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ABSTRACT

We obtain decay estimates for solutions of the micropolar fluid equations . Such
equations, proposed by A. C. Eringen, generalize the classic model of Navier-Stokes and
describe the behavior of fluids with microstructure such as animal blood, liquid crystals,
suspensions, among others. For this, we use a method developed by M. Schonbek, known by
Fourier Splitting Method. In order to present the method, we first show how it was applied
in the context of parabolic conservation laws and the Navier-Stokes equations to obtain
decay estimates. Having done this, assuming the existence for solutions of the micropolar
fluid system with Dirichlet conditions at infinity and we show the result when the external
forces are either null or decay at an appropriate rate. Lastly, through retarded mollifiers
and approximate solutions, we guarantee the existence of solutions for the micropolar fluid

equations in convenient functional spaces and we prove the desired decay bound.

Keywords: Mathematical Analysis. Partial Differential Equations. Micropolar Fluids.
Decay of solutions. Fourier Splitting Method.



RESUMO

Obtemos estimativas de decaimento para as solugoes das equacoes para fluidos
micropolares. Tais equagoes, propostas por A. C. Eringen, generalizam o classico modelo de
Navier-Stokes e descrevem o comportamento de fluidos com microestrutura como sangue
de animais, cristais liquidos, suspensoes, entre outros. Para tal, utilizamos um método
desenvolvido por M. Schonbek, conhecido como Método de Decomposicao de Fourier. A
fim de apresentar o método, primeiramente mostramos como o mesmo foi aplicado no
contexto de leis de conservacao parabdlicas e das equacoes de Navier-Stokes para obter
estimativas de decaimento. Feito isto, assumindo a existéncia de solucoes para o sistema
de fluido micropolar com condigdes de Dirichlet no infinito, obtemos decaimento no caso
em que as forcas externas do sistema sao nulas ou decaem a uma razao apropriada. Por
fim, construindo fungoes suavizantes e solugoes aproximadas, garantimos a existéncia de
solugoes das equagoes de fluido micropolar em espagos funcionais convenientes e provamos

a estimativa de decaimento desejada.

Palavras-chave: Analise Matematica. Equagoes Diferenciais Parciais. Fluido Micropolar.

Decaimento de Solugoes. Método de Decomposicao de Fourier.
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SYMBOL LIST

open subset of R", n a positive integer

the set suppu = {x € Q: u(x) # 0}
the set of continuous functions

the set of functions which have continuous partial derivative of order

less than or equal to k

the set of functions which have continuous partial derivative of all orders
keN

the set of C'*°-function with compact support
space of test functions on €2

LP(R"™) = (LP(R™))™, m and n positive integers

1/p

3

L? norm defined by ||ul|, = (Z H%Hi) Jif1<p<oo
j=1

3
the inner product on L? defined by (u,v) =Y _ /3 uj v; de
j=1"%
the set of functions which are p-integrable on every compact subset of

their domain of definition

space of functions weakly m-differentiable and p-integrable (Sobolev

spaces)

T2

u(x,t) € R? the linear velocity

w(zx,t) € R? the angular velocity
p(x,t) € R the pressure

f(z,t), g(x,t) € R? the external forces
ug(x) € R? the initial linear velocity
wo(x) € R? the initial angular velocity

Newtonian viscosity
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Co, Cay Cd

V/
div

curl

[(u - V)u]

[(u - V)w]

microrotational viscosity
coefficients of angular viscosities
fields on C° with dive =0

the closure of V on Hj

the closure of ¥ on L?

the topological dual of V
divergence operator

rotational operator

gradient operator

Laplacian operator

3 8uj .
> up——2, j-th components of (u - V)u
= Ork

3 ow.
> ukﬂ, j-th components of (u - V)w
= Oxk
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1 INTRODUCTION

Fluid dynamics is an area of extreme importance for many sciences, such as
engineering, biology, and physics (see [1]). Due to this, several models of differential
equations have been formulated over the years, among them, the classic Navier-Stokes
model. However, this model does not consider the influence of particles immersed in the
fluid in its flow. Because of this, A. C. Eringen [2] proposed a model for fluids with

microstructure called micropolar fluids.

In the present thesis, we investigate the long-time behavior for weak solutions
of the micropolar fluid model. More specifically, let T" be a positive real number and
Qr = R? x (0,T). We use boldface letters to denote vector fields in R”, as well as to

indicate spaces whose elements are of this nature. We consider the system
u + (u- V)u — (p+ p)Au+ Vp = 2, curlw = f,
divu =0,

w; + (v - V)w — (¢, + cq) Aw — (co + cqg — o)V (divw) + 4p,w — 2pu, curlu = g,

= ug, w‘ = wj.

u| =
t=0 t=0

(1.1)
Here, the unknowns u(x,t) € R3, p(x,t) € R and w(x,t) € R represent, respectively, the
linear velocity, the pressure distribution and the angular velocity of rotation of the fluid
particles as functions of the position x and of the time ¢ (see [2], [3], [4]). The functions
uy = up(x), wo = wo(x), f = f(x,t) and g = g(x,t) are given and denote, respectively,
the initial linear velocity, the initial angular velocity and external forces. The positive
constants pu, ., co, ¢, and c¢g represent viscosity coefficients and satisfy the inequality

co + ¢4 > ¢, (see [4]). Without loss of generality to our aim, we will take

p= i, =1/2
and
Cot+cCca=co+cg—cqg=1.
Thus, system (1.1) can be written as
w4+ (u-V)u— Au+ Vp — curlw = f,
divu = 0,

1.2
w; + (u- V)w — Aw — V(divw) + 2w — curlu = g, e

u‘ =u w’ = wy.
t=0 0, t=0 0

Observe that, if w = 0 the system (1.2) reduces to the Navier-Stokes system (see for

instance [5] and the references therein).



Chapter 1. INTRODUCTION 13

There are many works concerning the micropolar fluid model. Let us recall some of
them

e In [4], the existence of local in time weak solutions for a short time were established
(see also [3]).

e The existence of weak solutions was studied in [6,7] on the Nikolskii spaces context.

e In [8,9], the existence of strong solutions was established using linearization and the

method of successive approximations.

e In [10], a proof of existence and uniqueness of strong solutions using the semi-Galerkin

spectral approximations is presented.

e In [11,12], the authors proved the existence of a small time interval where the fluid

variables converge uniformly as the viscosities tend to zero.

e In [13], the existence of local in time semi-strong solutions and global in time strong
solutions for the system were studied. Under suitable assumptions, the uniqueness

of local semi-strong solutions were also proved.

e In [14], weak solutions with improved regularity were established, so improving the

results in [6,7].

Returning to the purpose of this work, we are interested in proving that under

certain assumptions for the solutions of system (1.2), the following estimate
2 2 10
|ut )] + w0, <c+1) (1.3)

holds, for some suitable positive constant C. A similar result was demonstrated for the
Navier-Stokes equations [15], using a method known as the “Fourier Splitting Method”
developed by M. Schonbek and first applied in the context of parabolic conservation
laws [16]. Given that the micropolar fluid model is a generalization of Navier-Stokes
equations, we have tried to use the same approach on the system (1.2) to get the bound
(1.3).

To present our results, we organized this thesis in six chapters. Chapter 2 contains
a review of basic functional analysis concepts and results. The Fourier Splitting Method, as
well as examples of its application, can be seen in Chapter 3. Chapters 4 and 5 present our
main results, considering either the external forces to be null or to decay at an appropriate

rate.
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2 BASIC CONCEPTS

The present chapter is devoted to introducing some auxiliary results used in this

work. Throughout this chapter, € is an open subset of R". For more details, see [17-20].

2.1 Spaces of Functions

Definition 2.1. Let @ = (a1, 0, -+ , @) be a multi-index, where «; is a nonnegative

integer for all j € N. We denote by D® the differential operator of order
la] = a1 +ag+ -+ ay,
i.e.

ol

I
8?1...87?77,

Definition 2.2. Let u : 2 — R be a continuous function. The support of u is the set

suppu = {x € Q :u(x) # 0}.

Definition 2.3. The vector space C§°(€2) consists of all functions in C'*°(€2) which have

compact support in €.

Definition 2.4. A sequence {¢,,}>°_, C C3°(Q) is said to be convergent to zero if the

following conditions are satisfied

i. there exists a compact set K such that supp ¢,, C K for all m € N .

ii. For each o € N", the sequence {D%¢,, }>°_, converges to zero uniformly on K.

For a given ¢ € C§°(12), the sequence {¢,,}oo_; C C5°(€2) is said to be convergent to ¢ in

C(Q) if {¢m — ¢}2°_, converges to zero in the above sense.

Definition 2.5. The vector space C§°(€2) equipped with the notion of convergence above

is denoted by D(2) and is known as the space of test functions on .

Definition 2.6. A distribution on 2 is a continuous linear functional 7" : D()) — R.
2.1.1 LP Spaces

Definition 2.7. Let u be a measurable real function in 2 and 1 < p < oco. We denote by
LP(2) the Banach space

LP(Q) = {u: Q2 — R ; uis measurable and |ju||, < oo}.
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where

1/p
Jullse = lully = ( [ Ju@)dz)

Remark 2.8. If p = 2, the space L*(2) is a Hilbert space with scalar product
(U V) 20y = / u(x)v(x)de, u,v:Q—R.
Q

Definition 2.9. For a measurable function u : 2 — R, we denote by L*(2) the Banach
space
L>®(Q) = {u: Q — R;uis measurable and ||ul|s < 00}
where
u||Le)y =inf{C >0; |u(x)| < C a.e. onQ2}

= esssup |u(x)|.
xeQ

Lemma 2.10 (Generalized Young inequality). Let a,b be two positive real numbers.

Consider 1 < p,q < oo such that — + — = 1. Then, for all ¢ > 0, we have
p q

ab < ea? + Cabqa

p— lgl—q‘
pq

where C, =

1 1

Lemma 2.11 (Hélder inequality). Let 1 < p,q < 0o such that — 4+ — = 1. If u € LP(QQ)
P q

and v € L), then uv € L*(Q) and

lwolly < fullpllvll,-

Lemma 2.12 (Generalized Holder inequality). Let 1 < py,--- ,pr < 0o0. Assume that

Uy, U, - -+ , U are functions such that fori=1,--- k
1. u; € LP(Q)
1 &1
2. —=> —<1
p i=1 Di

k k
Then u =[] w € LP() and ||ull, <[] llwi

i=1 i=1

pi-

2.1.2  Bochner Spaces

Definition 2.13. Let 1 < p < oo and a Banach space X with norm ||-|| . We denote by
LP(0,T; X) the set of mappings u : [0,7] — X which are strongly measurable and

T » 1/p
|w|| e o,r:x) = (/0 Hu(t)HX dt) <oo 1<p<oo.



Chapter 2. BASIC CONCEPTS 16

If p = 0o, we define the space L>(0,7; X) as the set of mappings u : [0,7] — X which

are strongly measurable and
l|w|| Loo0,7;x) = esssup |lu(t)]|x < oo.
te[0,7)

Lr(0,T; X) and L*(0,T; X) with the norm ||u||Lro,r;x) and ||u||Le=(o.1;x), respectively are

Banach spaces.

Lemma 2.14 (Lemma 1.1, Chapter 3, [5]). Let X be a given Banach space and X' its
topological dual and let u,g € L'(0,T; X). Then, the following conditions are equivalent

i. w is a.e. a primitive of g, i.e.,
t
u(t) :§+/O g(s)ds, £e€X, ae tel0,T],
it. For each test function ¢ € D((0,T)),
T / T
| uewat =~ [ g d,

iti. For each n € X/,
*d< ) =(9,n)
u / l
di » M) X, X g,M)x,x",

in the distribution sense on (0,T).

If conditions i — iii are satisfied, then u is equal to a continuous function from [0,T] into
X a.e.

Lemma 2.15 (Lemma 1.4, Chapter 3, [5]). Let X and Y be two Banach spaces such that
X C Y with continuous injection. If a function ¢ € L>(0,T; X) is weakly continuous with

values in Y, then ¢ is weakly continuous with values in X.

Lemma 2.16 (Lemma 1.2, Chapter 3, [5]). Let V and H be two Hilbert spaces and V',
H' be the dual of V' and H respectively, with V- C H = H' C V', where the injections are
continuous. If a function u is such that uw € L*(0,T;V) and u; € L*(0,T;V"), then u is

almost everywhere equal to a continuous function from [0,T] into H and the equality

d
*|U|2 = 2<Ut7u>V’,V>

dt

holds in the distribution sense on (0,T).

Lemma 2.17 (Lemma 2.1, Chapter 3, [5]). Let Xy, X, X; be Banach spaces such that
Xo C X C Xy, the injections Xyg — X — X; are continuous, and the injection Xy — X
is compact. Then, for each n > 0, there exists some constant C = C(n, Xy, X, X1) such
that for all v € Xy, we have

Ivllx < nllvlix, + Cllvllx,-
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Lemma 2.18 (Aubin-Lions lemma, Theorem 2.1, Chapter 3, [5]). Let Xo, X, Xy be Banach
spaces with Xy, X1 reflexive. Suppose that injections Xy — X — X; are continuous, and
that the injection Xy — X is compact. For T'> 0 and g, aq > 1, let

Y ={veL*0,T;Xy) such that v, € L*(0,T; X1)},

with norm defined by

||U||y = ”UHLao(o,T;XO) + ||UtHLa1(0,T;X1) :

Then, the space Y is a Banach space and the injection of Y into L*°(0,T; X) is compact.
2.1.3 Sobolev Spaces

Definition 2.19. Let Q C R™ be an open set, u,v € L (Q), and a multi-index o =

(a1, an,-++ ,a,) € N" of length |a] = a1 + ay + - -+ + a,,. We say that v is the a'*-weak
partial derivative of u, denoted by
D% = v,
if
| u(@) D°9(@) de = (1) [ v(@) é(w) da. (2.1)

for all test functions ¢ € C5°(Q).

Definition 2.20. Fix p € R with 1 < p < oo and m a positive integer. The Sobolev space
W™P(Q) consists of all functions u € LP(2) such that for each multi-index o with || < m,
the derivative D%u exists in the weak sense and belongs to LP(Q2). If u € W™P(Q), we

define its norm by

1/p
> / |D°‘u|”dm) Cif 1 < p < oo,
Q

laj<m

||u||Wm7P(Q) - (

and

[wllyrmoo () = > esssup |[D%u.

jal<m

Remark 2.21. If p = 2 and m € N, the Sobolev space W™2(Q) is usually denoted by
H™(). One can prove that H™(Q2) is a Hilbert space with the norm associated to the

inner product

(u,v) = Z (D%u, D*v) ,

laj<m

where (-, ) is the inner product on L?(Q).

Definition 2.22. Let 1 < p < oo and m a positive integer. The space W;"" () is the
closure of C3°(Q) in W™P(Q). If p = 2, we write HI*(Q) = W*(Q).
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Definition 2.23. Let 1 < p < 00, 1 < ¢ < oo such that %%—% =1, and m € N. The space
W~="4(Q) is the topological dual of W;"?(Q). If ¢ = 2, we write H™(Q) = W—™2(Q).

Lemma 2.24 (Lemma 6.7, Chapter 6, [21]). Let Q be an open and bounded subset of R?
and u € L*(0,T; H5(Q)) N L>®(0,T; L*(Q)). Then u € L*(0,T; L*(Q)).

2.2 Other results

Definition 2.25. K : R" x R™ — R is said to be a Calderén-Zygmund kernel if satisfies

the following conditions
i) | K(z,y)| < ———,
(0) K@ y) < o

C

for some constant C' > 0.

Lemma 2.26 (Calderén-Zygmund Theorem, [22]). Let T' be a singular integral operator,
i.e.,
T(w)(@) = [ K(@.y)uly)dy,
where K is a Calderon-Zygmund kernel. If u € LP(R™), with 1 < p < oo, then T(u) €
LP(R™) and
1T ()l < Clullp,

where C' depends only on p and on the dimension n.

Lemma 2.27 (Proposition 3.2, [23]). Let M be a Hermitian matriz with all eigenvalues
{\i}i_, positive. Then,

et < -t (22)
for allt > 0.
Proof. Since M is a Hermitian matrix, it is diagonalizable. So, consider 8 = {vy, -+ ,v,}
a basis of eigenvectors for M with respective eigenvalues {1, -+, \,}. Then 3 is also a
basis of eigenvectors for e=! with respective eigenvalues {e=*1¢ ... e !} Let w € C*
such that
W= V1 + -+ QpUy,
where «; € C for all i = 1,--- ,n. Take |w|| = max; |a;|. Then for ¢t > 0, one has
n
—Mt — —Agt —Ait — —(min; )\i)t
He wH le_:l are” gl < Jw|| <l:r111axn ’e > ||w]|| e :

Thus, the inequality (2.2) is proved. ]
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3 THE FOURIER SPLITTING METHOD AND DE-
CAY ESTIMATES

This chapter is dedicated to explain the Fourier Splitting Method and to show
how it can be applied to obtain decay estimates for parabolic conservation laws and

Navier-Stokes equations.

3.1 Fourier Splitting Method

Definition 3.1. If uw € L'(R") N L*(R"™), the Fourier Transform of u, denoted by  is
defined as

n

F{u}(€) =€) = / ey () de, = /1,
with & € R".

The next theorem is a fundamental tool to apply the Fourier splitting method.

Theorem 3.2 (Plancherel theorem, Chapter 4, [17]). If v € L*(R™) N L*(R"), then
a € L2A(R™) and

@]z = (2m)" Jullo.
Proof. Note that if v € L'(R"), then © € L>®(R"). Indeed,

Bl =|[ e @) da
< le™ 6%y (z)| da
-

= dx < oo.
[ lo(@)] da < o0

Thus, if v,w € L'(R™), then 0, @ € L>*(R"). Besides that, we have

[ v@ @) de= [ 5(6)w(e)de. (3.1

By direct calculus, we have the identity
) n/2 2
/ ezﬁ'w7t|$|2 dx = <7;> 67%, Vt>0.

So, from equality (3.1) for each € > 0, we obtain

™ J|2

[ d(e)e e ag = ()W [ wi@)e  du (3.2)

3

Now, let u € L'(R™) N L*(R™) and set v(z) := u(—x), where @ is the conjugate complex
of u. Define w € L'(R") N C(R") by

wly) = (2)"(wrv)(y) = (20)" [ u(@)v(y - @) de.
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Observe that,

D(E) = (2m)"(wxv)(€)
= en [ e [ uly) vl - y)dyda

Thus, w € L>*(R"). But,

0(§) = [ e a(-w) de = T(e).
So, @ = (2m)"|a|?. Since w is continuous,
tim (7)" 5E g n
lim (5) /n w(x)e” = dax = (2m)"w(0).

From identity (3.2), we deduce

[ @(€) de = 2m)"u(0).

Hence,

[ R e = o [ () dg = w(0) = (2a)" [ w@p(—w)dz = Cn)" [ |uf*da.

and the desired identity follows. ]

Lemma 3.3 (Hausdorfl-Young inequality, Chapter V, [24]). Let 1 < p < 2. Ifu € LP(R"),
then
[all, < Cllull, .

where q is the conjugate of p and C = C(n,p,q) > 0.
The Fourier Splitting Method was first applied to parabolic conservation laws
in [25] and it can be used as follows. Let u(x,t) € R? be a function satisfying the following

enerqy inequality

d
%IIUI@ < —C|[Vull; + E(1), (3-3)

where the F(t) satisfies
E(t) < Cy(t+1)7Y,

for some constants C; and «. If for Cy > 0

(€, )] < Co, (3.4)



Chapter 3. THE FOURIER SPLITTING METHOD AND DECAY ESTIMATES 21

for all £ € S(t), where
n 1/2
S(t):{ﬁéR”:|£|§<Cw> },

lu(- )3 < Clt+1)7, (3.5)

then

where ay = min(a, n/2). and the constant C' depends only on «, n, C, Cy, Cy and on

[|uolf2-

In [26], we can find its proof and some examples in which the method can be
applied. Let us see two of them: Parabolic Conservation Laws and the Navier-Stokes

equations.

3.2 Known Decay Results
3.2.1 Parabolic Conservation Laws

Consider the Cauchy problem

"0
u+ Y —fi(u)=cAu, xeR" t>0,
2o (3.6)
u(x,0) =up(x), x€R",
where u = u(x,t) € Rand f = (f1, -, fn) : R = R" is a smooth map.

Theorem 3.4 (Theorem 2.1, [25]). If f; € C*(R,R), up € L*(R™) N HY(R") N CH(R™),

and u s a solution of system (3.6), then
lu(-, )]l < Ot + 1), (3.7)
where the constant C' depends only on ¢, n and uy.

Proof. Here, we suppose that the Cauchy problem (3.6) has a solution. Multiplying the
equation (3.6) by u and integrating by parts, we get

d 9, 2
= [ utde = 2 /R Vul® de. (3.8)
By Theorem 3.2, we have
d _
L jap de = —25/ Yl de. (3.9)
dt Jrn R

Then,
d
= [l dg =2 [ |¢f 1P de. (3.10)
dt Jrn Rn
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Now, we can use the Fourier splitting method. Define,

n 3
At) = R™: — . A1
0 {se 61> (5w } (3.11)
So,
d 12 2412
el < -2 . 12
g L, a7 de < —2 [ jePap de (3.12)
Since & € A(t), one obtains
d ~A12 n ~12 n ~12
a < o 1
i Jo 006 S g [ o T [ 1ol 313

where S(t) := A(t)°. Multiplying inequality (3.13) by (¢ + 1), we get

d A2 -1 ~ 12 -1 A2
Tl;i n < n . .
(t+ 1) /R a2 de + n(t + 1) /R 2|2 dg < n(t+1) /S(t) a2 de (3.14)

Since ug € L'(R™), one has ||u(-,t)]|1 < ||uoll1. In particular, ||u(-, )]|s < ||uoll1. Therefore,

—n/2

M ’ (3.15)

n

d 2 n—1
e [ 0P ] < ol nte+ 27, |

where w,, is the volume of the n-dimensional unit sphere. The desired bound is obtained

by integrating inequality (3.15) over [0, ¢]. O

Remark 3.5. (3.7) is also valid if uyp € L'(R") only.

3.2.2 Navier-Stokes Equations

Let us establish the L? decay of the solutions for the Navier-Stokes equations on
R™
u+ (u-V)u—Au+ Vp =0,
divu = 0, (3.16)
u(x,0) = uo(x).

Theorem 3.6 (Theorem 2.1, [15]). Let u : R™ X (0,400) = R™ and p : R" x (0, +00) — R,
be smooth functions, where w vanishes at infinity. If w and p satisfy the system (3.16) with
ug € L*(R™) N L' (R™), then

2
|ut. )|, <C+1)™2,
where the positive constant C' depends only on ||uoll,, ||woll,, and on n.

Proof. Multiplying equation (3.16); by wu, and using the incompressibility condition

divu = 0, we have

d
—/ lu|® de = —2/ Vul? dz.
dt Jr» R™
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By Theorem 3.2,
d 2
Ly TR :—2/ 2|qf2 de.
S rar e =2 [ |ePlal? dg

Define s
S(t) = {eew g < (2@”“))}
So,
S ke <2 [ ePapae
Then,

jt/ |A|2d€+*/ |a|? €_t+ / a|® de. (3.17)

Now, we will to prove the inequality
[u(g, 1) < ClE[T, if €€ S(), (3.18)

for some constant C' > 0. Applying the Fourier Transform to equation (3.16); and
integrating by parts, we get

U + €8 = —F{(u- V)u + Vp}(&). (3.19)
Multiplying (3.19) by el€**, we obtain
S @y + [¢fa) = (= F {(u - V)u+ Vp}(E)). (3.20)
Integrating (3.20) from 0 to t,
= () + [ (T (- V) + VpHE) ds

Thus, .
(.0 < @@ + [ T (ue Vyut VphE@)lds. (321)

Now, we have to estimate the term |Z{(u-V)u+ Vp}(&)|. Integrating by parts and using
the fact that divu = 0, we have

By Holder inequality, we get

s (- )11 < fur ()l ()2 < luoll3-

So,
[ Z{(u-V)u}(§)| < ClE].

To estimate the term .Z#{Vp}(§), apply the divergence operator in (3.16); to get

Z Oasjé?:xk (g

7,k=1
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So,
F{ApHE) = D &&puztn.

7,k=1

Since .Z{Ap} (&) = —|€]*p, one obtains
Ip| < C.
From
F{Vp}(§) = i& F{p},

we then get
| Z{Vp}HE)I < ClE].

Then,
[ F{(u- V)u + Vp}E)| < ClE].

From (3.21) and the inequality (3.22), we get
t
(€. 0)] < M (©)] + C [ e Ilg as.
Then, since uy € L' we have

[uo(§)| < C.

So, for & € S(t)
(€. 1) < ClE.

Thus, from the bounds (3.17) and (3.23), we get

dt

By a change of coordinates and integration by parts, one has

A

jt [(t+ s |ﬁ|2d§] < ) lQ(tj—l)] -

< C(t+1)"2,

4 (0 [ JaPde] < Cnit 1y [ el e

(3.22)

(3.23)

(3.24)

where w, is the volume of the n-dimensional unit sphere. Since u, € L*(R"), integrating

inequality (3.24) with respect to ¢ we have
(t+ 1)%/ @2de < Ot + 1)/,
R"
It follows from Theorem 3.2 that

/ ]u|2dw < C(t—i— 1)7n/2+1
Rn

(3.25)
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4 DECAY RESULTS FOR THE MICROPOLAR SYS-
TEM: FORMAL PROOFS

In this chapter, assuming suitable hypothesis for the external forces f and g, we
prove the estimate
2 2 _
O, + et B, < 0+ 172

for solutions of the Cauchy problem in R? x (0, 4+00)

ur+ (u-V)u — Au+ Vp — curlw = f,

divu = 0,
(4.1)
w; + (v - V)w — Aw — V(divw) + 2w — curlu = g,
u‘tzo = Yo, w’tzo = Wo,
complemented with Dirichlet conditions at infinity, i.e.,
u(x,t) >0 as |x] = oo, t>0,
(4.2)
w(x,t) -0 as |x|] — o0, t>0,

Section 4.1 is devoted to the case f = g = 0. In Section 4.2, assuming that the external

forces decay in a suitable rate, we prove similar estimates for L? norms of w and w.

4.1 Null External Forces

The main result of this section is

Theorem 4.1. Let (u,p, w) be a smooth solution of problem (4.1)-(4.2), with f =g = 0.
If ug, wo € L' (R?) N L*(R?), with divug = 0, then there exists a constant C' > 0 such
that, for allt >0,

[ut.0)[} + w0} < 0+ 1)

The constant C depends only on the L' and L* norms of wy and wy.

Before proving Theorem 4.1, we show some auxiliary results.

Lemma 4.2. Under the assumptions of Theorem 4.1, there exists C' > 0 such that
[ F{(w - V)ur(§)] + [F{(u- V)w}(E)] + [ F{Vp}(§)] < Cl€],

for allt > 0 and & € R® with |€| # 0. The constant C' depends only on ||ugl|s and ||wgl|s-

Proof. We begin by estimating [#{(u - V)u}(§)]. Let [F{(u - V)u}(§)]; the j-th coordi-
nate of Z{(u-V)u}(§), i.e

[F{(u- V)u}(€)], = /lw(iukg;i)
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Integrating by parts, one obtains

3 a i,
P VK, == [ w3 5o (¢ m) do
3 auk
/R?)uj kz::l [e ( 1€y + (%kﬂ dx.

Since divu = 0, we get

[F{(u-V)u}(& /u]Ze ey de.

Thus,
3
Fw VOl < X [l da
§, k=1

Analogously, we get

F - VO < Y [ w6 d

7, k=1

By Hélder inequality and estimate (4.25), we conclude that
i s (- )lx < Ml )2 [l (5 1)z < w113 < Jluoll3 + [lwoll3 < €
and
iy (- )1y < i (- )2 [l (5 02 < lul Dll2llw (- B)ll2 < Jluolls + woll; < C.

Then,
[ F{(u-V)ut(§)| < Cl§] and  [F{(u- V)w}(§)] < ClE], (4.3)

where C' depends only on the L? norms of uy and wy. Now, note that

FA{Vp}(&) =i& F{p}.

Taking the divergence of Eq. (4.1);, one gets

3 82
Ap=—div[(u-V)u] = — > ———(uju). 44
g iV = 001y, (1) 44)

Applying the Fourier transform to the identity (4.4), one obtains

—lelfp=—i&- F{(u-V)u}( Z & &k F {uj ur} ().

7, k=1

Since .Z {u;ju,} € L™ and

|y u HE] < Nl w5 1)1 < ol + [Jwoll; < €,
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one gets [§|*| | < C'|§]*. Thus,
|| < C, forall £ € R®\ {0},

Consequently,
[ Z{Vp}(€)] < CIE]. (4.5)
Due to the estimates (4.3) and (4.5), one gets the desired bound. O

Proposition 4.3. Let K C R3 be a compact set. Under the assumptions of Theorem 4.1,

we have
la(€,t)| + [w(&,t)| < ClEI™Y, forall t>0 and €€ K, with & #0,
where C' > 0 depends only on the L' and L* norms of the initial data and on K.

Remark 4.4. Compare with the estimate (3.23).

Proof. Let us take the Fourier transform in equations (4.1); and (4.1)s.
i. Fourier Transform of u; and w;

Since u = (uq, ug, ug) and w = (wy, wy, w3), we have

wp = ((wa), (Ui, (uz):)  and  wy = ((wi)e, (o), (w3)e) -
Then,
Fluw (&) = (F{(w1):} (&), F{(u2):} (&), F{(uw): }(£)),
and
F{w} (&) = (F{(w1):}(&), F{(w2):}(§), F{(w3):}(£)) -

Let [ﬁ{ut}(ﬁ)]j and [9{wt}(£)]j the j-th coordinate of .#{u,}(€) and .Z#{w,}(&), re-
spectively. Observe that

F{ub©)], = [ e () dw = (@)i(€),

R3

and
(Flw©), = [ e (w,)sda = (@)i(6)
Thus,
ﬁ{ut}(s) = ﬁt, and ﬁ{’wt}(f) = /'U.\)t. (46)
ii. Fourier Transform of Au and Aw
Note that
Au = (Aug, Aus, Auz) and Aw = (Awq, Awsy, Aws) .

So,

F{Au}(§) = (F{Au}(§), F{Auz}(§), F{Aus}(§)),
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and
F{AW}HE) = (F{Dw HE), F{Awn}(E), F{AwsH(E)).

Hence,

(F{Au}(E Z/ e “Jd —Z/ Gemieu; (@) da. = ¢,
and

Faw)El =3 [ oG e =3 [ g @) dn~ -leP,
Consequently,

F{Au}(E) = —[€Pa and  F{Aw}(E) = — €D, (47)

iii. Fourier Transform of curluv and curl w
We define

curl u — 8U3 _ 8u2 8u1 _ 8U3 8U2 8u1
N 8.772 81’3’ 833'3 8%1 ’ 8:151 31:2

and

8x2 - 81’3’ 8;1:3 (9271, 8331 8.1’2
So, integrating by parts we get

(811)3 (9w2 811)1 871)3 8w2 8w1>
curlw = )

[(F{curlu} ()] = /]R3 e e (gzz a gzz> e

_ _i—i&x _
= Jgs ie (&aus — E3ug) dx

= —1(&us — &3a)

o (Ou D
(Z {curlu}(€)], = /R e (a;t, - aZj) da

= Jas —te lgw(ﬁsm §iug) dx

=—1 (537/5 - 51@) )

, [ e (PO
[F{ewlu}(E)ls “/Rse é (a:cl (‘91:2) e

= /}R3 —ie 7T (Guy — Eyuy) de

= —i (&Uy — &),
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_ié&. Ows Ows
Fewwll = [ er (22
Femw)@l = [, e (500~ 5 o
= /RS —ie T (Sqws — E3ws) dx
= —i (w3 — §3w3) ,
i 8w1 8w3
F{cul = [eren (S -2
Fletw)@l = [ e (52 -0 o
:/ —ie " (Eywy — &ws) dx
RS
= —i (&uwy — &ws),
it Owsy ow,
F{cml = [ (52 -5
:/ —ie T (Gowy — Lwy) d
]R3
= —i (§iwy — &uy).
Therefore,
0 =& & T
F{curlu}(§) = —i &3 0 =& Uy | (4.8)
£ & 0 Us
and
0 =& & W
Fleurlwi(§)=—i| & 0 =& s (4.9)
=& & 0 w3
iv. Fourier Transform of divw
From the following identity
821111 3211)2 8271)3 8211)1 8271)2 62w3 32101 82’[02 82w3

V(divw) = ( Ox? * 01022 * Ox90z3" 011072 " O3

one obtains

L7 {1V (divw)} (€)]: :/R3 ok (82w1 i 02w, n 82w3> da

ax% al’lal’g 8x1x3

= f%’@ + &1&wr + §i163ws,

. 0*w 0*w 0w
. _ [ it ! 2 -
[F{V(divw)}(€)]2 /36 (amlaxg + O3 * 8x23$3> e

R
=& &y + SS@ + 633,

, *w 0w *w
T : _ —iéx 1 2 3
PV (v w)}©) = [ e @mmﬂwm+mﬁm

R
= §i&wy + L6wr + fg?@-

8:7528353’ 8$18I3 + 8x38x2 +

2
Ox3
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Thus,
& & L& w1
[F{V(divw)} ()] = — | L& & && || @ |- (4.10)
§& &6 & w3
From the identities (4.6), (4.7), (4.8), (4.9), and (4.10), we rewrite equations (4.1); and
(4.1)3 as
Uy + &P a —iL(&)w = Gy (€,t), E€R’, t>0, (4.11)

and
W+ (|€° +2) W — L) — P(&)W = Ga(&,1), E€ R, £ >0, (4.12)

where L(§) and P(&) are the real matrices

0 =& & & L& L&
L&) =] & 0 =& |, P =—]| && & && |,
& &0 &i& L& &

and G, G5 are defined by

{ Gi(§t) == —F{(u- V)u + Vp}(§), (4.13)

Gy(&,1) == —F{(u- V)w}(§).

Now, setting y := (u,w) and G := (G4, G3), we can rewrite system (4.11)-(4.12) as

Y+ Ay = G(§,1), (4.14)

where A(€) is the Hermitian matrix

(e B
A (B(&) R<s>+<|s\2+2>f)’ 419)

with B(&) := —i L(§) and R(&) := —P(&). It follows from Lemma 2.27 that there exists a
constant K > 0, independent of &, such that

e 4| < e KIEFt yi>0 and |€] #£0, (4.16)

where || - || denotes the Euclidean norm of a matrix. Multiplying equation (4.14) by etA(E),

we obtain

d .
- {etA(i) y} _ etA(s)G’(g,t).

Integrating with respect to time, we get

G(e,1) = ) g (£) + /Ot e~ =94E) G (¢, 5) ds,

where y, = y(+,0) = (g, wp). Using theb bound (4.16), one gets

BE0] < e ()| + [ e |Ge )] ds, (.17
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By Lemma 4.2, we have that |G(&,t)| < C|€], for allt > 0 and &€ # 0, where C' depends
only on ||ugl||2 and ||wg||2. Thus, by inequality (4.17), we conclude that

BE D) < G ()] + C [ KD g (4.18)
Since y, = y(-,0) = (ug,wy) € L' x L', it follows that y; € L> x L, that is, we have
9o(&)] < uo(§)] + [wo(&)] < fluolls + [Jwolly < C,

for all £ in a compact set K and some positive constant C' depending on the L' norms of
uy and wy. Hence, after calculating the integral in the right-hand side of inequality (4.18),

we obtain

2 C 2
y(&,t < Ce KR L 1—6_K|£|t,
(& 1) < KK,( )

for all t > 0, £ # 0 and some constant C' € Rt depending only on the L' and L* norms

of ug and wy. Since K C R3 is a compact set, we find that

[g(&. 1) < Clgl~

This completes the proof of Proposition 4.3. ]

Proof of Theorem 4.1. Multiplying equation (4.1); by u, we have
(u,w) + (- Vu,u) — (Au,u) + (Vp,u) — (curlw, u) = 0. (4.19)

Let us compute each term of Eq. (4.19). First of all

1d

(e t) =5

(w,u) = 22 jul3 (4.20)

th

Integrating by parts, using the incompressibility condition, and the Cauchy-Schwarz

inequality, one obtains
0
(u - V)u,u) / Zuk u]ujda:
8:Ek

_ E du; (4.21)
= _/RS Z Uj aixkuk
—(u ,(U-V) )-

Consequently, ((v - V)u,u) = 0. Moreover,
3
(Au,u) = /RS Z
Jk=

1
3. (0u;\’
_ _/RB > &CZ) da (4.22)
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Finally, since divu = 0, we get

(Vp,u / Z@xjuj dx
3

Ou,
_ _/Rg jzlp 5y 0 (4.23)

= _<p7 div U)
=0.

Then, using the Cauchy-Schwarz and Young inequalities, we have

1d
Ll + IVl = (el e, w) = (w, curlw)
< lwllz flewrlully = flwlly [Vl
1
<l + 7 1Vuls.
Similarly,
Sl Vel vl + 2]} = (curlu,w)

< ewrlullz [Jwlls = [Vl lwll
1
< wll + 71Vl

Adding up these two inequalities, manipulating the terms in the right-hand side, we find

the following energy inequality
d
pr (llel3 + llewll3) < = (V3 + IVew]3) (4.24)
Integrating estimate (4.24) with respect to time in [0, ], one gets
(- O3+ lw( D5 < lluolls + [woll3, VE=0. (4.25)

Note that from inequality (4.25) one has w, w € L. Hence, the transforms % and w are

well defined. Applying the Plancherel theorem to bound (4.24), we obtain

(1@l + @12) < — (1Ful3 + 1Vwlz) =~ [ 1e? (8 + @) e

Now, we will use the Fourier Splitting Method described in Chapter 3 . Let

S(t)={€ R : gl <r(n)], (4.26)
where r(t) = LiJ 1/2. Then,
< (1l + @) < o 67 (@ o) de — [ Jel* (faf + wP) dg
S = o 68 (1l []7) de
3

< - ul® + |w]?) d,
i
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since —|&)? < — if € € S(t)°. Thus, since R? = S(¢) U S(¢)¢, we have

t+1

d (12 =112 3 ~12 | |32 3 ~12 | |32
G (1l 1l3) < == [ (1l f@R)de+ 2 [ () de.

or
(Nl 11) + s (i + wlE) < o [ (1l + ) de
dt t+1 —t+1Jsw

Multiplying the above inequality by the integrating factor (¢ + 1), we get

d 3l 12 4 [l (12 2 S22
2 |+ D al + w]3)] <30+ 1) /S(t) (lal” + [w[*) dé. (4.27)

By Proposition 4.3, we conclude that

[a(, )" + [w(E, ) < Clg[7*, V& € S()\{0} and V>0, (4.28)

where C' > 0 is a constant depending only on the L' and L? norms of u, and wy. By
inequalities (4.27) and (4.28), one obtains

d N . _
g e D alE +wI)] < cr 1y [ el e

A straightforward calculation via spherical coordinates gives
/( ) €]72dg = dmr(t) = 4V3(t +1)71/%
S(t
Here, r(t) is the radius of the ball S(t) (see (4.26)). Hence,

d . _
pr [+ D@3+ @]3)] < Ct+1)*2,
Integrating in time yields

(t+ ()3 + [@]f3) < [[@o3 + [woll3 + C [t +1)>* = 1],
where ug = u(+,0) and wy = w(-,0). Using Theorem 3.2, one finds

(t+1*(lullz + wl3) < lluollz + lwoll3 + C(t +1)2 < O(t +1)*2, ¥t > 0.

Therefore,
la( O3 + lw(- )3 < CE+1)7V% Vi > 0.

This completes the proof of Theorem 4.1. n
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4.2 General External Forces

Now we deal with the case when the external forces f and g do not vanish. We

assume f and g to satisfy

divf(t)=0, Vt>0, (4.29)
£ )2+ gl t)lla < Ki(t+1)73/2, Ve >0, (4.30)
F(E0)] +19(€,1)] < Ksl€], Yt>0 and € € R, (4.31)

for some Ky, Ky > 0.
Remark 4.5. Under the hypothesis (4.30), we have that f, g € L'(0, 00; L*(R?)).

Theorem 4.6. Let (u,p,w) be a smooth solution of problem (4.1)-(4.2). If wp, wy €
L'(R%) N L*(R?), with divug = 0 and f, g satisfying (4.29)-(4.31), then

a4 ot < o0+ 1),

where C € RT depends only on K, Ky and on the L' and L* norms of ug and wy.

Proof. In this case, the energy estimate (4.24) is replaced by

d
= (Il + JwlB) < = (IVul + [Vwl3) +21(F, )] +2|(g, w)!. (4.32)

Integrating inequality (4.32) over [0, t], one gets

-, )13 + [, )13 < lluol3 + woll3 +2 /0 (1wl + (g, w)]) ds. (4.33)

Initially, note that w(-,¢) and w(-,t) € L*(R?). Indeed, if f and g are smooth with
IF(,t)|l2 > 0 and ||g(-,t)||2 > 0, then the functions F' and G defined by

F(t) = (@), u®O) £ B)ll;"  and  G() :=[(g(t),w®)|lg®)]l;",

are continuous (see [27]). Hence, by the estimate (4.33) and Cauchy-Schwarz and Young
inequalities, one gets

F2(t) + G*(t) < |lu(®)]3 + [lw(®)]13

< lfuolfy + ol +2 (E($) 1£()]l2 + G(s) llg(s)]12)ds

< ol + lwoll + [ (£}l +llgs)lo)ds + “(F2(s) 1£(5) 12 + G2(5) lg(s)]2)ds
0 0

<O+ [[(F9)+ ) (1Ol + lgs) 2}

with C' a positive constant depending only on the L? norms of uy and w, and on K. By

Gronwall inequality, we have that

F(t)<C and G(t) <C,
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where the constant C' € Rt depends only on the L? norms of the initial data and on K.

In particular,

((F@),w@) < CIfF@]: and  [(g(t), w(t))] < Cllg(@)ls- (4.34)

Using the hypotheses on f and g and bounds (4.33)-(4.34), we conclude that w(-,1),

w(-,t) € L*(R?). Using Theorem 3.2, the inequality (4.32) can be rewritten as
d

(a3 +1wl3) < - [ 1e” (1l + [@]) dé + Ho). (4.35)

where H(t) := 16773(](]‘(75), u(t))| + |(g(t), w(t))|) By the hypothesis under the external
forces (4.30) and the inequalities in (4.34), one gets

H(t) <C(t+1)7%2

where C' € R* depends only on the L? norm of ug and wy and on the constant K. From
inequality (4.35) and repeating the arguments in the proof of Theorem 4.1, we obtain
d 3 3
dt (t+1) (t+1)
where S(t) is the ball defined in (4.26). Multiplying the inequality above by (¢ + 1)3, one
finds

ulls + ||w|5) + ulls + ||wls) < / ul”+|wl”) d€+C(t+1 )
(H 12+ HQ) (H 12+ H2> = st (’ "+ [w] ) 3 ( )

d N . N -
S+ D@3+ [wl)] < 3(+1)? /m (la]” + [@[*) d& + C(t+ 1)*2. (4.36)

Repeating the arguments used in Lemma 4.2 and Proposition 4.3, together with the
hypothesis (4.29) and (4.31), we get

(€, 1) + [w(€ 1)) < Clg7, Vv & e S)\{0} and t >0, (4.37)
where the positive constant C' depends only on the L' and L? norms of u, and w, and
on the constant K5. Thus, by inequalities (4.36) and (4.37), we have

4
dt

Using spherical coordinates, one gets

[+ 1)l + l)] < O+ 1) [ €12 de + e+ 1)

d _ _
pr &+ D3l + [@]15)] < C + 1)

Integrating in time from 0 to ¢, one obtains

(t+ 1*(alls + 1w]l3) < (@3 + |woll3) + C(t+ 1)°2.
It follows from Plancherel theorem that

(t+ 1P(lwll3 + lwl3) < (luoll3 + llwoll3) + C(¢ + 1),

Therefore
[w()]3 + lw(t)|3 < Ct+ 1)1

This completes the proof of Theorem 4.6. m
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If u(-,t) and w(-,t) € L'(R?), then the following decay rate can be obtained for

solutions of system (4.1):

Corollary 4.7. Let (u,p,w) be a smooth solution of problem (4.1)-(4.2). Let ug, wy, f
and g be as in Theorem 4.6. If ||u(-, t)||1 + [Jw(-, t)|1 < K3, then

[ut.t)[} + w0} < 0@+ 1)
where C' depends only on K1, Ko, K3 and on the L' and L* norms of uwy and wy.
Proof. As u(-,t), w(-,t) € L'(R?) and @, w € L*°, we have
(&, )]+ [w(&, )] < [lul, D)l + [[w(, O] < Ks.

Just repeat the proof of Theorem 4.6 using the estimate above. O
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THE MICROPOLAR SYS-

In Chapter 4, we have showed some decay theorems for a smooth solution of the

problem
u+ (u-V)u — Au+ Vp — curlw = f,
divu = 0,
(5.1)
w; + (u- V)w — Aw — V(divw) 4+ 2w — curlu = g,
w| =ug, w|_ =wp,
with
u(x,t) -0 as |x|— o0, t >0,
(5.2)
w(x,t) -0 as |x|] = o0, t>0,

assuming its existence. The proposal of the current chapter is to make such results rigorous,
guaranteeing the existence of the weak solution for system (5.1)-(5.2) and then, proving
the bound

Hu(-,t)Hz + Hw(-,t)Hz <C@t+1)2, vt>o.

To do so, let T be an arbitrary positive number. Recall that we are using the following

notation

Qr =R3* x (0,7),
V= {ve CPR?)/dive =0in R*},
H := the closure of V in L*(R?),
V := the closure of V in H'(R?),
v

":= the topological dual of V.

Definition 5.1. Let ug € H, wy € L*(R?), f € L*(0,T;V') and g € L*(0,T; H '(R?)).
We say that (u,v) is a weak solution of the problem (5.1)-(5.2) if
w < L*0,T;V)NL>(0,T; H),

w € L*(0,T; H(R*)) N L>(0,T; L*(R?)),
and (u,w) satisfies
(ug, ) + ((u- V)u, ) + (Vu, V) = (curlw, @) + (f, ¢)
(divu, ) =0
(we, @) + ((u- V)w, @) + (Vw, Vo) + (divw, div ¢) + 2 (w, ¢) (5.3)

= (cwlu, @) + (g, 9),
=w, weakly in L*(R?),

u‘ =u w’
t=0 0 t=0
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for all ¢ € V and ¢ € H(R?).

In the next section we construct approximate solutions to the problem (5.1) and
present several lemmas established in [4,28,29]. Finally, in Section 5.2, we prove the L?

decay for the approximate solutions of the system (5.1) and the previous estimate follows.

5.1 Approximate Solutions and Auxiliary Results

Following the ideas introduced by L. Caffarelli, R. Kohn and L. Nirenberg in [28],

we define the retarded mollifiers as

Definition 5.2 (Chapter 3, Section 1.4, [3]). For u € L*(0,7; V) and § > 0, the retarded
mollifier of w is defined by

_ 1 Y "™\ ala— oyt —
\115(U)(£B,t) T 54 Ié/w (57 5) ’U,(CC y7t T) dydTa
where ¢(z,t) € C*(R?) is such that
Y >0, Y(x,t)dedt =1,
J
suppt) C {(x,t) e RY; |z|> < t, 1 <t < 2},

and @ : R* — R? is a extension of u, that is

(. 1) ::{ u(x,t), if (x,t) € Qr,

0, otherwise.

Remark 5.3. Note that Ws(u) is a smooth function, i.e., Us(u) € C* (R x [0, T]; R?),

whose values at time ¢ depend only on the values of w at times 7 € (t — 20, — 9).

Lemma 5.4 (Lemma A.8, [28]). Ifu € L>(0,T; H) N L*(0,T; V), then

div¥s(u) =0, (5.4)
and
sup |Ws(u)|*de < C esssup/ lu|? de, (5.5)
tefo,T] /R3 te(0,T) JR?

where C' € RT is an universal constant.

Proof. Since divu = 0, we have

o divu, if (x,t) € Qr,
divu =
0, otherwise.

Thus, diva = 0 and assertion (5.4) is proved. Inequality (5.5) follows from the identity

\If(;(’u,) =u* (I)(;,
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where * denotes the convolution operator and ®s : R* — R is such that
s, ) = 0" (67w, 071),
and by Young inequality for convolutions,
[Ws(w)l]2 = [[u* @52 < Cllull,
and we prove inequality (5.5). ]

Now, let N € N and for some fixed T" > 0 consider 6 = 7T'/N in Definition 5.2. We

define approximate solutions (u”, p™, w?) for the system (5.1) as solutions of the problem

ull + (\IJ(;(UN) : V)uN — AuN +VpY —curlw? = f in O,

divu =0 in O,

wl + <\I/5(uN) : V)wN — Aw" — V(divw") + 2w —curlu™ =g in Qr, (5.6)
u(z,0) = up(x), wV(x,0) =wy(x) in R

/Sde:n =0 a.e. in [0,T7,
R

with

u(x,t) >0 as |x| — oo, t >0,
(5.7)

wh(x,t) >0 as |x|— o0, t>0.
Here, ug € H and w, € L*(R?).
Let us review some auxiliary results for the problems (5.1) and (5.6) (see [28,

Appendix] and [3, Chapter 3]).

Lemma 5.5. Suppose F € L*(0,T;V"), w € L*(0,T;V), and p is a distribution such
that
u — Au+Vp=F, (5.8)

in the sense of distributions on Qp. Moreover, assume G € L*(0,T; H*(R%)), w €
L*(0,T; Hy(R?)), and

w; — Aw — V(divw) = G. (5.9)
Then,
w € OV, w e L(0,T; H'(RY), (5.10)
1d 2 1d 9
5%“ (-,t)HQ = (u, u), 5%“1”(’”“2 = (wy, w), (5.11)

in the sense of distributions, and

u < C([0,T); H), w € ([0, T]; L*(R?)), (5.12)



Chapter 5. DECAY RESULTS FOR THE MICROPOLAR SYSTEM: RIGOROUS ARGUMENTS 40

after a possible modification on a set of measure zero. Solutions of the equation (5.8)
are unique in the space L*(0,T; V') for a given initial data ug € H. Similarly, solutions
of the equation (5.9) are unique in the space L*(0,T; H'(R®)) for a given initial data
wy € L*(R3).

Proof. We will only prove the results for u, since the proof of the results for w is analogous.
Multiplying the equation (5.8) by v € V in L*(R?), we get

(ut7 'U) - (A’U,, ’U) + (vpa ’U) = <F7 ’U>. (513>
Since divv = 0, we have
jt(u, v) + (Vu, Vo) = (F,v). (5.14)

Now, observe that as
V sv+— (Vu,Vo)

is a linear and continuous map on V', then there exists Au € L?(0,T; V') such that
(Au,v) = (Vu, Vo).
Thus, we can rewrite the identity (5.14) as

d
a(u, v) = (F — Au,v). (5.15)

Since F, Au € L*(0,T; V"), we conclude that
uy € L*(0,T; V'), (5.16)

Moreover, from (5.16) and using Lemma 2.16 for V, V', H, we get (5.11) and (5.12). To
prove the uniqueness of u, let us assume that (u!,p!) and (u?, p?) are two solutions of

(5.8) with initial data uy and external force F, i.e.,
u — Au' +Vp' = F, u'(0) = uy,
and
u; — Au* + Vp? = F, u?(0) = uy.
Define u = u! — u? and p = p' — p?. Then, u belongs to the same spaces as u' and u?
and satisfies
u—Au+Vp=0, u(0)=0. (5.17)
Multiplying the equation (5.17) by w, from the first identity of (5.11) we obtain
1d
2 dt
Integrating from 0 to ¢, 0 < ¢ < T, one has

lll3 + V]l = 0.

lu(@®)]” < [[u(0)|I* = 0.

Therefore, u' = u?. O
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Lemma 5.6 (Lemma 1.2.1, [3]). If v,w € C®(Qr;R3), divv =0, f € L*(0,T; V'), and

ug € H, then there exists a unique function u,
w < C0,T; HYNL*(0,T;V), u(0) = uy, (5.18)
and a distribution p on Qr such that equation
u+ (v-V)u — Au+ Vp — curlw = f (5.19)
holds in the sense of distributions on Qr.

Proof. The existence of u and p is proved in Theorem 5.8 and assertion (5.18) follows

directly by repeating arguments of the proof of Lemma 5.5 and by Lemma 2.16. O]

Lemma 5.7 (Lemma 1.3.1, [3]). If u € C®(Qp;R?), divu = 0, g € L*(0,T; H *(R?)),

and wy € L*(R?), then there exists a unique function w,
w € C([0,T]; L*(R?*)) N L*(0, T; H'(R?)), w(0) = wy, (5.20)
such that equation
w; + (u- V)w — Aw — V(divw) + 2w — curlu = g
holds in the sense of distributions on Qr.

Proof. Using Lemma 2.16 and by the the proof of Lemma 5.6. [

Theorem 5.8. Ifuy € H, wy € L*(R?), f € L*(0,T; V"), and g € L*(0,T; H ' (R?)),

then there ezists a weak solution (w,p,w) of the problem (5.1) such that
w€ L0, T; H)N L*(0,T;V) (5.21)

and
w € L>(0,T; L*(R*)) N L*(0,T; H'(R?)). (5.22)

Proof. Let us show the existence of a weak solution for the system (5.1) using the
Faedo-Galerkin method. Consider (¢;)reny C V a basis of eigenfunctions for the Stokes
operator A := —PA, where P is the orthogonal projection from L*(R?) onto H, and
(@5 )ken C HY(R?) is a basis of eigenfunctions for the Lamé operator L := —A — V div

(see [10]). For each m € N, we define an approximate solution for problem (5.1) as follows:

Un(@t) = 3 hin(O)Bu(@), hen(t) €R
k=1
Wal@,8) = Y (@), Prn(t) € R,

>
Il
—
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where the pair (w,,, w,,) is the solution of the approximate problem

(atum7 ¢k) + ((um . V)um; d)k) - (Aum, d)k) = (curlwm, ¢k) + (f’ ¢k) , k = 1, S um,
(Orwm, @r) + (Um - V)W, @) — (Awi, @) — (VAivwn, @) + 2 (Wi, ¢;)
:(Curlumvgak)—i_(gasok)v k‘:l, , M,

U (0) = Upm, wWn(0) = won.
(5.23)

It is not difficult to prove that the nonlinear system of ordinary differential equations
(5.23) has only one solution (w,,w,,) defined in a interval [0,7,,), with T,,, € (0,7).
Actually it is possible to extend this solution to [0, 7] (for more details, see [10]). Now,
multiplying both sides of the equations (5.23); and (5.23) by Ay, and Riem, TESPECtively,
adding up the corresponding equations from k£ =1, --- ,m, and using Cauchy-Schwarz and

Young inequalities, we get

1d 1 1
Sl SVl < S w3+ 1 £l v

and

1d

. 1
5 g7 lwmlls + Vw5 + [divewn 3 + llwnlz < 7 1Venls + 9@z lwnllm-

Add the above inequalities, we have

d 1
pr (a3 + [lwm13) + B (IVwnl3 + [Vwl13) < 21 F v llwnmllv + gl e 1wl z)
(5.24)

Integrating the inequality (5.24) with respect to time on the interval [0, s], with s > 0, we
get

[ ()15 + [wn ()3 < l[woml3 + lwonll + 2/08 U F v llwmlly + gl -1 l[wmll ) dt
< Juwoll3 + ool +2 [ (1 v lsll + gl .
Then, it follows from Young inequality and the assumptions of ug, wq, f, and g that
(I + 01 < O+ C [ (Jaally + a3 ) .
So, by using Gronwall’s inequality, we have

sup_([|wm(s)[I3 + [[wm(s)[3) < C, (5.25)
$€[0,7T

Now, integrating the estimate (5.24) from 0 to 7', we obtain

lum(D)3 +  lwn(T)II3 + ; /0 (IFun @I + [V (]12) dt

IN

20m I3 + [|wom]13 + 2/0 v llwmllv + gz 1w ) dt

IN

T
o3 + Ilwo\|§+2/0 I Fllvllwmllv + |gll - llwmllgr) dt. (5.26)
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Let us prove the existence of u satisfying the assertion (5.21). For this, observe that it
follows from the inequality (5.25) that

{u,,} stays bounded in L>(0,7T; H), (5.27)
and
{w,,} stays bounded in L>°(0, T’; L*(R?)). (5.28)
From the bound (5.26), it follows that
{u,,} is bounded in L*(0,T;V), (5.29)
and
{w,,} stays bounded in L*(0,T; H'(R?)). (5.30)

Assertions (5.27) and (5.28) guarantee the existence of u, w, and a subsequence m’ — oo,
such that
Uy — u, in L0, T; H), (5.31)

and
W,y —* w, on L>(0,T; L*(R?)). (5.32)

From assertions (5.29) and (5.30), we have
{w,,} stays bounded in L*(0,T; V), (5.33)

and
{w,,} stays bounded in L*(0,T; H'(R?)). (5.34)

So, there exists . € L*(0,T; V), w, € L*(0,T; H(R?)), and a subsequence, for simplicity

denoted again by u,,, and w,,, such that
U,y — w in L*(0,T;V), (5.35)

and
w,y — w on L*(0,T; H'(R?)). (5.36)

In particular, for each v € L?(0,T; V)
T T
| (), @) dt = [ (wa(0),w(0) (5.37)
0 0

and . .
[ (wn), @) dt = [ (w.(0), (1) dt. (5.38)
0 0
for each v € L?(0,T; H(R?)). Then, from the convergences (5.31) and (5.32), we get

/OT (u(t) — w.(t),v(t)) dt =0, Yve L20,T;V), (5.39)
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and
/OT (w(t) — w.(t),v(t)) dt =0, YveL*0,T;HyR?)). (5.40)

Consequently,
u=mu, € L*0,T;V)NL>0,T; H),

and

w =w, € L*(0,T; H'(R*)) N L>(0, T; L*(R?)),

and the existence of (u,w) is proved. Finally, let us show the existence of the pressure
p. Consider u and w satisfying w € L2(0,T; V)N L>(0,T; H), w € L*(0,T; H*(R?)) N
L>(0,T; L*(R?)), and satisfying for each v € V,

i(u, v) — (Au,v) — (curlw, v) — <f, v) =0, (5.41)

U(t)—/otu(s) ds, W) —/Otw(s) ds, F(t) —/Ot}(s) ds. (5.42)

So, U € C([0,T); V), W € C([0,T]; H'(R?)), and F € C([0,T]; V'). Then, integrating
the identity (5.41) on t, we have for v € V,

(u(t) —ug — AU(t) — carl W (t) — F(t),v) =0, Vte|0,T]. (5.43)

It follows from Proposition 1.1 and Proposition 1.2, Chapter I of [5], that there exists a
function P(t) € L*(R?) such that

u(t) —ug — AU (t) — carl W(t) — F(t) = =V P(t). (5.44)

Moreover, P € C([0,T]; L*(R?)). Then, differentiating equation (5.44) with respect to ¢,

in the sense of distribution in Q7 and setting

_opP
p - at 9
we obtain
u— Au—curlw — f+ (u-V)u=—-Vp in Q.
This finishes the proof of existence for the pressure p. n

Lemma 5.9 (Lemma A 4, [28]). Suppose f € L*(0,T; H*(R?)), divf =0, and uo € H.
Under the same hypotheses of the Lemma 5.6, the pressure satisfies

3 82
Ap = —div[(v-V)u| = — —(vjug),

and p € L33 (Qr), for all T > 0.
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Proof. Taking the divergence of
u;+ (v-V)u — Au+ Vp — curlw = f,

the identity
' 3 82
Ap = —div[(v-V)u]=— ) 781;»3:1:»(”"%)
O

1,j=1

follows. Thus,

P<$vt):417T i/m : ( i (Ujuk)) (y) dy.

jk=1 ‘ZIJ - y| ayjayk

So, from Lemma 2.26 we have

[l dw < Cla) [ (loljul)? dz,

for 1 < ¢ < co. In particular, for v as in Lemma 5.6, we get

T T
/ /3 Ip|?/? da dt < 0/ /3 )19/ dac dt.
0 R 0 R

Since 2/3
[ul'? de < C (/ |Vu|2da:> (/ |u|2dm> ,
R3 R3 R3
then
T

/ / Ip|>/? da dt < oo,

o Jrs
ie., p € L3(Qr) for all T > 0. O

Lemma 5.10. Suppose f, g € L*>(0,T; H ' (R?)), div f =0, ug € H, and w, € L*(R?).
Let (u,pY,w), N € N, be the unique solution of the problem (5.6)-(5.7). Then

strongly in  L*(Qr),
u™ — ul weakly in L2(0,T;V),
weakly-star in  L>°(0,T; H),

pV = p weakly in L3 (9Qr),

N
strongly in L*(Qr),
weakly in  L2(0, T; H(R?)),
weakly-star in  L>°(0, T; L*(R?)),

w” — w

Us(u) — u strongly in L*(Qr),

; N _ : N _
w2 (0) = o, g w(0) = o,

and (u,w) is a weak solution for the micropolar equations (5.1) with forces f and g,

pressure p and initial data wy and wy.
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Proof. The existence of the solution (u¥, p", w?) of system (5.6)-(5.7) follows applying
Theorem 5.8 inductively on each time interval (ké, (k+1)d), 0 < k < N — 1. It remains to
show the convergences above. Through analogous computations as in the proof of Theorem

4.1, we obtain the energy estimate

d 1

2 (™1 + 1™ 3) + 5 (Va5 + 1Ve™15) < 2 (IF v e v + Iglha-llw™]m)
(5.45)

for t € (0,7). Integrating the estimate (5.45) in s, with s > 0, one gets

[ ()3 + 0™ (5)3 < lluonl3 + lwonl3 +2 | (Il lly + gl ™| ) at
<||u 2 2 9 T N N dt
< fluoll3 + llwol3+2 [~ (I1F v llu™llv + lgllarllw™ )

On the other hand, integrating the inequality (5.45) from 0 to 7', one obtains

¥ @B+ @+ 5 [ (19aY O3 + 19w 0)3) de

T
< a3 + [lwoll3 + 2 /0 (I£llv 1™ v + llgll g 1™ | o) dt.
Therefore, we conclude that
{u™} stays bounded in L>°(0,7; H) N L*(0,T; V) (5.46)

and
{w™} is bounded in L>=(0,T; L*(R*)) N L*(0, T; H'(R?)). (5.47)

Now, denote by V', the closure of ¥ in H?*(R?) and by V7, its dual space. Multiplying the
equation (5.6); by v € V. we obtain

(W ) = (¥ v) — (™) VN v) + feurdw )+ (fr). (5.48)
Since H}(R3) C L°(R?), we have, by Lemma 2.24, that

’<(‘I’6(’UJN)'V)’U/N,V>’ = V)u Vda:dt|

RS

W u” dx dt|
RS

/0 125 (u™)|s ™ ||z [|V2]ls dt

< C ‘|\II5(UN)||L4(O,T;L3)HuN||L4(O,T;L2) HVHLZ(O,T;VQ)' (5.49)

IN

So, it follows from the properties of the retarded mollifier U5, from (5.46) and from Lemma
2.24, that

1(Ws(w™) - V)uM || 20 mvy) < C,
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where C' is a positive constant independent of N. Similarly, we have
1(Ws(w™) - V)W || 20 a2 (gsy) < C,
where C' > 0 is independent of N. Thus,
{ul'} stays bounded in L*(0,T; V7). (5.50)

and
{w!} is bounded in L*(0,T; H *(R?)). (5.51)

Therefore, by Lemma 2.18, we have
{u} and {w"} are in a compact subset of L*(Qr). (5.52)
On the other hand, using Lemmas 5.4 and 5.9, we get
{p"} is bounded in L%3(Qr). (5.53)

So, by (5.46)-(5.47) and (5.50)-(5.53), we conclude that there exists a subsequence, again

denoted by (u’, p", w™), converging to the limit (u,p,w) in the following sense:

strongly in L*(Qr),
u™ — u{ weakly in L2(0,T;V), (5.54)
weakly-star in L>°(0,T; H),

pYV = p weakly in L3 (Qp), (5.55)

strongly in L*(Qr),
w" — w{ weakly in L?(0,T; H'(R?)), (5.56)
weakly-star in  L>°(0, T; L*(R?)).

From the definition of W5 and by (5.54)-(5.56), one obtains
Us(u) — u strongly in L*(Qr).

Finally, by assertions (5.50) and (5.51), we conclude that the functions {u’¥} and {w™})

are uniformly continuous from (0,7) to V7, and H ?(R?)), respectively. Therefore,

(u™(0), ™ (0)) 2 ((0), w(0)) = (o, wy).

N—oo

This completes the proof. O
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5.2 Main Results

The first result considers the case of null external forces.

Theorem 5.11. Let uy € H N L'(R?) and wy € L*(R%) N L*(R?). There exists a weak
solution (u,p,w) of problem (5.1) with f =g = 0 such that

Jut- o)} + w0 < o+ 1)

where C € R is a constant depending only on the L' and L* norms of uy and wy.

In order to prove Theorem 5.11, we first obtain a decay estimate for the approximate

solutions (u, p", w") through the same arguments as in the proof of Theorem 4.1.

Theorem 5.12. Suppose ug € HNL'(R?) and wy € L*(R¥)NLY(R3). Let (u’,p", w),
N €N, be a solution of problem (5.6)-(5.7). Then

2 2 _
G, + 0], < e+
where C' > 0 is a constant which depends only on the L? and L' norms of uy and wy.

N

Proof. For simplicity, we write u"¥ = u, p¥ = p and w” = w. Due to Lemma 5.5, Lemma

5.6, and Lemma 5.7, we have that H and () defined by
H(t) = [uC 0l + w0l Q) = (u,w) + (w,w,),

satisfy H, Q € L?,.(R), and
1d
——H(t) =Q(t 5.57
S H () = Q) (557)
as distributions. Moreover, H is absolutely continuous and identity (5.57) can be interpreted

in the classical sense. Consequently, to prove Theorem 5.12,; it is enough to show that
@€, 0)] + [w(€,t) < Clg™ (5.58)

holds for all £ € S(t) (see (4.26)) and then just follow the same steps as in the proof of
Theorem 4.1 to finish the proof. We establish estimate (5.58) in the following
Proposition 5.13. Let uq € H N L'(R?) and wy € L*(R3) N L'(R3). Let v(-,t) €
L*(R?) N C*°(R?) with divv = 0. If (u,p, w) is the unique solution of the problem

us+ (v-V)u — Au+ Vp — curlw = 0,

divu =0,

. (5.59)
w;+ (v V)w— Aw — V(divw) + 2w — curlu = 0,
u(m, O) - U’O(w)a UJ(w, 0) = wo(w),
then for & € KK, K C R3 a compact set, it holds
[u(€, )] + [w(&t)| < ClEIT, ae int, (5.60)

where the constant C' > 0 depends on K, on the L' and L* norms of uy and wg, and on

the L? norm of v.
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Proof. Following the ideas in the proof of Proposition 4.3, we write the system (5.59) as
U+ A(§)y = G, 1)
in the sense of distributions, where y := (u, w), G := (G4, G3),
Gi(§,t) = —F{Vp+ (v-V)u}(§), G:& 1) = —F{(v-V)w}(§),

and A(€) is the Hermitian matrix defined in (4.15). Then, to prove the proposition we

only need to show that
|G1 (&, )]+ |G2(&, )| < Cl¢] (5.61)

and repeat the arguments used in the proof of Theorem 4.1. To obtain suitable bounds for
G, Gy, we first show that G, Gy are well defined. First of all, by Lemma 5.9 we have

t
// Ip(x, s)|*3da ds < C.
0 JR3

Thus
/3 Ip(x,t)[**de < C' ae. int.
R

Hence, by Lemma 3.3, we get
1PC; D)lls2 < Clip(- 1) llss-

It follows that p(-,t) € L2(R3) a.e. in ¢t. Moreover, by Lemma 5.9,

3 32
Ap = —di -V = — —(v;ug). 5.62
D iv[(v-V)ul j;l 92,0 (vjug) ( )

So, taking the Fourier transform of the identity (5.62), we obtain
3
—[&]*p = —i& F{(v- V)u} = 3 §GF {uui}.
jk=1
Thus,
3
< D &G lusvrlh.

Jk=1

3
> &kT {ujon}

jk=1

€% 1Pl =

Since u; and vy are in L*(R?), it follows that

Ip| < C.

On the other hand, as
F{Vp}(&) =i&D,

we conclude that

[ Z{Vp}(&)| < CI¢], (5.63)

where C' is a constant depending only on the L? norms of uy and v.
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To be able to obtain a bound as in inequality (5.61) for the terms .Z#{(v - V)u}
and Z{(v - V)w}, we must show that it makes sense in L*(Qr), i.e., Z{(v - V)u} and
F{(v-V)w} € L*(Qr). But, this fact follows from Lemmas 5.6 and 5.7, since

//3|(v.v)uj|2dmdtgi//m
// |(v - ij| dmdt<2//

Since dive = 0 and vy, u; and w; are in L?*(R?), we have

Ou;

2
v d:cdtg//3|Vu|2da:dt§C,
R

wj
Ve
5’xk

dazdtg//B\V'dewdtg C.
R

[ {(v- V)u}], \— 67 {uyuid| < 161 X 17 {umi)| < Clel, (5.64)
[7{(0- Vywl;| = |i & (o) <\srkz|f{wjvk}r<c\s| (5.65)

where C' > 0 is a constant depending only on the L? norms of ug, wy and v. Combining
inequalities (5.63), (5.64) and (5.65), one obtains (5.61). Now, we use the inequality (5.61)
to show that (5.60) holds. Set

plE1) = A€
Then

@& 1) = PG 1), (5.66)
in the sense of distributions. By estimate (5.61), it follows that e -8 @G e L} (R). Thus,

identity (5.66) can be defined in the classical sense a.e. in t. Therefore,

P(&,0) = 5(€,0)+ [ MOG(E, ) ds

and estimate (5.60) is proved. This completes the proof of Proposition 5.13. [

Now, we just consider v = Ws(w) in Proposition 5.13, repeat the arguments in the
proof of Theorem 4.1 and apply Lemma 5.4 to show that the constant C' depends only on
the L? and L' norms of ug and wy. This finishes the proof. O

Proof of Theorem 5.11. Let (u,w) be the weak solution obtained as the strong limit in
L*(Qr) of the (u’, w™) through Lemma 5.10. Then

]\}LH;O ” lu™ (x,t) —u(x,t)|*de =0 ]\}'linoo » |lw™ (z,t) — w(x, t)]" de.

By Theorem 5.12, we have

luG Ol < JuC)llz + (= w™)( 1)l < CE+ DT+ (= w™)( )],

lw( )l < w0l + 1w = w™) ()l < CE+ 1)+ [[(w = w") (-, 1)]|2.
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Taking N — o0, one obtains
2 2 1/
|t + w8, < C+1)7172,
where C' is a positive constant depending only on the L' and L? norms of uy and wy. O

For the case where the forces f and g do not vanish, we have

Corollary 5.14. Suppose uy € H N L'(R?), wy € L*(R?) N L'(R?), and the external
forces satisfy

feL’0,00, V"),
g € L*(0,00; H'(R?)),
div f =0,
IFC Oz + llgC.t)lle < Ki(t+ 1) Vi >0,
F(&.6)|+1g(&, 1) < Ks€], Vt>0 with & € R,

for some positive constants K| and K. Then, the unique solution (u™,p",w"), N € N,
of problem (5.6)-(5.7) satisfies

[0+ w0 < c@+ 172,

where the positive constant C depends only on the L* and L* norms of the initial data

and on the positive constants K1, Ks.

Proof. Set
Gi(&,t) == F{f = Vp" = (Us(u™)-V)ur}(&), Gs(& 1) = F{g—(Us(u") V)w™}(&).

We will show that
|G1(§,t)] + |G2(&,1)| < Cl§] (5.67)

and then we repeat the proof of Theorem 5.12. The same arguments as in the proof of
Theorem 5.12 yield

[ ZAVPH + [ F{(Ts(u”) - VIuY + [F{(Ts(u”) - V)w'} < ClE],

and, since

FED)]+1g(€, D] < Kaf€], ¥t >0 and € €R®,
bound (5.67) follows. This ends the proof of Corollary 5.14. O

The next corollary is the final result of this work
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Corollary 5.15. Let ug, wy, f and g be as in Corollary 5.14. Let (u, w) be a weak solution
of the micropolar equations (5.1) obtained as the L* limit of the solutions (u™,w™) of
system (5.6). Then

Hu(-,t)HZ + Hw(-,t)Hz <Ct+1)"12

where the constant C € RT depends only on f, g and the L* and on L* norms of ug and
wy.

Proof. By Lemma 5.10, one has

- N _ 2 00— 1 N _ 2
]\}1_13(1)0 L, lu” (x,t) — u(x,t)|*de =0 ]\}1_{1(1)0 L, |lw” (x,t) — w(x, t)|” de

and, by Corollary 5.14, one gets

luG Ol < JuC)llz + (=) 1)l < CE+ DT+ (= w™)( )],

lw( )l < w0l + 1w —w™)( )l < CE+ 1)+ [[(w = w") (-, 1)]|2.

Finally, taking N — oo, one obtains
bt o+ ot 0 < cte 1%

where the positive constant C' depends only on f, g and on the L' and L? norms of ug
and wg. The proof of Corollary 5.15 is finished. O]
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