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Abstract

Circular Statistics is an important branch of the Statistics which has been necessary in var-
ious scientific fields such as Biology, Medicine, Geology, Meteorology and others. During the
performed researches some gaps were observed in this study branch. Thus, the main objective of
this thesis is to collaborate with the enrichment of the literature in Circular Statistics, seeking
to fill these gaps. First, the difficulty in obtaining models with asymmetry, different modality
scenarios and treatable trigonometric moments was noticed. In this way, a new circular distri-
bution is proposed in the Chapter [2] denominated Exponentialized Cardioid (EC). Some of its
mathematical properties are presented, such as trigonometric moments, kurtosis, and asymme-
try. In addition, two estimation methods for EC model parameters were studied. Subsequently,
the lack of hypothesis tests for parameters of circular distributions, in the context of models
distinction, was evidenced in the literature. Apart from, few studies on bootstrap were found in
Circular Statistics. Thus, in Chapter 3, we devote attention to make hypothesis inference on EC
parameters. In particular, adopting as comparison critera estimated type I error size and test
power, we study the performance of tests based on likelihood ratio, Wald, score and gradient
statistics and their bootstrap versions putting emphasis to distinguish the EC distribution re-
gard to Cardioid and uniform models, special cases of the former. From the theoretical point of
view, an important collaboration was the derivation of the EC Fisher information matrix. The
last gap refers to the few models of circular-circular regression in the literature. In Chapter 4,
a new circular-circular regression model having distributed EC angular errors is proposed. Its
regression curve is expressed in terms of the Mdébius Transformation. Futher, a complex version
of the EC distribution is also presented, named CEC distribution, and a likelihood-based esti-
mation procedure for parameters of the new model is furnished. The fifth Chapter has the same
purpose as Chapter 2. Four new circular distributions, that extend the Cardioid distribution (C)
are proposed, called beta Cardioid (8C), Kumaraswamy Cardioid (KwC), gamma Cardioid (I'C)
and Marshall-Olkin Cardioid (MOC). These distributions are rewritten as a family, which is a

result of weighting the C probability density function (pdf). General mathematical expressions



for their trigonometric moments and the idea for estimating the parameters of the proposed
models by the maximum likelihood method are presented. These four chapters present examples
in the area of Meteorology or Biology that point out the success of the new proposed models
in the Chapters 2, 4 and 5 and the good performance of the Wald and gradient tests, in the

Chapter 3.

Keywords: Circular Statistic. EC distribution. Inference.



Resumo

A Estatistica Circular é um ramo importante da Estatistica que tem sido necessario em diver-
sos campos cientificos como Biologia, Medicina, Geologia, Meteorologia, entre outros. Durante
as pesquisas realizadas foram observadas algumas lacunas neste campo de estudo. Dessa forma,
o objetivo principal dessa tese é colaborar com o enriquecimento da literatura em Estatistica
Circular, buscando preencher tais lacunas. Primeiramente, a dificuldade em obter modelos com
assimetria, diferentes cenarios de modalidade e momentos trigonométricos trataveis foi notada.
Dessa forma, no Capitulo [2] uma nova distribuigao circular é proposta, denominada Cardioide
Exponencializada (EC). Algumas de suas propriedades matematicas sdo apresentadas, como mo-
mentos trigonométricos, curtose e assimetria. Além disso, dois métodos de estimacao para os
parametros do EC modelo foram estudados. Posteriormente, a inexisténcia de testes de hip6teses
para parametros de distribuicbes circulares, no contexto de distingdo de modelos, foi evidenci-
ada na literatura. Ademais, poucos estudos sobre bootstrap foram encontrados em Estatistica
Circular. Assim, no Capitulo 3, foi dada atengéo & inferéncia de hipoteses sobre os parametros
da EC. Em particular, adotando como critérios de comparacdo o tamanho do erro tipo I e o
poder do teste estimados, estudamos o desempenho dos testes baseados na estatisticas de razao
de verossimilhanga, Wald, escore e gradiente e suas versoes bootstrap, com énfase em distinguir
a distribuigdo EC dos modelos Cardioide (C) e uniforme, casos especiais da primeira. Do ponto
de vista tedrico, uma importante colaboragéo foi a derivacao da matriz de informacao de Fisher
da EC. A ultima lacuna se refere aos poucos modelos de regressao circular-circular existentes
na literatura. No Capitulo 4, um novo modelo de regressao circular-circular, com erros angu-
lares assumindo a distribuicdo EC, é proposto. A curva de regressdo é expressa em termos da
transformagao Mobius. Além disso, uma versao complexa da distribuigao EC também é apresen-
tada, denominada distribui¢ao CEC e um procedimento, com base na maxima verossimilhanca, é
fornecido para estimar os pardmetros do novo modelo. O quinto capitulo tem o mesmo objetivo
do Capitulo 2. Quatro novas distribui¢oes circulares flexiveis que estendem a distribuicao Car-

dioide (C) sao propostas, denominadas beta Cardioide (5C), Kumaraswamy Cardioide (KwC),



gamma Cardioide (I'C) e Marshall-Olkin Cardioide (MOC). Estas distribuigdes sao reescritas
como ponderagoes da fun¢do densidade de probabilidade da C. As expressoes matematicas para
seus momentos trigonométricos e a idéia geral para estimar os pardmetros dos modelos propostos
pelo método de méaxima verossimilhanca sao apresentadas. Esses quatro capitulos apresentam
exemplos na area de Meteorologia e Biologia que apontam o sucesso dos novos modelos propostos

nos Capitulos 2, 4 e 5 e 0 bom desempenho dos testes Wald e gradiente, no Capitulo 3.

Palavras-chave: Distribuigao EC. Estatistica circular. Inferéncia.



List of Figures

[2.1 Theoretical and empirical EC densities for some parametric points.| . . . . . . . . 27
2.2 Skewness and kurtosis maps for EC, Cardioid and von Mises distributions. | . . . 32
2.3 MSE for the ML estimates of the seven parametric vectors chosen according to |
[ the mean direction] . . . . . . . . ... 35
2.4 MSE for the ML estimates of the seven parametric vectors chosen according to |
the mean resultant length.|. . . . . ... .. ... ... 000000 37

[2.5  MSE for the QLS estimates of the seven parametric vectors chosen according to |
[ the mean direction. | . . . . . . . . . .. 38
2.6 MGSE for the QLS estimates of the seven parametric vectors chosen according to |
the mean resultant length. | . . . . ... .. ... ... 000000 39

[2.7  Ljung-Box test statistic.| . . . . . . .. ... . oo 40
2.8 Data skewness and kurtosis. . . . . .. . ..o oo o oo 40
2.9  Fitted densities of the EC, Cardioid and von Mises models for the data. . . . . . 41
[3.1 Illustration of the special functions.|. . . . . . .. ... ... ... ... ... .. 50
[3.2  Estimated power curves on situation a tor difterent sample sizes, considering o = |
5%, p=03,and p=7F5.|. ... ... 55

[3.3  Estimated power curves on situation b for different sample sizes, considering o = |
5%, p=03,and = | .. 59

[3.4 Illustration of bias for the asymptotic distribution of T5;.[. . . . . . . .. ... .. 60
3.5 Estimated power curves on situation a via boostrap for different sample sizes, |
considering o = 5%,p =03, and p= 5. | . ... ... ... ... ... ... 63



3.6 Fitted EC, C, and uniform densities for three databases. | . . . .. ... ... .. 65
4.1 Plots of the regression curve.| . . . . . . . .. . ... ... . 73
4.2 Symmetry in the Mobius transtormation.|. . . . . . .. . ... ..o 0L 74
4.3 Plots of the special functions.| . . . . . . . .. . ... ... Lo 78
4.4 Spokeplot. . . . . . 79
[.1  Theoretical and empirical SC densities for some parametric points.| . . . . . . . . 84
5.2 Theoretical and empirical KwC densities for some parametric points.| . . . . . . . 86
9.3 Theoretical and empirical I'C densities for some parametric points.| . . . . . . . . 87
5.4  Theoretical and empirical MOC densities for some parametric points.|. . . . . . . 89
[5.5  Weight curves for new models in family f;(6).| . . . . . . .. ... ... ... ... 90
5.6 Fitted densities of the C, EC, 5C, Kw-C, I'-C and MOC models for the real data.| 97
5.7 Fitted densities of the C, EC, 5C, Kw-C, I'-C and MOC models for the real data.| 98




List of Tables

[2.1 Modality of the EC distribution, for different values of the parameters, where |
| @—Amodal, {—Unimodal and @=Bimodal] . . . . ... ... ... ... ..... 28
[2.2  Ranges of some standard circular measures of the EC distribution.| . . . . . . .. 32
[2.3 MSEs for the ML estimates obtained by the equations [2.3] [2.4] and [2.5] (MSE) [
| and ML estimates obtained by the equations [2.4]and [2.5after 5 ([2.6]) substitution |
| (MSE’), by the Monte Carlo method, over 5.000 replications. The size of the [
| sample was set to 100.| . . . . . . . ... 35
[2.4  Average bias and MSE for the ML and QLS estimates for difterent parametric |
| vectors, by the Monte Carlo method, over 5.000 replications. Sample sizes of 30, |
| 50 and 100 were considered] . . . . . . . . . .. 36
[2.5  Average bias e MSE for the MLE and QLSE tfor different values of g, p and u, by |
| the Monte Carlo method, over 5.000 replications. Sample sizes of 30, 50 and 100 |
[ were considered.] ... .o Lo 37
2.6 MSE tfor the ML and QLS estimates for ditterent values of 5, p and i, by the |
| Monte Carlo method, over 5.000 replications and sample size n = 100.] . . . . . . 38
[2.7 ML estimates of the model parameters for the data, the corresponding standard |
| errors (given in parentheses) and the Kuiper and Watson statistics.| . . . . . . . . 40
[3.1 Rejection rate (%) under the null hypothesis for the situation a, considering p = |
| 0.3, u= 27”, and different sample sizes. | ....................... 54
[3.2  Rejection rate () under the null hypothesis for the situation a, considering n = 20 [
| and different values of (u,p). | . . . . . ..o 57




[3.3  Rejection rate (%) under the null hypothesis for the situation b, considering n = 20 |

and different valuesof w. | . . . . . ..o Lo 58
[3.4 Rejection rate (%) under the null hypothesis for the situation a and boostrap-based [

percentiles, considering p = 0.3, u = %’r, and different sample sizes | ........ 60
[3.5  Rejection rate (%) under the null hypothesis for the situation a and boostrap-based [

percentiles, considering n = 20 and different values of (u,p)|. . . . . . . . .. .. 62
[3.6 ML estimates (SEs) for parameters for considered models| . . . . . ... ... .. 66
[3.7 P-values of the asymptotic (1;;) and bootstrap (1) hypothesis tests| . . . . .. 66
[4.1 ML estimates e (SEs) of the models parameters for the datasets.| . . . . ... .. 79
p.1 The quantities F', ¢; and D, for each distribution.|. . . . . . . . .. ... ... .. 95
5.2 ML estimates of the model parameters for the data, the corresponding standard |

errors (given in parentheses) and the Kuiper and Watson statistics.| . . . . . . . . 97

[5.3

ML estimates of the model parameters for the data, the corresponding standard

errors (given in parentheses) and the Kuiper and Watson statistics.| . . . . . . . . 98




List of Abbreviations and Acronyms

6C beta Cardioid

EC Exponentiated Cardioid

cdf cumulative distribution function
KwC Kumaraswamy Cardioid

FIM Fisher information matrix

[ maximized log-likelihoods under H;
l, maximized log-likelihoods under Hy for situation a
l maximized log-likelihoods under Hy for situation b
ML maximum likelihood

MLE maximum likelihood estimator
MOC Marshall-Olkin Cardioid

MSE mean square error

MT Mébius transformation

pdf probability density function

QLSE quantile least squares estimator

SE standard errors

Tia likelihood ratio test for situation a
T likelihood ratio test for situation b
T, Wald test for situation a

Ty Wald test for situation b

T3, score test for situation a

N score test for situation b

Tha gradient test for situation a

Ty gradient test for situation b

vM von Mises

vMM modified von Mises

wC wrapped Cauchy

IC gamma Cardioid



Contents

1 Introduction| 17
[2 A new extended Cardioid model: an application to wind datal 22
2.1  Introduction|. . . . . . . . . . 23
(2.2 The proposed model| . . . . . . . . . 25
[2.2.1 Modality essays . . . . . . . . . e e 28
2.3 Moments|. . . . . . . . 29
2.4  PFstimation Procedures . . . . . . .. ... o 32
[2.4.1 Mazimum Likelihood Estimation|. . . . . . . . . . . . . ... 32
[2.4.2  Quantile least squares method . . . . . . . . . . . . ... .. 33
2.5 Numerical results| . . . . . . . . . . 34
[2.5.1 Swmulation Study . . . . . . . e 34
[2.5.2 Application] . . . . . . . 39
[2.6 Concluding remarks| . . . . . . . .. 41

(3 Inference and hypothesis tests for the exponentiated Cardioid distribution| 42

3.1 [ntroductionl . . . . . . . . . . . 43
(3.2 [ikelihood-based tools for the KC modell . . . . . . . ... ... ... ... ... .. 45
(3.3 Some hypothesis tests for the ECmodel| . . . . . ... ... ... ... .. ..... 49
(3.3.1 The hkelsthood ratio tesfl . . . . . . . . . . . 49
(.82 The Wald test] . . . . . . . . . . L 51

[2.8.8 The score tesfl . . . . . . . . . 52




[5.3.4 The gradient test) . . . . . . . . . . .. 52

[5.5.5 Bootstrap tests . . . . . . . . e 52
3.4  Numerical resultsl . . . . . .. .o 53
[5.4.1 Performance for asymptotic distribution-based percentiles . . . . . . . . . . . . . .. 54
[5.4.2  Performance for parametric bootstrap-based percentiled . . . . . . . . ... ... .. 59
[5.4.8 Applicatron| . . . . . . . 61
[3.5 Concluding remarks| . . . . . . . . . 67
(4 A circular-circular regression model for the exponentiated Cardioid model 68
[4.1 [ntroduction| . . . . . . . . . . 69
4.2 Mobius transformation| . . . . . . ..o Lo 71
4.3 Exponentiated Cardioid model] . . . . . . ... ... oo oo 73
[4.4 Circular-circular regression model and likelihood-based estimation|. . . . . . . . .. 74
4.5 A Real Data Setl . . . . . . . . 76
[4.6 Concluding remarks| . . . . . . . . L 79
[5 Distribution Generators Applied to the Cardioid Model: Experiments on |
L Circular Datal 80
[B.1 [ntroductionl . . . . . . . . . . . 81
0.2  Generalized Cardioid Models| . . . . ... ... oo 82
[5.2.1 Beta Cardiotd . . . . . . . . . . . 83
[5.2.2  Kumaraswamy Cardiord . . . . . . . . . . . . e 85
5.2.3 Gamma Cardiord . . . . . . . . . 85
[5.2.4  Marshall-Olkin Cardiond, . . . . . . . . . . . . . 88
[5.2.5 A general formulal. . . . . . . ... 88
(5.3 Mathematical properties| . . . . . . . . . . 90
[5.3.1 Beta Cardiotd . . . . . . . . . . 92
[5.5.2  Kumaraswamy Cardiotd . . . . . . . . . . . e 92




[5.3.4 Marshall-Olkin Cardioad . . . . . . . . . . . . . . . ... ... 94

[5.3.5 General Forms . . . . . . . . . . . . 94
b4 BEstimationl. . . . . . . ... 95
(5.5 Applications|. . . . . . . . e 96
(5.6 Conclusions] . . . . . . . 99
[6 Concluding remarks and future works| 100
L References| 102
| Appendix A - Theorem 2.2.1. proof] 111
| Appendix B - First central trigonometric moment| 112
| Appendix C - Theorem 3.2.1. proof] 114
| Appendix D - Theorem 3.2.2. proof] 115

| Appendix E - Derivation of the CEC pdf] 116




17

1 Introduction

Circular statistics is a particular branch of the Statistics that deals with data that can be
represented as angles or, equivalently, as points on the circumference of the unit circle. According
to [Fisher| (1995), this branch is situated somewhere between the analysis of linear and spherical
data.

Examples of circular data include directions measured using instruments such as a compass,
protractor, weather vane, sextant or theodolite. It is usual to record such directions as angles
expressed in degrees or radians measured either clockwise or counterclockwise from some origin,
referred to as the zero direction. The requirements to specify the position of the origin and the
direction taken to be positive do not arise for data on the real line; the origin is 0, values to the
left of 0 are negative and those to the right are positive. For circular data, each angle defines a
point on the circumference of the unit circle, just as each value of a linear variable defines a point
on the real line. As the absolute value of a linear variable increases we move further away from
the origin. So, on the real line, a value of 360 is relatively close to a value of 355 but relatively
far from the origin. The situation is very different for circular variables. Whilst an angle of 355
corresponds to a point on the circumference of the unit circle that is close to that corresponding
to 360, the angles 0 and 360 define the exact same point. It is this periodic nature of circular
data that forces us to abandon standard statistical techniques designed for linear data in favor
of those which respect the periodicity of circular data (Pewsey et al., [2014]).

Pewsey et al|(2014) still mentions that the support for circular data is the unit circle as op-
posed to the real line which is the support for linear data. Whilst measured directions recorded as

angles constitute one type of circular data, not all circular data are necessarily initially measured
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or recorded as angles. As example, each time of day measured on a 24 hours can be converted
to an angle measured in degrees by multiplying the time in hours by 360/24. Those angles can

then be used to define points around the circumference of the unit circle.

The circular data are of interest in many contexts (Pewsey et al., [2014). Some examples

include

the bonding angles of molecules (Viftrup et al., [2007)),

the direction of the wind 1986)),

time patterns in crime incidence (Brunsdon and Corcoran) 2006]),

time patterns of events in the field of cyber security (Pan et al., [2017),

the incidence throughout the years of measles (Guo et al., 2010).

Other applications from astronomy, geology, medicine, meteorology, oceanography, physics and

psychology are referred to in |Fisher| (1995]) and |[Mardia and Jupp|(1999). According to

(2010), variables that characterize the phenology of species, such as powering onset during
the year, are of great interest to biologists. Many of these examples illustrate the importance

of circular statistics in environmental and climate-change analysis. Circular statistics have also

been applied by Mardia et al.| (2007) and Boomsma et al.| (2008) in the areas of bioinformatics

and proteomics.

Due to the importance of analyzing circular data in the area of Statistics, there are seven

books devoted to this topic more depth: Mardia (1972), Batschelet| (1981), Upton and Fingleton)

(1989)), |Fisher| (1995), Mardia and Jupp| (1999)), Jammalamadaka and Senguptal (2001) and

Pewsey et al| (2014). Mardia and Jupp| (1999) is a heavily revised, updated and extended

version of (1972), which, together with Jammalamadaka and Senguptal (2001), provide

the most theoretical treatments of the subject. The last is the only one of them that includes

any code, but the S-Plus based on the CircStats package to which it refers is of rather limited

scope, before the publication of [Pewsey et al.|(2014) which includes the R code for applications of
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techniques presented in other literatures. Aspects of robust or Bayesian methods are considered

in Mardia and Jupp (1999) and Jammalamadaka and Senguptal (2001)). Time series or spatial

analysis for circular data are covered by (1995)).

Construction of a tractable circular model with an asymmetric shape has been a problem in

statistics of circular data. To tackle this problem, some asymmetric extensions of well-known

circular models have been proposed in the literature. |Malsimov]| (1967)), [Yfantis and Borgmann

(1982) and |Gatto and Jammalamadaka| (2007) discussed an extension of the vM distribution,

generated through maximization of Shannon’s entropy with restrictions on certain trigonometric

moments. Batschelet| (1981) proposed a mathematical method of skewing circular distributions

that has seen renewed interest very recently. In Fernandez-Duran| (2004), the author proposed

the non-negative trigonometric moment distributions. (2008|) presented a four parameter

family of distributions on the circle by wrapping the stable distribution and [Jammalamadaka and|

Kozubowsky! (2004) by wrapping the classical exponential and Laplace distributions.

(2010) proposed a family of distributions arising from the M&bius transformation which

includes the vM and wrapped Cauchy distributions. [Umbach and Jammalamadaka (2009) intro-

duced the idea of [Azzalini (1985) to circular distributions that typically results in an asymmetric

distribution. Kato and Jones| (2013) proposed a mathematical tractability model, obtained from

the wrapped Cauchy, by applying Brownian motion. Unlike familiar symmetric distributions, it
is often difficult to deal with skew models in statistical analysis. This difficulty is partly due
to the lack of some mathematical properties that many of the well known symmetric models

have. For example, existing asymmetric models often have complex normalizing constants and

trigonometric moments, which could cause trouble in analysis (Kato and Jones, 2013]).

In relation to statistical inference for the parameters of circular distributions,

madaka and Senguptal (2001)) cites that not much is known in terms of optimal tests for the

parameters of other circular distributions, besides the vM. Such a distribution is called circular

Normal distribution to emphasize its importance and similarities to the Normal distribution on

the real line. The author still indicates SenGupta and Pal| (2001) for a discussion on Wrapped

Stable distributions.
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As regards circular regression models, three types can be cited: linear-circular, circular-linear
and circular-circular. The study of the latter has received very little attention (Pewsey et al.,
2014), although the regression of a circular variable on a circular variable often arises in practice.
Many examples can be cited including the spawning time of a particular fish on the time of the low
tide, wind directions at different times and the orientation of a bird nest on orientation of river.
In circular-circular regression, an angular random variable is modelled in terms of other circular
random variable and both are measured assuming the same zero direction and rotation sense
(Sarma and Jammalamadaka, 1993). Such particularities makes the problem more complicated
than the usual linear regression.

Therefore, the idea of the thesis is to contribute to fill these gaps in the literature of circular

statistics with respect to the:

e proposition of new circular models with asymmetry, different modality scenarios and treat-

able properties;
e statistical inference for the parameters of a circular distributions; and
e proposition of circular-circular regression models.

These contributions resulted in six chapters, including this introductory chapter. The four
independent following chapters are connected by a single object of study: a new circular dis-
tribution. In Chapter [2| the new model is proposed, called Exponentiated Cardioid (EC) and
their properties such as trigonometric moments, kurtosis and skewness are derived. A discussion
about the modality of the studied model is also presented. To fit the EC model, two estimation
methods are presented based on maximum likelihood and quantile least squares procedures. The
performance of proposed estimators is evaluated in a Monte Carlo simulation study and the
proposed model is applied to a dataset about wind directions.

In Chapter [3] the EC distribution is considered in order to study the Type I error rate and
the power of the likelihood ratio, Wald, score and gradient tests and their bootstrap versions

to distinguish the EC distribution from the Cardioid and uniform distributions. In addition, an
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important property of the proposed model is derived (Fisher information matrix) and the tests
and their bootstrap versions are applied to datasets.

In Chapter[d] the EC distribution is assumed as distribution for the angular errors of the a pro-
posed circular-circular regression model. Its regression curve is expressed in terms of the Mdbius
transformation. Futher, the complex version of the EC distribution is introduced, named CEC
distribution. The maximum likelihood method is presented to estimate the model parameters.
The usefulness of the new model is illustrated using wind direction real data. Its performance
is compared with those due to models having the vM, wrapped Cauchy and modified vM error
distributions as error angular components. Results indicate that the our proposal may be the
best regression model.

Four new circular distributions that extend the C distribution are introduced in Chapter 5,
called beta Cardioid (8C), Kumaraswamy Cardioid (KwC), gamma Cardioid (I'C) and Marshall-
Olkin Cardioid (MOC). These distributions are rewritten as a family, which is a result of weight-
ing the C pdf. General mathematical expressions for their trigonometric moments and the idea
for estimating the parameters of the proposed models by the maximum likelihood method are
presented. The usefulness of the new distributions is illustrated using two applications to real

data. Finally, in Chapter 6, some conclusions and ideas for further work are presented.
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2 A new extended Cardioid model: an
application to wind data

Resumo

A distribuicao Cardioide é um modelo relevante no tratamento de dados circulares. Porém, este
modelo nao é adequado para cenérios onde existe assimetria ou multimodalidade. Para resolver
esse problema, um modelo extendido da Cardioide é proposto, chamado distribui¢ao Cardioide
exponencializada (EC). Além disso, algumas de suas propriedades como momentos trigonométri-
cos, curtose, e assimetria sao derivadas. Uma discussao sobre a modalidade do modelo estudado
é também apresentada. Para ajustar o modelo EC, sdo apresentados dois métodos de estimagao,
a maxima verossimilhanca e minimos quadrados quantilicos. A performance dos estimadores é
avaliada em um estudo de simulacao, adotando viés e erro quadratico médio, como compara-
¢ao. Finalmente, o modelo proposto é aplicado a um conjunto de dados no contexto de dire¢oes
de vento. Resultados indicam que a distribuicdo EC pode superar distribuigoes classicas com

suporte circular tais como a Cardioide e a vM.

Palavras-chave: Cardioide exponencializada. Diregao do vento. Modalidade. Momentos trigonométri-

COS.
Abstract

The Cardioid distribution is a relevant model for circular data. However, this model is not suit-
able for scenarios where there is asymmetry or multimodality. In order to solve this problem,

an extended Cardioid model is proposed, which is called Exponentiated Cardioid (EC) distribu-
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tion. Moreover, some of its properties, such as trigonometric moments, kurtosis and skewness
are derived. A discussion about the modality of the studied model is also presented. To fit the
EC model, two estimation methods are presented based on maximum likelihood and quantile
least squares procedures. The performance of proposed estimators is evaluated in a Monte Carlo
simulation study, adopting both average bias and square error as comparison criteria. Finally,
the proposed model is applied to a dataset in the wind direction context. Results indicate that
the EC distribution may outperform some classical distributions with circular support such as

the Cardiod and the von Mises.
Key-words: Exponentiated Cardioid. Modality. Trigonometric moments. Wind direction.
2.1 Introduction

Circular data have been obtained from various fields such as in Biology (Batschelet| |1981)),
Zoology (Boles and Lohmann, 2003), Geology (Rao and Senguptal [1972) and others. Some
examples are related to birds navigational, variation in the onset of leukaemia, orientation data
in textures and wind directions. The periodic nature of circular data imposes a specific treatment
which is appropriate for non-euclidean space. Even though symmetry is assumed by several
circular models, there are many practical situations where asymmetric distributions are necessary.
Thus, a new tractable flexible circular model will be presented in this chapter.

There are some generators for representing circular and directional data. Among them, the
simplest is known as perturbation procedure proposed by Jeffreys| (1961) and it is based on the
product of an existing circular density and a function chosen such that the resulting expression
is also a circular density (Pewsey et all|2014). The Cardioid and sine-skewed (Abe and Pewsey,
2009) distributions are particular cases of this method. The Cardioid distribution was introduced
by Jeffreys (1961) as cosine perturbation of the continuous circular uniform distribution and has

probability density function (pdf) given by

Jo0) = o1+ 2pc05(0 — )},

where 0 < g < 27 is the mean direction parameter and |p| < % is the concentration param-
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eters. Further, the circular uniform distribution is obtained when p = 0. Other generator is

stemmed from the real line around the circumference, called wrapping models (Jammalamadaka

land Sengupta), 2001). The wrapped Cauchy and normal models are examples of this method.

Generators defined by transforming the argument of some existing densities, say g(6), replacing

its argument, 6, by functions of it, can also be mentioned. Some distribution generators in this

way are Jones-Pewsey (Abe et al.,|2013)), Inverse Batschelet (Jones and Pewseyl, [2012)), Papakon-

stantinou (Abe et al) 2009) (generated from Cardioid) and Batshelet (Batschelet| 1981) (from

Von Mises) families. Moreover, the von Mises (vM) distribution is particularly useful in this

chapter because its wide application to circular data. Its pdf is given by (for 0 < 6 < 27)

fv(0) = [2mIo(p)] " explpcos(9 — ),

where 0 < pu < 27, p > 0 and Iy(p) = f027r explp cos(¢ — u)]d¢ is the modified Bessel function of
the first kind and order zero.

A further form to construct a circular model is the called Mébius transformation (see more

details in Hardy and Wright| (1979)). An example is the proposed family in Kato and Jones

(2010), derived from vM distribution. Another method is based on the transformation of a

bivariate linear random variable to its directional component. The obtained models are called

offset distributions (Mardia and Sutton, [1975).

The previous generators results in, generally, symmetrical and unimodal distributions. How-
ever, circular data are seldom symmetrically distributed , besides presenting possi-
ble multimodality as the wind directions used in the application of this chapter, in the subsection
Therefore, tractable models with asymmetric shape and modality scenarios are required in

several applications into the circular context. Some asymmetric extensions have been proposed in

the literature. Among them, finite mixtures of unimodal models (Mardia and Sutton| [1975|) and

the application of multiplicative mixing, as that used by |Gatto and Jammalamadakal (2007) to

extended the vM law. [Pewsey et al.| (2014) also made reference to the non-negative trigonometric

moment distributions (Fernandez-Duran, 2004). Regarding the modality, the bimodal general-

ized skew-normal and sine-skewed circular distributions were proposed by Herndndez-Sanchez
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and Scarpa, (2012) and |/Abe and Pewsey! (2009), respectively.

In the Euclidean space, there are several ways to extend well-defined models. One of them
is by exponentiating a cumulative distribution function (cdf), say F', by a positive real number
B, F(-)?, see |AL-Hussaini and Ahsanullah| (2015). The review carried out indicates that this
approach has not been previously used in the circular data context.

In this chapter, the methodology described by |AL-Hussaini and Ahsanullah| (2015) is used to
obtain a new asymmetric circular distribution, called the EC model. The additional parameter
may add events of amodality and bimodality to the baseline unimodal C, as it will be shown.
Expressions for its trigonometric moments are also obtained. Two estimation procedures for the
EC parameters are presented: maximum likelihood estimator (MLE) and quantile least squares
estimator (QLSE). In order to compare those estimators, a Monte Carlo simulation study is
performed. The numerical results indicate that the ML estimates have smaller mean square
errors than those of QLS estimates in almost all considered cases. Finally, in order to illustrate
the EC distribution potentiality, a comparison of its fit to those due to C and vM distributions
is provided. Results of Kuiper and Watson goodness-of-fit statistics indicate that our proposal
outperforms the other alternatives.

This chapter is organized as follows. In Sections and the EC distribution and some
of its mathematical properties are presented, respectively. Section deals with estimation
procedures. Finally, numerical results obtained from real data studies are presented and discussed

in Section 2.5
2.2 The proposed model

The EC distribution has cdf given by (for 0 < 6 < 27)

B
F0:5.pup) = {5+ Clsen(0 = )+ senu] | (2.1)

where 0 < pu < 27, 0 < p < 0.5 and 8 > 0 and, therefore, its pdf is

B—1
f(6;8,p,1) = % {2077 + g[sen(e — )+ sen(,u)]} [14 2pcos(0 — u)]. (2.2)
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This situation is denoted as © ~ EC(3, p, u). As special cases, the Cardioid distribution follows
for 6 = 1 and the uniform distribution is obtained when § = 1 and p = 0. In this position, it
is important to mention that the Cardioid extension by exponentiation requires to replacement
zero by 27 in the EC support comparatively to that of the Cardioid model. This change avoids
an undefinition at zero.

Figure [2.]] displays EC pdf curves and their associated histograms drawn from generated
data for several parametric points. It is noticeable bimodal and asymmetric events in contrast
with its baseline at § = 1. Moreover, higher values of p indicate more concentrated scenarios, as

illustrated in Figure 2.1](d).
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2.2.1  Modality essays

The flexibility of the EC distribution is partially portrayed in Table It is known that
the Cardioid model (8 = 1) is unimodal. In contrast, the EC distribution can be classified as
amodal, unimodal and bimodal for different values of 3, p and . This fact shows that our
proposal has greater flexibility than its corresponding baseline.

Theorem characterizes the EC modes. The proof is presented in Appendix A.

Theorem 2.2.1. Let © ~ EC(B,p,p). If B > 1, then the equations f'(0) = 0 and F(0) = %

are equivalent, where F' is the EC cdf.

Table 2.1: Modality of the EC distribution, for different values of the parameters, where
@=Amodal, $=Unimodal and lM=Bimodal.
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2.3 Moments

Expressions for the first two trigonometric moments of the EC model are derived in this
section. Moreover, standard descriptive measures for the proposed model are obtained from
them. In general, EC trigonometric moments do not present closed-form expressions. Thus,

they are represented through expansions in terms of a proposed special function as follows.

Theorem 2.3.1. Let © ~ EC (B, p, ). Its cdf can be represented as

k
> b0 Flsin0 — )" { [sin(0 — ]2 Mo + [sin(u)]* >0 },
0 s=0

M8

F(0) =

B
Il

where Mo = I(| sin(6— )| > |sin(u)|), My = I(]sin(0—u)| < |sin(w)|), I(.) refers to the indicator

function and ty, s is given by

s = (1) (1) (;%)ﬁk(ﬁ)k<smwu»5

Using integration by parts, it follows that

2m 2m
MwW@—MH=A<mwﬁwwﬂ®=wwm+ézﬂmM%WMNWw
and
2 2
Mww@—MB=AsmM%wWﬂ®=ﬂmmoiApmeWWMHWM
It is known the nth central trigonometric moment of the EC is given by
pp = E{cos[p(© — p)]} + iE{sen[p(© — p)]}.
When p = 1, applying the Theorem the EC first moment is given by
pn = E{cos[(© — p)]} + iE{sen[(© — p)]} = a1 +if1.

The terms a7 and S are determined at the following corollary.
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Corollary 2.3.2. Let © ~ EC(S,p,1n). The components of the first central trigonometric mo-

ment are given by

oo k
ar = cos(p) + > ) s {A(B —k,0,k — s+ 1) Mo + [sin(u)]* > A(B — k,0,s + 1)M1}

k=0 s=0

and

o k

f1 = —sin(p) — Z Ztk’s {A(B —k, 1,k — 8) Mo + [sin(u)]* 2 A(B — k, 1, s)Ml} ,

k=0 s=0

where
2m
A(a,b,c) = 0%[cos(8 — p)]°[sin(6 — p)]°d6.
0

The details for derivation of the above expressions are presented in Appendix B. To illustrate
the use of the Corollary [2.3.2) for the Cardioid distribution (8 = 1, A(0,0,1) = A(0,1,1) =

A(0,1,0) =0, My =0 and My =1 or My =0 and M; = 1), it follows that

a1 = COS(IU) + TO,U{A(L 07 1)M0 + A(17 07 1)M1} + TI,O{A(07 07 2)M0
+sin(p) "1 A(0,0,1) My} 4 T11{A(0,0, 1) Mo + sin(u) ~*A(0,0,2) M; }

psin(r) [ sin () My

= cos(p) + (2m) Y =27 cos(p) (Mo + M)} + gﬂ'Mo +
=p

and

61=— sin(u) — TO,O{A(L 1, O)MO + A(l, 1, O)Ml} — TI’Q{A(O, 1, 1)M0
+sin(p) A(0,1,0) M} — T 1{A(0,1,0) Mo + sin(u) "t A(0,1,1) M }
— — sin(0) + (2m)" {2 sin(u) (Mo + M)}

=0,



31

which corresponds to the components of the first central trigonometric moment of the Cardioid

distribution (Fisher, |1995). In a similar manner, the second moment is
po = E{cos[2(0© — u)]} + {E{sin[2(© — p)]} = aa + ifo.
The terms ag and B2 are determined as follows.

Corollary 2.3.3. Let © ~ EC(B,p,1). The components of the second central trigonometric

moment are given by

oo k

ag =cos(2u) + 42 Ztk,s{A(ﬂ —k,1,k—s+1)My
k=0 s=0

T Isin(u) 2 AB — by 1, s+ 1) M1}

and

~ k

By =—sin(2p) =2 > tp {[2A(8 — k, 2,k —5) — A(B — k,0,k — )] Mo

k=0 s=0
+ [sin(p)]* > [2A(8 — k,2,5) — A(B — k,0, )My},

Some standard circular measures are functions of the first and second trigonometric moments.
The second column of Tablepresents expressions (in terms of p1, ag and [32) for mean resultant
length, circular variance, standard deviation, dispersion, skewness and kurtosis of any circular

model. Using results of Corollaries [5.3.2] and [5.3.4] these quantities can be obtained to the EC

model. The ranges to each resulting EC quantities are given in the third column in Table 2.2
The used notation is the same as in [Fisher| (1995), where p; = y/a? + 8?2 for i = 1, 2.

In order to illustrate the presented measures, Figure displays the plots of the skewness and
kurtosis of Cardioid, EC and vM distributions, which characterize the distribution shape. The
special case of the Cardioid (5 = 1) is highlighted. It may be observed the Cardioid (skewness,
kurtosis) pair is overlapped to that of the vM law and the EC pair region covers the two first.
From perspective of this diagram, our model seems to extend the former models. Additionally,

Cardioid and vM skewnesses assume null values, as expected.
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Table 2.2: Ranges of some standard circular measures of the EC distribution.

Measure Expression Range
Mean Resultant Length p1 0, 1]
Circular Variance 1—pm [0, 1]
Circular Standard Deviation V—2log p1 [0, c0)
Circular Dispersion (1—a2)/(201%) [0, c0)
Circular Skewness B2/ (1 — pl)% (—o00,00)
Circular Kurtosis (az —p1H)/(1 —p1)? (—o0,00)
7 o | — Cardlofd ’
=) “. -] - .
§ 4 s [ W - Von Mlses
@ ’ [} . @ ¢
g R R
g B < ° Q o oo
g | — Cardioid © .
8 4 - EC . S
' — Von Mises « .:
T T T 1T T T 1T 11 T
-400 O 400 800 -0.30 -0.15 0.00
Skewness Skewness

Figure 2.2: Skewness and kurtosis maps for EC, Cardioid and von Mises distributions.

2.4 Estimation Procedures

2.4.1 Mazimum Likelihood Estimation

Let 01,09, . ..,0, be observed sample n-points from © ~ EC(3, p, u). Then the log-likelihood

function at 6= (3, p, )" is given by
= O p,. ,
[(6) =nlogp+ (B —1) Zlog {277 + ;[sm(@i — )+ sm,u]}
— nlog(2m) Zlog{l +2pcos(0; — p)}.
=1

Therefore, the ML estimates for 8, p and pu, say B, p and f[i, can be defined as solutions of the

following non-linear system (see |[Nocedal and Wright| (2006)). Let

a4(5)
0B

n - bi  pr. : —
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at(9) N sin(0; — p) +sinp cos(6; — p) -
Op 5=6 a Z_Zl {(B 1)91 + 2p[sin(0; — p) + sin pj t 1+ 2pcos(f; — ) =0 (2.4)
and
w _ . o - COS(@i — M) —+ COS/}, Sin(@i N 'LL) B
o |s_5 ; {<ﬁ 1)91- + 2p[sin(0; — p) + sin y] T 2pcoslr—1) ) 0. (2.5)

This system can be reduced to others under equations and replacing the ML estimate B ,

which is obtained from ([2.3)) by

~ n

o ‘ (2.6)
S o { &+ lsin(6, — ) + sin

Thus, the ML estimates for p and u are obtained numerically from

2.4.2  Quantile least squares method

The QLSE for d can be defined as solutions from minimization of the sum of squares of the
differences between theoretical and empirical quantiles. Consider 0.y, - , 0., as observed order
statistics drawn from n—points random sample of © ~ EC(f, p, ), where 0., is the kth order
statistics. Thus, the QLS estimates for EC parameters consist in argument that minimizes the

following goal function:

2

n i ) B
Q(a) = Z [ - {an + P [Sin(gi:n - ,u) + Sin(ﬂ)]} ] : (2'7)

n 2 T
=1

Equivalently to discussed in previous section, the QLS estimates for 5, p and p can be defined

as solutions of the following non-linear equations system:

8?)(;) = Z [l — F(Glzn):| Fc(01;n)2,8—1 log[Fc(61.,)] = 0, (2.8)
iz LT
8%(;) - Z [;L - F(‘%:n)} FC(len)ﬁ_I%[Sin(le — ) +sinp] =0 (2.9)

=1
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and
dq(9)
op

{n - lem)] Fe(61:0)" " Eleos(B1 — p) = cos ] = 0, (2.10)
=1

where Fo represents the Cardioid cdf and F' is given in ([2.1)).

2.5  Numerical results

2.5.1  Simulation Study

In this subsection, a Monte Carlo simulation study is performed to assess and compare the
two proposed estimators. To that end, five thousand replications are considered and, on each
one of them, average bias and square error for both procedures were quantified, as comparison
criteria.

Initially, a discussion about the effect of the use of is presented in estimation process by
maximum likelihood. That is, the impact of the reduction of the non-linear system from three
to two equations in the ML estimation was quantified through the mean square error (MSE) of
the estimates obtained by considering both forms of obtaining. Here, a sample size n = 100 and
four parametric points were considered. Results are displayed in Table and indicate that the
use of may imply in more accurate estimates. The most pronounced improvement can be
observed to estimate p. Moreover, the estimation considering had the mean execution of
83 seconds, while the other was in mean higher, making in 116 seconds. From now on, the best
ML estimates for 8, p and p are used.

Now, the two methods of the previous sections are compared. Results are presented in Tables
and They are indexed in terms of mean direction and resultant lenght in ascending order
for the sample sizes n = 30, 50 and 100.

Regard to choose parametric scenarios, vectors (S, p,u) are selected such that they have
different mean directions and resultant lengths. For this, the 180 parametric vectors of Table [2.]
were ordered according to their directional average. Subsequently, seven of these 180 vectors were
chosen so that the first and last have the lowest and highest directional mean and the other five are

equally spaced according to their directional mean. The same process was performed according to
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Table 2.3: MSEs for the ML estimates obtained by the equations and (MSE) and
ML estimates obtained by the equations and after 8 (2.6) substitution (MSE’), by the
Monte Carlo method, over 5.000 replications. The size of the sample was set to 100.

(B, ps 1) MSE MSE’
(1,4,2nm) (0.0071,0.2991,0.0000)  (0.0000, 0.0000, 0.0000)
(4,3.%) (0.6449,13.7865,0.0764)  (0.5101, 0.0030,0.0516)
(1,3, 4) (0.0658,0.5818,0.1883)  (0.0293,0.0073,0.0936)
(4,4,%) (0.2384,11.4078,0.0119)  (0.1761,0.0001, 0.0056)

the mean result length from the vectors. The idea of this procedure was to verify if the variation
of the mean direction or resultant length influenced the estimation of the parameters, using the

average bias and MSE as evaluation criterion besides comparing the ML and QLS estimates.
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Figure 2.3: MSE for the ML estimates of the seven parametric vectors chosen according to the
mean direction.

The obtained results for three of the considered seven parametric vectors are shown in the
Table 2.4 The vectors of the first column are sorted by mean direction. It can be seen that
the MSE decreases with increasing sample size, as expected. For the majority of cases, MLE

performs better than QLSE, presenting estimates with lower MSE. Similar results are shown in
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Table 2.4: Average bias and MSE for the ML and QLS estimates for different parametric vectors,
by the Monte Carlo method, over 5.000 replications. Sample sizes of 30, 50 and 100 were
considered.

(B, p, 1) Method n Bias MSE
30 (0.0315, 0.0000, 0.0000 0.0272,0.3683, 0.0000

)

MLE 50 (0.0170, 0.0000, 0.0000) 0.0000, 0.0000, 0.0000
(1,1, 27) 100 (0.0094,0.0000, 0.0000) 0.0000, 0.0000, 0.0000
X 30 (0.0685, 0.0000, 0.0000) 0.0213,0.3398, 0.0000
QLSE 50 (0.0546, 0.0000, 0.0000) 0.0129,0.3176,0.0000
100 (0.0421,0.0000,0.0000) 0.0071,0.2991, 0.0000
30 (0.1343,0.0128, —0.1473) 0.2093,0.0173,0.5766

MLE 50  (
(1,3, 1) 100 (0.0330,—0.0030, —0.0361)  (0.0293,0.0073,0.0936
'100 73 30 0.0823,0.0419, —0.1351) 0.3230,0.9282, 0.5750

0.1420, 0.6792,0.3726
0.0658, 0.5818,0.1883
0.6570, 0.0006, 0.0215

(
QLSE 50 (0.0337,0.0254, —0.1035)
100 (0.0185,0.0104, —0.0679)

30  (0.0683, —0.0089, —0.0067)
MLE 50  (0.0249, —0.0068, —0.0045) 0.3651, 0.0003,0.0123
) 100 (0.0112,—-0.0041,—0.0025) (0.1761,0.0001, 0.0056
30 (—0.3654,—0.0311,—0.0570) (1.0033,10.6952,0.0581)
QLSE 50 (—0.2616,—0.0236, —0.0362) (0.4815,10.9000,0.0293)
100 (—0.1544,-0.0165,—0.0191) (0.2384,11.4078,0.0119)

( )
( )
( )
( )
( )
E i
0.0703,0.0011, —0.0873)  (0.0842,0.0126,0.2838)
( )
( )
( )
( )
( )
( )
)

the Table where the parametric vectors of the first column are sorted by mean resultant
length.

Figures and show the MSEs for the three parameter vectors considered in Table
and others four for the ML and QLS estimates, respectively. Figures and [2.6| show the MSEs
for the ML and QLS estimates, respectively, on points in Table and others. In Figure [2.3
the first point is the vector (0.6,0.2, Z) whose mean direction is 0.0279, while (2, 0.3, 2F), with
mean direction 1.1777, is the second point.

Regard to quantify the impact over varying of mean direction, fourth and seventh points
impose difficulties to both methods for estimating 8 or p and pu, respectively. However, the
impact over ML estimates are smaller than on the QLS estimates. For varying of mean resultant
length, the hardest scenario is the sixth point and the same conclusion can be obtained. In
particular, poor QLS estimates for p at third, sixth and seventh points are found, according to

the Figure[2.6] in contrast with respective ML estimates. Additionally, such points refer to 8 = 4,
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Table 2.5: Average bias e MSE for the MLE and QLSE for different values of 3, p and u, by the
Monte Carlo method, over 5.000 replications. Sample sizes of 30, 50 and 100 were considered.

(B, p, 1) Method n Bias MSE
30 (0.0131,—0.0076,0.0135) 0.0041,0.0007, 0.0242
MLE 50 (0.0069, —0.0049, 0.0017) 0.0021,0.0002,0.0113
(0'3’ %’ 4%) 100 (0.0036,—0.0029, —0.0035) 0.0010, 0.0001, 0.0048

30  (0.0064,—0.0219, —0.0045)
QLSE 50 (0.0038, —0.0156,0.0017)
100 (0.0036,—0.0111,0.0043)
30 (0.3223,0.0178,0.0031)
MLE 50 (0.1696, 0.0106, —0.0062)
100 (0.0852,0.0050, —0.0052)
) 30  (—0.0977,0.0034,—0.1103)
QLSE 50 (—0.1147,0.0027,—0.1092)
100  (—0.0603,0.0006, —0.0639)

( )
( )
( )
(0.0098,0.0185,0.0739)
(0.0035,0.0128,0.0378)
(0.0012,0.0105,0.0191)
(1.5698,0.0096,0.1673)
(0.7629, 0.0060, 0.0969)
(0.3411,0.0032, 0.0440)
(3.2670,15.5235,0.3313)
(1.1496,13.9908, 0.1954)
(0.5405,13.7842,0.0832)
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30 (0.3154,0.0000,0.0000)  (3.9682,0.0000, 0.0000)
MLE 50  (0.1698,0.0000,0.0000)  (2.1771,0.0000,0.0000)
(10,1 27) 100 (0.0935,0.0000,0.0000)  (1.0645,0.0000,0.0000)
& 30 (0.3048,0.0000,0.0000) _ (0.2787,96.3191, 0.0000)
QLSE 50  (0.3012,0.0000,0.0000)  (0.2685,96.2410,0.0000)
100 (0.2861,0.0000,0.0000)  (0.2405,95.9267,0.0000)
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Figure 2.4: MSE for the ML estimates of the seven parametric vectors chosen according to the
mean resultant length.

B =4 and § = 10, respectively, which indicates that high values to g difficult the estimation of

p.
Other interesting evidence can be found in the Figure [2.6] where the behavior of the MSEs
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Figure 2.5: MSE for the QLS estimates of the seven parametric vectors chosen according to the
mean direction.
for the estimates of p is approximately monotone.

In general, the MLE is better than the QLSE in most considered cases, comparing the MSEs
of the estimates. The QLSE is better in the estimation of large 8 (3 = 10) and small p (p = 1),

as can be seen in the Table 2.6l

Table 2.6: MSE for the ML and QLS estimates for different values of 3, p and u, by the Monte
Carlo method, over 5.000 replications and sample size n = 100.

(B, ps 1) ML QLS
(0.3,1,2m) (0.0014,0.0125,0.4106)  (0.0019, 0.0104, 0.4729)
(0.3,1, ) (0.0011,0.0111,0.2384)  (0.0013,0.0106, 0.3574)
(10,1, 27) (1.0645,0.0000,0.0000)  (0.2405, 95.9267,0.0000)
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Figure 2.6: MSE for the QLS estimates of the seven parametric vectors chosen according to the
mean resultant length.

2.5.2  Application

In order to illustrate the potentiality of the EC distribution, an application to real data was
provided. Further, its performance is compared with other due to the Cardioid and vM models.
ML estimates are used to fit considered models to data. All the computations are done using
function maxLik at the R statistical software (R Core Team) 2017).

The dataset consists of 21 wind directions, at a weather station in Milwaukee, at 6.00 am, on
consecutive days (Johnson and Wehrly, [1977). The independence of the data was verified by the
Box-Pierce (Ljung-Box) test (Box and Pierce, [1970), useful for examining the null hypothesis of
independence in time series and results can be checked in Figure under a nominal value of

0.05.

The Figure 2.8 shows a qualitative analysis of skewness and kurtosis of the data, represented
by blue color. Sample skewness and kurtosis from under study dataset are 0.4313 and 0.2480,
respectively. It noticeable that the EC model may provide better fit than those due to Cardioid
and vM distributions. Likelihood ratio test was also applied to compare the Cardioid (Hp : 8 = 1)
and EC (Hy : 8 # 1) distributions. The p-value obtained was 0.0027, indicating the EC model

as the best descriptor for these wind directions.
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Figure 2.7: Ljung-Box test statistic.
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Figure 2.8: Data skewness and kurtosis.

Table 2.7: ML estimates of the model parameters for the data, the corresponding standard errors
(given in parentheses) and the Kuiper and Watson statistics.

Model B p o Kuiper Watson

. — 0.2436 4.6708
Cardioid _ (0.1463)  (0.6835) 1.038%8  0.0592

2.8757  0.2164 1.1782
EC B (0.1465)  (0.6168) 0.7369  0.0257

— 0.5322 5.0092
vM B (0.3250)  (0.5899) 1.1590 0.0711

First, the ML estimates and their SEs (given in parentheses) were evaluated and, subse-
quently, the values of the Kuiper (K) and Watson (W) statistics are obtained. These aderence

measures may be found in |Jammalamadaka and Senguptal (2001) and they are given by

1—1 1
=i (U= ) s (o)
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and

a i-05Y SR
W:; KU@ - ) - (U—O.S)} + o
where Uy = F(ay;)) in terms of the order statistics a(;) < Q) < - <) - In general, smaller
values of them are associated to better fits. Table 2.7] displays results.
In order to do a qualitative comparison, Figure presents empirical and fitted densities.

Results confirm what is concluded from Table

0.8

-1 — EC
--- Von Mises
Cardioid

Density
04 06
L L

0.2

— EC
--- Von Mises
Cardioid

0.0
L

Figure 2.9: Fitted densities of the EC, Cardioid and von Mises models for the data.

2.6 Concluding remarks

An extended Cardioid model was proposed, called the Frxponentiated Cardioid distribution.
Our proposal has shown to be able to describe circular asymmetric data, as well as amodality,
unimodality and bimodality scenarios. Expressions for the EC trigonometric moments by means
of expansions were derived and a discussion about its mode was presented. Two estimation
procedures for the EC parameters were proposed regard to maximum likelihood and quantile
least square frameworks. The performance of these estimates was evaluated from a Monte Carlo
simulation study. Finally, an application to real wind data was made and results have indicated

that the EC model may outperform the classic Cardioid and vM distributions.
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3 Inference and hypothesis tests for
the exponentiated Cardioid distribution

Resumo

O modelo Cardioide exponencializado (EC), proposto no Capitulo [2} foi usado com sucesso para
descrever fendmenos assimétricos e multimodais no circulo, superando algumas lacunas deixadas
pelas distribuigoes classicas uniforme e Cardioide (C). Este capitulo fornece e compara procedi-
mentos de inferéncia baseados em hipoteses para os parametros da EC sob perspectivas asintética
e bootstrap. Nos consideramos os testes da razao de verossimilhanga, Wald, escore e gradiente.
Primeiro, nos derivamos uma expressao fechada para a matriz de informagao de Fisher da EC.
Usando tamanhos do teste e poderes empiricos como critério de comparagao, quantificamos o
desempenho dos testes propostos através de um estudo de Monte Carlo. AplicacGes a dados reais
ilustram o uso dos testes propostos para o modelo EC em contraste com as distribui¢des uni-
forme e C. Resultados sugerem que o teste gradiente supera o restante e substituindo a estrutura

assintotica pelo bootstrap uma melhora significativa na tomada de decisao pode ser obtida.

Palavras-chave: Bootstrap vs. assintético. Cardioide Exponencializada. Informacao de Fisher.

Testes de hipoteses.
Abstract

The exponentiated Cardioid (EC) model proposed in the Chapter [2[ has been successfully used
to describe asymmetry and multimodal phenomena in the circle, outperforming some gaps left

by the uniform and Cardioid (C) classic distributions. This chapter provides and compares
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hypothesis-based inference procedures for the EC parameters under both bootstrap and asymp-
totic perspectives. We consider likelihood ratio, Wald, score, and gradient tests. First we derive
a closed-form expression for the EC Fisher information matrix. Using empirical test sizes and
powers as comparison criteria, we quantify the performance of employed tests through a Monte
Carlo study. Applications to real data illustrate the use of proposed tests for the EC model in
contrast with the uniform and C distributions. Results advocate the gradient test outperforms
the remainder and replacing the asymptotic framework by bootstrap can improve meaningfully

the decision taking.

Keywords: Bootstrap vs. Asymptotic. Exponentiated Cardioid. Fisher information matrix.

Hypothesis tests.

3.1 Introduction

In order to describe directional spectra of ocean waves, |Jeffreys (1961) pioneered the Car-
dioid (C) distribution, which has cumulative distribution function (cdf) and probability density

function (pdf) given by, respectively,

G(9) = % + g[sin(ﬁ — ) + sin(p) ] (3.1)
and
9(0) = 511+ 2p cos(0 — )]

where 6, u € [0,27) and |p| < 1/2. Some works have addressed inference procedure (Rao et al.l
2011; | Jones and Pewsey, [2005) and mathematical properties (Rao et al.,|2011;|Wang and Shimizu,
2012)) for this model. However, the C model is not able to describe non-symmetric behaviors.
To outperform this gap, Wang and Shimizu (2012)) have derived a new angular distribution
from applying the M&bius transformation into the C model and |Abe et al| (2009) studied the
Papakonstantinou’s family, which also extends . Despite excellent advances made in terms of

mathematical properties, these extensions present hard analytic formulas for their densities. On
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the other hand, the Chapter [2 have introduced a simple extension for the C distribution called
exponentiated Cardioid (EC) distribution, which can describe asymmetric and some bimodal
cases as well.

Given the flexibility of the EC distribution for circular phenomena, proposing hypothesis-
based inference procedures to distinguish the former from C and uniform models is an important
stage to be defined. Due to their well-known first order asymptotic properties, we work with the
likelihood ratio (LR) (Neyman and Pearson| 1928), Wald (Wald, 1943), score (Rao, [1948)), and
gradient (Terrell, [2002)) tests. It is known they are biased under small and moderate sample sizes;
in particular, considerable distortions in their power functions are often found in practice. Thus,
we aim to answer “what is the test which yields mildest distortions in terms of its asymptotic
distribution?”

The bootstrap framework can be understood like a computationally intensive way to improve
inference methods (estimators and hypothesis tests) before small and moderate size samples.
The bootstrap method is based on resampling and allows to replicate interest measures without
knowing their asymptotic or exact distributions (Cribari-Neto and Cordeiro, |1996). Parametric
bootstrap refers to sampling from a parametric model with parameters estimated from data under
study (Efron, |1979). With respect to applying bootstrap to hypothesis tests, the critical values
of respective statistics are obtained from the empirical distributions of sample test statistics
defined in all considered replications (Cribari-Neto and Queiroz, 2014)). Using bootstrap often
yields significance levels that differ from advertised level by O(n~2) as compared to O(n~!) for
tests based on non-pivotal statistics (Fisher and Halll |1990).

In the circular data context, a detailed discussion of bootstrap methods was given by [Fisher
(1995). Fisher and Hall| (1992)) have furnished other review about bootstrap methods for direc-
tional data. Referring to hypothesis tests equipped with a bootstrap framework, Fisher| (1995)
proposed some tests for mean direction. From our research on the existing literature, there are
not works which have addressed performance studies (adopting test size and power as figures of
merit) among asymptotic and bootstrap tests for circular data. In the context of models having

support in the Euclidean space (particularly dispersion models), Lemonte and Ferrari (2012)
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proposed a size and power study and used the von Mises distribution as illustration.

This chapter aims to propose and compare hypothesis-based inference procedures for the EC
distribution. We look for contrasting the EC model versus the C and uniform distributions,
assumptions used in practice with the circular data processing (Fernandez et all 1997} [Tietjen,
1978). To that end, we propose a closed-form expression for the EC Fisher information matrix
(FIM). Four pivotal statistics are considered on both asymptotic and bootstrap perspectives:
LR, Wald, score, and gradient statistics. Through Monte Carlo experiments, the performance
of the associated tests is quantified adopting estimated sizes and powers as comparison crite-
ria. Tests are applied to real data as well. Results indicate the gradient test as the best tool
among considered ones to discriminate models in the EC distribution and adding the bootstrap
methodology may indeed improve the performance of tests.

The subsequent sections are organized as follows. Section [3.2] presents some likelihood-based
inference tools for the EC model. The LR, Wald, score, and gradient tests for such model are
described in Section [3:3] Section [3.4] tackles numerical results of this chapter. Finally, main

conclusions are elected in Section 3.5
3.2 Likelihood-based tools for the EC model

The Chapter 2 introduced a new three-parameter model having pdf given by: For 0 < 6 < 2,

5-1
05 p) = 4 { g+ Elsen(® = senia]p 1+ 2pcos0 — )

where 0 < p < 2w, |p| < 1/2, and § > 0. This situation is denoted as © ~ EC(S,p, i)
Some evidences were provided to confirm the EC model may assume asymmetric and bimodal
behaviors. Taking (i) f# = 1 and (ii) § = 1 and p = 0, the EC model collapses in the C and
uniform laws, respectively. These two models have been widely applied in circular data [Chu
et al.| (2015); |Coles et al.| (2004); Flohr et al.| (2014); Solman and Kingstone (2014). In what
follows, some likelihood-based tools which were not proposed in the Chapter [2]and are important
to determine inferential procedures are derived.

Let ©4,...,0, be a n-points random sample (independent and identically distributed) from
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© ~ EC(B, p, 1t). Then the EC log-likelihood function, say £, at § = (3, p, 1) " can be expressed

£(6) =nlog B+ (B —1) Zlog {2@; + %[Sin(@i — )+ sin(,u)]} — nlog(2m)
i=1

+ Z log{1 + 2pcos(©; — u)}. (3.2)
i=1

Thus, the maximum likelihood estimators (MLEs) for 8, p, and p can be defined as 5 =
argmaxgea £(d) for A being the parametric space or, equivalently, as solutions of the following

system of non-linear equations:

08 06 06
(Uﬁ7Up7U) (8ﬁ 8p a > - (0?070)7
where
n = Oi P oo )
Up = 5 + Zz;log{27r + W[SIH(@Z ©) + sm(u)]} ,
i { sin(©; — p) + sin(p) N cos(0; — ) } (3.3)
— @ +2p[sin(©; — pu) +sin(p)]  1+2pcos(©; —p) |’ '
and
B Z { —cos(0; — ) + cos(p) N sin(©; — ) } (3.4)
B — @ +2p[sin(©; — p) +sin(u)] 14 2pcos(0; — ) | - '
This system can be reduced by applying the following expression of B in and (| .
. . n
B =Blp.p) = — (3.5)

Finally, ML estimates for p and g may also be obtained numerically from

P =0 and U, ‘ =0
B=B(p,nn) B=B(p.u)
In the remainder of this chapter, we refer to [Ug, U, U, “]T as the score vector.

Other important quantity in statistical inference is the Fisher information matrix (FIM)

ov ol 020
K = K(9) = E(aaa&T) = E(‘w)

defined by
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where the last identity follows if satisfied conditions on Lehmann and Casellal (2006)). It is known

that the ML estimate for 4, 5 , holds the following asymptotic result: For n — oo,
V(8 —8) BNy (0,K7'(9)),

where K(d) := K(d)/n is the unit Fisher information and N, represents the p-variate normal
distribution. Deriving K is often a hard task for several distributions. When the FIM is analyti-
cally intractable, the observed information matrix, J := {—82 ¢/ 8685T}, is used as an estimator
for K. In what follows, we present the elements of J = {J;;}; j=1,2.3 and K = {Kj;}; j—1,2,3 for
the EC model.

Differencing the score vector, the elements of J are given by:

n n sin(©; — u) + sin(p)
J frg —5, J = J = —2 . . 9
n= g D= =) G e )+ sl

B B = cos(©; — p) — cos(p)
T = I =203 o n(®, — o) + sG]

N a sin(©; — ) + sin(u) ? cos(©; —p)
P = 42 {(ﬁ D {@i + 2p[sin(©; — p) + sin(p)] } + { 1+ 2pcos(0; — ) } } ’

_ _ _ _ cos(0; — p) — cos(p) B sin(©; — u)
/23 = Jga =2 Z {(ﬁ 1)6: {©; + 2p[sin(©; — p) +sin(w)]}?2 {1+ 2pcos(0; — u)}? } ’

B - 1 9i[sin(©; — p) +sin(p)] 4 4p[1 — cos(©;)] 2p + cos(©; — p)
M_%;%ﬁl)-@+mm@—MHmmv (om0, 7}

Now, we are in position of discussing an expression for K. First, we propose the following

theorem.

Theorem 3.2.1. Let © ~ EC(S3,p, ). Thus,

E{G©)} = = for B>1
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and

E{G20)) -

G—2) for B >2,

where G(-) is the C cdf.

Its proof is given in Appendix C. Theorem [3.2.1] expresses moment expressions for two transfor-
mations of the EC model. It will be used for deriving K of the EC distribution.

Now, consider the functions

27T
%mw%mzé 07 [sin(6 — 1)]F G(6)°~* g(6)" a9

and

27
%MM%M—AG%M%MWWWWWM

where g(-) is the C pdf. The functions I s+ and Vj .+ are well-defined for p € R, k& > 1,
s < fB+3,and t € R. Figure displays curves of the special functions for some values, which
are used into the FIM. It can be observed that both functions are well-defined for the derivation

of K. From Theorem the elements of the FIM are given by the bellow theorem.

Theorem 3.2.2. Let ©® = (01,...,0,)" be a random sample from © ~ EC(B, p, ). Its FIM,

K = {K;j}ij=123, is determined by:

Kll = %, K12 = —’r;_ﬁ [Sﬁln(,ul) +ID,1,2,1(187P7M):| )
Klg = nTIBP |:ClOS_(/l;) + %,1,2,1(67)0’ :u):| )

Kn=_3 +(B—=1)lo231+2(8—1)sin(u)lo131+ Voz2,1,-1],

n
Ko = TfQ (1= B)cos(p) 1031 — Loga,—1+ (B—1)Vii31],
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and

np .
Kis :ﬁg{(ﬂ — 1) {11,173’1 + SID(M){ILO,QSJ + 4PIO,1,3,1} —4p COS(M)‘/OJBJ}
2np*B(6 — 1)
20V001.-1 +Vo11.— 572 oy -
+2pV0,0,1,—1 + Vo,1,1, 1} + 772(5 —2)

An outline of the proof of this theorem is given in Appendix D.
3.3 Some hypothesis tests for the EC model

In this section, we present some hypothesis tests for the EC model. As discussed, this
distribution has as particular cases the C (8 = 1) and uniform (8 =1 and p = 0) laws and our

exposition is focused on two situations:
e Situation a: Hy: B8 =1vs. Hy: 8 #1;
e Situation b: Hg: A= Ao vs. Hy : XA # Ao, where A = [3 p]" and Ao = [1 0]".

To contrast the EC, C, and uniform models, we consider the four tests: LR (71;), Wald (T%;),
score (T3;), and gradient (Ty;) for j € {a,b}. Next, the notation Tj; indicates the ith (for
i=1,2,3,4) test at the jth situation.

The work proposed by Abe et al| (2009) was the single study we found in the literature
discussing hypothesis tests for the C or uniform distributions. Authors adopted the LR test
to distinguish between the C model and one of its extensions proposed by Papakonstantinou.
Although important properties have been derived for such extension, the analytic expression of
its density is hard (dependent of the Bessel function of the first kind) comparatively to the EC

model. In this chapter, we focus on hypothesis-based inference procedures for the EC model.
3.3.1  The likelihood ratio test

The LR statistic, T4, is defined in terms of the maximum restricted (under null hypothesis,
Hj) and unrestricted (under alternative hypothesis, H;) log-likelihoods given by = (1, p,11]©)

and 0 := E(B\, P, 1i|®), respectively, where ® = (01,...,0,)" is a n-points random sample from



— Vo121
---- Vg
TN \RER
./‘ \,
J \
/ \
4 \
\ /
.\. /
\ s
N ;
\, rd
\
77N
P SN L
. / o
< . -
/ \
N \
! \
! \
\ I
\ !
\ /
\ !
\ J o V[0,1,3,1]
AY
\ /=== Va1
N \
S == Vo141
[ T 1
T 2n
n

2 — o121 I
---- lpean
-~ lo,13.11
! //"v \\~
[V .
i .
.. ,/ly ' N
= Lo = o
= RN
e (RPN o
L -—— l1an \n
0 == 031
T T 1
0 b 2n
u
(a) Special functions for 3 =2 and p = 0.2.
S o
S - B 8
o -
o
o
S
= N 1 =
3 8 ] AN g !
= N AN =
—= ! ~_/ >
o
o
8
N
]
|[0,1,2,|]
T |[0,2,3,|]
|[0,1,3,|]
Tt |[0,1,1,71]
o li1,1,3.1] o
g - == losa S
s : 11,0311 3
oo T 1 !
0 T 2n
n

H ﬁ‘* Vio1.2.1)
"I -4 Vg1
[ Vi1
Lt Vo
P Vio.1,1-1]
v Vio0,1,-1]
T 1
T 2n
n

(b) Special functions for 5 = 0.3 and p = 0.3.

Figure 3.1: Illustration of the special functions.

o0



51

© ~ EC(B, p,u), - denotes the restricted ML estimate and ™~ is its original version. Thus, setting

Za as the maximized log-likelihood under Hy at the situation a,
Tia = 2(0 —1,),

where

ly, = —n log(2m) + Z log{1 + 2 cos(©; — i) }
i=1

and

. . A - O, O . . o
¢ =nlogp + (B—1) Zlog {% + %[Sln(@i —[) + sm(p)}} — n log(2m)
i=1

+ Zlog{ 1+ 2pcos(©; — 1) }. (3.6)
i=1

For the situation b, it follows that
Tw =2 — ),

where the restricted log-likelihood () is a constant, f, = —nlog(27).
3.3.2  The Wald test

The Wald test is based on ML estimates under H;. As under the null hypothesis there is one
restriction for the situation a, the Wald statistic is given by:

A 2
Tza:(é—nfﬁlzn(%ﬁl) .

where 3 is given in (3.5)).

For the situation b, it holds that
Top = (A — )\O)TIA,(l(X — o),

where I y is the limit covariance matrix of the ML estimate for X, A= [B , ﬁ]T, evaluated under

~

3; that is, fA := I,(d), where

| Tnn I
I = [121 1—22]'
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3.3.3 The score test

The score statistic for the situation a is obtained by evaluating Ug and I1; at 8 =1, p, and

. Thus,

n

2
_ 1 - e, p
12 _ i . - .
Tsa = Uzln = — (n + Z;log {% + = [sin(©; — 1) + sm(@]}) .
1=
For the situation b, this statistic is given by:
Ty, = @y Iy,

where @y = [U 8 U ]| denotes the two first entries of the score vector evaluated at the restricted
ML estimate for §.

There is a limitation when calculating T3, with respect to obtaining fi, since 0y is a constant
function. In the numerical study of this chapter, f is estimated from the C model, as a possible

approximation. The same strategy is used for the calculation of Ty, as well.
3.3.4 The gradient test

The gradient statistic for the situation a is given by:

Ti = Uz (3 —1) = <n+ >tox{ o + £ pin(er - +sin<m]}> (B-1).
i=1

For situation b,

n + Zlog(@i) — nlog(2m)

n
+2p Zcos(@i — [i).
i=1
Under the null hypothesis, the statistics T1q, 154, T34, and Ty, follow X%, while the ones for
situation b are asymptotically distributed as x3.

3.3.5  Bootstrap tests

Parametric bootstrap refers to sampling from a parametric model with parameters estimated
from data under study (Efron, [1979). The bootstrap scheme we use in the synthetic study is

described by the following steps (Cribari-Neto and Queiroz| (2014)); [Davison and Hinkley| (2003))):
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1. Let 8 = (64,..., Hn)T be a possible observation of a random sample from © ~ EC(S, p, u).

Calculate the test statistic of interest, denoted by T;;(0) := T;;j fori = 1,2,3,4 and j = a,b.

2. Generate n-points bootstrap samples, say 6; = (67,... ,0:)T for b=1,...,B, of the EC

model estimated (under Hy) from the original sample, 6.
3. Estimate the model using 6; and compute the bootstrap bth statistic, say 7;;(6;).
4. Repeat the steps (2) and (3) for a large number B of times.

5. Compute the p-value, p*, as

o= > (T (67) > T3 (6))

5 , (3.7)

where [[(.) refers to the indicator function.
Finally, as decision rule, if p* < « then reject Hy.
3.4 Numerical results

In this section, we carry out a synthetic study and an application involving two real data
sets. We aim to compare the performance of the four hypothesis tests for the EC model discussed
previously under asymptotic and bootstrap perspectives. The EC distribution has as particular
cases the C (8 = 1) and uniform (8 = 1 and p = 0) laws and we consider the following hypotheses

in our discussion:

e Situation a: Hy: f=1vs. Hy: § # 1,

e Situation b: Hy: A= Ag vs. Hy : A # Ag.

To quantify the performance under moderate and small size (n = 20,50, 100, 150) samples,

we use 5.000 Monte Carlo and B = 1.000 bootstrap replications. To the end of study, rejection
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rates of the null hypothesis subject to data come from Hy (named as estimated test size) and Hy
(estimated test power) are computed. It is expected that empirical sizes are close to the nominal
values (assumed as a = 1%, 5%, 10%) and, fixed « = 5% for all hypothesis tests, estimated
powers are as great as possible. Further, the variations pu = /6, 2w/3, 47/3, 7w /4 (points
in each quadrant of the circle) and p = 0.0, 0.1, 0.2, 0.3, 0.4, 0.5 (from the state “uniformly
distributed in the circle” to “highly concentrated”) are adopted to quantify empirical sizes; while
B € (0.1,3.4) (from “amodal/unimodal pdfs” to “bimodal”, see Chapter [2|) is used to measure

empirical powers.

3.4.1 Performance for asymptotic distribution-based percentiles

Situation a

Table reports estimated sizes for p = 0.3, p = 27/3 and n = 20, 50,100, 150. In general,
the null hypothesis rejection rates approach the adopted nominal levels as the sample size in-
creases for all the tests. For small samples, all tests were liberal with emphasis on the Wald test;

whereas the score and gradient tests presented the best performance in the majority of cases.

Table 3.1: Rejection rate (%) under the null hypothesis for the situation a, considering p = 0.3,

w= 2‘%’ and different sample sizes.

a=10% a=5% a=1%

n T To, T3a Tya ‘ Tia Toa T30 Taa Tia Toa T30 Taa
20 12.68 16.76 13.20  10.58 | 6.48 12.92 7.60 5.24 1.16 10.06 2.76 1.24
50 12.30 12.28 11.50 11.66| 6.80 7.76 6.04 6.20 1.32 3.96 1.26 1.04

100 10.68 '10.26 10.32 10.62| 5.44 5.08 5.04 5.38 1.20 1.36 1.14 1.08
150 9.84 9.86 10.04 9.68| 5.18 4.78 5.02 5.12 0.88 0.86 0.96 0.98

Figure [3.2 shows the estimated power function of the four tests at @ = 5%. From what is
expected (since all test statistics follow the chi-square limit distribution), curves became similar
as the sample size increases. For n = 20 and 8 > 1, the Wald test presented the smallest power
function. The gradient test was the most powerful, followed by the LR and score tests for all
considered sample sizes. On the other hand, for 0 < < 0.39, the score test was the most

powerful, followed by the Wald, LR, and gradient tests. In the neighborhood of g = 1, this
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Figure 3.2: Estimated power curves on situation a for different sample sizes, considering o = 5%,

p=0.3,and p = %.
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study suggests the gradient and score tests as the best options to discriminate the C and EC
distributions. On the other hand, with respect to the power function, the score test is the most
powerful for S < 1; while, for § > 1, the gradient test is the best.

Further, other scenarios were considered to quantify the test size for variation of u and p at
n = 20. Results are presented in Table [3.2] It was observed the Wald test is the most liberal
when p is in the 2st and 3st quadrants of the circle; while, for 4 in the 1st and 4st quadrants,
gradient and score tests are most liberal, respectively. With respect to most conservative tests,
the Wald (1st and 4st) and score tests (3st) stand out, considering aw = 10%. For the majority
of cases, the empirical test size increases as the concentration parameter, p, increases.

Regarding the variation of u, one noticed that all tests were more liberal when p belongs
to the 2st and 3st quadrants. For instance, assuming p = 0.3, « = 10%, and p such as in
Table the LR test provided the estimated sizes 10.22%, 12.68%, 12.56%, and 9.80%. This
seems indicating the more p moves away from the origin of the circle, the type I error rate is

higher.
Situation b

Here, the same scenarios of the situation a are used. However, with respect to the equivalent
of Table[3.2] n is changed instead of p, which is equal to zero according to Hy. Results we provide
are exhibited in Table [3.3] As expected, type I error rate for all the tests approach slowly of the
adopted nominal levels when the sample size increases.

One observed that the score test is the most liberal for 10% and 5% significance levels,
while the Wald test is most liberal for 1% level. We noted also that the Wald test is the most
conservative for 10% and 5% significance levels and the LR test is less liberal for 1%. For the
variation of the mean, it was noticed that all tests are more liberal when the EC average belongs
to the 2st and 3st quadrants. As an example, for the n = 50 and o = 10%, the LR test presented
type I error rate of 10.38%, 12.74%, 12.02% and 10.18%, respectively. The same was observed
in the situation a.

Figure|3.3| shows the behavior of the power of the four tests at & = 5%. One noted the power



=%
a=10% a=5% a=1%

p T T, Tsa Tha Tia Toa Tsa Taa Tva Toa Tia Taa
0.0 11.20 8.18 8.32 12.72 6.08 3.58 3.86 7.44 1.40 0.72 0.70 2.38
0.1 10.78 8.38 880 11.38 5.68 '4.44 4.42 6.58 1.26 1.00 1.06 2.20
0.2 10.04 8.60 9.78 10.64 5.40 4.66 5.18 6.28| 1.12 1.34 1.46 1.80
0.3 10.22 7.90 10.64 10.84 5.12 4.20 5.66 5.78| 1.12 1.24 1.78 1.64
0.4 9.72 7.64 13.40 10.38 5.04 4.00 8.06 5.56| 1.02 1.22 2.84 1.30
0.5 9.74 5.22  19.02 9.38 4.46 2.78 12.68 4.90 1.06 0.68 6.26 1.10

p=7
a=10% a=5% a=1%

p T T, T34 Tha Tia Toa Tsa Taa Tva Toa Tia Taa
0.0 13.74 11.92 10.88 12.76 7.66 7.14 5.60 7.12 2.10 3.52 1.64 2.40
0.1 11.96 13.78 10.64 11.14 6.30 9.50 6.10 5.58 1.40 5.68 1.98 1.50
0.2 1240 15.76 11.14 10.50 5.98 11.62 6.34 4.96 1.34 792 2.18 1.36
0.3 12.68 16.76 13.20 10.58 6.48 12.92 7.60 5.24 1.16 10.06 2.76 1.24
0.4 11.34 14.50 13.96 9.40 6.00 11.94 9.00 4.78 1.06 9.92 3.42 1.04
0.5 7.60 6.50 15.66 7.64 3.74 1476 10.32 3.68| 0.68 3.68 4.62 0.58

p="F
a=10% a=5% a=1%

p T Taa Tsa Tha Tvae Toa Tsa Taa Tva Toa Tia Taa
0.0 10.98 12.84 11.00 7.70 598 824 6.32 3.54| 1.58 4.56 2.42 0.34
0.1 10.56 12.42 10.20 9.40 5.34 9.14 6.38 4.72 1.08 5.26 3.08 0.86
0.2 11.44 13.06 9.74 10.60 548 9.80 592 594| 1.08 582 292 1.48
0.3 12.56 14.60 &8.50 13.04 6.32 11.24 5.66 7.22| [1.12 7.22 290 2.42
0.4 14.64 16.72 6.20 18.04 7.36 12.74 4.64 12.10| 1.50 7.60 2.80 5.22
0.5 20.16 18.60 3.58 29.84| 11.52 14.04 2.68 23.30 2.72 7.48 1.74 13.88

p="r
a=10% a=5% a=1%

p T Taa T34 Tya Tia Toa Tia Taa Tva Toa Tia Taa
0.0 7.24 110.10 8.06 6.86 3.34 6.00 4.50 2.82| 0.50 2.58 1.88 0.28
0.1 8.68 10.24 9.34 8.56 4.46 6.82/5.36 3.68| 0.84 3.50 2.34 0.52
0.2 944 9.00 9.96 9.62 4.66 5.50 5.72 4.66 0.78 2.42 2.32 0.84
0.3 9.80 8.16 10.34 10.68 4.72 4.56 6.02 5.34| 0.74 1.70 2.18 1.30
0.4 9.56 6.82 11.38 10.58 4.42 3.86 6.60 5.34 0.90 1.20 2.26 1.52
0.5 10.18 5.80 13.56 10.78 5.14 250 7.70 6.30| 1.04 0.96 3.10 1.60

o7

Table 3.2: Rejection rate (%) under the null hypothesis for the situation a, considering n = 20
and different values of (u, p).



o8

Table 3.3:  Rejection rate (%) under the null hypothesis for the situation b, considering n = 20
and different values of p.

™

=%
a=10% a=5% a=1%

n T1a To, T34 Tya Tha To, T34 Ty Tio T2a T30 Tia
20 11.60 13.40 13.90 [11.28 6.46 8.60 7.46 6.04 1.74 4.04 2.56 1.68
50 10.38 10.60 12.78 9.92 5.74 6.54 6.76 5.38 1.20 2.02 1.32 1.36

100 11.46 10.84 13.56 11.30 6.18 580 6.80 6.06| '1.36 1.60 1.44 1.42
500 10.56 9.18 12.70 10.08 5.24 4.44 6.24 5.00 0.90 0.84 1.20 0.90
p=
a=10% a=5% a=1%

n T T, T34 Tia Tva Toa Tia Taa Tva Toa T30 Taa
20 14.58 15.12 13.44 15.08 8.68 10.16 1 6.80 8.28 2.72 5.18 2.22 294
50 12.74 12.64 12.84 12.72 7.36 8.02 6.88 7.64 1.64 2.54 1.50 2.36

100 12.46 11.46 13.12 13.10 6.88 16.28 7.00 7.60 1.68 1.62 1.26 2.14
500 11.96 10.30 13.26 12.48 5.96 5.04 6.54 6.64 1.20 /1.06 1.08 1.56
n="3
a=10% a=5% a=1%

n T T T3a Tia Tva Toa Tsa Tia Tia Toa Tsa Taa
20 13.12 12.78 15.18 [11.10 7.44 8.56 8.16 5.74 1.98 4.02 2.58 1.36
50 12.02 12.54 14.34 11.18 6.70 7.76 7.58 6.10 1.58 2.64 1.96 1.50

100 12.32 11.74 14.48 11.32 6.88 6.46 7.58 6.48 1.70 1.90 1.56 1.54
500 11.12 10.04 13.90 10.64 5.88 5.22 7.00 5.62 1.30 /[1.08 1.26 1.16
p="r
a=10% a=5% a=1%

n T1a To, T34 Tya Tha To, T34 Ty Tio Toa T30 Tia
20 11.12 11.10 13.50 [10.88 5.86 7.20 6.78 5.44 1.36 3.02 1.70 1.06
50 10.18 10.44 13.44 10.64| 5.62 6.44 7.04 596| 1.28 2.14 1.56 1.32

100 10.98 9.92 13.68 11.32 5.84 532 7.12 6.28| 1.26 1.52 1.32 1.38
500 10.62 880 13.76 11.18| 5.44 4.42 6.82 5.74| 1.12 0.82 1.16 1.22
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of the tests increases considerably and the curves are close with the increase of the sample size.
The gradient test was more powerful for g > 1, followed by the LR, score, and Wald tests for all
considered sample sizes. There is a disagreement in the neighborhood to the right of 8 =1 for
the n = 20, n = 30 and n = 50 where the Wald test was more powerful. While on the left of
B = 1, the score test has shown the more power for 5 close to zero and the Wald test was the

most powerful in the neighbored of 8 = 1, followed by the score, LR and gradient tests.

— R
---- Wald

Score
=== Gradient

Power
Power

-~ Gradient

(a) For n = 20. (b) For n = 30.

(c) For n = 50. (d) For n = 100.

Figure 3.3: Estimated power curves on situation b for different sample sizes, considering o = 5%,

p=0.3, and u = %.

3.4.2  Performance for parametric bootstrap-based percentiles

As previously mentioned, for small samples, the asymptotic x? distribution may not be a

good approximation to the exact null distribution of the statistics under discussion. Figure|3.4(a)
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shows the x? q-q plot of Ty,, while Figure displays the x2 g-q plot of Ty,. Kolmogorov-
Smirnov test results was performed, giving p-values of 2.2 x 107'¢ for both situations; i.e.,
approximating the asymptotic distributions of 71, and Ty by the chi-square law is not adequate.
The parametric bootstrap versions of the tests are alternatives to outperform this problem and

we study their applications to tests for the EC model.

=) ////
(a) Q-q plot of Ty, for twenty (b) Q-q plot of Tu for twenty
EC(1,27/3,0.3) generated observa- EC(1,47/3,0) generated observa-
tions. tions.

Figure 3.4: Illustration of bias for the asymptotic distribution of Tj;.

By simplicity issues, we approach the use of bootstrap for the situation a, which is the most
common in practice. From results of Table null rejection rates for all the tests approach
well the corresponding nominal levels as the sample size increases, as expected. The bootstrap-
based LR and Wald tests were the most liberal for small samples. The score test approaches the

nominal levels more slowly.

Table 3.4: Rejection rate (%) under the null hypothesis for the situation a and boostrap-based

percentiles, considering p = 0.3, u = 2%, and different sample sizes

a=10% a=5% a=1%

n T To0 T34 Tio| Tha Toa T30 Tia Tio T2a T30 Tha
20 11.28 12.52 9.12 10.72 | 5.48 6.64 4.36 5.38 1.10 1.24 0.58 1.10
50 10.88 110.00 9.96 9.84| 5.26 5.00 4.52 4.84| 1.00 0.86 0.66 0.86

100 9.92 9.64 9.82 10.04 | 4.70 4.54 4.80 4.84 0.98 0.72 0.96 0.94
150 9.40 9.70 9.76 9.34| 4.94 5.02 5.08 4.86 0.82 0.82 0.84 0.88
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The other scenarios considered in Section [3.4.1] were studied here as well. Table presents
such results under the bootstrap perspective. The Wald test was the most liberal in all the
considered quadrants, for & = 10% and o = 5%. For a = 1%, the ratio likelihood test was the
most liberal. For the majority of cases, the type I error rate tends to increase as the parameter p
increases. It is also possible to observe that the bootstrap version of tests corrected the inaccuracy
presented by the type I error rate for the extremes of the p range. For instance, for u = %’T,
p=0.5 and a = 5%, Tyq = 23.30% while for the bootstrap version results in 5.18%.

For the variation of u, it was noticed that Tb, and T3,, most of the times, are more liberal
when p belongs to the 2st and 3st quadrants and 17, and T5,, when p is in the 1st and 4st
quadrants. For instance, for the p = 0.4 and o = 5%, the Wald test presented type I error rate
5.14%, 6.98%, 5.60% and 4.78% and the LR test obtained type I error rate 4.76%, 5.68%, 3.80%
and 4.04%. In general, the bootstrap version of the tests was more conservative than the usual
tests, for n = 20; mainly, for test score.

In terms of the power, results for the bootstrap tests are presented in Figure [3.5] fixing
a = 5%. It was observed that the power increases considerably and the curves are close when
the sample size increases. For n = 20, one noted that, for a small variation on 5 > 1, the Wald
and score tests have power smaller than o = 5%. Besides that, the power curve of the Wald and
score tests approach faster, compared to the usual tests. The gradient test is the more powerful
for § > 1, followed by the LR, score and Wald tests for all sample sizes considered. While for

B < 1, the score test has shown the lowest power for 3 close to zero, the Wald test is less powerful

in the vicinity of § = 1.
3.4.3 Application

Now, the tests T;; for the EC model are submitted to three databases: two real sets and one
synthetic. The first of them is defined by twenty one wind directions, measured from a weather
station in Milwaukee at 6.00 a.m. on consecutive days (Johnson and Wehrly, |1977)). The second
database represents 9 orientations of core samples at the location 4 of the Pacheco Pass area of the

Diablo Range (California, USA) (Upton and Fingleton, 1989). Upton and Fingleton have been
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Table 3.5: Rejection rate (%) under the null hypothesis for the situation a and boostrap-based

percentiles, considering n = 20 and different values of (u, p)

1=g
a=10% a=5% a=1%

p T Toa T3q Tha Tie Toa T3a Tia Tia Toa T3a Tia
0.0 978 950 9.02 9.98 5.28 4.80 4.22 5.20 1.10 0.82 0.92 1.10
0.1 9.36 9.12 818 9.52 4.76 4.18 3.84 4.90 0.88 0.34 0.50 0.96
0.2 9.00 10.20 8.40 9.18 4.62 488 394 490| 0.96 0.78 0.64 1.08
0.3 19.62 10.68 7.96 9.62 4.72 1526 3.56 4.72 0.88 0.78 0.42 0.90
0.4 9.30 10.06 7.90 9.34 4.76 5.14 3.22 4.80| '1.04 0.88 0.44 0.96
0.5 954 872 10.32 8.90 456 4.28 494 4.34] 0.96 0.96 0.80 0.78

p=7
a=10% a=5% a=1%

p T Toa T34 Tha Tia T2a T3a Tia Tia Toa T3a Tia
0.0 10.62 8.64 954 10.80| 5.38 3.84 4.38 5.44| 1.22 0.24 0.66 1.42
0.1 10.02 9.90 9.20 10.36 4.84 1490 4.58 4.76| 1.12 0.66 0.58 1.16
0.2 10.44 10.92 8.90 10.04 5.00 5.46 4.22 4.58 1.04 0.76 0.40 0.98
0.3 11.28 12,52 9.12/10.72 5.48 6.64 4.36 5.38 1.10 1.24 0.58 1.10
0.4 11.42 12.62 8.88/10.68 5.68 6.98 3.80 5.14 1.08 1.36 0.48 1.00
0.5 9.04 7.82 926 9.32 4.44 4.16 4.18 4.68 0.80 1.06 0.70 0.66

p=7
a=10% a=5% a=1%

p T Toa T34 Tha Tia Toa T3a Tia Tia Toa T3a Tia
0.0 '10.00 9.90 10.26 8.76| 5.22 4.46 4.78 3.96 1.14 0.80 0.64 0.58
0.1 9.12 8.98 9.98 8.62 4.68 4.74 5.04 3.94 0.90 0.82 1.00 0.50
0.2 944 920 9.94 8.32 4.40 4.42 490 3.44 0.84 0.80 0.98 0.38
0.3 9.58 10.18 9.82 8.08 4.38 5.12 5.02 3.30 0.66 10.96 0.94 0.28
0.4 9.10 10.32 8.78  7.92 3.80 5.60 4.74 2.78 0.78 0.86 0.94 0.16
0.5 10.60 10.86 544 11.44 5.22 5.44 3.14 5.18 1.24 11.02 0.62 0.60

p="
a=10% a=5% a=1%

p T Toa T3, Tha Tie Toa T3a Tia Tia Toa T3a Tia
0.0 810 8.94 854 7.78 3.74 428 4.10 3.36 0.620.86 0.70 0.58
0.1 8.82 19.62 9.14 8.14 4.62 5.06 4.58 3.62| 1.04 0.92 0.66 0.32
0.2 9.14 9.52 9.18 9.06 4.48 14.64 4.52 3.92 0.74 0.70 0.76 0.30
0.3 9.06 9.86 8.76 9.24 4.46 4.74 4.12 4.02] [0.70 0.64 0.46 0.42
0.4 8.86 10.14 8.04 8.96 4.04 1478 3.54 3.98| 0.76 0.60 0.48 0.72
0.5 9.24 9.14 880 898 4.34 4.28 3.66 4.56 0.78 0.78 0.50 0.70
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Estimated power curves on situation a via boostrap for different sample sizes,
considering o = 5%, p = 0.3, and p = §.
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indicated the C distribution for describing these orientations. In order to align this application to
the previous synthetic study, we also consider a third dataset having 30 observations, generated

from the uniform distribution. The datasets measured in degrees are given bellow.

356 97 211 232 343 292 157 302 335 302 324
85 324 340 157 238 254 146 232 122 329

Data Set 2 8§ 194 352 304 50 320 350 314 50

231 212 346 333 58 152 232 172 11 224 276
Data Set 3 64 153 231 315 64 211 96 58 100 92 219
223 60 296 298 85 8 161 349

Data Set 1

Here, we aim to quantify the potentiality of discussed tests according to a and b situations for
real data. For the situation a, first and second datasets represent alternative and null hypotheses,
respectively. Thus, it is expected Hy is only rejected for dataset 1. On the other hand, with
respect to the situation b, datasets 1 and 3 indicate H; and Hy, respectively. For this case, one
expects to reject Hy only for dataset 1.

First, we fit EC, Cardioid and uniform models, according to the Table [3.6] Results indicate
acceptable adjustments, although some difficulties have been found to estimate p in small sam-
ples (a longer discussion about it was furnished in the Chapter . As qualitative evidence of
these fits, empirical and fitted pdfs are presented in Figure It is noticeable the EC model
tends to approach the C and uniform laws for second and third databases; while, the former is
meaningfully different of other two for the first database.

Adopting the level of significance of 10%, it can be observed that only the Wald test and
its bootstrap version do not reject the null hypothesis for dataset 1 in the situation b; that

is, they do not reject the uniform assumption when these data are strongly asymmetric (see

Figures [3.6(a)| and [3.6(b)). Therefore, this test is not indicated when one wishes to distinguish

between uniform and EC distributions in small samples.
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Figure 3.6: Fitted EC, C, and uniform densities for three databases.
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Table 3.6: ML estimates (SEs) for parameters for considered models

Model Parameter Dataset 1 Dataset 2 Dataset 3
p 0.2436 0.3859 —
. . 0.1239 0.1411 —
Cardioid (4.6708> (0.0002) -
a (0.6135)  (0.3601) -
2.8764 1.1755 1.2067
p (0.8929)  (0.3956)  (0.2202)
Exponentiated 0.2166 0.3911 0.1166
Cardioid p (0.1185)  (0.1431)  (0.0000)
1.1789 0.0002 1.8655
# (0.5902)  (0.0000)  (0.0000)

Table 3.7:  P-values of the asymptotic (7j;) and bootstrap (T;;) hypothesis tests

Situation a

Situation b

Datasetl Dataset2 Datasetl Dataset3
T,  0.0028 0.6381 Ty,  0.0031 0.6264
Toq 0.0359 0.6971 15,  0.1100 0.6695
T3,  0.0360 0.6058 T3,  0.0459 0.8692
Thq 0.0002 0.6285 Ty,  0.0000 0.5827
77, 0.0020 0.6623 17,  0.0030 0.8032
T5, 0.0719 0.6723 T3  0.1459 0.6214
T3,  0.0559 0.6464 135, 0.0120 0.6074
Ty, 0.0020 0.6623 T,  0.0010 0.7892

66
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3.5 Concluding remarks

The Chaptershowed convincing evidence the exponentiated Cardioid (EC) distribution may
assume asymmetric and bimodal behaviors, unlikely the uniform and Cardioid (C) particular
models, which have been widely used in the circular data practice. Testing hypothesis mapped
from circular models is a mandatory activity in several applications. This chapter has presented
hypothesis-based inference procedures to choose among the EC, C, and uniform laws by means
of LR, Wald, score and gradient tests on both asymptotic and bootstrap perspectives. First
a closed-form expression for the EC Fisher information matrix has been derived. In order to
quantify the performance of tests, a Monte Carlo simulation study has been presented, adopting
empirical test size and power as comparison criteria. The gradient and score tests have presented
the best performance in different situations. Finally, the asymptotic and bootstrap tests have
been applied to real datasets. Results indicated the gradient test as the best discriminant tool

and the use of bootstrap has improved meaningfully the performance of considered tests.
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4 A circular-circular regression model
for the exponentiated Cardioid model

Resumo

O modelo Cardioide exponencializado (EC) foi introduzido no Capitulo 2 e empregado com
sucesso para descrever dados circulares. Ao contrario do modelo Cardioide, a distribui¢cao EC
apresenta comportamentos assimétricos e bimodais. Compreender a relagao entre duas variaveis
circular é necessario na pratica. Neste Capitulo, propomos um modelo de regressao circular-
circular com o erro aleatério assumindo a distribuicao EC. Para este fim, empregamos o mapea-
mento do circulo de Mobius como mecanismo técnico. Primeiro, derivamos o modelo complexo
associado aos erros angulares cujo argumento segue a distribuigao EC. Um procedimento baseado
no método da méxima verossimilhanga é desenvolvido para estimar os parametros do modelo pro-
posto. Finalmente, uma aplicagao a um conjunto de dados de dire¢oes do vento é realizada. Os
resultados indicam que o novo modelo pode superar trés outros que possuem a ditribui¢dao von
Mises, wrapped Cauchy e von Mises modificada como suposi¢oes para distribuicao dos erros

angulares.

Palavras-chave: Distribuicao EC. Modelos complexos. Regressao circular-circular. Transfor-

magao de Mébius.

Abstract

The exponentiated Cardioid (EC) model has been introduced in the Chapter |2/ and successfully

employed for describing circular data. Unlike the Cardioid model, the EC distribution may fit
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asymmetric and bimodal behaviors. Understanding the relation between two circular variables
is required in practice. In this chapter, we propose a circular-circular regression model with the
random error having EC distributed angular component. This model uses the Md&bius circle as
a usel tool. First we derive the complex model associated to the error variable whose argument
follows the EC distribution. A point estimation procedure via maximum likelihood is developed
for the parameters of our proposal. Finally, an application to wind directions data is performed.
Results indicate our model may outperform three other models having the von Mises, wrapped

Cauchy and modified von Mises distributions as angular assumptions for the error variable.

Keywords: Circular-circular regression. Complex models. EC distribution. M6bius transforma-

tion.

4.1 Introduction

Regression models in the Circular Statistics area are often designed under three perspectives
in terms of response and explanatory variables, say response-exploratory: circular-linear, linear-
circular and circular-circular. Illustrating the first kind, the effect of the wind speed over the
angle of the fire propagation was quantified by Li et al| (2017). With respect to the second
kind, Kucwaj et al.| (2017) proposed to measure the altimetric (positive-valued measurement)
obtained from satellite signals conditioned to the phase delay, captured by signal before and after
of sensoring an under study surface. SenGupta and Kim| (2016) studied the relation between
gene locations for two circular genomes representing the third branch. In this chapter, we provide
advances on this last kind.

In circular-circular regressions, an angular random variable is modelled in terms of other
circular random variable and both are measured assuming the same zero direction and rotation
sense (Sarma and Jammalamadaka, 1993). However, the study of this topic has received very
little attention (Pewsey et al.,|2014). The classical regression analysis among real-valued variables
cannot be applied for the circular-circular case because the former is specific for the Euclidean

space.
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The concept of circular-circular regression was introduced by [Sarma and Jammalamadaka)

(1993). In Rivest, (1997), the circular dependent variable is regressed on an independent variable

by decentering the dependent variable. Other models for this purpose are explained by

land Farnum| (2003)) and Hussin et al| (2004). SenGupta et al.| (2013) discussed inverse circular-

circular regression. Downs and Mardia (2002), Kato et al| (2008) and Kato and Jones (2010)

presented a mathematical treatment about a circular-circular regression by using the Mdbius

transformation (MT) like link function. Earlier works on circular-circular regression models have

been tackled by (1995)).

The MT that maps the unit disc to itself was used for studying two circular variables in

Downs and Mardial (2002)), [Kato et al.| (2008) and Kato and Jones (2010). These works have

assumed the von Mises (vM), wrapped Cauchy (wC) and modified von Mises (vMM) models as
error angular components, respectively. As one of the earlier works to adopt the MT,

(1996) has investigated using the Cauchy distribution as one input to such transformation.

The MT was also used in the context of spherical regression by (1986) and by
land Farnum| (2003) to induce probability distributions on the circle. (2004) and

(1991) propsed the Mobius distribution to generate new family of distributions. [Jha and Biswas|

(2017) introduced multiple circular-circular regression models using the MT.

The expontentiated Cardioid (EC) distribution was introduced in the Chapter [2| as an exten-
sion to the Cardioid distribution. This model is very useful since it is suitable for asymmetry and
bimodality situations. Thus, we advocate that using this model as the distribution of angular er-
ror in regression models can be advantageous. In this chapter we propose a new circular-circular
regression model having EC distributed angular errors. Its regression curve is expressed in terms
of the MT. Futher, we also introduce the complex version of the EC distribution, named CEC
distribution. A likelihood-based estimation procedure for the parameters of the new model is
furnished. To illustrate the proposed model potentiality, we compare its performance applied to
wind direction real data with those due to models having the vM, wC and vMM error distribu-
tions as error angular components. Results indicate that our proposal may be the best regression

strategy.
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The subsequent sections are organized as follows. In Section [£.2] the MT and some of its
properties are discussed. The EC model is presented as well as its complex form in Section [4-3]
Section [4.4] presents the used estimation procedure. In Section [£.5] our model is applied to wind
directions data and compared with others models. Finally, [1.6] summarizes the main findings of

the chapter.
4.2 Mobbius transformation

Let u be a variable with support in the unit circle or, equivalently, in the unit norm complex
plane. Suppose By and f; are complex parameters with |5p| = 1. Then the link function of the

regression model proposed in this chapter is given by

u+
0 —
1+ fiu

v=_7 (4.1)

where |u| = 1. The mapping with || # 1 is called the MT. It is known that this transformation

is a one-to-one mapping which carries the unit circle onto itself, i.e. |v| = 1.
Theorem 4.2.1. |v| = 1.

Proof. Let u = €'t and 81 = ae'®. Without loss of generality, we assume that Sy = 1. Tt follows

from (a), the modulus of the complex ratio is ratio between modules Ahlfors (1979) that

u—+ B
1+ Biu

(@ [u+Bi]  /[cos(61) + acos(6)]? + [sin(61) + asin(fs)]?

= — = =1.
|1+ Brul VI + acos(f; — 02)]2 + [asin(f; — 02)]?

ol =

O

Reparametrized MT can be used by putting (u,v) = (€%, e®), 81 = re? (r >0, 0 < 6 < 27)

and ), = Arg(fo):

el ¢ 7’619

ib _ B
T T reilad)

1
or b= ﬁ(’) + 0 + 2 arctan [wrtan{Q(a— 9)}] )

where w, = (1 —r)/(1+7r).
Some interesting results about the MT can be checked in Kato et al| (2008). It is worth

mentioning that Sy is a rotation parameter. Already (1 can be intuitively interpreted as the
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parameter that attracts the points on the circle toward (1/|51]. The concentration of points
about (1/|51] increases as || increases.

For the possible forms assumed by the MT, it is important to note the symmetry between the
curves v(Bo, f1,u) and v(Bg, B1, ) in relation to u = 0 and v = 0. This behavior is illustrated
in Figure [4.1(a) and proved in the following Theorem. The Figure [1.1b) exhibits some possible

forms of the MT.
Theorem 4.2.2. —Arg[v(Bo, f1,u)] = Arglv(Bo, B1,u)].

Proof. Let u = €' and 81 = re®. It follows that

~Arglo(F. . w)) = e (T ) = ~[Ate(Bw) + Arg(w-+ F) ~ Arg(1 + )

sina + rsinb rsin(b — a)
=A —arctan [ ———— "~ t
18(fo) — arctan ( cos a + r cos b> arctan <1 + rcos(b — a))

— Arg(f) + arctan (Wmnb> e ( rsin(b — a) >

cosa + rcosb 1+ rcos(b—a)

= Arg (ﬁo f:;llu)

= Arglv(fo, 51, u)].




73

— Bo=e®,By=4e’
- Bo=e’ pi=de”

Figure 4.1: Plots of the regression curve.

Figure[f.2]illustrates the MT and the Theorem[4.2.2] given the complex input u = 0.54+0.84 1,
Bo = —0.99 4 0.147 and ) = —0.21 + 0.45.

To that end the following six operations are done:

u+pB1 3 u+pB1

1 2
e U u =
= +ﬁ1:>1+,81u

_ 4 _ 5 5 a+B, 6 7 u+p
° :>u+ﬁ1:>1+51%:>50 L,

The resulting angles were —1.64 and 1.64, respectively, which show that the results differ only

by a signal, according to the symmetry of the Theorem [.2.2]

4.3 Exponentiated Cardioid model

The EC distribution was introduced in Chapter[2|as an extension to the Cardioid distribution.
Such a model has the advantage of allowing the description of asymmetric and some bimodality
phenomena. This new three-parameter model has probability density function (pdf) given by

(for 0 < 0 < 2m)

B-1
105 o) = 4 { g+ Clen(® = senGl ) (1 2pooso— ), (42

where 0 < u <27, 0 < p <0.5and g > 0.
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.4

Figure 4.2: Symmetry in the Md&bius transformation.

Since the MT is suitable to the complex plane, it is important to define the complex dis-
tribution whose the angular component is the EC distribution. This situation is denoted as
Z ~ CEC(B,¢); i.e., if © ~ EC(p, p, B), then Z = ¢'® ~ CEC(j, $) such that ¢ = pel#. In

follow theorem, we derive the density of Z.
Theorem 4.3.1. Defining Iy = I\ yv(rtp2ntp) (), if Z ~ CEC(B, ), its pdf is given by

—_ A2 _|bl2] —
2= 0P +1—[6P -3

1) == B2

|z — 92 + 1+ 192]
219]

Arg(z) + (=1)"2p \/1 — [ + sin[Arg()] :

with z =€, ¢ = pe™, 0 < p<0.5 and 0 < 0, < 27. | -| and Arg(-) indicate the modulus and

argument of a complexr number, respectively.

The proof is presented in Appendix E.

4.4  Circular-circular regression model and likelihood-based estimation

The considered regression model is given by

Y:ﬁgz_FEl €,
1+ fr

’$|: )
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where [y, 1 € C such that |5y| = 1, e ~ CEC(f, ¢) and Arg(Y) = cons + Arg(e), with cons =
Arg(fp) + arctan [%} — arctan [%} and Arg(e) ~ EC(u, p, ), where Im(-) and
Re(+) are real and imaginary parts of the considered complex number.

A manner to obtained ML estimates for the parameters involved in the proposed regres-
sion model is through of the angular errors distribution. Let Arg(e1), Arg(e2), ..., Arg(ey)
be an observed sample of size n from Arg(e) ~ EC(S,p, ). The log-likelihood function at

o= (B, p, 11, B5,7,8,) T, £, can be expressed as

0(6) =nlog B+ (B —1) Zlog

i=1

+ Z log{1 + 2pcos[Arg(€;) — p]}, (4.3)
i=1

{Ari(:") + £ {sin[Arg(e;) — 1] +sin M}} — nlog(2m)

where ¢; = y,‘(l + lez)/ﬂo(ml + ,81)
To facilitate the derivation of ML estimates, reparametrizations are often used. We adopt

(zi, ;) = (94, €i02) By = refi (r >0, 0 < 0 < 2), B = Arg(Bo) and B} = Arg(B:). Defining

arctan % ,if S; > 0 and C; > 0,
Yi =19 arctan cﬁ + m,if C; <0,
S

arctan (6) + 2m,if S; < 0 and C; > 0,
where S; = — sin(61;)—2r sin(B])+r? sin(—28]+61;) and C; = cos(61;)+2r cos(B])+r? cos(—28]+

61;), it follows that

B2 — By + s, if 0 < 023 — B + 1 < 2,
Arg(e;) = < 02 — B + ¥ + 2m,if 09 — By + ¢ <0,
2 — By + Vi — 2m,if Oy — By + i > 2m.

Therefore, the ML estimates for 3, p, i, 5, r and 3] are solutions of the following system of

non-linear equations:

(6 - Arg(e; . .
U = 88(,3) = % + ;bg{ 1;%756 ) 4 g{sm[Arg(ei) -y —l—Sln,u,}} =0,
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%=a$?:2gﬂﬂ“4a@@ﬁﬂﬁiﬁé@ifigmm 1£$§$$£$1m}=@

=t = {0 i pteniate) ) * T spes el 1) "
w%=i$?=”ﬂ§}51—@A@@»+§ﬁﬁiﬁi»” Hﬂmu}+1fiﬁﬁfgéﬁlﬂ}za
Ur = 6?5 '~ gAi {(5 B 1)Arg(ez‘) irJ;pQ{pS?E[S/[%/?;g(;S) MP}LL sinp} 1 iﬂ;{jfi/:[lfig()e; ﬁ} ] } -
and

Usy = 85’ ZB { Arg(ez) i;jfsfg[sﬁ;ig) Mlﬂr sinp} 1 ip25;2([:{§§:2€; ﬁ]“ ]} -

where A; = (C? + S2)71[-2sin(B]) + 2rsin(—28] + 61;)]C — S[2cos(B]) + 27 cos(—20] + 61;)]
and B; = (C? + S2)7H—2r cos(8]) — 2r? cos(—28 + 61;)]C — S[—2rsin(B}) + 2r? sin(—26] + 01,)].
This system of equations can be reduced by applying the following expression for 3 in the

last identities:

n

5" log {Arg( i) 4 Blsin(Arg(e;) — pu) + sin ,LL]}

B(p,ﬂ,ﬁé,?",ﬂi) = - (44)

Thus, the ML estimates for p, i, 5(, 7 and /3] are obtained numerically from

dU(d) dU(d) al(d)

KD T — g -0
P B=B(p,u,By,7,5,) B=P(p,u,B8y,7,5}) 0 18=B(p,,8,,m8})
786(5) =0 and 04(9) =0.

. gl | .
B=B(p.u,B%.7,5;) B=B(p.p,B5,7,5;)

In the remainder of this chapter, we refer to [Ug, Uy, U,,, UB()’ U, Uﬁi]—r as the score vector.
4.5 A Real Data Set

In order to illustrate the potentiality of the proposed model, an application to real data was
made. Further, its performance was compared with three other models, where the vM, wC and
vMM distributions were assumed for Arg(e;). Their respective densities are given by.

1

fors = meXP{HCOS(Q —u)}, 0< 0, <27 and Kk > 0,
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1 1—p?
= — , 050, u<2 d0<p<1and
fuc 2n 1+ p? —2pcos(0 — )’ — = aman P an
1= [s{€cos(8 —n) — 2pcos(8)} |
= — 0<68<2
Jortnt 27 lo(k) P p? —2pcos(f — ) 14 p%2—2pcos(6 —v) ~ — ™

where & = /p* +2p2cos(2B) + 1, n = pu + arg{p?cos(2B) + 1 + ip*sin(2B)}, v = p+ B, 0 <
w,B<2m,0<p<1,k>0and Ip(p) = fozﬂ explp cos(¢ — u)]d¢ is the modified Bessel function
of the first kind and order zero.

ML estimates were used to fit considered models to data. All the computations were done
using the function maxLik, which is available at the R statistical software R Core Team| (2017).

The dataset consists of 73 pairs of wind directions obtained by a Texas weather station, at
6.00 am and noon, on consecutive days, from May 20 to July 31, inclusive, 2003. The data are
part of a larger dataset which is taken from the Codiac data archive, where the considered station
is denoted by C28 1 and is available at http://data.eol.ucar.edu/codiac/dss/id=85.034.
The dataset was the same used in [Kato and Jones| (2010), in order to compare the results. The
independence of the variables was tested using the statistic 72 proposed by [Jupp and Mardia;
(1980). Under independence, nr? ~ x3%, where n is the sample size. Since nr? = 56.69 and
X2 = 9.49, there is strong evidence for dependence.

Figure [1.3[a) shows a plot of the data and the estimated regression curves which seems to
describe the relationship between wind directions reasonably well. The residuals,

Arg(e;) = Arg { M } :
Bo(zi + 1)
expressed in terms of radians and the fitted EC distribution are displayed in the Figure b).
The g-q plot in the Figure c) also evidences clearly that the angular errors are distributed
as EC distribution.

Table[f.I|shows the ML estimates, the standard errors, the maximised log-likelihood, AIC and
BIC values for the considered models. It is important to note that the values found for the vMM
distribution are discordant to those in Kato and Jones| (2010). Standard errors were calculated
using the jackknife procedure. The jackknife procedure delivers a more accurate asymptotic

inference than the analytic standard errors. According to the AIC and BIC, our model presented
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Figure 4.3: Plots of the special functions.

the best result.

The Figure shows the spokeplot, representation introduced by et al. Hussain et al.| (2007)
and consists of outer (on which response variable angles, say #; are marked) and inner (for
predicted response variable angles, say 62) rings, on which lines are used to conect the pair (61, 62)
at the same index. The short lines between 6; and - indicates good fit of the model. Thus,

qualitative evidence seem to recomend our model to this database, according to the spokeplot



Table 4.1: ML estimates e (SEs) of the models parameters for the datasets.

Model arg(Bo) |81] arg(B1) R p 15} i logl. AIC BIC
vM (8?3:) (gigggg) (gifiii) (5153‘8“;) - - -97.5 203.1 212.2
wC (8%2513) (8:(2)238) (g?égg) - (813225) - —9T.7 2035 212.6
VMM (82?3% (8:?)222) (gifigi) (gigig}g (82%23) (g:ggig) (8251;3% —93.5 1949 204.1
BC 0o000) (00000) (00000)  —  (00000) (0.0000) (0oono) 9T 1914 2006

obtained using the mathematics dynamic software Geogebra (Hohenwarter, 2008]).

4.6 Concluding remarks

A circular-circular regression model has been proposed using the MT as link function and the
exponentiated Cardioid distribution as model for its angular error. We have derived the complex
distribution associated to the EC model and expressions for the score vector which yields support
to the likelihood-based estimation procedure for regression parameters. Finally, an application

to real wind data was made and results have indicated that the proposed model may outperform

Figure 4.4: Spokeplot.

the other models that use the vM, wC, vMM distributions for the angular error.
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5 Distribution Generators Applied to
the Cardioid Model: Experiments on
Circular Data

Resumo

A distribuigao Cardioide (C) é um dos modelos mais importantes para dados circulares. Embora
algumas propriedades de C tenham sido derivadas, esta distribui¢ao nao é apropriada para feno-
menos assimétricos e multimodais no circulo e extensoes sao necessarias. Este capitulo propoe
quatro extensoes de C com base nos geradores 8-G, Kw-G, I'-G e MO-G. No6s derivamos Algu-
mas propriedades matematicas para esses novos modelos: extensoes e momentos trigonométricos.
Procedimentos de inferéncia para seus parametros também sao fornecidos. Executamos duas apli-
cagoOes para dados reais, em que os novos modelos sdo comparados com a distribui¢do C e uma

de suas extensoes propostas no Capitulo 2.

Palavras-chave: Cardioide extendida. Dados circulares. Func¢ao peso. Momentos trigonométri-

COS.
Abstract

The Cardioid (C) distribution is one of the most important model for circle data. Although
some C properties have been derived, this distribution is not appropriate for asymmetry and
multimodal phenomena in the circle and extensions are required. This chapter proposes four C
extensions based on the -G, Kw-G, -G and MO-G generators. We derive some mathematical

properties for these new models: extensions and trigonometric moments. Inference procedures
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for their parameters are provided as well. We perform two applications to real data, on which
the new models are compared to the C distribution and one of its extensions proposed in the

Chapter 2.

Keywords: Circular data. Extended Cardioid. Trigonometric moments. Weight function.
5.1 Introduction

Fitting densities to data has a long history. Traditionally families of curves have been de-
veloped to aid in fitting densities. Statistical distributions are very useful in describing and
predicting real world phenomena. Numerous classical distributions have been extensively used
over the past decades for modeling data in several disciplines, in particular, in reliability engi-
neering, survival analysis, demography, actuarial study and others. Recent developments address
definitions of new families that extend well-known distributions and, at the same time, provide
great flexibility in modelling real data. Adding parameters to a well-established distribution is
a time honored device for obtaining more flexible new families of distributions. In fact, several
classes of distributions have been introduced by adding one or more parameters to generate new
distributions in the statistical literature. The well-known generators are the Marshall-Olkin-
G (MO-G) (Marshall and Olkin, (1997)), beta-G (5-G) (Eugene et all) 2002), gamma-G (T'-G)
(Zografos and Balakrishnan, 2009), Kumaraswamy-G (Kw-G) (Cordeiro and de Castrol 2011J),
exponentiated generalized (Cordeiro et al. 2013)), type I half-logistic-G (Cordeiro et al., 2016),
Burr X-G (Yousof et al., [2016) and exponentiated Weibull-H (Cordeiro et al., 2017), among
others.

The two-parameter Cardioid (C) distribution was introduced by |Jeffreys| (1961) for describing
directional spectra of ocean waves. This model has cumulative distribution function (cdf), G(0) =
G(0; i, p), and probability density function (pdf), g(6) = g(0; u, p), given by, respectively, (for
0<6<2n)

GO) = 2 4 P lsin(0 — 1) + sin() (5.1)

2r  ow
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and

! [1+2pcos(6 — )], (5.2)

9(0) = b
where 0 < p < 27 is a location parameter and |p| < 0.5 represents concentration index.

Some works have addressed to extend the C distribution. A novel circular distribution was
proposed by |Wang and Shimizu (2012), who applied the Mobius transformation to the C model.
The Papakonstantinou’s family studied by |Abe et al.| (2009) also extends . However, these
extensions present hard analytic formulas for their densities. The Chapter [2| have proposed a
simple extended C distribution called exponentiated Cardioid (EC) distribution. The last was
derived from the exp-G generator and can describe asymmetric and some bimodal cases, beyond
those behaviors described by the C model.

In this chapter, we derive four extensions for the C model through the 8-G, Kw-G, I'-G
and MO-G generators, which extend the exp-G. We propose four new circular distributions
called beta Cardioid (5C'), Kumaraswamy Cardioid (KwC), gamma Cardioid (I"C) and Marshall-
Olkin Cardioid (MOC). These distributions are rewritten like special cases into a new family,
which is the result of weighting the term [1 + 2pcos(f — p)] in (5.2)). Some of properties of new
models are derived: extensions and trigonometric moments. A brief discussion about likelihood-
based estimation procedures is provided. Finally, two applications to real data are performed to
illustrate the flexibility of our proposals.

The remainder of this chapter is organized as follows. New models are proposed in Section
Section [5.3]discusses about some of their properties; while an estimation procedure is presented in

Section[5.4] Applications are performed in Section Main conclusions are listed in Section [5.6]
5.2 Generalized Cardioid Models

Next, we provide some three- and four-parameter distributions by transforming the C dis-
tribution, according to four generator. Let G(6) be the cdf of a baseline distribution with p

parameters,
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a) the -G cdf proposed by |Eugene et al. (2002) is

1 G(G) a—1 b—1
Fy-6(0) = Lo (.b)i= gros /0 W (1= )t du, (5.3)

where a,b > 0 are two additional parameters, l(g)(a,b) is the incomplete beta function

ratio evaluated at G(0) and B(a,b) = fOG(e) w? 1 (1—-w)?~dw is the complete beta function;
b) the Kw-G cdf introduced by (Cordeiro and de Castro (2011) is

Fruw-c(0) =1—{1-G(0)"}"; (5.4)

c¢) the I'-G cdf proposed by [Zografos and Balakrishnan (2009) is

Fr_q(0) = T(a) = T(a o exp

—log[1— G(6 1 —log[1-G(0)]
’Y(av Og[ G( )]) / 4 1 (—t)dt, (55)
) Jo
wherea > 0, I'(a) = fooo t%~1 et dt denotes the gamma function, and y(a, 2) = fOZ tolte tdt

denotes the incomplete gamma function;

d) the MO-G cdf proposed by Marshall and Olkin [Marshall and Olkin| (1997) is

a[l — G(0)] _ a1l -G(9)]

Fyo-g(0) =1- 1-(1—a)1-GO)] GO +all —GO)]

(5.6)

For the two first generators, given one baseline cdf as input, one has new (p + 2)-parameter

models; whereas for remainder generators, (p + 1)-parameter distributions are furnished.

5.2.1 Beta Cardioid

From applying (5.1]) in (5.3)), the SC distribution is introduced having cdf, F1(0) := F1(0;a,b, , p),
given by

Fi(6) = 1,

24 Lsin(0—p)+sin(p)] (a,b).

This case is denoted by © ~ 5C(a,b, u, p). By differentiating the last equation, the SC pdf,

fl(e) = fl(ea CL,b,,U,, p)? is given by

[1+2pcos(d — p)] (5.7)
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where
(L 4 2 [sin(0 — p) +sin(u)]}"
{1 — £ — 2sin(6— ) +sin(u)]}'

Note that for b = 1 the SC model collapses in the EC distribution proposed in the Chapter

hi(0) := h1(6;a,b, 1, p) = -

1(0)
1(0)

T
0 /2 T 3n/2 on 0 /2 T 3r/2 on

] 0

— a=01.b=2 - ~~
-~ a=2,b=0.1 T N

(c) For p=10.2 and p = 2. (d) Fora=2,b=2and p=0.2.

Figure 5.1: Theoretical and empirical SC densities for some parametric points.



85

5.2.2  Kumaraswamy Cardioid

From introducing (5.1) in (5.4), the KwC distribution is obtained having cdf, F»(0) :=

F2(97 a, b7 L, p)7 given by

0 p ) ) ay b
F0) =1 - {1 - <277 + - [sin(d — p) +sm(,u)]> } :
This case is denoted as © ~ KwC(a,b, i, p). Therefore, the KwC pdf is given by

abhy(6)

f2(6) = 11+ 2pcos(0 — ). (5.8)

where
{L + 2 [sin(6 — p) +sin(p)] }*

{1 — (& + L [sin(0 — p) + sin(ﬂ)])a}

1-b°

5.2.3  Gamma Cardioid

From evaluating (5.1)) in (5.5)), the I'C distribution is obtained having cdf, F3(0) := F3(0;a, u, p),

given by

~y (a,—log{l - % - g[sin(Q—M) +sin(u)]}>

Fs3(0) = T(a) ;

This case is denoted by © ~ I'C(a, i, p). By differentiating the last equation, the I'C density,

£5(8) := f5(0; a1, p), becomes

fs(0) = 2};3r(2)
W—/
:=h3(0)

[14+2pcos(f — p)], (5.9)

where

ra(6) o= natsanp) = (1o {1 = - — Lo - ) +sin<u>1})al.

s 0
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Figure 5.2: Theoretical and empirical KwC densities for some parametric points.
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Figure 5.3: Theoretical and empirical I'C densities for some parametric points.
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5.2.4  Marshall-Olkin Cardioid

From evaluating (5.1) in (5.6), we propose the MOC distribution having cdf, Fy(6) :=

F4(97 a, |, p)? given by

Fy(0) = a{l = £ — 2[sin(0 — p) +sin(u)]} |
£+ 2ln(@ )+ sin(o)] +a {1 — £~ £lsin(0 — o) + sin(u)]}

This case is denoted by © ~ MOC(a,pup). Thus, the MOC density, f4(0) := f4(0;a,p,p),

becomes
£a0) = O 1 4 g cos(o - )] (5.10)
i=ha(0)
where
-2
) = ha@iapp) = (1= =0 {1 = g = Llsinto - sG] })

5.2.5 A general formula

All four extensions have the same support of the C law and their densities may be rewritten

in the general expression:
fi(0) = hy(0) 1 +2pcos(d — p)], for i=1,2,34, (5.11)

where h;(6) is defined in the bellow table.

Models C pC  KwC TI'C MOC
Index (i) . 1 2 3 4
Expressions | (2m)™'  hi1(8) h2(0) h3(0) ha(0)

The new models may be understood as results of putting weights over the [1 + 2p cos(6 — u)]
term. Thus, illustrating h; in is a good activity to study the flexibility of the new models.
Figureﬂlustrates the weight functions h;(6). For this case, we fix (1, p) = (2,0.2) and assume
a=be (0,100) for SC and KwC distributions, a € (0,100) and 6 € [0, 27]. Note that although
hs and hy have larger values, hi and ho present a larger domain region that result in considerable

values. This fact can make I'C and MOC more flexible.
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Figure 5.4: Theoretical and empirical MOC densities for some parametric points.

89



90

It is important to note that the obtained models provide different asymmetry and modality
scenarios, according to the Figures[5.1} [5.2} [5.3]and [5.4] Therefore, the proposed distributions can
be attractive in the circular data modeling which, in many cases, are asymmetrically distributed

with possible multimodality.

(a) Curve hy (b) Curve hy
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4404
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10000

(¢) Curve hs (d) Curve hy

Figure 5.5: Weight curves for new models in family f;(6).

5.3 Mathematical properties

This section addresses the derivation of the trigonometric moments for new models. To that

end, we derive expansions for f;(6) by means of the following results:



(Cordeiro and de Castro (2011))):

fs—c(xz) = [abB(a,b)] Z <b_ 1) G(z)* 1.and

1=0

and

frw-c(z) = g(x i <b_ 1> G(x)" D1

=0

(Nadarajah et al. (2015)):

< (e LT
fr-c(w) = Z (a —I—(Z)Fk(a)— 1) z_; a— 1_3J ha+i(®),

b;

where pj; = i1 Zin:l[i —m(j+1)]empji—m and ¢; = (71)i+1(i+ 1)_1 fork=1,2,---, pjo=

ha+i(x) denotes the pdf of the exp-G(a-+i) distribution.

(Cordeiro et al. (2014)):

fuo-cla) = o) a1 S (7)G+ 1)1 - o 60"

(Consequence of the Theorem 2.3.1):

Let © ~ EC(B, p, p). The cdf of ©, say F(0) = F(6; 5, i, p),

91

© k
0) = vks(8) 07 Wy s(0: p, 1), (5.12)

k=0 s=0

where vy 5(5) = (g) (];) (27)k=8 and

I s (05 p, 1) = (g)k [sin(p)]* [sin(@ — p)]° {[sin(H — W) My + [sin(,,b)]HSMl}

depends only on the parameters of the Cardioid distribution. My and M; are defined as in the

Theorem
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5.3.1 Beta Cardioid

Theorem 5.3.1. Leta,b,5>0,0 < p <27 and 0 < p <0.5. The pdf of the BC model is given

by
1 oo at+i—1 k )
f((g) W[1+2PCOS 0 /.L Z Z szvksa—l-l ]Haﬂ_l_knk,s(ehoaﬂ)?
i=0 k=0 s=0
where
b—1
wi = wia,t) = (a7 )
7

and Y72, =1.

Corollary 5.3.2. Let © ~ BC(B,p, ). The components of the first central trigonometric mo-

ment are given by

p oo at+i—1 k

“14
a1 _27rabBa b Z Z sztksa+l_1 pnu]

=0 k=0 s=0
{A[a +i—1—k, zk—s|My+ [sin(u)]* 2Ala +i—1—k,z, S}Ml}

and
(2p)_1+2 o0 CL+’L’*1 k

51 :mz Z Zwitk,s[a+i_ l,p,,u]x

i=0 k=0 s=0
{Am+i—1—hz—Lk—s+umﬁ+hmwﬂ“%Am+i—1—hz—Ls+uma}

where ty s is defined as in the Theorem z € {1,2} and

21
Ala,b,c) = /O 097cos(0 — 1)]"[sin(0 — p)]°do.

5.3.2  Kumaraswamy Cardioid

Theorem 5.3.3. Let a,b,6 >0, 0 < pu <27 and 0 < p < 0.5. The pdf of the KwC model is

given by

oo a(i+1)—

1 )
f(0) = 5-[1+2pcos(0 —p)] D Z szvks (i + 1) — 1Jo°CTD=IFT, (05 p, 1),
=1 k=0 s=
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Corollary 5.3.4. Let © ~ KwC(S3,p, ). The components of the first central trigonometric

moment are given by

(2p) 71 O

aq :TZ Z sztks (i+1 1aPaM]><

1=0
{A[a(i F1) =1~k 2k — s]Mp + [sin(u)]F 2 Ala(i + 1) — 1 — k, , s]Ml}

and
9p)~1+z 2 a(i+1)—
=0 "y > zwztks (i-41) ~ 1p.p]x
=0 s=

{A[a(i F1) =1 —kz—1,k—s+ 1Mo+ [sin(u)]* 2 Ala(i +1) — 1 —k,z — 1,5+ 1]M1} ,
where z =1, 2.
5.3.3 Gamma Cardioid

Theorem 5.3.5. Let a, >0, 0 < pu <27 and 0 < p < 0.5. The pdf of the I'C model is given

by
1 oo a+i—1 k
B ) . a+i—1—k .
F(6) = 5-[1 +2pcos(6 — )] Z > D bivks(ati=1)0 Ty 5(6; p, 1),
=0 k=0 s=0
where
7,'+1'7a i 1 J+i p
bizbz‘(a)zr( 11) S
(@a-1) = a-1-j
and

pj'L—ZlZZ_ ]+1 CmPji—m
fori=1,2,...,pjo=1and ¢, = (—1)m+1(m+ !

Corollary 5.3.6. Let © ~ I'C(B, p, ). The components of the first central trigonometric mo-

ment are given by

14z o ati—1 k

Z Z thksa“_l_l p,,U]

=0 k=0 s=0
{A[a +i—1—k, 2z k—s|My+ [sin(u)]*2Ala+i—1—k,z, s}Ml}
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and

—14z o ati—=1 k

Zzzbtk5a+Z 1p>:u]

i=0 k=0 s=0
{A[a+i—1—k,z—1,k—s—|—1}MO+[sin(u)]k_zsA[a—i—i—1—k,z—1,3+1]M1}

where z =1, 2.

5.3.4 Marshall-Olkin Cardioid

Theorem 5.3.7. Leta, 5> 0,0 < pu <27 and 0 < p <0.5. The pdf of the MOC model is given

by
0o 1 k
£(8) = 51+ 200800 — 1] 30D D i) T, 1),

=0 k=0 s=0

where

di=da) =at-11' Y (1) G+ v oy

j=k
Corollary 5.3.8. Let © ~ MOC(B,p,u). The components of the first central trigonometric

moment are given by

—14+z X

) S S S i

=0 k=0 s=0
{Ah—h@k—ﬂwﬁ+@mWH“%AU—thMﬁ}

and

61 :L Z dztk s { >y Py [
=0 k=0 s=0

{Aﬁ—hz—Lk—s+um@+@m@ﬂ“%Amz—Ls+1mﬁ}

where z =1, 2.
5.3.5 General Forms

The expansions found for the density function and moments of the proposed distributions

can be written, in general, as
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Theorem 5.3.9. The pdf is given by

oo ¢ k
+ 2pcos(0 — p) Z Zkas )0 kas(H ps ).
i=0 k=0 s=0

£(6) = 51

Corollary 5.3.10. The components of the first central trigonometric moment are given by

—14z ©

ap = ZZZDtkscupﬂ

1=0 k=0 s=0
{A[Ci —k, 2,k — s] Mo + [sin(p)]* "2 Ale; — k, 2, S]Ml}

and

—142z ©

B = ZZZDtksCZ,PM

1=0 k=0 s=0
{A[ci —k,z— 1,k — s+ 1Mo + [sin(u)]" 2 Alc;, 2 — 1,5 + l]Ml} )

where z =1, 2.
The quantities F, ¢; and D; are expressed in the Table 5.1} for each proposed distribution.

Table 5.1: The quantities F', ¢; and D; for each distribution.

Model F Ci D;
BC [abB(a,b)]™ a+i—1 w;
KwC 1 a(i+1)—1 wj
NG 1 a+i—1 b;
MOC 1 i d;

5.4 Hstimation

This section tackles a brief discussion about maximum likelihood estimation for parameters of
the proposed family with density (5.11)). Let 61, ..., 6, be an observed sample, outcomes obtained

from a random variable having density (5.11)). Thus, the associated log-likelihood function at
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6 = (a,b,iu,p)" (omit b for three-parameter distributions) is given by (for i = 1,2,3, 4)
:(8) = log fi(0;) = > {loghi(8;) + log[l + 2p cos(f; — p)] }.
j=1 J=1

The associated score vector for ¢;(0),

d;(6) d/4;(6) d¥¢;(8) di;(6
(Uais Ups, Uiy Up) i= < ©) () ©) ( )> ,

da ' db 7 dp 7 dp

is determined by

n dhi(6;) n dh(6;)

Ua,’i = > da ) Ub,i = Z > db )

j=1 hi(6;) j=1 hi(6;)
dhi(6;)

~ ) " 2 sin(6; — p)
U,i = - +
1, ; hi(0;) 1+ 2pcos(6; — p)

and (6)
n  dhi(6;
Ui =3 —ap . 2cos(8—p)
pyi p hi(6;) 1+ 2pcos(; — p)

Thus, the ML estimate for & is defined by 8 = argmaxgea {£i(6)} for A being the parametric

space or, equivalently, as solutions of the system U, ; = Up;,= U,; = U,; = 0.
5.5 Applications

In this section, we present two applications to illustrate and compare the flexibility of the
generalized distributions of the Cardioid distribution.

The first dataset consists of 21 wind directions obtained by a Milwaukee weather station, at
6.00 am on consecutive days (Johnson and Wehrly, 1977). The second one corresponds to the
directions taken by 76 turtles after treatment. This dataset was studied by [Stephens (1969).
The datasets present positive (0.4313) and negative (—0.0816) skewness, respectively. Besides
comparing the models, the idea here is to verify the effect of the datasets skewness signal in the
adjustment of the models.

First, the ML estimates and their SEs (given in parentheses) are evaluated and, subsequently,
the values of the Kuiper (K) and Watson (W) statistics are obtained. These aderence measures

may be found in Jammalamadaka and Sengupta (2002). ML estimates were used to fit considered
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models to data. All the computations were done using function maxLik at the R statistical

software (R Core Team), 2017). The obtained results for dataset 1 and 2, are given in Tables

and respectively.

Table 5.2: ML estimates of the model parameters for the data, the corresponding standard errors
(given in parentheses) and the Kuiper and Watson statistics.

Model p I a b Kuiper Watson

0.2436  4.6708 - _
© (0.1463)  (0.6835) — _ 1.1590  0.0711

02164  1.1780  2.8755 _
EC (0.1465) (0.6168) (0.8929)  — 0.7367  0.0257

02774 0.9093 39353 14044
oe (0.0980) (0.5030) (2.6019) (0.6641) °-o0oU 00247

0.2767  0.9381  3.6511  1.4144
Kw-Co 0.0080) (0.4933) (2.1205) (1.1213) 08038 00240

0.1364 17274  1.8563 =
e (0.1349)  (0.6820) (0.2566)  — 0.8289  0.0328

0.2007  2.0632  4.5765 -
MOcC (0.1277)  (0.7659) (1.8103) - 08131 0.0327

0.5
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Density

0.2

0.1

NI

Figure 5.6: Fitted densities of the C, EC, C, Kw-C, I'-C and MOC models for the real data.

We emphasize that all generalized models fits the data better than the Cardioid model. For

first dataset, the EC and KwC distributions stand out and the SC model fits the second dataset



better according to Kuiper and Watson.
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Figures [5.6] and [5.7] presents empirical and fitted densities to data. The plots confirm what

is concluded from Tables.

Table 5.3: ML estimates of the model parameters for the data, the corresponding standard errors
(given in parentheses) and the Kuiper and Watson statistics.

Model 0 I a b Kuiper Watson
¢ (8j§§§§> (éjig?ﬁ) B T 24852 0.4855
EC (8:?(2)?2) (éigg;g) (gjggﬁi) _ 23610 0.4443
50 0ot (01s92) (0dos0) (Longy 12088 00917
KwC (08 (o2m1) (0s1%0) (Lsreg) P04 01007
IC (oro) (i) (oores) 23005 04000
MOC (81?(1)22) (éi?ggi) (giiiig) _ 19593 0.2614
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0.3

Density

0.2

0.1

0.0

R

Figure 5.7: Fitted densities of the C, EC, C, Kw-C, I'-C and MOC models for the real data.
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5.6 Conclusions

In this chapter, we propose four new distributions having support on the circle. These
extensions to the Cardioid (C) distribution are obtained by applying it to the -G, Kw-G,
I'-G and MO-G generators. Some properties for new models are proposed: expansions and
trigonometric moments; which are reduced to the weighting of the [1 + 2pcos(§ — p)] Cardioid
pdf term. Further we also discuss the maximum likelihood estimation for their parameters. Two
applications illustrate the flexibility of our proposals on real data. The SC and EC distributions
stand out for the dataset with positive asymmetry and for the dataset with negative asymmetry,
the KwC model is the best. The best performance of EC distribution when compared to the
proposed models in this chapter, for the first considered dataset in the application, highlights

the relevance of the proposed and studied model in this thesis.
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6 Concluding remarks and future
works

In this work, some advances in the field of circular statistics have been presented. Finding
circular models that contemplate scenarios of asymmetry or multimodality and mathematically
treatable properties is a challenge, as mentioned. In this sense, the method used to extend the
Cardioid distribution, until then not used to the best of our knowledge in this field, proved to be
efficient in the generation of a new model, the Exponentiated Cardioid. In Chapter[2] readers can
see that the trigonometric moments of the EC distribution are well defined by special functions.
In addition, the new model presents a lot of flexibility compared to the classical circular models,
being more suitable for the data set considered.

In Chapter [3| the focus was on the inference on the parameters of the EC distribution in the
sense of discriminating the new distribution of the distributions that are their particular cases,
the Cardioid and uniform distributions. These hypothesis tests had not been used in the context
of circular statistics and in the context of discrimination of circular distributions, as far as we
know. The gradient or Wald tests presented better results. In addition, an advance in the field
of circular distributions can be noticed, in the study of bootstrap versions of these tests, which
also performed well. It is interesting to note also that the Fisher information matrix of the new
model is presented by means of special functions and that they are well defined, as shown.

Chapter 4 introduces the EC model as distribution for the angular errors of the proposed
circular-circular regression model using M&bius transformation. The proposed model proved to
be more powerful than the other three models in the literature through its adjustments to wind

direction real data. Another important contribution is the introduction of the complex version
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of the EC distribution, named CEC distribution.

Four new circular distributions that extend the C distribution are introduced in Chapter 5,
called beta Cardioid (8C), Kumaraswamy Cardioid (KwC), gamma Cardioid (I'C) and Marshall-
Olkin Cardioid (MOC). These distributions are rewritten as a family, which is a result of weight-
ing the C pdf. General mathematical expressions for their trigonometric moments and the idea
for estimating the parameters of the proposed models by the maximum likelihood method are
presented. The usefulness of the new distributions is illustrated using two applications to real
data. In the applications, the SC and EC distributions stand out for the dataset with posi-
tive asymmetry and for the dataset with negative asymmetry the KwC model is the best. The
important contribution of this chapter, besides the presentation of four new flexible models for
circular data, is the mathematical treatability of their trigonometric moments through the special
functions presented in Chapter 2] for EC distribution.

Next, some future topics to be investigated are listed:

e In the Chapter [3| was noted the difficulty in the interpretation of the standard errors of the
estimates obtained for the parameters of the distributions in question, in the applications.
This is a problem in building confidence intervals, for example. Investigating this problem

and proposing solutions and new methodologies is a topic of future research.

e Propose new circular distributions, by the methods used, using new baselines is intended

in future researches.
e Proposed other regression models based on the EC distribution.

e Proposed methods of outliers identification to the presented regression model in this thesis.
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Appendix A - Theorem 2.2.1. proof
Let © ~ EC(B,p, ) and > 1. Then,

2
F(6) = 0= (5 VFe(®)™ |5+ Leost® )|~ Fo(®)’Lsin(6 — ) =0

or |
B—1 ¢ 2 B _
= (B8 —1Dy(0)" "y (0)" +y(0)"y"(0) = 0,
where F¢o represents the Cardioid cdf.
The latter is an ordinary differential equation of the second order, whose general solution is
y(0) = 02(59+cl)%, where y(0) = F(0). Given that 8 > 1, then y(0) = 0 and y(27) = 1. Thus,
¢ =0and cg = (27r6)_%, where does it follow that F'(0) = %. Equivalence is demonstrated in

a similar way.
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Appendix B - First central trigonometric moment

In this appendix, the expression for the first central trigonometric moment of the EC distri-

bution is derived in detail.

Theorem 6.0.1 (Binomial Theorem). Forr € R ou [] <1.

o0
ro__ k r— k
@+y>—§j(Q 2y
k=0
First, consider also the following trigonometric inequalities and relation: For z € R, i)

|sinz| < z and |cosz| < 1 and ii) sinz + cosy = 2sin (£5¥) cos (25%) hold and, consequently,

one has that

Llsin(0 — p) + sin(p)] ‘ _ ‘2p[sin(9 — 1) + sin(p)] ‘ 4o <9> cos <9 _ 2u> ‘

2

9 ? Sin B

4p 6 0—2u
—_— < < 1.
<’92cos< 5 )‘_2/}_1

Thus, from the binomial theorem, the EC cdf can be written as
{277 + g[sin(ﬁ —p) + sin(,u)]} = kz_o (i) (277) <§) [sin(@ — p) + sin(p)]*.
Further, the term [sin(f — p) + sen(u)]* may be rewritten as

sin(f — p)1*

bmw—mﬁ@+ﬁmm)rwﬁ+wmmﬁ@+ 0]

sin(6 — p

5= s=0
where, My = I(|sin(6 — )| > |sin(p)|), M1 = I(|sin(d — )| < [sin(w)]), I(.) refers to the
indicator function and the portion composed by the quotients are, in module, less than 1. Thus,
from the Binomial Theorem, it follows that

=35 (1)) () (O e+ 2O ).

k=0 s=0

To simplify this expression, we adopt the notation
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Thus,

+oo k
= 20>t Ffsin(@ — )" { sin(6 — )7 Mo + [sin() 20y }

k=0 s=0

Now, using integration by parts, the EC pth central trigonometric moment is given by

pp =E{cos[p(© — p)]} + iE{sin[p(© — )]}
-/ " coslp(6 — p)]dF(0) + i / "sinlp(6 — w)dF()

2 2w
—costpn) + [ psnlp(6 ~ D F(0)30 i {sno + [ pllcosp(0  w)F0)00).
The first moment is given by

p1 = Efcos(© — p)] +iE[sin(© — p)],

where
+oco k
E[cos(©—pu)] = cos(p —{—ZZtks { (B—Fk,0,k — s+ 1)My + [sin(p)]*"25A(3 — k,0,s + 1)M1} :
k=0 s=0
+oo k
E[sin(© — p)] = —sin(p Z Ztk s { (B—k, 1,k —s)My — [sin(u)]* "2 A(B - k, 1, s)Ml}
k=0 s=0
and

27
Ala,b,c) = /0 097cos(0 — )" [sin(0 — p)]°do.



Appendix C - Theorem 3.2.1. proof

Let © ~ EC(S, p, ). Then,

27 21
E{{Fo(0)} '} =5 /0 (Fe(0)} {Fo(0)}" fo(6)d0 = 5 /0 (Fe(0)Y 2 fo(0)do

2

{Fe(0))
B_1

_ B

:/3 /8_17

0

for > 1 and

27 21
E{{Fo(0)} 2} = 5 /O (Fe(0)} {Fo(0)}"~ fo(6)d0 = 5 /O (Fe(0)Y 2 fo(0)do

(Fo(0)2["

-2

_ B
=5

0

=B
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for § > 2, where Fo = % + Llsen(d — p) + sen(u)] and fo(0) = {1 + 2pcos(d — )} is a

™

Cardioid cdf and pdf, respectively.
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Appendix D - Theorem 3.2.2. proof

The bellow corollary follows from [Lehmann and Casella) (2006)).

Corollary 6.0.2. Let ©4,---,0, be a random sample which satisfies the regularity conditions

on |Lehmann and Casella (2006) and each ©; has observed information Ji, the information of

@:(@17.-. ,@n) isJ:nJl.

Let © ~ EC(B, p,p). From the Theorem

E[Ji2] =E { sin(© — p) + sin (u) }

© + 2p[sin(© — u) + sin(w)]

5 2w
T aw(B-1) /O [sin(6 — 1) + sin(u)] (8 — 1) {G(6)}7 g(0) d6
sin o
_ 2757(6(—% e / sin(0) — 1) {G(0)}7* g(0) 6
= % [sﬁm_(,ul) + 10,1,2,1(@/?7#)] .

Thus, it follows from the Corollary [6.0.2 and the previous identity that

np

B[] = 22 [Sin(u)

5-1

The other FIM entries may be deducted in a similar way.

I .
5o + In12.1(8, PW)]
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Appendix E - Derivation of the CEC pdf

Let z = €% and ¢ = pe*. The following equality holds

|2 = 9> =1 —2pcos(d — p) + p?

and, therefore,

1+2pcos(d — p) = —|z — ¢|* + 2 + p? (6.1)
and
e )2 2
cos(f — p) = |2 ¢|2p+ Ltp . (6.2)

From sin?(6) + cos?(f) = 1 and (6.2)), we have

sin(ﬁ—,u)::l:\/l— <_|Z_¢|2+1+p2)2. (6.3)

2p
The sin(f — 1) signal will depend on the circumference quadrant in which 6 — u is located. In

this case, the signal will positive and negative for 0 <  —u+2kw < wand 7 < 0 — u+2km < 2,

respectively, considering k = 0, 1. Defining the indicator function I; as

I — Lif m <0 —pu+2kw <27, for k=0,1
= 0,if 0 <0 —pu+2kr <m for k=01 "

Applying (6.1)-(6.3) in (4.2), we have

2= 0P +1—[gP -3
(2n)?

fz)=-8

p—1

2
ik e o R W |

2|¢|

Arg(0) + (-1)1r2p \/1 — [

with 0 < p < 0.5, 0 < 0,0 < 27 and |- | and Arg(-) indicate the modulus and argument of a

complex number, respectively.
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