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Resumo

Diante dos recentes resultados experimentais sobre propriedades magnéticas
e supercontudoras de materias compostos com estruturas cristalinas “rede
colmeia” (honeycomb) e hexagonal, nesta tese utilizamos métodos da teoria
de campos e da teoria quantica de muitos corpos para investigar as pro-
priedades magnéticas e supercondutoras do modelo de Hubbard no limite de
acoplamento forte na rede honeycomb, incluindo os regimes de banda semi-
cheia e dopada (buracos). No ambito do formalismo de integracao funcional,
obtivemos uma densidade de lagrangiana associada aos graus de liberdade de
carga (campos de Grassmann) e de spin [campos de calibre SU(2)]. O hamil-
toniano relacionado aos graus de liberdade de carga é exatamente diagonal-
izado. No regime de acoplamento forte, derivamos uma teoria perturbativa
de baixa energia adequada para descrever as fases (quanticas) magnéticas e
supercondutoras nos regimes de banda semi-cheia e dopada por buracos. No
regime de banda semi-cheia investigamos os efeitos das flutuacoes quanticas
de spin na fase antiferromagnética (AF) no contexto do modelo de Heisen-
berg, utilizando uma teoria perturbativa de ondas de spin até O (1/5?%),
onde S é a magnitude do spin. Com efeito, calculamos a energia do es-
tado fundamental e a magnetizagao por sitio, cujos resultados estao em boa
concordancia com estudos anteriores. Além disso, analisamos a competicao
AF-VBS (estado cristalino de ligagao de valéncia) por meio do modelo o nao-
linear com a presenca do termo topolégico de Hopf. No desafiante regime
dopado por buracos, nossa abordagem possibilitou a derivagao de um hamil-
toniano ¢-J e a andlise do papel desempenhado pelas flutuacoes quanticas de
carga e de spin na energia do estado fundamental da fase AF e, principal-
mente, no colapso da fase AF para uma dopagem critica; os resultados sao
aferidos com recentes simulacoes de Grassmann tensor product state. Em
adicao, realizamos um estudo extensivo das estruturas eletronicas do sistema
dopado para cada fase competidora, na auséncia de flutuacoes quanticas de
spin: AF, ferromagnética (FM) e supercondutora (SC) induzida por efeitos
puramente eletronicos com simetria (pareamento tipo singleto) s, d,2_,2 ou
dyy. Neste contexto, uma andlise energética do estado fundamental dessas
fases revela que a fase AF prevalece no regime de baixa dopagem, enquanto
que o estado supercondutor com simetria quiral d,2_,» + id,, predomina
nas proximidades da singularidade de Van Hove (regime de alta dopagem).
Destacamos ainda que uma analise termodinamica da fase supercondutora
demonstra que a temperatura critica estda diretamente relacionada a con-
stante de troca J = 4t*>/U, onde t é a amplitude de hopping e U é a re-
pulsdo coulombiana intra-sitio do modelo de Hubbard (origem puramente
eletronica). Finalmente, ressaltamos que a competicao entre as fases AF -
dy2_y2 + 1dyy, SC se manifesta pela ocorréncia de uma transicao de primeira
ordem acompanhada da separacao espacial das referidas fases.



Palavras-chave: Fases magnéticas e supercondutoras. Rede honeycomb.
Modelo de Hubbard no limite de acoplamento forte. Modelo de Heisenberg. Mod-
elo t-J. Modelo ¢ nao-linear.



Abstract

In view of quite recent experimental activities on magnetic and superconducting
properties of honeycomb and hexagonal lattice based materials, in this thesis we
have used field-theoretic and many-body methods to investigate magnetic and su-
perconducting properties of the large-U Hubbard model on the honeycomb lattice
at half-filling and in the hole-doped regime. Within the framework of a functional-
integral approach, we obtain the Lagrangian density associated with the charge
(Grassmann fields) and spin [SU(2) gauge fields] degrees of freedom. The Hamil-
tonian related to the charge degrees of freedom is exactly diagonalized. In the
strong-coupling regime, we derive a perturbative low-energy theory suitable to de-
scribe the (quantum) magnetic and superconducting phases at half-filling and in
the hole-doped regime. At half-filling, we deal with the underlying spin degrees of
freedom of the quantum antiferromagnetic (AF) Heisenberg model by employing a
second-order spin-wave analysis, in which case we have calculated the ground-state
energy and the staggered magnetization; the results are in very good agreement
with previous studies. Further, in the continuum, we derive a nonlinear o-model
with a topological Hopf term that describes the AF-VBS (valence bond solid) com-
petition. In the challenging hole-doped regime, our approach allows the derivation
of a t-J Hamiltonian, and the analysis of the role played by charge and spin quan-
tum fluctuations on the ground-state energy and, particularly, on the breakdown
of the AF order at a critical hole doping; the results are benchmarked against re-
cent Grassmann tensor product state simulations. In addition, we have performed
an extensive study of the electronic structure of the doped system for each com-
peting phase: AF, ferromagnetic (FM), and (spin-singlet pairing) s-, d,2_,2 - and
dy -wave superconducting (SC) state induced by purely electronic effects. In this
context, an energetic analysis of the ground state of these phases reveal that the
AF order prevails for low hole doping, while a dominantly chiral dg2_,2 + idyy
superconducting state was found in the vicinity of the Van Hove singularity (high
hole doping). We also stress that a thermodynamic analysis of the superconduct-
ing phase shows that the critical temperature is directly related to the exchange
constant J = 4t /U, in which ¢ denotes the hopping amplitude and U the on-site
Coulomb repulsion of the Hubbard model (purely electronic origin). Remarkably,
the competition between the AF and d,2_,2 + ids, SC phases takes place by the
occurrence of a first-order transition accompanied by a spatial phase separation of
the referred phases.

Keywords: Superconducting and magnetic phases. Honeycomb lattice. Large-
U Hubbard model. Heisenberg model. ¢-J model. Nonlinear o-model.
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1. Introduction

1.1. Strongly Correlated Electrons in Two Dimensions

The advent of quantum mechanics has revolutionized the physicist’s view of the
world. Together with Einstein’s theory of relativity and gravitation, they con-
stitute the most celebrated events in the physics of the twentieth century. After
almost a century of intensive research, its laws continue to surprise us. Indeed,
its impact has been significant both on the scientific and technological realm. For
instance, neither the transistor nor the laser could have been constructed without
quantum mechanics. In fact, the two main phenomena that motivate this thesis,
magnetism and superconductivity, are only explained using quantum mechanics
concepts.

In the beginning of quantum mechanics, Paul Dirac commented in his paper
on “Quantum Mechanics of Many-Electron Systems” [1]:

“  The underlying physical laws necessary for the mathematical

theory of a large part of physics and the whole of chemistry are
thus completely known, and the difficulty is only that the exact
application of these laws leads to equations much too complicated
to be soluble. It therefore becomes desirable that approximate
practical methods of applying quantum mechanics should be de-
veloped, which can lead to an explanation of the main features of
complex atomic systems without too much computation.”

Notwithstanding, despite the fact that quantum mechanics correctly describes
electrons and atoms (molecules), a straightforward application of these laws is
probably pointless without the development of clever theoretical methods and
new concepts, which share common insights with many areas of physics, chemistry,
biology, and the so-called complex systems.

On the other hand, Philip W. Anderson, in his brilliant article “More is Dif-
ferent” [2], remarked:

18



Strongly Correlated Electrons in Two Dimensions 19

“ The ability to reduce everything to simple fundamental laws
does not imply the ability to start from those laws and reconstruct
the universe. At each new level of complexity, entirely new laws,
concepts and generalizations are necessary, requiring inspiration
and creativity to just as great a degree as in the previous one.
The understanding of these behaviors requires research which I
think is as fundamental in its nature as any other. ”

Current research in condensed matter physics, particularly that associated with
strongly correlated electron systems, is intimately connected with the point of view
advocate by Philip W. Anderson.

Nowadays, one among the big challenges in many-body physics is high T, (tran-
sition temperature) superconductivity [3,4]. Since its discovery in the cuprates in
1986 [5], steady progress has been achieved in the understanding of these strongly
interacting systems. Notwithstanding, a fully consistent theory is still lacking.
It is generally believed that the strong Coulomb repulsion inside the two dimen-
sional CuOs planes plays an important role as illustrated in Fig. 1.1 (i.e., the
CuOg planes are primarily responsible for superconductivity.) The model that is
pertinent to this research is the Hubbard model on a square lattice [6].

Figure 1.1: (A) Crystal structure of LagCuQOy, the “parent compound” of the
Las_,Sr,CuQ4 family of high-temperature superconductors. The crucial struc-
tural subunit is the Cu-Os plane, which extends in the a — b direction; parts of
three Cu-Os planes are shown. Electronic couplings in the interplane (c) direction
are very weak. (B) Schematic of Cu-O2 plane, the crucial structural subunit for
high-T, superconductivity. Red arrows indicate a possible alignment of spins in
the antiferromagnetic ground state of LagCuOy4. Speckled shading indicates oxy-
gen “p, orbitals”; coupling through these orbitals leads to superexchange in the
insulator and carrier motion in the doped, metallic state. Figure and caption taken
from [3].
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Figure 1.2: Phase diagram of n- and p-type superconductors, showing super-
conductivity (SC), antiferromagnetic (AF), pseudogap, and normal-metal regions.
Figure and caption taken from [7].

The wide range of phenomena displayed in the phase diagram of Fig. 1.2
explain the difficulty of constructing a consistent theory of the cuprate materials.
Parts of the phase diagram are well comprehended in their respective framework;
however, these cease to be valid for other regions. The undoped system is a good
example of a Mott insulator (an insulating state induced by Coulomb interaction
and correlation effects) and exhibits antiferromagnetic long range order (AF). This
AF order is destroyed by doping, and a superconducting phase emerges. Upon
further doping the critical temperature T, of the superconducting phase raises to
its maximum value and beyond the optimal doping 7, decreases, such that the
system turns into a normal metal at high enough doping.

The origin of superconductivity is always the main goal, i.e., the mechanism un-
derlying the attraction between electrons. The widely successful Bardeen-Cooper-
Schrieffer (BCS) theory of superconductivity [8] provides a good description of
many “conventional” superconductors. Within the BCS framework, the two elec-
trons effectively attract each other by an interaction mediated by phonon (quanta
of lattice vibrations). A schematic version of this conventional scenario is shown
in the upper panel of Fig. 1.3. On the other hand, there are classes of “unconven-
tional” superconductors that can not be understood within the standard (phonon-
mediated) BCS framework, but rather the binding of electrons into Cooper pairs
might occur via the repulsive Coulomb interaction, without significant help from
the lattice vibrations. The unconventional scenario for superconductivity is de-
picted in the lower panel of Fig. 1.3 [9]. The understanding of these pairing
mechanisms in unconventional superconductors has been the focus of extensive
theoretical and experimental investigations.

Another topical subject associated with strongly correlated systems is quantum
magnetism. Magnetic materials, arising due to itinerant or localized electrons, is
ubiquitous in nature and in the laboratory. In the insulating phase a great number
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Figure 1.3: Two routes to superconductivity. Upper panel: two electrons
attract each other when the first (1) polarizes the lattice, and the second (2) is
attracted to this region. The pair wave function ¢(r) of the relative electronic co-
ordinate 7, has the full symmetry of the crystal and gives rise to a gap function of
the same sign everywhere on the Fermi surface (green= +). Lower panel: electrons
interact with each other via Coulomb interaction. Shown is an example where the
dominant interaction is the magnetic exchange arising between opposite spin elec-
trons due to Coulomb forces. The first electron polarizes the conduction electron
gas antiferromagnetically, and an opposite spin electron can lower its energy in
this locally polarized region. In this case ¢(r) has a node at the origin, helping to
avoid the Coulomb interaction, and can have either s+/- or d,2_,2 form, as shown.
These two possibilities lead to gap functions of opposite sign on the Fermi surface
(orange= -). Figure and caption taken from [9].

of these materials are governed by the spins (only degree of freedom) of magnetic
ions, coupled via the exchange interaction J; in the context of the Hubbard model
J = 4t% /U, where t is the nearest-neighbor hopping amplitude and U is the on-site
Coulomb repulsion. In a two dimensional spin systems, strong enough values of U
imply in a antiferromagnetic structure, i.e., Néel order. However, for small values
of U quantum fluctuations may destroy the Néel order or to turn valence bond
solid (VBS) more stable than the Néel phase. The occurrence of a VBS phase
and of a quantum critical point separating the referred phases requires the exis-
tence of competing exchange interactions, special anisotropies interactions, such as
Dzyaloshinskii-Moriya interaction, and topological arguments, as depicted in Fig.
1.4.
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Figure 1.4: Quantum criticality extends to nonzero temperatures. In the blue
region for small g, thermal effects induce spin waves that distort the Néel an-
tiferromagnetic ordering. For large g, thermal fluctuations break dimers in the
blue region and from quasiparticles called triplon. The dynamics of both types
of excitations can be described quasi-classically. Quantum criticality appears in
the intermediate orange region, where there is no description of the dynamics in
terms of nontrivial entangled quantum excitations of the quantum critical point

ge. Figure and caption taken from [10].

Honeycomb and hexagonal lattice materials has attracted considerable scien-
tific interest in the last decade, due to their remarkable electronic, magnetic and
superconducting properties [11]. In the next Sections, we shall discuss magnetism
and superconductivity in honeycomb materials.

1.2. Magnetism

In view of quite recent experimental activities on magnetic properties, it has been
reported that the undoped Cu? (3d?) spin-3 (S = 1/2) compound InzCusVOqg
displays an antiferromagnetic Néel (AF) ground state [12-14]. The magnetic Cu?*
(S=1/2) network in the c-plane is expected to take a honeycomb structure with
the nonmagnetic V°* ions in the center, as depicted in bottom right-hand side of
Fig. 1.5. As each honeycomb layer is well separated from other honeycomb layers
by nonmagnetic In® ions (along the c-axis), this compound can be considered
a quasi 2D system. Likewise, experimental evidence has been provided that the
undoped materials NazT9SbOg [15], with T=Cu?"; T=Ni** (3d?4s'; S = 1) and
T=Co?" (3d"; S = 3/2) also exhibit AF order.
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Figure 1.5: Perspective view of the crystal structure of InCuy/3V; /303 with [InOg]
and [MOs] polyhedra (left). On the right (top), a [MOs] entity is shown with the
thermal ellipsoids. Below the in-plane Cu/V order representing in the honeycomb
structure (dashed lines) without the oxygen atoms is given with the respective
unit cell. Note that there are two distinct crystallographic sites for copper and
vanadium. Figure and caption taken from [13].

In addition, it was experimentally observed [16] that the Ru-Ru bonds in the
honeycomb lattice material LioRuO3 have a strong tendency to form local dimers
with covalent bonds via direct overlap of Ru 4d orbitals at temperatures below
270°C. This signals the formation of a valence bond crystal (VBS), as sketched
in Fig. 1.6. Moreover, experimental data have also indicated that the compound
NagIrOg (see Fig. 1.7) displays an AF Mott-insulating ground state [17].

(@)

Figure 1.6: Armchair (a) and parallel (b) dimerized structures of LiaRuOs.
Shorter (dimerized) Ru-Ru bonds are marked with a dark bar, longer bonds with
a light bar. Figure and caption taken from [16].
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Figure 1.7: The crystallographic structure of NaoIrOs. The Na, Ir, and O atoms
are shown as blue (black), red (dark gray) , and yellow (light gray) spheres, re-
spectively. (a) The view perpendicular to the ¢ axis showing the layered structure
with layers containing only Na atoms alternating slabs of NalrsOg stacked along
the ¢ axis. The IrOg octahedra are shown in pink with the (red) Ir atoms sitting
in the middle. (b) One of the NalryOg slabs viewed down the ¢ axis to highlight
the honeycomb lattice of Ir atoms within the layer. The Na atoms occupy voids
between the IrOg. Figure and caption taken from [17].

In addition, it worth mentioning that the authors in Ref. [18] used polar-
ized neutron spectroscopy to fully characterize the magnetic fluctuations in the
metal-organic compound Cu(DCOO),.4D20 (CFTD), a known realization of the
quantum square-lattice Heisenberg antiferromagnetic model . In Fig. 1.8 (upper
panel), the authors compared the experimental CFTD data, spin-wave theory with
first-order and third-order 1/S corrections, series expansion, and quantum Monte
Carlo. The spin-wave theories described very well the low-energy branches. Ef-
fects of fractional excitations (S=1/2) are detected at high energies for k = (7, 0)
(magnetic zone boundary), as shown in the lower panel of Fig. 1.8.

The physics of electronic correlation in honeycomb and hexagonal lattice mate-
rials has been the issue of extensive theoretical investigations [11]. Several attempts
have been undertaken with the purpose of describing the underlying mechanisms
governing the physical properties of materials mentioned above.

In the context of the Heisenberg model, the occurrence of an AF ground state
on the honeycomb lattice at half filling has been studied via quantum Monte Carlo
(QMC) simulations [19, 20], second-order spin-wave perturbation theory [21,22],
series expansion [23], and tensor product state (TPS) numerical calculations [24,25]
and Grassmann tensor product state (GTPS) [26].
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Figure 1.8: Upper panel: The magnon-like dispersion extracted from a (red
points) compared to the experimental CETD data, spin-wave theory with first-
order (solid black line) and third-order (green triangles) 1/S corrections, series ex-
pansion (dashed purple line) and quantum Monte Carlo (cyan diamonds). Lower
panel: Zoom-in on the magnon-like mode dispersion along the magnetic zone
boundary. Figure and caption taken from [18].

The Hubbard model at half filling and generalized (competitive interactions)
Heisenberg models [27] have been used with the aim of describing the possible
occurrence of a VBS ground state [28-31]. We remark that in the context of the
Hubbard model, QMC simulations have indicated a spin liquid ground state in a
wide region of the phase diagram, between a semi-metal (SM) and an antiferro-
magnetic insulator [32], as shown in Fig. 1.9. However, very recently, Sorella et
al. [33], by performing detailed QMC calculations, have reexamined the ground-
state phase diagram of this model and did not find the occurrence of a VBS or
liquid phase. Indeed, they predicted a robust AF phase to occur in the strong-
coupling regime (Heisenberg limit), as shown in Fig. 1.10. On the other hand, it
has been shown that the AF-VBS competition takes place within the framework
of the theory of unconventional quantum critical points [34-37]. Senthil et. al [35]
have proposed that the AF-VBS transition do not fit into the Landau-Ginzburg-
Wilson (LGW) paradigm, since it is a continuous phase transition between two
ordered states with different symmetries.
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Figure 1.9: Phase diagram for the Hubbard model on the honeycomb
lattice at half-filling. The semimetal (SM) and the antiferromagnetic Mott insu-
lator (AFMI) are separated by a gapped spin-liquid (SL) phase in an intermediate-
coupling regime. Ay, (K) denotes the single-particle gap and A, denotes the spin
gap; ms denotes the staggered magnetization, whose saturation value is 1/2. Inset:
the honeycomb lattice with primitive vectors a; and as, and the reciprocal lattice
with primitive vectors b; and bs. Open and filled sites, respectively, indicate two

different sublattices. The Dirac points K and K and the M and T points are
marked. Figure and caption taken from Ref. [32].

The crucial elements responsible for this continuous transition are topological
objects called hedgehogs.

In a broader perspective, the ¢-J model has provided a comprehensive frame-
work for investigating the effect of charge and spin quantum fluctuations on doped
Mott insulators [38—41]. Recently, a numerical analysis through GTPS [26] calcu-
lations of the t-J model on the honeycomb lattice has been reported, in particular
the data concerning the breakdown of the AF order due to hole doping, as shown
in Fig. 1.11.
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Figure 1.10: The ground state phase diagram for the half-filled Hub-
bard model on the honeycomb lattice. Antiferromagnetic order parame-
ter mgs (open squares) as a function of U/t. The antiferromagnetic order pa-
rameter mg is obtained by finite-size extrapolating the square root of Sap/N,
ms = limp o0 \/Sarp/N . For comparison, ms estimated by finite-size extrapo-
lating Sap for Art= 0.1 without the A7 correction is also plotted (solid circles).
SM and AFMI stand for semi-metal and antiferromagnetic insulator, respectively.
Solid lines are fit of m, with the critical behavior my = (U, — U)?, for selected
critical exponents 5. In any case, the critical U, ranges from U./t =3.8 (8 =1)
to U/t = 3.9 (B = 0.3362). Our best estimate is U./t = 3.869 + 0.013. Figure
and caption taken from Ref. [33].
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Figure 1.11: Left: ground-state energy as a function of doping. Inset: Stagger
magnetization as a function of doping. Right: The comparison of DMRG/ED
and GTPS calculations for stagger magnetization m. Figure and caption taken
from [26].

1.3. Unconventional Superconductivity

Several experiments have provided evidence of unconventional superconductivity in
honeycomb and hexagonal lattice materials. For instance, angle-resolved photoe-
mission spectroscopy (ARPES) measurements have suggested that doped graphene
(see Fig. 1.12) might exhibits a purely electronically mediated superconductivity
close to the van Hove singularity [42].

Figure 1.12: STM topography revealing atomically resolved graphene lattice. The
blue and green spheres indicate two carbon atoms of the unit cell labeled by A
and B. Tunneling parameters are I = 10 pA and U = 50 mV. Figure and caption
taken from [43].
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(b)

Figure 1.13: (a) Crystal structure of SrPtAs, where red, blue, and grey spheres
denote Pt, As, and Sr atoms, respectively. (b) Brillouin zone of SrPtAs and high
symmetry points. Figure and caption taken from [44].

Another example is the recently discovered superconducting pnictide, SrPtAs.
This compound displays a hexagonal structure with weakly coupled PtAs layers
forming a honeycomb lattice, as decipted in Fig. 1.13. Further, it has an interesting
physics associated with its hexagonal crystal structure. For example, it exhibits
strong spin-orbit coupling at the Pt ions and the PtAs layers break inversion
symmetry. Indeed, experimental data have indicated that this material exhibits a
chiral d-wave state [44,45].

Several theoretical attempts have been made to describe the emergence of su-
perconductivity in the above mentioned materials. It was shown by means of
functional renormalization group techniques that in the weak-coupling regime the
purely on-site repulsive Hubbard interaction U can lead to a dg2_,2 + idy, super-
conducting state [46], as shown in Figs. 1.14 and 1.15.
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Figure 1.14: Chiral superconductivity arises when graphene is doped to
the van Hove singularity at the saddle point (M points of the Brillouin
zone).(a) d + id pairing exhibiting phase winding around the hexagonal Fermi
surface, which breaks TRS and parity (6 = 27/3). (b) Conduction band for mono-
layer graphene. At 5/8 filling of the 7 band, the Fermi surface is hexagonal, and
the DOS strongly enhances the effect of interactions, driving the system into a chi-
ral superconducting state (a). As the Fermi surface is nested, superconductivity
competes with density-wave instabilities, and a full renormalization group treat-
ment is required to establish the dominance of superconductivity. A hexagonal
Fermi surface and log divergent density of states also arise at 3/8 filling, giving
rise to analogous physics. Figure and caption taken from [46].
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Figure 1.15: Possible interactions in the patch model. (a) Feynman
diagrams representing allowed two-particle scattering processes among different
patches. Solid and dashed lines represent fermions on different patches, whereas
wavy lines represent interactions. (b) Pictorial representation of these scattering
processes, superimposed on a contour plot of the energy dispersion. Each scatter-
ing process comes in three flavours, according to the patches involved. However,
it follows by symmetry that the scattering amplitudes are independent of the
patches involved, and therefore we suppress the flavour labels. Flow of coupling
with renormalization group scale y, starting from repulsive interactions.
Note that the coupling g4 changes sign and becomes attractive, leading to a (su-
perconducting) instability at the energy scale y.. Inset: Critical couplings G;
near y. as a function of the nesting parameter at the ordering energy scale d (y.).
The dominance of superconductivity over spin-density-wave order arises because
—Gy > Gy for all values of d; (y.). The renormalization group flow is obtained of
the S-functions with the initial conditions g; (0) = 0.1 and modeling the nesting
parameter as di (1/y/T+y'). The qualitative features of the flow are insensitive
to the initial conditions and to how we model d;. The critical coupling (inset)
are universal and independent of the initial conditions. Figure and caption taken
form [46].
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We also mention that the chiral d,2_,2 + ids, superconducting state has also
been found in the strong-coupling regime using renormalized mean-field theory
(RIFT) [47] and GTPS [26]. Notice that in Ref. [47] the calculated values for
both s-wave and d-wave pairing parameters are nonzero, even for values of doping
above the critical percolation threshold of the honeycomb lattice (§ = 0.42 4+ 0.01;
see Chapter 4), as shown in Fig. 1.16. Lastly, we would like to stress that the
authors of Ref. [26] did not succeeded in evaluating the pairing superconducting
order parameter A for doping values higher than § = 0.15, as shown in Fig. 1.17.
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Figure 1.16: Spin gap Ay and A, at T' = 0 and superconducting transition
temperature (T, ~ g¢t) when J, = 0 for the d & id and ES scenarios as a
function of the hole doping parameter 6 = 1 — n. The order parameters are
taken in units of 3g,.J/4. Inset: one can observe that the particle-hole order
parameters behave identically for the d + id and ES situations. Figure and
caption taken from [47].
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Figure 1.17: SC order parameters as a function of doping. Figure and caption
taken from [26].
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1.4. Outline of the Thesis

In Chapter 2, we shall use field-theoretic and many-body methods to establish a
low-energy perturbative theory suitable to describe the magnetic and supercon-
ducting properties of the large-U Hubbard model on the honeycomb lattice at
half-filling and in the hole-doped regime. In Chapter 3, we shall deal with the
application of the low-energy perturbative Lagrangian density in investigating the
effects of charge and spin quantum fluctuations in the breakdown of the AF order
on the honeycomb lattice. In Chapter 4, we shall present a systematic study of
the competition between superconducting and magnetic phases, using the strong-
coupling low-energy effective Lagrangian density. Finally, in Chapter 5, we expose
our conclusions.
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2. Low-Energy Perturbative Functional Integral Approach
of the Hubbard Model

In this chapter, we shall use field-theoretic and many-body methods to establish
a low-energy perturbative theory suitable to describe the magnetic and supercon-
ducting properties of the large-U Hubbard model on the honeycomb lattice at
half-filling and in the hole-doped regime. In Section 2.1, within the framework
of a functional-integral approach, we present the Lagrangian density associated
with the charge (Grassmann fields) and spin [SU(2) gauge fields] degrees of free-
dom. Further, in Section 2.2, the Hamiltonian related to the charge degrees of
freedom is exactly diagonalized. The electronic dispersion exhibits a gap due to
the Coulomb repulsive interaction, while in the tight-binding case we obtain the
well known Dirac-like spectrum. Section 2.3 is devoted to the analysis of the
strong-coupling regime within a controllable quantitative perturbative scheme, in
which case we derive a perturbative low-energy Lagrangian density appropriated
to describe both the half-filling and doped regimes. Lastly, in Section 2.4, we draw
some final remarks.

2.1. Functional-Integral Representation

The Hamiltonian of the Hubbard model on the honeycomb lattice reads:

H=—t Y (ézaoé‘j[jg— + é;ﬁgéiw) + U hiatiial, (2.1)
(ia,jB)o ia

where éza » (Ciao) denotes the creation (annihilation) fermion operator of spin o
(=71,4) on one of the inequivalent site a=A or B of a unit cell ¢ = 1,..., N;, with
N, (N/2) being the number of unit cells (sites) [see Fig. 2.1(a)]; Nijae = é;[aaéiaa
is the electron number operator with spin o at the position 2. The first term
describes hopping of electrons with kinetic energy ¢ between nearest-neighbor sites
of distinct sublattices, and the second one is the on-site repulsive Coulombian
interaction U > 0.

Usually the interaction term in Eq.(2.1) is treated by means of the so-called
Hubbard-Stratonovich transformation [48], which has been used to develop the
functional-integral representation of the Hubbard model suitable to describe di-
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Figure 2.1: (a) Honeycomb lattice in real space with the two inequivalent A and
B lattice sites of a unit cell. (b) Conventional representation of the Brillouin zone
of the honeycomb lattice with high symmetry points: I' (center), M (van Hove
saddle point) and K.

agrammatic perturbation theory [49], critical phenomena [50] in 3D, and mag-
netic [51,52] and superconducting [53] properties in 2D.

On the other hand, in the context of the large-U Hubbard model in 1D [54] and
quasi-1D [55], it has been shown that this term can also be treated through the
use of a decomposition procedure. Hence, we handle the particle density product
in Eq. (2.1) by means of such a decomposition procedure [54,55], which consist in
expressing 7;a1+M4q  in terms of charge and spin operators:

A 1, A 2
Miatfia) = 5Pia — 2 (Sia : nia) ; (2.2)
where
Pia = Niat + Nial, (2.3)
and R
Sia =1/2Y & 0., Ciao, (2.4)
O'U,

are the charge-density and the spin-1/2 operators, respectively, o/ _ denotes the
Pauli matrix elements (A = 1), and n;, is a unit vector field along the spin-
quantization axis of an electron at site 2. In addition, since the expectation value
of the local charge-density operator is 0, 1 or 2, we can write down the formal
relation:

( A )2 _ Pia(2 = pia) (2.5)

Sia * N 4 )

which is consistent with the fact that the expectation value of the operator on the
left-hand side of the above equation is

((Sia - Mia)?) = (£1/2)? = 1/4. (2.6)
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Hence, we have formally establish that

S’ia N = piaMa

where the staggered factor p;, is conveniently chosen to be p;o, = 1 at the A-sites
with spin-up (¢ =1), and p;, = —1 at the B-sites with spin-down (¢ =J). This
choice anticipates the occurrence of a long-range AF ground state at half-filled
band. Furthermore, let us define the normalized weight function:

/ [T niatV (nia) = 1. (2.8)

W(n;a) = \/feXp {—cp [Sia Mo — %pia(Q - Pm)r} ; (2.9)

and ¢ — oo (delta-like limit).
In order to determine the partition function

Z =Trlexp (—6H)], (2.10)

(2.7)

where

at a temperature kgT = 1/, we are going to use the standard procedure [56—
58], i.e., we formally slice the continuous imaginary-time 7 € [0, 8) into M finite
discrete intervals [7,,7,4+1) of equal size 67, where r = 0,1,.... M — 1, 79 = 0,
v = B and 8 = M7, in the limits M — oo and 7 — 0. Thus, by using the
Trotter formula, we can write down Z as

M-1
Z="Tr {T H exp [—577—[(7})]} , (2.11)

r=0

where T is the time-ordering operator. We now introduce, between each time
interval, an overcomplete basis of fermionic coherent states,
1= /Hdclagdciw exp (—clwciw) |Ciao) (Ciao|, (2.12)
tao
where {CI w0 Ciao ) denotes a set of Grassmann fields. Hence, by inserting Eqs.
(2.9) and (2.12) into Eq. (2.11), we can rewrite the partition function in the form:

—otU Z (p;'a

~2(Sia - 1i0)’ )| } { / [T delu, (7) deiao (7) exp | ~cloy (7) Ciao ()]

irac

M—00,6T7—0

Z = lim Tr {/ H 1 (1) W [N (1,)] exp

iro

X (Ciao (Tr—1) | exp [t67 3 (czaocj/ga—l—H.c.) | Cino (7))
(ia.gB)o

(2.13)
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Let us mention that the above expression is written in terms of the Grassmann
fields only. Technically, upon the assessment of the matrix elements entailing

coherent states, the set of normally ordered creation (éi o) and annihilation (G;ae)
|

operators and the set of Grassmann fields (ci oo and Ciao) are formally connected

mg,cmo_} — {c
replace the operators p;, and Sm by their related Grassmann fields p; and S;q.,

through the map: {¢ Ciao}- Accordingly, we can formally

tao)

respectively.
Next, it is important to use the auxiliary result:

(Ciao (Tr—1) | exp |toT Z ( Iaacygg + H. C) | Ciao (T1))
(ia,jB)o

X exp [ Z c;[ag () Ciao (Tr)] =exp |toT Z ( Iaacgﬁg + H.c. )

iao (ia,3B)o

X exp {— Z czcw (1) [Ciao (Tr) — Ciao (7'7«_1)]} ) (2.14)
oo

in which one should note that in the second exponential of the right-hand side

the first and second terms derive from the exponential term in Eq. (2.12) and the

factor introduced by the time-ordered matrix element associated with the coherent

states | Ciao (77)) and | ¢ja0 (Tr—1)), respectively.

Bearing in mind that the set of Grassmann fields satisfy anti-periodic bound-
ary conditions in the imaginary-time domain: cI wo(0) = —c;[ ao(B) and cia0(0) =
—Ciao (), while the unit vector field satisfies periodic ones: 14, (0) = 14,(8), and
by considering the limits M — oo, 67 — 0 together with the Eq. (2.14), we obtain
that the partition function takes the form:

B
= /HDQniaHDcIaDcm exp [—/ ﬁ(T)dT:| , (2.15)
1o’ i« 0

where the measures are defined by
M—1
D2nia = J\/}gnoo ];[) d2nia(Tr)W[nia(7—r)];

M—-1

Dciao'lpcim7 = ]V}li)noo H dCIaU(TT)dciaa(Tr)g (216)
r=0

and L£(7) reads:

Zczaoa Ciag — 1 Z ( CiaoCiBo + C;BJCWZO)

a0 (i, jB)o

+UZ [ Pia — Dia Sia-nia)] : (2.17)
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At this stage, it is interesting to consider the symmetry exhibited by the AF
order. Here, we shall use a SU(2) matrix [59], where the group space parameter
is the surface of the unit S3-sphere, parametrized according to the symmetry
displayed by the AF phase. As the unit vector n;,, i.e., the Néel order parameter,
lies in the manifold S2, the corresponding SU(2) matrix, Us,, assumes the form
[det(Uia):l]:

% & % —iPia
o 7 S Pl B

where 0;, is the polar angle between the z-axis and the unit vector n;,, and ¢;q
is an arbitrary azimuth angle due to the U(1) gauge freedom. Moreover, it obeys
the relation:

Ul (6 - Nia)Uiq = 0%, (2.19)

which explicitly manifest the rotationally broken symmetry along the z-axis. No-
tice also that by taking 6;4 = 0;5 = 0, together with the proper choice of the
staggered factor p;,, one obtains the representation for the classical Néel order. In
this context, it will prove very useful to introduce a new set of Grassmann fields,
{a;f ot Giao }, according to the transformation:

Qi = Z(Uia)Lglciao'/a (220)

whose associated spins point along the global z-axis.
Correspondingly, with the help of Eqs. (2.18) and (2.20), the Lagrangian
density in Eq. (2.17) is transformed into the following form:

['(T) = ZaIaUaTaiao + Z aZUI(Uia)Laar(Ui )o"o‘aiao

tao taoo’
U
—t Z (azaaajﬁg + HC) + 5 Z(l - piaa)azagaiao
<’l:0£,le>O' iao
—t Y [ (VhUss =) _ager+He]. (2.21)
(ta,jB)oc’

Remarkably, £(7) can be split up into two parts:
L(T)= Lo+ L. (2.22)

One with only charge degrees of freedom:

U
Ly = Z alw(%aiw —t Z <a;[agaj5(, + H.c.) + 5 Z(l — piaa)a;fwamm

tao (ia,jB)o iao

(2.23)
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and the other describes the coupling between the charge (Grassmann fields aia o
and a;ae) and spin degrees of freedom [SU(2) gauge fields U;,|:

En = Z a;faa’(UiOl)Z’gaT(Uia)a’aaiao-
iaoo’
-t Z [alaa’ <U§anﬁ - 1) ., 4iBo t H.c.] : (2.24)
(ta,jB)oc’

It should be noted that the Hubbard repulsion U is present only in Ly [see Eq.
(2.23)], while the SU(2) gauge fields U;, only appear in £, [see Eq. (2.24)].

2.2. Analysis of Charge Degrees of Freedom in £

We now turn our attention to Ly in Eq. (2.23). By performing the Legendre
transform:

0Ly
=— —————0:Gi00 + Lo; 2.25
o=~ 2 G Brageg) e + 0 (22
where oar

i A 2.26
0 (87—04'010) Yiac ( )

we get the Hamiltonian associated with the charge degrees of freedom:

U

Ho = —t Z (azaaajgg + H.c.) + B) Z(l — piaa)azaaaiw. (2.27)

(ia,jB)o o

In order to diagonalize Hy we need a two step procedure. Initially, we perform
a Fourier transform:

1 .
ik
Oko = E € Qi
VN, P

1 —ik-j
bro = N zj:e by, (2.28)

where agy (bgo) is the Fourier transform of the Grassmann fields associated with
the A (B) sublattice, i.e., for notation convenience we have replaced ajz, — bjo-
Inserting Eq. (2.28) into Eq. (2.27) leads to

Ho = —t Z (w,:aLgbka + H.c.) + % Z(l - a)aLUakg, (2.29)
ko

loa

in which

(2.30)

", i ke
wh = e He 4 2t cos( 5

\/z?ky)
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In addition, it is worthwhile to introduce the new set of Grassmann fields [60]:

Uko wy,
Ak:U = —+ 7bko‘; (231)
V2 V2wl
ko wy,
By = (= — —"—bpo, 2.32
ko V2 ﬁ]wk] ko ( )

such that, by substituting Egs. (2.31) and (2.32) into Eq. (2.29), one finds:

Ho=—> e (AIWA,W — BLUB,W> + % > (1-0)

ko ko
<A1,;:UAkg + A;E:UB’W' + B]]:,UAko' + BlTkaa) s (233)

where

1

ky k
€k =ty|3+2cos (V3k,) + 4cos <32> cos <\/§y> (2.34)

Now, we can diagonalize H in Eq. (2.33) by means of the Bogoliubov trans-
formation [61]:

Ako = U0k — OV Bko;
B, = ovp0ge + UkBio, (2.35)

restricted by the canonical constraint
(uk)® + (ve)* = 1. (2.36)

Thus, by plugging Eq. (2.35) into Eq. (2.33), we obtain:

t0 = {0+t - L4

ko

U U
xa;fwﬂko — |:2uk7)k6k -3 (ui — vi)] ﬁ;fwakg + [ek (ui — U,%) + )
+Uukvk] /B;Loﬁka} : (2.37)

Further, with the help of Eq. (2.36) and imposing that the off-diagonal terms in
Eq. (2.37) must vanish; we get the diagonal form of H:

Ho=> (El? Uy ko + Efﬁ,ﬁﬁw) ; (2.38)
ko

where
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Figure 2.2: Energy spectrum (in units of ¢) of the charge Hamiltonian [Eq. (2.38)]
on the honeycomb lattice (a) with a Hubbard charge gap U, and (b) the tight-
binding (U = 0) case. Energy spectrum along the lines connecting points of high
symmetry: (c) interacting case for U = t; (d) tight-binding approach.

(2.39)
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with
U2
Ek = Gi + I )
EXP = FE, +U/2. (2.40)

The Hamiltonian in Eq. (2.38) presents two dispersive bands: the low-energy
(ko) and the high-energy one (P, ), split up by the Hubbard gap U, as shown
in Fig. 2.2(a). Further, it should be noted that the non-interacting tight-binding
spectrum of Hy can be recast by setting U = 0, as shown in Fig. 2.2(b). In
fact, these two dispersive bands meet in the so-called Dirac points. As it is well
known, close to the Dirac points the system can be mapped onto free massless
Dirac fermions [11].

In order to clarify the above discussion, in Figs. 2.2(c) and (d) we also plotted
the energy spectrum along the lines which connects the high symmetry points I'-
M-K-T of the first Brillouin zone (BZ), as illustrated in Fig. 2.1(b). Indeed, one
clearly sees in Fig. 2.2(c) that the two dispersive bands are split up by the Hubbard
gap U, while in Fig. 2.2(d) the two bands meet in the Dirac points (K) in the
non-interacting tight-binding case. Additionally, we emphasize that the M and
the K points are of particular importance for the physics of electronic correlation
in honeycomb materials [the I' = (0,0) point is located at the center of the first
BZ]. The M point indicates the position of the van Hove singularities, at which
the density of states is logarithmically divergent [11,46], and the K point specifies
where the two bands meet, and the density of states vanishes linearly [11].
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2.3. Effective Lagrangian Density in the Strong-Coupling Regime

In this section, we shall build a strong-coupling (U/t > 1) perturbative low-energy
theory (effective Lagrangian density) suitable to describe the system in the half-
filled and doped regimes. Our aim is to investigate the relevant processes that
characterize the magnetic and superconducting phases in the large-U regime in
terms of the lower @ band and the upper 5 band (see Fig. 2.2).

Let us start by expanding the auxiliary functions ug and vg in Eq. (2.39) in
powers of ¢t/U as follows:

1 thwe] 2 |wg]? t3
=— 1 — — )
Uk N |: + U 202 +0 73 )|
1 thwe| 2 |wg|? t3

where
ex = tlwg| [see Eq. (2.30)]. (2.42)

In the sequence, by using Eqgs. (2.28)-(2.32) and (2.35), we can express the Grass-
mann field a;qo in terms of the Bogoliubov fields ag, and i, :

K[ (uge + ovg) ke + (ut — V) Bro] - (2.43)

Qi = /ﬁze
c ko

Now, by substituting Eq. (2.41) into Eq. (2.43), we can obtain a perturbative
expression for the Grassmann field a;,, in terms of the spinless Grassmann fields
a; and f3; (see below), up to O (tQ/UQ), as follows:

t

iy = 0(0)0; + 0(—0)f; + 0(—0)%% +6(0) -6
.
—% 0(—o) Z (Oéi+éj + Oéi_éj) + 36(0)ay;
J
o
+% ()Y (Bive, + Bi-e,) +30(~)5i | (2.44)
| J

where a; and (3; are defined by [54]

o=/ ZG > e*takg;

Bi = \/ N ;(9(—0);4’“"'&0, (2.45)
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6(0) is the Heaviside function, with 6(c)8(—o’) = 6(0)ds o, and €; are the stan-
dard three unit vectors of the honeycomb lattice [11]. This representation is ap-
propriated to describe the magnetic and superconducting orders, in the large-U
regime, in the context of the referred o and 8 bands. For example, to O (¢t/U),
Eq. (2.44) yields: a;41 = a4 and a;p| ~ «;, which is consistent with the situation
of spins up present at A sublattice sites and spins down being at B sublattice sites
in a given unit-cell ¢ (low-energy spin configuration), while for the high-energy 3
band one finds an opposite spin configuration: a;4; ~ f; and a;p+ = B;. (Notice
that this physical picture of low-energy configuration is compatible with both AF
ordering and spin-singlet pairing.)

At this stage, it should be noted, on the grounds of the previous physical pic-
ture, that only single occupancy (in each site) is allowed. In fact, mathematically
speaking, our perturbative scheme will be consistent with the preceding physical
scenario, only if after inserting Eq. (2.44) into Eq. (2.27) [the latter contains the
hopping term, ¢, and the Coulombian repulsion, U] one keeps terms of O (U) and
@ (t2 JU 2); subsequently, straightforward algebraic manipulations will lead to the
superexchange J = 4t2/U [52-55,61]. By doing so, one can write Hg in terms of
the spinless Grassmann fields a; and [; in direct space:

o = —7> (elos —516:) +U DAl
_é Z (alaﬁéj —5;rﬁi+éj + H.c.) . (2.46)
ij

The charge Hamiltonian above correctly exhibits the phenomenon of band shrink-
ing [62] in the large-U regime. Notwithstanding, we stress that H, describes only
processes in the charge sector, i.e., no spin dynamics is involved. Therefore, in our
study of the magnetic and superconducting properties of the system these pro-
cesses play no role and, after a Legendre transform, the Lagrangian density can
be taken simply as:

Lo = Y aloa, (2.47)
i

where the dynamic (kinetic) term signals the background of the charge degrees of
freedom.

We now employ the same perturbative scheme to £,, i.e., we insert Eq. (2.44)
into Eq. (2.24), such that, by keeping terms which incorporates only the most
relevant low-energy processes, i.e., quantum charge and spin dynamics between
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nearest-neighbor sites, we obtain the following perturbative expansion for L,:

ZQ(J) (UiTaaTUia) . a —t Z [ (U Uive;p — 1)0 i aIaHéj

iao ijafo
—i—H.c.] + % [9(—0)(U2a87Um)g,_0 (O‘Léj + aLé) a; + H.c.}
ijao
—t > {(ULUire, - 1)00 [0(0)alBive, — 0(0)Flasre, | +Hee ).
ijaBo

(2.48)

It should be noted that the last term in Eq. (2.48) contains hopping between
« and 8 bands. This term must be treated perturbatively, so that £, appears
as dependent on the low-energy a band only. We thus consider the perturbing
Hamiltonian below:

Moo=ty {(Ujan+éj6—1)w [e(a)ﬁgai+éj —O(J)alﬁi+éj} +H.c.}.
- (2.49)

It can be handled by means of standard second-order perturbation theory [55,61],
which is consistent with the strong—coupling expansion up to O (t2 / U):

ko o Ek:

where the unperturbed state is the system at half filling: the low-energy « band
is filled, while the 8 band is empty. In other words, |agy,) corresponds to the
unperturbed state, with N electrons filling completely the low-energy « band,
whereas |Sk,) denotes the virtual perturbative states, in which these virtual states
represent a situation that one electron with spin ¢ is removed from « band and it
occupies the 8 band with energy E,f [see Eq. (2.40)] and spin o.

From the above discussion, as well as with the help of Eq. (2.45), we obtain
the following auxiliary results:

al|ane) = Bilaks) = 0;
1
0 (—0) Bi|Bro) = oA

Consequently, by inserting Eqs. (2.49) and (2.51) into Eq. (2.50), we find that
AFE becomes:

AL = Ploge| Y 0(- o) [(UlyesUia—1) _alie, + (Ule,sUia—1)

i 1 L
ol [Nc 20

+ (UL Uies 1) _aice,] lana), (2.52)

et o, (N —1)). (2.51)

oo

Py(N —1) {(U}an+éj 45— 1)00 Qe
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where Py = |agq) (ks | denotes the projector operator onto the state |agy).

At this point, it is worthwhile to use the following lemma of Quantum Me-
chanics [63]:
Lemma. Let A and B be two Hermitian operators, [¢)) an arbitrary state in
Hilbert space and Py the projector operator onto the state |¢g). Then, if Py|y) =

Po|po), we have:
(0| APy Blgo) = (¢|Clp) +— C = AB. (2.53)

Therefore, by means of the above Lemma [Eq. (2.53)], we can express the
effective Hamiltonian in terms of the a band only:

Ho =12 Y 0(=0) [(Ule Ui —1) alio +(UlesUia—1) al,]

L oo
tjafo

1 1
I
[NG e Er — B

(2.54)

Keeping in mind that we are interested in the thermodynamic limit, we can
turn the sum in k in Eq. (2.54) into an integral:

1 1 1 / d’k
— _— _— 2.55
NC;E,C;—ES An? Jpz B¢ — E)) (255
so that, by using Eqgs. (2.34) and (2.40), in the strong-coupling regime (U > t),
we find 2k )
1 1 t
— ———=——|14+0|=]]|. 2.56
A /BzEg—E,/j U[ i (U2)] (259

The above result [Eq. (2.56)] allows us to express the effective Hamiltonian
Hesr in Eq. (2.54), after a slightly rearrangement of the terms, in the form:

2
T
} a; 0.
oo oo

e > ot | (vhvies) | +] (vhices)
(2.57)

Indeed, with this result, we have reached a perturbative expression of L£,, up
to O (tQ/U), in terms of the low-energy « band only [we plug Eq. (2.57) into
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Eq.(2.48)]:

L, = ZO(O') (UiTa@TUia)U alai —1 Z |:9(U) <Ugan+éj5 — 1)0_0 O[l:Oéi+éj

o )

iao tjafo
t
+H.c.] + 2T 2 [9(—0)(UL07U¢@)07,U (O‘Léj + O‘Léj) a; + H.C.}
ijao
t2 2 2
5 o[ (i), 4| e, o
ijafo

(2.58)

Correspondingly, by adding Ly [see Eq. (2.47)] to the perturbation expression
of L, [see Eq. (2.58)], we find that the effective low-energy Lagrangian density
of the honeycomb Hubbard model in the large-U regime, up to O (J = 4t2/ U), is
given by

L= Y aldeai+ Y 000) (UL0:Uia) alai—t Y [9(—0) (Ul Uitess)
i iao ijaBo 7

8t {0(_0)041 (ai+éj + ai,éj)

tjao

]2 5 oo (hiens),

tjafo

xa;[a,uréj + H.c.] + 7 Z (U;a @Uia)

o,—0

2 f
+ | (Uian_éjg)

2
:| alai.
oo

(2.59)

We emphasize that the above low-energy Lagrangian density incorporates only
quadratic terms in af, . We can thus integrate out the fermions degrees of freedom
in order to explicit the spin structure embedded in UiT oUité;o and UiT 0 Usq.

2.4. Final Remarks

In summary, we have presented an analytical approach suitable to investigate of
the large-U Hubbard model on the honeycomb lattice. Our approach, based on
field-theoretic and many-body techniques, has the advantage of allowing us to
derive the Lagrangian density related to the charge (Grassmann fields) and spin
[SU(2) gauge fields] degrees of freedom in a controllable scheme. As a result,
we diagonalized exactly the Hamiltonian associated with the charge degrees of
freedom only, in which case the electronic spectrum exhibits a charge Hubbard
gap separating the Dirac cones. Moreover, we have shown that the two bands
meet at the Dirac points in the non-interacting tight-binding case.

In the strong-coupling regime, by performing a perturbative expansion in the
parameter ¢t/U up to O (J =4t2/U ), we were able to derive a low-energy La-
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grangian density appropriated to describe the (quantum) magnetic and supercon-
ducting phases of the large-U Hubbard model on the honeycomb lattice, as we
shall demonstrate in Chapters 3 and 4.
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3. Charge and Spin Quantum Fluctuations on the Hon-
eycomb Lattice: Half-filled and Doped Regimes

In this chapter we shall investigate the effects of charge and spin quantum fluctua-
tions in the breakdown of the AF order on the honeycomb lattice by means of the
low-energy perturbative Lagrangian density [see Eq. (2.59)] derived in the Section
2.3. Section 3.1 is dedicated to the half-filling case, in which case the large-U Hub-
bard model is mapped onto the quantum Heisenberg model described by SU(2)
gauge fields. In this context, we deal with the underlying spin degrees of freedom
by employing a second-order spin-wave analysis, such that we have calculated the
ground-state energy and staggered magnetization per site; the results are in very
good agreement with previous studies [19-21,23-26].

In Section 3.2, we focus on the challenging hole-doped regime. This topic is
studied within a controllable perturbative scheme, so that our approach allows the
derivation of a ¢t-J Hamiltonian, and the analysis of the role played by charge and
spin quantum fluctuations on the ground-state energy and, particularly, on the
breakdown of the AF order at a critical hole doping; the results are benchmarked
against recent Grassmann tensor product state [26]. Further, in Section 3.3, in
the continuum limit, we map the effective large-U Lagrangian density [see Eq.
(2.59)] onto the quantum nonlinear o-model with a topological Hopf term [34-37],
in which case its presence (Chern-Simons term) is crucial in the analysis of the
AF-VBS competition. Lastly, final remarks are presented in Section 3.4.

3.1. Heisenberg Model and Quantum Spin Fluctuations

In the half-filled regime, the charge degrees of freedom are frozen (<a1&rozi> = 0 and
<Oé1:Oéi+éj> = 0), i.e., the lower-energy a band is completely filled by electrons: n, =

(azai) = 1. Accordingly, it turns out that only the spin degrees of freedom survive

and are described by the SU(2) gauge fields in Eq.(2.59). Further, this localized
electronic background allows the emergence of an AF phase [32,33]. Indeed, by
performing the following Legendre transform:

s oL _ '
e ; 0 (87—Uia)aa (aTUwé)UU th (3‘1)

49
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where

a<aazf> =60(0) (UL) (3.2)

we can map the large-U Hubbard model, in the half-filling limit of the effective
Lagrangian density in Eq. (2.59), onto the following Heisenberg-like Hamiltonian
written in terms of the SU(2) gauge fields:

_ _% S 0(0) “ (Ul Ussess) ] (VhVivess)

ijafo

2] C(33)

In fact, with the help of Eq. (2.18), we can write [55]:

| (U;ran+éj5> Y ‘ ’ = [1+ cos(fa) cos (9i+éj6) + sin (6;4 ) sin (0i+éj5)
x €08 (dia — dive;s)] (3.4)
or
’ (ULU”W) ‘2 - % (14 nia - nite;s) (3.5)

where n;, = sin (6;4) [cos (ia) T + sin (¢s0) Y] + cos (0;4) 2 is the unit vector. Ac-
cordingly, H® can be brought to its standard form:

H = —J> SiaSive— hz Sia T 1Y _ Sive;s — J, (3.6)
ijaf B

where S;, = M, /2, 2 is the coordination number (z = 3 for the honeycomb lattice)
and the two additional Zeeman terms (h is the magnetic field) allow us to perform
the calculation of the staggered magnetization.

The second-order spin-wave theory [21,64] can offer an accurate description
of the relevant physical quantities, such as the ground-state energy, Fy, and the
staggered magnetization per site, m, which characterizes the AF order. In order
to employ this method to the quantum AF Heisenberg model in Eq. (3.6) let us
introduce the Holstein-Primakoff transformation:

Sio = —a;[ai +5;
5’:; =14/25 — azai a;;
Sia = a}\/25 — ala, (3.7)

for an up-spin on A site of sublattice A, and
IR bL bive; — S
z+e 8= \/QS biye,bive; ‘bi+éj3
Sive;p = i+éj \/25 - bi+éj bite " (3-8)
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for a neighboring down-spin of sublattice B; the bosonic creation and annihilation
operators a; and a; obey the commutation relations: [ai,a;[,}zdii/ and [bj,b;,]zéjj/.
Moreover, we apply the Fourier transform [see, e.g., Eq. (2.28)] together with the
following Bogoliubov transformation:

ag = cosh (0) ag — sinh (0g) 5;25

b = —sinh (63) af. — cosh (6) Br, (3.9)
where tanh (0) = —7 and the lattice structure factor -y, reads:
1 . 11 . kg k
T = ZJ: ekei — 3 etke 1 2e=%F cos (@ y)] . (3.10)

The resulting diagonalized Hamiltonian up to O (1 / 52), in k-space, takes the
form:

W — —ZS22JN+hSN+ZSJZ {(m_1> —i—ﬁ(OlLak“‘ﬁ};Bk)]
k
2
2N[Z<m 1)] hzk: — 1]+ m

k 1_'Yk

_ zJN  2zJ

TN abarfl, B (3.11)
k k'

Correspondingly, in the thermodynamic limit, the ground-state energy per site in
the presence of a magnetic field becomes:

En

2S5%27J zS8J
- _ RS+ | Pk(/1—-72 —1
N 5 ThIt /BZ ( Tk )
zJ 2 h 1 zJ
— d’k J1=72 -1 - — Pkl —— 1| - 2=, (3.12
327 {/BZ ( e )] 42 /BZ 2 8 (3.12)

1 —n;

In Appendix A, we present detailed calculations of the perturbative scheme
used to derive Egs. (3.11) and (3.12).

In the sequence, we take S = 1/2 and perform the integration over the first
Brillouin zone (BZ): | k; |< 27/3 and | k, |< 7/+/3. As a consequence, we have
found that the ground-state energy per site at zero magnetic field is given by (we
have subtracted the term —z.J/8 with the intention of comparing Eq. (3.12) at
zero magnetic field to preceding results): Ey/NJ ~ —0.5489. Indeed, this result
agrees very well with the preceding studies listed in Table 3.1
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Table 3.1: Comparison of the results from several approaches for the ground-state
energy per site Ey/NJ of the Heisenberg model at zero magnetic field.

Method Ey/NJ
QMC [19,20] ~0.5440
Spin Wave up to O (1/5?) [21] —0.5489
Our result [22] —0.5489
Series Expansion [23] —0.5443
TPS [24,25] —0.5445
GTPS [26] —0.5441

On the other hand, with the help of Eq. (3.12), we can straightforwardly derive
the staggered magnetization per site [65]:

1 9B,

™= N gp =0

(3.13)

Thus, one finds:
1 1
—1

m:S—/ Pk | — ,
47'('2 BZ /1_7,%

which stands for both first- and second-order spin-wave perturbation theory. Fur-
ther, the integration over the first BZ yields for S = 1/2: m =& 0.2418, which is in
good agreement with preceding results summarized in Table 3.2.

We would like to mention that the evaluation of the staggered magnetization
by the TPS and GTPS simulations is rather susceptible to the value of the virtual
dimension D. For instance, as one can note in Table 3.2, GTPS studies have pre-
dicted slightly larger values for the staggered magnetization. Here, the “virtual
dimension” D is a concept associated with the integer bond indices of classical
tensor-networks on honeycomb lattices, and largely used in TPS and GTPS sim-
ulations [24-26].

(3.14)
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Table 3.2: Comparison of the results from several approaches for the ground-state
staggered magnetization per site m of the Heisenberg model at zero magnetic field.

Method m
QMC [19] 0.22 £ 0.03
QMC [20] 0.2681(8)
Spin Wave up to O (1/5?) [21] 0.2418
Our result [22] 0.2418
Series Expansion [23] 0.266(9)
TPS for D = 8 [24] 0.2142
TPS for D — oo [25] 0.285
GTPS for D = 10 [26] 0.3257
GTPS for D = 12 [26] 0.3239

Furthermore, it has been indicated, through topological arguments, the possi-
ble occurrence of a VBS phase on the honeycomb lattice [36]. Thus, in Section 3.3,
we map the effective large-U Lagrangian density in Eq. (2.59), in the continuum
limit, onto the quantum nonlinear o-model with a topological Hopf term, in which
case its presence (Chern-Simons term) is crucial for the possible occurrence of a
VBS order. However, despite that our results provide evidence for the existence
of this topological term in the context of our approach, as mentioned in the In-
troduction, in the numerical studies of the Hubbard model at half-filling the VBS
order did not appear as a stable phase [33].

3.2. t-J Model: Charge and Spin Quantum Fluctuations

In this section, we provide a systematic study of the interplay between quantum
charge and spin fluctuations in the breakdown of the AF order in the doped regime.
In order to obtain the corresponding ¢-J Hamiltonian, let us apply the Legendre
transform in Eq. (2.59):

oL oL
t-J L i
H = ZL: a(aTai)aTaz ijza:a 8(87'Uia)gg (aTUza)oa
oL
_ % T O+ (3.15)
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where
oL 4
9(0raz) P
oL ) alar
m =0 (U) (Uia> oo O O
oL _ Lt P
W - g <U7'05> o—0o |:9 (_U) az (a’L-‘re]' +az—ej) + HC] 5

(3.16)

so that we indeed can map the large-U Hubbard model onto the following ¢-J
Hamiltonian:

HT =ty [9(—0) (U}aUHéjg)a_UanzHéj +H'C~]
ijafo ’
J 2 2
3 > 0) “ (Uz‘TaUHéjﬁ)M ’ +’ (ULUHém)W \ ]al%
ijafBo

(3.17)

which describes the coupling between charge (Grassmann fields) and spin [SU(2)
gauge fields] degrees of freedom in the regime where double occupancy is excluded
[O(T)]-

In order to account for the effect of charge and spin quantum fluctuations
on the ground-state energy and magnetization of the system under hole doping
and in the presence of a magnetic field, we shall consider that, in the regime of
interest (stable AF phase and U values not extremely high, such that the Nagaoka
phenomenon is frozen; see discussion in the end of this section), these quantum
fluctuations manifest independently, i.e., the charge and spin correlation functions
can be decoupled and calculated separately. Below, we show that the consistent
results which come out from this procedure are highly rewarding. The above
reasoning amounts to consider that in Eq. (3.17) the charge correlation function
is well described by the spinless tight-binding result [66,67]:

Z(QI@i-‘réj) = % [\/QmS'sin (\/27T5'> I \%sin <\/7T?5> sin (\/37275” |

J
(3.18)

where § = 1 — n, measures the hole doping away from half filling.
The above correlation function [Eq. (3.18)] can be derived by writting the
lattice fermionic fields, in the k-space, as:
v 1

—ik-i
a; ﬁZe s
N k

1 ik-(ite;)
Qjre, = —F— Ze 7 v, (3.19)
J /N kJ
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so that, after straightforward algebraic manipulations, in the thermodynamic limit
(Zk — % i ko), the correlation function reads:

1 .

T _ ik-ej 52

E (jaiye;) = 2 E /e 1d°k. (3.20)
J

J

In the sequence, one should take into account the three honeycomb lattice unit

vectors
e] = (1,0); €y = (1 _\/§‘> N €3 = <_1 _\/§‘> s (3.21)

27 2 27 2

with the intention of writting the Eq. (3.20) in the form:

Z(alaiJréj) = 47r2/ etk 1 2~ cos (Q)] d*k. (3.22)

J
Further, by performing the above integration over the first Brillouin zone:

1 kr ke i ik \/g‘k
g <a1ai+éj) = 47T2/k dk;,;/k dky |e ke 4 9715 cos <2y>] , o (3.23)
—RF —RF

J

one ends in

Z<azai+éj> = % [k‘F sin (kp) + \/837 sin <k2F) sin <\/3;kF>] : (3.24)

J

In two dimensions, the hole density, d, is related to the Fermi momentum, kg, in
the following way: kp = v2md [11]. Therefore, by inserting this mathematical
expression into Eq. (3.24), we can rewrite the correlation function in terms of the
hole doping as expressed in Eq. (3.18).

We now consider the spin sector in Eq. (3.17), which is described by the SU(2)

2
gauge fields through the matrix elements: (U J o Ui+éj 5) and ‘ (U J ” Ui+éj 5)

)

in terms of the usual spin operators [55]. The latter is given in Eq. (3.5), whereas
the former can be written as follows:

T 1 z z z Qz 1/2
(UiaUHéjB) = 3 { {1 +2 (Sia + i+éjﬁ) +457, i+é]ﬂ}

og,—0
z z z z 1/2
+ [1 -2 (Sia + i+éj,3) +4554 i+éjﬁ} .
(3.25)

At this point, it is worthwhile to introduce the vector potential, A, by means
of the Peierls substitution [68]:

r
t — texp <—z/ A dr> , (3.26)
7
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which is the complex matrix element for tunneling between neighboring sites, in
order to properly describes the effects of charge and spin quantum fluctuations on
the ground-state properties of the AF order. Thus, inserting Eqgs. (3.5), (3.18)
and (3.25) into (3.17), we obtain the following effective ¢-J Hamiltonian:

—2te_if:ij A-dr 8 [mé IRV
t-J e . 9 ne . Qne
H" = pom; [\/ 2w sin ( 27r5> + 73 sin 5 sin 5

3 [\/1 — 287, 5 — 257, + 455,575 +\/1+2Sz+e o+ 255, T 485,57, |
ijaf
—J1- Z Sio - Sive s — JNz hZSw + hZSHeJﬁ (3.27)
ijaf ij8

Notice that we also coupled the external homogeneous magnetic field, h, to the
spins on sublattices A and B.

Let us now implement the second-order spin-wave analysis in the spin sector of
Eq. (3.27), with the help of Egs. (3.7)-(3.10). Further, it is convenient to choose
the following Landau gauge:

A = hxy. (3.28)

As a result we arrive at the following diagonalized Hamiltonian up to O (1 / 52):
H =H +H, (3.29)
where the hopping Hamiltonian, H!, reads (k-space):

= Stz AN o (- Ly oo+ AU

2
71' & 1-13 2 - m
RSy W
and the exchange one, Hj, becomes (k-space):

2S52J(1—-6)N
Hy = ———5—— +hSN+28J(1-9) {(,/1—%—1)

Oék,ak + Bkﬁk

i)
k k
_2*7(21]\[—5) [Z (M - 1>] T w(:a)zv (3.31)

k
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-3

Figure 3.1: Energy spectrum of the doped AF phase at zero magnetic field and
t/J =3 for (a) 6 =0, and (b) § = 0.07.

Therefore, the energy spectrum of H} in the presence of a magnetic field takes
the form:

e

8tze T | SN 1

E, = _L; = 4 EE— [\/2776 sin( 27r(5>
0 z 2

k 1_’7k

D)%)

whereas the one of Hj reads:

E, = 252J(12 6)N+hSN+ZSJ(15)zk:[< 17,%1)}
2
() e b
zJ(l 5)N

Lastly, by adding Egs. (3.32) and (3.33) and taking the thermodynamic limit,
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we find that the ground-state energy per site in the presence of a magnetic field:

Ey  252J(1-96) 1 ) 5
N f+hs+z5<](1 6)47T2/Bzdk: V31— —1

V3
T 1 1
_Stze" T 5+/ @k | ———=—1]| [V2r0 sin (V2m0)
2 z  4n? Jpy —~2
T —
8 . LI 27O N N |
IV <\/?> o <\/7>] e\
k

With the aim of corroborating the above analytical results with those obtained
by GTPS simulations [26], let us choose t/J = 3, S = 1/2, and z = 3. Initially,
we analyze the destruction of the AF order through the evolution of the electronic
structure by increasing hole doping. Indeed, in Figs. 3.1 (a) and (b) we show
the evolution of the electronic structure from half-filled band (§ = 0), at which
the system displays a fully staggered AF order, to the doped regime at § = 0.07
which is quite close to the region of destruction of the AF phase. Moreover, after
performing the integration over the first BZ zone in Eq. (3.34), we find that
the doping-dependent ground-state energy per site at zero magnetic field can be
written as follows:

Ey (9) N . 8 . o
N7 - —0.3444 [\/ 276 sm( 277(5) + ﬁsm ( )

sin (,/372"5 )] 0.9239(1—4), (3.35)

where one should notice that, here, for the sake of comparison with GTPS data,
we have added the term —z (1 — ¢) /8 to the exchange contribution [second term
in Eq. (3.35)], not considered in our estimate of Ey/NJ at half filling in Section
3.1.

As shown in Fig 3.2 (a), we compare the analytical result from Eq. (3.35)
with the recent GTPS [26] calculations, and QMC simulations [20] at § = 0.
Remarkably, our result for the doping-dependent ground-state energy agrees very
well with the GTPS one up to hole doping § < 0.1. This critical value marks
a region of strong magnetic instability, i.e., the breakdown of the AF order. We
further indicate in the insets, Figs. 3.2 (b) and (c), the effect of hole doping in the
energetic contributions of the hopping and exchange Hamiltonians, respectively.
Based on physics ground, one can realize that the energetic contribution due to
the hopping term decreases far below zero at § = 0, as we tune up the hole doping
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-0.8
QMC

-1.2

Figure 3.2: (a) Ground-state energy per site as a function of doping for ¢/J = 3.
We also compare with GTPS numerical results for the virtual dimensions D = 8
(blue color) and D = 12 (magenta color). Insets: Energetic contributions of the
(b) hopping and (c) exchange terms [see Egs. (3.32) and (3.33), or first and second
term in Eq. (3.35), respectively].

away from half filling, while a linear increase in the exchange energy for increasing
hole doping is observed.

In order to better understand the effect of charge and spin quantum fluctuations
on the AF order; we also examine the behavior of the staggered magnetization as
a function of doping. In doing so, we obtain by means of Eq. (3.34) that the

staggered magnetization per site, m = %“9@%| h=0, can be written as (for S = 1/2):

m(5) = 0.2418 —0.1491 [\/271'5 sin( 27r5>

+j§ sin (ﬁ ) sin <\/3;75 )] . (3.36)

It is very important to stress the origin of the two contributions in Eq. (3.36):
the first term stands for the Zeeman contribution to m (value of m at half filling),
while the second term is the orbital contribution to m calculated by means of
the Peierls substitution. Indeed, as seen in Fig. 4.10, the analytical result in Eq.
(3.36) indicates that both charge and spin quantum fluctuations conspire for the
breakdown of the AF order at § ~ 0.1. As a benchmark, we also display the
GTPS simulations for the virtual dimension D = 12 [26]. Indeed, these findings
are in good agreement for the critical hole concentration . ~ 0.1 beyond which the
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0.4 T T T T T T

=-u GTPS D=12
oo Analytical result

Figure 3.3: Staggered magnetization per site as a function of doping. We also
benchmark against GTPS simulations for the virtual dimension D = 12. Inset:
Illustration of the low hole doped AF phase.

AF phase disappears. However, at half filling (§ = 0), the GTPS calculation has
suggested a higher value for m = 0.3239 (D = 12), while QMC simulations [20]
have found m =~ 0.2681(8), closer to our value m =~ 0.2418. Notwithstanding,
taking into account that the results for the ground-state energy and magnetization
from quite distinct techniques (numerical and analytical) are compatible, we are
confident that our analytical approach is indeed highly rewarding and claims for
further development on this challenging topic.

We close this section by mentioning that the physical framework described by
Eqgs. (3.18) and (3.25) is in agreement with density-matrix renormalization-group
results (DMRG) for hole-doped ABs t-J chains [69] with similar J values, in which
case the holes exhibit charge-density order in anti-phase with the corresponding
spin-density order. Accordingly, a similar behavior of m versus 0 has also been
observed in the low-doped regime of ABy ¢-J chains.

3.3. Nonlinear o-Model with a Topological Hopf Term

The purpose of this section is to analyze the Néel-VBS competition [34-37] in
the context of the nonlinear o-model in the presence of a topological Hopf term.
Actually, we shall explicit the spin fluctuations by integrating out the fermions
degrees of freedom of the low-lying Lagrangian density in Eq. (2.59).

Before proceeding to more technical aspects of the mapping of the large-U
model onto the nonlinear o-model with a topological Hopf term, let us define the
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order parameter used to describe the competition between the Néel state and the
VBS order. Here, we shall use a five-component unit vector to describe the entire
System:

d)ia = (n%a7n%a7n§a7p§a?p:?a)7 (337)

which is composed of the Néel vector, n;, = (n%a,nfa, nfa) [the Néel order pa-
rameter lies on the surface of a sphere S?], and in competition with the VBS order
parameter, p;n = (pi}a, P?a) [the VBS order parameter lies on the circle S']. Tt
should be noted that the field ¢, defines a map from S® to S* [70].

Moreover, in order to establish a firm connection with the low-lying Lagrangian
density in Eq. (2.59), we introduce the following representation of the SU(4)
group [71]:

Uia = cos (A) —isin (A) ¢sn - T, (3.38)

where A is a group parameter and I' are the usual Dirac gamma matrices. Here,
we need a set of five I' matrices and among the possible choices [71], we use

Ip3=04y.®0y, Ta=090®0, and I's=o09®0,. (3.39)
Also, notice that these matrices satisfy the anticommuting relations:
{Fl“ FV} = 26#’/ and F5 = —F1F2F3F4. (340)

Next, by considering the above SU(4) representation of U;, in Eq. (3.38),
along with the approximation:

a‘rq')ioz X ¢icx ~ 8T¢ia7 (341)

we can turn the effective Lagrangian density, £, in Eq. (2.59) into the ¢ represen-
tation:

L~ Z ai&rai + é (1+igsn - T) [a;[ (Oli+éj —{—ai,éj) + H.C.} . (3.42)
13

ija

We would like to mention that terms which depend on the total time derivative
and an irrelevant additive constant were excluded (such terms do not contribute
to the effective action).

We proceed further to taking the continuum limit in Eq. (3.42); as a result,
the partition function takes the form:

7~ / DaDae S — / DaDa exp{ / Bra [maﬂ +igq§} a}, (3.43)
where T are the Pauli matrices; besides, we have defined

a=iral, g=J/At and ¢=¢-T. (3.44)
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Correspondingly, by means of the standard procedures [56,57], we can write down
the effective action as R
S = Indet (47,0, + 1g¢). (3.45)

At this stage, we follow Abanov and Wiegmann [72,73], and write the Dirac
operator in the form
D = i1,0, +igd, (3.46)
which allow us to rewrite the fermionic determinant in Eq. (3.45) in a suitable
form to evaluate a perturbative expansion. Hence, by calculating the variation of
the effective action, Seg, with respect to ¢, we get

DDt
8S.q = —Tr 0 _ . (3.47)
—0% 4+ g2 — 97,00

Now, by applying the perturbative expansion up to first order in gTuaqu, we
find that the effective action can be written as

5Seit = 051 + 6, (3.48)

where the first and second terms are given by

5S) = ig? / P [ / (3;1;3 (ijgz)Q} tro (aung) 0,; (3.49)

58y = ¢° / & [ / @y g }mz}a 33 (3.50)
(2m)* (2 +g2)t]
respectively.
At this point, it is important to use the following auxiliary result [74]:
/ dp 1 o F(n—%)(l)ng (3.51)
@ P+ gyt D) \m?) |

with the purpose of solving the integral inside the brackets in Eqs. (3.49) and
(3.50). By doing so, we obtain that the Eq. (3.49) yields a real contribution:

Ske = g/d?’x (0,8)°, (3.52)
47
which is the nonlinear o-model [72,73,75].

Less trivial is the evaluation of 652 in Eq. (3.50). Let us anticipate that this
term gives rise to an imaginary contribution to the effective action that gener-
ates the topological Hopf term. With the purpose of making its derivation ex-
plicit, we must add a parameter £ such that the field gg(x, &) continuously interpo-
lates between the constant value ¢ (z, € = 0) = (0,0,0,0,1) and the physical value

¢ (z,& =1) = ¢(x). This leads to

1
S[m _ _Z,Gabcde / df / d3x¢aa_r¢baz¢cay¢dagd)e' (353)
127 0
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Figure 3.4: The schematic phase diagram of Eq. (3.58). The coupling g controls
the strength of quantum spin fluctuations about the magnetically ordered Néel
state. Left: There is broken spin rotation symmetry in the Néel state. Right: The
valence bond solid (VBS) state spontaneously breaks lattice (e.g., translational)
Symmetry.

It is also worthwhile to introduce, without loss of generality, the four-component
unit vector 7 according to the following parametrization:

¢* = sin (Ep) 1, ¢ = sin (Ep) 7", ¢ = sin (§p) 1, ¢7 = sin (Ep) 7,
and ¢° = cos ({p) . (3.54)

Thus, integrating over the auxiliary variable &, we find that

NN 1
Slm = —i% /dS:L“ [1 - %cos (p) + g 08 (3¢p) | 79,70, TN,
(3.55)
where we can readily identify the topological Hopf term [36,72,73,75]:
= i‘;l;c_g /d3:mra 700, 0, T, (3.56)
and the #-term: 9 .
0=m [1 — g cos (p) + g o8 (3p)| . (3.57)

Lastly, by summing up Eqs. (3.52) and (3.55), we obtain the action of the
nonlinear o-model supplemented with a topological Hopf term:

.2
S = gsilﬁ /d% (8,7)* —i0H. (3.58)
7T
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Figure 3.5: (a) Illustration of an instanton configuration in 2D Euclidean space-
time, with topological charge @ = 1. In (2 + 1) dimensions this configuration is
known as a skyrmion or hedgehog. (b) An instanton on S? has the same topology
as a monopole, that of a “hairy ball.” Figure and caption taken form Ref. [56].

We would like to mention that by introducing a C' P"~! formulation this action
can be mapped onto a bosonic representation with the well-known Chern-Simons
term [36, 56, 72].

This nonlinear o-model with the extra topological term describes the AF-VBS
competition [34-37]. It is expected that, as the Coulombian interaction U varies,
which means to tune the coupling constant g, so that the two insulating phases
become accessible in distinct regimes, as illustrated in Fig. 3.4 (quite possibly
in generalized Heisenberg models). The key point in the analysis of these two
distinct ground states is to make explicit the hedgehog topological defect in the
Néel order parameter (see Fig. 3.5). In order to realize this monopole configuration
we parametrize the components of the four-component unit 7 in terms of the Néel
vector as follows:

a b b

7 =sin(v)n® 7 =sin(v)n’; 7 =sin(v)n

and 7% =cos(v), (3.59)

such that we can write down the Lagrangian density, Lpp, associated with the
Berry phase term in Eq. (3.55) as

) 9 1
Lpp = % (2v — sin 2v) {1 — g cos (p) + 3 08 (3(,0)] P, (3.60)
where -
__ ‘tabc a b c
Pm = p O (n O0xn’Oyn ) (3.61)

is the monopole charge density. Thus, when the monopole charge density p,,
is integrated over the spacetime configuration of n there exists a change in the
Skyrmion number:

AQqy = /de:ndypm. (3.62)
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Figure 3.6: VBS order on the honeycomb lattice.

These monopoles proliferate at the deconfined AF-VBS critical point. Indeed,
it has been shown that the presence of such monopole events correctly describes
the quantum paramagnet VBS order [75-77], which spontaneously breaks lattice
(e.g., translational) symmetry [see Fig. 3.4]. We may also identify the Berry phase,
which leads to the VBS order by setting ¢ = 7/2 together with the following set
of v ={0, 7,27} in Eq. (3.60), in which case we find

Sgp=1, Spp= 62”/3AQ‘W and Spp = 64”/3AQ‘W, (3.63)

respectively, which correspond to Berry phase shift equal to 2i7/3AQ,, [77]; in
fact, by applying the symmetry operation in the honeycomb lattice we can con-
struct the VBS order with distinct patterns [36], as shown in Fig. 3.6 .

3.4. Final Remarks

In fact, we have shown that the perturvative low-energy theory established in the
previous Chapter is suitable to describe the magnetic properties of the large-U
Hubbard model at half-filling band and in the doped regime.

At half-filling, in the context of the quantum Heisenberg model, we have used
second-order spin-wave perturbation theory [O (1 /S 2)] to study the effect of quan-
tum spin fluctuations on the ground-state energy and staggered magnetization of
the AF order. The results are in very good agreement with previous numerical
and analytical investigations.

We stress that the most challenging aspect of our analysis was the mapping of
the hole-doped large-U Hubbard model onto a ¢t-J Hamiltonian, and the formu-
lation of a controllable perturbative scheme to analyze the role played by charge
and spin quantum fluctuations on the breakdown of the hole-doped AF phase.
Remarkably, our findings for the doping-dependent ground-state energy and stag-
gered magnetization are quite consistent with recent GTPS numerical studies.

Lastly, in the continuum limit, we derived a nonlinear o-model supplemented
with a topological Hopf term that describes the AF-VBS competition, although
numerical studies of the one band Hubbard model with on-site Coulombian inter-
actions indicate a continuous quantum phase transition from a semi-metal (weak-
coupling regime) to an AF phase (strong-coupling regime). As discussed in the
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Introduction, the VBS order appears only in the context of the Heisenberg model
with competing interactions.
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4. Superconductivity and Competing Magnetic Phases

In this chapter we shall present a systematic study of the competition between
superconducting and magnetic phases, using the strong-coupling low-energy effec-
tive Lagrangian density derived in the Section 2.3 [Eq. 2.59].

In order to investigate both low and high (particularly, near the Van Hove
singularity) hole doping regimes, it is important to perform two changes in the
referred Lagrangian density. Firstly, let us introduce the spinless hole field, hl =y
[54,55], such that we can formally write the relation:

Oél:OéZ' =1- h:hz (4.1)

Secondly, it is necessary to introduce the chemical potential x, which regulates the
doping levels. As a result, the large-U effective low-energy perturbative Lagrangian
density in Eq. (2.59), in the hole representation, takes the form:

S RO = mhi+ Y 6(0) (Uf,0:Ua) (1= hihi)

(Ze7ea

Y { ) (v, Umjﬂ)a’_ghihﬂéﬁﬂ.c.]

tjafo

+é]t (UgaaTUia)a’_U |:6(0')h]L (h2+6 + hz é. ) + H. C:|
tjaoc

_g EB (o) “ (UiTanJréjﬂ)% |2_|_ ‘ (Ujan_éjﬁ>w } (1 —hlhi>
tjafo

The derivation of Eq. (4.2) is presented in Appendix B. Further, by performing
the Legendre transform:

Z a a hi + L; (4.3)
where o
_ gt
5] =" (4.4)
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we can write down the corresponding Hamiltonian as:
Ho= —uY (1= b)) = D 0(0) (ULorUia) (1= nlni)
i a0 o7

Y [9(0) (Ujan+éjﬁ>g_ Plhive, + He
ijaBo "’

+ é Z <Uz’Ta BTU,-Q) - [Q(U)hz (hi+éj + hz’féj) + H.c.]
1joo
_% Z,E; (o) “ (UganJréjB)M ’2 +| (UiTan_éjﬁ)W 2] (1 — h;fh,-) )
tjafo

The above Hamiltonian has the advantage of describing the entire system, i.e.,
superconducting and magnetic competing orders.

This Chapter is organized as follows: in Section 4.1, we shall describe the
superconducting phases (SC) by using SU(2) gauge fields associated with the
(spin-singlet) pairing symmetries: s—, dgy2_,2 - or dy,-wave. Furthermore, we
also perform a thermodynamic analysis of the referred states. In particular, this
thermodynamic analysis shows that the critical temperature for the superconduct-
ing states is directly related to the exchange constant J = 4t2/U. In Section 4.2,
we also use the same formalism [SU(2) gauge fields associated with symmetries
exhibited by each phase| to describe antiferromagnetic (AF) and ferromagnetic
(FM) phases. Moreover, we calculate the electronic structure of the system for
each one of the competing orders: AF, FM, s-, dy2_,2- or dyy-wave SC. In this
context, an energetic analysis of the ground state of these phases reveal that the
AF order prevails for low hole doping, while a dominantly chiral d,2_,2 + idy,
superconducting state was found in the vicinity of the Van Hove singularity (high
hole doping). Remarkably, in Section 4.3, we report that the competition between
the AF and the chiral dg2_,2 + id,,-wave SC phases takes place by the occurrence
of a first-order transition accompanied by a spatial phase separation of the referred
phases. Lastly, in Section 4.4, we draw some final remarks.

4.1. Superconducting Phases on the Honeycomb Lattice

In this section, our aim is to analyze the possible unconventional supercon-
ducting states of the large-U Hubbard on the honeycomb lattice.

As our starting point, let us consider the symmetries exhibited by the super-
conducting orders. Here, we shall use SU(2) gauge fields [39, 55, 78] parametrized
according to the symmetry displayed by each phase. Thus, we shall describe the
possible superconducting phases on the honeycomb lattice, i.e., the pairing sym-
metries: s-, dy2_,2- and dgy-wave SC states [46,47,79-83], through the following
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SU(2) gauge field [39]:

UsSC — 2jXe;  — il
LRy e |

where Ag; is the nearest-neighbor spin-singlet pairing correlation (notice that on-
site pairing is forbidden due to the very strong on-site Hubbard repulsion), and
Xe; 1s the nearest-neighbor single-particle hopping correlation [39,40,47].

With the SU(2) gauge fields defined in Eq. (4.6), we can now study the oc-
currence of the mentioned superconducting phases using the Hamiltonian in Eq.
(4.5), with the help of Eqgs. (2.28), (2.31), (2.32) and (2.35). For this purpose, it
is convenient to use the Nambu spinor representation [36]:

Ty, = ( g: ) : (4.7)

such that the resulting Hamiltonian reads:

(4.6)

2
" 3JNex2 INAG,
HIC = W+ SR Y — N, (4.8)
k J
where so
~ —-F 0

in Eq. (4.9) E,f C defines the band spectrum of the superconducting phases and is
given by

1/2
J J i
Ep¢ = { |:6ka:Ak: + Xk — Ly S Xk AkeR, ] + (erxnrk)? } ,

42 2 42
(4.10)
with
A=) Ag cos(k-&)), (4.11)
j
Xk = Z Xe; cos (k- &;). (4.12)

J

The reader can find detailed calculations of the diagonalization of H in Appendix
B. Some comments about Eq. (4.10) are in order. One major aspect of our strong-
coupling approach is the fact that at half-filling, u = 0, and xz = 0 the electronic
spectrum E,fc is zero.

We now proceed in analyzing the symmetries exhibited by the pairing compo-
nent of the superconducting order parameter, A. At a general level, the symmetry
analysis of the pairing component of the superconducting order parameter, A, on
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the honeycomb lattice [79-81] gives rise to the following basis-vector representa-
tion ( for convenience, the normalization factor of the basis vectors is absorbed by
the corresponding A):

A(1,1,1);
Ae, =4 A(2,-1,-1); (4.13)
A(0,1,-1),

for the s-, d2_,2-, and dyy-wave states, respectively. Notwithstanding these pos-
sibilities, the precise realization of a particular (ground state) superconducting
order parameter must be determined by energetic calculations. However, as we
shall demonstrate, in the next Section, in the low hole doping regime that the AF
order is more stable than the superconducting ones, while the chiral dg2 2 +idyy-
wave superconducting phase prevails around the Van Hove singularity (the M
point).

Before going through the energetic analysis, let us perform a small-wave-vector
expansion [80,81], |gla < 1, in the function A around the K points with the goal
of examining the above mentioned pairing symmetries [see Fig. 4.1].

In the case of a s-wave symmetry, the superconducting order parameter Ay

becomes:
A = Alcos (k- é1) + cos (k- é) + cos (k- é3)], (4.14)

and keeping in mind that the K points and the lattice unit vectors are given by [11]

2 2w
Ki=|—+—); 4.15
* (3a 3\/3?@) (4.15)

e1=a(1,0), ex=a <_1, \/?T) and e3=a <_1 _\/?T) ) (4.16)

27 2 27 2

respectively, we obtain, by employing a small-wave-vector expansion (q = K1 + k)
[81]:

Ag = —3(12“6’. (4.17)
In a equivalent manner, for the d,»_,2-wave symmetry:
A =A[2cos(k-é1) —cos(k-és) —cos (k- é3)], (4.18)
so that the small-momentum expansion around the K points gives rise to
2 2
Ag = A(]T;’;ky) (4.19)
Similarly, for the d,-wave symmetry:
Ay = Alcos (k- é3) — cos (k- é3)], (4.20)
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Monolayer s Monolayer d,y Monolayer d,2 .2

CODOD—————
vabm Labw

Figure 4.1: Ag in the first Brillouin zone calculated for three possible symmetries
on a (monolayer) honeycomb lattice. Figure and caption taken from Ref. [81].

we get
A kyk,

RG]
Egs. (4.17), (4.19) and (4.21) above clearly indicate that near the K points the
gap functions are nonzero and exhibit the corresponding symmetries, as shown in
Fig. 4.1. [Although, these effective simple pictures do not emerge from a quick
analysis of the electronic spectrum in Eq. (4.10); however, in Section 4.2, Figs.
4.7 these symmetries are clearly evidenced.]
In order to gain further information about distinct superconducting instabil-
ities or ordering tendencies, we also carry out a thermodynamics analysis of the
referred superconducting phases. By doing so, let us perform a Legendre trans-

(4.21)

form: or
HC == MTS;I?)O Uy + Lsc; (4.22)

where sy,
0(0,0) 2

in the diagonalized Hamiltonian in Eq. (4.8), such that the corresponding effective
low-energy Lagrangian density can be written as

Lsc=)Y U (aT + E,§C> 0y, AL Z AZ, 3JNCX — uN.. (4.24)
k

As a consequence, the effective action reads:

B 2
Ssc = / dr Z \I/;rc <87- + F ) JNe ZA%J_ + 3J]ZCX — uN,
k J

0

(4.25)

In the sequence, let us write the Nambu fields in Eq. (4.7) in terms of their
Fourier components (from now on we shall use SI units; instead of the system of
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natural units, with & = kg = 1):
1 .
Uy = ——— Z W ppe 9T (4.26)

where w, = (2n + 1) tkgT /h are the fermionic Matsubara frequencies [56-58, 84]
and n is an integer. Thus, the partition function assumes the form:

/ AV} dUpe =Sse [V, V| /b (4.27)

with

JN Bk »  3JN.Bhx>
: > oA+ 5 BhuN,.

€j

Ssc = Z \I/,tm (—iﬁwn + Egc) Ve +
J
(4.28)

Using now a saddle point procedure [56-58,84], we can obtain the strong-
coupling-BCS free energy (Fs¢c = —kpT'In Z):

Fsc=—kpT» In [(hwn)2+(E 2} L ZA 3JNCX — pNe.
kn

(4.29)

We then convert the Matsubara sum to a contour integral [84]:

3JNX
Fsc = — meﬂ ln z _Ek —}-—ZA ey (4.30)

and performing the contour integration method [85], where the integral runs anti-

clockwise around the poles iE;‘jC , as well as by realizing that the logarithm inside

the integral can be split up into two terms:
In [z2 - (E;jc)2] — In [B§¢ — 2] + In [-EC — 2], (4.31)
we recognize that the strong-coupling-BCS free energy takes the form:
ESC ESC
Fso = —kBTZ {ln [1 + exp (_kBT)} + In [1 + exp <kBT>
E

JN. »  3JN.2 .

J

and a simple rearrangement of the terms leads to

EJC N, Nc
Fsc = —2kBTZln [2cosh<2kBT>} J ZA 3J X — Nept.

(4.33)
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With the purpose of finding the self-consistent equations for the s-wave and
chiral d2 .2 + idy,-wave superconducting states [below, the reader can find the
explanation for the choice of this ground state], we minimize Fgc in Eq. (4.33)
with respect to A, x and p for the referred superconducting states. In the former
case, the strong-coupling-BCS free energy in Eq. (4.33) takes the form:

E.SC’,S
Fs = —2kBTZln [2c:osh (2£BT>
k

Accordingly, by minimizing F; in Eq. (4.34) with respect to A and Yy, i.e.,

3JN, 3TN
A+ 2CX — N (4.34)

<‘?§> =0 and (%‘FS> =0, (4.35)
XK X A7},L
respectively, we obtain that the strong-coupling-BCS self-consistent equations read:
2 ESC,S aESC,S
A, = tanh | —£ k 4.
37N, zk: o (2k3T> oA, (4.36)
9 ESC,S aESC,s
s = tanh k k . 4.37
Xs = 37N, Zk: an <2kBT> EV (4.37)

It is important to note that as Ag and x, are elements of the SU(2) group,
they must satisfy the constraint [det(U2¢)=1]:

3(A0)7+3(xs) = 1. (4.38)
Moreover, bear in mind that N = —9F/0u [65], we can write down the electron
density n as
N 1 OF
S il 4.39
"TN. T TN ow (4.39)

such that the above relation provides the equation for hole doping (6 = 1 — n):

SC,s SC,s
ds = _ L E tanh El, L, ,
Ne < 2kpT |~ ou

which connects ds with the components A, and y, of the superconducting order
parameter.

Now, by taking the limit 7" — 0, we can rewrite the above set of self-consistent
equations for the ground-state of the s-wave pairing in the form:

AL / dgkaE,vasl
8_24J7T BZ 6As ’

_ 1 d2k8E}fC:5
N 24Jmw BZ 8XS

(4.40)

Xs , (4.41)
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and

1 8ESC,S
bg=—— | d’k—E—.

= o (4.42)

The above results, together with Eq. (4.10), allow us to determine the ground-state
energy per site for the s-wave pairing:

E® 1

3J 3Jx?
—=— AZ 4 22X
Nt 471' BZ

t e At

dPRE (4.43)

In advance of the mathematical set up for the (chiral) d,2_ 2 +idyy (= d1+idz)
pairing state, let us explain this choice for the honeycomb lattice. As elaborated
in Refs. [46,47,79-83] on the grounds of lattice symmetry arguments, numerical
calculations and functional renormalization group analysis, in both strong and
weak coupling regimes, the dominant pairing term on the honeycomb lattice will
be a mixture of d,2_,»— and d,,,— wave [between nearest neighbor singlet pairing]:

Ag = cos (0) A2, (k) £ isin (0) Ayy (k) (4.44)

in which, it was shown that: the minimum of the free energy happens for § = 7/3,;
the =+ signs are associated with the K and K’ points, respectively, by means of
the time-reversal symmetry, and the imaginary unit, 4, is constrained to the free
energy minimization (i.e., both d,2_,2 and dg, orders coexist).

Following the above prescription, let us apply the same mathematical routine
performed for the s-wave pairing in order to establish the self-consistent equations
for the chiral d-wave state. By doing so, for the d; + i¢do pairing state, the strong-
coupling-BCS free energy is given by

ESC,dl-‘ridQ 3JN X2
fdl-l—idg = —QkBTzk: In [2 cosh (k:QkBj—‘ + 4JNCA2 + TC — IV,
(4.45)
so that, at the stationary point of Fy, yiqd,:
(afglA—}-ZCb) _ 0 and (8?;14-7:6[2) — 07 (446)
Yol X A
we obtain the following set of strong-coupling-BCS self-consistent equations:
1 ESC,dl +ids 8ESC,d1+z'd2
Agitid, = —— ) tanh | =K ke : 4.47
d1+id2 4<]Nc ; an ( QkBT aAle,-idQ ( )
SC,d1+id SC,d1+id
2 E a1 2 8E »a1 2
iy = —— ) tanh [ =& k , 4.48
Xei+ids = 37N, Ek: ( 2kpT ) OXdy +idy (4.48)
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and with the help of Eq. (4.39) we find:

5 B 1 Zt . E:C’dl+id2 aE’fadl—i—idz
A A 2% 5T o

(4.49)

Now, by taking the limit 7" — 0, we obtain the following set of self-consistent
equations for the ground state of the chiral dy + ids-wave pairing:

A o 1 deaE;del-‘ridz‘
ditidz = 64J7T BZ

ODa,tidy
1 8ESC,d1+’L'd2

g = —— Pe—k 4.50
Xd1+ld2 8J7T /%Z axd1+id2 ( )

and SC,dy+id

1 OE, 1 T®
5= —/ dPPk—* (4.51)

87 Jpz o

Further, as Ay, +id, and X4, +id, are elements of the SU(2) group, they must satisfy
the condition [det(U¢) = 1]:

8A? +3x% = 1. (4.52)

The above results, together with Eq. (4.10), allow us to determine the ground-
state energy per site for the chiral d; + ids-wave pairing:

E'd1 +ido 1

2J 5 3Jx?
Nt i AT
BZ

koESC»dl +ida
k 5 4t

(4.53)

In Fig. 4.2(a) and (b), we show the pairing A and hopping x components of
the superconducting order parameter as a function of hole doping, ¢, for the chiral
dy + idy-wave superconducting state. In Fig. 4.2(a), it is worth noting that the
onset of the chiral di + ids-wave state occurs since nonzero doping values, with
the optimal doping around ¢ = 0.15. Further it should be noted that, beyond
the critical hole doping d. ~ 0.39, the chiral d; + ido-wave superconducting phase
disappears. Indeed, this finding is in good agreement with previous studies of the
critical percolation density p. = 0.42£0.01 for the honeycomb lattice [86]. In Fig.
4.2(b), notice that x is nonzero everywhere. However, the system is an insulator
at 6 = 0 (hopping is not allowed), which means that x = 1/v/3" (open circle) is
associated with the continuity condition in Eq. 4.52. It is interesting to remark
that x = 1/4/3 is in very good agreement with the maximum value (= 0.5760) of
the tight-binding hopping correlation evaluated using Eq. (3.18), as shown in Fig.
4.3. Also, x = 1/v/3" at § = .. This suggests that for the high-hole doped regime
d > 0. (open circle) the system is governed by the charge Hamiltonian Hy in Eq.
2.46, with the prediction of a sudden small decrease of the tight-binding hopping
correlation at § = ;.
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Figure 4.2: (a) Pairing A and (b) hopping x components of the superconducting
order parameter, at T = 0, as a function of doping § for the chiral dy + idy-wave
state, with J/t = 1/3. Inset: Illustration of the chiral dy + idy-wave state. Figure
taken from [87].
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Figure 4.3: Tight-binding correlation as a function of hole doping.

Critical Temperature

Here, our aim is to examine the superconducting critical temperature for both
the s-wave and the chiral d; + ido-wave states. Thus, let us initially impose the
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close gap condition [82]:

J a9 p
A2 Xkk T 5 T 0, (4.54)

such that, in the vicinity of the Van Hove singularity p ~ ¢, we obtain:

U

Xk€k = E . (455)

In the sequence, by performing an expansion of the excitation spectrum in Eq.
(4.10) for small A, we find that

3e
B¢ ~ TkaAk. (4.56)

Let us now estimate the superconducting critical temperature for the s-wave
state. Thus, by rewriting Eq. (4.29) in the convenient form:

3JN,
+

s\ 2 3JN, 2
Fscy = —kpT> In [(hwn)z + <E,fc’ ) ] oA S NeXT
kn

2 IU’N67

(4.57)

and minimizing with respect to A, i.e.,

3fscs>
’ =0, (4.58)
("ox=)

)

we obtain the following auxiliary result:

A

_ 2kpT 3 1 OERC

kn

In the sequence, we replace the sum over momenta by an integral around the Van
Hove singularity: N% Yo — % [ de, where p(t) ~ 2/7°t (lower estimate) is the
density of states close (above) to the Van Hove singularity (see pgs. 62 and 63).
By doing so, as well as by substituting Eqgs. (4.54)-(4.56) into Eq. (4.59), we find:

1 1

82t >
o =2mkpT. > , (4.60)
n=0

9U?

where we have imposed the limit on fAw, by subtracting off an identical term, with
hwn — hwy + J/T°, I'® = 3. cos (k - €;) is the form factor evaluated at the M
point. Keeping in mind that fuw, = (2n + 1) 7kgT?, we can rewrite Eq. (4.60) in

the form:
82t2 >

9U?

1 1
T — T 5 ] . (4.61)
n+g N+t g
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At this point, we use the identity of the digamma function v (z) [74]:

w(2)2—0—2<zin—1in>, (4.62)

where C' = 0.577 is the Euler constant. Therefore, Eq. (4.61) can be written as

Q22 1 J 1
—_— — —_— - - . 4-
9U2 v <2 + 27rkBTgrs) v (2) (4.63)

Further, by using the approximation 1 (z) ~ In(z) [74], we obtain:

242 -4(3)
&Tit = In ‘1672 , (4.64)
9U? 2rkpTsls
a simple rearrangement of the terms yields:
(v ] g 242
kpT? = € T Lo, (4.65)

2 I's

In an equivalent manner, the critical temperatures for the d; + ido-wave states
is given by

—¥(3) 242
¢ 5 : %e‘%uﬁ . (4.66)
T

We remark that the above estimates of the critical temperatures in Eqs. (4.65)
and (4.66) show a direct proportionality with the exchange constant J = 4t2/U.
Therefore, it suggests a scenario of superconductivity based on a purely electronic
mechanism.

kpTd =

Let us also mention that in a two-dimensional system, the Mermin-Wagner
theorem [88] asserts that there can be no real superconducting long-range order.
However, a Kosterlitz-Thouless transition (Tkr) is allowed (a topological transition
with power-law decay of the spin correlation function in the context of the XY
model), with kgTkr = 2J/7, where J denotes an exchange constant of the XY
model on a square lattice [89]. It is interesting to note that using U = 12t in Eq.
(4.66) we find kpT? ~ J/T.

We would like to address a new theoretical analysis of the critical temperature
for both superconducting phases right at the Van Hove singularity [this theoretical
investigation was performed after the presentation of the above contents to the
Thesis Committee].

In our first attempt in controlling the logarithmic divergence of the complete
elliptic integral of the first kind, F (6;k = 1), as depicted in Fig. 4.4, we set a
cutoff: J/t (energy scale) in the upper limit of the integration [see Eq. (4.92) and
a detailed derivation of its analytical form in Appendix C]:

#(Ln=n)= [F 2 (461
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0 0.5 1 1.5

0

Figure 4.4: Behavior of F (,k = 1) over the interval of integration in 6 [see Eq.
(4.92)]. Inset: Schematic representation of the cutoff (energy scale), J/t, control-
ling the logarithmic divergence.

Evaluating this integral [74], one obtains:

(2 1) e (2) - (2)] e

At this point, it is important to keep in mind that in the strong-coupling
regime: J/t < 1. This allows us to expand the two terms inside the bars, in Eq.
(4.68), such that, after a straightforward series expansion up to O (J/t), we end
up in the following compact form:

e(Le-1) -n(1+7) s

Thereby, the density of states - at the Van Hove singularity - reads [see Appendix
CJ:

p(s:t):%m <1+i>. (4.70)

Now, we can readily derive an analytical expression for the critical temperature,

T,, right at the Van Hove singularity with the aid of the above density of states
[Eq. (4.70)].

Next, we have used the same mathematical algorithm carried out from Eq.

(4.59) to Eq. (4.64) in order to rewrite the mathematical expression of T, in
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Egs. (4.65) and (4.66) for the s-wave and d; + ida-wave states (right at the Van
Hove singularity), respectively. By doing so, we reached the following closed-form
expressions:

v ]| g (
kpT® = 627: e (4.71)

for the s-wave superconducting order, and

v
kpTd = 627: ﬁe_TtJ, (4.72)

related to the d; + ida-wave superconducting state.

Finally, let us comment on two relevant aspects that rise up in this new the-
oretical analysis: (i) the above closed-form expressions also exhibit a direct link
between T, and the exchange constant .J = 4¢2/U, which means that our previous
conclusions remain valids; (ii) further, one should note that only the exponential
behavior was affect by the logarithmic divergence of density of states in comparison
with the preceding investigations [see Eqs. (4.65) and (4.66)]. Physically, these
new theoretical findings keep up with the suggestion that the mechanism which
governs the formation of the superconducting phases is purely of electronic origin.

4.2. Energetic Analysis of Superconducting and Magnetic Phases

In this section, we shall use the corresponding SU(2) gauge fields [55,78] to describe
the antiferromagnetic (AF), UAF, and ferromagnetic, UL, phases:

o’ «
(Mia) cos <617a) —(Njq) sin <01701) e Pia

U%‘I - . (6; iy g
(Tiq) sin <4’TO‘> elbia (njq) cos <7’TO‘)

, (4.73)

where M=AF, F, ¢;,, is an arbitrary azimuth angle due to the U(1) gauge freedom,
0;o is the polar angle between the z-axis and (n;,) is the average occupation at
the site ta (2o = A or 2 = B) [90] . In the antiferromagnetic ground state (AF),
the average occupancy at the sites the 1A and ¢B read:

n - (m;a)
ia) =2 : 4.74
(o) = 2+ 4 (4.74)
n  (m;p)
o) = 4.
(nap) = & — {%i8) (4.75)
where n denotes the electron density, and (m;4) = —(m;p) = m denotes the

magnitude of the sublattice magnetization. For the ferromagnetic phase (F) the
average occupation at the site 2 takes the form ((m;4) = (m;g) = m):
n om

(niap) =5+ 5 (4.76)
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We now apply the preceding formalism to the magnetic orders. Firstly, we
plug Eq. (4.73) into Eq. (4.5), as well as with the help of Egs. (2.28); (2.31);
(2.32) and (2.35), we obtain, after the same pretty long calculations, that the
electronic spectrum associated with the AF and F magnetic phases is given by (in
the momentum space):

J (1+m?
BAF = {[fk(1+m)]2+ (8m)+’;
2 1/2
J (1 —m?
—(&m)ek Z cos (2k - &;) ; (4.77)
j
J (1 +m?
EE - {[ek,(l—l—m)]2+ (8m)+’2‘
2y 1/2
J (1 2
—(4_8;”)6’“ S cos (2k - &) , (4.78)

J

respectively.
In addition, we also calculate the effective action for the AF and F phases:

B[ _
Sup = / dr |3 v} <87+E,;4F) U, + Ji\fc (14 m?) NCM]; (4.79)
0 L &

B[ .
Sp = / dr qujc (aT +E,§) Uy + JiVC (14+m?) —Ncu] ., (4.80)
0 L &

respectively.

In the sequence, we also evaluated the free energy related to the AF and F
phases (we have performed the same calculations routine of the superconducting
phases):

Far = —2kpT» In|2cosh Bie” —i—ﬂ(l—&-mz)—]\f ;
AF = B k %nT 1 cl;
(4.81)
Fr = —2kBTZln 2 cosh E’l: +ﬂ(1+m2) — Nep
- 2kgT 4 o
(4.82)
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respectively.
By minimizing these free energies, we find, at T = 0, the following self-
consistent equations for the magnetization of the AF and F orders:

1 OEAF
= | Pr—k—. 4.
1 OEAF
Sap = —— | d’k—k— 4.84
AF 8 / ou -’ ( )
and »
1 OF
=— | Pk—%. 4.
e 8J om’ (4.85)
1 OFEE
op = —— | d’k—E 4.86
F oy 5,u ) ( )
respectively.

The above results, along with Eqgs. (4.77) and (4.78), allow us to establish the
ground-state energy per site for the AF and F phases:

LA T + 2 (1+m?); (4.87)
Nt 472 [z, kgt ’ '
LA Y 2 (1+m?) (4.88)
Nt 4772 BZ k 4t ’ '

respectively.

Before proceeding to the energetic analysis of the magnetic and superconduct-
ing phases in the low and high hole-doped regime, let us consider the electronic
density of state in the non-interacting tight-binding case in order to build a phys-
ical picture of these doping levels. It is possible to derive an analytical expression
for the density of states per unit cell from Eq. (2.34). In fact, after a pretty long
calculation, we find that the density of states per unit cell for the non-interacting
tight-binding case has the form [91]:

p(e) = %F (g @) , (4.89)

in which ) )
1 2
zo =4 (xlel) =3 (e -1)°, for [e|<T, (4.90)
4]el, for 1<|e|<3,
. | |
41e for el<1
7 ! =0 1,91
! {(14—]8])2—}1(\5\2—1)2, for 1<|e]|<3, ( )
where .
2 do
F (fk) - /2 , (4.92)
2 0 +/1—k2sin?(0)
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Figure 4.5: The density of states per unit cell as a function of energy e (in
units of ¢) for the non-interacting tight-binding case. The origin of energy
has been chosen at the K points.

is the complete elliptic integral of the first kind. In Appendix C, we detailed the
derivation of the above analytical expression for the density of states per unit
cell. As shown in Fig. 4.3, the density of states close to the K points (the
neutrality point ¢ = 0) vanishes linearly, i.e., when ¢ < 1 the density of states
p(e) ~ 2le|/ (V/37); whereas it presents a logarithmically divergent Van Hove
singularity right at the M points (e = +t).

From the above perspective, we can now study the competition between the
superconducting and magnetic phases close to the K points (low hole doping) and
around the Van Hove singularity (high hole doping). Technically speaking, one can
realize that each self-consistent equation for a competing order is closely connected
with its respective electronic spectrum. Thus, by solving numerically these self-
consistent equations and performing a integration of the electronic structure in
Eqs. (4.43), (4.53), (4.87) and (4.88) over the first Brillouin zone, we can obtain
the ground-state energy for all competing phases.

Let us start the energetic analysis of the competing orders (at zero temper-
ature) in the low hole doping regime. Thus, after performing the procedure ex-
plained above, we find that the doped AF prevails in the low hole doping regime,
ie, p = —0.2t, for the parameter range 0 < J/t < 1 , as shown in Fig. 4.6.
We further indicate in the inset that the system is degenerated in the infinite-U
limit, J/t = 0, as expected [61]. (We would like to mention that in the infinite-U
limit there occurs the so-called Nagaoka phenomenon, which is dominated by the
one-hole doped ferromagnetic ground state [66,69].)

Doctoral Thesis - Department of Physics - UFPE



4.2 Energetic Analysis of Superconducting and Magnetic Phases 84

o9 dX:7v2+idn_ SC
A—A s-wave SC
v—v doped FM
=& doped AF

_2 L | L l L | ) | L
0 0.2 0.4 0.6 0.8 1

J/t

Figure 4.6: Ground-state energy per site as a function of J/t. Inset: Infinite-U
limit.

Next, we investigate the system in the high hole-doped regime. As shown in
Fig. 4.7, the energetic analysis displays a dominantly chiral d—wave supercon-
ducting order in the vicinity of the Van Hove singularity (VHS), i.e., u = —t, in
the parameter range 0 < J/t < 1. Indeed, this result is in agreement with pre-
vious theoretical studies in the weak-coupling [46] and strong-coupling [47,79-83]
regimes. We further indicate in the inset that the system is degenerated at U = oo
(i.e, J=0).

In Figs. 4.8(a) and 4.8(b), we plotted the electronic structure of the d,2_,
wave and d,-wave pairing symmetries, in which case one clearly sees the men-
tioned symmetries manifested. It is interesting to note that both lower and upper
bands collapse in flat bands (E; = 0) at T = T¢ for the respective symmetry.
In fact, flat bands may emerge in fermionic systems with a diverging density of
states [92].

2-
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Figure 4.7: Ground-state energy per site as a function of J/t in the vicinity of
the VHS. Inset: Infinite-U limit.
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Figure 4.8: Energy spectrum of the (a) d,2_,2-wave and (b) d,,-wave supercon-

ducting phases with J/t = 1/3 and u = —t. We also present the flat band, Fy = 0,
(red color) at T'= T for the respective symmetry.
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Figure 4.9: Energy spectrum along the lines connecting points of high symmetry:
(a) dy2_,2-wave and (b) dgy-wave superconducting phases with J/t = 1/3 and
u = —t. With the same color code of Fig. 4.8, we display the flat bands, Fi = 0,
(red color) at T'= T for the respective symmetry.

In addition, in Figs. 4.9 (a) and (b), we show the projections of the energy
spectrum along the lines connecting points of high symmetry of the honeycomb
lattice. These projections provide a transparent link with the behavior of the
dyy and dy2_ 2 superconducting order parameters over the first Brillouin zone,
depicted in Fig. 4.1. As expected, the strength of the superconducting order
parameters [Egs. (4.19) and (4.21) ] ruled the behavior of the energy spectrum
[Eq. (4.10)], i.e., in both symmetry cases the superconducting order parameters
assume their maximum values (in modulus) in the surrounding of the M points
[Figure 2.1 (b)], while they display their minimum values around the I' and K
points. Phenomenologically speaking, the spin-singlet pairing correlations acquire
their maximum strength (in modulus) around the M points, so that, one can
realize the formation of the superconducting state [this is a auxiliary perspective
in relation to the robust energetic analysis employed in the high hole doping regime
in Fig. 4.7]. Furthermore, the projections of the energy spectrum indicate that in
the surrounding of the K points there exit hopping electrons in the lattice (in this
region, the nearest-neighbor single particle hopping correlation governs the energy
scale).
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4.3. Néel-Chiral d-Wave Phase Separation

In this section, we provide evidence that a spatial phase separation takes place
between the two competing ground states, i.e., the doped AF order (low hole
doping) and the chiral d; + ida-wave superconducting state (high hole doping)
determined through an energetic analysis in the previous Section.

We now discuss the competition between the referred ground states through
a sound thermodynamic analysis. Thus, with the help of Eqgs. (4.83) and (4.84),
we analyze the behavior of the magnetization, m, as a function of doping, §,
for the AF phase, in Fig. 4.10(a). At half-filling (6 = 0), the magnetization
has its maximum value, when we dope the AF phase away from half filling, the
magnetization decreases rapidly and reaches zero at the critical hole concentration
dc ~ 0.15, which is in good agreement with preceding studies [22,26] mentioned
in Section 3.3. Further, in order to help the next explanation, we also present in
the insets, Figs. 4.10(b) and 4.10(c), the pairing and hopping components of the
superconducting order parameter, A and y, as a function of doping, 4, (see Fig.
4.2). Hence, notice that the position of the optimal doping for the chiral dy + ida-
wave superconducting state is around § = 0.16, and the breakdown of the doped
AF phase occurs for d, = 0.15. Indeed, these findings suggest that the two ground
states are in direct competition with each other; moreover, they also suggest that
the AF-SC transition is not continuous for U = 12¢, and the phases may coexist
in some interval of hole concentration.
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Figure 4.10: (a) Staggered magnetization as a function of doping at ¢t/J = 3 in
the self-consistent approach. Insets: (b) Pairing A and (c¢) hopping x components
of the superconducting order parameter as a function of doping.

In order to further understand the above-mentioned coexistence of phases, we
also analyze the chemical potential as a function of doping [93], p (0). Thus, with
the help of Eqgs. (4.50); (4.51); (4.83) and (4.84), we show chemical potential as
a function of doping in Fig. 4.11 for the doped AF phase (blue line with square)
and for the chiral d; + ido-wave superconducting state (magenta line with circle)
for t/J = 3. Further, we also compare the ground-state energies [see Egs. (4.53)
and (4.87)]:

Ed1+id2 EAF
Nt Nt

since it determines the range of absolute stability of each phase. Indeed, as shown
in the inset, the difference of energies AE becomes zero for u/t ~ —0.58, in
which case the system jumps from the doped AF order to the chiral dy + ido-
wave superconducting state through a first-order phase transition, which indicates
that there exists a window of forbidden doping, and, consequently, the necessity
of a Maxwell construction [black line connecting the two p—curves| in the phase
separation region (it can be shown in the canonical ensemble that this window of
forbidden doping corresponds to the wrong convexity of the energy and a negative
compressibility [62]). In fact, in this doped regime the energetic analysis [see Figs.
4.4 and 4.6] predicts unstable states (dashed blue line and dashed magenta line).
Lastly, notice that while in the AF phase (see Chapter 3) x is described by the
tight-binding result shown in Fig. 4.3, in the superconducting phase x is governed
by the SU(2) condition in Eq. (4.52).

AE = (4.93)
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Figure 4.11: Chemical potential as a function of doping for J/t = 1/3. The
black line indicates the phase separation regime (Maxwell construction). Inset:
Difference between the ground-state energies of the doped AF phase and the chiral
d—wave SC phases as a function of the chemical potential for J/t = 1/3.

By systematically employing the above careful examination of the chemical
potential as a function of doping for other values of J/t, we have constructed the
phase diagram of the doped strongly coupled Hubbard model on the honeycomb
lattice, as depicted in Fig. 4.12.

In this phase diagram, besides the stunningly spatial phase separation between
doped Néel phase (energetically stable in the low hole doping regime) and chiral
dy + ide-wave superconducting state (the dominant one in the high hole doping
sector); it is interesting to notice that seemingly the two phase separation lines
could meet at a quantum critical point by tunning the parameters ¢/U to high
values [i.e., by decreasing the Coulombian interaction].
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Figure 4.12: Phase diagram of the doped strongly coupled Hubbard model on
the honeycomb lattice. (left) Doped Néel phase and (right) chiral d; + ids-wave
superconducting state are spatially separated (PS). Insets: (left) Doped Néel phase
and (right) chiral d; +ida-wave superconducting state. The right cartoon was taken
from Ref. [87].

4.4. Final Remarks

We have presented a extensive study of the unconventional superconducting phases
on the honeycomb lattice, based on the effective low-energy Lagrangian density
derived in Section 2.3. Indeed, our approach has proved very useful to describe
both superconducting and magnetic orders in the low and high hole-doped regime.
Further, through an energetic analysis, we have demonstrated that the AF order
predominates in the low hole doping, while a dominantly chiral d; + ids-wave
superconducting state was found in the vicinity of the Van Hove singularity.

We would like to emphasize that our approach, based on SU(2) gauge fields, has
proved fundamental in warranting that the long-range order associated with the
chiral d-wave superconducting phase takes place only below the critical percolation
concentration of the honeycomb lattice.

In addition, by means of a thermodynamic analysis, we have shown that the
critical temperature for the superconducting states is directly related to the ex-
change constant J = 4¢2 /U, which indicates a scenario of superconductivity rested
on a purely electronic mechanism. Remarkably, we reported that the competition
between the AF order and the chiral d; + ids-wave superconducting phase takes
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place by the occurrence of a first-order transition accompanied by a spatial phase
separation of the mentioned phases.

In subsequent theoretical analysis of the role played by the Van Hove singularity
on the critical temperature of the superconducting phase, we also have found that
the exchange constant, J, is straightforward linked with the critical temperature,
so that, it remains our conclusion about the purely electronic mechanism mediating
the formation of the superconducting phases (the previous analysis was performed
in the vicinity of the Van Hove singularity).

Additionally, we have built the phase diagram which clearly displays that the
doped Néel and the chiral dy +ido-wave superconducting phases are spatially sepa-
rated. Moreover, these findings signal the tendency that the two phase separation
lines could meet at a quantum critical point for small values of the Coulombian
interaction. We would like to mention that the well-developed perturbative the-
ory has provided robust results in the strong-coupling regime. But, the preceding
comment about the possible existence of a quantum critical point in the phase
diagram is worthy of a special analytical/simulational treatment starting in the
weak-coupling limit, i.e., for small values of the Coulombian interaction, in order
to establish further evidence about the occurrence of this quantum critical point.
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5. Conclusions

In this work, we studied the magnetic and superconducting properties of the large-
U Hubbard model on the honeycomb lattice at half-filling and in the hole-doped
regime.

In Chapter 2, we reported in detail an analytical investigation of the large-U
Hubbard model on the honeycomb lattice. Our approach, based on field-theoretic
methods, has the advantage of allowing us to derive the Lagrangian density related
to the charge and spin degrees of freedom in a controllable scheme. As a result,
we diagonalized exactly the Hamiltonian associated with the charge degrees of
freedom only, in which case the electronic spectrum exhibits a charge Hubbard
gap separating the Dirac cones. In the strong-coupling regime, by performing a
perturbative expansion in the parameter ¢/U up to O (J =42 /U ), we were able
to derive a low-energy theory suitable to describe the (quantum) magnetic and
superconducting phases at half-filling and in the hole-doped regime.

In Chapter 3, at half-filling (quantum Heisenberg model), we have used second-
order spin-wave perturbation theory [O (1/5?)] to study the effect of quantum
spin fluctuations on the ground-state energy and staggered magnetization of the
AF order. The results are in very good agreement with previous numerical and
analytical investigations. Furthermore, in the continuum, we derived a nonlinear
o-model with a topological Hopf term that describes the AF-VBS competition,
although numerical studies of the Hubbard model indicate a continuous quantum
phase transition from a semi-metal (weak-coupling regime) to an AF phase (strong-
coupling regime). Finally, we stress that the most challenging aspect of our analysis
was the mapping of the hole-doped large-U Hubbard model onto a ¢-J Hamiltonian;
and the formulation of a controllable perturbative scheme to analyze the role played
by charge and spin quantum fluctuations on the breakdown of the hole-doped AF
phase. In fact, our findings for the doping-dependent ground-state energy and
staggered magnetization are quite consistent with recent GTPS numerical studies.

Finally, in Chapter 4, we extensively investigated the competition between the
superconducting and magnetic phases in the low and high hole doping regimes.
Through an energetic analysis based on a strong-coupling-BCS approach, we have
demonstrated that the AF order prevails in the low hole doping, while a domi-
nantly chiral d,2_,2 + id,, superconducting state was identified in the vicinity of
the Van Hove singularity. We would like to emphasize that our approach, based
on SU(2) gauge fields, has proved fundamental in warranting that the long-range
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order associated with the chiral dg2_,2 + idyy-wave superconducting phase takes
place only below the critical percolation concentration of the honeycomb lattice.
In addition, by means of a thermodynamic analysis, we have shown that the criti-
cal temperature for the superconducting states is directly related to the exchange
constant J = 4t?/U, which indicates a scenario of superconductivity rested on a
purely electronic mechanism. Remarkably, we have found that the competition
between the AF and the chiral d,2_,2 + idy, SC phases takes place by the occur-
rence of a first-order transition accompanied by a spatial phase separation of the
mentioned phases.

In afterward theoretical examinations, we have also found that the exchange
constant, J, is straightforward linked with the critical temperature, right at the
Van Hove singularity, so that, our previous conclusion about the purely electronic
mechanism mediating the formation of the superconducting phases hold. More-
over, we have also built the phase diagram which clearly exhibits a spatial phase
separation between the doped Neel and the chiral d 2_,» + id;,-wave supercon-
ducting phases. Besides, these findings indicate the likelihood that the two phase
separation lines could run into a quantum critical point for small values of the
Coulombian interaction. Let us mention that the well-developed perturbative the-
ory has yielded robust results in the strong-coupling regime. However, the previous
conclusion about the possible existence of a quantum critical point in the phase
diagram is worthy of a special analytical/simulational treatment beginning with
the weak-coupling limit, i.e., for small values of the Coulombian interaction, with
the purpose of providing further evidence about the occurrence of this quantum
critical point.
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A.Derivation of Eq. (3.12)

We begin with the effective low-energy Lagrangian density of the honeycomb Hub-
bard model in the large-U regime, up to O (J):

Zaaaﬁze (UjaaTUm) afoy —t Y [ (U Uz+ejﬂ)a_a

iao ijafo

8t [9(* Yol (aite, + i e)+Hc}

o,—0

XO{IO{i+é‘j + H.c] + 7 Z (U;a (‘%Uia)

tjao

-5 2 00 || (vhesea),,

tjafo

2

+ ‘ (UiTan—éjﬁ)M 1 alay. (A.1)

At half-filling, we have that (qﬁo\alai\qb()) =1 (n = 1), in which | ¢g) is the
unperturbed state, i.e., state with N electrons filling (totally) the lower-energy
sector (a band). As a consequence, charge degrees of freedom are frozen:

(¢ola]drasldo) = 05 (dolafaire; |do) = 0. (A.2)
Hence, by using the projector operator
Po =| ¢o) (o |, (A.3)

we can formally write the Lagrangian density, L, in terms of the spin degrees of
freedom as follows:

Ls =PoLPo =| ¢o){do|L]|¢o) (2o |, (A4)
such that, by inserting Eqs. (A.l) and (A.2) into Eq. (A.4), we obtain

b= Sto) (Vo) 3 3 o | (vhoiens), |+ | (Phtices),

tao z]a o

1

(A.5)
Let us now perform the Legendre transform:
Z 5 a U (0-Uia) yo + Ls: (A.6)
where Y
=0 ). A.
700~ (i), (A7)
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Substituting Eq. (A.5) into Eq. (A.6), we get the following Heisenberg-like Hamil-
tonian written in terms of the SU(2) gauge fields:

2y _g S 6(o) “ (UlUitess) ‘2 +| (UL.Ui-e,5) 2]. (A.8)

ijafo

oo

In order to write the above Hamiltonian in its standard form (in the spin
language); it is convenient to write the SU(2) gauge fields in the n-representation.
By doing so, let us use the following representation of SU(2) group: [59]:

cos Oia —sin i e~ %ia
e (%)
Uia = i <9§a)26i¢m o 2912&> , (A.9)

so that, after a straightforward calculation, one obtains the following diagonal
matrix elements:

;0 Oive,
(U;fanJréjg)w = cos (;) cos <+2]ﬂ>
. 0 o 3 . hs oA
sin (%) sin ( 2+636> e (¢’a (b”ejﬁ). (A.10)

2

Correspondingly,
2 1
‘ = 3 [cos (0iq) cos (9i+é].6)
+ sin (01-(1) sin (9i+éj5) COSs (¢ia - ¢i+éjg)] .(A.ll)

| (Vilives),,

At this stage, it is convenient to use the unit vector n;, in the form:
Mo = sin (0;q) [c0s (¢ia) T + sin (¢ia) Y] + cos (ia) 2, (A.12)
such that, the inner product reads:

Mo - Nite;3 = €08 (0i0) cos (0ire;p)
+sin (0;q) sin (0i4¢,8) cos (Pia — ditre,5) - (A.13)
Substituting Eq. (A.13) into Eq. (A.11) gives rise to
2 1
’ (UJan+éjﬂ) ‘ =3 (14 nia - mite,p) - (A.14)

Next, we plug Eq. (A.14) into Eq. (A.8), such that we find

oo

s J JNz
H = _g Z Mo - (ni+éj5 - néjﬁ) - ] ’ (A15)
ijaf
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where z is the coordination number (z = 3 for the honeycomb lattice). With
the purpose of bringing H?® to its standard form, we now use the auxiliary result:
Sia = N /2, so that, H® becomes

H = —J Z Sia - Site;p — hz Sia + hz Sire;p —

ijaf i 1j8

zNJ

(A.16)

It also should be noted the two additional Zeeman terms (h is the magnetic field)
which allow us to perform the calculation of the staggered magnetization.

In order to explicit the AF order, it is necessary to perform the following
transformation [61]:

ST ire,0
Sia = Si; Sive;p = _Sieréjﬁ? (A.17)
z
S'ioz’ _Siz+é]-57
such that, #® in Eq. (A.16) can be written as
Ho= —J> {(Sfa e — S%’asg—&-éjﬁ) = SiaSite;
tjaf
zNJ
—hD Siath) Siies— —g (A.18)
ia ij8
Next, we introduce the ladder operators [61]
St = 5% +48Y, (A.19)
such that
1 . . e
A (sigsitéj ot SiSive, s+ SiaSiie s T SiaSive, 5) - (A.20)
and
1/ _ _
SiaSire,s = 2 (SiaSiJréjﬁ — Si0Sive;s — SiaSive,p t Sitysitrém) ;o (A2
Substituting Egs. (A.20) and (A.21) into Eq. (A.18) leads to
1 — e
H = —J Z [2 (Sz'zsitréjﬁ +SiaSi+éj5) — Sia inré]ﬂ]
ijaf
zNJ
—h> Si +h Y Siies— = (A.22)
ia ij8

At this point, we apply the Holstein-Primakoff transformation [61]:
Si, = —ala; + S;

i

5’;’; =14/25 — azai a;;
Sia = al\/25 —ala; (A.23)
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for an up-spin on A site of sublattice A, and
Sf+é'/3 bz+e bz+éj -5
H_e 5= \/25 Dive; bz+éj;
z+e B = 7,+e \/25 z+e bite; ‘, (A.24)

for a neighboring down-spin of sublattice B; the bosonic creation and annihilation
operators a; and a; obey the commutation relations: [ai,al,}zéii: and [bj,b;,]zéjj/

With the purpose of performing a second-order spin-wave analysis [64], it is
important to evaluate the following terms:

a;bite; bLFéj bive;
45

S;S;-eﬁ = 28 aibi+éj_

T
aiaiaibi_,_éj a,; azazszre] bH— bz+éj

A2
45 + 1652 ’ (A.25)
and
_ J[ + zb1,+e bl+ej bi—&—e
SzoeSz—I—e B = 25 zbz-i-e - 48
7(1 a; aszJre N aTaTasz_e bHerHe (4.26)
45 1652 ' '
By inserting Eqgs. (A.25) and (A.26) into Eq. (A.22), H® takes the form:
s —JZ {[57 =5 (alas + 6L, bise, ) +alaitl o bive, | +5 (aibine, +albl,,
1 f f i f
-1 (ainéijéijeJ + albwe bz+ejbl+e + a;a;a:bite; + a a; asze )
1
T (J aiaibiye,b),o bite, +alalaibl, ; biye,b] +éj)

JNz

—hZa a,+h2bz+e ive; + hSN —

Clearly, one recognizes that due to the form of H® in Eq. (A.27) the steps to
turn H® into the k-space are pretty long! Then, it is appropriated to write H?® as:

H® = Ho+ Hi + Ho, (A.28)
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in which
JS? JN
Ho = _Z 5 + hSN — TZ, (it contains only constants terms)  (A.29)
J
= = Z {— (a Laq + bzJre bHéj) +S (ainéj + aIeréj)] — hZaIai
+h2bz+e it (A.30)

with just quadratic terms (notice that there are anomalous terms), and
_ ——Z [ - ( HeﬂbLe bive, +ajbj+e bz+ebe o +ala;abiie, + ala) a,bj+e )

1
alaibhéjbﬁéj + 165 (alaiaibﬂéjbhéjb“éj + aialaz%e bite; bz+e )] , (A31)

where it includes both quartic and sextic terms.
In the sequence, we focus on H; in Eq. (A.30). Thus, by introducing the
Fourier transformation:

1 .
Oko = \/]Tc‘ Z €Zk.zaio;
1 —zk
by = N ; Ibjo, (A.32)

we find that H; in k-space takes the form:
J
H1 = 5 Z [zS (aLak + b};bk) + 257k <aT_kbL + a,kbkﬂ
k
> (ahar — blbe) (A.33)
k
in which the lattice structure factor v reads:

_1 ike; _ 1| ik ik V3'ky
Vi = ; Z oA — + 2e” 3 cos (2 . (A.34)
J

It should be noted that the anomalous terms, a ka and a_gbg, persist. So,
we perform a Bogoliubov transformation:

ay, = cosh (0g) ag — sinh (0) ﬁ;;
b, = — sinh (0g) a}; — cosh (0k) B, (A.35)
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Inserting Eq. (A.35) into Eq. (A.33), after a pretty long calculation, H; can
be expressed in terms of the Bogoliubov quasiparticles:

J .
Hi = 5 zk: {ZS [cosh2 (Ok) (oz;rcozk + 5Lﬁk> + sinh (0 ) cosh (0) (aLaT_k + gk

B84 — BoBe ) +sinh? (0) (@ kel + 5480, )| + ZS% [cosh? (6) x
(ol yal +a ko = 81,8l — BBk ) + cosh (64) sinh (6) (o yon +a_al
+al B+ awBl, + anal + alak — anBl + ol Bl + 8T Lok + Bral +
BB+ BwBly, = Bual + Blaw + B8] + BL6k) - cosh® (k) (al 5] + a-nB
— 8t gl = Bopan) +sinb® (0) (omal , + ol — GuBp + 8161, ) + sind® (04)
% (B +al Bty — Brac+ Blal )|} = 23 [cosh® (0k) (afek + 515k )

v
+sinh® (6x) (a—koﬁ_k + /B—k/BT_k> + sinh (k) cosh (0k) (OZLOZT_k +a g, — B8,
—B-kBr)] - (A.36)

In order to diagonalized the above Hamiltonian we now choose 6 so that terms
like aLak and ,B,];ﬁk do not vanish. These lead to the following conditions:

sinh (26g) + & cosh (260y) = 0; (A.37)

and
sinh? (0,) 4 cosh? (6,) = sinh (6y,) cosh (6y) = 0. (A.38)

Substituting Eqgs. (A.37) and (A.38) into Eq. (A.36), we obtain the following

clean expression

— ZSTJ Z { [cosh (20) + vk sinh (26g)] (oz;coak + ﬁ;iﬁk) + 2sinh? (6,)
k
+7g sinh (20k)} — h Z [cosh (26) (oz;cak + ﬁ,tﬁk> + 2sinh? (Gk)} )
* (A.39)
Next, it convenient to write
cosh (20g) + vk sinh (20 ) = wg, (A.40)
as well as Eq. (A.37) in a slightly different form:

tanh (0g) = — k. (A.41)
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such that after a straightforward algebra, one finds

WE = \/ 1- 7]3 ) (A42)
1+4cos <3l2fm> Ccos (\/ik@) + 4 cos? <\/§ky>] . (A.43)

Then, a slightly rearrangement of the terms yields the resulting diagonalized
Hamiltonian H;:

SJ
R | (e R (e EE e
Oz;rcozk ﬁkﬁk

! 1
\/l—vk \/1—% \/1—%%

Its contribution for the ground-state energy is given by

with

2—7
’Yk—g

(A.44)

SJ 1
elk:22<./1—yg—1>—h — 1. (A.45)
£/1— ’y,%
We now proceed to analyze the quartic terms of Ho:
= -9 Z |: n (az z+e7bz+ bz-&-e] + aibz_,_é bz-l—e] bH_é +a; azazbz-i-e + a a; azb1+e )

a;fa,bz re, bHéj] , (A.46)

in which case we shall find for terms that are diagonal in the k-space. By doing
so, let us apply the Fourier transform to the above equation, such that

zJ 1
Hy = 3N [aiakbz,bk/ . ('y}iakbkb;;,b /4 agbl by, b
kK
x 1 ) tala b A .47
V! Ch Wkl Ogr + V! Qg g Qg Ogr ) | - (A-47)

Let us pursue by employing the Bogoliubov transformation in Eq. (A.35) to
each term of the above Hamiltonian. Hence, each reads:
a;rcakb;fc, by = [cosh2 (Ok) a};ak + cosh (6 sinh (6g) a};ﬁ;rc + sinh (6 ) cosh (0) Srak
+ sinh? (6, Bkﬁ,z] [sinh2 (6,) ak/a}; — sinh (0, ) cosh (0,/) cs By

—sinh (0,/) cosh (6,,) /BL/QL, + cosh? (6,/) BZ, 5k,} : (A.48)
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akbkb};, by = [— cosh (0g) sinh (0g) aka}; + cosh? (Ok) oS — sinh? () Bka};
+sinh (6)) cosh (64) BBk | [sinh? (6) ayraf, — sinh (8,) cosh (6) e By
— cosh (Ok/) sinh (Gk/) 5,];/04;2/ + cosh? (Hk/) BL, Bk/] ; (A.49)
albbdl, = [_ cosh (6x,) sinh (6x) o,k + cosh? (0g) o}, 81, — sinh? (6x,) Beauk
+ sinh () cosh (0k) ﬂkﬁ’q [sinh2 (6,) O‘L’ oy, — sinh (0, ) cosh (0,/) a ,B
— cosh (6,,) sinh (6,) B oy + cosh? (6,/) By BL,] : (A.50)
a;caka};, by = [cosh2 (Ok) oe};ak + cosh (0 ) sinh (6) aLB,L + sinh (0g) cosh (0 ) Bro

sinh? () 5’“5’:} [— cosh (6,,) sinh (6,,) ak/oj + cosh (6,) cosh (6,) a By
— sinh (Hk/) sinh (Gk/) B;L’O‘k:’ + sinh (Ok/) cosh (Hk/) ﬁk, Bk/} ) (A.51)
finally,

aLa};ak/ by = [cosh2 (Ok) oe};a}; + cosh (0 ) sinh (6) aLBk + sinh (0 ) cosh (k) ﬁkaL

sinh? () BrBr) [— cosh (6,,) sinh (6,,) Ozk/aT + cosh (6,) cosh (6,) ays By
— sinh (Hk/) sinh (Hk/) B;L’O‘k’ + sinh (Ok/) cosh (Gk/) ﬁk, Bk/} . (A.52)

We now substitute Eqgs. (A.48), (A.49), (A.50), (A.51) and (A.52) into Eq.
(A.47); after a pretty long calculation together with a careful analysis, the relevant
terms of Ho which contribute to the ground-state energy are

Hy = —% {sinh2 (6k) sinh? (0,/) — w;’ [—2sinh? (6,/) sinh (6) cosh (6%)
kK’

—2sinh? (6),) cosh (6) sinh (6,/)] — | v |2 [— cosh (6,,) sinh () cosh (6,)
x sinh (/) — sinh () cosh () sinh (6,,) cosh (6,)] _ 2 Z akakﬂk,ﬁk/.

kK’
(A.53)
A slightly rearrangement of the terms yields:
J 5 | 29
B z . 19 Ve | . z
Hy = TN {Z [smh (Ok) + ) sinh (29k)] } Zakakﬁk,ﬁk/
k kK’
(A.54)
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With the help of Eq. (A.41), we find that the energetic contribution of Ha reads:

€op = —% !Z (m - 1)] 2. (A.55)

k

Therefore, by adding Eqs. (A.29), (A.44) and (A.54), the resulting diagonalized
Hamiltonian up to O (1 / 5’2), in k-space, takes the form:

H;";:—ZSZJN+hSN+zSJZ [(w/l—yi —1)
k
2
+/1 -3 (aLaHﬁ,LBk)] —% Z(x/l—v,% —1>]
k

_hz 1 1 +ozLozk+BLBk _z{gN
e L\ V1=
2zJ
_W ZOCLO%B;L,,@]‘,/. (A56)
kK’

Finally, by adding Eqs. (A.29), (A.45) and (A.55), the ground-state energy per
site in the presence of a magnetic field, in the thermodynamic limit, becomes:

Ey,  2S8%J z8J 2 / 5
zJ 2 h 1 zJ
—_— k(4 /1=-72 —1 - — k| —— -1 === (A
32r4 [/BZ ( Tk )] Ar? Jpg ( 1— A2 ) 8 (A.57)
k
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B.Derivation of Eq. (4.10)

We begin by writing the Hamiltonian of the Hubbard model on the honeycomb
lattice, with the chemical potential u, in the form:

H=—t 3 (ehantise + Saylino) +U D Riatitia) = 1Y (iat + fiay) - (B.1)
ijafo (7o (2"

Now, by performing the same calculation routine of Chapter 2, we summarize

the main equations of which were altered due to the inclusion of the chemical

potential and that are necessaries to analyze the doped regime. Hence, the La-
grangian density reads:

E(T) = Z azaa (87' - ,u) Qiao + Z a;[gf(Uia)zfoaf(Uia)a’aaioaa

ioo taoo’
—t Z (alaaajﬁg + HC) —t Z [a’zaa’ (U':raUJﬁ - 1) oo QjBo
ijofo ijafoo’
U
+H.c] + 5 Z(l - pma)alao_amg. (B.2)

iao

For simplicity, let us decompose the above equation in two parts:

Lo = Z a;[ow (O0r — 1) Gjne — T Z (aiaaajﬁo + H.C.)

iafo ijafBo
U
+ o Z(l - piag)alwaiam (B.3)
oo
and
En - Z aaIO&O"(Uia)l’a‘aT(U’ia)O"UaiOco‘
taoo’
—t Z [aiagl (U,;rang — 1) . Qg + H.C.} . (B.4)
ijaBoo’ a9

The Hamiltonian associated with Lo, in Eq.(B.3), takes the form:

U
Ho = —t Z (aiwajgg + H.c.) + 3 Z(l — pma)azwamg — “Z a;[ao_amo.
ijafo tao tao
(B.5)
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Moreover, in k-space, Ho:

Ho=Y K—Ek + U;”) oy Otk + <E;c + U;“) ﬁfwﬁko} : (B.6)

ko
where
uk—\/lg 1+|;IZ| and v:\/li —|;’Z|, (B.7)
with
Ey, = ei+(U;“)2, (B.8)
and ‘
€k t\JS+QCOS(ﬁky)+4cos <3]2%> cos (@@) . (B.9)

Notice that at half-filling the chemical potential y = 0.
In the strong-coupling regime, the Hamiltonian Hg in Eq. (B.5) becomes:

Ho = _(J_M)Zajai+(J+M)Z/82/Bi_gz(a;rai+éj

]

~BlBire, +He) + U BB (B.10)
i
Correspondingly, the Lagrangian density related to the above equation reads:

J
_ ot 4 T , T, 2 T s
Lo = oj0ra; — (005 — (J — ) Zaial ~ 3 Z <aiaz+ej
i ]
—BlBire, +H.c.) + U+ T+ Bi6i (B.11)

Therefore, we find that the effective low-energy Lagrangian of the honeycomb
Hubbard model in the large-U limit, up to J order, is given by

L = Z;Oél (0r — 1) o + ZQ(U) (Uza(?TUiOé)M 041041' — g Z (o)

oo ijaBo
“ (ULUisres) 2, | (U Uiess) 2] afa; + é > (UhorUia)
ijao ’

[0(0)@1 (Oéj+éj + ai_e;) +0(—0) (aL_éj + O‘I_éj) ai} —t Z [0(o0)

ijafBo

(UUe), aloses, +Hic]. (B.12)
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Derivation of Eq. (4.10) 111

Further, by performing the Legendre transform:

Z a a hi + L, (B.13)
where o
_ gt
e hi, (B.14)

we can write down the corresponding Hamiltonian as:

ZQ(U) (U;raaTUm> (1 B hTh ) ) Z blo “ (UJ@Ui+éj’B>UU

[1e%e 'l,ja o

2

+| (U Uies) | } (1-nlns) + é > (ULoTia)  [0(0)0] (hire,
ijao ’
thie,) +He] -t > [0(0) (UjaUHéjﬁ)g_U
ijafo ’
hihive, + H.c.} > (1 - h;fhi) . (B.15)

Let us now introduce the SU(2)-matrix, U;C, in the form :

Usc_ [ Z Xé; —ZjAéj ]
Z AeJ Zj Xé; 7

where Ag; is the nearest-neighbor spin-singlet pairing correlation and xe; is the
nearest-neighbor single-particle hopping correlation.

In the sequence, we explicit the elements of the matrix product that appears
in Eq.(B.15), for instance, for the diagonal and off-diagonal terms:

(B.16)

(U;raUz‘Jréjﬁ)M = (xe, + Ae;) (B.17)
J

(UiTaUHéj,B)U L= Z 2x¢e; D, (B.18)
' J

Now, by inserting the Eq. (B.17) and (B.18) into Eq. (B.15), we obtain that
the Hamiltonian, H, in k-space, assumes the form:

— ——Z{ ¢+ AL wg)? bbk—f—Hc}——Z\AeJ (1—aLak)

— 92 Z Xeé; [(Az + Ay}) wkakbk +H.c. } ,uz (1 — akak) (B.19)
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where we defined:

Af = Z Ag, cos (k- €5), (B.20)
J
R=iY Agsin(k-é)), (B.21)
J
and
Wy = Zexp (ik - €;). (B.22)

J
At this stage, let us introduce the new set of fields:

a Wi
A= L Wk g (B.23)
V2 V2 wy|
ag Wi
N (

So that, by placing the Egs. (B.23) and (B.24) into Eq. (B.19), we get

J [wi|* [(A@%(A;)ﬂ Thoe2v2 Ty A€ |2
k"X XA | W
Ho= D | —axwdf - _ 4| 2 2ky | _% Al
k
Twsl? |(A)° + (83 Jlwe*xi  JxeAL|wg|? _
+ |€eXkAE + 1 . : +2 i By
[ Tl [AD2 (A2 Jlenx? A lonl? ]
+ | eXxrAy, + L 1 |w| Xk  JXk k\wk\ n I B;LAk
4 4 9 5
Tl [A07 + 0] JunPrd  Jalclun
X Xk Ay [k 2 t
Bk ] Lok kR _ Bl BB
+ | €eXEAE 1 1 + 5 5 N
(B.25)

with e = tlwg|.
Let us introduce the Bogoliubov transformation:

A = ugpog — vfr, B = vgog + ug B, (B.26)

restricted to the canonical constraint (ug)? + (vg)? = 1. Furthermore, it is conve-
nient to use the Nambu spinor representation [36]

U = < ;: > : (B.27)
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such that, by plugging the Egs. (B.26) and (B.27) into Eq. (B.25), after a pretty
long calculation, we obtain:

. 3JN.\2 JNAZ
_ T ;SC X €j
H = §k VLB W+ T 2 —— — New, (B.28)
J
with so
~ —F 0
SC k
EJ° = ( 0" g > (B.29)

and E,fc, that defines the band spectrum of the superconducting phases, is given
by

1/2
J J ?
EJC =< |enxule + —5 Xierh — g aXxkArek |+ (exxkAk) )

4t 2 4t

(B.30)
in which
Ay = Z Ag, cos (k- €;), (B.31)
J
Xk =Y Xe, cos (k- &) (B.32)

J
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C.Tight-Binding Density of States

The non-interacting density of states per unit cell p (¢) is defined by

L)

S

in the thermodynamic limit, Eq. C.1 can be written in the convenient form:

1 2m 2w '
p(e):Z/ dm/ dyd [s\/3+2cos(x)+2008(y)+2cos(x+y) —5],
47T2 —tJ0 0

(C.2)

where we have used the tight-binding spectrum:

kg k
€ =ty|3+2cos (V3k,) + 4cos <3> cos <\/§y>

: . (C.3)

We now proceed by calculating the number of frequencies whose squared-values
lie between €2 and €2 + de?, i.e., we search the frequency distribution g (52) de?,
such that p(¢) =2 | e | g (¢?). We thus have

1 s ™
g (62) = 2/ d9/ & [1+ 4cos (26) cos (@) + 4 cos® (26) — 52] , (C.4)
™ Jo 0
in which we employed the substitutions:
x=20+¢; y=20-—0, (C.5)
where 0 < 0 and ¢ < w. Moreover, upon using the following substitutions:
u=-cos(20); wv=-cos(p), (C.6)

we can rewrite Eq. (C.4) in the form:

2 rl 1 5(1+4uv—|—4u2 —52)
Hh==1[ d d . .
g(g) w2 /1 u/1 v 2vV1 — w2 V1 — 0?2 (C.7)

At this stage, we define:

L5 (14 duv + 4u? — €2
7T (u,&?) :/1 dv ( Vi ), (C.8)
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and applying the substitution z = u (u + v), we can write down Eq. (C.8) as:

u(utl) sgn (u) (14 4z — €?)
7 (u,e?) = dz & . C.9
( 8) /u(ul) \/(z—u(u—l))(u(u—i-l)—l) (C9)
The integral in Eq. (C.9) is of form:
b
7- / £(2)6[p ()] dz. (C.10)

It can be calculated by defining w = p(z) and the solution z = ¢ (w), such that
dz = ¢ (w)dw in which ¢ (w) = dq(w) /dw [94]. Thus, by using the following
property of Dirac delta function:

B or o
/ f(w)a(w)dw:{ F(0), for B <0, (C.11)

0, otherwise,

we get
I:{ fla(@]q (0), p(a)p(b) <0, (C.12)

0, otherwise.
In order to relate the above result to the integral in Eq.(C.9), we write down:

1

f(z)= CERIEDR (C.13)
with ( ot
u(u—1), for u>0,
a:{ u(u+1), for u <0, (C14)
and ( '
u(u+1), for u>0,
b:{ u(u—1), for u<0, (C.15)
as well as )
sy =021 -
and
p(z) =144z — €2 (C.17)

Thus, by substituting Eqs. (C.13) (C.14), (C.15), (C.16) and (C.17) into Eq.
(C.9), we obtain:

I:{ . [q(0) —a][b—q(0)] >0

44/[9(0)—a][b—q(0)] ’ (C.18)
0, otherwise.

In the sequence, we define ¢ = u?, so that [¢(0) —a][b— ¢ (0)] we can be
written as ({4 — &) (€~ — &), where

(&1=1)?

1 (C.19)

£+ =
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At this point, to evaluate g (52), it is important to use the following identity
[74]:

B dx B 2 m a(f—7)
[ so—avaw=a" /3<a_7>F(2’ B(a—7)>’ (€20

in which @« > >~y > 0 and F (7/2, k) is the complete elliptical integral of the first
kind. Thus, for | £ |[< 1, we have 1 > &, > ¢ > 0, while we have £ > 1> ¢ >0,
when 1 <| ¢ |< 3.

Now, let us take Zy = 45 (a — ) and Z; = 4a (8 — 7y), such that substituting
Egs. (C.18) and (C.20) into Eq. (C.7) yields:

g9(&%) = WZ\}ZIF <72T \/Z) : (C.21)
ple) = w;;'j'ZTF <72T @) : (C.22)

2 2
Zo = (I+ e = % (\ e |? —1) , for |el|<1, (C.23)
4|el, for 1<|e]|<3,

Correspondingly,

in which

and e | e |
4| e for cl<1
7 = ’ - C.24
! {(1+rs|>2—i(|e|2—1)2, for 1<|z|<3, (C24)
with .
T 2 do
F(Z K :/ . C.25
(2 ) 0 1 — k2sin? (9) ( )
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