard| (1983)) is investigated in the species Pan troglodytes (chimpanzee),
which is a member of the genus Pan and of the biological family Hominidae (humans,

chimpanzees, gorillas and orangutans).
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Figure 19 — Empirical power function of considered tests for contaminated samples with
n, = 30 and ny = 50

This dataset was discussed by (O’Higgins and Dryden| (1993).Utilizing some methods
for planar-shape, authors have investigated similarities and differences in cranial sexual
dimorphism of hominoids.

Here we are interested whether samples of male and female chimpanzees skulls have
different mean shapes.

The dataset we use has been constructed based on k = 8 landmarks in the midline of
the cranium of 28 males and 26 females.

Amaral, Dryden and Wood (2007), Dryden and Mardia; (2016)) and (O’Higgins| (1989)
have presented discussions about the dataset we consider.

Two-sample tests for equal mean shape are considered for three subsets of landmarks:

e Configuration A: all eight landmarks, denominated by whole skull region;

e Configuration B: five landmarks (3,4, 5,6 and 7) consisting of the face region and

e Configuration C: five landmarks (1,2, 3,7, and 8) consisting of the braincase region.

The anatomical landmarks located in |(O’Higgins and Dryden (1993)) by an expert biologist

on cranium region of apes are showed in Figure [20}
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Braincase

Figure 20 — Illustration of the configurations A, B and C. This image was taken from
Dryden and Mardia (2016} pp. 19).

S 3 8
> o
N a | 7
° & Y ° & é}
3 = 6
’ o5, & 4 302
. £ 3 # .| ® L i & &
2 g
T T T T T T T T T T T T T T
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
(a) Female of genus Pan. (b) Male of genus Pan.

Figure 21 — Samples of two-dimensional skulls having k& + 1 = 8 landmarks, using full
Procrustes fit.

In order to illustrate this dataset, Figure [21| presents the full Procrustes fit (DRYDEN;
MARDIA| 2016) of the landmarks data for females and males chimpanzees. |O’Higgins and
Dryden| (1993) have used several methods to study shape difference in the chimpanzees.
According to their studies, considering over all landmarks, there was not statistically
expressive shape difference between male and female chimpanzees. In contrast, an earlier
study |O’Higgins et al.| (1990) found significant difference between male and female chim-
panzees in terms of a number of facial measurements. Thus, as a take decision criterion,
we have expected that — taking in account all landmarks — the tests do not detect changes

in mean shapes, but in face braincase region the tests present significant difference. We
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remember that the proposed pivotal statistics are developed from the CB distribution,
while Hotelling’s 7, James and Goodall tests were obtained from the multivariate normal
model and the lambda test has been deduced having as supposition the CN distribution.

Table [24] displays values of rejection rates for the planar-shape literature test in real
data. For the Configuration A, results of James and Hotelling 72 tests pointed out
there is not evidence to reject the null hypothesis of equal mean shapes, as expected
from |O’Higgins and Dryden! (1993)). In contrast, Lambda and Goodall tests have rejected
such null hypothesis. For Configuration B, James, Hotelling 7% and Goodall tests have
failed because they did not reject the null hypothesis in discordance with |O’Higgins et
al.| (1990); but, the lambda test has provided evidence there is mean shape difference in
terms of face between male and female chimpanzees skulls, as discussed by those authors.
Finally, for Configuration C, only the Goodall test has confirmed there is mean shape

difference in terms of braincase between male and female chimpanzees skulls.

Table 24 — Rejection rates under H) of planar-shape literature tests in real data for
configurations A,B and C. The adopted nominal level o = 5%

Region Statistics pvalue table
Whole skull
Amin 30.577 0.0023
Fy 1.530 0.1527
Fy 23.4558 0.112
Fg 2.6021 0.0022
Face
Amin 14.356 0.026
Fy 1.801 0.119
Fy 12.123 0.107
Fq 2.122 0.051
Braincase
Amin 10.544 0.104
Fy 1.238 0.304
Fy 8.285 0.293
Fq 2.314 0.034

Table [25] gives values of rejection rates for proposed tests in real data. For configuration
A, all tests have indicated there is not difference in mean shape in whole skull between
male and female chimpanzees, what is in concordance with |O’Higgins and Dryden| (1993).

For configurations B and C, with exception of the KL test, all tests have rejected the null
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hypothesis of mean shape equality with strong significance as expected. We understand
that the poor performance of the KL test can be explained by Proposition for this
application was focused on change of mean shape. In summary, this application seems
to recommend Hellinger, Bhattacharyya and Rényi tests as good alternatives to detect

difference in mean shape between samples in planar-shape.

Table 25 — Rejection rates under H| of distance-based tests in real data for configurations
A B and C. The adopted nominal level o = 5%

Region Statistics Distance pvalue table
Whole skull
S91 8.874603 0.03291405 0.1807541
S%3 8.86156 0.09859703 0.1815148
S97 8.86156 0.2300597 0.1815148
S99 8.874603 0.2962265 0.1807541
SH 8.503285 0.07884227 0.2034996
Sp 8.857225 0.082124 0.1817683
SkrL 0.02057014 0.0007629036  0.9999998
Face
St 8.015961 0.02972953  0.04568298
S93 8.014831 0.08917601 0.04570618
S%7 8.014831 0.2080774 0.04570618
S99 8.015961 0.2675657 0.04568298
Sy 7.723926 0.07161607  0.05207556
Sp 8.014462 0.07430992  0.04571375
SkrL 0.0150608  0.0005585737  0.9995106
Braincase
St 8.919959 0.03308226  0.03037423
S93 8.905483 0.09908574  0.03057429
S%7 8.905483 0.2312001 0.03057429
S99 8.919959 0.2977404 0.03037423
SH 8.543345 0.07921371 0.03602082
Sp 8.900723 0.08252731 0.03064037
SkrL 0.2277743  0.008447675  0.9729857

4.5 Conclusions

In this chapter, we have proposed four divergence-based two-sample hypothesis tests for
planar-shape. It has been assumed data follow the complex Bingham (CB) distribution,
which is a model widely used in Statistical Shape Analysis (SSA). First we have derived

closed-form expressions for the Hellinger, Bhattacharyya, Kullback-Leibler (KL) and Rényi
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distances between two CB probability measures. Practical insights about the use of them
have been also provided. Second four divergence-based hypothesis tests for homogeneity
in planar-shape have been proposed; particularly, Hellinger, Bhattacharyya and Rényi
tests have also shown good ability to detect differences between mean shapes. We have
proved the KL distance is invariant under rotation and, therefore, the KL test has worked
well only for homogeneity. A Monte Carlo simulation study has been designed to quantify
the performance (in terms of both test size and power and robustness) of new tests, in
comparison with that due to other four SSA tests: Hotelling 72, James, lambda and
Goodall. Empirical test sizes and powers have provided evidence the proposed tests
overcome the literature tests. An evaluation of robustness of the tests has also indicated
the proposed tests have been more robust than literature ones. In applied terms, the
Rényi, Hellinger and Bhattacharyya tests have obtained the best performance at assessing
sexual dimorphism in chimpanzees skull. In general, numerical results from both simulated
and real data have indicated divergence-based (in particular Bhattacharyya and Rényi)
tests may outperform planar-shape literature tests, assuming the CB model as descriptor

in planar-shape.
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5 ENTROPY-BASED PIVOTAL STATIS-
TICS FOR MULTI-SAMPLE PROBLEMS
IN PLANAR-SHAPE

5.1 Introduction

In recent years, entropy classes have been used in statistical inference for various
purposes; e.g., studying asymptotic properties of estimators alternative to the ML method
Toma and Broniatowski| (2011]) and proposing robust hypothesis tests (GUL; ZOUBIR,
2016)). |Chen et al.| (2016) have developed new insights about entropy behaviors as a
multivariate variability measure. In this lastly perspective, the present chapter addresses
the proposal of new entropy-based multi-sample tests for variability. To formulate these
tests, we assume that pre-shape data are well-described by the CB distribution. We
derive expressions for the Rényi and Shannon entropies for the CB and CW models.
Moreover, these quantities are understood as entropy-based tests to assess if multiple
spherical samples have the same degree of disorder, a kind of variability. To quantify
the performance of proposed tests, we perform a Monte Carlo study, adopting empirical
test sizes and powers as comparison criteria. An application to real data from the second
thoracic vertebra T2 of mouses is done to assess the effect of body weight on the shape of
mouse vertebra. Numerical results indicate that the test based on the optimized Rényi
entropy may consist in a good tool to recognize similarity on planar-shape data.

The chapter unfolds as follows. Section tackles the hypothesis tests for the equality
of the entropies due to r independent populations based on information theory measures.
Numerical results are displayed in Section 5.3 The conclusion remarks are presented in

Section [5.4] Finally, proofs of the theoretical results are given in Appendix [C|

5.2 New Entropy-Based Theoretical Results

In the following results, we derive new Shannon and Rényi entropies expressions under

the supposition of the CB distribution for planar-shape .
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Theorem 5.1. Let z ~ CBy_1(A). For € Ry — {1}, we have that the Rényi and

Shannon entropies are given by, respectively,

Hp(A) = log c(BA) — Blog c(A)] (5.1)

1
(1-5)

and

Hs(A) = log c(A) — Z_; Aicéx) 3;(;?)7

(5.2)

According to [Pardo| (2005)), the Rényi entropy converges for the Shannon entropy when

B — 1. The corollary following enunciate this limit result for the CB distribution.

Corollary 5.1. Let z ~ CBy_1(A), where A is a hermitian matriz. Then for all
g e Ry — {1}, we have

: B —

lim HA(A) = Hs(A).

As discussed in Subsection [2.2.2] the CW is a special case of the CB model having
two parameters: concentration x and modal vector p. The former parameter is the most
explored in practice and larger values of || indicate more concentrated scenes. Now, first
we derive expressions for Rényi and Shannon entropies in Theorem [5.2} Subsequently, we

present the behavior of these entropies when s increase.

Theorem 5.2. Let z ~ CWj_1(u, k) where p is modal vector of the spherical pre-shape

and k is concentration parameter. Then

(a) the Rényi entropy is given by

1
(1-5)

(b) and the Shannon entropy is expressed as

H (. k) = { = Blogler (0] + logler (3]}, (5.3)

Ko P (2 k4 15 k)
k Fi(L ks k)

Hs(p, k) = loglea(r)] — (5:4)

where c¢q(+) s the integrating constant.
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According to Mardia and Dryden| (1999) and Dryden and Mardial (2016) when the con-
centration parameter k = 0, the CW model collapses in the spherical uniform distribution
whose density is the constant 2% /(k — 1)!. While when  converge for infinite the CW
model collapses in the CN distribution. Motivated by this asymptotic behavior, is relevant
to evaluate the comportment of the entropy measures developed in the Theorem when
the concentration parameter x converge for zero and infinite. In the next result we prove
that, when the concentration parameter of the CW model is close to zero, the Rényi and
Shannon entropies converge to the pdf of the spherical uniform distribution. We also
evaluate the asymptotic behavior of the entropy measures when x converges to infinity,

but the resulting limit expression does not exist.

Corollary 5.2. Let z ~ CW_1(p, k). Whereas p fized and § € Ry — {1} arbitrary. If
Kk — 0 in the expressions (5.3) and (5.4) respectively, then

2m*
: B — 1 —
EL%HR(”’ K) = EE%)HS(”’ K) = l(k’ — 1)!] :

The proof of all results above are given in the Appendix [C]

Now we briefly investigate the behavior of the Shannon and Rényi entropies when
increasing the concentration parameter. Consider the Rényi entropy measure order
g €{0.1,0.3,0.5,0.7,0.9}, x varying from 0 to 10 and landmarks number k + 1 = 5 (case
which will be analyzed in our simulation study). Figure displays the Shannon and
Rényi entropies curves. Note that when k is very close to zero, the values of entropies
are similar, as expected from the Corollary Moreover, the behavior of measures
indicates more concentrated data tend to have smaller values of entropy. To illustrate
the last statement, Figure shows the plot of three samples drawn from the CW
distribution. As discussed by Mardia/ (1989) and [Dryden and Mardia (2016), these data
are pre-shapes of triangles, which can be represented either CS! or S3, being the real
pre-shape sphere. In this case, the CIW and CB models are similar. Specifically, we assume
they have parameters (A1, A2) = (,0); i.e., the value of \; given Ay = 0 and p = [0, 1] " is
equal to k by the identity A = k (I — pp*). It is noticeable the increasing of k causes

the concentration high degree in pre-shape data and, as a consequence, one has small
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values of entropy may represent most concentrated spherical phenomena. This conclusion
is important because it simplifies the behavior of complex vector data on the unit sphere

to a real scale quantity, whose distribution and associated quantiles are more easy studied.
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Figure 22 — Illustration for both (i) the values of Shannon and Rényi entropies when 5 1 1
and  increases and (ii) behavior of triangles pre-shapes over the unit sphere.

5.2.1 Pivotal statistics

In this subsection, we present some preliminary results that support the hypothesis
test based on the Rényi and Shannon entropies. These tests are substantiated in |Salicri
et al| (1994) and have been highly considered by |Arellano-Valle, Contreras-Reyes and
Stehlik| (2017)). They have established KL divergences between each generalized skew-
normal distribution and the normal one in terms of their negentropies in order to develop
hypothesis testing for normality.

The next Lemma was proposed and proved by [Pardo| (2005) and is assumed that the

statistical space (X, A, Py)y.o satisfies some standard regularity conditions.
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Lemma 5.1. Let 0 be the ML estimator of @ based on a random sample of size n drawn
from a model with pdf f(x;0). Assume the reqularity conditions (mentioned before) are
valid, oy € C1([0,00)) (i.e. @ is derivable continuously in the interval [0,00) ) and there

exist a measurable and v-integrable function F(x) such that

/ 0 I 0 .
wM(f(w;H))L <F(x), j=1,...,k
00,
where M = {R, S} denotes the choose between Rényi and Shannon measures, respectively,
and
—f(x;0)log|f(x;0)] , M=S
el f(w;0)) = /(i 0) sl (x:0)]
[f (2;6)] , M=R and BeR, —{1}.
Then

VilHy(8) — Hyi(8)] 2 N(0,0%(8)),

n—oo

where N(u, 0?) denotes the normal distribution with mean p and variance o2, provided

3:(8) = T Ir(6) ™' T (5.5)
and The = [ty ttys - - - o] such that
OHy (0

b, = PO e, (5:6)
00;

Based on the Lemma [5.1], in order to find the expression for the variance with respect to
each considered entropy in this thesis, we first determine the components of T in the

following proposition.
Proposition 5.1. Let z ~ CBy_1(A) with the Shannon entropy given in (5.2)), we have
that the vector Ts = [tg,,ts,, - - - ,tsp]T in (5.5) is given by

1 [dc(A)? 1 0%c(A)
c<A>2< N >_c<A> ON?

tgi:)\i[ 1, for i=1,...k,

where A = diag(Ay, ..., A\r_1) is the eigenvalues matriz of A. With respect to the Rényi
entropy in (B.1), we have the vector Tr = [tg, ,tr,, ..., tr,) such that

1 L(1 dc(BA) 3 8C(A)]’

=TT |dBA) 0N, oA oA,
where € Ry — {1}.
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Let &1, ..., x, such that x; ~ CBy_1(A,), A; be parameters hermitian matrices for
j =1,2,...,r and r is the number of under-study populations. Consider that we are

interested at testing the null hypothesis
HO : HM(AI) = HM(AQ) =...= HM(AT) = DO

versus Hy : 37,k € {1,...,r} such that Hy(A;) # Hy(Ay). Let ;4\] be the ML estimator
for A; based on a random sample of size n; drawn from x;, for j = 1,...,r. It follows

from Lemma [B.1] that

—~

V7 (i (A;j) — Do) 2, N(0,1)
on(A;) e

for j=1,2,...,7and M € {R, S}. So

3 i) D 7
=1 ori(A;) niree

As Dy is an unknown constant in practice, [Pardo| (2005)) have rewritten this statistics as

. =yl L= )2+er”j(; (5.7)

where

= on(Ay) | = on(Ay)
Pardol| (2005) has shown that the second parcel of the right side of (5.7) is distributed as

—1 -
AN =~ n;Hy(A;)
a chi-squared with degree of freedom one. Thus,

— X?—l- (5.8)

The amount ajzv[(ﬁ\]) is obtained from the Lemma and Proposition . Thus, the

following decision rule ensues: the null hypothesis is rejected if

SM(A\lu Ay ... 7;1\r) > X%rq)

ey

where x{,_,y, denotes the 100%(1 — «) percentile of the chi-squared distribution with

r — 1 (r is the number of population) degrees of freedom, fixing the significance level at «.
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5.3 Numerical Results

Numerical results related to the proposed tests are presented in this section. First,
their performance is evaluated for generated CB data. To that end, estimated sizes and
powers are considered to compare the proposed methods. After our proposals are applied
to actual data, the dataset mice available in the software R. All results were computed
using functions of the package shapes (for more details, see <https://cran.r-project.org/

web /packages/shapes/index.html>)).

5.3.1 Simulation study

Initially, the asymptotic behavior of the proposed pivotal statistics is investigated by
means of a short pilot study. It was performed with 5000 replicas and, over each one, were
computed Shannon and Rényi statistics (with order 0.48, justified subsequently) in
for two-samples (r = 2) with size n = 50 and highly concentrated spherical behavior.
Figures and [24] display theoretical and empirical densities for Rényi and Shannon
statistics, respectively, as well as the respective quantile-quantile plots (qq-plots). It was
observable that the Shannon statistic failed to follow the chi-squared distribution, while
the Rényi version at the order 0.48 was successful. The KS test was employed to the
array of observed S%* statistics, yielding p-value 0.2669; i.e., the hypothesis that the
observed array comes from the chi-square distribution is not rejected to o < 5%. In order
to illustrate that the Shannon test achieves the chi-squared behavior in some sample size,
Figure also includes the sample sizes n = 100 and 200. However, the future discussion
focuses on sizes smaller that 100, which is a real demand for the use of morphometry tools
in biological experiments.

From this study, although the Shannon test did not work well, it is noticed that there
is an order, say Bom, that can optimize the Rényi test in the sense of proximity to the
adopted nominal level. Now, we are in position of making a deeper study to confirm
the existence of an order, B,,, for Sﬁ, that becomes this statistic adequate on small
and moderate sample sizes. We suspect initially that the optimized value depends of the
choice of the all quantities involved in tests proposed in Section 4.3} number of landmarks

(k + 1 =15), sample sizes (30, 50, 70, 100, 150), number of populations (r € {2,3,5,6}) and


https://cran.r-project.org/web/packages/shapes/index.html
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Figure 23 — Histogram and qq-plot of the Rényi statistics under high concentration for
samples coming of the CB model. For simulation procedure we consider: eigen-
values vector A\ = (99,42, 1,0), sample sizes ny = ny = n = 50, populacional
number r=2 and k£ + 1 = 5 landmarks
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Figure 24 — Histogram and qq-plot of the Shannon statistics under high concentration
for samples coming of the CB model. For simulation procedure we consider:
eigenvalues vector A = (99,42, 1,0), sample sizes n; = ny = n = 50, 100, 200,
populacional number r=2 and £ + 1 = 5 landmarks.
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two concentration degrees (low and high). The performance of Sg and Slg (with order

parameter 3 € {0.5,0.9, By }) tests was measured under 5000 Monte Carlo replicas.

Table 26 — Rejection rates under Hy of entropy-based tests for low concentration scenario.
The adopted nominal level o = 5%

A r n | Sg S5 G99 Ghem g
(5,2,1,0) 2 30 | 02244 0.0022 0.0066 0.0492 1.9
50 | 0.3704 0.0024 0.0084 0.046 1.57

70 | 0.4372 0.0016 0.0072 0.0488 1.6

100 | 0.5692 0.017 0.0352 0.048 1.3

330 | 0243 0.0028 0.0078 0.0474 1.8

50 | 0.4138 0.0014 0.0034 0.0496 1.7

70 | 0.5014 0.0022 0.0066 0.0464 1.65

100 | 0.6184 0.0206 0.0364 0.0476 1.25

5 30 | 0.9866 0.9156 0.9134 0.0506 0.028

50 | 0.995 0.9814 0.9792 0.0476 0.041

70 | 0.9944 0.9838 0.986 0.0452 0.048

100 | 0.9858 0.9722 0.9764 0.051  0.05

6 30 | 0.9886 0.9262 0.924 0.0426 0.025

50 | 0.9964 0.9764 0.9748 0.051 0.042

70 | 0.9962 0.9858 0.984 0.0506 0.048

100 | 0.9858 0.9736 0.9726 0.0512 0.049

Tables [26/and [27| present values for the test size under the low and high concentration
scenarios. For high concentration, it was observed some cases on which the non optimized
Sg test have presented good results: r = 2,3, f € {0.5,0.9} and small size. However,
in general, the test based in the Shannon entropy together with those in terms of the
Rényi measure with order 0.5 and 0.9 have shown unsatisfactory results. But, for both
concentration scenarios, we have found a way to optimize [ so that the rejection rates
under the null hypothesis have achieved a good result. We use the methodology described

on Algorithm [3|to determine an acceptable 3, Botm.

Algorithm 3 Procedure to obtain ., with minimizes the rejection rates under the null
hypothesis

1: Given r samples supposed to come from the same population having the support over
the unit sphere, obtain B sets with r vectors of size n.

2: Define a grid of values for § in Sg as wide as possible and after determine an array
with the rejection rates in terms of values of the adopted grid.

3: Choose (., as the value of § which minimizes the rejection rates in the array of the
previous item.
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Table 27 — Rejection rates under H; of entropy-based tests for high concentration scenario.
The adopted nominal level o = 5%

A r n | Sg 8% 5% S B
(99,42,1,0) 2 30 0 0015 0.0064 0.0478 0.18
50 0 0.0482 0.0318 0.0498 0.48

70 | 2e-04 0.0918 0.0704 0.0608 1.68

100 | 0.001 0.1642 0.1308 0.125 1.22

330 0 0.0036 0.0016 0.0448 0.12

50 0 0.029 0.018 0.0498 0.35

70 0  0.0768 0.0538 0.0524 0.95

100 | 2e-04 0.1454 0.1056 0.0468 1.36

5 30 0 02556 0.0074 0.0462 4.4

50 0 07354 0.081 0.0554 23

70 | 4e-04  0.9448 0.2404 0.0496 1.8

100 | 0.0084 0.9958 0.4992 0.0492 1.55

6 30 0 02676 0.008 0.0456 0.71

50 0  0.7676 0.0848 0.0462 0.99

70 | 2e-04  0.9568 0.2506 0.0488 1.15

100 | 0.008 0.9968 0.5244 0.053 1.6

In order to illustrate the discriminating capability of the Rényi test with the optimized
order parameter comparatively to the remainder ones, we have quantified their power
functions for some cases. Figure and shows the power function performance for
low concentrations with sample sizes n = 70 and n = 100, respectively. It was considered
the landmarks number £+ 1 = 5, 5000 Monte Carlo replicas, the sample size n = {70, 100}
and population number » = 2. In the simulation procedure, we take the eigenvalue vector
A = (5,2,1,0) to define the null hypothesis to tests: Sp with 3 € {0.5,0.9,1.3,1.6}
(Botm = 1.3 for n = 100 and By, = 1.6 for n = 70, according to Table and Sg.

From this, we generate the first sample with A and the second sample with A =
(5-(1—€)?%2-(1—¢€)%*5 1,0) where ¢ = [0.10, 0.20, 0.30,0.50, 0.70,0.90]. Note that the
Shannon test provided a power bigger than the Rényi test. However, as discussed, the Sg
empirical test size showed unacceptable before considered sample sizes. On the other hand,
among the possible Rényi tests, the Sg"tm power outperformed ones due to the remainder
tests. Further, the Rényi test power increases with the grow of the sample size.

Figure [26] displays the power function for high concentration scenario. For this, we
consider A = (99,42, 1, 0) to specify the null hypothesis of tests: S5 with 8 = (0.5,0.9, 1.68)
and Sg. The choose § = 1.68 is aligned with n = 70 in Table 27 Here, we consider only
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Figure 25 — Empirical power function under low concentration. For this numeric pro-
cedure we consider: eigenvalue vector A = (5,2,1,0), order parameter
g € {0.5,0.9,1.3,1.6} for the Rényi statistic, populacional number r = 2
and k + 1 = 5 landmarks

one sample size for the power assessment on high concentration because tests performed
accurately at n = 70. To that end, we generated the first sample with A and the second
with A = (99 - (1 — €),42 - (1 — €),1) such that ¢ = [0.1,0.2,0.3,0.4] . We note the
performance of the Rényi test power was better than for the Shannon test. In this case,
the empirical power of the S}%’tm test was the smallest in the Rényi class, but all these
tests performed very well and almost similarly.

Observe that in this scenario for all orders § in Sf; the power function approaches
of 1, that is in the high concentration the Rényi statistic is very powerful. In general,
best results were obtained for larger sample on low and high concentration scenario as

expected.

5.3.2 Application to real data

We employ the derived tests to identify patterns over a database of measurements on
the second thoracic vertebra T2 of mice, presented by Dryden and Mardial (2016) and
previously discussed in Chapter 3] We wish to quantify how the body weight influences

the shape of the mouse T2 vertebrae in the variability context. We work with three groups
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Figure 26 — Empirical power function under high concentration. For this numeric pro-
cedure we consider: eigenvalue vector A = (99,42,1,0), order parameter
g € {0.5,0.9,1.6} for the Rényi statistic,sample size ny = ny = n = 70
populacional number » = 2 and k + 1 = 5 landmarks

of mice: control (with 30 elements), large (23) and small (23). Six landmarks were
taken in each individual by a procedure described by |Mardia and Dryden (1989a)).

The control group contains unselected mice, while the large and small groups are
formed by mice which were selected having large and small body weight, respectively. This

database has been used by several works, it follows some instances of its use:

a. Kent|(1994) has illustrated the use of principal components in shape analysis equipped

with the Kendall’s and Bookstein’s coordinates.

b. Dryden and Mardia| (1991)) have discussed about biological aspects of three groups
of mice. They have aimed both estimating and testing differences between shapes in

two-dimensions over Bookstein’s coordinates.

c. Mardia and Dryden (1989b) have investigated shape changes among groups and
considered possible geometrical descriptions of first (T1) and second (T2) thoracic
vertebrae. The bones they used were subset from the larger study detailed by
Falconer| (1973)).

Figure presents the full Procrustes fit of landmarks data concerning with the three

groups of mice. For each group we obtain the mean shapes of the fitted data and plot
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the k 4+ 1 = 6 landmarks referring to the three groups (control, large and small). This

graph was made using the function procrustes2d on the package shapes of the software R.

o Control
A Large
* Small
&
*

(a) A vertebra T2 from mouse (b) Grey level image of a T2
which were registered using mouse vertebra with six math-
the mean shape of full Pro- ematical landmarks and 42
crustes fit with six landmarks. pseudo-landmarks (+). This

figure was taken from
and Mardial (1998), pp. 4

Figure 27 — Illustration of the second thoracic vertebra T2 of the group mice.

Table [10| displays average values of proposed test statistics (Sy), their p-values and
estimated variances (62.(A;)) for various samples size. Before real data, we have verified
the FIM in (5.6)) was singular and, consequently, the use of was not possible. To
overcome this issue, we obtained o3, in by means of the non parametric bootstrap
methodology. Initially, in order to construct a random framework from a real dataset
we performed 750 resampling with replacement over each considered group. Since the
implementation had some problems, an alternative method was used to compute the
estimated asymptotic variance. After, we estimated the variance (0%;) using the following

expression

750
9 1

7= 750 2 Y~ P
where Hj(‘,{) is the entropy M = {S, R} which was estimated over the jth bootstrap sample
and Hy is the bootstrap average of estimated entropies.

Table shows values for the same quantities of Table for high concentration.
From both tables, the test based in the Rényi entropy rejected the null hypothesis adopting
a < 5%, independent of the considered scenario. On the other hand, the test based on the

Shannon entropy never rejects Hy. With respect the difference in pairs of entropies in the
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set {small,large,control}, it is expected there are differences in pairs (small,control)
and (large,control). Thus, these results seem to recommend in practice the Rényi test
may be more adequate to detect the variability in planar pre-shapes over the complex

unitary sphere.

Table 28 — Rejection rates under H,, values of proposed statistics and their variances
based on real data for high concentration. The adopted nominal level o = 5%

Tests  {ni,na,n3} St pvalue table o2:(A1) 02:(As2) o2:(As)
Ss {10,10,10} | 0.06285198 0.9690627 0.2868608  0.1290481  0.2586201
5900775 6.233742 0.04429555 0.1017824  0.06037482 0.07393719
Ss {15,15,15} | 0.1191108 0.9421833 0.1383523  0.0916418  0.1015166
59;00746 6.057827 0.04836815 0.05435652 0.04583011 0.04742249
Ss {30,23,23} | 3.543456 0.1700389 0.02320577 0.06870133  0.1096711
59,0068 11.80529 0.00273221 0.01091856  0.02620905 0.04358041

5.4 Conclusions

This chapter has presented two entropy-based r-samples hypothesis tests for checking
common variability in planar-shape data. The complex Bingham (CB) model is assumed
for the data. We have provided expressions for the CB Shannon and Rényi entropies. Some
properties of these measures were also explored; such as new expressions for the complex
Watson (CW) particular model and limit relations between those entropies. Geometrical
essays have indicated that the interpretation of entropy as a variability measure is aligned
with the degree of concentration of planar pre-shapes over the unit sphere. Finally,
entropy-based hypothesis tests for variability in planar-shape were proposed as well. The
performance of our proposals has been quantified by means of a Monte Carlo simulation
study. The Rényi entropy test with optimized order parameter obtained the best empirical
test size in all the cases. Among possible tests to be defined from the Rényi class, that
last achieved either lesser (but closed to) empirical power than remainder in the high
concentration scenarios or expressively higher for low concentration. Finally, we illustrated
the potentiality of these measures over real data to evaluate the effect of body weight over

the shape of mouse vertebrae. The Rényi (in particular, with 8 optimized order) test got

better performance than one in terms of the Shannon entropy.
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6 CONCLUSION

In this chapter, we present some concluding remarks and future works that we intend

to do in the course of this thesis.

6.1 Concluding Remarks

In this manuscript, as first research chapter, has presented four divergence-based
two-sample hypothesis tests for checking the difference between mean triangle shape.
The complex Watson (CW) distribution was assumed for the data. We have furnished
expressions for Rényi, Kullback-Leibler, Bhattacharyya and Hellinger distances measure
on the CW model and illustrated its behavior. From these stochastic distances, we provide
pivotal statistic and applied to triangle shapes data. The performance of our proposals
has been quantified by means of a Monte Carlo simulation study and we compare our
results with a literature statistics test proposed by Mardia and Dryden| (1999). The largest
differential of the our methodology is to be able applied the tests in the low concentration
scenario for large samples and when the x parameter in two-sample of the CIW model were
considered distinct. For the high concentration scenario, we have provided evidence in
favor of the our proposals illustrated for both empirical type I and II errors study. Finally,
was illustrated the performance of these measures over real data to evaluate the difference
between mean shape of the two groups on second thoracic T2 of the mouse vertebrae.

In the second research topic, we have derived expressions for distance measures of
Rényi, Hellinger, Bhattacharyya and Kullback-Leibler under CB distribution. After that,
we have shown new pivotal statistics based in this information theory measures for two
samples of planar-shape. Several simulation procedures were performed investigated
the size and power of the proposed tests and compared them with the literature tests.
Results indicated, under the assumption of CB model, that proposed tests presented the
best performance. We made a brief numerical evaluation with respect the robustness of
the proposed and literature tests. The results showed that the Rényi, Bhattacharyya,

Hellinger and Kullback-Leibler tests can be considered more robust than literature tests.
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Potentiality of our proposals have been illustrated experiments with synthetic and real
data in planar-shape.

In the third topic, we have derived expressions for Shannon and Rényi entropies
measures under the CB and CW models. From this, we have presented two tests for
r-populations based on entropy measures in planar-shape. We have illustrated the discrim-
inatory capability of these measures using on both synthetic and real data. Numerical
results have pointed out that the tests based on the Rényi entropy with optimized [ is

indicated to detect changes in variability on the pre-shape vectors on complex sphere.

6.2 Future Research

This thesis has also raised several points, which require deeper studies. Some of them

are presented below:

(i) to propose a nonparametric version of the divergence-based hypothesis tests of the

Chapter [4] using the bootstrap methodology and permutation tests;

(ii) to develops new classifiers for shape data based on distances measures derived in the

Chapter [3 and [4

(iii) to propose a new regression model with response variable following the CB distribu-
tion. It, will be developed a method for detecting outliers in term over influential

measures based on the pivotal statistics: Rényi, Bhattacharyya, Hellinger and

Kullback-Leibler distances under the CB model,;

(iv) to derive a method in optimization process to estimate the order parameter 3 in the

hypothesis test based on the Rényi entropy;

(v) to provide new estimation procedure for the CB parameters based on the maximum

entropy principle and /or the ordinary entropy method;

(vi) to furnish a procedure for generating random numbers from the complex-valued CW

distribution own;

and
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(vii) to develop new hypothesis tests based on Hotelling-Lawley trace statistic for the

CB model.
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APPENDIX A - PROOF OF THE
RESULTS OF NEW DISTANCES ON CW
DISTRIBUTION

Proof of the Theorem [3.1L
The Kullback-Leibler divergence between two elements in z ~ CW having densities

f(z;0;) and f(z;0,) and using the definition 2.8 we get

f(z:6,) ¢1(r2) fp2 o2
Dk1(6:]|62) = Eq, [log (f(z;%)ﬂ = log (Cl(KQ) + Eo, {%1|Z pi|” — Kal2" pol }

Ci1\ KR
= log ( 1 2)> + k1Bg, (|2 p1|?] — K2Ee, [|2* p2]?].
Cl(Hl)

Analogously,

C1 (KJl)
C1 (:‘ig)

Dics (6:]161) = log ( ) + oBay (12 2]?) — miEoy (1 i)

Thus

1
dir(61,02) = §[DKL(91||92) + Dg1(0:]]61)]

1
= & (Wi, (2" gt =] — malBo, (2" o] + oo, (2 popsz) — i, (2 papsi =)
(A.1)
In order to find expected values in (A.l]), we rewrite their arguments in terms of
quadratic forms and use the Kent’s polar shape coordinates (for details see [Kent| (1994]),
Dryden and Mardia (2016)). Given z = [z,...,2] ~ CW, set s; = 27 zj for j =
1,...,k — 1. The vector 8 = [sy,...,5,_1]' follows the joint TME to a unit simplex

Dryden and Mardia (2016]), denoted as Sy—1 and defined by

k—1
Sk ={s= [31,...,sk_1]T 55> 0 and Zsj <1}

j=1

So, the following quadratic form holds

k k
* f— . * . m— . .
2Tz = ZAJZJ"ZJ = Z)\JSJ'
j=1 j=1
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This implies that

IEﬁ’z (Z*l*l'll"'ﬂ{z) = IE5’2 (Z*le)
= [ ETiz)e () expli]zps ) wi(dz)
CSk-1
= ci'(m) [ (' Thz) exp(=" maptapiz ) (d2)

= c; (ko) /Skil(z*le) exp(z*Tyz)wy,(dz)

k
= c; (ko) Z A1y, / s; exp(z )\Tstj)Zl_k’uk_l(ds)dO
Sk_1x[0,27)"] =

k k
=i (K2) > >\T1j2ﬂk /5 sjexp() A1y 85)Vi-1(ds)

j=1 k=1 j=1

k
= _1 /{/2 Z)\T1J27T /

Sk—1 )\sz

[exp@l Ar,, sj)] vi 1 (ds)

=1

7j=1
k k
= Z T, 8)\ {27#‘7/5 exp(z )\TQij)l/k_1(d8)]
k
(r2) 22

c(A
Ti; oy aAng T )

where vy,_1(ds) is the uniform measure on Sy_1, T} = pipf , Tp = Koptopy and - assuming
Ap =diag(Apg,, ..., Ap,) as the diagonal matrix of eigenvalues of B — the first derivatives

of ¢(Ap) are given by |Amaral, Floréz and Cysneiros| (2013))

k
aC(A ) P Z m + aiexp()\Bi) + a;b; eXp()\Bi) )

a)\B Jj=1 ()‘Bj B )\Bz)
i
k 1
with a;' = [[(Ag, — Ap,) and b; = > ————. Using the same way, we have
=1 1#i (>‘Bi - )‘Bz)
1]
0
Eel (z MIIJ’I ) - cl ’{1 Z)‘le a)\ (AMl)
j=1
for My = ki p},
0
Eel(z /1'2/"'2 ) - Cl ’il Z)‘M2J a)\ (AMI)
7j=1
for My = pops and
0
Eo, (2" papsz) = ¢ (ko Z Anty; (A,
= O,
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for My = pops. Therefore, the Kullback-Leibler distance is

dKL<017 02) =

Proof of the Theorem [3.2l
The the Rényi divergence with order 5 € (0,1) is given by

8 _ 1y f(z:60)]""
D7 (6,]|10;) = 5 11 g g, { [f(z;ﬁb)] }

e

b5—1 c1 (Ka) exp(ke|z* pol?)

log

-1 - B—1
(61_1( )) Eanfexp(rn(8 — )]zl — ka8 — )]z al?)] |

cr (k2)

=31

(A.2)

where

o, [exp(r1(8 — 1)|2"pa|* — r2(8 — 1)[2" pa]*)]

- /cskfl exp(r1(8 — D]z*m[* — ka8 — 1) 2" pol*)er (k1) exp (| 2" [*) wi(dz)

K1)c(My), (A.3)

where M = (k1 fpuip} — koS — 1) popey) is a hermitian matrix of order k£ x k. From (A.2))

and (A.3), we have

D}(6:]162) =

1 log <c{’—1(@>c(M1)>_

B— Bl ¢ (1)

—_
—_
—
o
(E}
| — |
7N
o
| |
[ =
—~
=N
A
N—
N——
k¥
—
%)
=
YamS
N
A
S~—
o
—~
IS
N—
| I

Analogously,

8 _ by 0?1(51)0(M2)>
e e
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where My = (kafSpop — k1(8 — 1) p}). Therefore, the Rényi distance is given by

ex — ACAIE ex - 1% 211601
10,0~ - 1o { S = DRG] el - D000}
1 1 (ko) (M) | & (k) (M)
‘ﬁ—llogh( do) | ) )]

Proof of the Corollary (3.1}

The Bhattacharyya distance is

d5(81,02) = —log | [ \/F(2:6))(z:6:) wn(dz)

— —tog[ [ Vertm) explalat e () expalz al?) weldz)]
= —tog | ) Pea) [ e (el + 212 el ) weldz)
{2 ) [ exw 2 (Smmt+ Lo ) 2] wntiz)}
= —tog {e P m)e (el ) [ (A exp (=" A2) wn(dz)
= —log (C(A) ) ,
c1(k1)er (k)

K K
where A = (;MM{ - ;ugué)

The Hellinger distance is given by

= —logq ¢

au(01,62) = 1= [ \/F(z:00)1(2:6,) wi(d=)

(Cskfl
=1 [ e m) explmlzt ml)er () explralz* pal?) wn(dz)
Csk—1
_ _ KR K
=1 P(r)e; P (k2) / exp (;\z*uller 22|z*u2\2> wi(dz)
Ccsk-1
—1/2 -1/2 « [ B1 w , K2 *
— 1= e ) [ exp |2 (D nt o+ D) 2] widz)
(CS’“*l
— 1= 2 (k1)er P2 (k) e( A) / Y A) exp(z* Az) wy(dz),
Csk—1
where A = (?Nllff + IZQHQM;). So
c(A
i (0,,0) =1 — 4
(c1(k1)er(k2))
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Proof of the Proposition Let R be a rotation matrix,

dir (61, R"0:R) = ;{/ﬁEel (2" pipiz] — KaBo, (2" paps 2]
+ koEreg,r(2" R (12p3) R2) — k1Epeo,r(2" R (p1p]) R2) }
= ;{ﬁlEel (2" i 2] — Ko, [2" poprs 2]
+ koEr-g,r((R2)" (p2p3) Rz) — k1ER-0,r((R2)" (H1p7) R2)}
= ;{HlEel (2" pipiz] — Kole, [2" pops 2] + Kog, (2" pops2) — K1lEe, (2" 11 2) }

= dKL(eh 02)

|
Proof of the Proposition Let A = k(I — pp*) be a matrix with order two and
parameter of the CB distribution and p = [a + ib, ¢ + id] .
Consider the problem of determining the eigenvalue of A; i.e., finding the root of
det(A —\I)=0.

After some algebraic manipulations, we arrive in the second degree equation

A = M2+ y) + 2y — &2|u]]? =0, (A4)
where
r =k — r(a® + b?),
y=r—k(c®+d?),
u = ac+ bd +i(bc — cd).
Solving the equation ({A.4)) and taking the positive root, we find the proportional relation

between A, and k:

21
 9(w)’
where g(pu) =1+ \/(02 +d? — a? — b2)? + 4||u||?. where g(p) = [2 — (a® + B> + A + d?)] +
V(e + a2 — a2 — 52)2 + 4ul 2. m
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APPENDIX B - PROOF OF THE
RESULTS OF NEW DISTANCES ON CB
DISTRIBUTION

Proof of the Theorem Let ; ~ CBy_1(A;) and 3 ~ CBy_1(As) and their

densities given by f., (2; A1) and fy,(z; As), respectively, having common support z =

(21, 29,...,2,] € CS* L. The KL divergence measures are given by
fm (Z,Al)
Dk (Aq||A :/ (27 A7) 1 S d
xr(A1]|Asz) (CSkflf (2 Ay) log (fw2<Z;A2) wy(dz)

= Eq, llog (M)l

=logc(Ay) —logc(Ay) + Ea,(27A12) —Ea, (2" As2). (B.1)
and, analogously,
2(%; A
DrcAallA) = [ Joles Ao (F2E 42 sz
o fm(z; AQ)
- B [log (fml(Z; AD)]
=logc(Ay) —logc(As) + Ea,(2"A2z) —Ea,(2"A12). (B.2)

Replacing (B.1)) and (B.2)) in

dxi(A1, Ag) = [ Dicr(A1]|A2) + Drcr(Aa||A1)]

2 Y

we have

1
drr(Aq, As) = 5 [logc(As) —logc(Ay) + Ea, (27 A12) —Ea, (27 A22)
+ logc(A1) —logc(Az) + Ea, (27 Azz) — Ea, (2" A12)]

1
=3 [Ea,(2°A12) —Ea,(27A22z) + Ea,(2"A2z) —Ea,(27°A12)]. (B.3)

In order to derive the expected value at A, (with ¢ = 1,2) of the quadratic forms, we

will use a change of variable by means of the Kent polar coordinates. Now assume
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s =[s1,...,8,1]" follows the TME distribution to a simplex and z ~ CBj_;(A4,) for

q = 1,2. Further, note the following identities hold:

k-1 . k—1
2 Az = Z)\gq)zj(q) Z](q) — )\5,
j=1 j=1

(Q):H

; z(q)||2 = z](-q)*z](-q) for ¢ = 1,2 and \; are jth eigenvalues of A. Thus,

where s ;

DRy, (s\9. (B.4)

According to Kent| (1994) and Dryden and Mardia/ (2016), we have that

dlog c(A 1 dc(A
Ea,(s) = Ogcf)(q)) — el ((‘;’) for ¢=1,2, (B.5)
oA c(Ag) O
where
k
c(A) =27" " ajexp(N;) and  a;' = [[(A; — ). (B.6)
j=1 i#j

The first derivative of is given by

Jdc(A) _ ok [Zk: a; exp(A\)

+ a;exp(\;) — a;bjexp(\)) | ,
a)\j vy ()\l o /\]) J J 77 J

where b; = Y "(A\; — \;)~". Substituting the expressions (B.5) in (B.4) and posteriorly in
i7#]
(B-3),

Proof of the Theorem 4.2 Let x; ~ CBy_1(A;) and @y ~ CBy_;(A,) with their
density functions given by f., (2; A1) and f,,(z; Az), respectively. The Rényi distance

with order parameter S € (0,1) is
1
B — B (- (1=8)( .
DR<A1||A2> - (6 _ 1)10g Ask*1 fwl (27 Al)f:cg (Z, A2> wk<dz)7
where

/csk—l 12 (2 A fE7P (25 Ag) wy(dz)
- /(C,S’k—l[C_l(Al){exp(z*Alz)]ﬁ[c_l(AQ)eXp(Z*A2z>](1_ﬂ)wk(dz)
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= 7(A)7 D (Ay) /CS explz* (BA; + (1 — B) Ag)z] wy,(dz)
= P(A}) TV(Ay) e(BA; + (1 — B)As)

- /CS cHBAL+ (1 B)Az)explz"(BAL + (1 — B)As)z] wy(dz)
= ¢ (A1) PTV(Ay) c(BAL + (1 - B)Ay)

= C_B(Al)c(ﬁ_l) (AQ)C(AR12) (B?)

where A; is the matrix of eigenvalues of A;, A, is the matrix of eigenvalues of A, and
ARy is the matrix of eigenvalues of SA; + (1 — ) As.

Analogously,

Dp(As||Ay) = wl_mlog[c’g(—/b)c(ﬁ1)(A1)C(AR21)]> (B.8)

where Apo; is the matrix of eigenvalues of [fAs + (1 — 3)A4]. From (B.7)) and (B.g]), we

obtain the Rényi distance

(AL, A,) = g i 1 log{ exp [(6 — 1) Dj(A4]|Ay)] —2|— exp [(8 — 1) D5 (A||Ay))] }

1 APV (AY)(ARa) + ¢ P(Ag)cP V(AL e(Agar)
= 51 log{ 5 } .

|
The proof of Corollary follows of taking B = 1/2 and the relations (FRERY
NASCIMENTO: CINTRA, 014):

dp(Ai, As) = —log(1 — dp (A1, Az))
and
1
dp(Ay, As) =1 —exp <—2d}%/2(A1,A2)> :

To demonstrate the Proposition we use the rotation matrix described in Section
of the Chapter
Proof of the Proposition Let A; and A, be MLEs for A; and A,, respectively,
and be R the rotation matrix . From expression , we have that

1
drr(A1, As) = — [Ea, (27 A12) —Ea, (27 A2z ) + Ea, (27 Asz) —Ea,(27A12)].
2
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Using the property (d) of the Lemma B.1, it follows that

drr(Ay, Ag) = ; [Ea,(2°A12) —Ea,((R2)" ARz )+ Ea,((Rz)"AsRz) —Ea,(2°A12 )]
_ ; B, (2°Arz) — Ea, (2" (R AsR)2) + Ea, (2" (R AsR)z) — B, (2° A1)

=dgr(A, R"AsR).
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APPENDIX C - PROOFS RELATED TO
THE SHANNON AND RENYI ENTROPIES

Proof of the Theorem [5.1} Let z ~ CBy,_1(A) be a random variable with pdf f(z; A),

so the Shannon entropy is given by

Hg(A) =Ex(—log f(z; A)) = Eq{—log[c ' (A) exp(z*A2)]}
= Eallogc(A) — 2" Az]

=logc(A) —Ex(z"Az).

To solve the expectation involving the quadratic forms, we use a variable change based on

the Kent’s polar shape coordinates. Thus,
k k k k
Z*AZ = tI'(Z*AZ> =tr Z )\j’yj’}/;Z;Zj =1tr Z )\jV;’VjZ;Zj = Z )\jZ;Zj = Z )\ij.
j=1 j=1 j=1 j=1
Then,
k
]EA(Z*AZ) = Z)‘jEA(Sj)'
j=1
According to Kent| (1994), we have that

_ Ologc(A) 1 Oc(A)
Ealsi) = =50 = oAy o,

where the first derivative of normalizing constant is given by

dc(A)
O\

k
=27 |} @ exp(h) + ajexp(N;) — a;b;exp(N)) | .
I1#j (M= A5)

Using the change above transformations, we have to

Hg(A) =logc(A) —E4x(2*Az) =logc(A) — Ey (Z )\isi> = logc(A) — ZAiEA(si)

i=1
b 1 Jc(A) i 1 0c(A)
—log¢(A) = SN —logc(A) = 3"\ .
og c(A) ;AlC(A) oy, lesld) 2N A) o
Therefore,
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The Rényi entropy with order parameter § € R, — {1} is given by

1 1, B 1
HR(A) = =5 loa{Bal "~ (5 A))} = = loa{ [
1

= o {e(A)e(pa) [

(1-5)
B 7 R WA
—(1—6)1gcﬂ(A)_(1—ﬁ)[lgwA) Blogc(A)],

G [C*l(A) eXP(Z*Az)]ﬁdwk(z)}

RaICLY eXp(z*ﬁAz)dwk(z)}

where wi(dz) is the Lebesgue measure on statistical space X, A . Therefore, the Rényi

entropy is
Bray_ 1 _
|
Proof of the Corollary [5.1]
lim Hz(A) = lim Hy(A)
= 1131_% § i 5 log c(BA) — Blogc(A)], (applying the L’hospital rule)
0 0
- iy { Do c(om) - srogeral} /{ i - o}
L 1 0c(BA)
- [Mgc( )~ BA) 05 ]
1 & 9c(BA
=logc(A) — [1.312% (GA) SN C(f()f\ )
i=1 i
b 1 Jc(A)
=1 AN)—D> \——
ogc(A) ; A) oN,
|

The Lebesgue dominated convergence [Billingsley| (2008]) will be used to obtain the
Shannon entropy in the Theorem [5.2]

Theorem C.1 (Lebesgue dominated convergence theorem (TCL)). If |f.| < g almost
everywhere, where g is integrable, and if f, — [ almost everywhere, then f and f, are

integrable and [ f, — | f.
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Proof of the Theorem [5.21
(a) Let z ~ CWj_1(0) with 8 = (u, k). The Shannon entropy is obtained as

Hs(0) = Eo{—loglcr ' (1) exp(r|z"pu[*)]} = log[ei (k)] — kEo(|2"p)*).  (C.1)

To find a closed-form expression of Eg(|z*u|?), we resort the transform Kent’s polar
coordinates on CS*~! given in the proof of the Theorem . Initially we take p =
[1,0,---,0]7 and after a suitable rotation |z*u|? = s; Mardia and Dryden| (1999, p. 915),
this change of variables (in terms of s; € S;_; and 6 € [0,27)) allows that the complex
pre-shape sphere can be identified by Sy_1 X [0,27) such that the volume measure on
CS*~1 is given by

2R dsy, ... dsy_1d0; . ... db

in this way we have

Eoll'nl?) = [, | 12" ml?er () exp(n]= uf?)w(d2)

~ Jse ix(o.2m)" sicrt (w) exp(rs1)2" w1 (ds)dO
kE—1 ,2T

= Cfl(fi)/ S1 exp(m31)2(1*k)l/k_1(ds)d0
Sk_lX[O,QW)k

3}
_ 1 (1-k)
¢ (K) /Sk_1><[0,27r)’“ 8R[6Xp(l€51)]2 vi—1(ds)d@

- cl—l(/{)ai {Q(I—k) /Skl /[o,zn)k[exp(/%l)]yk_l(ds)dg}

According to |Abramowitz and Stegun| (1964, p. 507), the nth derivative of confluent

hypergeometric function is given by

0 (k—1)! 1 2rk 1
E ul?) =t — = . . ZF(2:k+1:
o) = 0 gl = | B B ek 1
_ LiR(Zk+ 1K)
ok i1k k)
To generalize the result to g # [1,0,...,0]T arbitrary, consider a rotation matrix R

unitary whose first column is pu. A suitable matrix R can be obtained using the QR
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decomposition Seber| (2008], p. 340), Golub and Loan| (2012, p. 223-236) and Kurz and
Hanebeck (2015), Kurz, Pfaff and Hanebeck (2016) . Thus, we have g = R[1,0,...,0]"
and R*p = [1,0,...,0]". In the integration procedure we use the substitution z = Rt

with £ € CS*~1. Then we reduce the problem to the case of g = [1,0,...,0]". Thus

Eo(|2"nf?) = /W 2Bl () exp(nl 2" )i (dz)
= ') [ 1R I explx] (RE) uP)uw(dt)
_ -1 * ¥ 2 * % 2
= () [ Rl exp(ult R ) (at)

)
)

§) [ 1Rl exp(slt Rl (dt)
)
)

:Cl

= * T2 * T2
=c; (K /((:Sk 1|i§ [1,0,...,0]" |*exp(k|t*[1,0,...,0]" |*)wk(dt)

Yk / LS exp(ks1)23 Py (ds)d(6)
cs

=

1 (
(
(
(

=C

=

= & () o ler ()]
11F(25k 4+ 15 k)

1 2
k 1F1(17k7’%) (C )
Therefore replaced in (C.1)) we have
o KlFl(Qak+]->’%)
HS(/J’7 I{) - 1Og[cl(ﬁ)] L 1F1(17 k, /{)
(b) The Rényi entropy is given by
1 _
Hp(p, ) = a9 log Eg{[c;" (k) exp(r|z"p[*)] ¥V}
1
) {(1—B)logei(k) + log Eglexp(r(B — 1)[2"pf*)]}. (C.3)

We need to find the closed-form expression for expectation to the right-side in (C.3)). Thus

Eolexp(n (5= Diz"nf)] = [ explw(d = DIz uller’ (5) exp(nl="ul? yun(d2)

— [y T RV eP (3~ 1) 2w + 512"l wnldz)

A [ B el |l ()

c1(K)
Cl(liﬁ).

c1(k)
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Then,
B, k) = b — B)logeci(k 0 c1(r5)
1
~a=5 { (1= p)logei(w)] + logler(kB)] — logler(r)] }
1
= m{ logler(kf) — Bloglea (k)] ]}
Concluding the proof of the Theorem. [ |

Proof of the Corollary [5.2]
Considering the parameter p fixed and § € R, — {1} arbitrary. Making x tend to zero,

we obtain

lim F (s, ) = Tim ———— {logles ()] — 6 loglea ()]}

0(1-p)
1 . 27k 2k
= g g 9 1 | 2
1 27k 27k
et =l R =)
9 27k
- [@_1)!1
and Shannon entropy
. , k 1F1(2,k+ 1K) 2k
Yy Hs (s, ) = Jimny {logcl(“) s 1F1(1,k,/1) } =log Ty

Proof of the Proposition

For the CB model the entries of matrices T and Ty, respectively, are given by

 OHg(A) al 1

lr, = Y)Y =3 (log c(BA) — log C(A))l

_ 1 [Olog c(BA) _Blogc(A)]
-8 on Y

_ 1 [ 1 9c(pA) B 8C(A)]
(1-0) [c(BA) O\ c(A) N

_ 1 [ 1 Oc(BA) B 8C(A)]
(1—=0) [c(BA) O c(A) O\

and



APPENDIX C. PROOFS RELATED TO THE SHANNON AND RENYI ENTROPIES 136

B c(.lA) ag(;?) - L(i\) a;(;ix) A <—c(11X)2 (82&1?)2> * c(i\) aj;;? )N
)
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