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Abstract

In this work, using variational methods we have investigated the existence of solutions for
some Hénon type equations, which are characterized by the presence of the weight |z|* in
the nonlinearity with a > 0. When we are working in the radial context, this characteristic
modifies the critical growth of the nonlinearities in some senses. This fact allows us to
study some well-known problems under new perspectives. For this purpose, we have
considered three different classes of problems with critical nonlinearity which presents
the weight of Hénon. Firstly, we have studied the class of problem with a Trudinger-
Moser nonlinearity in critical range in R?. In the subcritical case, there was no difference
if we have looked for weak solutions in Hg(By) or in Hjq(B1). Nevertheless, in the
critical case we have needed to adapt some hypotheses when we have changed the space
where we were seeking the solutions. For the second problem, we have kept working
with exponential nonlinearity in R?, but we were treating an Ambrosseti-Prodi problem
for which we have searched two weak solutions. In the subcritical case, analogously to
first problem, the radially symmetric solutions were obtained as the solutions in H}(By),
what have not happened in the critical case. Thus, again some assumptions have had to
depend on the context where we were searching for the solutions. Lastly, we have studied
a natural version of the second problem with the nonlinearity involving critical Sobolev
growth in RV(N > 3). In this last problem, we have searched the existence of solutions
only in the radial critical case because the others cases were almost identical to problems

with nonlinearities without the weight of Hénon.

Keywords: Partial differential equations. Hénon type equations. Nonlinearity in critical

growth range. Variational methods.



Resumo

Neste trabalho, utilizando métodos variacionais investigamos a existéncia de solugoes
para algumas equagoes do tipo Hénon, que sao caracterizadas pela presenca do peso
|z|* na nao-linearidade com « > 0. Quando estamos trabalhando no contexto radial, essa
caracteristica modifica o crescimento critico das nao-linearidades em alguns sentidos. Este
fato nos permite estudar problemas bem conhecidos sob novas perspectivas. Com este
proposito, consideramos trés classes diferentes de problemas com uma nao-linearidade
que apresenta o peso de Hénon. Em primeiro lugar, estudamos a classe de problema
envolvendo uma nao-linearidade do tipo Trudinger-Moser com imagem critica em R?. No
caso subcritico, nao houve diferenca se procuramos solugoes fracas em Hj(B;) ou em
H&,rad<B1)‘ No entanto, no caso critico, precisamos adaptar algumas hipdéteses quando
mudamos o espago onde buscavamos as solucoes. Para o segundo problema, continuamos
trabalhando com uma nao-linearidade exponencial em R?, mas desta vez tratando de
um problema do tipo Ambrosseti-Prodi para o qual buscamos duas solugoes fracas. No
caso subcritico, analogamente ao primeiro problema, as solucoes radialmente simétricas
foram obtidas do mesmo modo das solugoes em H{(Bj), o que nido aconteceu no caso
critico. Assim, algumas hipdétese novamente tiveram que depender do contexto em que
buscavamos as solugoes. Por fim, estudamos uma versao natural do segundo problema
com a nao-linearidade envolvendo o crescimento critico do tipo Sobolev em RY (N > 3).
Neste ultimo problema, pesquisamos a existéncia apenas de solugoes radiais no caso critico
porque os outros casos eram quase idénticos a problemas com nao-linearidades sem o peso

de Hénon.

Palavras-chave: Equacoes diferenciais parciais. Equacoes tipo Hénon. Nao-linearidades

com imagem critica. Métodos variacionais.
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SYMBOL LIST

C, Ci, Cy, ... Positive constants.

RN N-dimensional Euclidian space, where = = (1, ...., ),

r,eRi=1,...,n.

|| Vi 4+

Br(x) = B(x, R) Open ball of Euclidian space RY centered at z with
radius R > 0, i.e. , Br(z) = {y € R"; |z — y| < R}.

Br Open ball of Euclidian space RY centered at origin.

Bgr(z) = B(x, R) Closet ball of Euclidian space RY centered at x with
radius R > 0, i.e. , Br(z) = {y € R"; |z —y| < R}.

Bgr Closet ball of Euclidian space RY centered at origin.

OBg(x) Circumference of R" centered at x with radius R > 0, i.e.,

OBr(z) ={y € R"; |y — x| = R}.

uy () max{u(x),0}.
suppu The closure of {z in domain of u;u(x) # 0}.
gu = Uy, i" partial derivative of function u.
T
0 0
Vu The vector (8_;1’ cey ﬁ) .
N
o2
Au u

3
i=1 Oz;



u(z) = O(g(x)) xlgl;lg ()] < (C for C' > 0.

C>(Q) The set of C"*™°-function with compact support.

Li(Q) {u:Q—=R,; /Q |u|! < co}.

L .(Q) The set of functions which are integrables on every
compact subset of its domain of definition.

L) {u:Q — R;supess|u| < co}.

Co(Q) The set of continuous functions in 2.

C*(Q) The set of functions in © which has continuos partial
derivative in €2 of order less than or equal to k .

C>(Q) The set of functions in © which has continuos partial
derivative in Q of all orders k& € N.

WHkP(Q) Space of functiosn weakly k-differenciable and p-integrable.

wer The closure of C>(£2) in W"?(Q).

H; (©) Wy™(9).

Hj 10 () The set of radially symmetric functions which belong to Hg ().



H+ The orthogonal subspace to space H.

Heo H+ Direct sum of subspaces H and H* .

dim F Dimention of vectorial espace E.

Up — U The sequence (u,) converges to u.

Up — U The sequence (u,) converges weakly to u.
e! = exp(t) Exponential function.

O(N) Space of rotations in RY.
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1 Introduction

This work has as main theme the study of Hénon type Problems with nonlinearity in
critical range. The Hénon equations arose in 1973, when M. Hénon [33], using the
concentric shell model in order to investigate numerically the stability of spherical stellar

system steady state with respect to spherical disturbances, studied the following problem

Au= |z|*v?"!, and w >0 in By;

u= 0 on 0By,

(1)

where B is the unit ball centered at the origin in RY(N > 3), p > 1 and the power « is
positive (HENON, 1973).

Since H{(B;) is compactly embedded in LI(B;) for 1 < ¢ < 2* = 2N/(N — 2),
we can use standard arguments of Nonlinear Analysis in the search of solution for .
However it is known that the presence of the weight |z|* modifies, in some sense, the
global homogeneity properties of the equation. Indeed, for instance, we notice that the
usual arguments based on the Pohozaev identity yield that Problem has no solution
if p>2f =2(N+a)/(N —2) (see [27, B0](FIGUEIREDO; LION, 1982; FIGUEIREDO
et al, 2008)).

Still on these topics, W. Ni [41] used the power-like decay away from the origin
of radially symmetric functions of Hj(B;) (Strauss Lemma [3, 54] AMBROSETTT;
MALCHIODI, 2007; STRAUSS, 1977) together with the weight |z|* in order to prove
the compactness of the embedding Hj,,4(B1) in LI(By, |z]*) for any 1 < ¢ < 2. Due
to this fact, he obtained via the Mountain—Pass argument that admits at least one
radially symmetric solution for every 2 < p < 2% (NI, 1982).

Although the initial study of this kind of equation is only numerical, the paper
of W. Ni motivated subsequent researches which showed that the above problem

exhibits very rich features from the functional-analytic point of view, see for example

7, B, I3, 17, I8, 19, B30, 35, 86, B7, 43, K0, K1, 53, (6](BADIALE; SERRA, 2004;
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BARUELLO; SECCHI, 2008; BONHEURE et al, 2008; CALANCHI; TERRANEOQO, 2005;
CARRIAO et al, 2009; CHEN, 2000; FIGUEIREDO et al, 2008; LONG; YANG, 2012;
LONG; YANG, 2010; LI; PENG, 2009; PENG, 2006; SECCHI; SERRA, 2006; SERRA,
2005; SMETS et al, 2002; TARSI; 2008).

In particular, various questions that arise quite naturally concerning existence,
multiplicity and qualitative properties of solutions have given the Hénon type equation
the role of a very interesting item in nonlinear analysis and critical point theory.

Considering, more specifically, the existence of solution for Hénon equations, we can
emphasize that D. Smets, J. Su and M. Willem [53] proved that for any p € (2,2*) if
N > 3 and for all p € (2,00) if N = 2, there exists at least a non-radial solution of the
Hénon problem provided that « is large enough. From this fact together with the result
of W. Ni mentioned above, we can conclude that admits the coexistence of radial and
non-radial positive solutions for N > 3 and larger o (SMETS et al, 2002). In [51], E.
Serra showed that also possesses a non-radial solution for N > 3 and p critical, that
is, p = 2* (SERRA, 2006). In this direction, considering the critical Sobolev exponent,
W. Long and J. Yang [36] showed the existence of a positive solution for the following

Hénon type equation involving Sobolev critical growth

=1 in
(2)
u= 0 on 0,

Au= Iu—+ |z|*u

for Q c RY is a smooth bounded domain, N > 4,A < \; and a > 0 is small enough
(LONG; YANG, 2010). In [35], for the same nonlinearity they proved the identical result
for A > Ay and N > 7 (LONG; YANG, 2012).

If we focus our attention to the plane, due to the well-known Trudinger-Moser
inequality, we can say, with relevant differences, that the growth e in R? corresponds
to the critical growth [¢|?>" in RY for N > 3. This can be made precise by introducing the
class of Orlicz spaces, see [40), 7] (MOSER, 1971; TRUDINGER, 1967). This inequality

can be summarized as follows

<400 if B <dm;
sup / ™ du ps (3)
B

u€H}(B1) =+4o0 if [ >4nm.
[Vaull2=1

The embedding in the sense of the Trudinger-Moser inequality for the Sobolev space of
radial functions Hg,4(B1) was considered by (CALANCHI; TERRANEO, 2005) [I7] (see
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also [I3] BONHEURE et al, 2008). In this case the behavior of the weight |z|* at zero
produces a higher embedding than the usual case (3)), precisely,

< 4oo if <272+ a);
sup / 7| da p ( ) ; (4)
weH! (B1)J B =400 if >27(2+ ).

O,rad
[Vull2=1

Based on the fact, M. Calanchi and E. Terraneo, proved the existence of a non-radial

solution, analogously to [53] (SMETS et al, 2002), for the following Hénon type equation

in R? with exponential growth nonlinearity

Au= |z —1 —plu?) in By (0) C R?
u= 0 on 0B;(0),

where a > 0 and p > 0,1 <y < 2or 0<p<4m,~v=2. After this work, some attention
has been given to the study of this type of equation with Trudinger-Moser nonlinearity,
as we can see in [I3], 56] (BONHEURE et al, 2008; TARSI, 2008).

Motivated by the results above, we questioned: How can the presence of the weight
|z|* influence a search for solutions to relevant problems of Nonlinear Analysis? Can we
improve some assumptions of classical problems if we seek radial solutions when we add
this weight on the nonlinearity?

In order to answer some points of these questions, we studied three problems with
nonlinearity in the critical range with the weight |z|* : the first two problems with
nonlinearities in the critical Trudinger-Moser growth range and the last problem with
critical Sobolev growth. For the matter, we use these well-known critical point results
(the Mountain—Pass Theorem or the Linking Theorem). Thus, we need to prove some
geometric conditions satisfied by the functionals associated with each problems. In
addition, for the critical case, we have to estimate the minimax levels which have to
lie below some appropriate constants.

In order to present these studies, we organized this work in four chapters. Firstly, in
Chapter , we present some basic facts and previous results used along the text and, in
the others, we trate our problems.

In Chapter , inspired by studies of the Hénon type equations with the Trudinger-
Moser growth nonlinearity in R?, we focus our attention on the natural two-dimensional

extension for problem . More specifically, we study the Dirichlet problem in the unit
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ball B; of R? for the Hénon type equation of the form
—Au = u+|z|*f(u) in By,
u =0 on 0By,
where f(t) is a C'-function in the critical growth range motivated by the Trudinger-Moser
inequality.

In this chapter, we search for a weak solutions as critical points of functional associated
to problem in two spaces: Hj(By) and Hg,4(B1). In the subcritical case, our arguments
in the proof of boundedness of minimax levels are the same for the both spaces. However,
in the critical case, we must consider the Trudinger-Moser inequality as , when we
work in H}(Bj) (see [57) TRUDINGER, 1967), or as ([{]), when we look for a solution
in Hj,q(B1) (see [13] BONHEURE, 2008). Then, in the last case, the minimax levels
increase its boundedness from above. Because of this fact, to prove the existence of
radially symmetric solutions, we modify in some points our arguments to work in Sobolev
space Hj ,q(B1).

In Chapters and , we intend to establish a link between Ambrosetti-Prodi problems
and Hénon type equations. Ambrosetti-Prodi problems have been studied, explored and
extended by an enormous variety of authors. The resulting literature is nowadays rather
rich (see, for instance, [24], 29, 46] FIGUEIREDO, 1980; FIGUEIREDO; YANG, 1999;
RAMOS, 1988 and references therein). In this direction, one searches for solution of
nonhomogeneous problems such that

—Au = g(z,u)+ f(x) in Q
u = 0 on 0f),

(5)

where “g jumps eigenvalues”, meaning that the limits limg , o, §(s)/s < lims_,1 o G(5)/$
form an interval that contains at least one eigenvalue of (—A, H}(B;)). This class of
problems are also called problems with jumping nonlinearities in a terminology introduced
by S. Fudik (see [31] FUCIK; 1980).

Talking specifically about multiplicity of solutions for this kind of problem, we note
that, in almost all Ambrosetti-Prodi problems since the work of J. Kazdan and F. Warner
n [34] (KAZDAN; WARNER, 1975), it is extensively considered the heavy dependence
of an usual hypothesis regarding a suitable parametrization of the forcing term f. More

precisely, we assume that f satisfies

f(z) = h(z)to:(x),
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where h € L*(By), ¢ is the eigenfunction associated to the first eigenvalue of the

Laplacian operator in By, > N and

B

Then, one should have that
1§(z,8)| < Cls|P 4+ C with 2 <p <2~

The subcritical case (p < 2*) of (5)) was studied by B. Ruf and P. N. Srikanth [49] (RUF;
SRIKANTH, 1986) considered g(z, s) = s +As and A > \; (see also [23] FIGUEIREDO,
1988). The first paper that addressed Ambrosetti-Prodi problem involving critical
21 4 K(s) was the work of D. YinBin, [58](YINBIN;

nonlinearity of the type g(s) = |s
1991), where K(s) is a lower perturbation of the expression with the critical exponent.
Thus, we can say that the author considered a function that was superlinear both in 400
and —oo and, so, asymptotically jumping all the eigenvalues of (—A, H}(Q)).

In [29], D. Figueiredo and J. Yang dealt with one-sided critical growth, which allowed
to explore more jumping possibilities. Due to natural limitations on the techniques they
used, the existence of multiple solutions was investigated in dimensions N > 7 only
(FIGUEIREDO; YANG, 1999). In [I5], M. Calanchi and B. Ruf extended their results
and proved that the same problem has at least two solutions provided N > 6. They also
added a lower order growth term to the nonlinearity, which guaranteed the existence of
solutions in lower dimensions as well (CALANCHI; RUF, 2002).

If we turn our attention to problems on domais in R?, where the critical growth is well-
known to be exponential, we find the paper of M. Calanchi et al. [I6], which considered

the following problem:

—Au = Mu+g(uy)+ f(x) in Q
u = 0 on 02,

(6)

where € is bounded and smooth in R? and ¢ has a subcritical or critical Trudinger-Moser
growth. They proved the existence of two solutions for some forcing terms f, depending
on the usual parametrization f(z) = h(z) + t¢1(z) (CALANCHI et al, 2004). This
result was a natural extension to the ones found in [I5, 29] (CALANCHI; RUF, 2002;
FIGUEIREDO; YANG, 1999).
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In Chapter , we consider a similar problem to (6) with the weight |z|* in the

nonlinearity. Thus, we deal with the following class of problems

—Au = Au+|z|*g(uy) + f(x) in By, .

u = 0 on 0B, g

where Bj is the unit ball in R?, g is a C' function in [0, +0c) which is assumed to be

in the subcritical or critical growth range of Trudinger-Moser type and f € L*(B;) for

some p > 2. Under suitable hypotheses on the constant A, we prove existence of at least

two solutions for this problem using variational methods. If we consider that f is radially
symmetric, the two solutions will be radially symmetric as well.

We remark that existence of a first solution for Ambrosseti-Prodi problems does not
require any growth of the nonlinearity. Only when we find out a second solution, we need
to consider the growth of the nonlinearity at infinite. For this, we get a first solution v
using the Fredholm Alternative in a related linear equation. A second solution is obtained
via the Mountain—Pass Theorem, if A < Ay, or the Linking Theorem, if A > A;.

In Chapter , we studied a natural extension for problem for N > 3. But we
concentrated on the radial critical case, once the critical case in Hg(Bj) is very near to
the result of M. Calanch and B.Ruf in [I5](CALANCHI; RUF, 2002). Thus, we search
the existence of radially symmetric solutions for problems with jumping nonlinearities in
the presence of a typical weight of a Hénon equation. More specifically, our goal is to

study the following class of Hénon type problems

—Au = Au+ |z|*k(uy) + f(z) in By,

u = 0 on 0B,

where By is the unit ball in RY| k(¢) is a C"! function in [0, +00) which is assumed to be
in the critical level with subcritical perturbation, f is radially symmetric and belongs to
L*(By) for suitable y depending on N > 3. Under appropriate hypotheses on the constant
A, we prove the existence of at least two radial solutions. Analogously to Chapter 3, we
get a first solution v using the Fredholm Alternative in a related linear equation. A
second solution is obtained via Critical Points Theorems, consequently we need to show
the geometric condition and estimate the minimax level. For this matter, we consider
k(t) = t?» +g(t), where g(t) is an appropriated subcritical perturbation, which can vanish

in high dimensions. However, the assumptions on g(¢) are crucial in order to obtain the
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estimate of minimax level in lower dimensions. Because of this, we add this lower order
growth term to the nonlinearity for all N > 3 to guarantee a second radial solution of
this last problem.

Throughout this work, we realize that a nonlinearity with this new characteristic,
the weight |z|*, allows us to deal with a well-studied problem under new perspectives.
For instance, if we work with a critical growth nonlinearity, we need to assume suitable
hypotheses when we are seeking radial solutions for the three problems. Due to this fact,
we must adapt some technique to obtain radial versions for classic problems with Hénon
weight.

It is important we emphasize that there are two technical differences between Chapter
and Chapters and , when we search for a solution in the critical cases using Critical
Points Theorems. In Chapter 2, we show that the associated functional of the problem
satisfies the (PS). condition for levels ¢ in an interval bounded from above for a suitable
constant. In Chapters and , we only prove the boundedness of the minimax levels by
appropriate constants, consequently, we also need to show that the solution obtained this
away is not trivial.

In these last chapters, we use a technique based on the paper of B. Ruf and F. Gazzola
[32] (RUF; GAZZOLA, 1997), which is not used in Chapter . Precisely, in Chapters
and when we work in Linking case, we separate the supports of the functions used to
prove the estimates of the minimax levels (functions of Moser and functions of Talenti,
respectly) and the supports of functions spanned by the first k- eigenfunctions. Thus, we
make some estimates easier to handle, due to lack of interference between these modified

functions.



2 Preliminaries

This chapter is devoted to present some important results used along the text.
Throughout this chapter, Q) is an open set in RY. We start introducing the notions

of Sobolev spaces.

2.1 Sobolev spaces

Before we define Sobolev space, we need to know what is a weak derivative.

Definition 0.0.1. Assume u,v € L, .(Q) and 0 = (01,...,0y) is a multiindex of order

lo| = 01 + ... + 0. We say that v is the o'*-weak partial derivative of u, written
D°u=w

provided

/QuD"qux: (—1)U|/Qv¢dx

for all test functions ¢ € C°(2).
Definition 0.0.2. Fix 1 < p < oo and let £ a nonnegative integer. The Sobolev space
Whr(Q)

consists of all locally summable functions u : {2 — R such that for each multiindex o with

lo| <k, D?u exists in the weak sense and belongs to LP(£2).

Definition 0.0.3. If u € W"?(Q), we define its norm to be

( 1/p
Z / |Du|Pdz if 1<p<oc;
HUHWIW(Q) = o<k 7€
Z esssup | Dul| if  p=o0.
o<k

\

22
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Example 0.0.1. If p = 2, we usually write
H*(Q) =W*2(Q) (k=0,1,..).
We can prove that H*(Q) with the norm above is a Hilbert space. We still notice that
HO(Q) = L*(Q).
Definition 0.0.4. We denote by
Wy (Q)
the closure of C>°(Q) in W*P(Q).

It is customary to write

Hy(€2) = Wy*(Q).

2.2 Elliptic Differential Partial Equation

Initially, we consider the following problem

Lu=f in
u=0 on O0f),

(8)

where u : Q — R is the unknown, u = u(z), f : U — R is given, and L denotes a

second-order partial differential operator having the form

n

Lu:—Z( T)Ug, )z —i—Zbl T)Uy, + c(x)u

3,7=1

for given coefficient functions a* = a’*, 0/, c(i,j = 1,...,n).

Definition 0.0.5. The partial differential operator L is elliptic if there exists a constant
¥ > 0 such that

n

> al(@)&g; > el

ij=1
for almost every x € Q and all ¢ € RY.
Thus, we can say that ellipticity means that for each point x € Q, the symmetric N x N

matriz (a;;) is positive definite, with smallest eigenvalue greater than or equal to 9.

Example 0.0.2. Let Q@ C RY and a C*(Q)-function. The Laplace operator of u,
denoted by Aw is given by
Au = Z Ug,z, = divDu.

j=1
The Laplace operator is a second-order elliptic operator.
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Definition 0.0.6. The bilinear form B[, ] associated with the elliptic operator
L is

N N
Blu,v] := / Z a Uy, vy, + Z Vug,v + cuvde
Q i=1

ij=1

for u,v € Hj(9).

Definition 0.0.7. We say that u € H}(Q) is a weak solution of the boundary-value

problem (§) if

Blu, v} = (f,v)
for all v € H}(Q), where (-, ) denotes the inner product in L*(€2). This identity is called
thevariational form of problem .

2.3 Fredholm alternative

The Fredholm alternative will be used with more emphasis in last two chapters, but this
important result is applied to the Laplace Operator. For this purpose we present its short

version as following.
Theorem 0.0.1 (Fredholm alternative). Precisely one of the following statements holds:
either

for each f € L?(2) there exists a unique weak solution u of the problem

(a) Lu=f in

u=0 on O0f),
or else
there exists a weak solution u # 0 of the homogeneous problem
(0) Lu=0 in €
u=0 on Of.
See [0, 21].

2.4 The Principle of Symmetric Criticality of Palais

Another important result which will be used in last chapters is the Principle of Symmetric
Criticality of Palais. This celebrated result is also used to study some characteristics of

eigenfunctions when we are working in radial contexts.
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Definition 0.0.8. We consider an action of a group G on a normed vectorial space H.

(i) The invariant space under G is the closet subspace of H defined by

Fix(G) ={u € H;g(u) =u foral geG}.

(ii) A set A C H is called G-invariant if g(A) = A for all g € G.
(iii) A functional J: H — R is called G-invariant if Jog = J for all g € G.
(iv) A function f: H — H is called G-invariant if fog=go f forall g € G.

Theorem 0.0.2 (The Principle of Symmetric Criticality of Palais). Consider an isometric
action of a group G under a Hilbert Space (H, (-,-)). If the functional J : H — R is G-

invariant and w is a critical point of J on Fix(G), then u is a critical point of J in H.

See [42].

2.5 Spectrum of a operator

This section is based on results and definitions that can be found in [9, 21]. We will use

them some times throughout this work.
Theorem 0.0.3. (i) There exists an at most countable set > C R such that the problem

Lu = M+ f in
v = 0 on 0f)

(9)

has a unique weak solution for each f € L*(Q) if and only if A & > .

(ii) If > is infinite, then > = {A\}72,, the values of a nondecreasing sequence with
/\k — +00.

Definition 0.0.9. We call ) the spectrum of the operator L. We notice that Problem
@D with f = 0 has a nontrivial solution ¢ if and only if A € >, in which case A is called

eigenvalue of L and ¢ a corresponding eigenfunction.

From now on, we will focus our attention to (A, By), where By is the unity ball of RY

for N > 2. This is because we search solutions for problems with this specific operator.
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2.5.1 Spectrum of (—A, H}(By))

We denote by 0 < A\; < Ay < A3... the eigenvalues of (—A, H}(By)). The next result gives

us a basis for H}(B;) associated to these eigenvalues.

Theorem 0.0.4. There exists an orthonormal basis {¢; }?°, of L?(B;) and H}(B;), where

¢ is an eigenfunctions corresponding to \:

—A¢r = M¢r In By
¢k =0 on 831

for k=1,2,...

Since OB, is smooth, from regularity theory, we can conclude that ¢, € C*°(B;) for

k=1,2,...
Definition 0.0.10. We call \; > 0 the principal eigenvalue of (—A, H}(By)).

Theorem 0.0.5 (Variational principle of the principal eigenvalue). We have
A = ” i”nf |Vul|3 forall we HY(B;)\ {0}.
u %:1
The number A; is attained for a function ¢, which is radially symmetric and positive

within B;. We can write this characterization as

v 2
A\ = inf H u|2|2.
weH (B0} |[ull3

Definition 0.0.11. If k£ > 2 we say that )\ is a high order eigenvalue. We define Hj,
as the finite dimensional subspace of H}(Bj) spanned by ¢, ¢, ...¢%. Notice that we can

write

Hy(B)) = Hy ® Hy = | H;,

j=1

which are called orthonormal decompositions of H}(B;).

Similar to A1, we have a variational characterization to Ay and A1, respectively, given

by
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2.5.2 Spectrum of (—A, Hj,.,(B1))

Since we also seek radially symmetric solutions for our problems, in these moments, we

need to consider a suitable subspace of Hg(B;). More specifically, some times we work in
Hy oa(B1) := {u € Hy(By);u(Sz) = u(x) for all S € O(N)},

where O(N) is space of rotations in RY.

First, we observe that H&,rad(Bl) is an infinite dimensional subspace of H{(Bi).
Indeed, let us take {e"*I” — e" with n € N} C H{ .4q(B1), which is linearly independent.
Furthermore, Hj .4(Bi) is a Hilbert space with the norm of Hj(B;).

And analogously to Hg(B:), we can write Hj 4(B1) as an infinite union of finite
dimensional orthogonal subspaces. From the Principle of Symmetric Criticality of Palais,

we can see that ¢, is radially symmetric. So we have Hy = Hy N Hj ,q(B1). Now, we set

Hpy = Hy N Hj,q(By) for all k € N

rad

and we have
H&,rad(Bl) = U HZ: (10)
k=1

Moreover, it is straightforward to prove that the spectrum of (=A, Hj .4(B1)) is a
subsequence of (A\gz) that we will denote by A\j = Ay < A5 < A5 < ... < A} < ... where
A} > Ajforall j =1,2,3.... This fact guarantees that the variational characterizations of

cigenvalues in Hg,,q4(B1) do not change.

2.6 Critical Point Theorems

In this section, we introduce the theorems which are used to guarantee our existence

results. We need the following concept.

Definition 0.0.12. We consider real C'—functional ® defined on a Banach space E.
When looking for critical points of ® it has become standard to assume the following
compactness condition

(PS).: any sequence (u;) in E such that
P(uj) - ¢ and P'(u;) = 0in E* (11)

has a convergence subsequence. A sequence that satisfies is called a (PS) sequence

(at level c).
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We shall use two well-known critical-point theorems, namely, the Mountain—Pass and
the Linking Theorems, to A < A; and A\; < A < Aj41, respectively. Let us state them
here, for the sake of completeness. Initially, we have the Mountain—Pass and the Linking
Theorems in the versions which will be used in the Chapter . For the proofs we refer the

reader to [0}, [12, 44 52].

Theorem A (Mountain—Pass). Let ® be a C' functional on a Banach space E satisfying

(®g) There exist o > 0 such that ® satisfies (PS) condition for levels in the interval (0, ).
(®1) There exist constants p, 6 > 0 such that ®(u) > 9 for all u € E such that ||u]| = p,

(®2) ©(0) <6 and ®(v) < 6 for some v € E\ {0} and ||v|| # p.
Considere I' := {n € C([0,1], E) : n(0) = 0 and n(1) = v} and set
= inf d(n(t)). > 0.
¢ = Inf max ®(n(t)). 2
Then ¢ € (0,0) and it is a critical value of ®.

Moreover, if f(t) is a odd function, one has many infinitely solutions.

Theorem B (Linking Theorem). Let ® be a C' functional on a Banach space E = E1®FE,
such that dimE; is finite. If ® satisfies (Pg) and

(®3) There exist constants 0, p > 0 such that ®(u) > 6 for all w € Ey such that ||ul| = p,
(®4) There exist an z ¢ Ey with ||z|| =1 and R > p such that if
Q:={v+sz:veE,|v]| <R and0<s < R},

then
O(u) <0 for all u € 0Q).

Consider T := {n € C(Q, E) : n(u) = u if u € dQ} and set

c })rellﬁ max O(n(u)) >4

Then c € (0,0) and it is a critical value of ®.

Moreover, if f(t) is a odd function, one has many infinitely solutions.
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In Chapters 3 and 4, we also shall use these well-known critical-point theorems,
but now both without the (PS) condition. For the proofs we refer the reader to
[111, 12, 251 39] [44].

Theorem C (Mountain-Pass without the (PS) condition). Let ® be a C' functional on

a Banach space E and satisfying
(®1") There ezist constants p, 6 > 0 such that ®(u) > 6 if u € E and ||u|| = p,
(P2') ®(0) < d and ®(v) < § for some v € E if ||ul| > p.
Consider I := {n € C([0,1], E) : n(0) = 0 and n(1) = v} and set
¢ = inf max ®(n(t)) > 0.

nel t€l0,1] o

Then there exists a sequence (uj) in E satisfying (L1). Moreover, if ® satisfies (PS).,

then c is a critical value for ®.

Theorem D (Linking Theorem without the (PS) condition). Let ® be a C' functional
on a Banach space E = E1 ® Ey such that dimFE; is finite and satisfying

(®3") There exist constants 6, p > 0 such that ®(u) > 0 if u € Ey and ||u|| = p,
(®4") There ezists z € Ey with ||z|| = 1 and there exists R > p such that
O(u) <0 for all u € 0Q,

where

Q:={v+sz:veFE,|v]| <Rand0<s < R}
Consider I' := {n € C(Q, E) : n(u) = u if u € 0Q} and set

c 717r€11£ max O(n(u)) >4

Then there exists a sequence (u;) in E satisfying . Moreover, if ® satisfies (PS).,

then ¢ is a critical value for ®.
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2.7 Other results

Here, we will introduce results used in this work, which are proved in our references.

Lemma 0.0.1. Let (u,) be a sequence of functions in L'(2) converging to u in L*(Q).

Assume that f(z,u,(z)) and f(z,u(x)) are also L' functions. If
[ i@l < ¢
Q
then f(z,u,) converges in L' to f(x,u).

See [28, Lemma 2.1].

Now we consider the so-called Moser functions

([ (logn)V2, 0< 2] <1

1
Z(r) = —=1 logr (12)
Var | _BEL 1<y <y
(logn)1/2 n
\ 0 |z| > 1.
It is known that z, € Hj(B;), where By C R? and ||z,] = 1 for all n € N and

|Zall2 = O(1/logn)'/?, for details see [40]. Now, we have the following lemma, which

gives us some estimates used when we work with the orthogonal projection on (Hj)*.

Lemma 0.0.2. Let T} : H}(B;) — (Hg)* be the orthogonal projection. We consider
and define

Wy (x) = TpZp(x). (13)
The following estimates hold
Ag g
1— < lw, |2 < 1. 14
o< < (14)
( Bk‘
—W for all x € Bl;
Wy (x) > (15)
(logn)!/? By,
— for all x € By,
| Ver (ean)” Y

where Ay, B, > 0 are such that
[ull < Agllullz and |ullo < (Bk/B)l|ull2 for all u € Hy,

and B satisfies || 2,2 < B/(logn)'/? for all n € N.
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See [48, Lemma 2].

Theorem 0.0.6 (Dominated convergence theorem). Let { f,,} be a sequence of measurable
functions on a measure space (£2,%, ). Suppose that the sequence converges pointwise

to a function f and is dominated by some integrable function g in the sense that

()] < g(x)

for all numbers n in the index set of the sequence and all points x € ). Then f is

lim/ﬂfn du:/ﬂf dp.

Theorem 0.0.7. Let (u,) € Wy satisfy: |[Vu,|[xy < 1. Without loss of generality we

integrable and

See [22].

may assume that u, — u, |Vu,|*> — v weakly. Then either v = §,,(the Dirac measure of
mass 1 concentrated at some zy € Q) for some zy € Q and u,, — 0, V| — COqy

is bounded in L'(2) and thus

‘un”N/Nfl

for some ¢ > 0, or there exists § > 0 such that BN un ]|V

N/N—1 N/N—1 .
P llunll —y Bnllu] in Ll(Q)'

In particular this is the case if u # 0.

See [38, Theorem 1.6].

Now we consider the following sequence

S
), 0<s<m

Yn(s) = 1 | A, +1
({1 =3))72 8\ A, e

where 6, = 2logn/n and A, = 1/(en) + O(1/n%).

) +(n(1=0,)",  n<s, 10)

Theorem 0.0.8. Let F(t) be a C'(R)-function with Trudinger-Moser critical growth,
then

lim F(u,) dx € [0,e" 2t +t%1|B,(0)[]
B1(0)

for any normalized concentrating sequence {u,}. In particular, there exists an explicit

normalized concentrating sequence {y,} with

lim F(y,) dz =€ tat-t5=1|B,(0)].
B1(0)

See [26, Theorem 1.4].



3 Hénon elliptic equations in R? with
subcritical and critical exponential

growth

In this chapter, using variational methods, we prove the existence of a nontrivial

solution for the following class of Hénon type equations

—Au = u+|z|*f(u) in By,
Uu :0 on aBl,

(P1)

where A > 0, > 0 (for Hénon type equations we should have o > 0, but in this work
we also consider « as possibly equal to 0) and B; is a unity ball centred at origin of R?,
which is a natural two dimensional extension of .

For this purpose, we assume that f(t) has the maximum growth which allows us
to study variationally in Sobolev Spaces, motivated by the well-known Trudinger-
Moser inequality, given by , when we seek a solution in H}(Bj), and by , if we
search a radial solution. Therefore, from —@, we have naturally associated notions of

subcriticality and criticality: we say that

(SG) f(t) has subcritical growth at 400 if for all 5 one has

O
tginoo eﬁtQ _07

(CG) f(t) has critical growth at +oo if there exists 5y > 0 such that

) L)

Jim = =0, V8> fo; Jim S = oo, Vi3 < fBo.

Similarly we define subcritical and critical growth at —oo. In this chapter we will consider

problems where the nonlinearities have critical or subcritical growth.
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3.1 Hypotheses

Before stating our main results, we shall introduce the following assumptions on the

nonlinearity f(¢):
(H;) The function f(t) is continuous and f(0) = 0.

(Hs) There exist ty and M > 0 such that

0< F(t) /tf(s) ds < M|f(t)] forall |t > to.
0

(Hs) 0<2F(t) < f(t)t for all t € R\ {0}.

Remark 0.0.1. (a) We can see that from conditions (Hy) and (Hs), it follows that there

are constants C,tyg > 0 such that
F(t) > Ce™  for all |t > t. (17)
Hence we can see that F(t) and f(t) have exponential growth for |t| large enough.

(b) Also by (Hy) and (Hy), we notice that f(t) satisfies the well-known Ambrosetti—

Rabinowitz condition, in exact terms, there exist ¥ > 2 and ty > 0 such that
VF(t) < f(t)t  for all |t| > ty. (18)

The Ambrosetti—-Rabinowitz condition has been used in most of the studies for
superlinear problems and plays an important role in studying the existence of
nontrivial solutions of many nonlinear elliptic boundary value problems. Here, we
use (L)) in order to ensure that the functional associated with our problem has
the geometric condition of the Mountain—Pass Theorem if X < A\ or the Linking
Theorem if A, < A < A1 and also guarantee the boundedness of the Palais—Smale
sequence. Thus, we obtain the weak convergence of the Palais—Smale sequence to the

solution. Then condition (Hs) guarantees the nontriviality of our weak solutions.
(c) In the subcritical case, we can replace condition (Hs) by the following weak hypothesis

(H;) F(t) >0 and f(t)t >0 for all t € R\ {0}.
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(d) We mention that we do not use condition (Hs) to prove the existence of solutions
attaining the minimax level in the subcritical case. For the critical case, we can
show the existence of weak solution of without condition (Hs). Nevertheless,
we use (Hs), in our arguments, to prove the existence of a critical point achieving

the minimaz level. In some cases, these solutions will be ground state solutions.

3.2 Statement of main results

Here, we divide our results in six theorems, which are considered depending on the growth
conditions of the nonlinearity and also on the interval where A lies. In the critical case,
since the weight |x|* has an important role on the estimate of the minimax levels, the
variational setting and methods used in Hg(By) and Hj ,,4(B1) are different and, therefore,
are given in separate theorems. Another aspect, which we should consider in this case,
is an asymptotic hypothesis on f(t)t/e?" at infinity. We shall suppose a certain kind of
asymptotic behavior for f(t)t/ef" at infinity, if A < A\; and a > 0, in order to find a
solution in Hj(Bi) or in Hj,q(B1). If X > Ay and o > 0, an analogous hypothesis can
be assumed, ensuring, thus, the existence of a solution in H}(B;). However, if we search
a solution for in Hg,,q(B1), when we are supposing A > A; and a > 0, we demand

a stronger hypothesis on the behavior of f(t)t/e". Then, we have the following results.

Theorem 0.0.9. (The subcritical case, local minimum at 0). Assume (H;) — (H3) and
that f(t) has subcritical growth (SG) at both 400 and —oo. Furthermore, suppose that
0 <A< A and

. 2F(t)
(Hy) Ilfl_I)I(l)Sllp v <)\ — A\

Then, problem (P1)) has a nontrivial (radially symmetric) solution. Moreover, if f(t) is
an odd function, then (P1]) has infinitely many solutions.

Theorem 0.0.10. (The subcritical case, saddle point at 0). Assume (H;) — (H3) and
that f(t) has subcritical growth (SG) at both +00 and —oo. Furthermore, suppose that

A <A< /\k+1 and

(Hs) There exist § > 0 and 0 < p < A\gyq — A, such that

Ft) < g#, for all || < 6.
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Then, problem ([P1)) has a nontrivial (radially symmetric) solution. Moreover, if we assume

that f(t) is an odd function, then has infinitely many solutions.

For the next two theorems, we will use the following notations: for 0 < e < 1 let us

consider
1

M, = lim ne =920 4t and M = lim M..

n—oo J, e—0

We use the notation M, for M, with € = 0, and using calculus, one can see that My = 2
and M = 1. We also consider constants 0 < r,d < 1 such that there exists a ball B, C B;

so that |z| > d for all z € B,.

Theorem 0.0.11. (The critical case, local minimum at 0). Assume (H;) — (H,) and
that f(t) has critical growth (CG) at both +00 and —oco. Furthermore, suppose that
0< A< A and

(Hy) lim 1!

t——+o0 660t2

4
> > ———— with d > 0.

Then, problem (P1]) has a nontrivial solution.

Theorem 0.0.12. (The critical case, saddle point at 0 with o > 0). Assume (H;)— (Hs3),
(Hs) and that f(t) has critical growth (C'G) at both 400 and —oo. Furthermore, suppose

that A\p < A < A\gy1, @ > 0 and

. f@)t . 4 d\ 9 77!
(H7) tlgrnoo eﬁotQ Z £7 with é- > W ; — SR ,

where 0 < r < d < 1 are such that
d a> 2
r 2+ a

Then problem (P1]) has a nontrivial solution.

Theorem 0.0.13. (The radial critical case, local minimum at 0). Assume (H;) — (Hy)
and that f(t) has critical growth (CG) at both +00 and —oo. Furthermore, suppose that
0< A< Ay and

o 8
(Horaa)  Nim 55 28 &> G e

Then, problem (P1f) has a nontrivial radially symmetric solution.

Theorem 0.0.14. (The radial critical case, saddle point at 0). Assume (H;)—(Hs3), (Hs)
and that f(t) has critical growth (CG) at both +00 and —oo. Furthermore, suppose that

Ak < A < Apy1 and for all v > 0 there exists ¢, > 0 such that
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t)t
(Hg) fgot)g > ~h(t) for all t > ¢, where h : R — R* is a Carathéodory function satisfying
e

log(h(?))

lim inf > 0.
t—+o0

Then problem (P1]) has a nontrivial radially symmetric solution.

Remark 0.0.2. (a) Note that an ezample for nonlinearity with subcritical growth which

satisfies (Hy) — (Hs) is given by
F(£) = e"tpra-2t 4+ Blepp-2¢elt 4 e,
q

where 1 < q <2 <p.

Moreover, if A\ < Ay and 0 < ¢ < \i— A, assumption (Hy) is satisfied. Thus, applying
Theorem [0.0.9, we obtain a nontrivial (radial) solution of (P1). Similarly, in view
of Theorem we can obtain a nontrivial (radial) solution of provided
that A\, < A < Agga-

(b) Our Theorem[0.0.9 is a version of Theorem 1.1 of [28], for a = 0 and the autonomous
nonlinearity and Theorem in this chapter is analogous to Theorem 1.2 in [28]
(FIGUEIREDO et al, 1995).

(c) For examples of nonlinearities with critical growth satisfying the assumptions of

Theorems|0.0.11), [0.0.12 or|0.0.15, one can consider

f(t) = 6ﬁ0t2|t|pt + i|t|l)—2t650t2 + ct,
2050
where p > 1 and ¢ can be chosen so that f(t) satisfies (Hy) or (Hs).

(d) We also realize that Theorem is a wversion of Theorem 1.3 in [28] for the
autonomous case. Moreover, Theorem is a radial version of Theorem [0.0.11
and, consequently, of Theorem 1.3 in [28] with autonomous linearity when o = 0.
We also mention that for the radial case we obtain an improvement in assumption
of behavior of f(t)/t at infinity. Indeed, in radial context, the estimate from bellow
in (Hgyaa) is smaller than the one in (Hg) (FIGUEIREDO et al, 1995).

(e) Our Theorem is not a similar version of Theorem 1.4 in [28], because here we
are demanding that o > 0, which was crucial to guarantee that the minimax level

is in the range of compactness of the associated functional (FIGUEIREDO et al,
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1995). In order to obtain a similar result to Theorem with a equal to 0 we

need to replace (Hy) with (Hg), which would make this result weaker.

(f) For p > 1 and appropriated choice of constants ¢ > 0, we can see that the following
nonlinearity

Ft) = e+t + %wp?teﬁot“t +ct
0
satisfies the hypotheses of Theorem [0.0.1J).

(g) In Theorem |0.0.14), although « can be taken equal to 0, we do not obtain a similar
result to the autonomous case for Theorem 1.4 in [28], because we need to assume

(Hs) instead of (H;) (FIGUEIREDO et al, 1995).

(h) Following a similar argument as the one due to P. H. Rabinowitz [{5, Proposition
3.11] (RABINOWITZ, 1992), we can prove that the Mountain—Pass solution
obtained wn Theorems [0.0.9, [0.0.11 and [0.0.15 are indeed ground state solution

provided that f(t) = o(|t|]) at 0 and f(t)/t is increasing.

Since we prove the existence of a solution for the Hénon type equations using
variational methods, we considere the nonlinearity with subcritical or critical exponential
growth. We do so in the same spirit of D. Figueiredo, O. Miyagaki and B. Ruf [2§]
(FIGUEIREDO et al, 1995), following the Brezis-Nirenberg argument [I1I] (BREZIS;
NIRENBERG, 1983).

As we can see in the proofs of Theorems [0.0.11], [0.0.12} [0.0.13] and [0.0.14] the minimax

levels of the functional depend heavily on the asymptotic behavior of f(t)t/e®"" at infinity.
Moreover, the parameters o, A and the Sobolev spaces (Hj(By) or Hjq(B1)) exert a
significant influence on the choice of our assumptions (Hg), (Hgraa), (H7) and (Hs). For
example, in H](Bj), we were inspired by Adimurthi, in [2] (ADIMURTHI, 1990) , and
D. Figueiredo, O. Miyagaki and B. Ruf, in [2§] (FIGUEIREDO, 1995), who showed the
existence of solution for similar problems to , in a bounded domain 2 C R2, provided

that f satisfies (among other conditions) the asymptotic hypothesis

(hy) Tim L0

>— > C(r), where r is the radius of the largest open ball in the domain.
t—o00 eﬁot

To study the existence of solutions for (P1)) in Hj(B;) for nonlinearity with the vanishing

weight at origin of the type f(z,t) = |z|®f(t), we assume that an analogous condition to
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(ho) holds uniformly on a small ball B(zg,d) C By \ {0} in order to avoid the influence of
the weight |z|®.

Nevertheless, we can prove the existence of solution for (P1]) in Hj(Bj) in the critical
case supposing A\y < A < A\py1 and (H7) for a > 0. For the saddle point at 0 case, we
cannot see how it is possible to find a solution for in H}(B;) with « = 0 or in
Hj,q(B1) for a > 0, using a hypothesis similar to (ho). Hence we have to assume a
stronger hypothesis than (H), which will be used in Theorem [0.0.14]

In Theorem although we search for a radial solution for , since A < Ay,
we can use a technique introduced by D. Figueiredo, J. do O and B. Ruf, in [26]
(FIGUEIREDO et al, 2002), and assume a hypothesis for f(¢) as in (hg). Moreover,
this technique together with the weight |z|* in Hg,,q(B;) minimize the constant which
bounded from below the asymptotic behavior of f(t). Consequently, we achieve better
estimatives for the last case. Indeed, in [28] (FIGUEIREDO, 1995), it is used the

hypothesis as (hy) with
4

- Moﬂo?“2

in order to prove a similar result to Theorem [0.0.13] in which we use the analogous

01(7”)

hypothesis (Hgraa) with
8

(2 4+ «)Boer?

Once Ci(r) > Cy(r), we can notice that, even with a equal to zero, we obtain a

02(7’) =

significant improvement in this kind of estimate.

3.2.2 Outline

This Chapter is organized as follows. In Sect. , we introduce the variational framework
and prove the boundedness of Palais-Smale sequences of the functional associated to
Problem . After that, we consider the subcritical case and prove that the associated
functional of the problem satisfies the (PS). condition for all ¢ > 0. For critical case,
we show a similar result for levels ¢ in an interval bounded from above for a suitable
constant, which depends only on fy in Hj(B;) and on By and o in Hy,q(By). In Sect.
we consider a nonlinearity with subcritical growth and we obtain the geometric conditions
for the functional in order to prove the existence of a solution to both Sobolev Spaces,

Hg(By) and Hj,.4(B1). In Sect. and , we study Problem in critical growth range
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and guarantee the existence of a solution in Hg(B;) and Hj,,q(B1), respectively. In these

cases, we also prove the geometric conditions and the boundedness of the minimax levels.

3.3 The variational formulation

We can notice that by (SC) or (CG) there exist positive constants C' and 5 such that
|F(t)] < Ce for all t € R. (19)

We denote H = H,,4(B1) in the radial case or H = Hj(B1) in the another case, with

1/2
ul| = (/ Vu? dx) for all u € H.
B1

Recalling that our efforts are searching for a nontrivial weak solution to Problem (P1)),

the norm

we define the functional &) : H — R by
1 2 A 2 a
Dy\(u) = = |Vu|* de — = |ul® do — |z|*F (u) dz,
2 /B 2 Jp, B
where o > 0 (only in Theorem [0.0.12] we should have « strictly positive) and A > 0. By
(Hi) — (Hs) and ([19), we see that the functional @, is C' and its derivative is given by
(®\(u),v) = [ VuVovdr— )\/

wo do — / |z|* f(u)v de for all ve H
B By By
and the critical points of @, are a (weak) solution to (PI)). Hence to find a solution of

(P1]) one can look for critical points of the functional ®, with critical value ¢ > 0.

3.3.1 The boundedness of a (PS). sequence

We will use to prove the following lemma that shows that a (PS). sequence of the
functional ®, is bounded. Let us notice that the proof of the Palais-Smale condition
for the functional associated to the problem follows traditional methods. Then we will

present a brief proof for this condition.

Lemma 0.0.3. Assume (H;) — (H3). Let (u,) C H be a (PS). sequence of ®,. Then
(uy) is bounded in H.

Proof: Let (u,) C H be a (PS), sequence, i.e.

1 A .
sllunll® = Sllunlly = [ |2l*F(un) dz —c| =0 (20)

By
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and

< gpljv] for allv € H, (21)

Vu, Vv dr — /\/ upv dr — || f(u,)v dz

B1 B1 B

where ¢, — 0. It follows from that, for ¥ = 4, we obtain t4 > 0 such that

F(t) < =f(t)t forall [t|>ty.

A~ =

Using and , we have

En n 1 fo «
e+ Elmll s L e pun — [ ol P ()
2 2 /B, B,
1 (07 (7 (7
B {un>t4} {un<ts}
1 « 1 «
Z Y ’$| f(un)un - ’l‘| f(un)un - C’0
2 B1 4 {un2t4}
1 (0%
> 1 || f (un)un — Co.
Bi
So we have
|| f (un ), < C+ epl|u,|| with C > 0, (22)
By
and, consequently,
2| f(un)] dz < C' + ep[un]|- (23)
B1

Indeed, given My > 0, we have

/31 2| f(uy,) = /{un<M0} || f (un) + /{un>MO} 2] f ()
Un,

o+ / ] (1) 22
{un>Mo} Un

1
C’+—/ x|* f(un)u,
YA {unZMO}H (un)

IA

IN

IA
0
+
Bl
Q
=
£
g
g
3

A
Q
+

£l

=
=



41

Firstly, we consider 0 < A < A;. Using and and the variational

characterization of \;, we have

A
collunll > (1 - ;1) luall? = (C + enllunll).

Therefore, (u,) is a bounded sequence.
Now we consider A\ < A < Agy1. It is convenient to decompose H into appropriate

subspaces:

H = H, & H}, (24)

where Hj, is finite dimensional and defined by

Hy, = [, .., o, (25)

where ¢; is the eigenfunction associated to eigenvalue Aj.
This notation is standard when dealing with this framework of high order eigenvalues,
and we will use it throughout this chapter.

For all v in H, let us take u = u* + ut, where u* € Hy, and u* € H;-. We notice that

VuVuF dz — /\/ uuf dz = ||u¥]]? — A|u®3 (26)
Bl Bl
and
/ VuVut de — /\/ it dz = b2 — Allut|2 (27)
Bl Bl
By , and the variational characterization of Ay, we can see that
—enlluk| < / Vu, Vut dr — )\/ u,uk dr — 2| f (u,)u® da
B By By

A
] R L Mt
k Bi

Therefore,
Ol 2 < enllul ] — / 2] ()it da
By
(28)
< el + b o / 2] ().
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Then, since Hy, is a finite dimensional subspace, by and

Cllusll® < enllupll + lluglloc ; ] f (un)
1

< enlluk || + Clluk [(C + nllunl]) (29)

< C + Cllug|| + Cenllual?.
Now we notice that, by , and the characterization of A\, i, we obtain

el <= [ Ve en [t [l )
B By By

) :
(52 = 1) ol + [ s
k+1 B

Ol |2 < enllud]| + / 2] (Y (30)
By
By (23), (22) and (30)), we get

Cluy |2 §€n||u7f||+/B 2] f ()t + [l [0 (C + enlunl])
1

IN

Therefore,

< enllutl + C + enllun]] + Cllunll(C + £nlltnl]) (31)

< C + Cllug|| + Cenllual?
By summing the inequalities in and , we can see that
lunll* < C + Cllunll + Cenlluall?, (32)

proving the boundedness of the sequence (u,) as desired. |

Remark 0.0.3. (a) In the proof of Lemma there is no difference between assuming
subcritical or critical growth or considering the radial case or not. Then we can

conclude that even in the case of critical growth, every Palais-Smale sequence is

bounded.

(b) Lemmal0.0.9 still implies that

luall < C, Nullz <C, [ flun)undz <C, | F(u,) dz <C (33)

Bl Bl

and if we assume (Hs), then the two integrals above are non-negative.
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3.3.2 The (PS). condition

Now we show that (PS). condition is satisfied by functional ®,. However, we can
observe that there is an important difference in assuming subcritical or critical growth of
nonlinearity in order to guarantee the (PS). condition. Indeed, if we consider subcritical
case, we shall obtain the (PS). condition for all levels in R. In critical case, we only obtain
this condition for certain levels, which are bounded from above by suitable constants.
Working in HJ(B;), we achieve a constant that depends on Sy, given in (CG). In
Hj 0q(B1), this constant also depends on a. First, we show this condition for subcritical

case.

Lemma 0.0.4. Assume (H;)—(H3) and (SG). Then the functional @, satisfies the (P.S).

condition for all ¢ € R.

Proof: We consider (u,) a (PS). sequence. By Lemma [0.0.3), we have a subsequence

denoted again by (u,) such that, for some u € H, we have

u, — win H}(By),
U, — win L9(By) or on LY ((|z|*, By) for all ¢ > 1,

Uy (z) — u(z) almost everywhere in By (0).

Notice that there is nothing else to prove in the case when ||u,| — 0. Thus, one
may suppose that [|u,| > k& > 0 for n sufficiently large. It follows from (H;) and [28,
Lemma 2.1] that

/B |z|*F(uy,) dox — |z|*F(u) dz.
1

By

We will prove that

|| f (up )uy, de — |z|® f(u)u da. (34)

Bl Bl

In fact, we have
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Initially, let us focus on the second integral in the left side of this last estimate. By

(SG), we get

2] f (un) (un — ) dz

B1

< C’/ " u,, — u| dz for all 5> 0.
B

Using Hoder inequality, we obtain

1

un 2 a
/ &Py, — | dz < (/ e () Iunl? dx) lin = ully
B1 B

where 1/g+1/¢" = 1. We take ¢ > 1 and by (SG) and Lemma we can choose
sufficiently small such that ¢83||u,||> < 47. Thus by the Trudinger-Moser inequality, we

have

/ 7y, — u| dz < Cy|Jup — ul|4. (35)
B1
Since u, — u strongly in L, one has

— 0.

[ et = ) do
B
It remains to show that

—0

|2 [f (un) = f(w)]u dz

B1

as well. Indeed, let ¢ > 0 be given. By similarly arguments used to prove , there
exists Cy such that
[f (un) = f(u)]l2ape < Co

Consider ¢ € C§°(By) such that ||€ — ulls < €/2C5. Now, since
[ lal1#) - f@lde o
By

for this €, there exists n. such that

a 3
B, ‘.’L" ‘f(un) - f(u)’dl‘ < 2”5”00

for all n > n.. Therefore

/B 2] () — flw)u da
< /B 2] () — F)€] da

n /B 2] () — F()][€ — u] dz < £
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for all n > n., as desired. Consequently, we conclude that holds.
Now taking v = v and n — oo in , we have

lul® = Aull? + / 2] (wu da.

On the other hand, if n — oo in with v = u,,, since is true, we have

aal® = Alfull? + /B 2] f(u)u d.
1

Hence, ||u,| — ||u| and so u, — u in H. |

Remark 0.0.4. Notice that holds because, since we are supposing (SG), we can
choose B small enough. This fact is not true if we assume (CG). Thus, only in the

subcritical case, we can conclude the (PS). condition is satisfied for all ¢ € R.

Now we consider the critical case, which will dramatically change the arguments in
order to show the (PS). condition for ®,. Initially, we are working in H}(Byj), so we will

prove the (PS). condition for ¢ below an appropriate constant depending on fy.

Lemma 0.0.5. Assume (H;) — (H3), (CG) and H = Hg(B;). Then the functional ®)
satisfies the (PS), condition for < 0 << 27/f,.

Proof: First, we consider (u,) a (PS). sequence. By Lemma [0.0.3, we obtain a

subsequence denoted again by (u,,) such that, for some u € H, we have

u, — win H}(By),
U, — uwin L9(By) or on LY \(|z|*, By) for all ¢ > 1,

un(z) = u(z) almost everywhere in By (0).

It follows from (Hz) and [28, Lemma 2.1], that |z|*F(u,) — |z|*F(u) in L*(B;(0)). Using
(20)), we obtain
im [ = 264 Al + 2 | ol Flu) do (36)

By

and, consequently, by it follows

lim [ |z|*f(uy)u, do = 2¢+ 2/ |z|*F(u) dz. (37)
By

B
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By (Hs) and (37), we conclude that ¢ > 0. Then any (PS). sequence approaches a
non-negative level. Tt follows from [28, Lemma 2.1] and that

VuVy do = A/

By By

wy dz +/ |z|* f(u)y dz, for all ¢ € C3°(B1(0)).

By
Using elliptic regularity one can see that w is a classical solution for . We still have
that

lull* = Al = : |z[* f(u)u dz > 2 ; |[* F(u) dz.

Consequently, we can see that ®,(u) > 0. Now we need to show that u, — u € H, in

order to have this convergence, we separate the proof into three cases.

Case 1 ¢ = 0. In this case, using and the convergence of u,, in L9 for all ¢ > 1, we

have

A

1
0 < ®y(u) <liminf ®y(u,) = liminf§]|un|]2 — (§HUH§ + [ |x|*F(u) dx) =0.

By

Then ||u,|| — ||u|| and w,, — w in H, as we desire.

Case 2 ¢ # 0 and v = 0. We show that this case cannot happen for a (PS). sequence.
For some ¢ > 1 and a (PS5), sequence (u,) C H, such that u,, — 0, we claim that

|f(un)]? dz < Co. (38)

B

Since u = 0, it follows from that, given ¢ > 0, for n large enough we have
[un]| < 2¢+e. (39)

In order to estimate the integral using (C'G), we notice that

|flup)|?dz < C [ e dz < C eqﬁon(u”)HQ(H(ziZ)H)z dz. (40)
B B B
By the Trudinger-Moser inequality, the integral in (40)) is bounded, independently from
n, if gfo||lun||? < 47. Because of (39), this will be indeed the case ¢ < 27/, if we choose
q > 1 sufficiently close to 1 and ¢ is sufficiently small.
Now using with v = u,,, we have

el = Az = i ] f (un ) A
1

< epllunll < (c+ e)en. (41)




47

We estimate the last integral above using the Holder inequality. Initially, we consider

¢ such that (1/¢) + (1/¢') = 1. Then by (§0)), we have

) 1/q
<C ( |t |? dx) :
B

Then, from (38), since u,, — 0 in L7, we conclude that ||u,| — 0. This contradicts (36]),

|| f (un)u, dz

B

which says, ||u,||* = 2¢ # 0.
Case 3 ¢ # 0 and u # 0. We shall prove that

(D)\<u) = C.

Assume by contraction that ®, < ¢. Thus,

|ul|? < 2 (c—i— A2||ull3 + /B1 || F (u) d:c) : (42)

Let v, = u,/||u,|| and

u

V2 +M2ull3 + [y, 2] F(u) da)

v =

Since v, = v, ||v,|| = 1, and ||v|| < 1, it follows by [38, Theorem 1.6] that

sup/ e dy < oo, forall p<—7-0o.
By 1— [|of

Using (C'G), we can obtain the following estimate of f(u,) in L?
1f(u)|?dz < C [ e dz < C e®Poun g < O [ eWPollunll®vi qg
B B B B
and this will be bounded if ¢ and p can be chosen such that

c+ A2lull3 + [p, [¢*F(u) dz 4
¢ — Px(u) 1—{[Jof*

qBo||un||* < 4mp < 47

For large n, this will happen if

b 1
2r ¢ — Dy (u)

which is actually so, since ®5(u) > 0 and ¢ < 27/ 0.
Then, from , since 1, — u in LY and f(u,) is bounded in L7 for some ¢, we
conclude that ||u,| — |ju||. Consequently, u,, — w in H. This is impossible in view

of and and we conclude that ®,(u) = ¢. Thus, the proof of Lemma is
complete. [
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If we consider H = Hj ,4(B1) and f(t) having a critical growth, we should also prove
that the (PS). condition is satisfied by minimax level, which are bounded from above by
an appropriate constant. But in this context, this constant, in addition to relying on [y,

it also depends on «, which allows an increasing in the range of the minimax levels.

Lemma 0.0.6. Assume (H,) — (Hs), (CG) and H = Hy,,4(B1). Then the functional &
satisfies the (PS). condition for ¢ < (2 + a)m/By.

Proof: Since we work in H = Hj .4(Bi) and the wieght |z|* is in the nonlinearity, we

can change (3)) into ([)), so the proof follows exactly the same steps of Lemma[0.0.5] W

3.4 Proof of Theorems [0.0.9 and [0.0.10k Subcritical

Case

This section is devoted to the proof of Theorems [0.0.9] and [0.0.10] Here, we consider
H = Hg(By), although, in the case that H = Hg4(B1), the proof uses the same

arguments. We begin proving the geometric conditions of the Mountain—Pass Theorem
and the Linking Theorem are satisfied for associated functional ®, in Theorems and

0.0.10}, respectively.

3.4.1 Geometric conditions

Initially, we will show that ®,(u) < 0, when u belongs to a finite dimensional subspace
of H and norm of u is large enough. This fact helps us to prove the geometric condition

of the Mountain—Pass Theorem to A < A\; and of the Linking Theorem to A\, < A < Agi1.

Proposition 0.0.1. Assume (Hy) and (Hy). Let V be a finite dimensional subspace of
H. Then ®, is bounded from above in V, and moreover, given M > 0 there is an R > 0
such that

D)\ (u) < —M for all ||u|| > R and u € V.

Proof: Given ug € V, let us define

t? A
(0) = B(t0) = 5 ol — ol - / (2| F(tuo) da for all € R,
B
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It follows from (H,) (see (17)) that for o > 2 there is a constant C' > 0 such that
F(t) > C|t|]” — C for all t € R. (43)

Thus,
t2 2 t2)\ 2 alyplo o
n(t) < §||u0\| — THUOHQ - C |z|*[t|7|uo|® dz + C' for all t.
By

By the equivalence of norms in V', we obtain

n(t) < —tz | ||2 - C 2 |t]°||uol||” + C £ 1t
U U or a
= 270 2+« 0 ’
which implies that n(t) — —oo as t — oo. The result follows by compactness. |

Proposition 0.0.2. Assume 0 < X\ < \i, (Hy), (Hs), (Hs) and (19). Then there exists
a >0 and p > 0 such that
Oa(u) = a if [Jull = p.

Proof: By (H,) we know that there exist 1 < Ay — A and 6 > 0 such that
Ft) < th, if [t] < 6.
On the other hand, from ([19)) we obtain
F(t) < Ce®|t]® for all t € R for 8 large enough .

Hence we obtain

F(t) < th + Ce®|t)? for all t € R,

which implies

(I))\(U)

v

1 2 1 M‘i‘A 2 /5“2 3

Sl = 5 (552 btz = ¢ [ eluf as
1 1/2

> o= (5 = ([ e ae) jal
2 A1 B

Using the Trudinger-Moser inequality we have that

w 2
/ 2P dg :/ PP ()" gz < Co
Bl Bl

if [Jul|* <7 and 287 < 47 if u € Hj(By). So

- (55| e - et

Dy (u) >

DO | —
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A
assumes its maximum and take a = g(p). The result follows. |

A
Now we choose p > 0 as the point where the function g(s) = % {1 — (M i )} s? —Cs?

Here, we consider ¢; to be the eigenfunctions of (—A, Hg(B;)) corresponding to the

eigenvalues \; for all j € N and let us denote the subspace Hj, as in .

Proposition 0.0.3. Assume A\, < A < A\py1, (Hy), (Ha), and (Hs). Then, there

exist a, p > 0 such that
Oy(u) > a if ||ul| = p and u € H-.

Using the variational characterization of Agiq, the proof follows the same way of
Proposition [0.0.2 See below. From (Hj), we notice that there exist p < Agy1 — A

and & > 0 such that

F(t) < §t27 if [t] < 6.

Moreover, from ([19)) we get
F(t) < C®P|t] for all t € R.

Consequently, we obtain

F(t) < gﬂ + Ce™Jt)? for all t € R,

which implies, together with the variational characterization of A;,1, that

1 1+ A 02
B0 2 gl - ; =€ [ e fuf da
2 2 \ B

Ak+1

1 A 1/2
25 (1= (550 e - o (e ac)
2 Ak+1 B

By the Trudinger-Moser inequality, we know that

w \2
/ 2 dg = / PP (i) gy <y
Bl Bl

if |lul| < 0%, where 36 < 27. So

®x(u) = Cllull* = Cllul]® > 0.

for all ||u|| < min{1,§'/2}. |

Remark 0.0.5. Propositions|0.0.1,(0.0.4 and|0.0.5 are available for both cases (subcritical

and critical).



o1

Proposition 0.0.4. Suppose that (H,) — (Hj), and (Hs) hold and Ay < A < Apyq-
Let Q) be as
Q= {v+8bpy1:v € Hy, |[v]| < R and 0 < s < RY,

where Qi1 1s eigenfunctions corresponding to eigenvalue Agy1. Then
P (u) <0 for all u € 9Q).

Proof: We set Ry > p and R > Ry. Now we consider a usual split 0Q = Q1 U Q2 U Q3,

where

Q1 ={ve H:|v| <R};
Qs ={v+ s¢ps1: ||v]| = Rand 0 < s < R};
Qs = {v+ Ropy1 - ||v|| < R}
Let v be on @y, then by (H3) and the variational characterization of A, it follows that

1 A
Pr(v) < <|lull® - §IIUII§
< 1 1 A lv]|> <0 “
) N ) 1o =

independently of R > 0.
On )2, we have

lv+ sorall* = l|vll + sl G |I* > [lv]]* = R*
and on ()3, we can see that
[0+ R | = B ppsa |* + ol = B

Let us take R > Ry large enough, such that by Proposition one has ®,(u) < 0 for
u € 0Q). [ |

Remark 0.0.6. Propositions |0.0.1] and |0.0.2 are proved exactly the same way when we

work in Hy ,q(B1). However, in order to show that Propositions|0.0.5 and|0.0.4) are also

available in H&rad(Bl), we need to split it into two orthogonal subspaces as we usually do

with HY(By). Let us recall the notation introduced in and that
H&,rad(Bl) = U H;ck (45)
k=1

Then, in order to prove Lemma[0.0.3, when one considers the radial case, we should use
the decomposition given by .
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3.4.2 Proof of Theorems and [0.0.10] completed

We know that from the hypotheses in both theorems that ®, satisfies (PS5). for all ¢ € R.
Using the Propositions [0.0.1] and [0.0.2] and applying the Mountain—Pass Theorem, we
prove Theorem[0.0.9) From Propositions[0.0.3|and [0.0.4], Theorem [0.0.10| follows, applying

the Linking Theorem. If we consider H = Hy4(B1) in the proofs of these last Theorems,

we have that solutions are radially symmetric. [ |

3.5 Proof of Theorems[0.0.11] and [0.0.12t Critical Case
in H&(Bl)

This section is dedicated to the proof of Theorems [0.0.11] and [0.0.12] Since we cannot

obtain a Palais-Smale condition for the functional ®, as we have done in the subcritical
case, we need to show that the minimax levels are below an appropriate constant in order
to recover a similar compactness property for the functional. Before that, we show the
geometric conditions of the Mountain—Pass Theorem when A < \; and in the Linking

Theorem if Ay < A < \py1.

3.5.1 Geometric conditions

Initially, we need to introduce the so-called Moser functions

(logn)!/2, 0< o] < L;

1 log
> — || 1
Zn(r) = —<¢ —% 1< <1 46
() Vo (logn)/2 » — 2l < 1; (46)
0 |z| > 1.

This kind of sequence is usually used to guarantee that minimax levels lies under an
appropriate constant, which will allow us to recover the compactness properties for ®, that
are lost when dealing with critical growth ranges. Let us consider a suitable translation
of Moser’s functions in a region of Bj far from the origin where the presence of |z|* can
be neglected. First, let us set 29 € By and 0 < r < d < 1 such that B,(zy) C By and

|z| > d in B,(xy) and define the functions

(7)) = 2, (x_f"o), (47)

r

which are in Hj(By), with ||z,|| = 1 and suppz, C B,(x).
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Remark 0.0.7. If « = 0 and 0 < X\ < Ay, we do not need to have |x| > d, thus it is

sufficient to consider xq equal to origin and r = 1.

Fist of all, we will see that for large n we still have the same geometric condition
proven in the subcritical case. For 0 < A < A\, we see that ®, has a local minimum at 0.

Indeed, by Proposition [0.0.2] we have that there exist a, p > 0 such that
Oy (u) > aif ||ul| = p for all w € H
and from Proposition [0.0.1} we see that, for n large enough, there exist R, > p such that
D)\ (Ryzn) < 0.

For A\, < A < Apyq, the proof of Theorem [0.0.12] is accomplished by the use of the
Linking Theorem. As in Proposition [0.0.3] we have that there exist a,p > 0

®y(u) > a if ||ul| = p for all u € Hi.

Now, we prove the following proposition in order to conclude that geometric conditions

of the saddle point case are satisfied.

Proposition 0.0.5. Suppose that A\ < A < \gy1, (H1) — (H3), (CG) and (Hs) hold. We
consider z & Hy. Let QQ be as follows

Q:={v+sz:v€ H,|v| <R and 0 < s < R},

O\ (v) <0 for all v € 0Q).

Proof: First, we split 0Q) as usual

0Q =Q1UQ2UQ3
where
Q1 ={v € Hy : ||v]| < R};
Q2 ={v+sz:|v]|=R,0<s <R}
Qs ={v+ Rz : ||v|| < R}.

If v € @, using (H3) and the variational characterization of A, we have

1 A 1 A
0a(0) < Il = Sl < 5 (1- 5 ) IolP <o
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independently of R.
On @9, let us take Ry > p, with [[v|| = Ry and 0 < s < Ry, such that there exists Ry
as in Proposition satisfying

|lv+ sz|| > Ra > p,

and

D) (v+s2) <0.
Analogously, on @3 let us take R3 > p, so there exists R4 such that
llv+ Rsz|| > Ry > p,
and we also obtain by Proposition (0.0.1
O, (v+ Rsz) <0.

For R > max{R;, R3, Ry}, the result follows. [ |

Remark 0.0.8. Notice that z,, given in is not in Hy, for all n € N, so we will use
Proposition with z = z,.

3.5.2 Estimate of minimax levels

For the Mountain—Pass case, we define the minimax level of ®, by

¢=2¢(n)=inf max ®,(w) (48)

vel' wewv(]0,1])
where

I'={veC(0,1],H):v(0)=0and v(1) = R,2,},

R,, being such that ®5(R,z,) < 0 and z, is given in (7).

Proposition 0.0.6. Let ¢(n) be given in . Then there exists n large enough such that

< 21
Bo

Proof: We claim that there exists n such that

¢(n)

2
max D, (tz,) < il
>0

Bo
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Suppose by contradiction that is not case. So, for all n, this maximum is larger than

or equal to 27/, (it is indeed a maximum, in view of Proposition [0.0.1)). Let ¢, > 0 be

such that
D\ (thzn) = r?gaox D\ (tzy,). (49)
Then
D\ (tnzn) > T ofor all n e N,
Bo
and, consequently,
t2 > "7 for all n € N. (50)
50
Let us prove that t2 — 47/8,. From we obtain
d
D)\ (tz, =0.
G|

Multiplying this last equation by ¢, and noticing that ||z,|| =1, A, f(¢) > 0, we have, for
n large enough, that

2> / || f(tnzn)tnz, dz,

By (z0)

By , one has |z| > d, for all z € B,(zg). Thus,

2> da/ f(tnzn)tnz, da. (51)

By (z0)
By (Hg), it follows that given € > 0 there is ¢. > 0 such that
F)E > (€ —e)e™” for all t > t..

Then from , for n large enough, we obtain

2> (€ - g)do‘/ Pt Ay
Br(xo)

9 2logn

s 2 (52)
= (£ - e)md°re )

which implies that ¢,, is bounded. And moreover, together with gives us that
ti — 471'/60.
Let us estimate more precisely. Let

A, ={x € By (xg) : thzn(x) > t.}, B, = B.(x0) \ Ay,

and split the integral in into a sum of the integrals over A, and B,,. Using (Hg), we

have

f(tnzn)tnz, do — (€ — 5)/ efotizn dx} . (53)

By n

Gzafe-o [ vty
By (z0)
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Since t,z, < t. for x € B, one has xp, — 1 almost everywhere in B,(zy) as n — oo.

Thus, by Lebesgue Dominated Convergence Theorem, we conclude that

f(tnzn)tnz, dr — 0 and / ePotnan Ay — r2r.
B n

Passing to the limit in , we obtain

4
= > d*(€ —¢) {lim/ A2 g — 7’27T:| )
Bo By (w0)

The last integral in , denoted by J,, is evaluated as follows

1 (]ogl)z
72 7T 1 4r L T
In = 7“2/ et do = r? — e ax logm | 27r/ "o logn pdr oy,
B n 1/n

Changing variables in the integral in (55)), s = log(1)/logn, we have

1
J, =12 {71' + 27 logn/ e logn—2slogn ds} :
0
Thus from 7 we obtain
— > (& —&)d*r*mM, for all £ > 0,

which implies
<
BoMod*r?

a contradiction to (Hg).

In the Linking case with o > 0, we define the minimax level of ®, by

¢ =2¢(n)=inf sup @)(w)
vell wev(Q)

where

'={velC(@QH):vlw) =wifw e JQ}.

First, in order to prove Theorem [0.0.12] let us prove the following proposition.

(54)

(56)

Proposition 0.0.7. Let ¢(n) be given in (56). Assume o > 0 and (Hx), then there exists

n large enough such that
2T

<E.

&(n)
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Proof: In the same spirit of [2], we demand to show that there is n > p such that

2
max{®,(v+ sz,) : |[v]| < R,,0< s < R,} < = (57)
0

where we set z, as in (47)). First, we need to take d and r, given in , according to

hypothesis (H7). Since, @ > 0, we can choose 0 < r < d < 1, previously fixed, satisfying

d\“ 2
Z) > '
(r> _1>2—|—a (58)

Now, we assume, by contradiction, that is not true. Then for all n

2
max{® (v + s52,) : [v]| < Ru,0 < s < Ry} > ﬁ—ﬁ.
0

Let u,, = v, + t, 2, be the point where this maximum is achieved. So

2
>
Bo

and using the fact that the derivative of ®,, restricted to Hy ® Rz,, is zero at u,, we

(I)/\(un) (59)

obtain
lunll* = Al — ; %[ f (un )t dz = 0. (60)
Initially, we accept the following claims, which will be proved later.

Claim 1. (v,), (t,) are bounded sequences.

We can assume that the subsequences also denoted by (v,,) and (,,) such that v,, — vy

and t,, — to.
4
Claim 2. vy = 0 and {2 = —.
Bo
From ([60), we notice that
lim [|u,[|* > lim |z|* f(uy,) dz (61)
By (zo)

and consider

A, ={x € B.(x) : up, > t.}, Bn = By(x0)\ An,
and split the integral in into a sum of the integrals over A, and B,. Using (H;) we
can see that

|2 f(un)u, de > (€ — 5)/ |:13|0‘e’30“% dz
By (z0)

+/ || f (wn)un dx—(g_g)/ 2| oefou .

n

B1

(62)
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Since xz — 1, from Claim [2| and Dominated Convergence Theorem, we have

2 2+a
lim |z|® f(up)u, dz =0 and lim || dy = L—
B, B, 2+«

Now we notice that, for n large enough, given ¢ > 0, there is C; such that
u? > (1—¢e)t222 — Ol
Since t2 — 47 /8,, we obtain for n large enough

4
w2 > (1— >5—” — Ce]|0]] - (63)
0

Thus, using and , the first integral on the right side in is estimated from
below by
/ |x|0‘66°“% dz > d®eCellvle / e(1=e)4nz] .. (64)
By (zo)

By (zo)
We denote the integral over B,.(z) in by J, and we can evaluate it as follows

) 247052
J, = 7,2/ 6(1 e)*4nzy dx
By

1
_ ’]"2 {%6(15)22logn + 27T/ 6(1—5)2(10g%)2(10gn)7lr dr} '
1

n

(65)

Changing variables in the integral, s = log (1) /logn, we can see that the second integral

r
in (65]) converges to mM. Hence, J,, — r*7M. Hence we obtain

lunll? > (€ = &)mr? (do‘]\//f— QQfQ) (£ — eyt Kg)a - i a} . (66)

On the hand, since v,, — 0, for any &, we have
4
lim ||, ||* = lim 2|z, ||* + lim2tn/ 2oV da + lim [Jv, ||> < (1 +¢)lim#2 = (1 + 5)ﬁ—7r
By 0

Then it follows from and that

4 d\* 2
(1+ 8)5—: > (€ — )mrtte [(;) — 2+—Oj , for all € > 0,
which implies
4 AN
< | (%) - ,
Bor2tae |\ r 2+«
a contradiction to (Hr). |

Remark 0.0.9. We notice that the last contradiction only happens because o > 0 and
r and d satisfy . If a« = 0, we should assume (Hg), so we can obtain a result as
Proposition [79 in the next section.
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Proof of Claim (1 Given (¢,) and (v,,) as above, one of the following two possibilities
has to hold:

(i) either there exists a constant Cy > 0 such that t,,/||v,|| > Co, or
(ii) there are subsequences, denoted also by (¢,) and (v,), such that t,/||v,| — 0.

If (i) holds, then there is a constant C' > 0 such that
[tn]| < [lonll + 20 < Ctn,
which applied to gives

C°8 > Jun? > /

Br(z0)

2| f (tn )y, daz > d(€ — &) / e dg, (67)
B

r/n

where (H7) was used. We can write

Vor tn (logn)t/?

Hence, given ¢ € (0,1), we have u,(z) > (1 — ¢)t,(logn)*/?/+/27 for large n and
& € B, n(x0). Together with , we obtain

tn n V2
up(x) = (logn)'/? (v (z) T4 1) for all € B, /().

242 5 d® mr? Bo/27t2 (1—¢)? logn
C tn jl (5 - 6) n2 € P
which can be written as

el 7TT'2 Bo/27t2 (1—)? logn

It follows that ¢, is bounded. Consequently, ||v,|| is also bounded in this case.
Now, we assume that (ii) is true. Then , for n sufficiently large, we have ¢, < ||lv,]|,
which implies ||u,|| < 2||v,||. We suppose, by contradiction, that ||v,|| — co. As before,

let s. > 0 be such that
fr > (€ - 6)6’8082, for all s > s..

Thus by , it follows that

fup)uy, - efon
12da/ ——dx > ({ —eg)— — dx. (69)
un>s. |[tUnll® 4 Juzs. llvnll?
On the other hand, we notice that
un Un t uTL

— = Ty — :
ol X% = Toall " Toall™ ~ Joml X<
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Hence, we can see that

s () = T a. e in HY(By),
an(x)”X n> E(I) v a. e 1 0( 1)

where v € Hj, with v,/||v,]| — © and ||]] = 1. Then using Fatou’s Lemma in
and since we have assumed that ||v,|| — 0o, we come to a contradiction. Thus ||v,|| is

bounded and, consequently, ¢,, is also bounded. [ |

Proof of Claim [2} First, we will show that
tg > 4w/ fy. (70)
Once z,, converges weakly to zero in H, we have
lunl* = €5 + [lvol|.
On the other hand, we notice that u, — v in L'(B;) and by we have
/B || f(un)uy, d < HunH2 <C
1

and using (H,), we ensure that the other hypotheses of [28, Lemma 2.1] are satisfied.
Therefore, we obtain

|z|*F(uy,) de — |z|*F(vg) d (71)

Bl Bl

Using this information in (59)), we can see that

DN | —

o o
2T L ol = Aol - / 2| F(wo) da.
BO B

From the variational characterization of A\ and since A > Ay, we obtain

1 1
/80 — 2 0_'_ ( )\k) HUOH — 2 0

which implies that t2 > 47/ 3.
We will work again with the alternative set in the proof of Claim [I} We first observe
that by the alternative (ii) cannot hold. Hence let us assume (i). We conclude from

that

This fact together with implies 2 = 47/ .
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Now we must have vy = 0. First, observe that v, — vg, t, — to, ||za]| = 1 and

|2nll3 — 0, from and (71), we can see that
2 4w
Dy(vo) + o > —.
T2 5
Then we conclude that ®,(vg) > 0. But, we have that

1 1
(i) < 5 (oll = Alwl?) < 5 (1= 3 ) el

Hence, we obtain ®,(vy) = 0.
Now we must show that if vg € Hy and ®,(vg) = 0, then vy = 0 and we finish the
proof of Claim [2]

Consider vy € Hy, then

1 A
0 = @) = Sl = Slloll— [ Jol"F) da
B1
1 A
<5 (1=5) Wl = [ elrto) o
< — | |z|*F(vy) dz.

By
Since F(t) > 0, we can see that

|z|* F(vy) dz =0
B1
Thus . )
0= ®,(v) = §HUOH2 - §HUOH§

Thus we can see that

which give us vy = 0. |

3.5.3 Proof of Theorems |0.0.11| and (0.0.12| completed

Proof: We know that from the hypotheses in these three theorems that ®, satisfies (P.S),.

for ¢ < 27 /fy. From the Propositions [0.0.1} [0.0.2] and [0.0.6| and applying the Mountain—
Pass Theorem, we prove Theorem [0.0.11] By Propositions[0.0.3],[0.0.5] and [0.0.7, Theorem
0.0.12 satisfies the hypotheses of the Linking Theorem. [ |
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3.6 Proof of Theorems [0.0.13 and [0.0.14: Critical case
in H&,rad(Bl)

In this section, we treat the radial case with f(¢) having critical growth. In this case, a
solution u for Problem (P1)) should be H = H&,rad(Bl)v which will force us to change some

calculations.

3.6.1 The geometric conditions

Analogously to Subsection , we need to introduce sequences of functions, which helps us
to guarantee the minimax levels lie under an appropriate constant, in order to achieve
the compactness properties for ®, as before. If 0 < A < A, we consider the following

sequence (y,), given by

(s) st =0 0<s<mn (72)
e (e ) =8 n<s

where 8, = 2logn/n and A, = 1/(en) + O(1/n*). Since f(t) satisfies (CG), by [20)

Theorem 1.4], we have

/ Iy ()P dt =1 and lim F(y,) dt = me. (73)
0

n—oo Bl

Using this sequence together with Proposition and Proposition [0.0.2 we see that @)
has a local minimum at 0.

If A\ < A < Agg1, we have to consider the split H = H; & ((H[")l N Ho,rad(B1)), as in
and similarly to Proposition , we have that there exist constants a,p > 0 such
that ®5(u) > a for all u € ((H)* N Hoyaa(B1)) with |lu|| = p. Taking z, as in ([46]), we
set Ty : H oa(B1) = ((Hy)* N Hoyaa(B1)) as the orthogonal projection. More explicitly,

,rad

we have
W () = Ti 2, (). (74)
Since H C Hj, we have that w,, satisfies and for all n € N. By the same away
of Proposition [0.0.4) we conclude that, if n is large enough, there exists R, = R(n) > p
such that for
Q:={v+sw,:veH|v]|<R,and 0 <s <R},

we have ®,(u) <0 for all u € 9Q.
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Remark 0.0.10. Sequences (y,), given in ([72), and (w,), given in (74)), will be used in
the proofs of Theorems|0.0.15 and|0.0.14], respectively.

Remark 0.0.11. By definition, w, is not in Hy for all n. From , we realize that
Wy, £ 0, given in (T4), for alln € N. Since W, is the projection of z, on Hoaa(B1)), we
have that z,, given in , 1s also not in Hy, for alln € N, so we will use Proposz'tz'on

with z = z, and with z = w, wn order to prove Theorems|0.0.14 and |0.0.14], respectively.

Geometrically, the next figures illustrate this fact.

A(H)*

Figure 1: Q :={v + sz, : v € H,||v]| < Rand 0 < s < R}.

A(H)*

R

W,

Figure 2: Q = {v+ sw,, : v € H, ||v]| < Rand 0 < s < R}.
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3.6.2 Estimate of minimax level

First, we consider A < A;. From Lemma [0.0.6, we know that ®, satisfies (PS), for
¢ < (24 a)r/By. To conclude via the Mountain—Pass Theorem that has a radial
solution, we need to show that there is a z € Hj 4(B1) with [|z]] = 1 such that
max{®,(tz) : t > 0} < (2+ a)7/By. It is common to use the Moser sequence, given
in , in order to show this kind of result, but here we will use sequence (y,) given in
and, thus, we can obtain better estimates.

Initially, we notice that, since we are working in the radial case, we can rewrite the

functional J, in radial coordinates:

el A
2#/ (—\urlz — —|u|2 — raF(u)> rdr,
) \2 2

where u, denotes the derivative of u in relation to the variable r. Cancelling the factor

eI A
/0 <§|ur|2 — §|u|2 — TO‘F(U)) rdr

satisfies (P.S). for ¢ < (2 + a)/25y. Next, we perform a change of variables to transform

2w, we see that

the interval (0,1) into the interval (0, +00). Let

1 dr 1
= 78/2' d = —— 78/2d = _— = —— 75/2
r=e ;o dr 26 S Us = Uy 15 Qure ,

and hence we obtain

<1 A 1
/o (5]2uses/2|2 - §\u|2 - esa/zF(u)> 56’3 ds.

Multiplying by 2, we see that the functional

o A
/ (2|u5|2 - §|u|26_8 - F(u)e_S(HO‘/Q)) ds
0

satisfies (PS), for (24 «)/fy. Finally, substitute y = 24/7u and multiply by 7 to achieve

) = 2 = ZlylPe® — nF —s(1+a/2) | 4
A(y) /0 (2|ys| 8Iyl e —m <2ﬁy) e s, (75)

which again satisfies (PS). for ¢ < (24 a)7/py.

Now we can define the minimax level

L — inf P 76
¢ =¢(n) inf max Av(w)) (76)

where I' = {v € C([0,1], H);v(0) = 0 and v(1) = R,y,}.



65

Proposition 0.0.8. Let ¢(n) be given as in . Then there exists n large enough such

that
: 2+ a)r
éln) < ——.
(n) 5
Proof: We claim that there exists n such that
2+a)m
max Da(tyn) < a8

Suppose by contradiction that this is not the case. So, for all n, this maximum is larger
than or equal to (2 4+ a)7/fy (it is indeed a maximum, in view of Proposition [0.0.2)).
Let t,, > 0 be such that

Px(tntn) = max ®x(tyn). (77)
Then
D)\ (toyn) > M for all n € N,
Bo
and, consequently,
tiszorallneN.

Bo
In order to prove that t2 — 2(2 + a)7/ By, first, we observe that, from (77)), we have

Ly tp))| =0,

dt

t=tn

So, using condition (Hgaq), we conclude that

& t t o
2 > ) Iy es(145) g
7“-”A f(%ﬁy>mﬁye e

(5 - 5)7'(' /oo eﬂot%/4ﬂ(n—210gn)_s<1+%) ds.

Vv

We suppose that
lim 2 > M‘
n—yeo Bo
Consequently, there exists a subsequence of ¢, with t2 > § +2(2+ )7/, for some ¢ > 0.
Then we have
2> @—@w/wJMKW@ﬁmﬁmmﬂugds

_ (€ — o)t () S leen,

Thus, we conclude that 2 is bounded and converges to 2(2 + a)7/Sp.



66

In order to estimate more precisely, we set A > 0 and set
[0,b,) ={s €[0,00) : thyn(s) < A}.

Since y,(s) = s((1 — 6,)/n)*/? — 0 for every fixed s > 0, we can see that b, — co. Then

we have

[e'e) b
o " t t o
2> (£— Bo/Amtiyi—s(145) g / )ty s g
2> (¢ 8)7‘(/0 e s+m i f Qﬁy 2ﬁye s -
bn
~(g—epm [ i) g

0

The last integral in goes to 1. In fact, we have
bn bn 2.2 be 2,2 bn 2,2
/ efs(lJr%) ds S/ esnynft(lJr%) ds :/ esnynft(lJr%) d8+/ esnynft(1+%) dS,
0 0 0 be
where we choose for given € > 0 the number b. > 0 such that
bn 2.2 a , [ a 5
/ 650/47rtnynfs(1+§) ds < 650/47TA / efs(lJrg) ds < 5 for all n.
be

be

Now, using that y,(s) < e, — 0 on [0, b.], we choose N; sufficiently large such that

be be
/ eﬁo/%-t%%%—t(l—i—%) ds < eﬁg/47re%/ e—t(l-i—%) ds < 1 +% for all n > Ns‘

0 0
The second integral in is positive, and in fact goes to zero (as can be seen using a

similar argument). Hence we have in the limit

lim 2 = (£ —¢&)r ( lim / efo/Amtii—s(145) qg — 1)

n—oo n—00 0

= ({—¢o)r | lim /OO e(1+8)vn—s(145) g5 — 1)
0

n—o0

First consider the change of variable s = (1 + a/2)t. After, changing y,(s) into
(1+a/2) 'z, (s). From (73), it follows that

MWZ (E—¢) <1+%>27r(lim /Oooex%_tdt—l)

50 n—o0

= €9 (1+9) 7

for € small enough, which implies

a contradiction to (Hgyaa)- [ |
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Now, we consider the Linking case and define the minimax level

¢ =¢(n) = inf dy(h 79
¢=¢c(n) inf max A(h(w)) (79)

where I' = {v € C(Q, H);v(u) = u if u € Q}.

Proposition 0.0.9. Let ¢(n) be given as in . Then there exists n large enough such

that
2+a)r
Bo

Proof: Suppose by contradiction that for all n we have é(n) > (2 4+ a)r/5y. Thus we

é(n) <

obtain

¢(n) < max{®,(v+tw,) : v e H,||v]| < R, and t > 0}.

It follows that for each n there exist v,, € H; and t,, > 0 such that

Oy (v, + tpwy,) = max{®,(v + tw,);v € Hf N By, ,t > 0} (80)
and we have
O\ (v, + tpwy) > (2—;—0@)7 for all n € N. (81)
So, since w,, € (H;)*, from ([#4)) we obtain
2 > 22+a)m for all n € N. (82)

Bo

Analogously to Proposition [0.0.6] let us assume the following claims, whose proofs we

will give later.

Claim 3. (v,) and (t,) are bounded sequences.

224 a)w
Bo

Since v, € Hj, in view of Claim [i] we also obtain [|v[j« — 0. However, we have

Claim 4. t2 — in R and v, — 0 in H.

Up + tpW, — oo uniformly in By p,.

We can suppose, without loss of generality, that

log(A(1)) _ , .

Ky <
0= ; <

for all ¢ large enough for some Cy, Ko > 0.
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Indeed, note that if h(s) satisfies (Hg), there exists h(t) such that h(t) > h(t) for all ¢

large enough and

0 < liminf w

lo
< lim sup &
t—-+o0

t——+o00
Finally, consider v such that
2 2 4(2 B C?
2ol (A2t , G
Bo V27 45
From , using the fact that derivative of ®,, restricted to Hy ®Rw,, is zero at v, +t,w0,,

v > (84)

we obtain
|Vn + @ ||* — M|vn + tatlnll3 — / |z|® f (v, + tpn) (v, + tyy,) dz =0 (85)
and we can see, for n large enough, we have

2> / 21 F (o + ttln) (v + EiBy) o
Bl/n

Since t, > \/2(2 + a)m /3y > 0 and v,, — 0, by we can take n large enough that
Zfnﬁjn - ”Un”oo Z Cx,

where ¢, is given in (Hg). Thus, we obtain

ty > 7/3 [ (it — [[valloo) exp (Bo (tatin — [|valloc)) da
1/n

2 1% exp | — logh(tnwn — ||vnlloo)] ?
ST p[ (e Tni)
log[h (it — an|\oo>1>2] .

We have

+/80 (tnwn - |Un |oo + =
ol = ot = o ]lo)

But if n is large, shows that

- (log[h(tnﬁ)n - anHm)])2 .G
2\/%(tnwn - anHoo) o 460

and
log[A(tn10n — [[onlloc)] Ko

280 (tntin — vnlloo) — 280

from which we obtain

C? Ko\*
ti > ~vex ——0>/ r|%ex (tnwn— Un oo—l——o) dz
2o (g ) [ tresp (80 (i~ e+ 5

> yexp (—Z> / |z|* exp(Bot2w?) da.
Bl/n



69

Consequently, from and we can see that

2

C
t2 > ~yexp (—f) / |z|* exp[2(2 + a)7mw?] do
Bl/n

C? 2m
=vexXp | —— W exp

2 (logn

2(2 + a)m <(10g”)1/2 - Bk)m)?]

2
e (—%) m(j%ﬂ(zm) log n]+(—4(2+a)m By /v/2m)+([2(2+a)w B2 / log 1]

Now, letting n — oo in the inequality above, one gets

(2 + a)? (4(2 + a)7 By, C’_g)
V= B ¥ V2r " 4By )’

which is contrary to the choice of v in (84). This contradiction follows the assumption

¢(n) > (2+ a)m/ B for all € N, which concludes the proof. |

Although Claims [B] and [ are similar to Claims [I] and [2] respectively, we must use
different arguments in order to prove them, because we assume (Hs) instead of (H7).
Now we will prove them briefly.

Proof of Claim [3} It is sufficient to prove that all subsequence of (¢,) and (v,) have
bounded subsequences. Let us suppose that this is not true. So, we can find subsequences,
which by convenience we still denote by (t,,) and (v,), respectively, such that all of their

subsequences are unbounded. That means we can assume the following
tn,, + ||vn, || = oo for all subsequences (ny). (86)

Therefore, one of the following two possibilities has that hold:
(i) either there exists a constant Cy > 0 such that t,,/||v,|| > Co, or
(ii) there exist subsequences such that ¢, /||v,| — O.

Assume that (i) holds and using (86]), we have that ¢, — co. Now we can see from (Hy)

and that

2 > / |2|% f(vn + toily) (vn + taily,) do
Br/n(mo)

> 7/ |2|*h(vy, + t0n) exp (Bo(vn + tnty)?) da
B'r/n('ro)
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for n large enough from (Hg) we have
h(s) > C (87)
when s is large. Thus we have
2> VC’/B . |2|* exp (Bo(vn + tay,)?) dz. (88)
v/ (@0

We notice that since Hj, has finite dimension, we have that ||v,,||e/t, is bounded for

all x € B,/n(w0). This fact, together with , give us

i) 1)

tn wn

tn oo n)V/? — V21 By, _ (logn)'/? _ By B
2 Vor <(l gn) (logn)1/2> (1 C( Ver (logn)l/Q) )

> n 1 ((logn)1/2 — @)

() + thp(x) = t,w,(2) (1 +

~

2 \/2r (logn)'/2
and taking n such that (logn)/? — /27 B, /(logn)/? > (1/2)(logn)'/?, we obtain

n

v (logn)

U () + tpp(x) > 1/2

and by it follows that

. ¢ 2
Gz a0 [ e (5 (g ) ) @
Br/n(xo) ’ 4 27T

_ p2a 2
= vC’ﬂ2 a exp <<6032—”7T — 2) 10gn) :

Consequently, ¢,, must be bounded in case (i), which contradicts ¢,, — occ.

Then (ii) occurs. Since lim,,_,o0 t,,/||vn]| = 0, by we conclude that v,, — co. From
(85)), we obtain

HunH2 > /B || f (0 + vy ) (tp 0y + vy,) da. (89)
1

Using (Hs) and (87), for n large enough, we have

Hfl/L?’l,||2 Z ryé { - } ‘x|a650(tnwn+vn)2 dx
un?C»y
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Since we are supposing (ii), it follows that
- eﬁO (tn'lbn"!‘vn)z - fy eﬁo(tnwn+vn)2
1> C’v/ 2| dz > C—/ 2| ———— dz (90)
{un>er} [[un 2 J{un>er} [[onl
and just like with Claim [2] using Fatou’s Lemma, we come to a contradiction. Then ||v,||

is bounded and, consequently, t,, is also bounded. |

Proof of Claim First, we notice for some appropriated subsequences we have
v, — vo in H and t,, — ty. Since z, — 0, we have w,, — 0 and w, — 0 for all z € B;.

Then, it follows that
v, + t, W, — vy almost everywhere in Bj. (91)
Moreover, in view of we see that
/B 1% f (0 + ) (0 + o) A2 < o + taa® < C. (92)
However, using [28, Lemma 2.1], once (H;), and hold we have

|z|*F (v, + t,0y,) do — |z|*F(vg) d.
Bl Bl

From and , we can see that
B 2+a)m
Dy (vo) + o > u (93)
2 Bo
and since vy € Hg, in view of ®,(vg) < 0, we have
212+ a)m
t(Q) > u
Bo
Let us prove that t2 = 2(2 + a)n/By. Then, suppose that it is not true. We have

t2 > 2(2+ a)m/By. Thus we can take small enough & > 0 so that

2(2
£ > (142) 22T
Bo
for all large n. We consider
)
n — p ~ )
Bi/n tnwn

clearly we see that ¢, — 0, which yields

c > 'yé’/ |z|* exp[Bo (v + tnﬁin)z] dz
Br/n(zo)

> ¢ / (2] exp|Bo(—Entutin + tutin)?] da.
Br/n(xo)
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Now, using (Hs) and and large n, we see that

- mrite (logn)'/? By,

¢ 20 G e P (ﬂo(l‘gn)%[ Var _(logn)1/2]>

~ mrte B} By, (1 —¢,)*2logn
=~C 1—g)4? | — —2 L n .
7 (2 + a)e@Fa)logn P (50( en)tn [logn Vor)) P Po 2

Because t2 > 2(2 + a)m /By and &, — 0, we notice that

B? B
exp (Bo(l LY [logkn 9 mD e

for n large enough and some C > 0. Using ¢2 > (1 + €)4w/y, we have

24 10g n

exp (ﬁo(l —en)th— — (24 a))

~ T
>
¢ > COnCry—

24«

2 Cl’}/éﬂ' "

5 5P (24 a)logn[(1 — ,)*(1+€) ~ 1]) = oo,

which is a contradiction. Consequently, we must have ¢3 = 2(2 + a)m/3y as desired.
Thus, by (93), we obtain ®,(vy) > 0. But we know that vy € Hy, so by ({44), we

have @) (vy) = 0. As with Claim we can conclude that if vy € Hy and ®,(vg) = 0, then

vp = 0. This finishes the proof of Claim [4] |

3.6.3 Proof of Theorems |0.0.13| and (0.0.14] completed

Proof: We know that from the hypotheses in both Theorems that ®, satisfies (PS).
for ¢ < (2+ a)w/fBy. For A < Ay, we see that ®, has a local minimum point at 0, thus,
applying the Mountain-Pass Theorem, we prove Theorem [0.0.13] If A\, < A < Ajpq, we
have a saddle point at 0 and Theorem follows from the Linking Theorem. |



4 Hénon type equations with

one-sided exponential growth

In this chapter, we establish a link between Ambrosetti-Prodi problems and Hénon
equations. First of all, we remember that the study these problem starts with the celebrate
paper by A. Ambrosetti and G. Prodi [4] in 1975. Ever since, this kind of problems has
been studied, explored and extended by an enormous variety of authors. For a brief review,
we refer the reader to [24} 29, 46]. In short, it deals with non-homogeneous problems such

as
—Au = g(z,u)+ f(x) in Q

u = 0 on 0f),
where at least one eigenvalue of (—A, Hj(B;)) is in the interval, whose the extremes are
the limits lims—, 0 g($)/s < lims— 1o g($)/s. Moreover, the existence of multiple solutions
depends heavily on an usual hypothesis regarding a suitable parametrization of the forcing
term f, which is extensively considered in almost all Ambrosetti-Prodi problems since the
work of J. Kazdan and F. Warner in [34].

Since our work deals with nonlinearities in critical growth range, let us focus our
discussion to more specifically related studies. As far as we know, the first paper that
addressed an Ambrosetti-Prodi problem involving critical nonlinearities was the work of
D. YinBin, [58]. There, the author considered a function that was superlinear both in 400
and —oo and, so, asymptotically jumping all the eigenvalues of (—A, H}(Q)). In [29], D.
Figueiredo and J. Yang explored more jumping possibilities with one-sided critical growth
equation. However, their techniques have natural limitations, which allowed to investigate
the existence of multiple solutions in dimensions N > 7 only. In [I5], M. Calanchi and
B. Ruf improved these results, once they proved that the same problem has at least

two solutions provided N > 6. They also guarantee the existence of solutions in lower
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dimensions, when they added a lower order growth term to the nonlinearity.
Considering similar problems on domains in R? with the exponential growth, we have

the work of CALANCHI et al, 2004 [16], which studied the following problem:

—Au = du+g(uy)+ f(z) in Q,
u = 0 on 0f2,

where € is bounded and smooth in R? and ¢ has a subcritical or critical Trudinger-Moser
growth. They proved the existence of two solutions for some forcing terms f, depending
on the usual parametrization f(x) = h(x) + to(z).

Here we consider a similar problem with the weight |z|* on the nonlinearity, which is
proper of Hénon equations. More specifically, we we study the solvability of problems of

the type
—Au = M+ |z|%g(us) + f(x) in By,
u = 0 on 0B,

(P2)

where A\, > 0 and B; = {z € R?: |z| < 1}. We assume that g has the maximum growth
which allows us to treat problem (P2) variationally in suitable Sobolev Spaces, due to the
well-known Trudinger-Moser inequality (see [40l 57]), which is given by (3]) and (this
last in radial context with the typical Hénon weight). Motivated by these inequalities,
similarity to we did in previous chapter, we say that ¢ has subcritical growth at o0 if

im 4% _ o vs (94)

t—+oo Bt

and ¢ has critical growth at +oo if there exists fy > 0 such that

g9(t)

t
t—4o0 eft

totoo eBt?

4.1 Hypotheses

Before stating our main results, we shall introduce the following assumptions on the

nonlinearity g:
(90) g € C(R,RT), g(s) =0 for all s <0.

(g1) There exist so and M > 0 such that

0<G(s) = / g(t) dt < Mg(s) for all s > sq.
0
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(92) |g(s)| = o(|s|) when |s| — 0.

We recall that we consider A; < Ay < A3 < ... < A; < ... the sequence of eigenvalues
of (—A, H}(By)) and ¢; is a j' eigenfunction of (—A, H}(By)).
We observe that, using assumption (gg), one can see that ¢ is a nonpositive solution

of (P2)) if and only if it is a nonpositive solution for the linear problem

—AY =M+ f(z) in By,
v =0 on 0B;.

In order to get such solutions for , let us assume that

(f1) f(x) = h(z) + 1o (2),

where h € L*(By), u > 2 and

/ h¢, dz = 0.
B
For that matter, the parameter ¢ plays a crucial role. We shall use this hypothesis in the

first Theorem of this chapter.

4.2 Statement of main results

We divide our results in four theorems. The first one deals with the first solution of
the problem, which is nonpositive and is obtained by a simple remark about a linear
problem related to our equation. The other theorems concern the second solution and
are considered depending on the growth conditions of the nonlinearity. In the critical
case, since the weight |z|® has an important role on the estimate of the minimax levels,
the variational setting and methods used in Hg(B;) and Hj,4(B1) are different and,

therefore, are given in separate theorems.

Theorem 0.0.15 (The linear Problem). Assume that A # \; for all j € N and (f;) holds,
then there exists a constant 7' = T'(h) > 0 such that:

(i) If A < Ay, there exists ¢y < 0, a solution for and, consequently, for (P2), for all
t<-T.

(ii) If X > Ay, there exists 1; < 0, a solution for and, consequently, for (P2)), for all
t>T.
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Furthermore, if f is radially symmetric, then v, is radially symmetric as well.

Theorem 0.0.16 (The subcritical case). Let f € L#(B;) with 11 > 2 such that there exists

a nonpositive solution ¢ for (P2). Assume (go) — (g2), and A # \; for all 7 € N.
Then, problem (P2)) has a second solution. Furthermore, if 1 is radially symmetric, the

second solution is also radially symmetric.

Theorem 0.0.17 (The critical case). Let f € L*(B;) with g > 2 such that there exists

a nonpositive solution ¢ for (P2). Assume (go) — (g2), (95), X # A; for all j € N.
Furthermore suppose that for all v > 0 there exists ¢, > 0 such that

g(s)s > 7e®n(s) forall s>c, (97)

where h : R — R" is a continuous function satisfying

lim inf —log(h(s))

s—+400 S

> 0. (98)
Then, problem has a second solution.

Theorem 0.0.18 (The radial critical case). Let f € L#(B;) with p > 2 such that there
exists a radial and nonpositive solution ¢ for (P2). Assume (go) — (g2), (95)), with

h: R — R* being a continuous function satisfying

tim inf 220D > g (99)

s—+400

where [y is given in . If X # A; for all j € N, problem has a second solution

which is radially symmetric.

Example 0.0.3. For examples of non-linearities with critical growth satisfying the

assumptions of Theorem one can consider

65082+K08(25053 + K052 -+ 28) if s>0

g(t) = :
0 if s<0

with h(s) = ef05(28ys% + Kys? + 2s) and Ky > 0. If Ky > 45]/1]|s0, then g(s) satisfies
the hypotheses of Theorem [0.0.18

Remark 0.0.12. We notice that if A < Ay, we shall use the Mountain—Pass Theorem in
the proofs of Theorems|0.0.16, |0.0.17 and|0.0.18. On the other hand, if X > A1, we need

to use the Linking Theorem.
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Remark 0.0.13. We also must point out an important fact: the hypothesis and
are definitely stricter than the one used in [10], since they do not require this additional
function h. What happens is that, as far as we are concerned, it is not proven, nor we were
able to prove that the estimate given in Lemma 3.5 of that article is uniform in m = m(n).
It concerned the minimazx level c(k) and, although it is not clear there, this level actually
depends also on the parameter n, which surely changes with the considered terms of the
Moser functions zj,@mn)- So, an uniform estimate in this level must be proven in order
to conclude that the weak limit of the associated (PS) sequence is actually nontrivial, as

established on Proposition 3.4 of that paper.

In Theorems [0.0.16| and [0.0.18] we assume that f is such that (P2)) admits a

nonpositive solution . Then, a second solution will be given by u + ¢, where u is a

nontrivial solution of the following problem:

—Au = M+ |z|%(u+1Y)s in By
u = 0 on O0B;.

(100)

This means that we will focus our attention in looking for a nontrivial solution for Problem
, considering each of the cases given by the Theorems above. This translation has
the advantage of working with a homogeneous problem, without a forcing term that could
hinder the desired estimates on the minimax levels. On the other hand, the function ¢
plays this role in complicating the estimates, but we could handle them by performing
some delicate arguments involving the additional hypothesis @), with h satisfying
or (99).

Under certain condition, we can see that the first solution we obtained is radially
symmetric, due to a celebrated result of R. Palais, namely: the Principle of Symmetric
Criticality (see [42]). After that, we get a second solution that is radially symmetric
as well. In the subcritical case, we obtain this second solution with almost the same
arguments regardless the space we consider, Hg(By) or Hj ,,.4(B1). However, in the critical
case, we must consider the Trudinger-Moser inequality as given in , when we work in
H}(By), or as in ({), in H}§ 10q(B1), which will dramatically change the arguments. In the
last case, the minimax levels have a higher upper boundedness, that should indicate an
easier task, but, since we can only work with radial functions, it is impossible to follow

the steps we give in the H}(B;) framework.



78

4.2.1 Outline

This chapter is organized as follows. In Sect. , we study a linear problem related to
our equation. This is an important step to guarantee a first solution for the problem,
which will be denoted by 1 and is nonpositive. This case is almost identical to the
previous results in [I5], [16, 29, [47], but we give a little remark concerning existence of a
radially symmetric solution when the forcing term is also radial. In Sect. , we introduce
the variational framework and prove the boundedness of Palais-Smale sequences of the
functional associated to Problem ((100)). We also show that this functional satisfies the
(PS) condition, in the subcritical case. In Sect. , we obtain the geometric conditions
for the functional in order to prove the existence of a second solution to the problem,
considering the subcritical growth both in Hj(B;) and Hy,,q(B1). In Sect. and , we
consider the problem in the critical growth range and guarantee the existence of a second
solution in H}(B;) and H&rad(Bl), respectively. In these cases, we also show that the
geometric conditions are satisfied and we prove the boundedness of the minimax levels by
appropriate constants depending on 3y when we consider the functional defined in Hj(B;)

and on 3y and a when the functional is considered in Hy,4(B1).

4.3 The Linear Problem

In this section, we prove Theorem [0.0.15| for that we consider the linear problem
—AY = Mp+ f(x) in By,
v = 0 on 0B;.

(101)

It is easy to see that if f is such that this linear problem admits a nonpositive solution,
then it will also be a solution for Problem . Considering f decomposed as in (f1), we
will see that the sign of the (unique) solution of can be established depending on ¢.
Moreover, we give an idea on how to obtain radial solutions as well.

Proof of Theorem 1: Up to the point where we discuss the radial case, this proof
follows exactly the same arguments found in [I5, 16, 29] 47], but we bring it here for the
sake of completeness.

Since A # A, for all 7 € N, we obtain, by the Fredholm Alternative, a unique solution
¥ of (101)) in HJ(By). Using (f1), we can write ¢ = ¢, = w + $;¢1, with

t
/wqbldzz::O and  s¢
B

VDY
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We recall that f € L*(B;), with g > 2. Thus, by elliptic regularity, we have w € C'* for

Let € > 0 be such that v > 0 for all v € C'" such that ||v — ¢;]|c1 < &. Since we want

some 0 < v < 1. Then

AL — A
t

W — o1 [l -

AL — A
t

Cl

¥ < 0, we must have

A— A Al — A
>0 and &

lollen <&

So there exists T' > 0 such that for A < A\ and ¢t < —T or for A > A\; and ¢t > T', we have
P < 0.

Now we notice that 1 is a solution for if only if it is a critical point of the
following functional I : H}(B;) — R, given by

1) =+ [ VePar -2t [ wde— [ f@peds
2 /B, 2 Jp, B

When we restrict I to H(%’rad(Bl), we also obtain a critical point of this functional on
this subspace. If f is radially symmetric, by the Principle of Symmetric Criticality of
Palais (see [42]), we can see that all critical points on Hj,4(B1) are also critical points

on H}(B;). So, due to the fact that I admits only one critical point in the whole space,

we get that 1 is also radially symmetric. This completes the proof of Theorem [0.0.15 W

4.4 The variational formulation

Again, we will denote H = Hj(B,) or H = Hj,,4(B1), depending on which theorem we

are considering, with the Dirichlet norm

1/2
llu|| = (/ |Vul? dx) for all we H.
B

Recalling that our efforts are searching for a nontrivial weak solution to Problem ([100)),

we define the functional J, : H — R as

1 A

Tw) =+ [ VP de - —/ fuf? de — / 2°Gu + v)., dr, (102)
2 /B 2 Jp, B

where a, A > 0 and X # \; for all j € N. By (go), (¢1) and or (05), we have that the

functional Jy is C* and we can see that its derivative is given by

(Jy\(u),v) = | VuVuvdzr — )\/ uv dx — lz|%g(u+ ) vde forall ve H (103)

B1 By By
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and the critical points of Jy are (weak) solution of (100). We observe the u = 0 satisfies
J}(0) = 0, which corresponds to the negative solution v for . To find a second solution
of (P2]) we shall look for critical points of the functional J\ with critical values ¢ > 0.

4.4.1 Palais-Smale condition

Initially, from (g;), we can see that for every o > 0 there exists s, > 0 such that

1
0<G(s) < —g(s)s for all s > s,. (104)

o
The proof of Palais-Smale condition for the subcritical case is essentially standard.
For the reader’s convenience, we sketch the proof in the next lemma. We must point out
that it is not necessary to suppose that g(s) is O(s*) at s = 0 as required in [I6]. The
well-known techniques we used here can also be handled in case a = 0 and for that it is

sufficient to admit that g(s) = o(s) at s = 0, following usual assumptions.

Lemma 0.0.7. Suppose (go) — (g2). Let (u,) C H be a (PS). sequence of Jy. Then (u,)
is bounded in H.

Proof: Let (u,) C H be a (PS),. sequence of Jy, that is,

1 A
hl? = Sl = [ e Glun 40y do - o >0 (109
2 2 B
and
Vu,Vv dr — )\/ u,v do — |z|%g(un + 1Y) 10 dz| < g, ||v]| for all v € H, (106)
By B1 B

where €, — 0. By (104), let us take sy > 0 such that

G(s) < —g(s)s for all s > s. (107)

B |
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Using (T05), (T06) and (T07), we get

eullm] 1

c+ 9 = 5 |x|0‘g(un +¢)+(un) - |x|aG(un +¢)+
Bl Bl
1 . X
= 5 [ lelgtun + ) - 2°Clun + 04
By {(un+9)+>s0}

- / 2| Gatn + )
{(un+v)+<so}

1 1
Z 5 |x|ag(un + ¢)+(un) - Z/ |x|ag(un + ¢)+(Un + ¢)+ - CO
B {(un+9¥)+2>s0}
1 «
= o [ lelg(un + ¥)s (un + ) = Co.
By

We notice that the last integral above is obtained because 1) < 0. Thus, we have

|2|%g(tn + )+ (un + )+ do < C + &,||un|| with C >0 (108)
By

and, similarly to in previous chapter, we obtain

/ 2lg(un + ¢)s do < C + enllunl) (109)
By

Initially, we consider the case: 0 < A\ < A;. Using (106)) and (108)), we have

A
collinll = (1= 32 ) Bl = (€ + zullunl)

Thus, (u,) is a bounded sequence.
Now we consider the case: A\, < A < Ary1. It is convenient to decompose H into

appropriate subspaces:

H = H, ® H;, (110)

where Hj, is finite dimensional and defined by

Hi, = [1, ... xl. (111)

This notation is standard when dealing with this framework of high order eigenvalues,
and we will use it throughout this work.
For all v in H, let us take u = u* + ut, where u* € Hjy, and ut € H;-. We notice that

VuVuF dz — )\/ uuf dz = ||uf||* — A|u®||? (112)

Bl Bl
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and

Vuvut dz — )\/ wut do = [Jut]> — Aut2.

By By

By (106f), (112) and the characterization of Ay, we can see that

—enluE| < | Vu,Vuk dx—/\/

Bl Bl

) :
< (1)1t = [ lelatun + o) 0
k B1

Therefore,
Cllak I < ealll = [ fagtun + ) do with € > .
By
Similarly, we get
Cllus I < llut | + [ lafg(un + )t do.

B1

Then, since Hy, is a finite dimensional subspace, by (109) and (113f), we obtain

Cllusll® < eallunll + IIUZHOO/B 2] g(un + )4 da
1

< enllugll + Cllugll(C + enllunl)

< C + Cllug || + Cepllun|)?.
Using (108), (109) and (114), we have

Clluzl® < enlluy |l +/ 2|9 (un + 1) 4t dz + [l [|oo(C + enlunl])

B1

< eallutl + / 21t + ) (un + ) d
By
1 / 29t + 0)s d+ [08]]oe(C + nlltn])
<

By

< CH+ Cllun| + Cepllun|*.

By summing the inequalities in (116]) and (L15]), we reach

lunl® < €+ Cllunll + Cenllun®,

wput da — / 2% (up + ) ul da
B1

(113)

(114)

(115)

enllty || + C + enllunll + WHoo/ 9(un + )1 dz + Cllunl|(C + enlunll)

(116)
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proving the boundedness of the sequence (u,) as desired. |

Remark 0.0.14. In the proof of Lemma there is no difference between assuming
subcritical or critical growth or considering the radial case or not. So we can conclude

that even in the case of critical growth, every Palais-Smale sequence is bounded.
In case of subcritical growth, we can obtain the (PS). condition for all levels in R.

Lemma 0.0.8. Assume (go) — (g2) and (94). Then the functional .J, satisfies the (PS).

condition for all ¢ € R.

Proof: Let (u,) be a (PS). sequence. By Lemma we know that (u,) is bounded.

So we consider a subsequence denoted again by (u,) such that, for some v € H, we have

u, —u weakly in H,
un(z) = u(x) almost everywhere in By,

up, — u  strongly in  LY(By) or LY

rad

(|x|*By) for all ¢ > 1.

Notice that there is nothing else to prove if ||u,|| — 0. Thus, one may suppose that
|lunl] > k > 0 for n sufficiently large.
It follows from (g;) and [28, Lemma 2.1] that
|2 G un + )y do — [ [2]"G(u+ )4 dr.
Bl Bl
We will prove that
lz|%g(un + )4 u, do — |z|“g(u + ) yu du. (117)
Bl Bl

In fact, we have

/ |[z|“g(un + ), dz — / lz|g(u + ) yu dz
B1 B

< +

/B |2]*[g(un + 1)+ — g(u + 1) 4 Ju do

/B 2] 9t + ). (1 — ) ]

First, let us focus on the second integral in the left side of this last estimate. By ,

we get

<C [ €"|u, —u| dz for all 8 > 0.
By

/B 121Gt + )+ (n — ) da
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Using the Hoder inequality, we obtain

1

q
/ eﬁui\un —uldz < (/ eqﬁ(\\un”> len 2 dx) |ty — ul|q,
B1 B

where 1/q + 1/¢' = 1. We take ¢ > 1 and by and Lemma , we can choose [
sufficiently small such that gf|ju,||* < 47. Thus by the Trudinger-Moser inequality, we
have

/ i uy, — u| dz < Cy|un — ull g (118)
By
Since u, — u strongly in LY, one has

|x|ag(un + ¢)+(un - u) dz| — 0.

B1

It remains to prove that

|z|*[g(un + )+ — glu+ )1 ]udz| — 0

By

as well. Indeed. Let ¢ > 0 be given. By analogous arguments used to prove ([118]), there
exists Cy such that

l9(un + )4 — g(u+ V)1 l2)ae < Ca.
Consider £ € Cg°(B) such that || — ul]z < £/2C;. Now, since

A;MﬂMM+wﬁ—gw+wMMx%Q

for this €, there exists n. such that

| Jalltun +0)1 = glu+ 9)4lde < e

for all n > n.. Therefore

|2|*[g(un + V)4 — g(u+ ¥)4]u dz

By
. 2| |g(un + )4 — g(u+ )4 ||¢] dz
B || g(un + )y — glu+ ) ||€ —u| dz < ¢

for all n > n., as desired. Consequently, we conclude that (117)) holds.
Now taking v = u and n — oo in ([106)), we have

Jull? =Nl + [ laf*gu+0)u da.
By
On the other hand, if n — oo in (106)) with v = u
Junl = a3 + [ fef*g(u+ 0 do
By

again by (117). Consequently, ||u,| — ||u|| and so u, — u in H. |
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4.5 Proof of Theorem [0.0.16: The subcritical case

This section is devoted to the proof of Theorem [0.0.16l Here, we consider v radially
symmetric and H = Hj,4(B1). In the case that ¢ is not necessarily radial and

H = H}(By), the proof uses the same arguments.

4.5.1 The geometric condition

First of all, we will prove the following lemma, which will be used in the proofs of geometric

conditions for the associated functionals.

Lemma 0.0.9. Assume (go) — (g2). Then, for all e > 0 and g > 0 if g satisfies or
B > B if g satisfies , there exists K. such that

G(u) < eu? + K.ue®™ | for all ¢ > 1. (119)
Proof: Given ¢, by (ga) there exists C. > 0 such that if |u| < C., we have
G(u) — G(0) = /Oug(t) dt < C /Ou t] dt < eC <%u2) :
Since G(0) = 0, we see that
G(u) < eCu? if Ju| < C..
By or (OF)), there exists C; such that if |u| > Ci, then
g(w)u < eCeP u < eCePus

for ssuitable 5 > 0.

From (104]) we obtain
G(u) < eCe”™ul for |u| > Cy.

Once the set where C. < |u| < C} is compact, using (gy) we complete the proof. |

Now, we consider A < A\;. We will show that the hypotheses of the Mountain—Pass
Theorem hold for the functional .J,.

Proposition 0.0.10. Suppose that A < A1, (go) — (g92) and (94). Then there exist p,a > 0
such that Jy(u) > a if ||ul| = p.
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Proof: Since A < Ay, the variational characterization of the eigenvalues gives us

A
B = (1= 2 ) ol = [ lelGla+ ). da
1 B
and the Lemma [119| with ¢ = 3 give us

Ta(u) > Cllull? - g/ el (a4 )2 do— K. [ o0 (04 )2 da

B1 Bl

From the monotonicity and Holder’s inequality, we have

1/2 1/2
|2|*(u+ )3 do < ( |z|** dx) (/ (u+ )} dx)
By B

By

1 L\ 1 )
- d - -
(2a+2)1/2 </Bl |ul 37) (2a+2)1/2”uH4

1
R —
= (Q2a+2)2

i 1/2 1/4 1/4
/ 2Bt} dx) ( / || dx) ( / (u+v)Y dx)
B1 B B
1/2 1/4 1/4
/ e?Pus dx> < || daz) ( |u|'? dx>
B1 B1 Bi
) . 1/2
< G [ e an) e
B

Since we are supposing , B can be chosen such that 28 < 47. So by Trudinger-Moser

lull* < Callul®

and

/ [P (4 ) da <
B1

(
(

inequality, we obtain

Ta(u) = Cllull* = Cllul|* > 0

for all u € H with ||u|| < min{1,%/?}. The second constant comes from the Trudinger-

Moser inequality. Therefore, take p = ||u|| and a = Cp* — Cp?>. [

Proposition 0.0.11. Suppose (go) — (g2) and hold. Then, there exists R > p such
that

Jr(Rg1) <0,

where ¢y is a first eigenfunction of (—A, H) (with ¢1 > 0 and ||¢1|| = 1) and p is given
i Proposition [0.0.10,
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Proof: We fix Ry > p and 0 < r < 1 such that

2l
0

¢1()

almost everywhere in B,.
We observe that gives us

G(t) > C,t° — D, (120)
for o > 2, and C,, D, > 0. Thus, we obtain

R2
J)\(qul) S 7 — RUCU |l“a (¢1 + E
Br

R) dz 4+ mr?D,.

+
Let R > Ry. We estimate the last integral

v\° llloo \ 7 2r%Fom
« - dz > = .
/T|95| (¢1+R . v | Th o >0

R2
Jr(Rop) < - CoR°T + 7 D,.

It follows that

Since o > 2, we can choose R > p such that
J)\(R¢1) S 07
which is the desired conclusion. [ |

Next, we consider Ay < A < A\;11. Before the proof of the geometric conditions of the
Linking Theorem for .Jy, we need to split Hy,q(B1) into two orthogonal subspaces as we

have done to Hj(Bj) in (110). Recalling the notation
Hj; = Hy N Hyq(By) for all k € N.

We have that
H&,rad(Bl) = U HI: (121)
k=1

Remark 0.0.15. In the proof of Lemma[0.0.7, when we consider the radial case we use
the decomposition given by (121]).

For Ay < A, we consider the corresponding subspace Hj and we write Hy,,q(B1) as
H = H&,rad(Bl) = Hl* D ((I{l*)L N H(},rad(Bl)>

where H C Hjy with | = max{j : H: C Hy}. Since Hf C Hj, we notice that
((Hf)* N H},.q(B1)) C Hy. This decomposition will allow us to use the same variational

inequalities that characterize A\, and A;1; in the HJ(B;) environment.
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Proposition 0.0.12. Suppose that A\, < X\ < Agt1, (o) — (g2) and hold. Then there
exist p, a > 0 such that Jy(u) > a for all w € ((Hf )" N H},q(B1)) with [Ju]| = p.

Proof: Since A < A\;.1, the variational characterization of the eigenvalues gives us

A o
= (1= 2 P = [ Gt ) o
k+1 B
and by Lemma with ¢ = 3, we have

AMZCMW+@/

B1

2w+ ¥)2 de — C / ]P0 (0 4 )P da

B1

The Holder’s inequality and the monotonicity give us

|2|*(u+¥)3 da < Collul]®.
By

and 1/2
/ |x|aeﬂ(u+¢)3— (U, + 7\/})1 do < Ca </ 626“2 dm) Hu||3
B1 B

Choosing 8 < 27, by Trudinger-Moser inequality, we obtain
Ta(w) = Cllul* = Cllu]* >0,

for all uw € ((H)* N Hj,Wq(B1)) with [Ju| < min{1,§"?}. The second constant comes
from the Trudinger-Moser inequality. Therefore, take p = ||u|| and a = Cp* — Cp3.
[ |

Proposition 0.0.13. Suppose that \i, < A < Agy1, (90) — (g2) and hold. There exists
z€ ((H})* NH},a(B1)) C Hf and R > 0 such that R||z| > p and

Ja(u) <0 for all u € 9Q).
where Q :={v e Hf : ||v]| <R} {sz:0<s<R}.
Proof: We fix Ry > p and choose z € ((H;)* N Hy,,q4(B1)) C Hi- and xy € By such that
A
@ Il < 3 - 1

(b) B,(x¢) C By and

2 IS .
z(x) > (K + “jﬁfn> almost everywhere in B,(xg)
0
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with K > 0 satisfying ||v]|ec < K||v]| for all v € Hy. This choice is possible because

((Hf)™ N H},.q(B1)) possesses unbounded functions and Hy, has finite dimension.

We consider a usual split 0Q = Q1 U Q2 U ()3, where

Q= {v e Hy:lvf| < R},
Q:={v+sz:ve H|v]|] =Rand 0 <s <R},
Q3 ={v+ Rz:v e Hf and ||v|| < R}.

Let u be on @1, by (g2) and characterization of A, it follows

1 A
B < Sll® - Slul}

1 A
“ (12 2<0
5 (1750 ) 1l <

IN

independently of R > 0.
For @), we get

1 1 A

J(v+s2) < 5”1;“2 + §S2H2H2 - 5““”%
1 1 A

< R’ 4+ ZRY|2|]* - 5-R?
< SR+ S Rl2 A

1 2 A 2
- 1 — =
SR ( SWRlLEL ) <0,

IN

independently of R > 0.

Now for 03, using ((120)) and obtain

2

R
Ja(v+Rz) < 7Hz\|2 —/ |z|*G((v+ Rz +)4) dx
By

2 o
< inHZ —R°Cy | |x]® (z—l—w) dz — D,.
2 5 R ),

Let R > Ry be, we estimate the last integral

/ || (z + M) dz > / 2] (z _ M) da
= R /. By (x0) R

o 24 o
Z(H@zznm)/ e s ™ (Hwnoo) .,
R B (z0) 2+CY R



90

Thus, we obtain

R2
Ia(v+ Rz) < 7||z||2 —C,R°t — D,.

Since ¢ > 2, we finish the proof. [ |

4.5.2 Proof of Theorem |0.0.16| completed

We have proved that J, satisfies the geometric and the compactness conditions required in
the Mountain—Pass Theorem when A < A; and in the Linking Theorem if A\ < A\ < A\py1.
Thus there exists a nontrivial critical point for J) and thus a solution of (100)). |

4.6 Proof of Theorem [0.0.17;: Critical case in H}(B;)

It is well known that for non-linear elliptic problems involving critical growth some
concentration phenomena may occur, due to the action of the non-compact group of
dilations. For problems and ({4) there are loss of compactness at the limiting exponent
f = 4r and f = 27w(2 + «) respectively. Thus, the energy functional J, fails to
satisfy the (PS). condition for certain levels ¢. Such a failure makes it difficulty to
apply standard variational approach to this class of problems. Our proofs here relies
on a Brezis-Nirenberg type argument: We begin by proving the geometric condition of
the Mountain-Pass Theorem when A < A; and the geometric condition in the Linking
Theorem if Ay < A < Agy1. In the second step we show that the minimax levels belong

to the intervals where the (PS)—condition holds for the functional J).

4.6.1 The geometric conditions

Initially we consider A < A\;. We will prove the geometric condition of the Mountain—Pass

Theorem.

Proposition 0.0.14. Assume (go) — (g2), A < A\ and (95)). Then, there exist a, p > 0
such that
Ia(w) = a if |ul = p.

Proof: We can now proceed analogously to the proof of Proposition [0.0.10 [ |
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Now, let us recall the so-called Moser sequence. That is, for each n, we define

(logn)'/?, 0 <z < 3
1
Zn(x) = Nor og ﬁ 1 (122)
W ~<|z| <1
It is known that 2, € H, ||z,| = 1 for all n and ||z,[]> = O (1/(logn)'/?). For details see
[40].
In order to apply our techniques, we shall consider a suitable translation of Moser’s
functions in a region of B; far from the origin where the presence of |z|* can be neglected.
We begin by noticing that, from , we obtain €9 and sy such that

log(h(s))

> ¢, (123)

for all s > s.
Since ¢ = 0 on 0By, we can fix r > 0, small enough, and =z, sufficiently close to 0By,
such that

€ 1.
1Y lloor = 1¥]5 2o le < 55 and |z| > = in Ba (), (124)
20 2

with B, (z,) C B.

Let us take the following family of functions:

;

(logn)/2, 0 < |z — x| < %;

2

. log ———
(a) = —=¢ —Emml 2 < (125)

vam | (logn)'/?,

0, |z — 20| > 12
\

We notice that suppz] = B,2(zg), as we can see in Figure 3.1, and, for all n € N, one has

2
=2l = | Z(
B =1

where 7 = |z — 0.

2

2 1 |
) de = 2r / —fdi =1, (126)

2mlogn J,2), 72

0z,
Gmi

This sequence will be used to guarantee the existence of a minimax level lying under

an appropriate constant which will allow us to recover the compactness properties for
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)
h

Figure 3: Support of 2.

\)

Jy that are lost when dealing with critical growth ranges. Before that, we see in the
next proposition that for large n we still have the same geometric condition proved in

Proposition [0.0.11| with z] taking the place of ¢;.

Proposition 0.0.15. Suppose that (go) — (g92) and the condition . Then, there ezists
R, = R(n) > p such that Jy\(R,z) < 0.

Proof: We fix Ry > p and N € N, such that for all n > N, we have

2 00 )
zr(x) > Hjif” almost everywhere in B2, (z).

" 0
Using ((120)), let us take R > R,. We get

r R2 « r R2 v a r w 7
IR <2 |zt G((Re +¢),) de < — RPC, | qae (22 + L) — D, da.
2 B 2 By R)

Let R > Ry be, we estimate the last integral

/ || (zfl + E) dr > / || (z; — —le‘oo) dz
B R + B2, (z0) R

o o 2) 2(24a)
> <—HwHOO) / |z|* da = (”w“"o) LT s =7 ="T(n).
R B,2,,(z0) R (2 + ajn?te

Thus we obtain

RZ 7‘4
JA(Rz) < o CyR°T + ETFDU.

Since o > 2, we can choose R, > Ry such that

J)\(RnZ’;) S 0
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and the proof is complete. [ |

Now we consider Ay < A < M1 and H = H}(B). Before proving the geometry
of linking we want split the supports of the Moser sequence and the k' eigenfunctions.

Consequently, we can make the proof easier to be carried on.

Let us take x¢ and B,(xg) as in (124)) and set ¢, : B — R by

(
0 in B,2(xo);
T — x|V =2V
Gy =4 | No|_ i By(w0) \ Ba(ao):
\ 1 n Bl \ Br(l‘o).
Define
¢; = <T¢j

and consider the following finite-dimensional subspace

HIZ :[ ;’ g>a¢7l;]

We observe that if v € H}, then suppv C B; \ B2, as we can see in the next figure.

Figure 4: Support of v € HJ is a subset of B; \ B,.
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Now we will prove the next result, which is a two-dimensional version of [32, Lemma 2].

Lemma 0.0.10. If r — 0, then ¢7 — ¢; in H for all j = 1,..., k. Moreover, for each r

small enough, we have that there exists ¢, such that
|v]|* < (A + orci)||v]|3 for all v € HY,
where lim p, = 0.
r—0
Proof: For j € {1,...,k} fixed, we have

l6; — il = [ 19(6; - @) da

By

- / V(1= ) — 6,V da

B1
< [ 1vern-GPdrr2 [ [Veln- )iVl de
Br BT‘\B,,.Q

[ 1eIvGE ds (127)
BriBr2 2427 F2H2V/TH1/2
< ClHV(ijgom+CQH¢]'HOOHV¢]'HOOW
F2H2y/r-1
+C3H¢j“?>om
T
< CqTm

It is straightforward to prove that

. T
M=

Consequently, ||¢; — ¢5| — 0.
Now, let us take v, € HJ such that ||v,.||2 = 1. Notice that v, = ij:l ciGp; = (0

where 7 = 25:1 cj¢; € Hy, and ||v, — v|| = o(1) when r — 0. Thus,

lorll* = (llvell* = 121%) + 12[* < Cidr + Aelloll3 < Crar + Ael([0115 = l[orl13) + [on]13]

= CrOr + )\k7
as desired. ]
As usual, we must continue by choosing an appropriate decomposition for H. Notice

that for r small enough, we can split the space H = Hy & Hj'.

Fix r small enough such that we obtain

— —1>0 128
)\k+cer ( )
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and § > 0 such that
A

R ——
>\k+Cer

(129)

The next two propositions regard the geometric conditions of the Linking Theorem using

this non-orthogonal direct sum.

Proposition 0.0.16. Suppose that A\, < X\ < A\gt1, (o) — (g2) and hold. Then there
exist p,a > 0 such that Jy(u) > a if u € Hi: with ||u]| = p.

Proof: We can now proceed analogously to the proof of Proposition [0.0.12 |

For the following proposition, let us remark that, since
|suppz, Nsuppv| = |0B,2(x9)| =0 for all v € Hj. (130)
This fact is easily seen if we observe Figures 3.1 and 3.2. Thus, one has 2" € (HJ)*.

Proposition 0.0.17. Suppose that A\ < XA < A1, (90) — (92) and hold. For each n
large enough, there exists R, = R(n) > 0 such that

Ja(u) <0 for all u € 0Q°,

where

Q ={v+s6z :ve H, |v| <R, and 0 < s < R,}.

Proof: Fix Ry > p and N € N such that for all n > N, we have

2| lloor .
zr(x) > % in B2y, (w0) for all R > Ry. (131)

Let us take R > Ry and as in Proposition [0.0.13] we split 0Q? as follows
Q1 =A{ve Hy:|jv]| <R}

Qo ={v+s0z] :ve H.,|[v| =Rand 0 <s < R};
Qs ={v+ Roz), v e H, ||v] < R}.

If v € @, from Lemma [0.0.10, we obtain
B < (10 —2 ol forall v € BT
v) < —(1————]||v[|” for all v :
* — 2 >\k + Ci Or k
Since A > \; and due to the choice of r in (128)), we can take C; > 0 such that

Ta(v) < =Cillv]* <0 (132)
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for all v € H] independently of R > 0.
Using ((130)), we observe that

Ir(v + s0z,) = Jx(v) + Jr(sdz) for all v € Hy. (133)

For @, using ((126)), and the choice of § in ((129), we get

A

A +52) <0,
)\k +Cer

Ja(v+s0z)) = J\(v) + JA(Rz]) < %RQ (1 -

independently of R > 0.

For Qs, using (T20), ([32) and (I33), we obtain

J)\(U + R(522) S J)\(U) + JA(Séfn)

2

R _
il + 58 = [ Jal"G(RT, + ) da
B1

5*R? oo\
< - R(’C’U/ || (5277; _ Pl ) dz — D,.
2 B,2,,(z0) R +

Let us choose n sufficiently large that

IN

2||4 oo

0%, = L log!/?p > 20O forall 2 € B2 (o).

|
V2T Ry

Taking R > R, , we can estimate the last integral as it follows

[t () a2 [ e (o W),
b R + Br2/n(x0) R
(1) [
R B2, (x0)

[Wlloom \* _2mr2E+e)
< I PR 7(n) > 0.

Thus, we obtain
R?§2

5 C,R°t— D,.

(v +9z) <

Since o > 2, this complete the proof.
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4.6.2 Estimate of minimax levels

For the Mountain—Pass case, we define the minimax level of J, by

5 A — inf J 134
¢=¢c(n) inf | max A(w) (134)

where

I'={veC(0,1],H):v(0) =0 and v(1) = R,z },
R, being such that Jy(R,2;) < 0 as in Proposition |0.0.15]

Proposition 0.0.18. Let ¢(n) be given as in (134). Then there exists n large enough

such that
27

Proof: We claim that there exists n such that

é(n)

2T
Bo

Let us fix some constants that we shall use in this proof. We can assume, without loss

max Ia(tz]) < (135)

of generality, that there exist Cy > 0
log(h
ey < 08 (136)
s
for all s large enough, where ¢q is given in ((123)).
Indeed, note that if h(s) satisfies (98), there exists h(s) such that h(s) > h(s) for all

s large enough and

log(h 1
0< liminfM < limsupog— < +00.
s§—+00 S 5—++00 S

By (124)), we have

€o

[Vlloer < 55 (137)
Finally, we consider ~ given by @ such that
22+a C’g )
> exp|— |- 138
17 g, P (450 (138)

Now suppose by contradiction that (135 is not true. So, for all n, this maximum is
larger than or equal to 27/, (it is indeed a maximum, in view of Proposition [0.0.15)).
Let t,, > 0 be such that

I\(tnz)) = max Ja(tz)). (139)
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Then

In(tnz,)) > 5— for all n € N, (140)
0

and, consequently, from ((126)),

4
2> 5—: for all n € N. (141)

Let us prove that t2 — 47/3y. From (139)) we get

d

yOAEA)

t=tn

So we have

ty > / |#[*g(tnzy, + )4 tnz, do > / 2" g(tnzy, + )4 (tnzy, + )4 da
B Q/n(:zfo)

Brz/n(xo)

Then, (97) and (124]) imply that there exists sy large enough such that

1 t ’
tiZQQ / ( )h(\/;_ﬂlogmn—l—w)exp(% <\/_10g n—l—lﬂ) ) dz,
Brz/nx()

where we have taken n sufficiently large such that

t t
- lo 1/277,—1— >>< - lo 1/27’L— oor>>s n BT n\T0)-
(\/ﬁg ¢_mg [9]lcor | > S0 2/n(0)
We still have

, L ] (roslnta VIR 108720 + )
254 7/Bz/nm» " (2\/%((tn/\/ﬁ)logl/2”+¢)) ’

log h((ta/v/37) 05 1 + ) ) "

) 1o 1/2n
By ((tn/ﬂ_ o VB(ta] V2) log P+ )

and taking an even larger n, ([136)) shows that

1 4 C2 2
tiZ2—a %GXP( 45) (50(\/—10g ”_||¢||oor+25)>

By (137)), we see that

(142)
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which implies that ¢, is bounded. Moreover, ([142]) together with (141)) give t2 — 47/ 8.
Letting n — oo in ({142)), one gets

22+a Cg
<2 ()
B0 430

which is contrary to the choice of « in (138]). This contradiction happens because we are

supposing ¢(n) > 27/ By, so we conclude this proof. [ |

Now we can define the minimax level for the Linking case

¢ = ¢(n) = inf max Jy(v(w)) (143)

vel wEQé

where

I'={reC@Q:H): vw) =wif we dQ}.

Proposition 0.0.19. Let ¢(n) be given as in (143). Then there exists n large enough

such that
27

<E.

Proof: Since we split the support of the functions in Hj, of the support of 2], we have

&(n)

¢(n) <max{Jy(v+tz):ve H, |v| <R,and t >0}

= max{Jy(v) + Jx(tz]) :v € H,||v]|| < R, and t > 0}

<max{J\(v): v € H{ and |[v| < R,} + max{Jy(tz});t > 0}
By (132), we see that Jy(v) <0 for all v € H]. It follows that
¢(n) <max{J\(tz;) : t > 0}.

From now on, we can proceed analogously to the proof of Proposition [0.0.18 [ |

4.6.3 Proof of Theorem completed

Let us take n such that ¢(n) < 27/8y, where c¢(n) = é(n), if A < Ay or ¢(n) = é(n), if
A > A1. Let us consider (u,,) a (PS)—sequence at level ¢(n). Since it is bounded by

Lemma Then, up to a subsequence, we may assume that u,, — u weakly in H,
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Uy — u strongly in LP(B;) for all p > 1 and almost everywhere in By. Therefore, we
notice that u is a solution for ((100)). Indeed, for each v € C2°(B;) we have
0+ (J\(un),v) = Vu,, Vv dr — )\/ U v dx — |z|%g (U, + ) 4v da.
B1 B By

To see this fact we use that

/ Vu, Vv dr — VuVu dz,
B1

B1

/ UV dr — uwv dx and
B1 B

|2[*g(um +¢)yv de = | 2| (u+ )0 de,
Bl Bl

(this last one because of ([108)), and using Lemma 2.1 in [28] and (g;)). Thus, we can
easily conclude that (J§(u),v) = 0 for all v € C°(By). Consequently u is a weak solution
for (100]). We still need to ensure that u # 0.
Suppose, instead, that u = 0. So, we must have ||u,,||> — 0 and, again using ([108)),
(91) and Lemma 2.1 in [28], we have
/ |z|*G (U, + )4 do — |z|*G(u+ )4 dz = 0.
B1 B
Moreover, since
: L. 5
c(n) = lim Ji(un) =5 Hm lun],

and c¢(n) < 27/ By, one can find § > 0 and mg such that
4
| ||* < 5 forall m > mo.
Bo
Consider a small € > 0 and p > 1 (sufficiently close to 1) in order to have
p(Bo +e)(dm/fo — 0) < 4.
By , one can take C' > 0 sufficiently large such that
g(s)? < PPt L O for all s > 0. (144)

From the fact that (J§(um), um) = €m — 0, we can see that

2t * < Alfama]l3 + 2% g(um & W) dr e
1
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We need to estimate the integral on the right of this last inequality. Holder’s inequality

and (|144) give

(40027 a0 (

e

2179t + ) 1t i < ( / ]? dx)
B

B1 1 Bi

< [(/Bl exp (p(Bo + €)u?,) dx) " onr

[l

and then we have

2 7
et |2 <[t |2 + € + /exp p(Bo + ) (41—5> ( Um ) dae | +Cnv | [|umlly
B Bo |2 |

2 v
M| l5 + &m + /exp 4#( fm ) de | +Cre | ||um]]y-

Since the last integral in the estimates above is bounded (because of Trudinger-Moser

inequality), we get ||u,,|| — 0. Hence u,, — 0 in H and then Jy(u,,) — 0 = ¢(n). This is

impossible since ¢(n) > a > 0 for all n. Thus u # 0 is the desired solution. |

4.7 Proof of Theorem [0.0.18; Critical case in Hj,,,(B1)

In this section, we treat the radial case with g having critical growth. In this case, a
solution u for Problem (100) is in H = Hg,,4(B1), which will force us to change some

calculations.

4.7.1 The geometric conditions

If A < Ay, we observe that the geometric conditions follow from Proposition and
Proposition , replacing z; . given in , with z,, given in . If A < A< A,
we use the same arguments developed in Proposition [0.0.16| in order to prove that 0 is
a local minimum of Jy in ((H;)* N Hj,q(B1)). However, we cannot take the Moser
sequence with disjoint support from the eigenfunctions, as we did in Proposition [0.0.17
Indeed, since now we work in an environment of radial functions, we need to use the
sequence set in , instead of the one given in . This replacement brings some
difficulties because we lose the advantage of being close to the boundary, where the

interference of 1 could be considered negligible.
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Initially, let I = max{j : H; C Hy} and we set T} : H} ..4(B1) = ((H;)* N H} .q(B))
as the orthogonal projection. We consider (122)) and define

wy(x) = Tizp(x).

Since ((Hj)* N H},.q(B1)) C Hj-, we have that estimates of 48, Lemma 2] hold (see
Lemma [0.0.2)).

Proposition 0.0.20. Suppose that A\ < XA < A1, (90) — (92) and hold. For each n
large enough, there exists R, = R(n) > 0 such that if

Q:={vedHd || <R} d{sow,:0<s<R,}

with

A
52 < 21, (145)
Ak

then Jyx(u) <0 for all u € 0Q; moreover, R, — oo when n — 0.

Proof: Fix Ry > p and let us take R > Ry. As it is usual, we split 9Q as follows
Q1 ={ve H} vl <R}
Q2 = {v+ sow, : v € Hf,||v]| = Rand 0 < s < R};
Qs = {v+ Row, : v € H,||v|]| < R}.

Recalling that G(s) > 0 for all s € R and considering v € Q)1 we get

A
nio < (1= 5 ) IolP <o (146
Ak
independently of R.
For @Qs, let us take § satisfying (145)). By , we obtain

A R?
IA(v + sow,) < 1——+446%) =<0,
Ak 2

independently of R > 0.
For @3, we take § > 0 given in ((145) and v + Row, with ||v| < R and v € H}. Using
(120)), we obtain

1 4 62 - i
J\(v + Réw,) < -0 R?-Ra/ jafe (ZWelle ¥ W) 4 5, Y 4z 4 .
2 . R .

Since H C Hj has finite dimension, it follows that ||v]. < CpR for some Cy > 0. We

can suppose that Ry, previously fixed, satisfies

[l

Wl - e,
R, — F
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Then, by and considering R > Ry, we have

1+ 62 _
i R*—-C,R° +nD,,

J,\(U + R5wn) S

where

C, = (—20k+5 ((IOg")l/Q L ))i ( o

—_— >
/o (log n)1/2 2 + a)n2te
Since o > 2, the result is then proved by taking R, large enough so that d||w,| R, > p

and, thus, we obtain

1+ 62

I(v + Rpow,) < R, - C,R? + 7D, <0

and since C), — 0 when n — oo, we can see that R,, — oco. This concludes the proof. W

4.7.2 Estimate of minimax levels

Here we can notice another important difference between the cases studied in H}(B;) and
in Hg,,q(Bi). Since, in the radial case, we need to work with radially symmetric functions
whose supports have the center at 0 € R?, we cannot neglect the weight |z|* as we did in
the critical case. Actually, although the estimates are harder to obtain, it turns out to be
an advantage because this environment of symmetric functions changes the boundedness
of the minimax levels: in the critical case, we had that they were bounded by the constant
27/Bo. On the other hand, working in Hj,4(B)), this boundedness can be obtained by a
greater value that depends on Sy and a.
For the Mountain—Pass problem, we define the minimax level of .J\ by

C=2—0C =] f J 147
¢=2c(n) Inf | max A(w), (147)

where

I'={veC(0,1],H):v(0) =0 and v(1) = R,z,},
R,, being such that Jy(R,z,) < 0.

Proposition 0.0.21. Let ¢(n) be given in (147). Then there exists n large enough such

that
2+a)r

é(n) < 5,

(148)
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Proof: We claim that exists n such that

2
max J) (tz,) < m.

20 Bo

First of all, let us fix some constants that we shall use in this proof.

(149)

Analogously as we have done in Proposition [0.0.18] we can assume, without loss of

generality, that
log(h
K, < 080 _ o (150)

s
for all s large enough.

By , K can be taken large enough in order to have

Ko

[]loo < 2B, (151)
Finally, consider v such that
2 2 02
v > % exp (4—50) . (152)

We suppose by contradiction that (149) is not true. So, for all n, this maximum is
large or equal to (2 4+ a)7/fy. Let t, > 0 be such that

In(tnzn) = max Ia(tzn). (153)
Then
2
In(tnzn) > ﬂ for all n € N,
Bo
and, consequently,
2 2
2> Aoty allneN. (154)
Bo
Let us prove that 2 — 2(2 + a)7/By. From (153) we get
d
—(Ia(tzy =0.
)|

Thus,
bl = Mzl = [ Jol"g((taz + )1)20 o =0,
B1
Multiplying this last equation by ¢, and since ||z,|| = 1,A > 0,4 < 0 and g > 0, for n

large enough, we have

2> / 21°9((tnzn + )4 Jtnze da > /B 2179 ((ta 2+ )4 ) (bnz + ) d.
1/n

1/n
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Since t,, > \/2(2 + a)n/By > 0, we can take n large enough that (t,(v/27) " log"/?n —
|1]|sc) > cx, Where ¢y is given in (97)). Since

(tnzn + ¥)1 = (tnzn +¥) > to(vV27) " log"? 0 — ||t 0

in By, and so @) implies that

t t ?
t, > x|*h "_logt?n — C>O)ex ( "_logt?n — Oo) dx.
R 6= S C N
We have

: ol exp | log[h«tn/mnogl/?n—er|oo>1>2
G2 ) blte (2m<<tn/m>1og“2n—||w||oo>

loglh((tn/v/37) log"/2 1 — [[9]]o0)] )

0 tn 2m) 1 2y (9)
45 << VIR og! 20— [+ SO R

But if n is large, (150 shows that

. (bg[h«tnw% log'/? n — kuoo>1>2 . G

2v/Bo(tn/vV27) log P — [¥]) )~ 4Bo

and
log[h((t./v2m)log'*n — [[¥ll=)] _ Ko
250((tm/\/%> log1/2 n— ”M‘OO) ~ 26

from which we obtain

27 C? t Ko\’
2> Yo " oel/2g — 420 '
n =" (2 i oz)n2+a exp ( 46{]) €xp (ﬁo ( /_27'(' 0g n ku 250

By (151)), we see that
t2 > ex ——Cg —2 exp | b logn

C? 2w tn
= exp (_4_50) 7(2 o) exp (Boﬁ -2+ a)) logn,

which implies that ¢, is bounded. Moreover, (155) together with (154 gives that
2 — 2(2+ a)m/fBo.

(155)

Now, letting n — oo in (|155]), one gets
2 2 C?
v < 21 a) exp (—0)
Bo 45
It contradicts ((152)), then we have that (148]) holds. [
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Remark 0.0.16. This last proposition explains why we had to assume instead of
. In the H}(B) environment, we could control the L™ norm of 1 by moving the
supports of our Moser sequence far away from 0 and close enough to OBy so that |||«
would be sufficiently small and then it would not interfere in the estimates. Since this

could not be done in the radial case, the interference was avoided by using ([151)).

Remark 0.0.17. We also point out the different choices we have made for the constant
v in (138) and (152), which explains, in part, the role of |z|* in the radial case. Notice
that v in (138]) must be greater than the one given in (152]).

Now, for the linking problem, we can define the minimax level

s — &(n) = inf J 156
¢ =¢(n) inf max A(v(w)) (156)

where I' = {v € C(Q, H) : v(w) = w if w € 0Q}.

We remark that since we did not separate the supports of the eigenfunctions from
the Moser sequence, the estimates done in Proposition [0.0.19] will not work in this radial
case. Therefore, we need do handle more delicate arguments in order to achieve analogous

results. This is done in the following proposition.

Proposition 0.0.22. Let ¢(n) be given as in (156). Then there exists n large enough

such that
2+ o)
Bo

Proof: Suppose by contradiction that for all n we have é(n) > (2 4+ a)n /. We notice

¢(n) <

that
¢(n) < max{J\(v + twy,) : v € H} with ||v|| < R,,t >0}

and it follows that for each n there exist v, € H} and ¢,, > 0 such that
Iz(vp, + thwy) = max{Jy(v+tw,) : v € H with ||v|| < R,,t > 0}. (157)

Therefore, we have
(24 a)m

Bo
So, since wy, € ((H;)* N Hy,,q(B1)), from (146) we obtain

Iz(vn + thwy) > for all n € N. (158)

22+ a)m

0

2> for all n € N. (159)

Let us assume the following claims whose proofs we give later:
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Claim 5. (v,) and (t,) are bounded sequences.

22+ a)r
Bo

Since v, € Hj, in view of Claim [6 we also get [[v,]lc — 0. However, we have

Claim 6. 2 — in R and v, — 0 in H.

vy, + tyw, — oo uniformly in By y,.
As we also have done in Proposition [0.0.21] let us observe that we can assume, without

loss of generality, that

Ko < 989 (160)

s
for all s large enough. From , Ky can be taken large enough in order to have

Ko

and
K,

Un, ooS_
Jonlle < 45

for n large enough.

Finally, consider v such that

(2+)? N (4(2—1—04)7er C_g)
B TP\ v 1)

From ([157)), using the fact that derivative of .Jy, restricted to H @Ruw,, is zero at v, +t,wy,

v > (161)

we obtain
100 + town ||* — Mvn + taw,]|3 — / |z|*g (v, + thwn + V)4 (v, + thw,) de =0,  (162)
B1
and we can see, for n large enough, we have

2 > / |z|%g((vn + thwn + V) ) (v + thw, + 1)y do
Bl/n

Since t,, > 1/2(2+ a)7/By > 0 and v, — 0, by we can take n large enough that
(trwn = ([[V]loc + [¥]lo0) = e,

where ¢, is given in @ Thus, we obtain

ty > 7/3 2R (tnwn = ([V]lo + [¥lloe) exp (Bo (tawn — ([0]loe + I ]l)”) da,
1/n
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consequently,

2 Yaxp | — log[h(tnwn — ([|v]le + ||1/}||00)]>2
@ 2o [ el p[ R e

log[h(tawn — (0]l + Woo>]>2] dz.

o (t"w" = (oo = 10lloe 58 T = (ol N000)

If n is large, (160 shows that

B <log[h(tnwn — ([v]loo + ||1/)||Oo)]>2 e
2v/Bo(tnwn = ([vlloo + [¥llec) /-~ 450

and

log[h(tnwn — ([|v]|oc + [¥]lo0)] > ﬁ
2B0(tnwn — ([[V]loo + [[¥lle)  — 260

from which we obtain

2 Ko\ 2
£ > yexp (‘E) [ e (50 (tnwn—<uvun+uwuw>+2—ﬁo) ) da
Bl/n

2

C
> v exp (—f) / || exp(ﬁotiwi) dz.
Bl/n

Consequently, from and ([159) we can see that

02
£ > e (—f) / 2] expl2(2 + a)mu?) da
Bl/n

C? 27
=yexp | —— (—)exp

24+ a,)n2+a

(logn)'/? By, ’
2+ (520 ‘<logn>1/2)]

_ () e e lon @B VR a5

Now, letting n — oo in the inequality above, we can conclude that

"< (2 + a)? exp (4(2 + a)n By N C? )

Bo V2 4_50
which is contrary to the choice of ~ in (161)). This contradiction follows from the

assumption ¢(n) > (2 + a)m /P, for all n € N, which concludes the proof. [

Proof of Claim [5} It is sufficient to prove that all subsequences of (¢,) and (v,,) have

bounded subsequences. Let us suppose that this is not true. So, we can find subsequences,
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which by convenience we still denote by (t,) and (v,), respectively, such that all of their

subsequences are unbounded. That means, we can assume that
tny, + ||Un, || = oo for all subsequences (ny). (163)

Therefore, one of the following two possibilities has to hold:
(i) either there exists a constant Cy > 0 such that ¢, /||v,| > Co, or
(ii) there are subsequences such that ¢,/||v,|| — 0.

Assume that (i) holds and using (163]), we have that ¢,, — co. Now we can see from

that
2 > / 1219 (U + tatvn + )4 (0n + bt + )4 da
Bl/n

> fy/B || (v, + tpw, + 1) exp (ﬂo(vn + tw, + w)Q) dx
for n large enough and \::e can see from that
h(s) > C (164)
for all s large enough. So we have

2 >~C || exp (Bo(vn + tnwn, +1)?) dz.
Bl/n

We notice that since H; has finite dimension, we have that ||v,||o/t, is bounded for

all © € By/,. We also know that [|¢|«/t, is bounded as well. These facts together with

, give us

V() + thwy(x) + ()
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and taking n such that (logn)/? — /27 B;/(log n)1/2 > (1/2)(logn)'/2, we obtain

U () + thwn () +(x) > (lOgn)l/z

4\/ 2m
and by ((164)) it follows that

Consequently, ¢, must be bounded in case (i), which contradicts ¢,, — oo in case (i).
So (ii) occurs. Since lim, o t,/||vn]| = 0, by (163]) we conclude that ||v,| — co. By
(1162), we get

[tnwy, + Un”2 > / |2 g(tnwn + vn + V)4 (tnwn + va) 1 da.
Using @) and ((164)), for n large enough, we have
[tptwrn + vp]|? > 7C || Poltnwntont)® qg

{tnwn+vn +w2c'y}

Since we are supposing (ii), it follows that

- eﬁO(tnwn"l‘vn"l‘w)Q
1 >0 / 2 e
{tnwntvnt+i>cy} [tnws, + va|
(165)
- BO(tnwn+Un+w)2
> Cz/ \a:]ae 5 dz.
2 {tnwn+vn+9>cy} an”
On the other hand, we notice that
bnWy + U + 1
X tnwn+vn+1ﬁ20
foal "
- Wy — X tnwn+vp+9Y<c _X tnwn+vn+YPp>cy }e
loall ™ Tl ol T oM )
Hence, we can see that
t,wy, + v (x) + N .
H'U (;)H> wX{thn+’Un+’llJZC»y}(:U) —va. e In H(%(Bl%

where U € Hy, with v,,/||v,]| — v and ||9]| = 1. So using Fatou’s Lemma in (165 and
since we have assumed that ||v,| — oo, we reach a contradiction. So ||v,|| is bounded

and, consequently, ¢,, is also bounded. |



111

Proof of Claim [6} First, we notice for some appropriated subsequences we have

v, — Vg in H and t,, — ty and since z, — 0 we get w, — 0 and w,, — 0 for all x € B;.

Then it follows
vy + t,w, — vy almost everywhere in B . (166)
Moreover, in view of ((162)) we see that
12]%g(vn + tawnth) 4 (v, + tyw,py) da < v, + tow,||? < C. (167)
By
However, using [28, Lemma 2.1] and recalling (g;), (166]) and (167)), we have
‘/mmq%+%w+wﬁmF+ 2]°Glvo + )+ da. (168)
B1 B
From (|158)) and ([168)) we can see that
te (2
Iy(vy) + 0 5 2H )T (169)
2 Bo
and since vy € H/, in view of J)(vy) < 0 we have
2> 2(2 + a)7r'
Bo
. We have

Now we prove that t2 =
t2 > (2(2+ a)m)/Bo. Thus we can take small enough € > 0 so that

£2 > (1+<e)2(2;—05)7T
0

(2(24 a)m)/By. Let us suppose that this is not true

for all large n. We consider
|vn () + ¢()]

E, =

)

clearly we see that €, — 0, which, together with (164)), yields

c > ”yé‘/ |z|* exp[Bo(vy, + 1 + tnwn)Q] dz
Bl/n

> 7@/ 2| exp[Bo(—entnwn + taw,)’] da.
Bl/n

Using (97) and (167) and n large enough, we see that

- 21 2,2 (108?”)1/2 B 2
T exp </@0(1 — &)ty { Vor (10%77')1/2] )

>
C 290
2 242
B} 5 B, }) exp <50(1 En) tnlogn) '

~ 2T
=~C 1 —e,)?t? —
y (2 n a)e(2+a) Togn exp (60( 577,) n |:10g7’L /_271' o




112

We notice that

B2 B
e (1 - et |5 <22 ) >

for n large enough and some C; > 0, due to the facts t2 > 27(2 + «)/Bp and &, — 0.

Thus, using 2 > (1 + ¢)27(2 + @)/ By, we have

~ 2 logn
> 242 _
c > C’wC(2 o) exp (60(1 en)ts o (2+ «a)log n)
~ 2
> 0170(2 _;T@) exp (24 a)logn[(1 —&,)*(1 +¢) — 1]) — oo,

which is a contradiction. Consequently, we must have 3 = 27(2 + «)/3y as desired. So
by we get Jy(vg) > 0. But we know that vy € Hf, so by , we have J,(vg) = 0.

Now we must show that if vy € H; and Jy(vg) = 0, then vy = 0 and we finish the
proof of Claim [6]

Consider vy € H', then

1 A
0 = o) = 3llunl’ = Sl = [ 1o Glon -+ ) do

1

1 A
<lhi-2 WW—/LWWW+WMU
2 Ak B

<= | |z]"G(vo +¢)4 da.
B1

Since G > 0, we can see that [, |2[*G(vy + )4 dz = 0. Thus

1 A
0= (o) = Sllooll = Sleol
1 A
S u——_— 2,
5 (1= 5 )
1 A
) 2>
A LD

which gives us vy = 0. |

IN

So we can see

4.7.3 Proof of Theorem |0.0.18 completed

Let us take n such that the minimax level is below (2 + a)mw /5. Consider that (u,,) is
a (PS). sequence that it is bounded by Lemma so there exists a subsequence of
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(um) and w € H such that u,, — u weakly in H, u,, — u in L? (B;) for all p > 1 and

rad

almost everywhere in By. In the same way of the Theorem we conclude that w is
a solution for (100 and u # 0. [



5 Hénon type equation with jumping

nonlinearity in critical growth range

In this Chapter, we search for two nontrivial radially symmetric solutions of the

Dirichlet problem involving a Hénon-type equation of the form

—Au = M+ |z|*k(uy) + f(z) in By,
u = 0 on 0B,

(P3)

where A > 0, a > 0, B; is a unity ball centered at the origin of RY (N > 3),
k(s) = s%~1 + g(s) with 27, = 2(N + a)/(N — 2) and g(s) is a C! function in [0, +00)
which is assumed to be in the subcritical growth range.

The proofs are based on variational methods and to ensure that the considered
minimax levels lie in a suitable range, special classes of approximating functions which
have disjoint support with Talenti functions (Hénon version) are constructed.

We notice that Problem is naturally a Sobolev version of Problem . However,
here we only seek radially symmetric solutions because for obtaining solutions in H}(B),
we would apply arguments very close to those used by CALANCH and RUF in [T5].

As in Chapter 3, we begin studying a linear problem related to our equation. This is
an important step to guarantee a first solution for the problem, which will be denoted by
b and is nonpositive. This case is almost identical to the previous results in [I5], 29], but
we also give a little remark concerning existence of a radially symmetric solution when
the forcing term is also radial. After that, we notice that to find a second solution of

(P3]), we could set u = v + 1, then v is a solution for

—Av =+ |z +9)E T+ |zlgv +¢)y in By
v= 0 on 0B;.

(170)
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Obviously, v = 0 is a solution of and this gives back the negative solution 1 for .
In [29], the authors searched for critical points of the associated functional of a similar
problem to ([170). This translation has the advantage of working with a homogeneous
problem, but the interference of ¥ in the estimates of minimax level was a great setback.

Here we use a different technique. In the same spirit of [32], we separate the supports
of the negative solution and the function given in in order to make some estimates
easier to handle. This is done by cutting a small hole into the function ¢ . Initially, we

consider B, C Bj as a ball of radius r and center in origin. Let us take n, € C'(B),

given by
0 in Brz;
777"(1') m in B, \ B,2;
1 in Bl \ Br-
Define the functions
Ur(x) = ne(x)(xz) in B (171)
and set
(@) = =AW (z) — M, (x). (172)

We can notice that the supports of v, and f, are B; \ B?. See the Figure 4.1.

Figure 5: Supports of v, and f,.

Using as before u = v+1), in (P3)), we see that v = ¥ —1), solves the following equation

—Av = v+ |20+ )T 2| + )y + (f — f,) in By
v= 0 on 0B;.

(173)

Clearly v = ¥ — 1, corresponds to the trivial solution of this problem. We also

observe that if u # 1 — 1), is another solution, then it is straightforward to show that
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v =wu— (b — 1) solves and, consequently, (P3). Our aim then is to prove that
there exists such wu.

Problem seems more complex than Problem , because the translation used
in makes us work with a homogeneous problem. Nevertheless, we can see as
an approximate equation of . This approximation creates an error, given by terms
f — fr, which, due to behavior of |Vn|, is easily estimated. In this direction, we have as
reference the work of TARANTELLO [55], which uses heavily the fact that the forcing
term has small enough norm in L(Q).

In [I5], Calanchi and Ruf used similar technique while studying the same problem
treated in [29] and showed the existence of at least two solutions provided N > 6 without
assuming (gs). But they created the hole near 0f2, where the first solution is small, in
order to estimate the error. Here, we do not work with the negative solution v near 0By,
because, in our case, we are searching for a radially symmetric solution for .

Another different point which used here was the kind of functions used by estimate
the minimax levels. More precisely, CALANCHI and RUF in [15] and FIGUEIREDO and
YANG in [29], in order to prove the existence of a second solution of a similar problem
to , follow the Brezis—Niremberg approach to estimate the minimax levels with the
help of the Talenti functions,

(N—2)/4
N(N — 2)5} | (174)

) = | PO

which are solutions of the problem

u 1m

—~Au = |ul*%u i RY:

u(z) — 0 as |z| = 0.
It is well-know that they realize the best constant Sobolev embedding constant H'(RY) C

L* (RY) given by
Jul?

weH} (By) ||u
u#0

S:

3

Using U, one can prove that the minimax level of the associated functional of their problem

belongs to the interval where the Palais-Smale compactness condition holds. However,

they reached a technical difficult when trying to prove that the (PS) sequence obtained in

fact converged to a nontrivial solution and could overcome it by considering only N > 7.
Here, since we search radially symmetric solutions for Hénon-type equations and the

weight |z|* modifies the critical exponent in Hg,q(B1), that becomes 2}, > 2* for all
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a > 0. Consequently, we need to invoke a different family of function adapted for the
radial context. More precisely, since we are searching for radial solution for (P3|) with

critical growth, we let S, be the best constant for the Sobolev-Hardy embedding
Hé,rad(RN) — L2; (RN, |x|a)'

The constant

Vu|* dz
So = inf Jo | 5 (175)
i B0 fo ] uf% )

is achieved by the family of functions

_ [V + a)(V — 2)e] V226
ug(az) - (8 i ‘x’2+a)(Nf2)/(2+a) (176)

defined for each € > 0. Indeed, these functions are minimizers of S, in the set of radial

functions in case @ > —2. Furthermore, u. are the only positive radial solutions of

~Au = |z|*ul*"%u in RY;
(177)
u(z) — 0 as |z| — oo.

For details and more general results, see [0, 14, 20, 4T].

This new approach allows us to guarantee the existence of at least two radially
symmetric solutions for a problem with jumping nonlinearity to a Hénon type equation
with Sobolev critical growth using variational methods. We get a first solution v using
the Fredholm Alternative in a related linear equation. A second solution is obtained via
the Mountain—Pass Theorem, if A < Ay, or the Linking Theorem, if A > A;. In order to
use these well-known critical point results, we need to prove some geometric conditions
satisfied by the functional associated to the problem and, we need to estimate the minimax
levels, which have to lie below some appropriate constants. In our case, we can obtain

this estimated for N > 3, when we add a lower order growth term to the nonlinearity.

5.1 Hypotheses

Before stating our main results, we shall introduce the following assumptions on the

nonlinearity g:
(90) g € C(R,RY), g(s) =0 for all s <0.

(91) There exists ¢; and 2 < p+ 1 < 2% such that g(s) < ¢;s” for all s € RY.
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(g2) There exists ¢ and ¢ such that g(s) > cps? for all s € Rt where

( 2N -8

27 1 2 for N > 5;
« T 3N _%g < q+1 < 2 or > 5;
2
(4+a)—g < qg+1 < 4+a = 28 for N=4
2
(6+20)— - < q+1 < 6420 = 2, for N=3
\

Let us consider \; < Ay < A3 < ... < \; < ... the sequence of eigenvalues of (—A, Hj(By))
and ¢; is a j™ eigenfunction of (—A, H}(By)).
Assuming (go) and that A # \; for all j, one can prove that ¢ is a nonpositive solution

of (P3]) if and only if it is a nonpositive solution for the linear problem

—AY =M+ f(x) in By,
v =0 on 0Bj.

(178)

In order to obtain such solutions for (17§]), we assume that

(f1) f(x) = h(x) + tdi (),

where h € L*(By), > N and

/ hoy dz = 0.
B
The parameter ¢ will be used in the proof of the first Theorem of this Chapter.

5.2 Statement of main results

We divide our results in two theorems. The first one deals with the first solution of the
problem, which is nonpositive and is obtained by a simple remark about a linear problem
related to our equation. The other theorem concerns the second solution and we need
to consider the dimension which we are working. On condition (f;), for N > 5, we only
need to assume p > N in order to recover the compactness of the functional associated
to Problem . In dimensions N = 4 and 3, we should consider ¢ > 8 and p > 12 EI,

respectively, for this purpose.

3These values are 2N = 8 and 3N = 12, respectively.
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Theorem 0.0.19 (The Linear Problem). Assume (fi) and A # A; for all j € N. Then
there exists a constant 7" = T'(h) > 0 such that:

(i) If A < Ay, there exists ¢ < 0, a solution for (L78) and, consequently, for (P3)), for all
t<-T.

(ii) If A > Aq, there exists ¢; < 0, a solution for (178]) and, consequently, for , for all
t>1T.

Furthermore, if f is radially symmetric, then v; is radially symmetric as well.

Theorem 0.0.20. Assume the existence of nonpositive radial solution 1 of ,
conditions (go) — (g2) and A # A; for all j € N. Then, possesses a second radial
solution provided that f € L*(By) with p > 12if N =3, p > 8 if N =4 and p > N if
N > 5.

Remark 0.0.18. Some comments on our assumptions and theorems are in order.

(a) The condition (f1) of Theorem ensure the existence of nonpositive solution of
r3).

(b) The hypothesis (go) will play a crucial role in the estimate on the minimazx levels.

However, we can consider g = 0 for high dimensions. For details see Remarks|0.0.21

and [0.0.22

c) In this work, we added a subcritical perturbation g(s) to obtain existence of solution for
In thi k dded beritical perturbati to obtai St f solution f
(P3)). An interesting question that arises here is to classify the kind of perturbation

and determine the optimal growth for which we can reach similar results.

(d) We notice that if X < A\, we shall use the Mountain—Pass Theorem in the proof of
Theorem[0.0.20. On the other hand, if X\ > A;, we need to use the Linking Theorem.

(e) In Theorem|0.0.20}, a second solution will be given by u+ 1, where 1 is a nonpositive
solution of (P3|) and w is a nontrivial solution of a translated problem, which will

be explained later (see (L70) and (173])).
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5.2.1 Outline

This Chapter is organized as follows. In Sect. , we study a linear problem related to our
equation. This is an important step to find a first solution for the problem, which will be
denoted by v and is nonpositive. To this end we use some standard ideas contained in the
literature, for instance in [29]. Here, using that the forcing term is radial we can prove that
the solution ) is also radially symmetric. In Sect. , we introduce the variational framework
and prove the boundedness of Palais-Smale sequences of the functional associated to the
approximated Problem (173). First, we prove some estimate that will be used in order
to show the conditions of the Mountain—Pass Theorem, for A < A;, and the Linking
Theorem, for A > \;. In Sect. , we obtain the geometric conditions for the functional
in order to prove the existence of a second solution to Problem and since we are
searching for a radial solution for a problem with critical Sobolev growth nonlinearity, we
need to prove the boundedness of the minimax levels by appropriate constants depending

on o and S,.

5.3 The Linear Problem

In this section, we show a proof of Theorem [0.0.19. We consider the linear problem

—AY = M+ f(z) in By,
v = 0 on 0B;.

(179)

It is easy to see that if f is such that this linear problem admits a nonpositive solution,
then it will also be a solution for Problem . Considering f decomposed as in (f;), we
will see that the sign of the (unique) solution of can be established depending on ¢.
Moreover, we give an idea of how to obtain radial solutions as well.

Proof: Since A # \; for all j € N, by the Fredholm Alternative, we obtain a unique
solution 1 of in H}(By). Using (fi), we can write ¢ = 1y = w + s;¢;, with

fBl wey dr = 0 and
t

DYDY
Now, we need to find a parameter ¢ such that v is negative. We recall that f € L*(B;),

S¢

with p always larger than N for N > 3. Thus in both cases, by elliptic regularity, we
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have w € CY1=N/e Then

A1 —

26

It is known that the (exterior) normal derivative %bgl is negative. So, let ¢ > 0 be

_’Al—A

wll e -
c1

such that if ¢ € C*(By) and ||¢ — ¢1]|o1 < €, then ¢ > 0 (we are assuming ¢; > 0). Since

we want ¢ < 0, we must have

A— A A— A
!'>0 and !

lwllen <

Therefore, for A < A\, t < —e 1(A; — N)||w|lcr and, for A > Ay, ¢t > 71X = A\ [|w]|en-
We also notice that v is a solution for (179) if only if it is a critical point of the
following functional I : H}(B;) — R, given by

1

1
1) =5 /B VUl dr — A /B v [ fpde

Considering I restricts to Hj ,q(B1), we also obtain a critical point of this functional on
this subspace. If f is radially symmetric, by the Principle of Symmetric Criticality of
Palais (see [42]), we can see that all critical points on Hj,4(Bi) are also critical points
on H}(Bj). So, due to the fact that I admits only one critical point in the whole space,

we get that ¢ is also radially symmetric. This completes the proof of Theorem [0.0.19, B

Remark 0.0.19. This proof follows exactly the same steps of the proof of Theorem|0.0.15.
We observe that in Theorem we only need > 2 and here we should assume

1> N >3 in order to obtain sufficient reqularity of the solution.

5.4 The variational formulation

Here, we will denote H = H,4(B1), with the norm

1/2
Jull = ( Vaf? dx)
By

for all w € H. We also denote the L* space with weigh |z|" on By by L*(By, |z|) with

1/z
el o = ( 2’ dx) |
B1

where 0 <y <aand 1 <z <29,

the norm
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In short, for find out other (weak) solutions of (173)) we should look for critical points

of functional Jy, : H — R,

1 1 .
ho = 5 [ (9P =xt)do = - [ el +u)F da

-/ G0+ ) dr - / (/= fova,

which is C'(H, R), once g is continuous.

This will be done by proving some geometric properties of this functional which
will satisfy the geometric hypotheses of the Mountain—Pass Theorem without the (PJS)
condition, for A < A; and the Linking Theorem without (PS) condition, if Ay < A < Agy1
for some k € N. However, we do not apply the standard variational arguments once the
imbedding H in L2« (B, |z|®) is not compact, which implies that the functional Jy, does
not satisfy the Palais-Smale condition.

Thus, we need to adapt an idea introduced by H. Brezis and L. Nirenberg [I1], which
used the Talenti functions, given in , in order to prove that a functional associated
to a problem with critical Sobolev growth nonlinearity satisfies the (P.S) condition in the
interval (0, SV/2/N).

Here, in radial context for a Hénon type equation, we should construct minimax levels

for the functional Jy, which lie in the interval

24+«
0. —= "= gW+a)/(2+e) |
( "2(N +a)

For this purpose, we use the crucial fact that positive solutions of ((176)) realize the constant
S, in the imbedding H. (RY) in L% (RY |z|*). Before that, we make some estimates
which will be used to show the geometric conditions, the boundedness of minimax level

and that ||f — f,||; is small.

5.4.1 Preliminary properties

Initially, we recall (171)) and (172)). Here, we must estimate the errors created in the
approximation problem ((173)), namely ¢ — %, and f — f,. The following lemma has the

results needed to continue.

Lemma 0.0.11. For r small enough, there exists §, such that

1 — ]| < C6, (180)
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and

/Bl(f — £)6 da

Moreover, 4, can be chosen satisfying 6, = o(1) when r — 0.

< ¢[|¢]||9, for all ¢ € H.

Proof: We notice that

o=l = [ V=) do
= / \V%b(l - 771") - wvnr‘z da
By
< / \V2/1|2|1—m|2dx+2/ VYl — 1) ][V ] da
B, Br\B, 2

4 / 21V 2 da

Br\B,2
) on ) rN+2vr
< GVl + 01||V1/1Hoom
rpN+2vr=1/2 ) pN+2v/r—1
+C2"V¢||oo||w||oom + Csl[v |5 (r\/; — 7“2\/;)2
N-1
o
— (1= rVr)2

where

C > max{C1 || VY|4, Ca|| Vb ool [t ]| o> Ca 9|12 }-

It is straightforward to prove that for all ¥ > 1, we have

7“19

A= =

Thus, we choose ¢, such that
N-1
P=C—.
" (1 —rvr)2

Since N > 3, by ([183)), we obtain ({180]).

(181)

(182)

(183)

From (|171)), using the Holder inequality and the variational characterization of A\, we

have

/B (= £)6 da /B VW — )V — AW — ) da

< clv = ollllel < cllollor,
for all ¢ € H. Consequently, (181]) follows.

Now, we take & € C§°(B2,0,1]), a radial cut-off function such that & = 1 in B2y

and |V&,.| < 4/r? set u”(x) = &(x)u.. The support of u” can be seen in Figure 4.2.
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Figure 6: Support of u.

Now, we will make some estimates similar to Brezis-Niremberg Lemma [I1, Lemma

1.2].
Lemma 0.0.12. For fixed » > 0 and 0 < v < «a, we have
(a) [zl = SE/25) 1 0 (V-2 25

_ S(N+a)/(2+a 4 O( N+o¢)/(2+o¢));

(b) [l

(©) Iy = KGO 4 O (N5 i N > 44,

2* ‘ajla

(@) e o > Kas o822/ 210),
Furthermore, for » — 0 and ¢ = 0(7‘2(2+a))
(€) [[ur]]2 = ST 4 O ((gfr2@re)(N=2)/24e)),

(£) luz

% = SN/ CH) 4 ) (e j22t0))(N4a)/ (o))

Proof of (a): First, we can notice that, since u. is a solution of Problem (177]) for
each £ > 0, we have

Va3 = luelss o = ST/ CH, (184)

2* ‘x|a

Straightforward calculations show that

/ |Vul|]? doe = / |Vu&,|? do = / Vu.|? da + O (eWHe)/ ey
Bl B1
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and using ([184)), we conclude that
/B |Vu2|2 dr = S&N+a)/(2+a) +0 (8(N—2)(2+a)) '
Proof of (b): Similarly to (a), we have
|x|a(u;)2z dxr = / |:13|°‘ g:; dz +0O (€(N+a)(2+oz)) _ SéN+a)/(2+a) +0 (5(N+°‘)(2+0‘)) ‘
Bl RN

Proof of (c): Initially, observe that
[l de= [ e do
Bl Bl

= / |:13|7|u5|2 dx+/ |x|7(§72, — 1)|u5|2 dz
Br2 Br2

- / |$mu6|2 dz + O (5(N_2)/(2+a)) '
B2

Now, we calculate

/ 2| ue)? da = / ’xp[(N—koz)(N — 2)g](N-2)/(2+a) .
B,o 5,

(5 + |x|2+a)2(N—2)/(2+o<)

Proof of (d): We have for ¢ small enough

|z ul]® dz > 2| (N + a)(N — 2)e](N-2)/22+a) \ ° .
B ) a 2 (g + |z|*te)(N=2)/@2+a)
ré/2

1/ (2+a) E(N_2)8/2(2+0‘) Nl
C/O (5 + t2+o¢)(N—2)s/(2+a)t dt
> CeN+7=(N-2)s/2]/(2+a)

v

Proof of (e) and (f): Initially, we observe that
(Vul|* do = / |Vu.g,)? do
B1 By

= / |V, |* dz — / Vu.|* dz —|—/ IV (&ue)|? dx
RN RN\B,; ,, B,2\B,2,

and using ((184]), we must have

Ve[ da = ST/ / [Vl do + / IV (eue) ? d,
R1\1\3’7‘2/2

Bl B’V‘2 \B’V‘2 /2
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Now, let us show that

e (N=2)/(24a)
_/ |Vu€|2 dz —i—/ |V(§Tu5)|2 dz =0 ( 2(2+a)> :
RN\B, 3/, B,2\B,2/, "

Indeed,

—/ IV, [? dx+/ V(€ da
RN\B, 2, B,2\B,2,,

—/ V| da| + / V(62 da
RN\BTg/z Br2 \Br2/2

First, we observe that

[
B’!‘2 \Br2/2

<

2

V&, (N —2)&|x|*x de

(5+ |x|2+o¢)(N—2)/(2+o¢) (€+ |x|2+a)(N+oz)/(2+oc)

<, Ng(N—Q)/(Z—i-a)/

BT2 \Br2/2

B N 1 2|VE, |OnE, ||t
< C%NE(N /e )/ 2+a)2(N-2)/(2+a) (|V§r|2 | | 2J|ra| dz
VSR FEDE e+ Ja]
1 2 ¢2(.12(a+1)
+Oa,N5(N_2)/(2+a)/ 2+ \2(N—2)/(2+) CN€T|x|2+a 2 dz.
Br2\Br2/2 (8 + |IL‘| ) (8 + |:L‘| )

Observe that, since |V&,.| < CO/r?, 0 <&, <1 and |z| > r?/2, one has

2IVE |Cnéela|* ! CREx|*

VE? o+

Ve e ey T et ooy
< 4 Cy Cj

ST

So we have that

- o 1 2| V& |Onér|]| !
c(N=2)/(2+ )/ T N3 07 a) |V§T’2 + T - dz
B2\B,2,, \(€F[2[T) (€ + [z]>t*)

+€(N—2)/(2+oc)/ 1 C?Vﬁ?’xp(a—i-l) de
Bo\B,z,, \ (€ [z[PT)2N=2/@5e) A (g 4 [[2re)?

£2(N—-2)/(2+a) .
- C—/ < ) dz
rt B,2\B,2 , (e + |z|?>+e)2(N=2)/(2+a)

ds

c(N=2)/(2+a) c(N=2)/(2+a) /r2 gN-1

1
< C—/ dez =C
o B.a\B.a/2 |x|2N 1 ra 2y 52N
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(N-2)/(2+a) 2
£
=C d
r4 /Tz/z sN—=3 s
r? if N=3
<2 L 2logr if N =4
1
.

€ (N=2)/(2+0)
<0 ()"

r2(2+a)
Notice that, since ] is a radially symmetric function, we have that

— / |Vu.|* do
RN\B, 2,

So, analogously as before, we obtain

< .

r2/2
c / (G () ue(s)Y 25V da

oo

c(N=2)/(24a) r?/2 4

—/ |Vl |Pdz| < 0—4/ ~—3 ds

RN\BTQ/2 r 0 S

r? if N=3

£(N-2)/(2+a) ‘ £\ (N=2)/(2+a)

SC’T—4 2l(igr if N=4 SC(T2(2+a)> .
And item (e) follows as desired.
Using a similar argument, we conclude that item (f) holds. |

5.4.2 Palais-Smale sequences

Let us notice that the proof of the Palais-Smale condition for the functional associated
to Problem ([173]) follows traditional methods. So we will present a brief proof for this

condition.

Lemma 0.0.13. Suppose (go) — (¢1). Let (u,,) C H be a (PS), sequence of Jy,. Then
(ty,) is bounded in H.

Proof: Let (u,,) C H be a (PS), sequence, i.e.
1 A 1 o 2
I = glhunl® = Sl = gz [ ol + 00 o
—/ |2|“G (U, + ¥y)+ dz —/ (f — fr)um do (185)
Bl Bl

= c+o(l)
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(o) = [ FunVode A [ wpwde= [ ol 40P 0 ds

By By By

+/ 2| g (t + ) v dw — / (f — fr)v da (186)

B B
= o(1)|lv]

for allv e H.
From ([185)) and (186]), it follows that

1 2* — 92 x 1 ._
o () = ST ) im) = 222 el 4 )% e — 2 [ ]t + )5y da
2 2-2a B 2 B
1
—/‘mwawm+wn+¢w+—/‘uwmwn+w»wmdx
131 2 B1

_é/Bl(f_fr)um dx
= c+o(1) + o(1)[uml|.

Thus, due to ¥, < 0 and (181]), we have

2 — 2
2-2¢ Jp,

[0}

2]t + )% do < /‘uwamm+¢»+m:
B
_ - a 187
5 [l gt sl k) e (15

+c+ (o(1) + ¢d,) ||wm]|-

From (g;) and making use of Hoder inequality we obtain

12 (g + 0,)7 dz < C [ 2| (g + 100)5T Az 4+ C + (0(1) + C62) ||t |

B B
! ! pt+1

< (C el + )3 dx) " 4O+ C(0(1) + 02l
Since p+ 1 < 27, we get
[ ()% o < 1)+ el < e+ ol (188
Considering 0 < A < A1, by the variational characterization of A;, we have

A *
(S5 (Um), ) = (1 - )\—1) [ [* — / |2 (u+ ) do — [ [2]*g(um + ) 1t d
By

[ (= e )

B1
Hence, we obtain

[um]|* < C1 + Col|tin]|-

Thus, (u,,) is a bounded sequence.
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Now we consider A\ < A < Agy1. It is convenient to decompose H into appropriate

subspaces. For H](Bj) is usual the following decomposition
Hy(B1) = Hy @ Hy,
where Hj, is finite dimensional and defined by

Hy = [¢1, ..., Okl (189)

Since here we are working in Hy,,4(B1), we also need to split this Hilbert Space into
two orthogonal subspaces. Initially we recall the notation introduced in and for
each k € N we define

Hp = Hy N Hj,q(By) for all k € N.

Notice that
Hi = Hi N Hy,qa(B1) = Hi,

because ¢ is radially symmetric.

Thus, analogously to Hj(Bj), we can write
Hé,rad(Bl) = U H;ck
k=1

Moreover, it is straightforward to prove that the spectrum of (=A, Hj,.4(B1)) is a
subsequence of () that we will denote by A7 = Ay < A5 < Aj < ... < A\; < ... where
A = Ajforall j=1,2,3....
For all uin H, let us take u = u"+u®, where u* € H} and u™ € ((Hy)*" N Hy .q(B1)).
We notice that
/B VuVuF dz — )\/ uuf dz = ||uf||* = \||uF||?
1

By
and
/ VuVut dz — )\/ wut dz = [ut|* = AfJut 3.
By

By

By (186, we can see that

(Inr(tm), um) = Numl* = Aluz |13
- |x|a(um + wr)iz_lu#@ dr — |£L’|ag(um + @DT)-I-U; dx
Bl Bl
_/ (f - fr)urJ;L dx
By

= o(1)[Juzl
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Then, from (g;), the variational characterization of Ay;, the Holder and Young

inequalities and ((188]), we get

A .
(1 N —) Jub )2 < [ |2 (i + )30 M da 4 ¢ / (g + )P |, | da
)\k+1 B

B1
+o(1) [[ugs || + €8 [luy |

2(25-1)

2/21 250
c ( |k |2 dx) +c (/ (U + Py )% dx)
B1 B *

.\ 2 55
+c (/ (U + %)2”‘ dx) ( |ufn 25-p dx) + c||ufn||
Bl Bl

2(25-1)

12 o 2% 1 22a-r
s 4o ( [ umtw)®de) o el
b . 2p/2%,
e ( [ dm) T el
By

By (188) and [41, Compactness Lemma|, which guarantees the compact embedding of H

IA

IA

in L*(By, |z]*) for 2 < z < 2%, we have

*
251
20/

2p
lum® < ¢+ cllftm]| 55 + [ 25) + clfuss ] (190)

For u* € Hy, using the variational characterization of A, similarly to (190)), we obtain
k2 o = 2ol Zp k
[t |7 < €+ c(flumll 2 + [Juml|2) + cf|ug, |- (191)
By summing the inequalities in ((190)) and (191]), we reach

251 2p
[tuml* < C+ Clllum|| 5 + [t ) + Cllumll.

proving the boundedness of the sequence (u,,) as desired. |

5.5 Proof of Theorem [0.0.20

In this section, we search for a solution u of Problem (173 in Hy,4(B1). First we need to
prove the geometric condition for Jy,. After that, we make some estimates for minimax

levels.

5.5.1 The geometric conditions

Initially we consider A < A\;. We will prove the geometric condition of the Mountain—Pass

Theorem.
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Proposition 0.0.23. Let A < A1, suppose (go),(g1). Then there exist a,p > 0 such that
Inr(u) = a if [lul| = p.

Proof: Using (¢1), (181)), the characterization variational of A; and the fact that H is

continuously embedded in L*(By, |z|*) if 1 < 2z < 27, we have

1 A .
Do) 2 S (L= ) lul? = | |2|*(u+,)% de
2 A1 B,

—o [ Jaftusu it e [ (F fuds

Bl Bl
2% 1
> Cyllul = cllull% . — cllullZt . — / (f = fi)u da
1

> Ciflul® = Cafju

22— CsllufP* = Cadpfull.

Now we choose p > 0 as the point where the function h,(s) = C;s?—Cys% —C3sP*1 — 6,5
assumes its maximum for s > 0. We can see that there exists r such that maxg h,(s) =
M, > M,, for all r < ry. Thus, there exist a,p > 0 such that J,,(u) > a > 0 for all
[ull = p. u

Proposition 0.0.24. Suppose (go) and A < \i. Then, there exists R. > p such that
J)\jr(RUQ S 0.

Proof: By (171]), we can see that |[suppul N suppy,.| = 0 (See Figures 4.1 and 4.2).
Consequently,

2 *(RuZ + )% do = R [ Ja|*(u)* da
Bl Bl

and from ([172)) we conclude that
fr(sul) dz =0 for all s € R.
B1
Now, we observe that
IolBu) < R = CR% [ el () do + R flal]
B, (192)
< CR*-CR* +CR.

Then, we can choose Ry(¢) sufficiently large to have Jy . (R.ul) < 0 for each R. > Ry(e).
|

Before proving the geometric conditions in the saddle point case, we need to introduce

notations and to make estimates. Take r as before and (. : By — R smooth radially
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symmetric functions such that 0 < ¢, <1, [V(,| < 4/r and

0 if =€ B,;
1 if .TEBl\BQr.

Gr(z) =

Define
0; = Gro;
and consider the following finite-dimensional subspaces

and

Hl:,* = HI: N H&,rad(Bl)'

Lemma 0.0.14. If r — 0, then ¢} — ¢; in Hy(B,) for all j = 1,...,k. Moreover, for

each 7 small enough, we have that there exists ¢, such that
o]l < Ak + cxr™2)|Jv||3 for all v € [¢F, ..., ¢F].

Proof: Fori e {1,...,k} fixed we have

167 = il < ellgillZr™™? + el Véillsolldilloor™ ™ + eI Vil 2™ = cllgillor™ 2.

where cg, ¢; and ¢ are constants independent of ¢;.
Consequently, ||¢; — ¢F|| — 0.
Now, let us take v, € Hj such that ||v,.||2 = 1. Notice that v, = Z?Zl ciGp; = (0

where v = Z?Zl cip; € Hy, and ||v, — 0| = o(1) when r — 0. Thus,

loell® = (llol* = 1121) + o)1 < Cor™=2 + Aol < Cor™=2 + Ae[([10]13 = [lerl3) + [lon]13]

= CkT’N_2 + )\k,

as desired. [ |
Again, we should choose a suitable decomposition for H.
Notice that for r» small enough, we can split the space
H = Hl:’* ® ((HI:>L N H&,rad(Bl)) :

Now we can prove the geometric conditions of the Linking Theorem using this non-

orthogonal direct sum.
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Proposition 0.0.25. Suppose that A\, < A < Agt1, (90) — (g1). Then there exist p,a > 0
such that Jy(u) > a if u € ((Hg)™ N H0q(B1)) with |ul = p.

Proof: Using (g1), (181]), the characterization variational of A, and continuous embedding

of H in L*(By,|z|*) for 2 < z < 2% we have

1 A 1 2*
Ioo(w)> = (1 — " jul*—- = z|*(u + 1, )5 dx
v g (1= ) = g [ el o

- / 2] (42 dar — / (f = fi)uda

Bl Bl

> Cillull? = Cof|ull** = Csfluf|P** = Cudy[Jull.

Thus, the result follows the same way of Proposition [0.0.24 |

Proposition 0.0.26. Suppose that \y < A < A1 and (go) — (g1). For each € small
enough, there exists R. > p such that if

Q:={v+sul:ve H with ||v|]| < R. and 0 < s < R.},
then Jy(u) <0 for all u e Q.

Proof: Let us take R > Ry and we split 0@ as follows

Qv ={ve H; :|lv]| < R}
Q:={v+sul:ve H7 |v]|=Rand 0<s<R};
Qs ={v+ Rul:veH |v| <R}

First, we notice that, for all v € H}, one has

[-swar= [ vw-vivear-a [ w-vivas-o

B1

The last equality is true because suppv C By \ B, for all v € H;* and supp(¢)—1),) C Bj.
Consequently, if v € ()1, from Lemma [0.0.14], we have

Iar(v) < (1 - ;) |v]|?.

Mg + cprV—2

Since A > A\, and due to the choice of r small enough, we can take C; > 0 such that
Ji(v) < =Cylv]]* <0. (193)

for all v € H," C Hj, independently of R > 0.
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Since, |suppv N suppu.| = 0, we have that
Inr(V+ sus) = Iy, (v) + e (sue). (194)

For @, using (194)), (193) and Lemma [0.0.12, we get
Ton(v+sul) < —CiR2+ Cos?||ul |2 — Cs% / 22w do + Cs

By

< —C R? + SNF/H0) (0452 — Cys%) 4 Cos?O(e N2/ (Fa))
+C35% O (eWF/F)y 4 O
< —COR?*+CR+C + CeW-2/Ero) g2,
Take R. = max{R, —~CR*+CR+C+CyeW=2/2*+) R% = 0} and we can see that R, — oo
if e = 0.
For ()3, using and , we obtain
Iar(v+ Rul) < Jy,.(v) + Jy(v+ Rul)
< ORI - S R%
< —CR*+CR’+CR.

2 +CR

r
Ug

Hence, J(v + Rul) < 0 for R sufficiently large and e small. This completes the proof. B

5.5.2 Estimates of minimax levels

For the Mountain—Pass case, we define the minimax level of J , by

¢=inf max Jy(w) (195)

vel' wev([0,1))
where
I'={veC(0,1],H) :v(0) =0 and v(1) = R.u_},
R. being such that Jy(R.ul) < 0 as in Proposition
We need to show that the minimax levels are below a suitable constant. For this
purpose, it will be necessary to make a estimate which will allows us to simplify some

calculations needed ahead. Initially, we consider a Palais-Smale sequence (uy,), thus, by

Lemma |0.0.13] we may assume that (eventually passing to a subsequence)

u, =~ u € H and |u, —ul| is convergent.

We should check that u is a solution for (173]). However, we have to ensure that w,, is not
a trivial solution. More specifically, we should show that u,, # 1 — 1,.. In order to prove

this we need to show the following lemma.
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Lemma 0.0.15. Let

Ky = lim |Ju — u, ||%.

Then
(2+ )

T g
2(N + «) ¢

J,\,T(u) +
Furthermore, if K, > 0 then K, > S&N+a)/(2+a).

Proof: Returning to relation ([186]), since |lu,|| is bounded, we assume that u,, — u in
L*(By,|z|*) for 2 < z < 2F and w, — w almost everywhere in B;. In particular u is a

weak solution of (173]), so we have

||u||2_/\||u||§—/B ‘x|a(u+wr)iz d&?—'— ‘x|a(u+wr>2:§,1 de

By

_/ |-’E|a9(u+¢r)+ dx — / (f — fr)u dez =0.
B B

By the Brezis-Lieb Lemma (see [10)]), it follows that

2|y +10) 2 Az = [ 2] — ) dz+ [ 2| (w+ )% dz +o(1). (196)
B1 B1 B

Since H is a Hilbert Space, we obtain
[nll* = Il = ull® + [[u]* + o(1). (197)
Due to (g1) and u, — win L*(By, |z|*) for 2 < z < 2%, we have

|z|*G (up, + ) do — |2|*G(u + 1) dx = o(1).

Bl Bl

Using (I85), (I96) and (I97), we get

c+o(l) = Jy,(up)

1 1 . (198)
= )yl =l = o [ e = )% de o)
a J B
Since J ,.(u) = 0, analogously, we conclude that
(Jap (), ) =l — u* = / [ (= w)F do = [ 2|y = ), da
Bl Bl
= [ty + ) do o+ [ Jalg((u+ ) u de +o(1),
B1 B

Moreover, we notice that

|2 (, — w)? ), dz = o(1).

B
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Using (¢1) and [28, Lemma 2.1], we have

|9 ((un + )+ Jun dz — | [z["g((w + )+ )u dz = o(1).
B B

Then, we can see that

Jun =l = [ ol = % o+ 0(1) (199)

B

Since

K, = lim|Ju, — ul?,
if K, >0, from (175)) and (199)), we obtain that

2/2%
hin—ul2 > S ( 2]y — dx)

By

> So ([[tn — ul)> + 0(1))*%

This implies that K, > S, K" 2™ consequently, K, > S&V e/, [

Now we take 0 < d < 1/2(2 + «) (to be chosen precisely later) and by item (e) and
(f) of Lemma [0.0.12| we can make £ = r. We will prove the following result.

Lemma 0.0.16. Fix ¢ = r. Then
| I — b)) < Ce¥™=2 forall N > 3. (200)
Proof: First, we notice that
T =) = = (16 =l = Al = 9 )
From variational characterization of A; and , we obtain
[ Ine (¥ = ¥y)| < C6.
By , we notice that, for 9 > 1 and r small enough, one has
< (1 =7V

Hence, we have that

T’N_l TN_l

— )| < < =CorN
‘J)\,r(w 1/}7‘)| — C(l . 7“‘/;)2 — C Tﬂ CT

Choosing ¥ = 1, the result is proved. [ |
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Remark 0.0.20. Recall (182)) and notice that
N—1

.
o < Cmax{ IV, 19—

If we search a solution for in HY(B:), we can use a similar way, changing
the ball with center in origin into a small ball near of boundary of By where
max{||V[2, V15 } < r?, which is possible because v vanish on By. This allows us
work with a new estimate for Lemma[0.0.16, more specifically

|J>\,T(¢ - 77Z)T)| < OTN,

which helps us to improve hypotheses of our problem in high dimensions. (See Remark

ez

Now, we need to fix some constants which shall be used in the proof of boundedness

of minimax levels. First of all, let us define g > 1 as

1 1 N +2
4= ") =1 201
T ( 2N ) ’ (201)
where p is given in (f;). Consequently,
1 1 N+2
=11 202
5 po 2N (202)
For N > 5, we recall that u > N. Thus, we obtain that
2N 2N
—_— —_— 2
N—2<6<N—4 (203)

Initially, take 8 as above in order to prove the following proposition.

Proposition 0.0.27. Assume (g2) and p > N > 5. If

N -2
2N(2+ «)

[2;—(q+1)]( )5<d< L 2t —(¢+1)

22+ ) 42+ a) ’

then

- (2+a) (N+a)/(240) _ (rpl2a—(atD)N-2)/22+0)
2(N + «a)

Proof: Due to (195)) and ((192), for € > 0 fixed, we can choose t. > 0 such that

sup Sy, (tul) = Jy - (t-ul).
>0
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Furthermore, one can prove that t. > k for some k > 0 and for all £ > 0. Then we only

need to show that

(2+4a) (N - _
Iy (tou)) < ————L_ gIN+a)/(2He) _ rRa—(a+DI(V=2)/2(2+0)

For this matter we use (g2) and Lemma [0.0.12} First, we notice that

2 o A2
Iar(teur) < §IIUZII2 - ;—,JI ellaf e — f\l%ll%
o

(204)
r 1 r
—ww%mz+n/ f — follur] da.
2

T

From items (e) and (f) of Lemma [0.0.12, we have

20 o B e 2 (N+a)/(2+a) 2(24a)\(N—2)/(2+a)
EHUEH —2—*”% el S| 5 T or (Sa +O((g/r ) )-

o
Notice that the polynomial function t2/2 — t2« /2% attains its maximum at ¢ = 1, so we

obtain that

2*
e e — &
27°°F 2

. 11
lefe (_ - _) (SNHDEED 4 O(e frzre) =2/ EEe))

2
< ﬁSéNﬁ-a)/(Z-f—a) + o /r2@He))(N-)/(2+a)

By the Hélder inequality, we can estimate the last term in (204). Indeed, let 8 be
given in (201)) and since suppf, C B; \ B2, we have that

1/p (N+2)/2N 1/8
[or=shutars ([ iras) (e a [ o)
B'r2 B'r2 BTQ Br2

We note that 2N/(N + 2) < 2, thus L?(B)) is continuously embedded in L*N/(V+2)(B,),
for this there is a constant C' > 0 such that ||uljon/vi2) < C|lullz and consequently

ul|on/(n+2) 18 bounded. Since f belongs to L¥(B;), we can see that
[ll2n(vs2) g

|15 = fllde < o

B o

Therefore, we conclude that

T (2 + &) (0% (63 o — (07 T
Iar(ul) < m&w* J/@Fe) (g /r2Bre))N=2)/@Fe) _ ¢y || 0 4 Cr2NP - (205)

We remember that we are working with ¢ = r, consequently, from (205]) and item (d)
of Lemma [0.0.12| (with v = @ and s = ¢ + 1), we obtain that

Jo(ul) < QE;JrO)t)S(g a)/(2+a) +C<€1 2(2+ )d)(N 2)/(2+a) (206)
teg2dN/B _ Cel2a—(a+D)](N=2)/2(2+a)
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Choosing d such that (1 —2(2+ a)d)(N —2)/(2+a) > [25 — (¢ + D](N —2)/2(2 + «)
and 2dN/G > [25 — (¢ + D](N —2)/2(2 + «), it follows that

: N-2 LR (at)

Ba—@+¢ﬂ<ﬂﬁygg>ﬂ<d<2@+a)— o) (207)
Since, § < 2N/(N — 4), we have that

: N -2 L 2 (gt )

2o Vs —ere 9 m1a) " i@t

which is possible only for N > 5 (because the above boundedness of ) and ¢ given in

(92)~

Thus, for e small enough, there is a constant C' > 0 such that

24+ a) N . _
Jo(uh) < ——— 2 gWN+a)/(2+a) _ o Ra—(a+DI(N=2)/2(2+e)
A (u5> = 2<N + Oé) o € )

as desired. ]

Remark 0.0.21. In order to obtain (205), we neglected the term —|lul ||ZE in (204)),
which allows to prove Proposition[0.0.27 to N > 5 using item (d) of Lemma[0.0.13 For

N > 5, if we change —|luZ||%1; | for —||ut||3, considering items (c) and (d) ofLemma
(with s =2 and v = 0), we have that

e ) < |lul|3 < Ko/ 2+,

Thus, we get an analogous inequality to (206). In this case, we do not need to assume
(92) and following the same steps of proof of Proposition to obtain a similar result.
However, in this away we have a greater restriction in dimension, this argument only

works for N > 9.

For a while, we cannot use f given in ([202)) for N = 4,3, since it is not bounded from
above for N = 4 (see (203))) and it is impossible to obtain (203) for N = 3. However, if
we have p > 2N = 8, then by (202) we get

2N 2N
<P < ——. (208)

N2 N-3
So we obtain a boundedness of § when N > 4, but we do not for N = 3. Similarity, if we
consider ;1 > 4N = 12, we have f in interval
2N 4N

N—3 PN —p

(209)

which also allows an analogous boundedness for § for N > 3. Thus, we can make similar

results to Proposition for N = 4,3 and we have the next propositions.
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Proposition 0.0.28. Assume (g2) and p > 2N = 8. If

A+a)—(¢g+1) 1 Ad+a)—(¢g+1)

TR R Yo WEPS B GRS S

then

(2+0) guray/@ia) _ oglitra)-(@hD)/2+a)
24+ ) “

Proof: The proof is identical to Proposition using ([208)) instead of (203)). More
precisely, when we consider the assumpions of this proposition, we also obtain (207]). Here,
2 = (4+ «) because N = 4. Thus, we have

A+a)—(¢g+1) 1 (4+oz)—(q+1)'

s2ta) P NG T 12ta)

From (208), 5 < 8. Consequently, we have that

(o)~ (4] 1[4+ -(g+1)]
8(2+ ) 212+ ) 42+ )
Hence
(4+a) —% < (¢+1),
which is possible once (g2) is satisfied for N = 4. [ |

Proposition 0.0.29. Assume (g2) and pp > 4N = 12. If

(64+2a) — (¢+1) 1 (6+2a)—(¢g+1)

2e+a) P NGt T agra)

then

¢« CHY) qvrayeia) _ ol ra—ar)ea)
2(N + «)

Proof: The proof follows exactly the same steps which were used in proof of Proposition
0.0.27, changing (203)) into (209). Here, we also obtain (207) and, since N = 3,
2" = (6 + 2a). Thus, we get

(64 2a)—(¢+1) 1 (64 2a) —(¢+1)

2210 P 9 mra) T a2t

By (209), 8 < 12. Hence, we have that

(6+2a)—(¢g+1) 1 (6+2a)—(¢g+1)
P R I R E T

So we should have

(6+2a)—§<(q+1).
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Since N = 3 by (ga2), it follows this result.

In the Linking case, we define the minimax level

¢ = inf max Jy(v(w)) (210)

vell we

where

F={reC(@QH):v(w) =wif we dQ}.
Since we split the support of the functions in Hj of the support of u, we have

¢ <max{Jy(v+ul):ve H|v| <R,and t >0}

= max{J\(v) + Jx(ul) : v € H}, ||v|]| < R, and t > 0}

< max{J\(v) : v € Hy and ||[v| < R,} + max{Jy(tz});t > 0}.

By (193), we see that Jy(v) <0 for all v € H]. It follows that
¢ <max{Jy(tz;) : t > 0}.

Thus, we can proceed analogously to the Mountain—Pass case in order to see that

Propositions [0.0.27], [0.0.28] and [0.0.29] are available to the Linking case.

5.5.3 Proof of Theorem |0.0.20| completed

To simplify the notation, here let us denote ¢ = ¢, given in ((195)), or ¢ = ¢, given in (210]).
Now we are ready to prove that u # 1) — 1), where u is the weak limit of the P.S-sequence
in the minimax level ¢.

Let us take K, given in Lemma [0.0.15} If K, = 0, then u,, = w strongly in H and in
L% (By), then (200)) and (198)), we have

Ir(u)=¢é>a> ce®N=2) > I (0 —=hy).

Hence, u # ¥ — ,.
If K, > 0, suppose, by contradiction, that © = ¥ — 1),., then from Lemmas [0.0.15] and

0.0.16| we obtain that

(24 ) o o (2+0) :
SWN+e)/@te) _ opd(N=2) < A= T ) po 1 ] (u) =
2(N + ) . T 2(N+a) ) =6



142

By Propositions [0.0.27], |0.0.28 and [0.0.29 we have that

be 2H0) vra/@ra) _ o Ra—(aDI(N-2)/20240)
2(N +a)

Thus, we obtain

2, —(g+1)
22+ «)

On other hands, for N > 3, we choose d and 3 such that

d<

N =2
AN (2 + «)

[2;—(q+1)]( >ﬁ<d and < 0.

N -2

Hence, we should have

2] () (g ) < B+ 0] (g ) 6 < 0 < 22D

which is a contradiction. [ |

Remark 0.0.22. From Remark if we work in HY(By), we can get Jy, (v —,) <

ce®™ . Thus, in order to obtain a similar result this theorem, we should have 3 as it follows

RS
g w2

and, consequently for > N, we get 2 < B < 2*. Using this fact, together with Remark
0.0.21, we can do without (go) for N > 6. For details see [15, Lemma 5.2].
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