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Parte II da tese.
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 ! "#$%&'&! %()'*
*&,)*! '$ ),#)-*!$ '$ ')'&! .&()" '$!$,/&-/*'&! ,0") #$1&
) $"20$ ) 20),%*')'$ '$ *,.&(")3
4)& '*!1&,#5/$- $() *,6,*%)"$,%$ "$,&( 20$ ) '*!1&,#5/$-)%0)-"$,%$7 8-#$" '*!!&9 )1$!)( '& )-%& 1&'$( '$ 1(&
$!!)"$,%& '$ 
&"10%)'&($!)%0)*!9 & $!.&(3
& 
&"10%)
*&,)- ,$
$!!#)(*& 1)() "),*10-)3
4)& '$ :(),'$! ")!!)! '$')'&! )*,') #$ 0" 1(&;-$")7  ! ')'&! !*";#&-*
&! )1($!$,%)"9 $" !0) $!%(0%0()9.&(")! *,%$($!!),%$! 1)() !$ %(),!.&(")( :(),'$! ;)!$! '$ ')'&! 
-#)!!*
&! $" ,&/&!
&,<0,%&! '$ ')'&! '$ %)"),=& ($'0>*'&9 .)
*-*%),'& ) "),*10-)3
4)& $ 1(&1&(
*&?,),'& ,&/)! %#$
,*
)! '$ ),#)-*!$ '&! "$!"&!7 @") ;)!$ '$ ')'&! !*";#&-*
&! 1&'$
&,%$(9 $" 0") 
#$-0-) '$ !0) ")%(*>9 *,.&(")3
4&$! $A1($!!)! $" .&(") '$ -*!%)!9 '$*,%$(/)-&!9 '$ '*!%(*;0*3
4&$! '$ .($20B$,
*)9 '$ '*!%(*;0*3
4&$! '$ 1(&;);*-*')'$9 '*.$($,?%$"$,%$ '$ 0") ;)!$ '$ ')'&! 
-#)!!*
) $" 20$ 
)') 
#$-0-) )!!0"$ 0" /)-&( #0,*
&C
#$-0-)! 0,*/)-&()')!D7 E& $,%),%&9 "$!"& 
&" &! ($
$,%$! )/),3
&! 1(&"&/*'&!1&( 1$!20*!)'&($! ,$!%) #)($)9 & /&-0"$ '$ %#$
,*
)! '$ "),*10-)3
4)& $9 
&,!$20$,%$?"$,%$9 '$ ),#)-*!$ '$ ')'&! !*";#&-*
&! )*,') #$ *,
*1*$,%$78%0)-"$,%$9 )! ;)!$! '$ ')'&! 
&,%$,'& *,.&(")3
4&$!9 %)*! 
&"&9 ')'&! 1$!!&?)*! '$ 
-*$,%$!9 %(),!)3
4&$! $.$%0)')!9 $%
79 !4)& "0*%& *"1&(%),%$! 1)() %&")')! '$'$
*!4)& $" $"1($!)! '$ 20)-20$( ()"& '$ )%0)3
4)&7 F($20$,%$"$,%$ $!%)! ;)!$!!4)& ;)!%),%$ :(),'$!7 G" :$()-9 )! ;)!$! 
&,%B$" *,.&(")3
4&$! '$ *,'*/#5'0&! '$!
(*?%)!9 %*1*
)"$,%$9 1&( /)(*#)/$*! 
)%$:#&(*
)! &0 ,0"#$(*
)! $9 &;/*)"$,%$9 )! /)(*#)/$*!,0"#$(*
)! 1&'$" 1&!%$(*&("$,%$ !$( %(),!.&(")')! $" 
)%$:&(*)!7 G" Análise de
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Tabela 2.1: Descricão de 600 aves através de três variáveis.

Ave Espécie Voando Tamanho
001 Pinguim Não 80
...

...
...

...
599 Andorinha Sim 70
600 Avestruz Não 125

Tabela 2.2: Descrição de três espécies de aves através de três variáveis.
Espécie Voando Tamanho Migração
Pinguim {Não} [70; 95] [100% sim, 0% não]

Andorinha {Sim} [60; 85] [90% sim, 10% não]
Avestruz {Não} [85; 160] [0% sim, 100% não]P< !',! $( A(<!0( B>B *+! # ,(0#'! :#'$!
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Tabela 2.3: Exemplo de uma base de dados clássicos.

Indiv́ıduo Região Cidade Rural Sexo Peso . . .

1 Sul Porto Alegre Não M 76,2 . . .

2 Nordeste Salvador Não F 45,8 . . .

3 Norte Manaus Sim M 69,1 . . .

4 Sul Curitiba Não F 54,0 . . .

5 Sudoeste Niterói Não M 60,9 . . .

6 Norte Belém Sim M 71,0 . . .

...
...

...
...

...
...
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Tabela 2.4: Exemplo de uma base de dados simbólicos.
Unidade Diabetes Automóvel Peso . . .

1 [3/4 diabetes; 1/4 não diabetes] {Ford, Chevrolet} [76,2; 98,0] . . .

2 [2/5 diabetes, 3/5 não diabetes] {Honda, Ford} [35,8; 91,2] . . .

3 [1/5 diabetes, 4/5 não diabetes] {Toyota, F iat, V olvo} [49,1; 85,2] . . .

4 [1/8 diabetes, 7/8 não diabetes] {Chevrolet} [54,0; 100,2] . . .

5 [2/5 diabetes, 3/5 não diabetes] {Ford, F iat} [40,9; 85,9] . . .

6 [1/7 diabetes, 6/7 não diabetes] {V olvo} [61,0; 115,1] . . .

...
...

...
...
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&!3"($) %& %"%). )!%& ).$!%$>3O%*). .1") ). P)N"%)(&. & ". >"($3">&$. "..)
$"%". .1") *, $!9&(>"#) @" "#9*(" 
),



2.2 Séries temporais do tipo intervalo 15 !
#$%#&'( )'$' 
'*' +,-'*,$./, 
,!0 *#$'$ ' 1'$ 2'1#3 '3#'%2,$ ' *#4! *' )#3' '3%5$' *,0 +,-'*,$#0 *# 56'#75 )# #6 56' *#%#$6 !'*' 
,6)#% 8
9',: %#6,0 56 75'*$, *# *'*,0 '3#'%2,$ ,0 #675# ,0  !* 12;*5,0 <*# !2;1#3 05)#$ ,$( 09', '0 #75 )#0 # ' 1'$ 2'1#3 ='3%5$'> '00,
 '56' 1'$ 2'1#3 '3#'%2,$ ' ' 
'*' #75 )#. ?,*#6,0 #!%9', 
$ '$ 56' %'@#3' *# *'*,00 6@2,3 
,0 75# 
,!%2#6: #6 
'*' 
2#353' '00,
 '*' A'0 '3%5$'0 *# 56' *#%#$6 !'*'#75 )#: 56' * 0%$ @5 8
9', *# *#!0 *'*# <,5 56 B 0%,-$'6'(:  !*5& *' )#3' 1'$ 2'1#3'3#'%2,$ ' *#4! *' )#3' '3%5$' *,0 +,-'*,$#0 *#0%' #75 )#. C5'375#$ 56' *#00'0* 0%$ @5 8
9,#0 *# *#!0 *'*# '00,
 '*' 
,6 56' #75 )# #D)$#00' ' 1'$ '@ 3 *'*# *'0'3%5$'0 *,0 +,-'*,$#0 *#0%' #75 )#. E' '!2'3 0# *,0 *'*,0 0 6@2,3 
,0 #D 0%# ,  !%#$#00#)'$% 
53'$ !, #0%5*, *' 1'$ '@ 3 *'*# *#00'0 * 0%$ @5 8
9,#0 *# *#!0 *'*# <1#$: #.-.:F *'G: HIIJ( KLH℄.
2.2 Séries temporais do tipo intervaloN0%'%2;0% 
'0 505' 0 # '!2'3 0# *# *'*,0 
32'00 
,0 %$'%'6: #6 -#$'3:  !* 12;*5,0 *#0
$ O%,0 ),$ 1'$ 2'1# 0 !'0 P,$6'0 )'*$9', <!562#$ 
'0: 
'%#-2,$ 
'0( 75# '0056#6 56 25! 
,1'3,$ )'$' 56 *'*,  !* 12;*5,. Q,6, ')$#0#!%'*, '!%#0: 1'$ 2'1# 0 0 6@2,3 
'0 -#!#$'O3 &'6 #0%# )'$'* -6' 
32'00 
, )$,),$
 ,!'!*, !,1'0 P,$6'0 *# *#0
$#1#$  !* 12;*5,0'%$'12#0 *# *'*,0 0 6@2,3 
,0: ),$ #D#6)3,: '%$'12#0 *#  !%#$1'3,0 ,5 B 0%,-$'6'0.R5 %'0 1#&#0 ,0 *'*,0 !562#$ 
,0 6'! )53'*,0 #6 #0%'%2;0% 
' # 6 !#$'8
9', *#*'*,0 %S#6 ,$ -#6 #6 *'*,0  !%#$1'3'$#0. F# P'%,: %,*' 6#* *' !562#$ 
' ),*# 0#$#D)$#00' 
,6, 56  !%#$1'3, Kx ± δ℄: #6 75#: x 2# , $#053%'*, *' 6#* *' # δ 2# ' 6)$#
 09', *,  !0%$56#!%, *# 6#* 8
9',. E, 
,!%#D%, *# /FT: 56' 1'$ 2'1#3 % ), !%#$1'3, X <U,
V # F *'G: WXXX( KHH℄ 2# 56' 
,$$#0),!*S#!
 ' *#4! *' ' )'$% $ *# Ω<
,!+5!%, *#  !* 12;*5,0( #6 YZ: %'3 75#: )'$' 
'*' k ∈ Ω, X(k) = [a; b] ∈ ℑ: !, 75'3
ℑ = {[a; b] | a, b ∈ YZ, a ≤ b} 2# , 
,!+5!%, *#  !%#$1'3,0 P#
B'*,0 *#4! *, ' )'$% $*# YZ. U,
V # F *'G <WXXX( KHH℄ ')$#0#!%'$'6 ,0 *, 0 #D#6)3,0 ' 0#-5 $ *# 1'$ 2'1#375'!% %'% 1'  !%#$1'3'$.
Exemplo 2.1 (Variável quantitativa intervalar). T#+' E , 
,!+5!%, *# #0%5*'!%#0 )'$O% 
 )'!%#0 *# 56 
5$0, # 0#+' X ' 1'$ 2'1#3 75# $#)$#0#!%' , %#6), <#6 B,$'0( *#



2.3 Alguns métodos estendidos para dados do tipo intervalo 16 !"#$% $%  !"#$&'" (%) $*&  X(i) % " +(% $  !"#$% $% i,- !*+%  !"#$&'" . /01#,+&! ) !(%!"&! (%!!-23 *! !4&% X(1) = [0; 2]5 X(2) = [1, 5; 4, 6]5 . . .

Exemplo 2.2 (Variável quantitativa intervalar obtida por agregação). 6%'!*$ ) 7# 
E = {C1, . . . , Cm} $ '%"& % 
%'9#'"% $ m 
0&!! ! $ #+&  !
%0&  7# Z(i) - &&0"#)& $% i,- !*+%  !"#$&'" : + + ")%!;. <+& 
0&!! Ck - &1%)& 
&)&
" )*=&$& ( 0&&+(0*"#$ $&! &0"#)&!> X = [min; max]. / ) !(%!"& (%!!-23 0 (&)& #+& 
0&!! 1*'&!*&0- X(Ck) = [1, 50; 1, 74].?#&'$% $&$%! !*+@-%0*
%! $% "*(% *'" )3&0% !4&% 
%0 "&$%!  + #+& ! 7#A '
*& %),$ '&$& '% " +(%5 $*= +%! 7# " +%! #+& série temporal do tipo intervalo. B- )* !$ !" "*(% (%$ + ! ) %@! )3&$&!  + $%+-2'*%! 3&)*&$%!. C%)  D +(0%5  +  
%'%+*&:) '$*+ '"% + '!&0 $ #+& E&+-20*& + $*$% ( 0% + '%)  +&*%) !&0-&)*% $% $%+*
-20*%5() F
% $*-&)*% $ &F
4% ! $ #+& 
%+(&'G*& 7# (%$ ! )  D() !!& ( 0% +&*%)  + '%)3&0%) $ ' 1%
*&F
4&%  + #+ $*&;5  '1 'G&)*& :3&)*&F
4&% $& 
%)) '"  0- ")*
& '#+ $&$%(%'"%  D() !!& ( 0& + '%)  +&*%) *'" '!*$&$ '#+ $&$% $*&;5 + $*
*'& :() !!4&%&)" )*&0 $*&!"-%0*
&  !*!"-%0*
&;5 + " %)%0%1*& :(0#3*%!*$&$ +-2'*+&  +-&D*+& '% +A ! + #+ $ " )+*'&$% 0%
&0  #+*$&$ ) 0&"*3& $% &) "&+@- + + $*$& ( 0& +-2'*+&  +-&D*+& ) 1*!")&$&  + #+ $&$% +A !;.
2.3 Alguns métodos estendidos para dados do tipo

intervaloH !$ %! ()*+ *)%! " D"%! (#@0*
&$%! !%@) /HB :H*$&I5 JKLM&5 JKLM@; NOK℄,NQR℄53-&)*%! ")&@&0G%! E%)&+ (#@0*
&$%!5 *'
0#*'$% &! 
%0 F
4% ! $ ")&@&0G%! !%@) /HB $*"&$&! (%) S%
T  H*$&I :ORRR; NJJ℄5 (%) S*00&)$  H*$&I :ORRU; NJR℄  5 ) 
 '," + '" 5 & 
%0 F
4&%  $*"&$& (%) H*$&I  V%*)G%++ ,W)&*"#) :ORRL; NQX℄. H*3 )!%!")&@&0G%! *+(%)"&'" ! 7# %E ) 
 + #+& !-2'" ! !%@) % &!!#'"% (%$ + ! ) + '
*,%'&$%!5  '")  0 !5 S*00&)$  H*$&I :ORRQ; NK℄5 H*$&I  Y!(%!*"% :ORRQ; NQQ℄  H*$&I:ORRZ; NQO℄. [-&)*&! "- 
'*
&!  !"&"-2!"*
&!  $ +*' )&F
4&% $ $&$%! 9-& E%)&+  !" '$*$&!(&)& $&$%! !*+@-%0*
%!. V% ")&@&0G% $ S*00&)$  H*$&I :ORRQ; NK℄5  0 ! E%)' 
 )&+#+& ) 3*!4&% $%! +- "%$%! &"#&0+ '" $*!(%'-23 *! (&)& &'&0*!&)  !! ! $&$%!  
%',
0#-2)&+ 7# &*'$& G-&  !
&!! = $ + "%$%0%1*&! $*!(%'-23 *! (&)& $&$%! !*+@-%0*
%!  5



2.3 Alguns métodos estendidos para dados do tipo intervalo 17 !" #$$!% 
'()("() ( (*+,-
.(!  ("( /)( +,!")+ ,+
+$$#0(0+ 0+ 0+$+,1!21#)+,*! 0+,!1($ 3+""()+,*($ $#)45!2#
($67("( ! *"(*()+,*! 0+ 0(0!$ 0! *# ! #,*+"1(2! ,! 
!,*+8*! 0( 9:;% <#22("0 =>??@ABC℄ ( "+$+,*!/ /)( )+0#0( 0+ 
!""+2(-
.(!  ("( ! 
($! 0+ 1("#5(1+#$ $#)45!2#
($ #,*+"1(E2("+$6 F#!#( + G(/"! =>??C(A B@>℄ #,*"!0/H#"() )5+*!0!$  ("( (,(2#$(" ( 0+ +,0I+,
#(+,*"+ 1("#5(1+#$ $#)45!2#
($ 0! *# ! #,*+"1(2!6 J) *"(4(2'! "+
+,*+% F/! +* (26 =>??KAB@C℄ 0+L,#"() 0(0!$ $#)45!2#
!$ 0! *# ! #,*+"1(2! ,.(!E/,#3!")+ + 3!",+
+"() /)
!,M/,*! 0+ +$*(*5N$*#
($ 0+$
"#*#1($ /,#1("#(0($ + 4#1("#(0($ /*#2#H(,0! +$*+ ,!1!
!,
+#*!6 O!) 4($+ +) +$*/0! +) 5N"#
! $!4"+ ( 0#$*"#4/#-
.(! ,.(!E/,#3!")+ 0+ 0(0!$#,*+"1(2("+$% +2+$ !4*#1+"() 3!")($  ("( ! 
5(2
/2! 0( )5+0#( + 1("#I(,
#( ()!$*"(26925+) 0#$$!% 35!")/2($  ("( ( 
!1("#I(,
#( +  ("( ! 
!+L
#+,*+ 0+ 
!""+2(-
.(! +,*"+0/($ 1("#5(1+#$ #,*+"1(2("+$ ,.(!E/,#3!")+ 3!"() 3!",+
#0($ 
!) 4($+ ,( 3/,-
.(! 0+0#$*"#4/#-
.(! 
!,M/,*( +) 5N"#
(6P! 0!)5N,#! 0+ (,5(2#$+ )/2*#1("#(0( 0+ 0(0!$% (2Q/,$  "!
+0#)+,*!$ M5( 3!"()( "+$+,*(0!$  ("( *"(*()+,*! 0+ 0(0!$ $#)45!2#
!$ #,*+"1(2("+$6 O(H+$ +* (26 =RKKSABRK℄ +$*+,0+"() ( (,5(2#$+ 0+ 
!) !,+,*+$  "#,
# (#$ =9O7A  ("( !4M+*!$ 
("(
E*+"#H(0!$  !" 1("#5(1+#$ )/2*#1(2!"(0($ 0+$
"+1+,0! ( 1("#(-
.(! !/ #) "+
#$.(! ,!$0(0!$6 O'!/(T"#( =RKKUA B>R℄ +$*+,0+/ 0!#$ )5+*!0!$ 0+ (,5(2#$+ 3(*!"#(2  ("( 0(0!$0+ ,(*/"+H( #,*+"1(2("6 925+) 0( 9O7% +2+ +$*+,0+/ ( (,5(2#$+ 0+ 
!""+$ !,0I+,
#($)5/2*# 2($  ("( *"(*()+,*! 0+ 0(0!$ $#)45!2#
!$ 0! *# ! #,*+"1(2!6 V" #,! =>??CA BW@℄#,*"!0/H#/ /)( (4!"0(Q+)  ("( ( 9O7 +) X/+ /) *# ! +$ +
#(2 0+ #,*+"1(2! 5+0+$
"#*! +) 3/,-
.(! 0! *+) !6 P( $/( (4!"0(Q+)% 
(0( !4$+"1(-
.(! 5+ 
("(
*+"#H(0( !" /) #,*+"1(2! 0+ 1(2!"+$ 
!) /) 1(2!" #,#
#(2 + /) 1(2!" L,(2 +) 
(0(  +"5N!0!0+ !4$+"1(-
.(! 
!)!%  !" +8+) 2!% !  "+-
! 0+ ,+Q!
#(-
.(! 0+ (4+"*/"( + 0+ 3+
'(E)+,*! 0+ /)( (-
.(! ,! )+"
(0! L,(,
+#"! +) /) 0+*+")#,(0! 0#(6 F#!#( + G(/"!=>??C4A B@Y℄ ( "+$+,*("() /)( +8*+,$.(! 0( 9O7 
!) ! !4M+*#1! !4*+" /)( 1#$/(E2#H(-
.(! 0+ 0(0!$ #,*+"1(2("+$ "+ "+$+,*(0!$  !" "+*I(,Q/2!$% +) /) +$ (-
! 0+ )+,!"0#)+,$.(!6 J2+$ /*#2#H("() #,$*"/)+,*!$ 0( 5(2Q+4"( 0+ #,*+"1(2!$  ("( (0( *(" !)5+*!0! 
25($$#
!  ("( ( $#*/(-
.(! +) X/+ /)( )(*"#H 0+ 0(0!$ 0! *# ! #,*+"1(2! 5+
!,$#0+"(0(6Z5+
,#
($ 0+ (Q"/ ()+,*! =clusteringA  ("( 0(0!$ $#)45!2#
!$ #,*+"1(2("+$ 
!)+E-
("() ( $+" +8 2!"(0($ )(#$ "+
+,*+)+,*+6 <"#*! =>??>A BRY℄ ( "+$+,*!/ /) )5+*!0! ("( (Q"/ ()+,*! '#+"5("X/#
( +  #"()#0(2 0+ /) 
!,M/,*! 0+ 0(0!$ $#)45!2#
!$% +)



2.3 Alguns métodos estendidos para dados do tipo intervalo 18 !" #$ %&'%()*'!#$ $+,# '"$
.%/#$ 0#. (,.%),("%$ $%12)#3%
,$ '" (),.%#$ /%0#$4 %&
3!%&'#(,.%),("%$ %&/".(,3,."$4 3"(,&'# "1 
#&/, , (,.%,2%3%','" #! %&
"./"5, 0."$"&/" &#$','#$6 7" 8#!5, " 7" 9,.(,3:# ;<==>? @<A℄ %&/.#'!5%.,1 1)"/#'#$ '" ,C.!0,1"&/#0,., ','#$ $%12)#3%
#$ %&/".(,3,."$  !" ."0."$"&/,1 !1, "D/"&$+,# '# ,3C#.%/1# '"&!("&$ '%&E,1%
,$ !$,'# "1 ','#$ !$!,%$6 7" 9,.(,3:# "/ ,36 ;<==F,? @<G℄ 0.#0!$"H.,1 !1 1)"/#'# '%&E,1%
# '" 0,./%I
+,# 0,., ','#$ %&/".(,3,."$ 2,$",'# &, '%$/E,&
%,'" Hausdorff4 "1  !" 
,', 0,'.+,# )" ."0."$"&/,'# 0#. !1 ("/#. '" %&/".(,3#$6 J3"$
#&
3!)*.,1  !" # ,3C#.%/1# '" ,C.!0,1"&/# !/%3%5,&'# , '%$/E,&
%, ,',0/,/%(, ,0."H$"&/,', )" 
,0,5 '" ."
#&:"
". C.!0#$ '" '%K"."&/"$ K#.1,$ " /,1,&:#$6 7" 9,.(,3:#"/ ,36 ;<==F2? @<L℄ 
#&$%'".,.,1 !1 1)"/#'# '" ,C.!0,1"&/# 0,., ','#$ $%12)#3%
#$%&/".(,3,."$ ,/.,()"$ ', ,2#.',C"1 '%&E,1%
, !$,&'# , 1"'%', '" '%$/E,&
%, L26 7"9,.(,3:# " M"
:"(,33%". ;<==N,? @?℄ ,0."$"&/,.,1 &#(#$ 1)"/#'#$ '%&E,1%
#$ 0,.,0,./%
%#&,1"&/# '" ','#$ $%12)#3%
#$ %&/".(,3,."$ 2,$",'#$ "1 '%$/E,&
%,$ ,',0/,/%H(,$ city-block " '" Hausdorff6O%33,.' " 7%',P ;<===? @G℄ K#.,1 #$ 0.%1"%.#$ , 0.#0#. !1 1#'"3# '" ."C."$$+,#3%&",. 0,., ','#$ $%12)#3%
#$ '" &,/!."5, %&/".(,3,.6 Q ,2#.',C"1 0.#0#$/, 0#. "3"$
#&$%$/" "1 ,R!$/,. # 1#'"3# '" ."C."$$+,# &#$ 0#&/#$ 1)"'%#$ '#$ %&/".(,3#$ "4 "&/+,#4,03%
,. # 1#'"3# "$/%1,'# $#2 #$ 3%1%/"$ %&K".%#."$ " $!0".%#."$ '#$ %&/".(,3#$ ',$(,.%),("%$ %&'"0"&'"&/"$6 S#$/".%#.1"&/"4 "3"$ ,0."$"&/,.,1 #!/., ,2#.',C"1  !",R!$/, !1 1#'"3# '" ."C."$$+,# 3%&",. &# 
,$# '" ','#$ $%12)#3%
#$ '# /%0# :%$/#C.,1,;O%33,.' " 7%',P4 <==<? @A℄6 M%1, T"/# " 7" 9,.(,3:# ;<==A? @FU℄ %&/.#'!5%.,1 !1,&#(, ,2#.',C"1 0,., ,R!$/" '" 1#'"3#$ '" ."C."$$+,# 3%&",. , ','#$ $%12)#3%
#$ '#/%0# %&/".(,3#4 "1  !" #$ 1#'"3#$ $+,# ,R!$/,'#$ ,# 0#&/# 1)"'%# " V, ,103%/!'"'" (,.%),("%$ %&/".(,3,."$6 M%1, T"/# " 7" 9,.(,3:# ;<=W=? @F>℄ ,0."$"&/,1 #!/.,,2#.',C"1 0,., ,R!$/,. 1#'"3# '" ."C."$$+,# 3%&",. ,# 0#&/# 1)"'%# " V, ,103%/!'"'" (,.%),("%$ %&/".(,3,."$4 !$,&'# ."$/.%I
+#"$ &# ("/#. '" 0,.E,1"/.#$ 
#1 , X&,3%','"'" ,$$"C!.,. 
#".E"&
%, 1,/"1),/%
, ,#$ (,3#."$ "$/%1,'#$ '#$ 3%1%/"$ '#$ %&/".(,3#$6T# '#1)*&%# '" $)".%"$ /"10#.,%$4 Q..#P# " Y,/)" ;<==F? @<℄ K#.&"
"1 1"'%',$ '"0."
%$+,# 0,., 8Z[ 2,$",',$ "1 '%$/E,&
%,$ 0,., ','#$ %&/".(,3,."$4 /,%$ 
#1#4 ,$'%$/E,&
%,$ '" Ichino-Yaguchi " '" Hausdorff6 Q..#P# "/ ,36 ;<==G? @>℄ ,0."$"&/,.,1"1 !1, 
#&K".E"&
%, 1)"/#'#$ '" ,3%$,1"&/# "D0#&"&
%,3 ,',0/,'#$ 0,., 8Z[6 \$,!/#."$ ,0."$"&/,1 ,$ 
#10!/,I
+#"$ !/%3%5,',$ 2,$",',$ "1 ,.%/1)"/%
, '" %&/".(,3#$;Y##."4 WNFF? @GU℄ " ,X.1,1  !" "$/" )" !1 
,10# $"0,.,'# ', Q786 9#1 "$/,



2.4 Considerações finais 19 !"#$%&#"
 ( &)&* +&,-&$ . "-#&!/ ). $%&+". 0 ! . 
.-12-#. +& "-#&!/ ).*( &$ 32&
 + "-#&!/ ). %& +&,-"+.  #! /%&* +& +2 * 
..!+&- + *4 . )"$"#& *20&!".! & . )"$"#&"-5&!".!( .2( &32"/ )&-#&$&-#&( . 
&-#!. &   $0)"#2+&6 7* $&*$.*  2#.!&* +& 8!!.9.&#  )6 :;<<=> ?@℄  0!&*&-# ! $ &$ B.32& &#  )6 :;<<=> ?=C℄ 2$ -./. #"0. +& DEFG *& +. &$  !"#$%&#"
 +& "-#&!/ ).*( &$ 32&  * &-#! + * &  * * %H+ * + !&+& -&2! )*I . + + * 0.! "-#&!/ ).*( 0.!%&$( .* 0&*.* *I . 2-"/ ).! +.*6 J)&* +&-.$"- ! $  !&+& 0!.0.*# 0.! "DEF6J$ #! G )K. !&
&-#&( L !
%H M8*
 -". & D #%& :;<N<> ?OC℄ 0!.$./&$ 2$ 
.$M0 ! P
I . &-#!& $.+&).* /&#.!&*  2#.!!&Q!&**"/.* :R8B> & !&+&* -&2! "* "DEF - 0!&/"*I . +& +&$ -+ +& &-&!Q" &)%&#!"
 6 J)&* 
.-5!.-# ! $ +."* $.+&).* R8B( 2$
.-*"+&! -+.  * *%&!"&* +.* 
&-#!.* & + *  $0)"#2+&* +.* "-#&!/ ).* & .2#!. 
.-*"M+&! -+.  * *%&!"&* +.* )"$"#&* *20&!".!&* & "-5&!".!&*( 
.$  !&+& "DEF  12*# + S **%&!"&* +.* 
&-#!.* & + *  $0)"#2+&*6 7* *&2* !&*2)# +.* !&/&) ! $ 32& . $.+&). R8B5.!-&
& $&)K.!&* !&*2)# +.* 32&  !&+& "DEF - 0!&/"*I . +& +&$ -+ +& &-&!Q" &)%&#!"
 6J$ .2#!. #! G )K. !&
&-#&( 8!!.9. & D #%& :;<<C> ?O℄ 5.!$2) ! $ -./.* $.+&).*0 ! 0!&/"*I . +& *%&!"&* #&$0.! "* *"$G%.)"
 * 
.$ + +.* +. #"0. K"*#.Q! $ *.G . !Q2$&-#. +& 32& &T"*#&$ *"#2 P
I.&* &$ 32& .* K"*#.Q! $ * *I . $ "* "-5.!$ #"/.*32& 2$ / ).!  Q!&Q +.( 
.$.  $%&+" 6 J)&* +&*&-/.)/&! $ 2$  + 0# P
I . +. )Q.!"#$. k-NN 2* -+.  * $%&#!"
 * +& +"*#U -
" +& Mallows & +& Wasserstein 0 ! $&+"!  * +"**"$") !"+ +&* &-#!& *&32U&-
" * +& K"*#.Q! $ * & 0 ! &5&#2 ! 0!&/"*I.&*+& *%&!"&* +. #"0. K"*#.Q! $ 6
2.4 Considerações finaisV. +.$%H-". +& $.+&).* +& !&Q!&**I . )"-& !( -%.* # $G%&$ #&$.* 2$ 
.-#!"G2"P
I . &$32& "-#!.+2W"$.* 2$ $%&#.+. !.G2*#. 32& 
.-*"+&! 
.$. 
!"#%&!". +& $"-"$"W P
I .0 ! &*#"$ P
I . +.* 0 !U $&#!.* +. $.+&).  *.$ +.* +&*/".*  G*.)2#.* :D " & X&Y !/ )K.( ;<<Z> ?[C℄6 7 $.+&). +& !&Q!&**I .  0!&*&-# +. %& 2$ &T#&-*I . +. $.+&).+& !&Q!&**I . + $&+" - 0 ! + +.* *"$G%.)"
.* "-#&!/ ) !&* & *&!%  0!&*&-# +. &$+&# )K&* -. Y 0%H#2). O67* $.+&).* +&*&-/.)/"+.* 0&).*  2#.!&* 
"# +.* - *&P
I .  -#&!".! 
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Caṕıtulo 3

Métodos de ajuste independente

 !"#! 
%&'(#)*+, -'+" %&.!"!-#%/+" +" /+0!*+" 0!"!-1+*120+" 
+/ % 3-%*20%0! 0!%4)"#%. 567 0+ &+-#+ 0! 12"#% 0% 895 :)! ;%<!/ &%.#! 0+" %.#2=+" >%2% !# %*?@ABBC, ABBDE FCC℄HFCI℄ ! !"#J%+ 2-"!.20+" -+ :)! 0!-+/2-%/+" 0! 
*%""! 0! métodos de

ajuste independente? 8 .%<J%+ &%.% !"#! #'(#)*+ 1!/ 0+ ;%#+ 0! /+0!*%./+" 0)%" "'!.2!"K % "'!.2! 0+" 
!-#.+" 0+" 2-#!.1%*+" ! % "'!.2! 0%" %/&*2#)0!" 0+" 2-#!.1%*+" K %#.%1'!"0! 0+2" /+0!*+" 2-0!&!-0!-#!"? L" 0!#%*M!" "!.J%+ 0%0+" %02%-#!?N/% 02"
)""J%+ 2-2
2%* "+O.! +" /+0!*+" 0! .!=.!""J%+ &%.% 0%0+" 0! -%#).!<% 2-H#!.1%*%. ;%<H"! -!
!""'%.2% &%.% 
%.%
#!.2<%. %" +.2=!-" 0% 20!2% %0+#%0% -+" /+0!*+"%&.!"!-#%0+" !/ >%2% !# %*? @ABBC, ABBDE FCC℄HFCI℄? 8""2/ "!-0+, 2-2
2%*/!-#! %&.!H"!-#%/+" O.!1!/!-#! +" /+0!*+" 0! .!=.!""J%+ &.+&+"#+" &+. P2**%.0 ! 920%Q @ABBBEFI℄, !/ "!=)20%, %&.!"!-#%/+" +" /+0!*+" &.+&+"#+" &+. R2/%  !#+ ! 9! S%.1%*M+@ABBDE FCT℄ ! >%2% ! 9! S%.1%*M+ @ABBDE FCU℄ !, &+. 3/, +" /+0!*+" 0! R2/%  !#+ !9! S%.1%*M+ @ABVBE FCW℄? L /+0!*+ 0! P2**%.0 ! 920%Q @ABBBE FI℄ '! O%"!%0+, )-2
%H/!-#!, -% /+0!*%=!/ 0+" &+-#+" /'!02+" 0+" 2-#!.1%*+" ! +" /+0!*+" 0!"!-1+*120+"&!*+" 0!/%2" %)#+.!" "J%+ O%"!%0+" -% /+0!*%=!/ 0+" 
!-#.+" ! 0%" %/&*2#)0!" 0+"2-#!.1%*+" ! ;+./%/ % O%"! &%.% % /!#+0+*+=2% %0+#%0% -+ 0!"!-1+*12/!-#+ 0+"/+0!*+" 0! >%2% !# %*? @ABBC, ABBDE FCC℄HFCI℄ &%.% %4)"#! 0! 567?
3.1 Modelos de regressão para dados intervalaresL" &.2/!2.+" /+0!*+" 0! .!=.!""J%+ &.+&+"#+" &%.% /+0!*%=!/ 0! 0%0+" "2/O'+*2
+"
+/ 1%.2'%1!2" 0! -%#).!<% 2-#!.1%*%. ;+.%/ %&.!"!-#%0+" &+. P2**%.0 ! 920%Q @ABBBE
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3.1 Modelos de regressão para dados intervalares 23 !℄# $ %&'()*) *'+',-).-/*) 0'.)+ 12()3'+ 
),+/+(' '% 152+(13 2% &2,/
) %)*'.) *'3'63'++71) ./,'13 +)8 )+ 0),()+ %&'*/)+ 9
',(3)+: *)+ /,('3-1.)+ '; ',(71); 10./
13 '++'%)*'.) +)8 )+ -1.)3'+ *)+ ./%/('+ /,<'3/)3'+ ' *)+ ./%/('+ +20'3/)3'+ *)+ /,('3-1.)+*1+ -13/&1-'/+ /,*'0',*',('+ 0131 03'-'3 ) ./%/(' /,<'3/)3 ' ) ./%/(' +20'3/)3 *1-13/&1-'. *'0',*',('# =.&'% */++); ) %&'()*) *' >/..13* ' ?/*1@ 9ABBB:  !℄ 
),+/+(''% %/,/%/C13 1 +)%1 *)+ D21*31*)+ *)+ '33)+ *)+ 0),()+ %&'*/)+ *)+ /,('3-1.)+#E131 *'F,/3 ) %)*'.) *' >/..13* ' ?/*1@ 9ABBB:  !℄; +'51 E = {e1, . . . , en} 2%
),52,() *' 'G'%0.)+ *'+
3/()+ 0)3 k + 1 -13/&1-'/+ +/%8&)./
1+ *) (/0) /,('3-1.);
X1, . . . , Xk ' Y # H1*1 'G'%0.) ei ∈ E 9i = 1, . . . , n: &' 3'03'+',(1*) 0)3 2% -'()3/,('3-1.13 zi = (xi, yi); xi = (xi1, . . . , xik); '% D2' xij = [aij , bij ] ∈ ℑ = {[a, b] :

a, b ∈ IR, a ≤ b} (j = 1, . . . , k) ' yi = [yL
i , yU

i ] ∈ ℑ +71) )+ -1.)3'+ )8+'3-1*)+ *' Xj' Y ; 3'+0'
(/-1%',('# I+(' %)*'.) 
),+/*'31 1 3'.1J
71) ',(3' 1 -13/&1-'. /,('3-1.13*'0',*',(' Y ' 1+ -13/&1-'/+ /,('3-1.13'+ /,*'0',*',('+ X1, . . . , Xk 1(31-&'+ *1 <)3%1./,'13
yL

i = β0 + β1ai1 + . . . + βkaik + ǫL
i ,

yU
i = β0 + β1bi1 + . . . + βkbik + ǫU

i ,'; 
),+'D2',('%',('; *'F,' 1 <2,J
71) )85'(/-) 
)%) 1 +)%1 *' D21*31*)+ *)+ '33)+;
n∑

i=1

(yL
i − β0 − β1ai1 − . . .− βkaik + yU

i − β0 − β1bi1 − . . .− βkbik)
2, (3.1)D2' 3'03'+',(1 1 +)%1 *)+ D21*31*)+ *)+ '33)+ *)+ ./%/('+ /,<'3/)3 ' +20'3/)3#K'+(' %)*'.) *' >/..13* ' ?/*1@ 9ABBB:  !℄; 1 '+(/%1(/-1 *' %&L,/%)+ D21*31*)+*)+ 013M1%'(3)+ β0, . . . , βk; D2' %/,/%/C1 1 'G03'++71) 9N#O:; 0)*' +'3 )8(/*1 *1 <)3%1

β̂ = ((Xc)⊤Xc)−1(Xc)⊤yc,'% D2' Xc = ((xc
1)
⊤, . . . , (xc

n)⊤)⊤ &' 2%1 %1(3/C *' 0)+() 
)%0.'() k + 1 ≤ n; 
)%
(xc

i)
⊤ = (1, xc

i1, . . . , x
c
ik) ' yc = (yc

1, . . . ,y
c
n)⊤ '; 0)3 +21 -'C; xc

ij = (aij + bij)/2 '
yc

ij = (yL
i + yU

i )/2 +71); 3'+0'
(/-1%',('; )+ 0),()+ %&'*/)+ *)+ /,('3-1.)+ xij ' yi#?1*) 2% ,)-) 'G'%0.) e *'+
3/() 0'.) -'()3 z = (x, y); '% D2' x = (x1, . . . , xk)
)% xj = [aj , bj ] (j = 1, . . . , k); ',(71); ) -1.)3 y = [yL, yU ] *' Y +'3&1 03'*/() 0)3
ŷ = [ŷL, ŷU ] *1 +'62/,(' <)3%1P

ŷL = (xL)⊤β̂ ' ŷU = (xU)⊤β̂, (3.2)
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)<,0
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)!)
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) .C <
0' !'+ !*'+0
' <'& -. ,0D
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.0+)& -). k+1 @'.0*'@ 0&&0!A*)10
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'& Y  Xj 4j = 1, 2, . . . , k7( . &- 
+0@'! <+ $ R1* ! ,0&&)( & ='!

Y r  Xr
j 4j = 1, 2, . . . , k7 @'.0*'@ 0& "#'<+0+'+0@'& "# . -. & <+'! )& @'1). & ,'&! +', & ,'& '!-10+#, & 4! 0'Q'!-10+#, )# ! 0)Qrange7 ,)& 0<+ .@'1)& ,'& @'.0*'@ 0&&0!A*)10
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*-* %.%+&/0 ei ∈ E 1i = 1, . . . , n2 *)$*34%' -% -05' 3%)0$%'6 wi =

(xc
i , y

c
i ) % ri = (xr

i , y
r
i )6 
0+ xc

i = (xc
i1, . . . , x

c
ik) % xr

i = (xr
i1, . . . , x

r
ik)6 %+ 78% xc

ij =

(aij+bij)/26 xr
ij = (bij−aij)/26 yc

i = (yL
i +yU

i )/2 % yr
i = (yU

i −yL
i )/2 '9*06 $%'&%
)53*+%()%60' 3*/0$%' 0:'%$3*-0' -% Xc

j 6 Xr
j 6 Y c % Y r;<%')* =0$+*6 
0('5-%$*(-0 Y c % Y r *' 3*$54*3%5' -%&%(-%()%' % Xc

j % Xr
j 1j =

1, 2, . . . , p2 8+ 
0(>8()0 -% 3*$54*3%5' 5(-%&%(-%()%'6 * $%/*?
9*0 *-0)*-* 4% -% *
0$-0
0+ * '%@85()% %')$8)8$* -% $%@$%''9*0 /5(%*$A
yc

i = βc
0 + βc

1x
c
i1 + . . . + βc

px
c
ik + ǫc

i ,

yr
i = βr

0 + βr
1x

r
i1 + . . . + βr

px
r
ik + ǫr

i .B()9*06 C5+* D%)0 % <% E*$3*/F0 1GHHI2  !"℄ -%(0)*$*+ * '0+* -% 78*-$*-0' -0'%$$0' -* =0$+*
n∑

i=1

(yc
i − βc

0 − βc
1x

c
i1 − . . .− βc

kx
c
ik)

2 +
n∑

i=1

(yr
i − βr

0 − βr
1x

r
i1 − . . .− βr

kx
r
ik)

2,78% $%&$%'%()* * '0+* -0' 78*-$*-0' -0' %$$0' -0' 
%()$0' +*5' * '0+* -0' 78*-$*J-0' -0' %$$0' -0 +%50Jrange; K:'%$3% 78% * +%)0-0/0@5* %+&$%@*-* (%')% +0-%/0-% $%@$%''9*0 
0('5-%$* 3%)0$%' 5(-%&%(-%()% -% &*$L*+%)$0' &*$* &$%-5M%$ 0 
%()$0% 0 +%50Jrange -0' 5()%$3*/0';N%>*+ *' +*)$5M%' Xc = ((xc
1)
⊤, . . . , (xc

n)
⊤)⊤ % Xr = ((xr

1)
⊤, . . . , (xr

n)
⊤)⊤ -% &0')0
0+&/%)0 k + 1 ≤ n6 
0+ (xc

i)
⊤ = (1, xc

i1, . . . , x
c
ik)6 (xr

i )
⊤ = (1, xr

i1, . . . , x
r
ik) % '%>*+0' 3%)0$%' yc = (yc

1, . . . ,y
c
n)
⊤ % yr = (yr

1, . . . ,y
r
n)⊤6 *' %')5+*)53*' -% +4O(5+0' 78*J-$*-0' -0' &*$L*+%)$0' βc P 1βc

06 βc
16; ; ; 6 βc

k2 % βr P 1βr
06 βr

16; ; ; 6 βr
k2 '9*0 0:)5-*'6$%'&%
)53*+%()%6 &0$

β̂
c
= ((Xc)⊤Xc)−1(Xc)⊤yc % β̂

r
= ((Xr)⊤Xr)−1(Xr)⊤yr.Q''5+6 -*-0 8+ (030 %.%+&/0 e $%&$%'%()*-0 &%/0' 3%)0$%' z = (x, y)6 w = (xc, yc)% r = (xr, yr)6 %+ 78% x = (x1, . . . , xk)6 
0+ xj = [aj , bj]6 xc = (1, xc

1, . . . , x
c
k) % xr =

(1, xr
1, . . . , x

r
k)6 0 3*/0$ -0 5()%$3*/0 y = [yL, yU ] -% Y 4% &$%-5)0 
0('5-%$*(-0 0' 3*/0$%'&$%-5)0' ŷc -% Y c % ŷr -% Y r *)$*34%' -*' %.&$%''90%'

ŷL = ŷc − ŷr % ŷU = ŷc + ŷr,%+ 78%6 ŷc = (xc)⊤β̂
c % ŷr = (xr)⊤β̂

r;
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!)"'+#&-C
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D-! 
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-#. (# soma dos
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"1$4'"1. 1*2/1
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j ' Xr
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n∑

i=1

|yc
i − βc

0 − βc
1x

c
i1 − . . . + βc
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38
9!5( &"6!473'75(2 73&( 
!"!2 3 ;343'7&3 :5?$5 !( 
!5@
&5'75( :5 45;45((93! (93! 5(7&"3:!( 5" $" 'A$"54! @'&7! :5 &75438
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!" xj = [aj , bj]2 xc = (1, xc
1, . . . , x

c
k) 5 xr =
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1, . . . , x

r
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!'(&:543':! !( D3>!45(645:&7!( ŷc :5 Y c 5 ŷr :5 Y r 3743DA5( :3( 5B645((9!5(

ŷL = ŷc − ŷr 5 ŷU = ŷc + ŷr,5" ?$52 ŷc = (xc)⊤β̂
c 5 ŷr = (xr)⊤β̂
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!"6343:! 3! "!:5>! :5 G&"3F57! 5 H5 I34D3>%! +JKKL/ 0MN℄ '3 645(5'8
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r
i1 + . . . + βr
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i ,



3.1 Modelos de regressão para dados intervalares 28
!" #$ %&$'%()
*!&$ βr
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3.2 Modelos de ajuste independente para STIP 
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*'0-(#)*#< XU

t # XL
t < 
!(

XL
t ≤ XU

t K P""'(< >(- "?#&'# *#(%!&-1 +! *'%! ')*#&0-1! ?# +-+- %!&
It = {[XL

t ; XU
t ] | XL

t , XU
t ∈ IR, XL

t ≤ XU
t }∞t=−∞.MA>'0-1#)*#(#)*#< )! +#"#)0!10'(#)*! +!" (!+#1!" -%&#"#)*-+!" )#"*- "#J
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t , X

r
t 〉 . * $#7 ( #! 0&%'& . Xr
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Figura 3.1: Diagrama da metodologia h́ıbrida de Zhang (2003) [94].
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Caṕıtulo 4

Métodos de ajuste dependente
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Figura 4.1: Séries dos limites superior e inferior dos intervalos para a STI de temperaturas
da China (gráfico à esquerda) e de preços de ações da Petrobras (gráfico à direita).
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Figura 4.2: Séries dos centros (linha sólida) e das amplitudes (linha tracejada) dos inter-
valos para a STI de temperaturas da China (gráfico à esquerda) e de preços de ações da
Petrobras (gráfico à direita).
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Figura 4.4: Séries temporais do tipo intervalo (gráficos à direita) obtidas a partir de séries
temporais de dados clássicos (gráficos à esquerda).
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Figura 4.5: Série dos intervalos de temperaturas mensais medidas em estação meteo-
rológica na China.
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Figura 4.6: Série dos intervalos de preços diários de ações da Petrobras.
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n∑

t=1

(yt − ȳ)2
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Figura 4.7: Correlograma (gráfico inferior) da STI de temperaturas mensais medidas em
estação meteorológica na China.
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Figura 4.8: Correlograma (gráfico inferior) da STI de preços diários de ações da Petrobras.

Dia

P
re

ç
o
 d

e
 a

ç
õ
e
s

0 20 40 60

7
0

7
5

8
0

8
5

0 5 10 15 20 25 30

−
1

.0
−

0
.5

0
.0

0
.5

1
.0

Defasagem

A
C

F
I



4.4 Métodos de alisamento exponencial para STI 58 !" #$%& &" '&()*+
-!&% ./& $'!0$"!% )! 
!)0&10! '$ 2345 )6!% '&%&)7!87&9"!% "!'&8!% 
$:$;&% '& '&%
<&7&< 4=>? 2:<&%&)0$"!% $ @!<"/8$+
-$! "$0&"6$0*
$ '&
$'$ "!'&8! :<!:!%0! & '&%
<&7&"!% !% :<!
&'*"&)0!% $'!0$'!% :$<$ &%0*"$+
-$!'& :$<A$"&0<!%? B% :<!
&'*"&)0!% '& &%0*"$+
-$! &)7!87&" "6&0!'!% 
86$%%*
!% '&!0*"*;$+
-$! )/"6&<*
$5 &" ./& $% &%0*"$0*7$% %-$! !#0*'$% $ :$<0*< '$ "*)*"*;$+
-$!'*<&0$ '$ @/)+
-$! !#C&0*7!5 /0*8*;$)'! :<!
&%%!% *0&<$0*7!%? D$<$ $8E/)% "!'&8!% )6!%$:<&%&)0$"!% :<!
&'*"&)0!% '& &%0*"$+
-$! 
!" <&%0<*+
-!&% :$<$ E$<$)0*< $ 
!&<A&)
*$"$0&"6$0*
$ '!% *)0&<7$8!% :<&7*%0!%?
4.4 Métodos de alisamento exponencial para STIB% "6&0!'!% '& :<&7*%-$! #$%&*$"9%& )$ *'&*$ '& ./& !#%&<7$+
-!&% :$%%$'$% 
!)0A&"*)@!<"$+
-!&% %!#<& ! :$'<-$! '& 
!":!<0$"&)0! '$ %6&<*& 0&":!<$8? 4&)'! $%%*"5! :<!:6!%*0! '&%0&% "6&0!'!% 6& '*%0*)E/*< 0$8 :$'<-$! '& ./$8./&< </6F'! 
!)0*'! )$%!#%&<7$+
-!&% &5 &)0-$!5 /%$< &%0& :$'<-$! :$<$ :<&7&< 7$8!<&% @/0/<!% '$ %6&<*& GH!<&00*)& =!8!*5 IJJKL MNO℄?Q"$ '$% :<*)
*:$*% 06&
)*
$% '& :<&7*%-$! '& %6&<*&% 0&":!<$*% 6& $ '&)!"*)$'$ :!<"6&0!'!% '& $8*%$"&)0! &1:!)&)
*$8 G2RL? R%0&% "6&0!'!% @!<$" $:<&%&)0$'!% !<*E*9)$8"&)0& 
!" !% 0<$#$8S!% '& T<!U) GVWXWL MVX℄5 Y!80 GVWXW5 :/#8*
$'! )!7$"&)0&&" IJJOL MXZ℄ & [*)0&<% GVWKJL MWI℄? Q"$ '*%
/%%-$! '&0$8S$'$ %!#<& !% "6&0!'!% 2R6& &)
!)0<$'$ &" \$<')&< GVW]X5 IJJKL MOJ℄9MOV℄? R%0&% "6&0!'!% %& 0!<)$<$" "/*0!:!:/8$<&% & $0<$&)0&% '&7*'! $̂ %*":8*
*'$'& & $̂ @6$
*8 *":8&"&)0$+
-$! 
!":/0$
*!)$8?286&" '&%0&% :!)0!% :!%*0*7!%5 !% "6&0!'!% '& 2R "!%0<$" <$;!6$7&8 :<&
*%-$! E8!#$8)$ :<&7*%-$! '& %6&<*&% 0&":!<$*%5 
!"! *8/%0<$'! &" H$_<*'$_*% &0 $8? GVWW]L MNV℄ &`!0%*$8!% &0 $8? GIJJXL MXW℄?B% "6&0!'!% '& 2R %-$! 
8$%%*(
$'!% 
!"! /)*7$<*$'$%5 :!*% )&)S/"$ 
!7$<*6$7&8 6&/0*8*;$'$ :$<$ :<&7&< $ %6&<*&5 !/ %&C$5 !% '$'!% %-$! $%%/"*'!% %&<&" $/0!9&1:8*
$0*7!%?R" %/"$5 2R 0<$0$9%& '& /"$ "6&'*$ :!)'&<$'$ '& 7$8!<&% :$%%$'!% '! :<!
&%%!!#%&<7$'!5 &" ./& !% :&%!% $0<*#/6F'!% $!% 7$8!<&% :$%%$'!% '&
<&%
&" $̂ "&'*'$ ./&$% !#%&<7$+
-!&% %-$! "$*% $)0*E$%? R" !/0<$% :$8$7<$%5 $% !#%&<7$+
-!&% "$*% <&
&)0&%'$ %6&<*& <&
&#&" :&%!% <&8$0*7$"&)0& "$*!<&% )$ :<&7*%-$! ./& $% !#%&<7$+
-!&% "$*%$)0*E$%?



4.4 Métodos de alisamento exponencial para STI 59

4.4.1 Alisamento exponencial simples para STI !"#$% &'()&$"*!% "+,%*"*
(&' ." &,'(
&/% 0"*"#(
&$"*!" & 1$& 2&#("/&/" /"$."!%/%) 31" 
%*)()!"$ /" #"&'(4&# ,#"2()5%") 
%$ 6.%#$1'&) )($,'") /" &!1&'(4&7
5&% ",%/"$ (*
%#,%#&# $1/&*7
&) *% *.82"' '%
&'9 !"*/:"*
(& " )&4%*&'(/&/"; < 2"#)5&% $&())($,'") /")!") $."!%/%)9 $1(!% 1!('(4&/% ,&#& ,#"2()5%") & 
1#!% ,#&4%9 ." 
%*="
(/&,%# alisamento exponencial simples ><?@A;  <?@ 
%$,1!& & ,#"2()5&% 1$B,&))%BC&B6#"*!" &!#&2.") /" 6.%#$1'& "31(2&'"*!" C& )%$& 0"%$."!#(
& /" %D)"#2&7
5%") ,&))&/&)9%1 )"E&9
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4.4 Métodos de alisamento exponencial para STI 60 2× 2! "# $%&'%(#)&*+, -#+)% .*&(%/ % $%&)0& "% #1$&#++2%*  3,4! "#560(*+ * (7#)*"*"# 89: $%&% :;<  89:I! "% +#=>06)# .*&(%
Ît+1 = AIt + (I−A)̂It, (4.10)#( ?># A 7# % (%)&0@ (2×2) "# 
*6+)%6)#+ "# %B0+%(#6)* # I 7# >(% (%)&0@ 0"#6)0"%"#

(2× 2)/ *> +#C%/
A =



 α11 α12

α21 α22



 # I =



 1 0

0 1



 .D%&% (%6)#& % &#+)&0E
2%* 0($*+)% F% 
*6+)%6)# "# %B0+%(#6)* α 6* (7#)*"* 
B7%++0
*/67*+ %++>(0(*+ ?># *+ #B#(#6)*+ "% (%)&0@ A )%(G7#( +2%* &#+)&0)*+ %* 06)#&H%B*
(0, 1)/ 0,#,/ 0 ≤ α11, α12, α21, α22 ≤ 1,8++0(/ #1$%6"06"* % #1$&#++2%* (%)&0
0%B  3,IJ!/ $*"#(*+ (*+)&%& ?># * (7#)*"*89:I $*"# +#& #+
&0)* %)&%H7#+ "# >( H#)*& G0"0(#6+0*6%B "# #?>%E
2*#+/

Ît+1 =



 X̂U
t+1

X̂L
t+1



 =



 α11 α12

α21 α22







 XU
t

XL
t



 +



 1− α11 −α12

−α21 1− α22







 X̂U
t

X̂L
t





=


 α11X

U
t + α12X

L
t

α22X
L
t + α21X

U
t


 +


 (1− α11)X̂

U
t − α12X̂

L
t

(1− α22)X̂
L
t − α21X̂

U
t




=


 α11X

U
t + (1− α11)X̂

U
t + α12e

L
t

α22X
L
t + (1− α22)X̂

L
t + α21e

U
t


 , (4.11)

�
*( eU
t = XU

t − X̂U
t # eL

t = XL
t − X̂L

t &#$&#+#6)%6"*/ &#+$#
)0H%(#6)#/ * #&&* "#$&#H0+2%* "* B0(0)# +>$#&0*& # * #&&* "# $&#H0+2%* "* B0(0)# 06.#&0*& 6* )#($* t, KG+#&H#?># % $&#H0+2%* >(L$%++*LF%L.&#6)# "# >( B0(0)# "* 06)#&H%B* >+% 06.*&(%E
2%* "* *>)&*B0(0)# %)&%H7#+ "# >(% $&*$*&E
2%* αij, i 6= j/ "* #&&* "# $&#H0+2%*, KG+#&H#/ $*&#1#($B*/ ?># ?>%6)* (%0*& 7# % 
*6+)%6)# "# %B0+%(#6)* α12/ (%0*& 7# % 06M>'#6
0% "*B0(0)# 06.#&0*& 6% $&#H0+2%* "* B0(0)# +>$#&0*&,K+ H%B*&#+ "# αij/ $%&% i = 1, 2 # j = 1, 2/ "#H#( +#& #+$#
05
%"*+ "# (*"* %&#M#)0& % 06M>'#6
0% "# 06)#&H%B*+ *G+#&H%"*+ 6* $%++%"* 6*+ 06)#&H%B*+ $&#H0+)*+,N*)# ?>#/ ?>%6)* (%0+ $&7*10(%+ "% >60"%"# +2%* *+ #B#(#6)*+ "% "0%=*6%B $&06
0$%B"% (%)&0@ A/ * (7#)*"* $&*$*+)* $&*">@0&7% $&#H0+2*#+ ?># "#$#6"#( "# 06)#&H%B*+
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%'(%#) *% +# %,% %'(+# -! -"!.+'!, #%
/'-0!$"! -% A #1!+ '/,+#2 ")%)2 α12 =

α21 = 02 (% 3#%  +-%,+# "'-%4%'-%'(%#2 +/ #%5!2 ! 4$%6"#1!+ -% / -+# ," "(%#"'-%4%'-% -% "'7+$ !8
1+%# -+ +/($+ ," "(%) 9+ 
!#+ 4!$("
/,!$2 #% A 0% / !  !($":"-%'("-!-%2 $%-/:" +# ! / 4$+
%##+ 4!##%"+ !,%!(0+$"+ -+ ("4+ "'(%$6!,+2 ")%)2 Ît+1 =

It) ; 
+'
%"(+ -% 4!##%"+ !,%!(0+$"+ -+ ("4+ "'(%$6!,+ #%$0! 7+$ !,":!-+ '! *%8
1!+ <)=)9+  0%(+-+ >?* 4!$! -!-+# /'"6!,+$!-+#2 ! 
+'#(!'(% -% !,"#! %'(+ α 4+-%#%$ %#(" !-! ! 4!$("$ -+# -!-+#2  "'" ":!'-+ + 
$"(0%$"+ -! #+ ! -% @/!-$!-+# -+#%$$+# -% 4$%6"#1!+2∑n

t=2 (yt − ŷt)
2) 9+  0%(+-+ >?*I2 /#!'-+ It % 6%: -% yt % !,./ !0!,.%A$!  !($"
"!,2 
B%.! +# !+ 
$"(0%$"+ -! #+ ! -% @/!-$!-+# -+# %$$+# -% 4$%6"#1!+4!$! *CD2

S2(A) =

n∑

t=2

(It − Ît)
⊤(It − Ît)

=
n∑

t=2


 XU

t − X̂U
t

XL
t − X̂L

t



⊤
 XU

t − X̂U
t

XL
t − X̂L

t




=
n∑

t=2

(XU
t − X̂U

t )2 +
n∑

t=2

(XL
t − X̂L

t )2.?#(% 0% + 
$"(0%$"+ /#!-+ 
+ + 7/'8
1!+ +A5%("6+ ! #%$  "'" ":!-! '+  0%(+-+ >?*I4!$! %#(" !8
1!+ -!  !($": -% 4!$E! %($+# A)F#!'-+ !# %@/!8
1+%# -!-!# % G<)HHI2 $%%#
$%6% +# ! 7/'8
1!+ +A5%("6+ 4!$! i = 1, 2% j = 1, 2 
+ +
S2(αij) =

n∑

t=2

(
XU

t − α11X
U
t−1 − (1− α11)X̂

U
t−1 − α12e

L
t−1

)2

+
n∑

t=2

(
XL

t − α22X
L
t−1 − (1− α22)X̂

L
t−1 − α21e

U
t−1

)2

.;0J'-"
% K % S2(αij) -%6%3#% !+ 7!(+ -% /(",":!$ +# ! '+$ ! l2 G 0J'" +# @/!-$!-+#I-+# $%#0J-/+#) ? 
+'($!4!$("-!2 4+-% +# /#!$ 
+ + 7/'8
1!+ +A5%("6+ ! '+$ ! l1 -+#$%#0J-/+#2 S1(A) =
∑n

t=2 |It − Ît|) D#(+ (! A0% 0% 60!,"-+ 4!$! +#  +-%,+# @/% #%$1!+!4$%#%'(!-+# % #%8
1+%# #%./"'(%#)> 4!$("$ -! 7/'8
1!+ +A5%("6+ S2(αij)2 4+-% +# %L4$%##!$ 7+$ !, %'(% ! %#(" !8
1!+
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("( )" problema de mı́nimos quadrados linear4 
(" $*+#$%,
-(*+. *+/*
%01
!"*2#*. 3%2%"%&!$ S2(αij),+)4*%#( ! 0 ≤ αij ≤ 1.

4.4.2 Alisamento exponencial duplo para STI5 +*6)2 ( "7*#( (  * !8%+!"*2#( *9/(2*2
%!8 *+#*2 % ( /!$! +7*$%*+ #*"/($!%+  (#%/( %2#*$:!8( 7* ( "7*#( (  * alisamento exponencial duplo ;<=>?@ ="  ! (+ )2%:!08($! (+. *+#* "7*#( ( 7* ! (#! ( A)!2 ( ! +7*$%* *9%B* #*2 C*2
%!@ <  %D*$*2,
! /!$! (<=E 7* A)* 2( <=>  )!+ 
("/(2*2#*+ +-!( !#)!8%&! !+ *" 
! ! %2+#!2#*  * #*"/(F
ńıvel * tendência@G( <=> +)/-(*0+* A)* ( 27H:*8 *+#%"! ( 2( #*"/( t. Nt. 7* ! "7* %! /(2 *$! !  (:!8($ (B+*$:! ( 2( #*"/( t * ! +("!  (+ :!8($*+ *+#%"! (+  ( 27H:*8 *  ! #*2 C*2
%!2( #*"/( t− 1 
("( +*6)*̂

Nt = αyt + (1− α)(N̂t−1 + T̂t−1). (4.12)< #*2 C*2
%! 7*. *2#-!(. *+#%"! ! 2( #*"/( t 
("( ! "7* %! /(2 *$! !  * N̂t − N̂t−1* ! #*2 C*2
%! *+#%"! ! 2( #*"/( t− 1. () +*4!.
T̂t = β(N̂t − N̂t−1) + (1− β)T̂t−1. (4.13)5+ /!$C!"*#$(+  * !8%+!"*2#( α * β #C*" +)/($#* *2#$* I * J * /( *" +*$ *+#%"! (+
("( 2( "7*#( (  * !8%+!"*2#( *9/(2*2
%!8 +%"/8*+. "%2%"%&!2 ( ! +("!  * A)!0 $! (+  (+ *$$(+  * /$*:%+-!(@ G*+#* "7*#( (. ( /!$C!"*#$( α 
(2#$(8! ( !8%+!"*2#(/!$! *+#%"!,
-!(  ( 27H:*8 * ( /!$C!"*#$( β 
(2#$(8! ( !8%+!"*2#(  ! #*2 C*2
%!@K!$! $*+(8:*$ !+ *A)!,
-(*+ ;L@JM? * ;L@JN?  * D($"! $*
)$+%:! D!&0+* 2*
*++7!$%(D($2*
*$ (+ :!8($*+ %2%
%!%+ /!$! ( 27H:*8 * /!$! ! #*2 C*2
%!@ O"! *+
(8P! )+)!8 7*D!&*$

N̂2 = y2 * T̂2 = y2 − y1.

4Considere uma função de mı́nimos quadrados
∑

k [yk − f(yk, θ)]
2

que soma os quadrados das dis-
crepâncias entre os valores observados e os valores preditos pelo modelo. Esta função pode ser expressa
da forma

∑
k e2

k(θ), em que ek(θ) = yk − f(yk, θ). Em problemas de modelagem de dados, se f(yk, θ) é
função linear de θ, então, os reśıduos ek(θ) também é linear e o problema de minimização é denominado
problema de mı́nimos quadrados linear (ver Nocedal e Wright, 1999, Caṕıtulo 10) [76].



4.4 Métodos de alisamento exponencial para STI 63 !"#$%& '()*+, - '()*., /%0-1 2-3 3-2%4560$2 27
-2265$1-!"- /$3$ N̂t - T̂t& t = 2, . . . , n- $2 /3-562#%-2 2#$% 0$0$2 /%3
ŷt+1 = N̂t + T̂t. (4.14)9 -:"-!2#$% 0% 1;-"%0% 9 < /$3$ =>?& 0-!%16!$0% 1;-"%0% 9 <I& 2-@7- 1-"%A0%4%@6$ $!;$4%@$ B$ $0%"$0$ !$ -:"-!2#$% 0% 1;-"%0% 9 =) =-C$ I1, I2, . . . , In 71$ =>?&
D$1$1%2 0- N̂I

t % !;E5-4 6!"-35$4$3 -2"61$0% - 0- T̂I
t $ "-!0F-!
6$ 6!"-35$4$3 -2"61$0$/$3$ -2"$ =>?) G% 1;-"%0% 9 <I -2"$2 
%1/%!-!"-2 2#$% 3-/3-2-!"$0$2 !$ H%31$1$"36
6$4

N̂I
t = AIt + (I−A)(N̂I

t−1 + T̂I
t−1),

T̂I
t = B(N̂I

t − N̂I
t−1) + (I− B)T̂I

t−1,-1 I7-
N̂I

t =


 N̂U

t

N̂L
t


 - T̂I

t =


 T̂U

t

T̂L
t


- $2 1$"36J-2 0- /$3F$1-"3%2 0- $462$1-!"%& A - B& 2#$%

A =


 α11 α12

α21 α22


 - B =


 β11 β12

β21 β22


 .

I ;- 71$ 1$"36J '2×2, 60-!"60$0-) 92261& 3--2
3-5-1%2 N̂I
t - T̂I

t $"3$5;-2 0$2 -I7$K
#%-2
N̂I

t =



 α11 α12

α21 α22







 XU
t

XL
t



 +



 1− α11 −α12

−α21 1− α22







 N̂U
t−1 + T̂U

t−1

N̂L
t−1 + T̂L

t−1





=



 α11X
U
t + α12X

L
t

α22X
L
t + α21X

U
t



 +



 (1− α11)(N̂
U
t−1 + T̂U

t−1)− α12(N̂
L
t−1 + T̂L

t−1)

(1− α22)(N̂
L
t−1 + T̂L

t−1)− α21(N̂
U
t−1 + T̂U

t−1)





=



 α11X
U
t + (1− α11)(N̂

U
t−1 + T̂U

t−1) + α12(X
L
t − N̂L

t−1 − T̂ L
t−1)

α22X
L
t + (1− α22)(N̂

L
t−1 + T̂L

t−1) + α21(X
U
t − N̂U

t−1 − T̂U
t−1)



 (4.15)-
T̂I

t =



 β11 β12

β21 β22







 N̂U
t − N̂U

t−1

N̂L
t − N̂L

t−1



 +



 1− β11 −β12

−β21 1− β22







 T̂U
t−1

T̂L
t−1




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=


 β11(N̂

U
t − N̂U

t−1) + β12(N̂
L
t − N̂L

t−1)

β22(N̂
L
t − N̂L

t−1) + β21(N̂
U
t − N̂U

t−1)


 +


 (1− β11)T̂

U
t−1 − β12T̂

L
t−1

(1− β22)T̂
L
t−1 − β21T̂

U
t−1




=


 β11(N̂

U
t − N̂U

t−1) + (1− β11)T̂
U
t−1 + β12(N̂

L
t − N̂L

t−1 − T̂ L
t−1)

β22(N̂
L
t − N̂L

t−1) + (1− β22)T̂
L
t−1 + β21(N̂

U
t − N̂U

t−1 − T̂U
t−1)


 . (4.16)

� ! "#$%!&! '()I* + ,-%$./.$%+0
2+! &+3 "+%.,4$3 &$ /+.5+"$%.!3 &$ +6,3+"$-%! A$ B #$ 3,",6+. 7+ ,-%$./.$%+0
2+! &!3 /+.5+"$%.!3 $3
+6+.$3 &! "#$%!&! '() /+.+ &+&!38-,9+6!.+&!3: '3 "+%.,4$3 A $ B .$;86+" ! ;.+8 &$ +6,3+"$-%! &! "#$%!&!: <$ A#$ 8"+ "+%.,4 ,&$-%,&+&$ =,:$:* α11 = α22 = 1 $ α12 = α21 = 0>* +3 
8.9+3 +?83%+&+3-2+! +/.$3$-%+" @8+6@8$. +6,3+"$-%! 3!A.$ ! -#B9$6* /!,3 N̂I
t = I · It = It: C!. !8%.!6+&!* 3$ A #$ 8"+ "+%.,4 -86+ =,:$:* α11 = α22 = α12 = α21 = 0>* +3 
8.9+3 +?83%+&+33!A.$ ! -#B9$6 32+! 
!"/6$%+"$-%$ +6,3+&+3* /!.#$" -2+! +/.$3$-%+" 9+.,+0
2+! /+.+$3%+ 
!"/!-$-%$: ' "+%.,4 &$ /+.5+"$%.!3 B 
!-%.!6+ ! +6,3+"$-%! &+ %$-&5$-
,+:'6#$" &,33!* !3 /+.5+"$%.!3 α12 $ β12 32+! .$3/!-3#+9$,3 /$6+ ,-%.!&80
2+! &$ ,-D!."+0
2!$3.$6+%,9+3 +! 6,",%$ ,-D$.,!. -! +?83%$ &! 6,",%$ 38/$.,!.* $-@8+-%! @8$ !3 /+.5+"$%.!3

α21 $ β21 ,-%.!&84$" ,-D!."+0
2!$3 &! 6,",%$ 38/$.,!. -! +?83%$ &! 6,",%$ ,-D$.,!.:' /+.%,. &+3 $@8+0
2!$3 =E:FG> $ =E:FH>* .$+6,4+"!3 +3 /.$9,32!$3 &$ ,-%$.9+6!3 &+D!."+
Ît+1 = N̂I

t + T̂I
t. (4.17)' $3%,"+0
2+! &+3 "+%.,4$3 &$ /+.5+"$%.!3 &$ +6,3+"$-%! /.!/!3%+3 &! "#$%!&!'() /+.+ 3#$.,$ &! %,/! ,-%$.9+6!* A $ B* #$ .$+6,4+&+ +-+6!;+"$-%$ 7+ $3%,"+0
2+! -!"#$%!&! '(<I* +%.+9#$3 &+ ",-,",4+0
2+! &$ 8" 
.,%#$.,!:  ! "#$%!&! '()I + D8-0
2+!!A?$%,9! #$ &+&+ /!.

R2(A,B) =

n∑

t=3

(It − Ît)
⊤(It − Ît)

=

n∑

t=3



 XU
t − N̂U

t−1 − T̂U
t−1

XL
t − N̂L

t−1 − T̂L
t−1




⊤

 XU
t − N̂U

t−1 − T̂U
t−1

XL
t − N̂L

t−1 − T̂L
t−1





=
n∑

t=3

(XU
t − N̂U

t−1 − T̂U
t−1)

2 +
n∑

t=3

(XL
t − N̂L

t−1 − T̂L
t−1)

2.
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R2(αij , βij) =

n∑

t=3

(
XU

t − α11X
U
t−1 − (1− α11)(N̂

U
t−2 + T̂U

t−2)− α12(X
L
t−1 − N̂L

t−2 − T̂L
t−2)

− β11(N̂
U
t−1 − N̂U

t−2)− (1− β11)T̂
U
t−2 − β12(N̂

L
t−1 − N̂L

t−2 − T̂L
t−2)

)2

+

n∑

t=3

(
XL

t − α22X
L
t−1 − (1− α22)(N̂

L
t−2 + T̂L

t−2)− α21(X
U
t−1 − N̂U

t−2 − T̂U
t−2)

− β22(N̂
L
t−1 − N̂L

t−2)− (1− β22)T̂
L
t−2 − β21(N̂

U
t−1 − N̂U

t−2 − T̂U
t−2)

)2

,
$# i = 1, 2 " j = 1, 2' ()!*+$ + "%!,#+-
*+$ ." A " B /"%0#"1%" +$ 2/$34"#+ ."#56),#$% 70+./+.$% 
$# /"%!/,-
*$"%8,),#,9+/ R2(αij , βij),%0:",!$ + 0 ≤ αij , βij ≤ 1.

4.4.3 Método Holt–Winters para STI;% #5"!$.$% ." +4,%+#")!$ "<2$)")
,+4 2$."# %"/ =")"/+4,9+.$% ." >$/#+ + !/+!+1/"# ?+/,+-
*$"% %+9$)+,% )$% .+.$%' (%!+ =")"/+4,9+-
*+$ >$, +2/"%")!+.+ $/,=,)+4#")!""# @$4! ABCDC 2034,
+.$ )$?+#")!" "# EFFGH IDJ℄ " L,)!"/% ABCMFH ICE℄ " 5" .")$1#,)+.+ ." #5"!$.$ Holt–Winters A@LH' N4=0#+% /">"/O")
,+% ."%,=)+# "%!" #5"!$.$
$#$ #5"!$.$ ." alisamento exponencial triplo 
$)!0.$ )5$% +.$!+#$% + 2/,#",/+.")$#,)+-
*+$'N #+)",/+ +%%0#,.+ )$ #5"!$.$ @$4!PL,)!"/% 2+/+ !/+!+/ + %+9$)+4,.+." 2/"1%")!" )+ %5"/," !"#2$/+4 >$, ">"!0+/ + ,)
40%*+$ ." 0# )$?$ 56).,
" Q+% >5$/#04+% ."+!0+4,9+-
*+$ +.$!+.+% )$ #5"!$.$ N(R' S$#$ )$ #5"!$.$ N(R %02$)T+ 70" Nt "
Tt .")$!"# /"%2"
!,?+#")!" $ )56?"4 " + !").O")
,+ )$ !"#2$ t' U$ #5"!$.$ @$4!PL,)!"/% $ >+!$/ ,)
4056.$ St /"2/"%")!+ $ 56).,
" %+9$)+4 )$ !"#2$ t' V":+ +,).+ s $>+!$/ %+9$)+4 ,'"' $ )50#"/$ ." 2"/56$.$% 
$)%,."/+.$ )$ 
,
4$ %+9$)+4 .+ %5"/," A"'=' .0/+)!" $ +)$ s = 12 2+/+ .+.$% #")%+,% " s = 4 2+/+ .+.$% !/,#"%!/+,%H' V02$1)T+ !+#35"# 70" )$ ,)%!+)!" ." !"#2$ t )5$% 
$)T"
"#$% $% !"/#$% AN1, T1, S1H . . . ANt−1, Tt−1, St−1H' ()!*+$ +25$% $3%"/?+/ yt $% !"/#$% Nt Tt " St %*+$ +!0+4,9+.$% ?,+#5"!$.$ ." +4,%+#")!$ "<2$)")
,+4'(# .+.$% 
45+%%,
$% )+ 2/"%")-
+ ." %+9$)+4,.+." +% "70+-
*$"% /"
$//")!"% 2+/+



4.4 Métodos de alisamento exponencial para STI 66 !" #$% &
( ) *) +,-./#0 Nt0 * !/+*1/+
$ 0 Tt0 / *) ,-+*$
/ 2 %)+ #0 St0 2( )0 3/24/
!$. 56/+!/0
N̂t = α(yt − Ŝt−s) + (1− α)(N̂t−1 + T̂t−1),

T̂t = β(N̂t − N̂t−1) + (1− β)T̂t−1,

Ŝt = δ(yt − N̂t) + (1− δ)Ŝt−s.72 
)/8
$/+!/2 α0 β / δ 2( ) */+)6$+ *)2 4 31 6/!3)2 */  #$2 6/+!)9 : 43/.$2( )"654 22)5; 5<3/+!/ ,/ * * 4)3̂
yt+1 = N̂t + T̂t + Ŝt−s+1.=)6) 
)+*$&
()/2 $+$
$ $20 4)*/6)2 
)+2$*/3 3

N̂s = ys,

T̂s = (ys − y1)/s,

Ŝi = yi − (y1 + T̂s(i− 1)), i = 1, . . . , d,*/8+$* 2 /6 >3)
?@/## / A .$2 BCDDC0 = 4,-!"#) EF GHI℄9K) 6,/!)*) L)#!MN$+!/32 
 * "6 * 2 
)+2! +!/2 */  #$2 6/+!)0 α0 β / δ0/2!,  22)
$ *  "6 
)64)+/+!/ * 2,/3$/ /0 
)6) +)2 6,/!)*)2 */  #$2 6/+!)/O4)+/+
$ #  +!/3$)3/20 /22 2 
)+2! +!/2 !1/6 2"4)3!/ /+!3/ D / H9:*)! +*)  6/!)*)#)P$ 4 3 /O!/+2( ) *)2 6,/!)*)2 
#, 22$
)20 +,)2  43/2/+! 6)2) 6,/!)*) L)#!MN$+!/32 /2!/+*$*) 4 3 QRS BLNIF9 A/+)! 6)2 NI
t0 TI

t / SI
t0 3/254/
!$. 6/+!/0 4)3 +,-./# $+!/3. # 30 !/+*1/+
$ $+!/3. # 3 / 2 %)+ #$* */ $+!/3. # 3 +)!/64) t9=)6 T 2/ +) 6,/!)*) L)#!MN$+!/32 
#, 22$
)0  2 /U" &
()/2 43)4)2! 2 +) 6,/!)*)LNI 4 3  !" #$% &
( ) *) +,-./# $+!/3. # 30 * !/+*1/+
$ $+!/3. # 3 / * 2 %)+ #$* */$+!/3. # 30 2( )0 3/24/
!$. 6/+!/0

N̂I
t = A(It − ŜI

t−s) + (I−A)(N̂I
t−1 + T̂I

t−1),

T̂I
t = B(N̂I

t − N̂I
t−1) + (I− B)T̂I

t−1,

ŜI
t = D(It − N̂I

t) + (I−D)ŜI
t−s,/6 U"/

N̂I
t =



 N̂U
t

N̂L
t



 , T̂I
t =



 T̂U
t

T̂L
t



 / ŜI
t−s =



 ŜU
t−s

ŜL
t−s



 ,



4.4 Métodos de alisamento exponencial para STI 67 !" #!$%&' " (2× 2) * 
,-"$!-$ " * !.&"!# -$,/ A/ B  D/ "0!,
A =



 α11 α12

α21 α22



 , B =



 β11 β12

β21 β22



  D =



 δ11 δ12

δ21 δ22



 ,
,# I 1#! #!$%&' &* -$&*!* * ,%* # 23456,"  75!-"0!, #!$%&
&!. *, #6 $,*, 89I/ !"  :1!;
0, " * !$1!.&'!;
0!, *, -6<= .&-$ %=!.!%/ *! $ -*> -
&! &-$ %=!.!%  *! "!',-!.&*!* &-$ %=!.!% 5,* #/  -$0!,/ " %%  "
%&$!" *! ?,%#!
N̂I

t =



 α11 α12

α21 α22







 XU
t − ŜU

t−s

XL
t − ŜL

t−s



 +



 1− α11 −α12

−α21 1− α22







 N̂U
t−1 + T̂U

t−1

N̂L
t−1 + T̂L

t−1





=



 α11(X
U
t − ŜU

t−s) + α12(X
L
t − ŜL

t−s)

α22(X
L
t − ŜL

t−s) + α21(X
U
t − ŜU

t−s)





+



 (1− α11)(N̂
U
t−1 + T̂U

t−1)− α12(N̂
L
t−1 + T̂L

t−1)

(1− α22)(N̂
L
t−1 + T̂L

t−1)− α21(N̂
U
t−1 + T̂U

t−1)





=


 α11(X

U
t − ŜU

t−s) + (1− α11)(N̂
U
t−1 + T̂U

t−1) + α12(X
L
t − ŜL

t−s − N̂L
t−1 − T̂L

t−1)

α22(X
L
t − ŜL

t−s) + (1− α22)(N̂
L
t−1 + T̂L

t−1) + α21(X
U
t − ŜU

t−s − N̂U
t−1 − T̂U

t−1)


 ,

(4.18)

T̂I
t =



 β11 β12

β21 β22







 N̂U
t − N̂U

t−1

N̂L
t − N̂L

t−1



 +



 1− β11 −β12

−β21 1− β22







 T̂U
t−1

T̂L
t−1





=


 β11(N̂

U
t − N̂U

t−1) + β12(N̂
L
t − N̂L

t−1)

β22(N̂
L
t − N̂L

t−1) + β21(N̂
U
t − N̂U

t−1)


 +


 (1− β11)T̂

U
t−1 − β12T̂

L
t−1

(1− β22)T̂
L
t−1 − β21T̂

U
t−1




=


 β11(N̂

U
t − N̂U

t−1) + (1− β11)T̂
U
t−1 + β12(N̂

L
t − N̂L

t−1 − T̂L
t−1)

β22(N̂
L
t − N̂L

t−1) + (1− β22)T̂
L
t−1 + β21(N̂

U
t − N̂U

t−1 − T̂U
t−1)


 , (4.19)

ŜI
t =



 δ11 δ12

δ21 δ22







 XU
t − N̂U

t

XL
t − N̂L

t



 +



 1− δ11 −δ12

−δ21 1− δ22







 ŜU
t−s

ŜL
t−s





=



 δ11(X
U
t − N̂U

t ) + δ12(X
L
t − N̂L

t )

δ22(X
L
t − N̂L

t ) + δ21(X
U
t − N̂U

t )



 +



 (1− δ11)Ŝ
U
t−s − δ12Ŝ

L
t−s

(1− δ22)Ŝ
L
t−s − δ21Ŝ

U
t−s




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=


 δ11(X

U
t − N̂U

t ) + (1− δ11)Ŝ
U
t−s + δ12(X

L
t − N̂L

t − ŜL
t−s)

δ22(X
L
t − N̂L

t ) + (1− δ22)Ŝ
L
t−s + δ21(X

U
t − N̂U

t − ŜU
t−s)


 . (4.20)

� ! "#$%!&! '(I) * +,$-./0*! 1"2+*//!23*24,$5%$ #$ !6%.&* &* 4!,"*
Ît+1 = N̂I

t + T̂I
t + ŜI

t−s+1,$" 71$ s #$ ! 5#1"$,! &$ +$,#8!&!/ 5! 
.
:! /*;!5*: &* <=>?@/ +*,A*"$%,!/ &! "!&$:! '(I +!&$" /$, $/%."*&!/ 
!"! 5! "#$%!&! &$ *:./*2"$5%! $B+!5$5
.*:) ".5.".;*5&! * /!"* &$ 71*&,*&!/ &!/ $,,!/ &$ +,$-./0*! 1"2+*//!23*24,$5%$ &*&* +!,
T2(A,G,D) =

n∑

t=s

(It+1 − Ît+1)
⊤(It+1 − Ît+1)

=
n∑

t=s


 XU

t+1 − N̂U
t − T̂U

t − ŜU
t−s+1

XL
t+1 − N̂L

t − T̂L
t − ŜL

t−s+1



⊤
 XU

t+1 − N̂U
t − T̂U

t − ŜU
t−s+1

XL
t+1 − N̂L

t − T̂ L
t − ŜL

t−s+1




=

n∑

t=s

(XU
t+1 − N̂U

t − T̂U
t − ŜU

t−s+1)
2 +

n∑

t=s

(XL
t+1 − N̂L

t − T̂L
t − ŜL

t−s+1)
2.C!54!,"$ */ $71*D
0!$/ EF?GHI) EF?GJI $ EF?KLI) * 415D
0*! !6M$%.-! &! "#$%!&! '(I+!&$ *.5&* /$, $B+,$//* 
!"!

T2(αij , βij, δij) =

n∑

t=s

(
XU

t+1 − α11(X
U
t − ŜU

t−s)− (1− α11)(N̂
U
t−1 + T̂U

t−1)

− α12(X
L
t − ŜL

t−s − N̂L
t−1 − T̂L

t−1)− β11(N̂
U
t − N̂U

t−1)− (1− β11)T̂
U
t−1

− β12(N̂
L
t − N̂L

t−1 − T̂L
t−1)− δ11(X

U
t−s+1 − N̂U

t−s+1)

− (1− δ11)Ŝ
U
t−2s+1 − δ12(X

L
t−s+1 − N̂L

t−s+1 − ŜL
t−2s+1)

)2

+
n∑

t=s

(
XL

t+1 − α22(X
L
t − ŜL

t−s)− (1− α22)(N̂
L
t−1 + T̂L

t−1)

− α21(X
U
t − ŜU

t−s − N̂U
t−1 − T̂U

t−1)− β22(N̂
L
t − N̂L

t−1)− (1− β22)T̂
L
t−1

− β21(N̂
U
t − N̂U

t−1 − T̂U
t−1)− δ22(X

L
t−s+1 − N̂L

t−s+1)

− (1− δ22)Ŝ
L
t−2s+1 − δ21(X

U
t−s+1 − N̂U

t−s+1 − ŜU
t−2s+1)

)2

,



4.4 Métodos de alisamento exponencial para STI 69 !"! i = 1, 2 # j = 1, 2$ %&&'() #&*'(!" !& (!*"'+#& ,#  !"-!(#*".& A) B # D ,.(/#*.,. 01I) #23'4!5# ! "#&.54#" .  ".65#(! ,# (/78'(.& 23!,"!,.& 
.( "#&*"':
;.#&<'8'('+!" T2(αij , βij, δij),&3=#'*. ! 0 ≤ αij , βij, δij ≤ 1.

Estimação das matrizes de constantes de alisamento<3'*.&  ".65#(!& ,# #&*'(!:
;!. ,#  !"-!(#*".& 8! (.,#5!>#( #&*!*/7&*'
! ,# ,!,.& .,#( &#" "# "#&#8*!,.& .3 ! ".?'(!,.& 
.(.  ".65#(! ,#  ".>"!(!:
;!. 83(/#"'
!
.( .3 &#( "#&*"':
;.#&$@  ".65#(! ,# #&*'(!:
;!. ,!& (!*"'+#& ,# 
.8&*!8*#& ,# !5'&!(#8*. ,.& (/#*.,.&,# !5'&!(#8*. #? .8#8
'!5 #&*#8,',.&  !"! ABC D . %EAI) . %EFI # . 01I D /#&.53
'.8!,. 4'! */#
8'
!& ,#  ".>"!(!:
;!. 83(/#"'
!$ E& #
'G
!(#8*#) 
.8&',#"!(.&.  ".65#(! #( 23# !& 4!"'/!4#'& &;!. 5'('*!,!&) .3 &#=!) .  ".65#(! (.,#5!,.  ."<'8'('+!" f(x),&3=#'*. ! l ≤ x ≤ u,.8,# f /# 3(! H38:
;!. ,# CIm #( CIJ l # u "# "#&#8*!() "#& #
*'4!(#8*#) .& 4!5.K"#& ,# 5'('*!:
;!. '8H#"'." # &3 #"'." ,!& 4!"'/!4#'& L !"-!(#*".&M # m /# . 8/3(#". ,# !"-!(#*".&$ %& "#&*"':
;.#& 
.8&',#"!,!& #( 8.&&.&  ".65#(!& &;!. H38:
;.#& 5'8#!"#&$N!"! ('8'('+!" !& *"-#& H38:
;.#& .6=#*'4. S2(αij)) R2(αij, βij) # T2(αij , βij, δij) ,.&(/#*.,.& %EAI) %EFI # 01I) "#& #
*'4!(#8*#) 8/.& ! 5'
!(.& . (/#*.,. OPQA de

memória limitada com restrições em caixa LRKOPQAKOM5 ,#&#84.54',.  ." OS", #* !5$LTUUVM WTX℄$ @ !5>."'*(. RKOPQAKO /# 3(! #?*#8&;!. ,! 4#"&;!. OPQA de memória

limitada LRKOPQAM 3&!,!  !"!  ".65#(!& &#( "#&*"':
;.#& LR'3 # Z.
#,!5) TUXUM W[V℄23#)  ." &3! 4#+) &# 6!&#'! 8! */#
8'
! ,#  ".=#:
;!. ,# >"!,'#8*# !*"!4/#& ,. 3&3!5(/#*.,. ,# .*'('+!:
;!. quasi-Newton 
.8\#
',. 
.(. OPQA ,#&#84.54',. &'(35*!K8#!(#8*# #( TU]^ #( *"!6!5\.& '8,'4',3!'& ,# O".S,#8 WT[℄) P5#*
\#" W_X℄) Q.5,KH!"6 W`V℄ # A\!88. WX_℄$ % ',#'!  "'8
' !5 ,. !5>."'*(. ."'>'8!5 OPQA /#  #"('*'"! 
.8&*"3:
;!. ! ".?'(!,! ,! (!*"'+ 0#&&'!8! ,! H38:
;!. ! &#" ('8'('+!,!$ F#&*!H."(!) ! '( 5#(#8*!:
;!. ,. >"!,'#8*# ,! H38:
;!.  .,# &#" ,#& "#+!,!$
5Sigla em inglês que significa limited memory BFGS with bound constraints.



4.4 Métodos de alisamento exponencial para STI 70 !"#$%&% '()*+,() $#! -# !%-$./&% #0
/2 3/ -%456
7/% &# 8.%94#!/- &# %$:(!:2/6
7/% &# ;./3&#- &:!#3-7%#-< 
%! %5 -#! .#-$.:6
7%#-=  $#.!% >!#!"%.:/ 4:!:$/&/?&#@#(-# /% A/$% &# B5# 5!/ /8.%C:!/6
7/% &# 9/:C% ./3B5# &/ :3@#.-/ &/ !/$.:2 D#-(-:/3/ "# /.!/2#3/&/ #! @#2 &/ :3@#.-/ &/ !/$.:2 D#--:/3/ 
%!84#$/= E /84:
/6
7/%&#-$# !"#$%&% 3/ #-$:!/6
7/% &/- !/$.:2#- &# 
%3-$/3$#- &# /4:-/!#3$% &#@#(-#< 8.:3(
:8/4!#3$#< /% A/$% &# B5# 3% '()*+,() -7/% 8#.!:$:&/- .#-$.:6
7%#- #! 
/:C/< :-$% "#<.#-$.:6
7%#- #! B5# %- 8/.F/!#$.%- -7/% 4:!:$/&%- :3A#.:%. #G%5 -58#.:%.!#3$#=)/-:
/!#3$#< % !"#$%&% '()*+,() 
%3-:-$# 3/ !:3:!:2/6
7/% &# 5!/ A536
7/% 
5-$%
f(x) &# m @/.:"/@#:- .#-$.:$/- / 5!/ 4:!:$/6
7/% #! 
/:C/ &% HIm= J%!% -# 9/-#:/ 3/$"#
3:
/ &# 8.%K#6
7/% &# ;./&:#3$#< A/2(-# 3#
#--"/.:% &#$#.!:3/. % @/4%. &/ A536
7/%
f # &# -#5 ;./&:#3$# g /@/4:/&%- #! 
/&/ 8/--% &% /4;%.:$!%= L%. #-$/ ./27/%<% '()*+,() $%.3/(-# "5$:4 8/./ .#-%4@#. ;./3&#- 8.%94#!/- #! B5# % 
"/4
54% &/!/$.:2 D#--:/3/ #G%5 -5/ :3@#.-/ "# &# &:A"M
:4 %5 :!8%--"M@#4 %9$#36
7/%=  /4;%.:$!%'()*+,() #-$"/ :!84#!#3$/&% 3/ 4:3;5/;#! &# 8.%;./!/6
7/% R NJO/!9#.-< PQQRSTPQ℄= L/./ &#-
.:6
7/% !/:- &#$/4O/&/ -%9.# #-$# /4;%.:$!%< @#.< #=;=< V%
#&/4 # W.:;O$NXYYYS TZ[℄=E -#;5:. /8.#-#3$/!%- #C#!84%- 5-/3&% %- !"#$%&%- E\,I< E\]I # DWI< #! B5#/- !/$.:2#- &# 
%3-$/3$#- &# /4:-/!#3$% -7/% #-$:!/&/- @:/ /4;%.:$!% '()*+,()=
Exemplo 4.3 (Aplicação dos métodos AESI e AEDI). V#-$# #C#!84%< 3"%- /K5-$/!%-/$./@"#- &%- !"#$%&%- E\,I # E\]I / ,^H &%- 8.#6
%- &:"/.:%- &# 3#;%
:/6
7%#- &# /6
7%#-&/ L#$.%9./- &#-
.:$/ 3/ ,#6
7/% _=P=X< *:;5./ _=[= \-$# #C#!84% $#! 8%. 03/4:&/&#/8#3/- :45-$./. / /84:
/6
7/% &#-$#- !"#$%&%- &# /4:-/!#3$% #C8%3#3
:/4< 8%. :--%< 37/%/@/4:/!%- /- 8.#
:-7%#- &/- 8.#@:-7%#- # 37/% :3$#.8.#$/!%- /- #B5/6
7%#- /K5-$/&/-=E !/$.:2 &# 
%3-$/3$#- &# /4:-/!#3$% #-$:!/&/ 3% !"#$%&% E\,I 8/./ / ,^H&# 8.#6
%- &# /6
7%#- &/ L#$.%9./- A%: Â =

[
0, 648 0, 640

0, 602 0, 621

]< B5# .#-54$/ 3/ -#;5:3$##B5/6
7/% &# /$5/4:2/6
7/% &% !"#$%&% E\,I /K5-$/&/`
Ît+1 =



 0, 648XU
t + 0, 352X̂U

t + 0, 640eL
t

0, 621XL
t + 0, 379X̂L

t + 0, 602eU
t



 .E *:;5./ _=Y /8.#-#3$/ / ,^H 
%! %- 8.#6
%- .#/:- N-#;!#3$%- &# .#$/ 8.#$%-S # /,^H /K5-$/&/ 8#4% !"#$%&% E\,I N-#;!#3$%- &# .#$/ 
:32/S=V"%- /K5-$/!%- 3%@/!#3$# / ,^H &# 8.#6
%- &# /6
7%#- &/ L#$.%9./- /$./@"#- &%!"#$%&% E\]I= L/./ #-$# !"#$%&%< /- !/$.:2#- &# 
%3-$/3$#- &# /4:-/!#3$% #-$:!/&/-
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[
1, 000 0, 071

0, 148 1, 000

] $ B̂ =

[
0, 203 0, 000

0, 039 0, 000

]% &$ '" (#)*"+ # ,$'#) -$ $./"0
!#$ "2/ '"-# 3$4# *5$'#-# 67&I 3")" 3)$,8 !"# /*93"  #9:"9()$;'$ 5$
Ît+1 =


 XU

t + 0, 071(XL
t − N̂L

t−1 − T̂L
t−1)

XL
t + 0, 148(XU

t − N̂U
t−1 − T̂U

t−1)




+



 0, 203(N̂U
t − N̂U

t−1) + 0, 797T̂U
t−1

T̂L
t−1 + 0, 039(N̂U

t − N̂U
t−1 − T̂U

t−1)



 .6 <8=/)" >%?@ *# ')" " ABC -# 3)$0
# )$"8 D $=*$;'# -$ )$'" 3)$'# E -$ "0
!#$ -"F$')#G)" $ " 
#))$ 3#;-$;'$ ABC "2/ '"-" ,8" 67&I D $=*$;'# -$ )$'" 
8;H"E%
Exemplo 4.4 (Aplicação do método HWI). I *5$'#-# J#4'KL8;'$) + 
#*# -$ 
)8'#";'$)8#)*$;'$+ (#8 3)#3# '# 
#* " M;"48-"-$ -$ ')"'") ,")8"0
!#$  "H#;"8 ;# -"-# %F#) 8  #+ ;5# 84/ ')"*# # *5$'#-# JLI ;# "2/ '$ -" ABC -$ '$*3$)"'/)" -" NO8;"+,8 '# ./$ $ '"  5$)8$ '$* 
")"
'$)5P '8
"  "H#;"4Q ,$) <8=/)" >%R ;" A$0
!"# >%S%?% N#*#;# $T$*34# ";'$)8#)+ ;!"# ","48"*# " 3)$
8 !#$ -" 3)$,8 !#$ $ ;!"# 8;'$)3)$'"*# " $./"0
!#$ "2/ '"-" %U# $T$*34# -" "348
"0
!"# -# *5$'#-# JLI ;# "2/ '$ -" ABC -$ '$*3$)"'/9)" *$-8-" $* /*" $ '"0
!"# *$'$#)#45#=8
" -" NO8;"+ " *"')8H$ -$ 
#; '";9'$ -$ "48 "*$;'# $ '8*"-"  !"# Â =

[
0, 000 0, 016

0, 000 0, 348

]+ B̂ =

[
0, 000 0, 000

0, 941 0, 023

] $ D̂ =

[
0, 287 0, 000

0, 000 0, 630

]% &$ '" (#)*"+ # ,$'#) -$ $./"0
!#$ "2/ '"-# 3$4# *5$'#-# JLI 3")"3)$,8 !"# /*93"  #9:"9()$;'$ 5$
ÎI
t+1 =


 (N̂U

t−1 + T̂U
t−1) + 0, 016(XL

t − ŜL
t−s − N̂L

t−1 − T̂L
t−1)

0, 348(XL
t − ŜL

t−s) + 0, 652(N̂L
t−1 + T̂L

t−1)




+


 T̂U

t−1

0, 023(N̂L
t − N̂L

t−1) + 0, 977T̂L
t−1 + 0, 941(N̂U

t − N̂U
t−1 − T̂U

t−1)




+


 0, 287(XU

t − N̂U
t ) + 0, 713ŜU

t−s+1

0, 630(XL
t − N̂L

t ) + 0, 370ŜL
t−s+1


 .6 <8=/)" >%?? *# ')" " ABC -$ '$*3$)"'/)" )$"8 D $=*$;'# -$ )$'" 3)$'# E *$-89-" ;" NO8;" $ " 
#))$ 3#;-$;'$ ABC "2/ '"-" ,8" JLI D $=*$;'# -$ )$'" 
8;H"E%
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Figura 4.9: Ajuste da STI de preços de ações da Petrobras via método AESI.
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Figura 4.10: Ajuste da STI de preços de ações da Petrobras via método AEDI.
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Figura 4.11: Ajuste da STI de temperaturas na China via método HWI.
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 !"#$ "!%
'$( )(*$+ $,*!"!-#$.(" #*/!" +0!#(.(" ,$*$ ,*!12"'$( .! 345 2-",2*$.("!+ +0!#(.(" .! $62"$+!-#( !7,(-!-
2$6 8"$.(" ,$*$ ,*!12"'$( .! "0!*2!" #!+,(*$2"8-21$6(*$.$"9 :!-(+2-$+(" (" #*/!" +0!#(.(" ,*(,("#(" ,(* ;<3I= ;<:I ! >?I9 !"#!" #*/!" +0!#(.("= $" +$#*2@!" A2 × 2B .! 
(-"#$-#!" .! $62"$+!-#( "'$( !"#2+$C.$" 12$ #0!
-2
$" .! ,*(D*$+$%
'$( -8+0!*2
$ !+,*!D$.$" ,$*$ *!"(61!* ,*(E6!+$" .!+0F-2+(" G8$.*$.(" 62-!$*!" 
(+ *!"#*2%
'(!" !+ 
$27$9 ;" )8-%
'(!" (EH!#21( $.(#$.$""'$( $ "(+$ .! G8$.*$.(" .(" !**(" .! ,*!12"'$( 2-#!*1$6$* .! +(.( G8! (" !**(".$ ,*!12"'$( .( 62+2#! "8,!*2(* ! .$ ,*!12"'$( .( 62+2#! 2-)!*2(* "'$( 
(-H8-#$+!-#!
(+,8#$.("9
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4.5 Modelos para STI !"#$ "!%
'$( !"#'$( $)*!"!+#$,("- .+.
.$/0!+#!- $/12+" )*(
!""(" !"#(
3$"#.
("6 42! "'$(2#./.5$,(" 
(0 6*!427!+
.$ +$ !")!
.8
$%
'$( ,! 0(,!/(" )$*$ "3!*.!" #!0)(*$." 2+.9$:/(*$,$" !- !0 "!12.,$- (" 
(**!")(+,!+#!" )*(
!""(" ,!8+.,(" )$*$ ;<=- .+
/2.+,($/12+" )*!""2)("#(" 
(+".,!*$,(">?$".
$0!+#!- ( +(""( )*(@/!0$ "! *!"#*.+1! $ !"#.0$* (" )$*7$0!#*(" ,(" 0(,!/("!"#!+,.,(" )$*$ ;<= 2#./.5$+,( #3!
+.
$" 2"2$."- !>1>- 0.+.0.5$%
'$( ,! 
*.#3!*.( !"#$:@!/!
.,( +$ @2"
$ ,! 20 @(0 0(,!/( )$*$ )*!9."'$( ,! .+#!*9$/(" 62#2*(" ,$ ;<=>;!*'$( $)*!"!+#$,("- !+#'$(- 0(,!/(" )$*$ ;<= .+").*$,(" !0 0(,!/(" 
(+9!+
.(+$."
(+6(*0! 0!#(,(/(1.$ $,(#$,$ ! ,!"
*.#$ +$ ;!%
'$( A>B>
Processo intervalar aleatórioC0 $+3$/."! ,! "3!*.!" #!0)(*$." 2+.9$/(*$,$"- 20 )*(
!""( 3! ,.#( "!* puramente

aleatório "! 
(+"."#! ,! 20$ "!427!+
.$ ,! 9$*.3$9!." $/!$#3(*.$" yt .+,!)!+,!+#!" !.,!+#.
$0!+#! ,."#*.@23D,$" 
(0 03!,.$ ! 9$*.7$+
.$ 
(+"#$+#!" ! 
(9$*.7$+
.$
ck = Cov(yt, yt+k) = 0,)$*$ k 6= 0>E(0 @$"! +!"#$ .,!.$- ,.5!0(" 42! 20$ "3!*.! #!0)(*$/ .+#!*9$/$* I1, I2, . . . , In3! 20 )*(
!""( .+#!*9$/$* )2*$0!+#! $/!$#3(*.( "! #!0 03!,.$ ! 9$*.7$+
.$ 
(+"#$+#!",$,$" )!/(" 9!#(*!" @.,.0!+".(+$."

E(It) = µI =


 E(XU

t )

E(XL
t )


 =


 µU

µL


 ! Var(It) = σI2 =


 Var(XU

t )

Var(XL
t )


 =


 σU 2

σL2


 ,(2 "!F$- "! (" /.0.#!" "2)!*.(* ! .+6!*.(* "'$( )*(
!""(" )2*$0!+#! $/!$#3(*.(" .+,!:)!+,!+#!" !- $.+,$- $ 
(9$*.7$+
.$ .+#!*9$/$*- 
(0 k 6= 0- 3! ,$,$ )!/( 9!#(*


 Cov(XU

t , XU
t+k)

Cov(XL
t , XL

t+k)


 =


 0

0


 .

6Processos estocásticos são processos cuja evolução no tempo é gerada por leis probabiĺısticas.
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Passeio aleatório intervalar !"# ǫt  ! "#$
&''$ " #(!&)*& (+&(*,$#-$ 
$! !,&.-( µǫ & /(#-0()
-( σ2
ǫ 1  ! "#$
&''$

yt ,& .-*$ '&#  ! passeio aleatório '&
yt = yt−1 + ǫt.23&* ().$ ' 4'*-* -5
6$&' ' 
&''-/(' $4*,&!7'&

yt = yt−2 + ǫt−1 + ǫt

= yt−3 + ǫt−2 + ǫt−1 + ǫt888
= y0 +

t∑

j=1

ǫj . (4.21)2! 9:;1 '&<( ut = (uU
t , uL

t )⊤  ! /&*$# 4-.-!&)'-$)(+ #&"#&'&)*().$  ! "#$
&''$" #(!&)*& (+&(*,$#-$ -)*&#/(+(# 
$! /&*$# .& !,&.-(' µI
u & /&*$# .& /(#-0()
-(' σI

u1.&'-=)(!$' It  ! passeio aleatório intervalar '&
It = It−1 + ut. (4.22)>*#(/,&' .& ' 4'*-* -5
6$&' ' 
&''-/(' 
$!$ &! ?@8ABC1 
D&=(7'& (

It = It−2 + ut−1 + ut

= It−3 + ut−2 + ut−1 + ut888
= I0 +

t∑

j=1

uj .

=



 XU
0

XL
0



 +
t∑

j=1



 uU
j

uL
j





=




XU
0 +

t∑

j=1

uU
j

XL
0 +

t∑

j=1

uL
j




,

�
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uj =


 uU

j

uL
j


 =


 XU

j −XU
j−1

XL
j −XL

j−1


 .$% &'%
 ))% *+, '-./.' .0.&,.0% &.'. 123  *+)&*'.0% +% &'%
 ))% &.)) *% ./ .,4%'*%#+*-./%'.0% .  "#.5
6.% 0% /*!*, )#& '*%' +6.% 
%+)*0 '. "#./"# ' *+7%'!.5
6.% 0%/*!*, *+7 '*%'  -*
 8- ').9:+,6.%; 0 <+ 8) % &'%
 ))% &.)) *% ./ .,4%'*% *+, '-./.' 
%!% % &'%
 ))% *+, '-./.' ! "# . )4 '* 0% /*!*, *+7 '*%' {XL

t }  . )4 '* 0% /*!*, )#& '*%' {XU
t } )6.% 0%*)&'%
 ))%) &.)) *%) ./ .,4%'*%) #+*-./%'.0%) 
%+0*
*%+.0%) . XU

t ≥ XL
t &.'. ,%0% t9= ),. 7%'!.; +%,.8) "#  ), &'%
 ))% 0 <+*0% &.'. 123 4 #!. > + './*?.5
6.% 0%&'%
 ))% #+*-./%'.0%9

Processo intervalar estacionário@  ),.
*%+.'* 0.0 4 #!. )#&%)*5
6.% 
'#
*./ 7' "# +, ! +, 7 *,. )%A )4 '* ) , !&%8'.*)9 1%A  ),. )#&%)*5
6.%; . )4 '* ) 0 ) +-%/- +% , !&% ./ .,%'*.! +,  ! ,%'+%0 #!. !4 0*. 
%+),.+, ; ' B ,*+0% ./>#!. 7%'!. 0  "#*/4CA'*%  ),4.- / DE%' ,,*+  2%/%*; FGGHI JKL℄9 3+,#*,*-.! +, ; E%' ,,*+  2%/%* DFGGHI JKL℄ .<'!.! .*+0. "# #! &'%
 ))% 4  ),.
*%+4.'*% )  / ) 0 ) +-%/- +% , !&% 0 !%0% "# .  )
%/N. 0 #!. %'*> ! 0%) , !&%) +6.% 4 *!&%',.+, ; %# ) O.; .) 
.'.
, '4C),*
.) 0 {yt} )6.% .)! )!.) 0 {yt+τ}; &.'. ,%0% τ 9P 
 +, ! +, ; Q.+  , ./9 DFGGRI JLK℄  ), +0 '.! % 
%+
 *,% 0  ),.
*%+.'* 0.0 &.'. 0.0%) )*!A4%/*
%) 0% ,*&% *+, '-./%  ;  +,6.%; &'%&#) '.! #!. 0 <+*5
6.% 7%'!./0 estacionariedade intervalar9 S) .#,%' ) &.',*'.! 0. ) >#*+, 0 <+*5
6.% 0 &'%
 ))%)#+*-./%'.0%) 7'.
.! +,  ),.
*%+4.'*%)T
Definição 4.5.1. Se a média µt e a k-ésima autocovariância ck não dependem do instante

de tempo t, então o processo yt é dito ser fracamente estacionário.@ = <+*5
6.% L9U9V 4 . 0 <+*5
6.% 0  ),.
*%+.'* 0.0 7'.
. &.'. )4 '* ) , !&%'.*)#+*-./%'.0.) #).0. +% .',*>% 0 Q.+  , ./9 DFGGRI JLK℄9 W.'. 0 <+*'  ),.
*%+.'*8 0.0 &.'. 123;  / ) &.',*'.! 0% &'*+
4C&*% 0 "# #!. 123 4 /*!*,.0. &%' 0#.))4 '* ) #+*-./%'.0.)T . )4 '* 0% /*!*, )#& '*%'  . )4 '* 0% /*!*, *+7 '*%'9 1 +0%.))*!;  / ) 
%+)*0 '.! "# . 0 <+*5
6.% 0  ),.
*%+.'* 0.0 *+, '-./.' &%0 ) ' 0 8'*-.0. 0 7%'!. 0*' ,. 0% 
.)% #+*-./%'.0%  .<'!.! "# % &'%
 ))% #+*-./%'.0%
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%&'(#)%& ( *+ 
#!&  !, 
%#- .& ,)&
 !!& %'" )/#-#)  !"#
%&'(#)%&0 1 . 2'%3
4#& .  !"#
%&'#)% .#. %'" )/#-#) . 5#'  " #-0 67889: ;<=℄ ( # ! ?*%'" @
Definição 4.5.2 (Han et al., 2008). Para um processo intervalar {It} = {[XL

t ; XU
t ] | XL

t ,

XU
t ∈ IR, XU

t ≥ XL
t }∞t=−∞, se as séries temporais univaloradas {XL

t }∞t=−∞ e {XU
t }∞t=−∞

são ambas fracamente estacionárias, então este processo {It} é dito ser intervalar esta-

cionário. !"#$%&
()* !)!) +*, -)$ ". )/0 123345 678℄ :" !" ;<=) %=+*,.>)$
%) +),) ) )$:)/%;"!" ?@A0  .,)B:"; !"/"C +*, "D"=+/*C .";."; !" ";.)
%*$),%"!)!" )+/%
)!*; ) ;:",%";<$%B)/*,)!); ;" .*,$)= B:)/%!*; $* "D)=" !) ";.)
%*$),%"!)!" %$.",B)/),0 E;.";.";."; +*!"= ;", "F".<)!*; !" =*!* %$!"+"$!"$."; G); ;:",%"; !*; /%=%."; ;<+",%*," %$F",%*, !*; %$.",B)/*; "C +"/) H"#$%&
()* 70I02C 
*$;.).)!) ) ";.)
%*$),%"!)!" !")=J*; *; /%=%.";C 
*$;.).)K;" ) ";.)
%*$),%"!)!" %$.",B)/),0 +";), !" $()* ;"L<%,=*; ,%L*,*;)="$." ); ;<+*;%&
(*"; M<" "$B*/B"= ) ."*,%) !*;=*!"/*; .,)!%
%*$)%; !" ;:",%"; ."=+*,)%; <$%B)/*,)!); $) +,*+*;%&
()* !" =*!"/*;+),) ?@AC ;" $"
";;:),%*C $:*; )!*.),"=*; ) H"#$%&
()* 70I02 !" -)$ ". )/0 123345 678℄,"F",%$!*K;" ) ?@A ";.)
%*$:),%);0
4.5.1 Modelos iARMA +*+</),%!)!" " ) <.%/%N)&
()* J"= ;<
"!%!) !) =".*!*/*L%) O*DPQ"$R%$; 1O*D "Q"$R%$;C ST8U5 6S2℄ +),) =*!"/)L"= " +,"B%;()* !" ;:",%"; ."=+*,)%; <$%B)/*,)!);$*; =*.%B),)= ) 
*$;%!",), ";.,).:"L%); %$;+%,)!); $*; =*!"/*;  VW +),) * .,)K.)="$.* !" ?@A0 :E ,)N*:)B"/ ";+",), M<" * <;* !" =)%; %$F*,=)&
(*"; ).,)B:"; !)%$
/<;()* !" B),%:)B"%; 
*,,"/)
%*$)!); $* =*!"/* )<="$." ) +,"
%;()* !); +,"B%;(*";0X* "$.)$.*C 
*$B%=*; M<" * +,*
";;* !" ";.%=)&
()* !" .)/ =*!"/* :" =)%; 
*=+/"D*M<" ) ";.%=)&
()* !" =*!"/*;  VW +),) !)!*; <$%B)/*,)!*;0Y; =*!"/*;  VW ";.()* F*,."="$." ).,"/)!*; )*; +,%$
:Z+%*; !" ";+"
%#
)&
()* *<%!"$.%#
)&
()* !* =*!"/*C ";.%=)&
()* !*; +),>)=".,*; " +,"B%;()* !" ;:",%"; ."=+*,)%;0E;."; +);;*; !) =".*!*/*L%) O*DPQ"$R%$; ";.()* )+,";"$.)!*; $) [%L<,) 70S20X:*; )+,";"$.)=*;C $";.) ;"&
()*C <= $*B* +),)!%L=) +),) =*!"/)L"= " +,"B%;()*!" ?@A <;)$!* =*!"/*; %$;+%,)!*; $*; =*!"/*;  VW <$%B)/*,)!*;0 ?%=%/),="$.")*; =*!"/*;  VW <$%B)/*,)!*;C "= M<" *; ,"L,";;*,"; ;()* ); ;:",%"; !"F);)!); !)
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Figura 4.12: Diagrama da metodologia Box–Jenkins.

 !"# !$% &"'!$' % &'!  !'($&)%* +#& ,#-'.#& /01/ 
#+&)!3"4-#&  %!% 567 #& !'8!'&&#!'&&9%# %& 567 -':%&%-%& -%  !"# !$% 567 % &'!  !'($&)%; <#+:#!,' ,')#-#.#8$% -'&
!$)%+% 5'=
9%# >;?* %  !$+
$ %. $-'$% -'&)' '+:#@3' "' %&&3,$! @3' % )!%A')"#!$% -% &"'!$' -#.$,$)' &3 '!$#! -% 567* {XU
t }*  #-' &'! %:')%-%  '.% )!%A')"#!$% -% &"'!$' -# .$,$)' $+B:'!$#!* {XL

t }* ' ($
'B('!&%; C& ,#-'.#& !'&3.)%+)'& &9%# $-D'+)$
#& %#& ,#-'.#& /01/E$(%!$%-#& @3' &9%# 
%&#&  %!)$
3.%!'& -#& ,#-'.#& (')#!'& %3)#!!'8!'&&$(#& ,"'-$%&,"#('$& FG/01/H; I# '+)%+)#*  %!% %A3&)' -' 567 %.83,%& 
#+&$-'!%=
9#'& E%&'%-%&', !'&)!$=
9#'& +#&  %!D%,')!#& &9%# :'$)%&  %!% 8%!%+)$! % 
#'!D'+
$% ,%)',"%)$
% -#&$+)'!(%.#&  !'($&)#&;J#! 
#+('+=
9%#* $+)$)3.%,#& # ,#-'.# '&)'+-$-# %@3$  #! modelo intervalar baseado

no modelo /01/ #3* &$, .'&,'+)'* ,#-'.# $/01/; 6%,E"', ', !'8%,#& # )'!,#$/01/Bbased ', %!)$8# @3' &3E,')',#& % 3,  '!$"#-$
# ', KL?L;/+)'& -% % !'&'+)%=
9%# -#& ,#-'.#& $/01/* +"#& % !'&'+)%,#& E!'(','+)' #& !#
'&&#& -'+#,$+%-#& médias móveis F1/H* autorregressivos F/0H ' autorregressivos

médias móveis F/01/H  %!% &"'!$'& )', #!%$& 3+$(%.#!%-%&; 5'A% ǫt 3,  !#
'&&# 3!%,'+)' %.'%)"#!$# 
#, ,"'-$% M'!# ' (%!$D%+
$% 
#+&)%+)' σ2
ǫ * 3,  !#
'&&# yt "' -$)#&'! 3,  !#
'&&# -' ,"'-$%& ,"#('$& -' #!-', q* #3 &$, .'&,'+)' 1/FqH* &'

yt = ǫt + θ1ǫt−1 + · · ·+ θqǫt−q.J#! &3% ('M* 3,  !#
'&&# yt "' 
N%,%-# -'  !#
'&&# %3)#!!'8!'&&$(# -' #!-', p* #3
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yt = φ1yt−1 + · · ·+ φpyt−p + ǫt.' ()*
&%%*  !"p# ,& %-.-/0) 0* .*1&/* 1& )&2)&%%30* /-4&0) .,5/6-(/0$ &. 75& *% 80/*)&%1&90%01*% "(0%%01*%# 1& yt 0%%5.&. * (0(&/ 10% 80)-,08&-% &:(/-
06-80%; <&%60 9*).0$()*
&%%*%  !"p# (*1&. %&) 5%01*% 
*.* .*1&/*% %& 9*) )0=*,08&/ 0%%5.-) 75& * 80/*)0650/ 1& 5.0 %,&)-& 6&.(*)0/ 1&(&41& 1* %&5 (0%%01* -.&1-06* .0-% 5. &))*$ ǫt; 6)08,&% 10 
*.>-40?
30* 1*% .*1&/*%  !"p# & @ "q# (*1&A%& *>6&) 5.0 )&()&A%&460?
30* 01&75010 
*. 5.0 75046-101& .&4*) 1& (0)B0.&6)*%; C%60 
*.>-40?
30*,& 1&%-24010 (*) .*1&/*% 056*))&2)&%%-8*% .,&1-0% .,*8&-% 1& *)1&4% p & q$ *5 %-.A(/&%.&46&  !@ "p, q#;  *)1&. p 
*))&%(*41& D0% 
*.(*4&46&% 056*))&2)&%%-80%& 0 *)1&. q D0% 
*.(*4&46&% .,&1-0% .,*8&-%; C. 101*% 54-80/*)01*%$ *% .*1&/*% !@ "p, q# %30* &%(&
-0/.&46& ,56&-% (*)$ 2&)0/.&46&$ 
*415=-)&. 0 5.0 .*1&/02&..0-% (0)
-.*4-*%0 75& 0 *>6-10 06)08,&% 1*% .*1&/*% 056*))&2)&%%-8*% & 1*% .*1&/*%1& .,&1-0% .,*8&-% -41-8-150/.&46&; ' .*1&/*  !@ "p, q# ,& 101* (*)

yt = φ1yt−1 + · · ·+ φpyt−p + ǫt + θ1ǫt−1 + · · ·+ θqǫt−q

=

p∑

i=1

φiyt−i + ǫt +

q∑

j=1

θjǫt−j , (4.23)&. 75& ǫt ,& 5. ()*
&%%* (5)0.&46& 0/&06,*)-* 
*. .,&1-0 =&)* & 80)-B04
-0 
*4%6046&
σ2

ǫ E φi$ 
*. i = 1, . . . , p$ & θj$ 
*. j = 1, . . . , q$ %30* *% (0)B0.&6)*% 1* .*1&/* 0 %&)&.&%6-.01*%; F*6& 75& *% .*1&/*%  ! & @ (*1&. %&) *>6-1*% 
*.* 
0%*% &%(&
-0-%1* .*1&/*  !@ $ 75041* q = 0 & p = 0$ )&%(&
6-80.&46&;G%041* 0 .&6*1*/*2-0 1&%
)-60 40 H&?
30* I;J$ -;&;$ 
*. 0 %5>%6-65-?
30* 1* &%
0/0) yt40 &750?
30* "I;KL# (&/* 8&6*) -46&)80/* It & 6*.041*$ &. 8&= 1& (0)B0.&6)*% &%
0/0)&%$.06)-=&% "2×2# 1& (0)B0.&6)*%$ ()*.*8&.*% 0 &:6&4%30* 1*% .*1&/*% 056*))&2)&%%-8*%.,&1-0% .,*8&-% 1& *)1&. p & q (0)0 6)060) HMN$ 1&%-24010 .*1&/*% - !@ "p, q#; %%-.$ * .*1&/* - !@ "p, q# ,& 101* (*)
It = Φ1It−1 + · · ·+ ΦpIt−p + ut + Θ1ut−1 + · · ·+ Θqut−q

=

p∑

i=1

ΦiIt−i + ut +

q∑

j=1

Θjut−j . (4.24)&. 75& ut = (uU
t , uL

t )⊤ ,& 5. ()*
&%%* -46&)80/0) (5)0.&46& 0/&06,*)-* 
*. 8&6*) 1&



4.5 Modelos para STI 80 !"#$%& '()* " +",*- #" +%-$.%'
$% 
*'&,%',"0 $1"10
E(ut) =


 E(uU

t )

E(uL
t )


 =


 0

0


 " Var(ut) =


 Var(uU

t )

Var(uL
t )


 =


 (σU

u )2

(σL
u )2


 .2&  %,-$3"& 42 × 25 #" 6%-.% ",-*& #*  *#")* $27824p, q50 Φi0 
* i = 1, . . . , p0 "

Θj0 
* j = 1, . . . , q0 &9%* #%#%& 6*-
Φi =


 φi1 φi2

φi3 φi4


 " Θj =


 θj1 θj2

θj3 θj4


 ,#"  *#* :(" *& ")" "',*& #%&  %,-$3"& #" 6%-.% ",-*& Φi " Θj &9%* *& 
*";
$"',"&#*  *#")*1<=6%'#$'#* % "=6-"&&9%*  %,-$
$%) 4>1?>50 *  *#")* $27824p, q5 6*#" &"- -""&@
-$,* 
* *

It =



 XU
t

XL
t



 =

p∑

i=1



 φi1 φi2

φi3 φi4







 XU
t−i

XL
t−i



 +



 uU
t

uL
t



 +

q∑

j=1



 θj1 θj2

θj3 θj4







 uU
t−j

uL
t−j





=

p∑

i=1


 φi1X

U
t−i + φi2X

L
t−i

φi3X
U
t−i + φi4X

L
t−i


 +


 uU

t

uL
t


 +

q∑

j=1


 θj1u

U
t−j + θj2u

L
t−j

θj3u
U
t−j + θj4u

L
t−j




=




p∑

i=1

(
φi1X

U
t−i + φi2X

L
t−i

)
+

q∑

j=1

(
θj1u

U
t−j + θj2u

L
t−j

)
+ uU

t

p∑

i=1

(
φi3X

U
t−i + φi4X

L
t−i

)
+

q∑

j=1

(
θj3u

U
t−j + θj4u

L
t−j

)
+ uL

t




=




p∑

i=1

φi1X
U
t−i + uU

t +

q∑

j=1

θj1u
U
t−j +

p∑

i=1

φi2X
L
t−i +

q∑

j=1

θj2u
L
t−j

p∑

i=1

φi4X
L
t−i + uL

t +

q∑

j=1

θj4u
L
t−j +

p∑

i=1

φi3X
U
t−i +

q∑

j=1

θj3u
U
t−j




.

(4.25)

�A*," :(" %& #(%& ":(%B
9*"& #*  *#")* ,." *&  "& *& -"C-"&&*-"& D &!"-$"& #"E%&%#%&#" XL
t 0 XU

t 0 uL
t " uU

t D " +"F% :(" *& ,-."& 6-$ "$-*& ,"- *& #" 
%#% ":(%B
9%* ":($+%)" %*  *#")* 2782 6%-% &!"-$"& ," 6*-%$& ('$+%)*-%#%&1 2&&$ 0 % 6-"+$&9%* #" ( )$ $," %,-%+!"& #*  *#")* $27824p, q5 !" #%#% 6")% 6-"+$&9%* #"&," )$ $," 6")*  *#")*2782 ('$+%)*-%#*  %$& #*$& ,"- *& -"E"-"',"& G% $'E*- %B
9*"& #* *(,-* )$ $,"1



4.5 Modelos para STI 81 !"# $#%&'!% (# !)*+!,,-#. /01234 56!7 ,! Φi ! Θj ,-#. %#$+89!, :8#;.(#8, /φi2 =

φi3 = 0 ! θj2 = θj3 = 07 ∀ i, j47 . %.:!<. 8=>?= $!% :6#, !56#@
-.!, 8(:!*!(:!($!,781!17 # *+!B8,-#. :! 6% :., <8%8$!, 8(:!*!(:! :! 8(C.+%#@
-.!, :. .6$+. <8%8$!1 D,,. C#9
.% 56! # EFD ,!"# #"6,$#:# #$+#B'!, :! :.8, %.:!<., =>?= 6(8B#<.+#:.,7 !% 56!#, ,'!+8!, :. <8%8$! ,6*!+8.+ ! :. <8%8$! 8(C!+8.+ ,-#. $+#$#:#, 
.%. :#:., 
<'#,,8
.,1G.+ H%7 . %.:!<. 8=>?= %#($'!% # *+.*+8!:#:! :! ,!+ 6%# ;!(!+#<89#@
-#. :.%.:!<. 6(8B#<.+#:.7 .6 ,!"#7 ,! XL
t = XU

t ! uL
t = uU

t 7 ∀t7 !($-#. . %.:!<. 8=>?= ,!+!:69 #. %.:!<. =>?= 6(8B#<.+#:.1I.%. (., %.:!<., =>?= !% :#:., 6(8B#<.+#:.,7 #5687 ., %.:!<., #6$.++!J;+!,,8B., *#+# EFD7 8=>/p47 ! ., %.:!<., :! %'!:8#, %'.B!8, *#+# EFD7 8?=/p47 ,-#..&$8:., 
.%. 
#,., !,*!
8#8, :., %.:!<., 8=>?=/p, q47 56#(:. q = 0 ! p = 07+!,*!
$8B#%!($!1K %.:!<. 8=>/p4 '! :#:. *.+
It = Φ1It−1 + · · ·+ ΦpIt−p + ut

=

p∑

i=1

ΦiIt−i + ut (4.26)! !)*#(:8:. :# C.+%#
It =


 XU

t

XL
t


 =

p∑

i=1


 φi1 φi2

φi3 φi4




 XU

t−i

XL
t−i


 +


 uU

t

uL
t




=

p∑

i=1


 φi1X

U
t−i + φi2X

L
t−i

φi3X
U
t−i + φi4X

L
t−i


 +


 uU

t

uL
t




=




p∑

i=1

φi1X
U
t−i +

p∑

i=1

φi2X
L
t−i + uU

t

p∑

i=1

φi4X
L
t−i +

p∑

i=1

φi3X
U
t−i + uL

t



.

�L(56#($. 56! . %.:!<. 8?=/p4 '! :# C.+%#
It = ut + Θ1ut−1 + · · ·+ Θqut−q

= ut +

q∑

j=1

Θjut−j ,



4.5 Modelos para STI 82 
It =


 XU

t

XL
t


 =


 uU

t

uL
t


 +

q∑

j=1


 θj1 θj2

θj3 θj4




 uU

t−j

uL
t−j




=


 uU

t

uL
t


 +

q∑

j=1


 θj1u

U
t−j + θj2u

L
t−j

θj3u
U
t−j + θj4u

L
t−j




=




uU
t +

q∑

j=1

θj1u
U
t−j +

q∑

j=1

θj2u
L
t−j

uL
t +

q∑

j=1

θj4u
L
t−j +

q∑

j=1

θj3u
U
t−j



,

� ! "# ut = (uU
t , uL

t )⊤ $ #! %&'
 ))' *+, &-./.& %#&.! +, ./ .,$'&*' 
'! - ,'& 0 !$ 0*.) +#/'  - ,'& 0 -.&*1.+
*. 
'+),.+, 23 ) 4#*& 0 )
& - & !') #! %&'
 0*! +,' %'))$5- / %.&.  ),*!.6
7.' 0 %.&1.! ,&')0 !'0 /') *38932 : !$ ,'0' .%/*
.0' $ #!. .0.%,.6
7.' 0 !$ ,'0') 
/$.))*
') 0  ),*!.6
7.' 0 !'0 /') 3893 #+*-./'&.0')2
4.5.2 Estimação irrestrita de modelos iARMA3%$') ;'&!#/.6
7.' !., !$.,*
. 0' !'0 /' *3893<p, q=> ' %&$'?*!' %.))' $ %&'
 0 &
'! .  ),*!.6
7.' 0.) !.,&*@ ) 0 %.&1.! ,&') Φi  Θj 
'+0*
*'+.0. A. BCD 'E) &F-.0.2 : !$ ,'0' 0  ),*!.6
7.' 0') %.&1.! ,&') 0') !'0 /') *3893<p, q= $ 0 &*-.0'0 !$ ,'0') 
/$.))*
') 0  ),*!.6
7.' 0 !'0 /') 3893 %.&. )$ &* ) , !%'&.*) #+*-.F/'&.0.)2G*),' "# . 0*),&*E#*6
7.' 0' %&'
 ))' 4 &.0'& 0 BCD .*+0. +7.' ;'*  ),#0.0.  > +,7.'> $ 0 )
'+H 
*0.> ./4#+) !$ ,'0') 
/$.))*
') 0  ),*!.6
7.' +7.' )7.' .%/*
$.- *) %.&. ),*!.6
7.' 0 !'0 /') *3893<p, q=2 I'&  ? !%/'> 
'!' +7.' 
'+H 
 !') . 0*),&*FE#*6
7.' 0 ), %&'
 ))'> +7.' 
'+H 
 !') . ;#+6
7.' - &'))*!*/H.+6
. "# $ & "# &*0. +. ),*!.6
7.' %'& !$.?*!. - &'))*!*/H.+6
.> ' "# +') *!% 0 0 #).& ,./ !$ ,'0'2 J!../, &+.,*-. "#  +
'+,&.!') ;'* *!%/ ! +,.&!') ,$ 
+*
.) 0 ',*!*@.6
7.' +#!$ &*
. ! "# ') %.&1.! ,&')  ),*!.0') )7.' #!. )'/#6
7.' 0. !*+*!*@.6
7.' 0 
&*,$ &*')  )F% 
$5K
') 0 )
.&,.+0'> .))*!> %& ))#%')*6
7' ) )'E& ' %&'
 ))' {It}2



4.5 Modelos para STI 83 !"#$%& 
()&*+,-%.
/(,& &(0-, (& $(+,!(& * 12 $,-,
,$ +,&3%4#, %)3,& +,%5-,&,)3%-$(& ( 5-(
,+*$,)3( +, ,&3*$%.
/%( %+(3%+(6 7()&*+,-, % &,"#*)3, 8(-$%,95%)+*+% +( $(+,!( * 12 :p, q;<
It =




p∑

i=1

φi1X
U
t−i + uU

t +

q∑

j=1

θj1u
U
t−j +

p∑

i=1

φi2X
L
t−i +

q∑

j=1

θj2u
L
t−j

p∑

i=1

φi4X
L
t−i + uL

t +

q∑

j=1

θj4u
L
t−j +

p∑

i=1

φi3X
U
t−i +

q∑

j=1

θj3u
U
t−j




.=(+,$(& >,- 4#,? %5,&%- +( $(+,!( * 12 :p, q; &,- ,&
-*3( 
($( #$ >,3(- 0*+*@$,)&*()%! 
($5(&3( 5(- +(*& $(+,!(& +*&3*)3(& A 
%+% #$ 
()&*&3*)+( +% 5-,>*&/%(+, #$ !*$*3, A? % 4#%)3*+%+, +, 3,-$(& %#3(--,"-,&&*>(&? p? B, % $,&$% 5%-% %$0(&(& $(+,!(&? %&&*$ 
($( B, % $,&$% % 4#%)3*+%+, +, 3,-$(& $B,+*%& $B(>,*&? q6 7($*&&(? ( )B#$,-( +, 5%-C%$,3-(& % &,- ,&3*$%+( 5%-% 5-,>*&/%( +( !*$*3, &#5,-*(- B, ($,&$( % &,- ,&3*$%+( 5%-% 5-,>*&/%( +( !*$*3, *)8,-*(-? *6,6? 2(p + q) 5%-C%$,3-(& ,$
%+% ,4#%.
/%(6 D# &,E%? ( )B#$,-( +, >%!(-,& 5%&&%+(& 
()&*+,-%+(& )( $(+,!( +(!*$*3, &#5,-*(- B, *"#%! %( )B#$,-( +, >%!(-,& 5%&&%+(& 
()&*+,-%+(& )( $(+,!( +(!*$*3, *)8,-*(-6 F&3% B, #$% 
%-%
3,-BG&3*
% *$5(-3%)3, 4#, +,>, &,- 
()&*+,-%+% )%&,4#%.
/(,& &*$#!3C%),%&6 H*&3( *&&(? ( )B#$,-( 3(3%! +, 5%-C%$,3-(& % &,-,$ ,&3*$%+(&,$ #$ $(+,!( * 12 :p, q; B, 4(p + q)6I%))%) , 1*&&%),) :JKLM; NOK℄ 5-(5#&,-%$ 5%-% +%+(& #)*>%!(-%+(& ( $B,3(+( +,,&3*$%.
/%( 
()Q,
*+( 5(- mı́nimos quadrados em dois estágios :2RMF;6 S% ,&3*$%.
/%(+, $(+,!(&  12 #)*>%!(-%+(&? % *+,*% +( ,&3*$%+(- +, 2RMF B, %E#&3%- T% &B,-*,
yt #$ $(+,!( %#3(--,"-,&&*>( 5#-( +, %!3% (-+,$ ,$ #$ 5-*$,*-( ,&3B%"*( 
($% U)%!*+%+, +, ,&3*$%- (& -,&BG+#(&6 D& -,&BG+#(& ,&3*$%+(&? ǫ̂t? 5(- ,&3, $(+,!(%#3(--,"-,&&*>( &/%( ,&3*$%3*>%& +(& >,-+%+,*-(& -,&BG+#(&? ǫt? ,$ :O6MV;6 S( &,"#)+(,&3B%"*(? (& -,&BG+#(& ǫ̂t &/%( #&%+(& ,$ &#0&3*3#*.
/%( +, ǫt , #$% )(>% ,&3*$%.
/%( B,,8,3#%+%? *6,6? #$% -,"-,&&/%( +, yt ,$ yt−i? 
($ i = 1, . . . , p? , ǫ̂t−j? 
($ j = 1, . . . , q5%-% 
($0*)%.
/(,& +, >%!(-,& +, p , q6 D $B,3(+( +, ,&3*$%.
/%( +, 2RMF B, +, 8B%
*!*$5!,$,)3%.
/%( 
($5#3%
*()%!6=%-% ,&3*$%.
/%( +, $(+,!(& #)*>%!(-%+(&? +*8,-,)3,& -,"-%& 5%-% &,!,.
/%( +( )B#$,@-( +, +,8%&%",)&? *6,6? +% (-+,$ +( $(+,!(  1:l; *)*
*%! 8(-%$ 5-(5(&3%&6 =(- ,9,$@5!(? I%))%) , W%>%!*,-*& :JKLO; NOL℄ 5-(5#&,-%$ &,!,
*()%- l %3-%>B,& +(& 
-*3B,-*(&
Akaike’s Information Criterion : X7; (# Bayesian Information Criterion :YX7;? ,)@4#%)3( W(-,*&Q% , =#ZZ*!% :JKK[; N\L℄ 5-(5#&,-%$ ,&
(!Q,- l =

√
n (# l = 1

2

√
n? ,$



4.5 Modelos para STI 84 !" l #" $ %#!&"'$ (" (")*+*,"%+ '" !"'-($ " *!&"%.* 
$& $ .*&*%0$ (* *&$+.'*1
n2 3*'* 4'$
"("' 
$& * "+.-&*5
6*$ (*+ &*.'-7"+ (" 4*'8*&".'$+ ($+ &$("9$+ -:;<:(" $'("& p, q > 01 %#$+ 
$%+-("'*&$+ $ 4'$
"(-&"%.$ "& ($-+ "+.#*,-$+ (" =*%%*%" ;-++*%"% >?@ABC DE@℄1 %$ "%.*%.$1 G*9" +*9-"%.*'  !" *9,!&*+ *(*4.*5
6$"+ )$'*&-%+"'-(*+ %$ 4'$
"++$ (" "+.-&*5
6*$ ($ &$("9$ -:;<:2H 4'$
"(-&"%.$ *($.*($ #" +-&-9*' *$ 
*+$ !%-G*9$'*($ " .*&I#"& (" )#*
-9 -&49"J&"%.*5
6*$2 : -("-* #" !+*' * '"4'"+"%.*5
6*$ K%-.* -:; (*(* "& >E2BLC 
$& * K%*9-(*("(" "+.-&*' $+ '"+#M(!$+ ut %$ 4'-&"-'$ "+.#*,-$2 3$' +-&49-
-(*("1 $4.*&$+ 4"9* +!J,"+.6*$ "& &$("9$+ !%-G*9$'*($+ (" N$'"-+0* " 3!OO-9* >?@@PC DQA℄ %* "+
$90* ("
l = 1

2

√
n %$ &$("9$ -:;>lC ($ 4'-&"-'$ "+.#*,-$2 R$ +",!%($ "+.#*,-$ ($ %$++$ 4'$J
"(-&"%.$ (" "+.-&*5
6*$1 $+ '"+#M(!$+ ($ &$("9$ -:;>lC1 ût1 +6*$ -%+"'-($+ "& >E2BEC%$ 9!,*' (" ut "1 "%.6*$1 * "+.-&*5
6*$ (* &*.'-7 (2× 2(p + q))1

Π = (Φ1, . . . ,Φp,Θ1, . . . ,Θq)'"4'"+"%.*%($ $ 
$%S!%.$ (" 4*'8*&".'$+ ("+
$%0"
-($+ ($ &$("9$ -:;<:>p, qC1+"'#* "T"
!.*(*2 U$&$ +"'#* (".*90*($ * +",!-'1 .*%.$ 4*'* "+.-&*5
6*$ ($ &$("9$-:;>lC %$ 4'-&"-'$ "+.#*,-$  !*%.$ %* "+.-&*5
6*$ K%*9 (* &*.'-7 Π %$ +",!%($"+.#*,-$1 +6*$ !.-9-7*(*+ .#"
%-
*+ (" $.-&-7*5
6*$ %!&#"'-
*2U$& $ "%)$ !" 
$%+-("'*($ %"+.* ."+"1 %$++$ $IS".-G$ #" "%
$%.'*' $ 
$%S!%.$(" 4(p + q) G*9$'"+ (" 
$"K
-"%."+ ($ &$("9$1 Π1  !" &-%-&-7*& $ 
'-.#"'-$ '"4'"J+"%.*($ 4$' !&* &"(-(* (" 4'"
-+6*$ (" 4'"G-+6*$2 :++-&1 $ &#".$($ "&4'",*($ %*"+.-&*5
6*$ (" 4*'8*&".'$+ (" &$("9$+ -:;<:>p, qC 
$%+-+." (* !.-9-7*5
6*$ (" .#"
%-
*+(" $.-&-7*5
6*$ 4*'* &-%-&-7*' $ 
'-.#"'-$ "+
$90-($2R#$+ *++!&-&$+ 
$&$ 
'-.#"'-$ * +$&* ("  !*('*($+ ($+ "''$+ (" 4'"G-+6*$ %*)$'&* -%."'G*9*'  !" #" !&* )!%5
6*$ "+
*9*' (*(* 4$'
G(Π) =

n∑

t=1

(It − Ît)
⊤(It − Ît)

=

n∑

t=1

(XU
t − X̂U

t )2 +

n∑

t=1

(XL
t − X̂L

t )2. (4.27):++-&1 * "+.-&*5
6*$ (*+ &*.'-7"+ (" 4*'8*&".'$+ ($+ &$("9$+ -:;<: 4$(" +"'.'*.*(* 
$&$ !& problema de mı́nimos quadrados linear. ;""+
'"G"%($ * "T4'"++6*$



4.5 Modelos para STI 85 !"#$%& '()*+ ,-( . /-01
3.* *45('67* . +(8 )606)69.:. ;.8. (+'6).1
3.* :*+ ;.8<.)('8*+:* )*:(=* 6>?@> p, q% A( :.:. ;*8
G(φik, θjk) =

n∑

t=1

(
XU

t −
p∑

i=1

φi1X
U
t−i −

q∑

j=1

θj1u
U
t−j −

p∑

i=1

φi2X
L
t−i −

q∑

j=1

θj2u
L
t−j

)2

+
n∑

t=1

(
XL

t −
p∑

i=1

φi4X
L
t−i −

q∑

j=1

θj4u
L
t−j −

p∑

i=1

φi3X
U
t−i −

q∑

j=1

θj3u
U
t−j

)2

,

(4.28)
*) i = 1, . . . , p& j = 1, . . . , q ( k = 1, . . . , 4" B* 
.+* ;.8'6
-=.8 :* )*:(=* 6>? p%& ./-01
3.* *45('67* . +(8 )606)69.:. A( :.:. ;*8
G(φik) =

n∑

t=1

(
XU

t −
p∑

i=1

φi1X
U
t−i −

p∑

i=1

φi2X
L
t−i

)2

+
n∑

t=1

(
XL

t −
p∑

i=1

φi4X
L
t−i −

p∑

i=1

φi3X
U
t−i

)2

. (4.29)C.+(.:* 0. /-01
3.* *45('67* G(φik, θjk) ()  !"#D%& 0A*+ (+
8(7()*+ * ;8*
(++* :((+'6).1
3.* :.+ ).'869(+ :( ;.8<.)('8*+ :* )*:(=* 6>?@> p, q% 
*)* -) ;8*4=().:( *'6)69.1
3.*& *- +(5.&
min
φ,θ

G(φik, θjk).E ;8*4=(). :( )606)69.1
3.* :(F06:* .
6).& () ,-( G(φik, θjk) A( /*8)-=.:. 
*)* !"#D%& ;*:( +(8 8(+*=76:* /.
6=)(0'( ( :( /*8). (F
6(0'( 76. )A('*:*+ :( ;8*GH8.).1
3.* 0-)A(86
."B* .5-+'( :( )*:(=*+ 6>? p%& .+ (+'6).'67.+ :.+ ).'869(+ :( ;.8<.)('8*+ Φ1& . . .&
Φp +3.* *4'6:.+ () -) A-06
* (+'A.H6*& 4.+'.0:* )606)69.8 . /-01
3.* *45('67* G(φik):.:. ()  !"#I%"J( . F0.=6:.:( A( .5-+'.8 )*:(=*+ 6>?@> p, q% :( *8:() p, q 6= 0& * ;8*
(:6)(0'*() :*6+ (+'A.H6*+ A( 8(,-(86:*" J(0:* .++6)& .:*'.:* * ;8*
(:6)(0'* () :*6+ (+'A.H6*+
*)* () K.00.0 ( ?6++.0(0  LID#% M!I℄& . 8(H8. ;.8. +(=(1
3.* :. *8:() :* )*:(=*>? l% 606
6.= +-H(86:. ;*8 O*8(6+P. ( Q-RR6=.  LIIS% MTD℄& 6"("& l = 1

2

√
n ( :( ;*++(:. /-01
3.* *45('67* G(φik, θjk) ,-( 0A*+ :(F06)*+& * ;8*
(:6)(0'* ;.8. (+'6).1
3.* :.+).'869(+ :( ;.8<.)('8*+ :* )*:(=* 6>?@> p, q% A( 
*)* +(H-("



4.5 Modelos para STI 86 !"#$%#"& %'()*+#& ,& *-+&"#($& *,*!(*,& !*"* ./0 
&2'#'(% ,% 3$* *3(&""%4+"%''5*& #2(%"6*-*" ,% *-(* &",%$ ,& (#!&
It =

l∑

i=1

Φ
(1)

i
It−i + ut,%$ 73% *' $*("#8%' ,% !*"9*$%("&' ,& !"#$%#"& %'()*+#& Φ

(1)

i
'5*& %'(#$*,*' *("*6)%',* $#2#$#8*:
5*& ,& 
"#()%"#&

G(φik) =

n∑

t=1

(
XU

t −
l∑

i=1

φi1X
U
t−i −

l∑

i=1

φi2X
L
t−i

)2

+

n∑

t=1

(
XL

t −
l∑

i=1

φi4X
L
t−i −

l∑

i=1

φi3X
U
t−i

)2

, (4.30)
&$ l = 1
2

√
n; <'(#$*,*' *' $*("#8%' Φ

(1)

i
= 2)&' 
&$!3(*$&' &' "%')>,3&' %'(#$*,&'=

ût = It −
l∑

i=1

Φ̂
(1)

i
It−i,%$ 73% Φ̂

(1)

i
'5*& *' %'(#$*(#6*' 2& !"#$%#"& %'()*+#&;?& '%+32,& %'()*+#&= &' "%')>,3&' %'(#$*,&' ût '5*& #2'%"#,&' %$ @A;BAC 2& -3+*" ,%

ut % 2)&' %'(#$*$&' *' $*("#8%' ,% !*"9*$%("&' Π = (Φ1, . . . ,Φp,Θ1, . . . ,Θq) *("*6)%',* "%!"%'%2(*:
5*&
It = Φ1It−1 + · · ·+ ΦpIt−p + Θ1ût−1 + · · ·+ Θqût−q

=




p∑

i=1

φi1X
U
t−i +

q∑

j=1

θj1û
U
t−j +

p∑

i=1

φi2X
L
t−i +

q∑

j=1

θj2û
L
t−j

p∑

i=1

φi4X
L
t−i +

q∑

j=1

θj4û
L
t−j +

p∑

i=1

φi3X
U
t−i +

q∑

j=1

θj3û
U
t−j



, (4.31)$#2#$#8*2,& * D32:
5*& &EF%(#6&

G(φik, θjk) =

n∑

t=1

(
XU

t −
p∑

i=1

φi1X
U
t−i −

q∑

j=1

θj1û
U
t−j −

p∑

i=1

φi2X
L
t−i −

q∑

j=1

θj2û
L
t−j

)2

+

n∑

t=1

(
XL

t −
p∑

i=1

φi4X
L
t−i −

q∑

j=1

θj4û
L
t−j −

p∑

i=1

φi3X
U
t−i −

q∑

j=1

θj3û
U
t−j

)2

.

(4.32)G''#$= *' %'(#$*(#6*' Π̂ = (Φ̂1, . . . , Φ̂p, Θ̂1, . . . , Θ̂q) '5*& &E(#,*';
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Exemplo 4.5 (Aplicação do modelo iARMA).  !"#$#%&'()$ *( #+#(!,) 
)( ) '.*$&#/# ()/#,)$ 0 12 3p, q4 5' 678 /)$ !"#9
)$ /0:'"0)$ /# %#;)
0'9
<)#$ /# '9
<)#$ /' =#>&")?"'$ 
0&'/' %' 6#9
<') @ABACA D:)$ '.*$&'()$ *( ()/#,) 0 13C4 # *( ()/#,)0 12 3CEC4A  F%',0/'/# /#$&# #+#(!,) %<') :# 'G',0'" '$ !"#
0$<)#$ /'$ !"#G0$<)#$ #$0( 0,*$&"'" ) *$) /) ()/#,) 0 12 A='"' ) ()/#,) 0 13C4E ' ('&"0H /# !'"I'(#&")$ #$&0('/' !'"' ' 678 /# !"#9
)$ /#'9
<)#$ /' =#&")?"'$ J)0 Φ̂1 =

[
0, 603 0, 407

0, 384 0, 606

] #E 
)%$#K*#%&#(#%&#E ) ()/#,) '.*$&'/)J)0
Ît =


 0, 603XU

t−1 + 0, 407XL
t−1

0, 606XL
t−1 + 0, 384XU

t−1


. L0;*"' @ACM ()$&"' )$ 0%&#"G',)$ "#'0$ 3$#;(#%&)$ /# "#&' !"#&)$4 /#$&' 678 # )$0%&#"G',)$ '.*$&'/)$ G0' ()/#,) 0 13C4 3$#;(#%&)$ /# "#&' 
0%H'4A='"' ) ()/#,) 0 12 3CEC4E '$ ('&"0H#$ /# !'"I'(#&")$ #$&0('/'$ !'"' ' 678 /#!"#9
)$ /# '9
<)#$ /' =#&")?"'$ J)"'( Φ̂1 =

[
1, 332 −0, 339

0, 450 0, 538

] # Θ̂1 =

[
−0, 658 0, 838

0, 193 0, 079

]K*# 0(!,0
'( %) ()/#,) '.*$&'/)
Ît =



 1, 332XU
t−1 − 0, 658uU

t−1 − 0, 339XL
t−1 + 0, 838uL

t−1

0, 538XL
t−1 + 0, 079uL

t−1 + 0, 450XU
t−1 + 0, 193uU

t−1



.N ()/#,) 0 1 %) !"0(#0") #$&:';0) /) !")
#/0(#%&) /# #$&0('9
<') J)0 '.*$&'/) 
)(
l = 4A  L0;*"' @AC@ ()$&"' )$ 0%&#"G',)$ "#'0$ 3$#;(#%&)$ /# "#&' !"#&)$4 /#$&'678 # )$ 0%&#"G',)$ '.*$&'/)$ G0' ()/#,) 0 12 3CEC4 3$#;(#%&)$ /# "#&' 
0%H'4AD#$&' $#9
<')E %:)$ '!"#$#%&'()$ ' J)"(' ;#"', /)$ ()/#,)$ 0 12 K*# !")!)>()$ !'"' ()/#,';#( # !"#G0$<') /# 678 # ) (:#&)/) /# #$&0('9
<') /'$ ('&"0H#$ /#!'"I'(#&")$A D' $#9
<') $#;*0%&#E %:)$ !")!)()$ *(' %)G' G#"$<') /) !")
#/0(#%&)/# #$&0('9
<') /#$&#$ ()/#,)$A O$&' %)G' G#"$<') &#( !)" F%',0/'/# 
)%$0/#"'" '
)#"I#%
0' ('&#(:'&0
' 0%#"#%&# ')$ /'/)$ $0(?:),0
)$ 0%&#"G','"#$ #( K*# XU

t ≥ XL
t E

t = 1, . . . , nA N %)G) !")
#/0(#%&) 
)%$0$&# #( 0(!)" "#$&"09
<)#$ /*"'%&# ' )&0(0H'9
<')
)( ' F%',0/'/# /# )?&#" #$&0('&0G'$ /# !'"I'(#&")$ K*# ;'"'%&'( K*# X̂U
t ≥ X̂L

t

∀tA
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Figura 4.13: Ajuste da STI de preços de ações da Petrobras via modelo iAR(1).
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Figura 4.14: Ajuste da STI de preços de ações da Petrobras via modelo iARMA(1,1).
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4.5.3 Estimação restrita de modelos iARMA !"#$#%&'()$* %#$&' $#+
-')* .(' /#"$-') ()012
'0' 0) !")
#01(#%&) 0# #$&1('+
-')0'$ ('&"13#$ 0# !'"4'(#&")$ 0# ()0#5)$ 1 67 !")!)$&)$ %' 8#+
-') 9:;:<: =$&' %)/'/#"$-') $."># 0' %#
#$$10'0# 0# 
)%$10#"'" .(' !#
.51'"10'0# 0)$ 0'0)$ $1(?@)51
)$0) &1!) 1%&#"/'5): =$!#
12
'(#%&#* '$ ()012
'+
-)#$ 
)%$1$&#( #( 
)%$10#"'" '"#5'+
-') 0# )"0#( #%&"# )$ /'5)"#$ 0# XU
t # XL

t * 1:#:* ' 
)#"4#%
1' ('&#(@'&1
' 1%#"#%&#')$ 0'0)$ $1(?@)51
)$ 1%&#"/'5'"#$* #( A.# XU
t ≥ XL

t * !'"' &)0) t: B'@C ' %#
#$$10'0#0' 1(!5#(#%&'+
-') 0# .( (#
'%1$() 0# #$&1('+
-') 0# !'"4'(#&")$ A.# D)"%#+
' 1%&#"E/'5)$ 'F.$&'0)$ # !"#/1$&)$ A.# &'(?@#( "#$!#1&#( #$&' 
)#"4#%
1' ('&#(@'&1
'* 1:#:*
X̂U

t ≥ X̂L
t : $ ()012
'+
-)#$ '!51
'0'$ ') ()0#5) 1 67 
)%$1$&#( #( 1%
)"!)"'" G' ()0#E5'>#( 0' 8HI (@#&)0)$ 0# #$&1('+
-') #( A.# )$ !'"4'(#&")$ $-') $.F#1&)$ ' '5>.('$
)%01+
-)#$ #$!#
1'1$: J)( 1$$)* ) #$!'+
) !'"'(@#&"1
) 0)$ %)/)$ ()0#5)$ !'$$' ' $#""#$&"1&): K)" #$&' "'3-')* 
L'('()$ ' %)/' /#"$-') 0# modelo iARMA com restrições

nos parâmetros ).* $1(!5#$(#%&#* modelo iARMA-restrito: K'"' #$&1('" '$ ('&"13#$0# !'"4'(#&")$ 0) ()0#5) 1 67 E"#$&"1&)* %@)$ #(!"#>'()$ &@#
%1
'$ 0# )&1(13'+
-')
)( "#$&"1+
-)#$ 51%#'"#$ 0# 0#$1>.'50'0# #$&'?#5#
10'$ !#5) .$.@'"1): M !")
#01(#%&)0# #$&1('+
-') "#$&"1&' $#"@' 0#$
"1&) #( 0#&'5L#$ ' $#>.1": %&#$ 0# 1%1
1'"()$ ' '!"#$#%&'+
-') 0) !")
#01(#%&) 0# #$&1('+
-')* D'"#()$ .('"#$$'5/':  $ "#$&"1+
-)#$ '!"#$#%&'0'$ %#$&' $#+
-') $-') /@'510'$ $)? ' $.!)$1+
-') 0# A.#
{It} = {[XL

t ; XU
t ]} @# .(' 8HI !'"&1
.5'" &'5 A.# ' $@#"1# .%1/'5)"'0' {XL

t }∞t=−∞ @# .('$@#"1# %-')E%#>'&1/'* 1:#:* XL
t ≥ 0* ∀t: N) 
'$) #( A.# ' $@#"1# XL

t %-') $'&1$D'+
' #$&'
)%01+
-') !'"' '5>.( t* ' )!#"'+
-') ('&#(@'&1
' 
)%L#
10' !)" translação7 0# D.%+
-')!)0# $#" '!51
'0': O.'%0) %#
#$$@'"1)* .$'"#()$ ' &"'%$5'+
-') !'"' 0#$5)
'" ' 8HI
{It} %) $#%&10) /#"&1
'5 0# ()0) A.# XL

t ≥ 0* ∀t: =( $.('* $# #( '5>.( 1%$&'%&#0# &#(!) t* )?$#"/'E$# XL
t < 0* #%&-')* #D#&.'()$ ' &"'%$5'+
-') 0' 8HI "#'513'%0)' $#>.1%&# )!#"'+
-') #( &)0' ' 8HIP {I+

t } = {It + |min{XL
t }|}: =$&' )!#"'+
-')* $#'!51
'0'* %-') '5&#"' ' #$&".&."' 0' 8HI #* #%&-')* )$ ()0#5)$ !)0#( $#" '!51
'0)$%)"('5(#%&# G' 8HI "#$.5&'%&# {I+

t }: M$ 1%&#"/'5)$ 'F.$&'0)$ # !"#/1$&)$ $-') )?&10)$
7Em geometria, define-se a operação de translação T : IR2 → IR2 como a aplicação T (x, y) = (x +

h, y + k) onde h, k ∈ IR, sendo que h 6= 0 e/ou k 6= 0. A ação da translação sobre uma curva faz com
que a curva seja deslocada para outro local do plano IR2 tendo novos eixos principais paralelos aos eixos
originais.
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,$'  ! -)$&".$*
,$'/ 01!1/ {Ît} = {Î+
t − |min{XL

t }|}1 2 )$%,$' ($)$!"-$ )!""$.3$ "!)4$ 5!.6') 
'5()!!& 0 $  7)$&-! $ $()!"!&-$*
,$'  $" )!"-)0*
,'!" $'.'&8'  !"-$ "!*
,$'19$)$ #$
0.0-$) $ 
'5()!!&",$'  ' ()'
! 05!&-'  ! !"-05$*
,$' )!"-)0-$/ 0&0
0$)!5'"
'5 $ $()!"!&-$*
,$'  $ !"-05$*
,$'  ! 5' !.'" 02:1 ;6$5$)!5'" ' 5' !.' 02:
'5 !"-05$*
,$' )!"-)0-$  ! modelo iAR-restrito1 <! $
') ' 
'5 $ 3!)",$' 0))!"-)0-$$()!"!&-$ $ &$ =!*
,$' >1?1@/ $ =AB $C7"-$ $ 4! )!()!"!&-$ $ (')
Ît =




p∑

i=1

φ̂i1X
U
t−i +

p∑

i=1

φ̂i2X
L
t−i

p∑

i=1

φ̂i4X
L
t−i +

p∑

i=1

φ̂i3X
U
t−i



.=!& ' $""05/ 0&
')(')$) )!"-)0*
,'!" $' 5' !.' 02:DpE 
'5 $ F&$.0 $ !  ! 8$)$&-0)

X̂U
t ≥ X̂L

t 05(.0
$ !5 05(') $ 
'& 0*
,$'
p∑

i=1

φ̂i1X
U
t−i +

p∑

i=1

φ̂i2X
L
t−i ≥

p∑

i=1

φ̂i4X
L
t−i +

p∑

i=1

φ̂i3X
U
t−i ⇒

φ̂11X
U
t−1 + · · ·+ φ̂p1X

U
t−p + φ̂12X

L
t−1 + · · ·+ φ̂p2X

L
t−p ≥

φ̂13X
U
t−1 + · · ·+ φ̂p3X

U
t−p + φ̂14X

L
t−1 + · · ·+ φ̂p4X

L
t−p.9' !5'" 'G"!)3$) H7! $5G'" '" .$ '"  $ 0&!H7$*
,$' $
05$ $()!"!&-$5 -!)5'" 
'I57&"J  !#$"$8!&"  $ "4!)0!  ' .050-! "7(!)0') !  $ "4!)0!  ' .050-! 0&#!)0')1 K"  '0".$ '" #')$5 ') !&$ '" "!87& ' '" -!)5'" 
'57&" !/ $""05/ F
$ #4$
0. 'G"!)3$) H7!!"-!" -!)5'" ",$' 57.-0(.0
$ '" (') 
'!F
0!&-!"  0"-0&-'"1 KG"!)3$& ' $5G'" '" .$I '"  $ 0&!H7$*
,$' $
05$/ 
'&
.74L5'" H7! 75$ #')5$  ! $""!87)$) H7! '" 0&-!)3$.'"$C7"-$ '" "$-0"#$*
$5 "!5()! $ 
'& 0*
,$' X̂U

t ≥ X̂L
t 4! 05(') )!"-)0*
,'!" $'" ($)M$5!-)'" $ #')5$

φ̂11 ≥ φ̂13,111
φ̂p1 ≥ φ̂p3,

(4.33)
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φ̂12 ≥ φ̂14,   
φ̂p2 ≥ φ̂p4.! "#$%&$'
')")% )%*$"* +%*$+',
-.%* /.)% *%+ 0%+'1
")" %2 #2 %3%2/4. *'2/4%* 5#6/.&7" 8#% )%*%9"2.* "**%:#+"+ 8#% φ̂11X

U
t−1 ≥ φ̂13X

U
t−1 ;< =;"
'4 0%+ 8#% /"+" '*$."
.&$%
%+ >"*$" 8#% φ̂11 ≥ φ̂13 !* +%*$+',
-.%* '2/.*$"* /"+" %*$'2",
-". )% 2.)%4.* '!? /.)%2@ "'&)"@ *%+ %*
+'$"*2"$+'
'"42%&$% 
.2.

Rγ̂ =




R0 0 · · · 0

0 R0
               0

0 · · · 0 R0







φ̂11

φ̂13

φ̂12

φ̂14   ̂
φp1

φ̂p3

φ̂p2

φ̂p4




≥ 0, (4.34)

%2 8#% R ;% #2" 2"$+'A (2p × 4p) 
.&7%
')" % %*$">%4%
')" /%4. #*#;"+'.@ γ̂ ;% #20%$.+ (4p× 1) '++%*$+'$. )% /"+B"2%$+.* )%*
.&7%
').* )"). /.+
γ̂ = 0%
(Φ̂1, . . . , Φ̂p),%2 8#% C0%
D )%&.$" . ./%+").+ 2"$%2;"$'
. 8#% $+"&*=.+2" #2" 2"$+'A %2 #20%$.+ "$+"0;%* )% 
.&
"$%&",
-". )"* 
.4#&"* )" 2"$+'A 8 0 ;% #2" 2"$+'A E2× 4F &#4"% R0 ;% " 2"$+'A E2× 4F +%*/.&*;"0%4 /%4" '&*%+,
-". )% +%*$+',
-.%* ".* /"+B"2%$+.* )")"/.+

R0 =


 1 −1 0 0

0 0 1 −1


 .! %3/+%**-". Rγ̂ ≥ 0 +%*#4$" &"* +%*$+',
-.%* EG HHF % ;% #$'4'A")" &" '2/4%2%&$",
-".). "4:.+'$2. )% .$'2'A",
-". ! /+'2%'+" 4'&7" )" 2"$+'A R0 
.++%*/.&)% I" +%*$+',
-".

φ̂i1 ≥ φ̂i3 % " *%:#&)" 4'&7" 
.++%*/.&)% I" +%*$+',
-". φ̂i2 ≥ φ̂i4@ 
.2 i = 1, . . . , p 
8Seja M uma matriz (m × k); o operador matemático vec transforma M em um vetor (mk × 1)

concatenando as colunas de M .



4.5 Modelos para STI 92 ! "!#$%&#$'&! ("!#($#&! )*! +&(,&%"#(*! )* %*)"-* $ ./("!#($#* !0&* *1#$)&! '$&!*-23
0&* )* +(*1-"%& )" %$5$%$6&3
0&* )& !*%& )*! 72&)(&)*! )*! ("!89)2*! G(φik)("+("!"5#&)& +"-& "72&3
0&* :;<=>?@ !2A"$#& & ("!#($3
0*"! -$5"&("! )" )"!$B2&-)&)" Rγ̂ ≥
0 
*%* 5& "C+("!!0&* :;<D;? $%+*!#&! 
*% & E5&-$)&)" )" &!!"B2(&( 72" X̂U

t ≥ X̂L
t <F*(%&-%"5#"@ * +(*
")$%"5#* )" "!#$%&3
0&* ("!#($#& )" %*)"-*! $ .:p? +*)" !"()"!
($#* 
*%* G$5$%$6&( G(φik),!2A"$#* & Rγ̂ ≥ 0.H"5I2%& %*)$E
&3
0&* J*$ 5"
"!!8&($& 5& "!#(2#2(& )* %*)"-* $ . +&(& $5
*(+*(&(&! ("!#($3
0*"! -$5"&("! )" )"!$B2&-)&)" Rγ̂ ≥ 0 &*! +&(,&%"#(*! )* %*)"-*< K!#*J&6 
*% 72" * %*)"-* $ .:p?/("!#($#* !"A& $),"5#$
* &* %*)"-* $(("!#($#* $ .:p?&+("!"5#&)* 5& "72&3
0&* :;<=L? )$J"("5
$&)* &+"5&! +"-&! ("!#($3
0*"! &*! +&(,&%"#(*!$%+*!#&! 5* +(*
")$%"5#* )" "!#$%&3
0&*<M*( !2& '"6@ $%+*( ("!#($3
0*"! &* +(*
")$%"5#* )" "!#$%&3
0&* )" +&(,&%"#(*! )"%*)"-*! $ .G :p, q?@ 
*% p, q > 0@ "C$B" %&$! ("!#($3
0*"! -$5"&("! )" )"!$B2&-)&)"< -8"% )&! ("!#($3
0*"! 5&! %&#($6"! )" 
*"E
$"5#"! )*! #"(%*! &2#*(("B("!!$'*!@ Φ̂1@

. . .@ Φ̂p@ 
*%* 5* %*)"-* $ .:p?/("!#($#*@ )"'"%*! $%+*( ("!#($3
0*"! N&! %&#($6"! )"
*"E
$"5#"! )*! #"(%*! %8")$&! %8*'"$!@ Θ̂1@ . . .@ Θ̂q<  ! ("!#($3
0*"! )" )"!$B2&-)&)"$%+*!#&! +&(& "!#$%&3
0&* )" %*)"-* $ .G :p, q?/("!#($#* !0&* *1#$)&! )" %&5"$(&&58&-*B& N&! ("!#($3
0*"! )* %*)"-* $ .:p?/("!#($#*<O*5!$)"("%*! * $5#"('&-* &A2!#&)* +"-* %*)"-* $(("!#($#* $ .G :p, q? )"!
($#*"% :;<DP? 
*%*
Ît =




p∑

i=1

φ̂i1X
U
t−i +

q∑

j=1

θ̂j1û
U
t−j +

p∑

i=1

φ̂i2X
L
t−i +

q∑

j=1

θ̂j2û
L
t−j

p∑

i=1

φ̂i4X
L
t−i +

q∑

j=1

θ̂j4û
L
t−j +

p∑

i=1

φ̂i3X
U
t−i +

q∑

j=1

θ̂j3û
U
t−j




,-*B*@ & 
*5)$3
0&* X̂U
t ≥ X̂L

t +*)" !"( B&(&5#$)& )& !"B2$5#" %&5"$(&
p∑

i=1

φ̂i1X
U
t−i +

q∑

j=1

θ̂j1û
U
t−j +

p∑

i=1

φ̂i2X
L
t−i +

q∑

j=1

θ̂j2û
L
t−j ≥

p∑

i=1

φ̂i4X
L
t−i +

q∑

j=1

θ̂j4û
L
t−j +

p∑

i=1

φ̂i3X
U
t−i +

q∑

j=1

θ̂j3û
U
t−j ⇒
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φ̂11X
U
t−1 + · · ·+ φ̂p1X

U
t−p + φ̂12X

L
t−1 + · · ·+ φ̂p2X

L
t−p

+ θ̂11û
U
t−1 + · · ·+ θ̂q1û

U
t−q + θ̂12û

L
t−1 + · · ·+ θ̂q2û

L
t−q ≥

φ̂13X
U
t−1 + · · ·+ φ̂p3X

U
t−p + φ̂14X

L
t−1 + · · ·+ φ̂p4X

L
t−p

+ θ̂13û
U
t−1 + · · ·+ θ̂q3û

U
t−q + θ̂14û

L
t−1 + · · ·+ θ̂q4û

L
t−q. !"# $%# &'(!) !) *&+!) +& ,-#$%&.
0&! 1#2#1#-"# &!) ,-"#13&*!) &4%)"&+!) 5#*! '!+#*!,6786 &51#)#-"&' "#1'!) 
!'%-)9 +#2&)&:#-) +& );#1,# +! *,',"# )%5#1,!1 # +&);#1,# +! *,',"# ,-2#1,!1 # +#2&)&:#-) +!) 1#);<+%!) +! *,',"# )%5#1,!1 # +!) 1#);<+%!) +!*,',"# ,-2#1,!1 )%5#1,!1= >)"#) 1#);<+%!) )0&! !(",+!) -! 51,'#,1! #)";&:,! +! &*:!1,"'!+#)
1,"! -& ?#.
0&! @=A=B= C1+#-&+!) &'(!) !) *&+!) +& ,-#$%&.
0&! &
,'& )#:%-+!!) "#1'!) 
!'%-)D -!"&'!) $%# #*#) )0&! '%*",5*,
&+!) 5!1 
!#E
,#-"#) +,)",-"!)=6)),'D %'& 2!1'& +# &))#:%1&1 $%# -! '!+#*! ,6786 !) ,-"#13&*!) &4%)"&+!)"#-F&' )#'51# X̂U

t ≥ X̂L
t ;# ,'5!1 1#)"1,.
0!#) &!) 5&1G&'#"1!) +& 2!1'&

φ̂11 ≥ φ̂13,===
φ̂p1 ≥ φ̂p3,

φ̂12 ≥ φ̂14,===
φ̂p2 ≥ φ̂p4,

(4.35)
θ̂11 ≥ θ̂13,===
θ̂p1 ≥ θ̂p3,

θ̂12 ≥ θ̂14,===
θ̂p2 ≥ θ̂p4.



4.5 Modelos para STI 94 ! "#!$"%&
()#! *
%+* ,)-#+ !#" "##!
"%$*! .* /)"+* +*$"%
%*0 
)+)

Cπ̂ =




R0 0 · · · 0

0 R0
1 1 1 111111 1 1 1 1 1 1 0

0 · · · 0 R0







φ̂11

φ̂13

φ̂12

φ̂14111̂
φp1

φ̂p3

φ̂p2

φ̂p4

θ̂11

θ̂13

θ̂12

θ̂14111̂
θq1

θ̂q3

θ̂q2

θ̂q4




≥ 0, (4.36)

#+ 23# C 4# 3+* +*$"%5 (2(p + q)× 4(p + q)) 
).6#
%-* # #!$*7#0#
%-* ,#0) 3!34*"%)8
π̂ 4# 3+ 9#$)" (4(p + q)× 1) %""#!$"%$) -# ,*":*+#$")! -#!
).6#
%-)! -*-) ,)"

π̂ = 9#
(Π̂) = 9#
(Φ̂1, . . . , Φ̂p, Θ̂1, . . . , Θ̂q),#+ 23# ;9#
< 4# ) ),#"*-)" +*$#+4*$%
) 23# $"*.!/)"+* 3+* +*$"%5 #+ 3+ 9#$)"8
0 4# 3+* +*$"%5 =2 × 4> .30* # R0 4# * +*$"%5 =2 × 4> "#!,).!4*9#0 ,#0* %.!#"&
(*) -#"#!$"%&
()#! *)! ,*":*+#$")! -*-* ,)"

R0 =


 1 −1 0 0

0 0 1 −1


 .?7!#"9# 23# * +*$"%5 C # * +*$"%5 R 3!*-* .)! +)-#0)! % @A"#!$"%$) !(*) 
).!$"34B-*!
)+ * +#!+* +*$"%5 R0 # -%/#"#+A!# *,#.*! 23*.$) C* )"-#+D R $#+ )"-#+ (2p×4p)8#.23*.$) C $#+ )"-#+ (2(p+q)×4(p+q))1 E#!$* /)"+*8 Cπ̂ ≥ 0 4# 3+* F#.#"*0%5*&
(*)



4.5 Modelos para STI 95 !" #$"%#&'
)*$" &+,*"%!" !*" +* $-*" &./0#$"%#&%*1 ,*&" "$ q = 01 !" #$"%#&'
)*$" Cπ̂ ≥ 0$+ 234567 "$ #$ 89$+ ! Rγ̂ ≥ 0  ! !" $+ 2345374. $"%&+!'
)!* #$"%#&%!  $ +* $-*" &./:. ,!#! !""$;8#!# X̂U
t ≥ X̂L

t %!+<=$+ "$ =! $+  *&" $"%=!;&*" &>",&#! *" >* +=$%* *  $ ?!>>!> $ /&""!>$> 2@ABC7 D3A℄4 F,#&+$&#* $"%=!;&* ,!#! $"%&+!'
)!*  * +* $-* &./:.0#$"%#&%* =$ & G$>%&
* !* ,#&+$&#*$"%=!;&*  * +* $-* &##$"%#&%*1 $+ H8$ "$ $"%&+! 8+ +* $-* &##$"%#&%* &./2l71 
*+* $"
#&%* >! I$'
)!* 34J4C4 F "$;8> * $"%=!;&* =$ !>=!-*;* !*  ! $"%&+!'
)!* &##$"%#&%!1 &K$#$>
&!> * >* K!%*  $ H8$ ! K8>'
)!* *<L$%&M*  ! ! $+ 2345C7 =$ !;*#! +&>&+&9! !"*< &+,*"&'
)!*  !" #$"%#&'
)*$" -&>$!#$"  $  $"&;8!- ! $ Cπ̂ ≥ 04 F !-;*#&%+* ! *%! *,!#! $"%&+!'
)!*  !" +!%#&9$"  $ ,!#G!+$%#*"  * +* $-* &./:.0#$"%#&%* $"%=!  $"
#&%*! "$;8&#4N* ,#&+$&#* $"%=!;&*  ! $"%&+!'
)!*  * +* $-* &./:.0#$"%#&%*1 $"%&+!0"$ 8+ +*0 $-* &##$"%#&%* &./2l71 
*+ l = 1
2

√
n1 +&>&+&9!> *0"$ * 
#&%=$#&*

G(φik) =

n∑

t=1

(
XU

t −
l∑

i=1

φi1X
U
t−i −

l∑

i=1

φi2X
L
t−i

)2

+
n∑

t=1

(
XL

t −
l∑

i=1

φi4X
L
t−i −

l∑

i=1

φi3X
U
t−i

)2

.O>%)!*1 
*+,8%!+*" *" #$"=P 8*" $"%&+! *" ,$-* +* $-* &./2l71
ût = It −

l∑

i=1

Φ̂
(1)

i
It−i..%=$ $>%)!*1 >$>Q8+! #$"%#&'
)!* =$ &+,*"%!4N* "$;8> * $"%=!;&*  ! $"%&+!'
)!*  * +* $-* &./:.0#$"%#&%*1 *" #$"=P 8*" $"%&0+! *" ût ")!* &>"$#& *" >* -8;!#  $ ut $ $"%&+!0"$ * +* $-* &./:.2p, q70#$"%#&%*!%#!M=$"  ! +&>&+&9!'
)!*  * 
#&%=$#&*

G(φik, θjk) =

n∑

t=1

(
XU

t −
p∑

i=1

φi1X
U
t−i −

q∑

j=1

θj1û
U
t−j −

p∑

i=1

φi2X
L
t−i −

q∑

j=1

θj2û
L
t−j

)2

+

n∑

t=1

(
XL

t −
p∑

i=1

φi4X
L
t−i −

q∑

j=1

θj4û
L
t−j −

p∑

i=1

φi3X
U
t−i −

q∑

j=1

θj3û
U
t−j

)2

,"8L$&%* R!" #$"%#&'
)*$" -&>$!#$"  $  $"&;8!- ! $ Cπ̂ ≥ 04 S*#+!-+$>%$1 * "$;8> *$"%=!;&*  * ,#*
$ &+$>%*  $ $"%&+!'
)!*  * +* $-* &./:.2p, q70#$"%#&%* ,* $ "$#
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$%&' 
'(' )%*%(%+,$ G(φik, θjk),"-.!%&' , Cπ̂ ≥ 0./""%(0 ," !"&%(,&%1," $!"&$%&,"  ," (,&$%+!"  ! 2,$3,(!&$'"  ' (' !4' %/5)/6p, q78$!"&$%&' "9,' ':&% ,";< 2$'
! %(!*&' , '&, ' 2,$, !"&%(,=
9,' $!"&$%&,  ' (' !4' %/5)/6p, q7 "!(2$!>'$*!
! !"&%(,&%1,"  ," (,&$%+!"  ! 
'!?
%!*&!" *' !"2,=
' 2,$,(@!&$%
' &,4 A-! X̂U
t ≥

X̂L
t 0 %;!;0 ' %*&!$1,4' 2$!1%"&' Ît $!"2!%&, , 
'* %=
9,' X̂U

t ≥ X̂L
t 0 ∀t; BC,(,('"!"&! !"2,=
' 2,$,(@!&$%
' $!"&$%&'  ! $!D%9,' >,
&@E1!4 6!( %*D43!"0 feasible region7; F"&,!"&$,&@!D%, $! -+ ' !"2,=
'  ! "'4-=
9'!"  '" 2,$3,(!&$'" !( 
'(2,$,=
9,' ,' (@!&' '  !!"&%(,=
9,' %$$!"&$%&,;

Exemplo 4.6 (Aplicação do modelo iARMA-restrito). G,$, %4-"&$,$ , (' !4,D!(  !HIJ 1%, (' !4'" %/5)/6p, q78$!"&$%&'"0 1'4&,('" ,' !K!(24'  '" 2$!=
'"  %@,$%'"  !*!D'
%,=
9'!"  ! ,=
9'!"  , G!&$':$," 
%&, , *, H!=
9,' L;M;N; B'(' *' !K!(24'  '"(' !4'" %$$!"&$%&'"0 *@'" ,.-"&,('" -( (' !4' %/56N7 ! -( (' !4' %/5)/6N0N702'$@!(0 *!"&! !K!(24'0 , !"&%(,=
9,' @! 
'* %
%'*, , , $!"&$%=
9'!" 4%*!,$!"  !  !"%D-,48 , !;G,$, ' (' !4' %/56N78$!"&$%&'0 , (,&$%+  ! 2,$3,(!&$'" !"&%(, , 2,$, , HIJ ! 2$!=
'"  ! ,=
9'!"  , G!&$':$," >'% Φ̂1 =

[
0, 522 0, 491

0, 497 0, 490

]0 $!"-4&,* ' *' (' !4',.-"&, '
Ît =


 0, 522XU

t−1 + 0, 491XL
t−1

0, 490XL
t−1 + 0, 497XU

t−1


./ O%D-$, L;NP ('"&$, '" %*&!$1,4'" $!,%" 6"!D(!*&'"  ! $!&, 2$!&'"7  !"&, HIJ ! '"%*&!$1,4'" ,.-"&, '" 1%, (' !4' %/56N78$!"&$%&' 6"!D(!*&'"  ! $!&, 
%*+,7;/" (,&$%+!"  ! 2,$3,(!&$'" !"&%(, ," *' (' !4' %/5)/6N0N78$!"&$%&' 2,$, , HIJ ! 2$!=
'"  ! ,=
9'!"  , G!&$':$," >'$,( Φ̂1 =

[
0, 631 0, 379

0, 607 0, 378

] ! Θ̂1 =

[
−0, 033 0, 207

−0, 033 0, 207

]A-! %(24%
,( *' (' !4' ,.-"&, '
Ît =


 0, 631XU

t−1 − 0, 033uU
t−1 + 0, 379XL

t−1 + 0, 207uL
t−1

0, 378XL
t−1 + 0, 207uL

t−1 + 0, 607XU
t−1 − 0, 033uU

t−1


.



4.5 Modelos para STI 97 ! "#$%&$#! &'()*+$! ,* &'($%*-
/*! 0!$ *12'(*,! 2% %!,&3! $45678 "*#* &'($%*#!' #&')9,2!' ,! %!,&3! $45:4; 4 <$+2#* 7;=7 %!'(#* !' $>(&#?*3!' #&*$' 6'&+%&>(!',& #&(* "#&(!'8 ,&'(* @AB & !' $>(&#?*3!' *12'(*,!' ?$* %!,&3! $45:46=C=8D#&'(#$(!6'&+%&>(!' ,& #&(* 
$>E*8;
4.5.4 Modelos iARIMAF% *>)*3$'& ,& ')&#$&' (&%"!#*$' 2>$?*3!#*,*'C $;&;C ')&#$&' (&%"!#*$' ,& ,*,!' 
3)*''$
!'C!' %!,&3!' 45:4 '/*! *"#!"#$*,!' "*#* ')&#$&' (&%"!#*$' &'(*
$!>)*#$*'; 4''$%C !*12'(& ,& %!,&3!' 45:4 "!,& '&# %*$' *,&G2*,! &% ')&#$&' !>,& >/*! '/*! !H'&#?*,*'0!>(&' ,& ?*#$*-
/!&' >/*!D&'(*
$!>)*#$*'; 43+2%*' (#*>'0!#%*-
/!&' >!' ,*,!' "!,&% '&#*"3$
*,*' 
!% * I>*3$,*,& ,& &3$%$>*# (*$' 0!>(&' ,& ?*#$*-
/!&' &C &>(/*!C +&#*# >!?*')&#$& &'(*
$!>)*#$*; J!# &K&%"3!C '& * ')&#$& !H'&#?*,* 0!# >/*!D&'(*
$!>)*#$* >* %)&,$*C"!,&D'& (&>(*# #&%!?&# * (&>,L&>
$* (!%*>,!D'& 2%* !2 %*$' ,$0&#&>-
*'; :2$(!0#&G2&>(&%&>(&C G2*>,! * ')&#$& (&%"!#*3 )& >/*!D&'(*
$!>)*#$*C * ')&#$& #&'23(*>(& *")!'*3+2%*' 62%* !2 ,2*'8 ,$0&#&>-
*' '& (!#>* &'(*
$!>)*#$*; A!%*# ,$0&#&>-
*' ,* ')&#$&>!' 3&?* * 
!>'$,&#*# * 
3*''& ,& %!,&3!' autorregressivos integrado médias móveis645B:48;M% %!,&3! 45:4 >! G2*3 * ')&#$& !#$+$>*3 yt )& '2H'($(2)9,* "&3* '2* dD)&'$%*,$0&#&>-
* ∇dyt )& 
*"*E ,& ,&'
#&?&# *3+2>' ($"!' ,& ')&#$&' >/*!D&'(*
$!>)*#$*'; 4 ')&#$&,$0&#&>
$*,* 6$>(&+#*,*8 d ?&E&' )& ,*,* "!#

wt = ∇dyt = (1− B)dyt, (4.37)&% G2& B )& ! !"&#*,!# ,& #&(*#,! 6backward shift operator8 & ,&I>$,! 
!%!
Bdyt = yt−d,"*#* (!,! d ≥ 1; F'"&
$I
*%&>(&C * ,$0&#&>-
* ,& !#,&% d = 1 )& ,*,* "!#

∇yt = yt − yt−1 = (1−B)yt.J!3$>L!%$!' &% B & ∇ '/*! %*>$"23*,!' ,* %&'%* 0!#%* 
!%! 02>-
/!&' "!3$>!%$*$',& ?*#$)*?&$' #&*$'; J!# &K&%"3!C
∇2yt = ∇(∇yt) = (1− B)(1− B)yt = (1− 2B + B2)yt = yt − 2yt−1 + yt−2.
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Figura 4.15: Ajuste da STI de preços de ações da Petrobras via modelo iAR(1)-restrito.

Tempo

S
T

I

0 20 40 60

7
0

7
5

8
0

8
5

Figura 4.16: Ajuste da STI de preços de ações da Petrobras via modelo iARMA(1,1)-
restrito.
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4.5 Modelos para STI 99 !"#$%"&# wt 
#(# !( )*+,-./ # 01#
!22# %3$#11!41!2256# 5"$!41%&# (7!&5%2(7#6!52 &!"#$%&# 89:;8)p, d, q. 7! &%&# 0#1
wt = φ1wt−1 + · · ·+ φpwt−p + ǫt + θ1ǫt−1 + · · ·+ θqǫt−q

=

p∑

i=1

φiwt−i + ǫt +

q∑

j=1

θjǫt−j .< (#&!=# 89:;8 7! 25(5=%1 %# (#&!=# 89;8/ "# !"$%"$#/ "# 015(!51# (#&!=%>2!% 27!15! &5?!1!"
5%&% wt $!"&# 
#(# 1!41!22#1!2 %2 &!?%2%4!"2 &!2$% 27!15!/ wt−1/ . . ./
wt−p/ %=7!( &#2 $!1(#2 (7!&5%2 (7#6!52+@#(# &!A"5&# !( B1#
CD!== !  %652 )EFFE. GH*℄ "# 
#"$!J$# &! 27!15!2 $!(0#1%523"56%=#1%&%2/ 2! d 7! 3( 5"$!51# "K%#>"!4%$56#/ !"$K%# yt 7! 3( 01#
!22# 89:;8)p, d, q.2! wt = ∇dyt 7! 3( 01#
!22# 89;8)p, q./ 5+!+/

∇dyt 7! 3( 01#
!22# 89;8(p, q) =⇒ yt 7! 3( 01#
!22# 89:;8(p, d, q)+L%=! 2%=5!"$%1 M3! #2 (#&!=#2 89:;8 2K%# 3(% 4!"!1%=5N%O
K%# &#2 (#&!=#2 89;8!/ !( %"7%=52! &! &%&#2 3"56%=#1%&#2/ 2K%# (%52 5"&5
%&#2 0%1% (#&!=%4!( &! 27!15!2$!(0#1%52 "K%#>!2$%
5#"7%15%2/ !( M3! % #0!1%O
K%# &! &5?!1!"O
% %2 $#1"%( !2$%
5#"7%15%2+8 !J$!"2K%# &#2 (#&!=#2 89:;8 0%1% (#&!=%1 PQ: 7! #R$5&% &% (!2(% ?#1(%
#(# #2 (#&!=#2 589;8)p, q.+ S# !"$%"$#/ 0%1% 
#"2$1351 (#&!=#2 5"2051%&#2 !((#&!=#2 89:;8 3"56%=#1%&#2 ! 
%0%N!2 &! (#&!=%1 PQ:/ ?%N>2! "!
!227%15# &!A"51 %
série intervalar diferenciada ou integrada+ T%1% &!A"51 PQ: &5?!1!"
5%&% M3! &!"#$%>(#2 0#1 Jt/ "7#2 %&#$%(#2 % (!$#&#=#45% !(01!4%&% "%2 !J$!"2K#!2 U7% %01!2!"$%&%2/!( M3! # !2
%=%1 yt 7! 23R2$5$37V&# 0!=# 5"$!16%=# It+ W"$K%#/ &!A"5(#2 Jt 0#1

Jt = ∇dIt = (1− B)dIt =


 (1−B)dXU

t

(1− B)dXL
t


 =


 ∇

dXU
t

∇dXL
t


 =


 wU

t

wL
t


! # #0!1%&#1 &! 1!$%1&# 0%1% PQ: 0#1

BdIt = It−d =


 XU

t−d

XL
t−d


 .8225(/ 3(% PQ: &5?!1!"
5%&% 7! 1!01!2!"$%&% 0!=# 6!$#1 R5&5(!"25#"%= 
#( !"$1%&%2&%&%2 0!=%2 27!15!2 &5?!1!"
5%&%2 &#2 =5(5$!2 230!15#1 ! 5"?!15#1/ 1!20!
$56%(!"$!/ wU

t! wL
t + W( 0%1$5
3=%1/ &!"#$%(#2 % 015(!51% &5?!1!"O
% 5"$!16%=%1 
#(#

∇It = It − It−1 =



 XU
t −XU

t−1

XL
t −XL

t−1



 =



 (1− B)XU
t

(1−B)XL
t



 .



4.5 Modelos para STI 100 ! Jt "! #$% &'(!)!*+
% '*-!).%/%) &! It0 !*-1%20 It "! &!*2$'*%&2 #$% integral&! Jt0 ! &'3!$24 5#! It 4!6#! #$ 7)2
!442 autorregressivo integrado médias móveis

intervalar 8'9:;<9=> ?! %
2)&2 
2$ %4 &!@*'+
12!4 %*-!)'2)!40 2 $2&!/2 9:;<97%)% $2&!/%6!$ &!  A;0 2# $2&!/2 '9:;<98p, d, q=0 "! &%&2 72)
Jt = Φ1Jt−1 + · · ·+ ΦqJt−q + ut + Θ1ut−1 + · · ·+ Θqut−q

=

p∑

i=1

ΦiJt−i + ut +

q∑

j=1

Θjut−j , (4.38)!$ 5#! ut = (uU
t , uL

t )⊤ "! #$ 7)2
!442 '*-!).%/%) 7#)%$!*-! %/!%-"2)'2 
2$ .!-2) &!$"!&'%4 *#/2 ! .!-2) &! .%)'B%*
'% 
2*4-%*-!> 944'$ 
2$2 %4 $%-)'3!4 &! 7%)B%$!-)24&24 $2&!/24 '9:<98p, q=0 *24 $2&!/24 '9:;<98p, d, q= %4 $%-)'3!4 Φi ! Θj 41%2&%&%4 72)
Φi =


 φi1 φi2

φi3 φi4


 ! Θj =


 θj1 θj2

θj3 θj4


 .CD7%*&'*&2 % !5#%+
1%2 8E>FG=0 -!$24

Jt =


 wU

t

wL
t


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p∑

i=1


 φi1 φi2
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


 wU
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wL
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
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
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t

uL
t


 +

q∑
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
 θj1 θj2

θj3 θj4




 uU

t−j

uL
t−j




=

p∑

i=1


 φi1w

U
t−i + φi2w

L
t−i

φi3w
U
t−i + φi4w

L
t−i


 +


 uU

t

uL
t


 +

q∑
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
 θj1u

U
t−j + θj2u

L
t−j

θj3u
U
t−j + θj4u

L
t−j




=




p∑

i=1

(
φi1w

U
t−i + φi2w

L
t−i

)
+

q∑

j=1

(
θj1u

U
t−j + θj2u

L
t−j

)
+ uU

t

p∑

i=1

(
φi3w

U
t−i + φi4w

L
t−i

)
+

q∑

j=1

(
θj3u

U
t−j + θj4u

L
t−j

)
+ uL

t




=




p∑

i=1

φi1w
U
t−i + uU

t +

q∑

j=1

θj1u
U
t−j +

p∑

i=1

φi2w
L
t−i +

q∑

j=1

θj2u
L
t−j

p∑

i=1

φi4w
L
t−i + uL

t +

q∑

j=1

θj4u
L
t−j +

p∑

i=1
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U
t−i +

q∑
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U
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

.

(4.39)
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($ Jt = (wU

t , wL
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,( *('#*2(',
( "!$ ,&'#%6(+!$1 !) $#A(1 wU
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!"#$%&"!' ! "!()*! $+,-+ 
!" & .)() %)/.&* -01 
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!"!#! $%
&'#(#! $ #! %!)*#! #! +$#$, - .$%& #!% /(0!1
2&$% #!% 
&'$32&$% bias 4$"5'!/(#!#$ %("(/!+ !& ('4$+
$.4& $" "&#$/&% #$ +$0+$%%2!&, -% bias 6&+!" &"(4(#&%#! 7(08+! 9,:;,
Figura 4.17: Estrutura de uma rede neural MLP com p entradas, uma camada escondida
com q nodos e uma sáıda para previsão de séries temporais univaloradas.
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4.6 Métodos baseados em redes neurais para STI 105 !"#$%&%'! &( )%*+&'&(, & 
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4.6 Métodos baseados em redes neurais para STI 106 !" 
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Figura 4.18: Estrutura da rede neural MLPI com 2p entradas, uma camada escondida
com q nodos e duas sáıdas para previsão de STI.
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Figura 4.19: Ajuste da STI de preços de ações da Petrobras via rede neural MLPI.
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Figura 4.20: Diagrama do modelo h́ıbrido de Zhang (2003) para previsão de séries tem-
porais univaloradas.
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Figura 4.21: Diagrama do modelo h́ıbrido para previsão de STI.
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Caṕıtulo 5

Resultados experimentais
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Tabela 5.1: Nome e descrição dos métodos e modelos utilizados na previsão de STI.

Modelo Descrição

ARMAc,r Um modelo ARMA para a série dos centros, Xc
t , e um modelo ARMA para a

série das amplitudes, Xr
t , ajustados de modo independente.

MLPc,r Uma rede neural MLP com uma sáıda para a série dos centros, Xc
t , e uma rede

MLP com uma sáıda para a série das amplitudes, Xr
t , dos intervalos ajustadas

de modo independente.

Hı́bridoc,r Modelo h́ıbrido que ajusta o modelo ARMAc,r na primeira etapa e a rede
MLPc,r na segunda etapa. Um modelo h́ıbrido para a série dos centros, Xc

t ,
e um modelo h́ıbrido para a série das amplitudes, Xr

t , ajustados de modo
independente.

AESI Método de AES para STI, com séries XU
t e XL

t ajustadas de modo dependente.

AEDI Método de AED para STI, com séries XU
t e XL

t ajustadas de modo dependente.

HWI Método Holt–Winters para STI, com séries XU
t e XL

t ajustadas de modo de-
pendente.

iARMA-irrestrito Modelo iARMA para STI com estimação irrestrita, com séries XU
t e XL

t ajus-
tadas de modo dependente.

iARMA-restrito Modelo iARMA para STI com estimação restrita, com séries XU
t e XL

t ajusta-
das de modo dependente.

iARMA-combinado Modelo que combina os modelos iARMA-irrestrito e iARMA-restrito, em que
os intervalos previstos invertidos pelo modelo irrestrito são substitúıdos pelos
intervalos previstos pelo modelo restrito.

iARIMA Modelo iARIMA para STI, com séries XU
t e XL

t ajustadas de modo dependente.

MLPI Rede neural MLP com duas sáıdas para a STI, com séries XU
t e XL

t ajustadas
de modo dependente.

Hı́bridoI Modelo h́ıbrido para STI que ajusta o modelo iARMA-restrito na primeira
etapa e a rede neural MLPI na segunda etapa, com séries XU

t e XL
t ajustadas

de modo dependente.

AESs,i Um AES para a série dos limites superiores, XU
t , e um AES para a série dos

limites inferiores, XL
t , ajustados de modo independente.

AEDs,i Um AED para a série dos limites superiores, XU
t , e um AED para a série dos

limites inferiores, XL
t , ajustados de modo independente.

HWs,i Um HW para a série dos limites superiores, XU
t , e um HW para a série dos

limites inferiores, XL
t , ajustados de modo independente.

ARMAs,i Um ARMA para a série dos limites superiores, XU
t , e um ARMA para a série

dos limites inferiores, XL
t , ajustados de modo independente.

ARIMAs,i Um ARIMA para a série dos limites superiores, XU
t , e um ARIMA para a série

dos limites inferiores, XL
t , ajustados de modo independente.

MLPs,i Uma rede MLP com uma sáıda para a série dos limites superiores, XU
t , e uma

rede MLP com uma sáıda para a série dos limites inferiores, XL
t , ajustados de

modo independente.

Hı́bridos,i Modelo h́ıbrido que ajusta o modelo ARMAs,i na primeira etapa e a rede
MLPs,i na segunda etapa. Um modelo h́ıbrido para a série dos limites inferiores,
XL

t , ajustados de modo independente.
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Figura 5.1: Correlogramas em processos intervalares puramente aleatórios.
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Figura 5.2: Correlogramas em processos intervalares com correlação de curto-prazo.
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Figura 5.3: Correlogramas em processos intervalares iAR(2).
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Figura 5.4: Correlogramas em processos intervalares com correlação negativa.
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Figura 5.5: Correlogramas em processos intervalares com tendência.
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Figura 5.6: Correlogramas em processos intervalares com sazonalidade.
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Tabela 5.2: Função de autocorrelação amostral para as śeries XU

t , XL
t , Xc

t e It.

Defasagem

Série 0 1 2 3 4 5 6 7 8 9 10
XU
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Tabela 5.3: Nome e descrição dos PGDs utilizados na geração de STI.

PGD Descrição

PGD-I Dois processos temporais independentes, um representando a série univalorada dos cen-
tros dos intervalos, Xc

t , e outro representando a série univaloradas das amplitudes dos

intervalos, Xr
t . As realizações da STI são dadas por It = [Xc

t −
Xr

t

2
; Xc

t +
Xr

t

2
].

PGD-II Dois processos temporais independentes, um representando a série dos limites superiores
dos intervalos, XU

t , e outro representando série dos limites inferiores dos intervalos, XL
t .

PGD-III Dois processos temporais dependentes, em que existe a influência de informação do limite
inferior na geração da série dos limites superiores e vice-versa. ! "#$#% &'#( )*# +$ ,-.#$ /01$ "#$
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Tabela 5.4: Número referente a cada modelo nas Figuras A.1 a A.18 e nas Figuras A.19
a A.33 apresentadas no Apêndice A.

Número Modelo

01 ARMAc,r

02 MLPc,r

03 Hı́bridoc,r

04 AESI

05 AEDI

06 HWI

07 iARMA-irrestrito

08 iARMA-restrito

09 iARMA-combinado

10 iARIMA

11 MLPI

12 Hı́bridoI

13 AESs,i

14 AEDs,i

15 HWs,i

16 ARMAs,i

17 ARIMAs,i

18 MLPs,i
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Tabela 5.5: Descrição das STI reais analisadas.

STI Descrição

Petrobras Série dos intervalos de preços de ações da companhia Petróleo Brasileiro
S.A.

Google Série dos intervalos de preços de ações da companhia Google, Inc.

Gol Série dos intervalos de preços de ações da companhia Gol Linhas Aéreas
Inteligentes S.A.

Rio de Janeiro Série dos intervalos de temperaturas na cidade do Rio de Janeiro, Brasil.

Nova Iorque Série dos intervalos de temperaturas na cidade de Nova Iorque, EUA.

Tabela 5.6: Peŕıodo e tamanho das STI reais analisadas.

STI Peŕıodo n

Petrobras 2 de julho de 2007 a 13 de março de 2008 177

Google 10 de agosto de 2006 a 10 de março de 2008 397

Gol 13 de dezembro de 2005 a 13 de março de 2008 565

Rio de Janeiro 1 de janeiro de 2006 a 31 de março de 2008 820

Nova Iorque 1 de janeiro de 2005 a 31 de março de 2008 1186 ! "# $%&'
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Figura 5.7: STI real de preços diários de ações da Petrobras.

Dia

P
re

ç
o
s
 d

e
 a

ç
õ
e
s

0 50 100 150

4
0

6
0

8
0

1
0
0

1
2
0

1
4
0

 !"#!" $% !&%"' (" )*+,-
%" 
%$ %" *!"/&#, %" 0,*, ," 123 *!,4" !"#5,% ,0*!"!6#, %"6," 74)/*," 8'9: , 8';;' (" 6+/$!*%" <9 , 9: 6," -)/*," *!=!*!$>"! ,%" $% !&%"
%6"4 !*, %" ! "!)/!$ , $!"$, %* !$  %" $% !&%" 6," #,?!&,"  %" *!"/&#, %"@ A!*2,?!&, B'C 6, 0+,)46, 9C<'(" *!"/&#, %" *!=!*!6#!" ,%"  !"!$0!6D%"  %" $% !&%" 6," 123 *!,4" "5,% ,6+,&%)%",%" *!"/&#, %" %?"!*A, %" 0,*, ," 123 "46#+!#4
,"  !"
*4#%" 6, 1!E
5,% B'9'F' 8 "!)/4*!"#5,% %" 
%$!6#+,*4%" "!)/46 % , $!"$, %* !$  %"  !"
*4#%" 0,*, ," 123 "46#+!#4
,"'364
4,$%" 
%$ %" 
%$!6#+,*4%" "%?*! % #!"#! GH/6)IJ%K  , D40+%#!"! 6/&,  ! 65,%>
%**!&,E
5,%  , "+!*4! *!"4 /,&' 8 0*4$!4*, %?"!*A,E
5,% "%?*! !"#! #!"#! +! L/! % $+!#% %8M1I =%4 ,""46,&, % !$ L/,#*%  ," 
46
% 123 *!,4" 
%6"4 !*, ,"' 80!6," 0,*,, 123  ! 0*!E
%"  ! ,E
5%!"  , N%%)&! L/! !"#, D40+%#!"! 65,% =%4 *!H!4#, , 0,*, !"#!$+!#% % O2,?!&, 8'FFP' Q,&! &!$?*,* L/! !"#! $+!#% % !"#+, !6#*! %" L/! ,0*!"!6#,*,$$,4%*!" #,K,"  ! *!H!4E
5,%  !"#, D40+%#!"! 6," 123 "46#+!#4
,"' ( $+!#% % 8M1s,i =%4,""46,&, % !$  /,"  !"#," 123 *!,4" ! %" $% !&%" RGSc,rT UVIT 8M1s,iT 8WR8s,i !RGSs,i =%*,$ ,""46,&, %" !$ ,0!6," /$,'



5.2 Aplicação a STI reais 152

Figura 5.8: STI real de preços diários de ações da Google.

Dia

P
re

ç
o
s
 d

e
 a

ç
õ
e
s

0 100 200 300 400

3
0
0

4
0
0

5
0
0

6
0
0

7
0
0

8
0
0

Figura 5.9: STI real de preços diários de ações da Gol.
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Figura 5.10: STI real de temperaturas diárias no Rio de Janeiro.
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Figura 5.11: STI real de temperaturas diárias em Nova Iorque.
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Ŝt = δ(yt/Lt) + (1− δ)St−s.9, EF>1 (# &45()
*!&# 3'!3!#.(# 3('( NI
t1 TI

t & SI
t #*(! %(%(# 3!'

N̂I
t = A(It ⊘ ŜI
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A.1 Tabelas e gráficos dos experimentos com STI sintéticas 165

A.1 Tabelas e gráficos dos experimentos com STI

sintéticas

Tabela A.1: Resultados obtidos para o PGD-I com n = 220; conjunto de treinamento.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0 inv. UI ARVI UI ARVI

ARMAc,r 6,5 0 0,861 (0,029) 0,543 (0,083) 0,859 (0,032) 0,547 (0,085)

MLPc,r 9,7 1 0,863 (0,034) 0,551 (0,041) 0,855 (0,029) 0,560 (0,037)

Hı́bridoc,r 5,8 0 0,849 (0,036) 0,521 (0,098) 0,848 (0,039) 0,500 (0,100)

AESI 14,6 13 0,924 (0,098) 0,554 (0,118) 0,892 (0,103) 0,549 (0,111)

AEDI 12,8 7 0,910 (0,107) 0,567 (0,110) 0,891 (0,110) 0,568 (0,110)

HWI 14,3 11 0,901 (0,097) 0,563 (0,121) 0,876 (0,102) 0,562 (0,121)

iARMA-irrestrito 8,6 10 0,813 (0,081) 0,500 (0,086) 0,815 (0,078) 0,504 (0,083)

iARMA-restrito 8,8 0 0,809 (0,074) 0,495 (0,082) 0,805 (0,069) 0,496 (0,079)

iARMA-combinado 8,2 0 0,813 (0,073) 0,494 (0,090) 0,815 (0,078) 0,504 (0,083)

iARIMA 10,2 8 0,838 (0,024) 0,509 (0,036) 0,827 (0,023) 0,511 (0,034)

MLPI 8,6 4 0,822 (0,034) 0,503 (0,066) 0,826 (0,033) 0,506 (0,064)

Hı́bridoI 9,7 0 0,799 (0,064) 0,466 (0,081) 0,791 (0,067) 0,463 (0,092)

AESs,i 10,4 12 0,951 (0,028) 0,572 (0,044) 0,930 (0,027) 0,568 (0,042)

AEDs,i 9,2 9 0,960 (0,047) 0,603 (0,113) 0,938 (0,049) 0,590 (0,113)

HWs,i 10,8 11 0,937 (0,076) 0,618 (0,109) 0,926 (0,073) 0,623 (0,102)

ARMAs,i 8,9 9 0,919 (0,032) 0,598 (0,090) 0,912 (0,035) 0,599 (0,092)

ARIMAs,i 9,0 9 0,925 (0,031) 0,581 (0,101) 0,923 (0,036) 0,592 (0,104)

MLPs,i 8,3 6 0,905 (0,050) 0,570 (0,091) 0,899 (0,053) 0,570 (0,092)

Hı́bridos,i 8,8 5 0,870 (0,039) 0,525 (0,089) 0,857 (0,040) 0,511 (0,089)
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Figura A.1: Intervalos de 95% de confiança para os resultados obtidos para o PGD-I com n = 220; conjunto de treinamento.
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Tabela A.2: Resultados obtidos para o PGD-I com n = 220; 5 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 0,923 (0,031) 0,532 (0,090) 0,923 (0,031) 0,532 (0,090)

MLPc,r – 0 0,911 (0,037) 0,515 (0,048) 0,911 (0,037) 0,515 (0,048)

Hı́bridoc,r – 0 0,876 (0,040) 0,502 (0,109) 0,876 (0,040) 0,502 (0,109)

AESI – 0 0,972 (0,112) 0,542 (0,143) 0,972 (0,112) 0,542 (0,143)

AEDI – 0 0,939 (0,118) 0,565 (0,132) 0,939 (0,118) 0,565 (0,132)

HWI – 0 0,925 (0,108) 0,568 (0,141) 0,925 (0,108) 0,568 (0,141)

iARMA-irrestrito – 0 0,853 (0,099) 0,444 (0,096) 0,853 (0,099) 0,444 (0,096)

iARMA-restrito – 0 0,866 (0,087) 0,448 (0,103) 0,866 (0,087) 0,448 (0,103)

iARMA-combinado – 0 0,853 (0,099) 0,444 (0,096) 0,853 (0,099) 0,444 (0,096)

iARIMA – 0 0,902 (0,032) 0,460 (0,043) 0,902 (0,032) 0,460 (0,043)

MLPI – 0 0,878 (0,043) 0,458 (0,079) 0,878 (0,043) 0,458 (0,079)

Hı́bridoI – 0 0,803 (0,083) 0,412 (0,108) 0,803 (0,083) 0,412 (0,108)

AESs,i – 0 0,996 (0,028) 0,577 (0,047) 0,996 (0,028) 0,577 (0,047)

AEDs,i – 0 1,064 (0,061) 0,599 (0,119) 1,064 (0,061) 0,599 (0,119)

HWs,i – 0 1,040 (0,078) 0,598 (0,141) 1,040 (0,078) 0,598 (0,141)

ARMAs,i – 0 0,956 (0,032) 0,583 (0,109) 0,956 (0,032) 0,583 (0,109)

ARIMAs,i – 0 1,045 (0,037) 0,587 (0,111) 1,045 (0,037) 0,587 (0,111)

MLPs,i – 0 0,937 (0,051) 0,578 (0,109) 0,937 (0,051) 0,578 (0,109)

Hı́bridos,i – 0 0,913 (0,048) 0,510 (0,095) 0,913 (0,048) 0,510 (0,095)
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Figura A.2: Intervalos de 95% de confiança para os resultados obtidos para o PGD-I com n = 220; 5 passos-à-frente.
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A.1 Tabelas e gráficos dos experimentos com STI sintéticas 169

Tabela A.3: Resultados obtidos para o PGD-I com n = 220; 20 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 1,013 (0,069) 0,527 (0,101) 0,998 (0,069) 0,525 (0,113)

MLPc,r – 0 1,029 (0,070) 0,527 (0,045) 1,031 (0,071) 0,520 (0,033)

Hı́bridoc,r – 0 0,998 (0,091) 0,513 (0,106) 0,996 (0,090) 0,515 (0,123)

AESI – 0 1,062 (0,138) 0,531 (0,159) 1,057 (0,137) 0,533 (0,161)

AEDI – 1 1,026 (0,129) 0,551 (0,146) 1,030 (0,130) 0,554 (0,159)

HWI – 4 1,018 (0,167) 0,549 (0,151) 1,017 (0,163) 0,550 (0,170)

iARMA-irrestrito – 1 0,972 (0,109) 0,438 (0,093) 0,980 (0,110) 0,426 (0,081)

iARMA-restrito – 0 0,968 (0,123) 0,439 (0,089) 0,972 (0,123) 0,431 (0,085)

iARMA-combinado – 0 0,973 (0,118) 0,435 (0,095) 0,980 (0,110) 0,426 (0,081)

iARIMA – 3 1,026 (0,067) 0,460 (0,044) 1,022 (0,067) 0,463 (0,050)

MLPI – 1 0,992 (0,067) 0,462 (0,083) 0,993 (0,066) 0,464 (0,085)

Hı́bridoI – 0 0,905 (0,117) 0,410 (0,099) 0,903 (0,112) 0,413 (0,091)

AESs,i – 1 1,137 (0,043) 0,592 (0,051) 1,139 (0,043) 0,593 (0,052)

AEDs,i – 1 1,143 (0,074) 0,592 (0,137) 1,147 (0,074) 0,592 (0,138)

HWs,i – 3 1,103 (0,121) 0,601 (0,135) 1,160 (0,120) 0,600 (0,134)

ARMAs,i – 0 1,017 (0,043) 0,586 (0,104) 1,020 (0,043) 0,593 (0,135)

ARIMAs,i – 0 1,093 (0,041) 0,573 (0,122) 1,089 (0,041) 0,569 (0,145)

MLPs,i – 1 1,032 (0,086) 0,580 (0,121) 1,029 (0,086) 0,583 (0,137)

Hı́bridos,i – 0 1,003 (0,062) 0,536 (0,105) 1,007 (0,062) 0,535 (0,118)
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Figura A.3: Intervalos de 95% de confiança para os resultados obtidos para o PGD-I com n = 220; 20 passos-à-frente.
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Tabela A.4: Resultados obtidos para o PGD-I com n = 620; conjunto de treinamento.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r 6,5 0 0,913 (0,023) 0,457 (0,060) 0,916 (0,020) 0,452 (0,062)

MLPc,r 8,4 2 0,903 (0,038) 0,461 (0,041) 0,899 (0,044) 0,468 (0,039)

Hı́bridoc,r 5,0 0 0,888 (0,046) 0,447 (0,092) 0,893 (0,061) 0,442 (0,089)

AESI 14,3 26 0,938 (0,092) 0,483 (0,101) 0,921 (0,089) 0,481 (0,103)

AEDI 11,6 17 0,914 (0,110) 0,479 (0,103) 0,917 (0,121) 0,481 (0,100)

HWI 13,3 21 0,908 (0,098) 0,478 (0,112) 0,899 (0,098) 0,478 (0,112)

iARMA-irrestrito 8,4 12 0,840 (0,073) 0,449 (0,102) 0,834 (0,070) 0,440 (0,104)

iARMA-restrito 8,9 0 0,834 (0,071) 0,451 (0,105) 0,828 (0,072) 0,449 (0,105)

iARMA-combinado 7,6 0 0,836 (0,076) 0,443 (0,116) 0,834 (0,070) 0,440 (0,104)

iARIMA 9,2 9 0,847 (0,040) 0,443 (0,060) 0,852 (0,047) 0,439 (0,067)

MLPI 8,2 7 0,842 (0,053) 0,424 (0,053) 0,840 (0,044) 0,419 (0,053)

Hı́bridoI 9,1 0 0,809 (0,067) 0,415 (0,133) 0,807 (0,075) 0,412 (0,131)

AESs,i 9,4 17 0,952 (0,045) 0,499 (0,061) 0,937 (0,054) 0,501 (0,062)

AEDs,i 8,6 19 0,964 (0,057) 0,498 (0,100) 0,960 (0,060) 0,495 (0,098)

HWs,i 9,6 12 0,956 (0,090) 0,496 (0,122) 0,948 (0,114) 0,497 (0,116)

ARMAs,i 9,3 11 0,950 (0,036) 0,497 (0,084) 0,952 (0,043) 0,507 (0,082)

ARIMAs,i 8,7 14 0,959 (0,031) 0,492 (0,088) 0,955 (0,032) 0,496 (0,088)

MLPs,i 7,2 9 0,925 (0,060) 0,479 (0,079) 0,918 (0,076) 0,489 (0,075)

Hı́bridos,i 8,0 6 0,876 (0,058) 0,453 (0,087) 0,871 (0,062) 0,450 (0,084)
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Figura A.4: Intervalos de 95% de confiança para os resultados obtidos para o PGD-I com n = 620; conjunto de treinamento.
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Tabela A.5: Resultados obtidos para o PGD-I com n = 620; 5 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 0,903 (0,030) 0,460 (0,075) 0,904 (0,031) 0,462 (0,077)

MLPc,r – 0 0,921 (0,048) 0,463 (0,053) 0,922 (0,050) 0,466 (0,055)

Hı́bridoc,r – 0 0,911 (0,048) 0,439 (0,105) 0,911 (0,048) 0,435 (0,106)

AESI – 1 0,957 (0,115) 0,480 (0,132) 0,961 (0,123) 0,480 (0,139)

AEDI – 0 0,937 (0,120) 0,481 (0,122) 0,938 (0,121) 0,483 (0,123)

HWI – 0 0,940 (0,121) 0,459 (0,130) 0,941 (0,124) 0,460 (0,133)

iARMA-irrestrito – 0 0,838 (0,084) 0,427 (0,146) 0,840 (0,088) 0,429 (0,150)

iARMA-restrito – 0 0,833 (0,081) 0,430 (0,111) 0,836 (0,088) 0,430 (0,117)

iARMA-combinado – 0 0,838 (0,084) 0,427 (0,146) 0,840 (0,088) 0,429 (0,150)

iARIMA – 1 0,862 (0,053) 0,439 (0,025) 0,869 (0,060) 0,439 (0,033)

MLPI – 0 0,852 (0,048) 0,421 (0,057) 0,852 (0,050) 0,422 (0,063)

Hı́bridoI – 0 0,826 (0,089) 0,420 (0,105) 0,828 (0,091) 0,420 (0,100)

AESs,i – 0 1,044 (0,045) 0,498 (0,035) 1,046 (0,040) 0,499 (0,039)

AEDs,i – 0 1,043 (0,067) 0,499 (0,122) 1,043 (0,069) 0,501 (0,124)

HWs,i – 0 1,076 (0,105) 0,488 (0,125) 1,077 (0,108) 0,490 (0,130)

ARMAs,i – 0 1,005 (0,043) 0,492 (0,096) 1,006 (0,044) 0,494 (0,098)

ARIMAs,i – 0 0,999 (0,041) 0,478 (0,097) 0,998 (0,045) 0,482 (0,101)

MLPs,i – 0 1,001 (0,075) 0,462 (0,086) 1,009 (0,081) 0,469 (0,092)

Hı́bridos,i – 0 0,967 (0,061) 0,432 (0,105) 0,970 (0,066) 0,434 (0,110)
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Figura A.5: Intervalos de 95% de confiança para os resultados obtidos para o PGD-I com n = 620; 5 passos-à-frente.
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Tabela A.6: Resultados obtidos para o PGD-I com n = 620; 20 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 1,122 (0,075) 0,463 (0,064) 1,113 (0,077) 0,472 (0,085)

MLPc,r – 0 1,103 (0,085) 0,459 (0,044) 1,110 (0,085) 0,473 (0,046)

Hı́bridoc,r – 0 1,039 (0,074) 0,439 (0,128) 1,045 (0,074) 0,441 (0,132)

AESI – 4 1,131 (0,116) 0,482 (0,111) 1,129 (0,115) 0,483 (0,170)

AEDI – 2 1,073 (0,090) 0,473 (0,123) 1,068 (0,099) 0,475 (0,131)

HWI – 3 1,043 (0,150) 0,502 (0,140) 1,059 (0,152) 0,509 (0,160)

iARMA-irrestrito – 3 1,006 (0,130) 0,436 (0,103) 1,005 (0,089) 0,440 (0,109)

iARMA-restrito – 0 1,008 (0,112) 0,446 (0,112) 1,009 (0,113) 0,456 (0,108)

iARMA-combinado – 0 1,002 (0,093) 0,426 (0,188) 1,005 (0,089) 0,440 (0,109)

iARIMA – 3 1,011 (0,069) 0,435 (0,073) 1,016 (0,070) 0,437 (0,071)

MLPI – 2 0,991 (0,057) 0,406 (0,071) 0,989 (0,057) 0,410 (0,108)

Hı́bridoI – 0 0,983 (0,108) 0,411 (0,113) 0,981 (0,102) 0,407 (0,114)

AESs,i – 2 1,211 (0,045) 0,400 (0,039) 1,208 (0,044) 0,402 (0,063)

AEDs,i – 2 1,201 (0,105) 0,500 (0,117) 1,204 (0,105) 0,505 (0,127)

HWs,i – 4 1,212 (0,116) 0,513 (0,093) 1,218 (0,104) 0,518 (0,091)

ARMAs,i – 2 1,207 (0,051) 0,489 (0,106) 1,209 (0,051) 0,497 (0,128)

ARIMAs,i – 0 1,134 (0,073) 0,483 (0,095) 1,159 (0,072) 0,490 (0,137)

MLPs,i – 2 1,155 (0,090) 0,455 (0,088) 1,153 (0,091) 0,459 (0,142)

Hı́bridos,i – 0 1,082 (0,062) 0,432 (0,101) 1,083 (0,062) 0,429 (0,139)
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á
fi
c
o
s

d
o
s

e
x
p
e
r
im

e
n
to

s
c
o
m

S
T

I
s
in

té
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Figura A.6: Intervalos de 95% de confiança para os resultados obtidos para o PGD-I com n = 620; 20 passos-à-frente.
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Tabela A.7: Resultados obtidos para o PGD-II com n = 220; conjunto de treinamento.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r 15,1 0 0,921 (0,043) 0,610 (0,091) 0,926 (0,046) 0,607 (0,093)

MLPc,r 12,3 0 0,951 (0,066) 0,600 (0,085) 0,928 (0,068) 0,593 (0,085)

Hı́bridoc,r 14,3 0 0,921 (0,053) 0,578 (0,044) 0,917 (0,048) 0,575 (0,041)

AESI 9,2 9 0,925 (0,124) 0,589 (0,124) 0,927 (0,132) 0,579 (0,125)

AEDI 7,8 9 0,901 (0,097) 0,577 (0,121) 0,899 (0,104) 0,572 (0,122)

HWI 10,6 11 0,913 (0,171) 0,585 (0,139) 0,913 (0,182) 0,569 (0,139)

iARMA-irrestrito 9,1 8 0,819 (0,107) 0,474 (0,078) 0,808 (0,109) 0,477 (0,077)

iARMA-restrito 9,7 0 0,815 (0,061) 0,476 (0,075) 0,813 (0,060) 0,480 (0,074)

iARMA-combinado 8,8 0 0,818 (0,071) 0,471 (0,080) 0,808 (0,109) 0,477 (0,077)

iARIMA 9,1 7 0,848 (0,041) 0,492 (0,081) 0,833 (0,046) 0,498 (0,083)

MLPI 7,8 3 0,822 (0,046) 0,511 (0,098) 0,819 (0,051) 0,502 (0,100)

Hı́bridoI 9,3 0 0,799 (0,078) 0,454 (0,139) 0,779 (0,077) 0,452 (0,138)

AESs,i 8,7 7 0,930 (0,045) 0,600 (0,075) 0,931 (0,050) 0,609 (0,076)

AEDs,i 8,6 6 0,916 (0,047) 0,612 (0,100) 0,920 (0,047) 0,611 (0,098)

HWs,i 9,1 2 0,925 (0,106) 0,603 (0,192) 0,934 (0,112) 0,591 (0,193)

ARMAs,i 9,9 2 0,874 (0,049) 0,586 (0,073) 0,851 (0,050) 0,566 (0,074)

ARIMAs,i 8,9 0 0,888 (0,057) 0,556 (0,078) 0,867 (0,059) 0,547 (0,078)

MLPs,i 5,9 6 0,868 (0,062) 0,570 (0,123) 0,863 (0,066) 0,569 (0,124)

Hı́bridos,i 6,5 1 0,860 (0,042) 0,525 (0,059) 0,822 (0,037) 0,530 (0,056)
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Figura A.7: Intervalos de 95% de confiança para os resultados obtidos para o PGD-II com n = 220; conjunto de treinamento.

0
.8

0
0
.8

5
0
.9

0
0
.9

5

U
I

01 03 05 07 09 11 13 15 17 19

0
.4

5
0
.5

0
0
.5

5
0
.6

0

A
R

V
I

01 03 05 07 09 11 13 15 17 19

0
.8

0
0
.8

5
0
.9

0
0
.9

5

U
I

01 03 05 07 09 11 13 15 17 19

0
.4

5
0
.5

0
0
.5

5
0
.6

0

A
R

V
I

01 03 05 07 09 11 13 15 17 19

Com os intervalos onde houve predições invertidas

Sem os intervalos onde houve predições invertidas
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Tabela A.8: Resultados obtidos para o PGD-II com n = 220; 5 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 0,986 (0,055) 0,535 (0,117) 0,986 (0,055) 0,535 (0,117)

MLPc,r – 0 0,991 (0,078) 0,547 (0,102) 0,991 (0,078) 0,547 (0,102)

Hı́bridoc,r – 0 0,981 (0,056) 0,515 (0,046) 0,981 (0,056) 0,515 (0,046)

AESI – 0 1,007 (0,158) 0,542 (0,140) 1,007 (0,158) 0,542 (0,140)

AEDI – 0 0,968 (0,120) 0,538 (0,135) 0,968 (0,120) 0,538 (0,135)

HWI – 0 1,013 (0,174) 0,521 (0,179) 1,013 (0,174) 0,521 (0,179)

iARMA-irrestrito – 0 0,862 (0,112) 0,481 (0,098) 0,862 (0,112) 0,481 (0,098)

iARMA-restrito – 0 0,867 (0,079) 0,483 (0,085) 0,867 (0,079) 0,483 (0,085)

iARMA-combinado – 0 0,865 (0,112) 0,481 (0,098) 0,865 (0,112) 0,481 (0,098)

iARIMA – 0 0,880 (0,079) 0,492 (0,089) 0,880 (0,079) 0,492 (0,085)

MLPI – 0 0,847 (0,055) 0,499 (0,122) 0,847 (0,055) 0,499 (0,122)

Hı́bridoI – 0 0,806 (0,082) 0,459 (0,162) 0,806 (0,082) 0,459 (0,162)

AESs,i – 0 1,021 (0,055) 0,563 (0,095) 1,021 (0,055) 0,563 (0,095)

AEDs,i – 0 1,004 (0,051) 0,573 (0,106) 1,004 (0,051) 0,573 (0,106)

HWs,i – 0 1,027 (0,126) 0,568 (0,214) 1,027 (0,126) 0,568 (0,214)

ARMAs,i – 0 0,998 (0,055) 0,545 (0,089) 0,998 (0,055) 0,545 (0,089)

ARIMAs,i – 0 0,998 (0,070) 0,547 (0,085) 0,998 (0,070) 0,547 (0,085)

MLPs,i – 0 1,022 (0,077) 0,539 (0,129) 1,022 (0,077) 0,539 (0,129)

Hı́bridos,i – 0 0,973 (0,043) 0,516 (0,074) 0,973 (0,043) 0,516 (0,074)
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Figura A.8: Intervalos de 95% de confiança para os resultados obtidos para o PGD-II com n = 220; 5 passos-à-frente.
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Tabela A.9: Resultados obtidos para o PGD-II com n = 220; 20 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 1,153 (0,070) 0,630 (0,104) 1,153 (0,070) 0,638 (0,133)

MLPc,r – 0 1,139 (0,104) 0,613 (0,104) 1,139 (0,104) 0,617 (0,110)

Hı́bridoc,r – 0 1,063 (0,057) 0,561 (0,050) 1,064 (0,057) 0,559 (0,049)

AESI – 1 1,110 (0,171) 0,585 (0,119) 1,112 (0,171) 0,590 (0,136)

AEDI – 2 1,082 (0,136) 0,567 (0,128) 1,081 (0,128) 0,568 (0,151)

HWI – 1 1,099 (0,123) 0,558 (0,128) 1,098 (0,123) 0,546 (0,140)

iARMA-irrestrito – 2 0,989 (0,147) 0,487 (0,134) 0,981 (0,146) 0,490 (0,136)

iARMA-restrito – 0 0,988 (0,091) 0,483 (0,100) 0,983 (0,091) 0,489 (0,099)

iARMA-combinado – 0 0,988 (0,115) 0,476 (0,105) 0,981 (0,146) 0,490 (0,136)

iARIMA – 2 1,012 (0,089) 0,518 (0,111) 1,009 (0,087) 0,509 (0,128)

MLPI – 0 1,031 (0,072) 0,489 (0,135) 1,023 (0,071) 0,493 (0,153)

Hı́bridoI – 0 0,942 (0,089) 0,492 (0,192) 0,941 (0,088) 0,497 (0,191)

AESs,i – 1 1,103 (0,069) 0,613 (0,103) 1,100 (0,069) 0,619 (0,124)

AEDs,i – 1 1,128 (0,061) 0,601 (0,137) 1,132 (0,061) 0,604 (0,136)

HWs,i – 2 1,156 (0,142) 0,613 (0,103) 1,159 (0,143) 0,610 (0,110)

ARMAs,i – 0 1,117 (0,090) 0,561 (0,094) 1,114 (0,088) 0,565 (0,102)

ARIMAs,i – 1 1,115 (0,126) 0,547 (0,084) 1,112 (0,126) 0,554 (0,097)

MLPs,i – 1 1,118 (0,109) 0,569 (0,133) 1,124 (0,110) 0,586 (0,160)

Hı́bridos,i – 0 1,089 (0,062) 0,517 (0,074) 1,094 (0,063) 0,521 (0,067)
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á
fi
c
o
s

d
o
s

e
x
p
e
r
im

e
n
to

s
c
o
m

S
T

I
s
in

té
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Figura A.9: Intervalos de 95% de confiança para os resultados obtidos para o PGD-II com n = 220; 20 passos-à-frente.
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Tabela A.10: Resultados obtidos para o PGD-II com n = 620; conjunto de treinamento.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r 14,6 0 0,979 (0,033) 0,522 (0,085) 0,982 (0,042) 0,529 (0,083)

MLPc,r 12,3 4 0,984 (0,026) 0,536 (0,058) 0,990 (0,023) 0,541 (0,060)

Hı́bridoc,r 13,5 1 0,923 (0,034) 0,495 (0,029) 0,929 (0,035) 0,500 (0,029)

AESI 9,0 16 0,930 (0,111) 0,509 (0,122) 0,948 (0,106) 0,512 (0,126)

AEDI 7,1 21 0,918 (0,094) 0,508 (0,140) 0,915 (0,094) 0,502 (0,140)

HWI 10,4 10 0,932 (0,129) 0,506 (0,133) 0,920 (0,128) 0,506 (0,134)

iARMA-irrestrito 8,6 15 0,847 (0,075) 0,470 (0,073) 0,838 (0,074) 0,468 (0,073)

iARMA-restrito 8,7 0 0,843 (0,037) 0,468 (0,064) 0,837 (0,042) 0,465 (0,063)

iARMA-combinado 7,8 0 0,840 (0,069) 0,463 (0,099) 0,838 (0,074) 0,466 (0,073)

iARIMA 9,3 18 0,850 (0,037) 0,470 (0,044) 0,846 (0,042) 0,470 (0,063)

MLPI 7,8 4 0,807 (0,034) 0,473 (0,066) 0,817 (0,039) 0,470 (0,069)

Hı́bridoI 9,4 0 0,800 (0,053) 0,442 (0,102) 0,803 (0,049) 0,450 (0,105)

AESs,i 7,5 14 0,968 (0,031) 0,539 (0,069) 0,950 (0,036) 0,532 (0,068)

AEDs,i 8,0 11 0,930 (0,049) 0,507 (0,079) 0,925 (0,052) 0,518 (0,078)

HWs,i 9,1 13 0,936 (0,062) 0,512 (0,131) 0,933 (0,058) 0,516 (0,134)

ARMAs,i 9,5 7 0,905 (0,034) 0,499 (0,059) 0,904 (0,039) 0,489 (0,058)

ARIMAs,i 7,8 6 0,921 (0,029) 0,518 (0,047) 0,914 (0,024) 0,524 (0,050)

MLPs,i 8,6 3 0,915 (0,046) 0,478 (0,097) 0,915 (0,044) 0,486 (0,098)

Hı́bridos,i 7,7 2 0,889 (0,035) 0,467 (0,047) 0,880 (0,034) 0,470 (0,048)
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Figura A.10: Intervalos de 95% de confiança para os resultados obtidos para o PGD-II com n = 620; conjunto de treinamento.
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Tabela A.11: Resultados obtidos para o PGD-II com n = 620; 5 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 1,004 (0,042) 0,516 (0,093) 1,006 (0,045) 0,519 (0,096)

MLPc,r – 0 1,018 (0,026) 0,543 (0,066) 1,018 (0,028) 0,545 (0,068)

Hı́bridoc,r – 0 1,012 (0,039) 0,482 (0,035) 1,014 (0,041) 0,484 (0,037)

AESI – 0 0,993 (0,123) 0,499 (0,135) 0,987 (0,124) 0,499 (0,135)

AEDI – 0 1,003 (0,112) 0,489 (0,166) 1,004 (0,113) 0,490 (0,167)

HWI – 0 0,975 (0,141) 0,514 (0,156) 0,976 (0,143) 0,515 (0,157)

iARMA-irrestrito – 0 0,855 (0,090) 0,438 (0,083) 0,857 (0,092) 0,439 (0,085)

iARMA-restrito – 0 0,862 (0,079) 0,436 (0,071) 0,862 (0,079) 0,435 (0,072)

iARMA-combinado – 0 0,855 (0,090) 0,438 (0,083) 0,857 (0,092) 0,439 (0,085)

iARIMA – 0 0,873 (0,041) 0,468 (0,047) 0,879 (0,046) 0,469 (0,048)

MLPI – 0 0,869 (0,036) 0,466 (0,070) 0,859 (0,037) 0,467 (0,071)

Hı́bridoI – 0 0,857 (0,060) 0,439 (0,111) 0,861 (0,063) 0,441 (0,113)

AESs,i – 1 0,987 (0,035) 0,516 (0,080) 0,990 (0,038) 0,519 (0,083)

AEDs,i – 0 1,015 (0,065) 0,505 (0,091) 1,015 (0,066) 0,505 (0,092)

HWs,i – 0 1,041 (0,068) 0,530 (0,150) 1,041 (0,068) 0,530 (0,150)

ARMAs,i – 0 0,994 (0,035) 0,514 (0,065) 0,996 (0,037) 0,511 (0,067)

ARIMAs,i – 0 0,986 (0,032) 0,517 (0,058) 0,987 (0,033) 0,518 (0,060)

MLPs,i – 0 1,002 (0,053) 0,477 (0,109) 1,004 (0,056) 0,479 (0,111)

Hı́bridos,i – 0 0,991 (0,043) 0,490 (0,061) 0,992 (0,044) 0,491 (0,063)
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Figura A.11: Intervalos de 95% de confiança para os resultados obtidos para o PGD-II com n = 620; 5 passos-à-frente.
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Tabela A.12: Resultados obtidos para o PGD-II com n = 620; 20 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 1,299 (0,075) 0,542 (0,107) 1,320 (0,075) 0,549 (0,173)

MLPc,r – 1 1,203 (0,044) 0,563 (0,076) 1,204 (0,044) 0,561 (0,124)

Hı́bridoc,r – 1 1,124 (0,086) 0,518 (0,033) 1,155 (0,088) 0,522 (0,054)

AESI – 2 1,151 (0,189) 0,502 (0,130) 1,159 (0,191) 0,503 (0,142)

AEDI – 3 1,087 (0,156) 0,501 (0,180) 1,085 (0,156) 0,515 (0,206)

HWI – 1 1,055 (0,148) 0,501 (0,147) 1,061 (0,149) 0,519 (0,169)

iARMA-irrestrito – 3 0,994 (0,117) 0,449 (0,089) 0,993 (0,117) 0,442 (0,120)

iARMA-restrito – 0 0,987 (0,079) 0,443 (0,085) 0,972 (0,078) 0,449 (0,091)

iARMA-combinado – 0 0,988 (0,099) 0,445 (0,125) 0,993 (0,117) 0,446 (0,120)

iARIMA – 2 0,993 (0,060) 0,448 (0,054) 0,990 (0,060) 0,453 (0,084)

MLPI – 0 0,994 (0,029) 0,428 (0,082) 0,996 (0,029) 0,423 (0,112)

Hı́bridoI – 0 0,989 (0,096) 0,411 (0,128) 0,985 (0,095) 0,413 (0,178)

AESs,i – 2 1,279 (0,048) 0,533 (0,097) 1,281 (0,049) 0,550 (0,154)

AEDs,i – 0 1,251 (0,111) 0,504 (0,085) 1,253 (0,111) 0,506 (0,093)

HWs,i – 3 1,297 (0,113) 0,509 (0,114) 1,293 (0,113) 0,505 (0,121)

ARMAs,i – 0 1,199 (0,057) 0,512 (0,068) 1,220 (0,057) 0,520 (0,108)

ARIMAs,i – 1 1,265 (0,047) 0,502 (0,057) 1,267 (0,047) 0,515 (0,085)

MLPs,i – 1 1,286 (0,067) 0,467 (0,117) 1,264 (0,067) 0,452 (0,169)

Hı́bridos,i – 0 1,142 (0,053) 0,498 (0,065) 1,139 (0,052) 0,498 (0,079)
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Figura A.12: Intervalos de 95% de confiança para os resultados obtidos para o PGD-II com n = 620; 20 passos-à-frente.
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Tabela A.13: Resultados obtidos para o PGD-III com n = 220; conjunto de treinamento.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r 11,4 0 0,903 (0,033) 0,602 (0,066) 0,895 (0,033) 0,595 (0,067)

MLPc,r 8,3 1 0,840 (0,038) 0,538 (0,083) 0,831 (0,039) 0,528 (0,084)

Hı́bridoc,r 10,0 0 0,820 (0,032) 0,510 (0,076) 0,809 (0,031) 0,497 (0,076)

AESI 10,2 11 0,914 (0,111) 0,583 (0,102) 0,890 (0,113) 0,553 (0,101)

AEDI 7,1 13 0,872 (0,109) 0,529 (0,140) 0,888 (0,115) 0,536 (0,141)

HWI 9,0 9 0,927 (0,123) 0,517 (0,129) 0,910 (0,124) 0,518 (0,128)

iARMA-irrestrito 6,7 4 0,786 (0,055) 0,496 (0,087) 0,761 (0,051) 0,487 (0,084)

iARMA-restrito 6,2 0 0,779 (0,020) 0,448 (0,061) 0,763 (0,018) 0,439 (0,059)

iARMA-combinado 6,2 0 0,782 (0,019) 0,485 (0,081) 0,761 (0,051) 0,487 (0,084)

iARIMA 8,2 10 0,795 (0,017) 0,479 (0,045) 0,789 (0,017) 0,484 (0,044)

MLPI 8,1 6 0,735 (0,045) 0,468 (0,088) 0,740 (0,047) 0,464 (0,089)

Hı́bridoI 5,0 0 0,716 (0,029) 0,405 (0,099) 0,712 (0,023) 0,413 (0,095)

AESs,i 8,6 8 0,935 (0,027) 0,621 (0,060) 0,944 (0,029) 0,591 (0,060)

AEDs,i 7,0 5 0,927 (0,051) 0,615 (0,099) 0,905 (0,054) 0,594 (0,099)

HWs,i 9,3 7 0,951 (0,074) 0,600 (0,101) 0,906 (0,079) 0,585 (0,101)

ARMAs,i 11,8 6 0,911 (0,033) 0,553 (0,075) 0,899 (0,034) 0,542 (0,075)

ARIMAs,i 10,3 9 0,905 (0,024) 0,580 (0,072) 0,891 (0,025) 0,568 (0,072)

MLPs,i 8,7 3 0,828 (0,062) 0,498 (0,090) 0,803 (0,061) 0,503 (0,088)

Hı́bridos,i 8,8 4 0,807 (0,021) 0,484 (0,068) 0,801 (0,019) 0,481 (0,066)
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Figura A.13: Intervalos de 95% de confiança para os resultados obtidos para o PGD-III com n = 220; conjunto de treinamento.
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Tabela A.14: Resultados obtidos para o PGD-III com n = 220; 5 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 1,026 (0,040) 0,585 (0,077) 1,026 (0,040) 0,585 (0,077)

MLPc,r – 0 0,918 (0,046) 0,507 (0,100) 0,918 (0,046) 0,507 (0,100)

Hı́bridoc,r – 0 0,904 (0,039) 0,514 (0,098) 0,904 (0,039) 0,514 (0,098)

AESI – 0 0,910 (0,138) 0,543 (0,109) 0,910 (0,138) 0,543 (0,109)

AEDI – 0 0,951 (0,138) 0,526 (0,182) 0,951 (0,138) 0,526 (0,182)

HWI – 0 0,938 (0,151) 0,524 (0,138) 0,938 (0,151) 0,524 (0,138)

iARMA-irrestrito – 0 0,893 (0,060) 0,485 (0,095) 0,893 (0,060) 0,485 (0,095)

iARMA-restrito – 0 0,852 (0,025) 0,449 (0,069) 0,852 (0,025) 0,449 (0,069)

iARMA-combinado – 0 0,893 (0,060) 0,485 (0,095) 0,893 (0,060) 0,485 (0,095)

iARIMA – 0 0,908 (0,021) 0,498 (0,054) 0,908 (0,021) 0,498 (0,054)

MLPI – 0 0,809 (0,055) 0,455 (0,113) 0,809 (0,055) 0,455 (0,113)

Hı́bridoI – 0 0,801 (0,037) 0,414 (0,123) 0,801 (0,037) 0,414 (0,123)

AESs,i – 0 0,981 (0,033) 0,624 (0,068) 0,981 (0,033) 0,624 (0,068)

AEDs,i – 0 1,055 (0,055) 0,605 (0,104) 1,055 (0,055) 0,605 (0,104)

HWs,i – 0 1,021 (0,093) 0,604 (0,118) 1,021 (0,093) 0,604 (0,118)

ARMAs,i – 0 1,012 (0,040) 0,560 (0,086) 1,012 (0,040) 0,560 (0,086)

ARIMAs,i – 0 1,034 (0,027) 0,567 (0,077) 1,034 (0,027) 0,567 (0,077)

MLPs,i – 0 0,913 (0,074) 0,543 (0,109) 0,913 (0,074) 0,543 (0,109)

Hı́bridos,i – 0 0,901 (0,027) 0,525 (0,072) 0,901 (0,027) 0,525 (0,072)
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á
fi
c
o
s

d
o
s

e
x
p
e
r
im

e
n
to

s
c
o
m

S
T

I
s
in

té
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Figura A.14: Intervalos de 95% de confiança para os resultados obtidos para o PGD-III com n = 220; 5 passos-à-frente.
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Tabela A.15: Resultados obtidos para o PGD-III com n = 220; 20 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 1,135 (0,041) 0,576 (0,091) 1,135 (0,041) 0,584 (0,119)

MLPc,r – 0 1,066 (0,068) 0,507 (0,098) 1,058 (0,068) 0,499 (0,149)

Hı́bridoc,r – 0 0,997 (0,085) 0,516 (0,083) 0,989 (0,085) 0,517 (0,083)

AESI – 3 1,074 (0,180) 0,563 (0,143) 1,043 (0,175) 0,568 (0,173)

AEDI – 2 1,077 (0,174) 0,533 (0,148) 1,077 (0,174) 0,551 (0,174)

HWI – 1 1,008 (0,191) 0,559 (0,144) 1,029 (0,195) 0,565 (0,151)

iARMA-irrestrito – 2 0,979 (0,097) 0,478 (0,101) 0,978 (0,097) 0,475 (0,097)

iARMA-restrito – 0 0,991 (0,089) 0,470 (0,065) 0,992 (0,089) 0,466 (0,076)

iARMA-combinado – 0 0,988 (0,094) 0,483 (0,094) 0,978 (0,097) 0,475 (0,097)

iARIMA – 2 1,094 (0,046) 0,503 (0,054) 1,089 (0,046) 0,509 (0,060)

MLPI – 0 0,870 (0,061) 0,444 (0,118) 0,871 (0,061) 0,460 (0,144)

Hı́bridoI – 0 0,874 (0,041) 0,427 (0,117) 0,880 (0,041) 0,432 (0,136)

AESs,i – 4 1,313 (0,077) 0,615 (0,065) 1,301 (0,076) 0,620 (0,108)

AEDs,i – 4 1,317 (0,111) 0,595 (0,133) 1,276 (0,108) 0,603 (0,142)

HWs,i – 1 1,295 (0,109) 0,577 (0,133) 1,288 (0,109) 0,577 (0,160)

ARMAs,i – 2 1,201 (0,094) 0,559 (0,083) 1,199 (0,094) 0,572 (0,098)

ARIMAs,i – 0 1,250 (0,035) 0,580 (0,079) 1,249 (0,035) 0,591 (0,104)

MLPs,i – 1 1,066 (0,094) 0,497 (0,103) 1,065 (0,093) 0,488 (0,094)

Hı́bridos,i – 2 1,082 (0,069) 0,479 (0,077) 1,089 (0,069) 0,483 (0,105)
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Figura A.15: Intervalos de 95% de confiança para os resultados obtidos para o PGD-III com n = 220; 20 passos-à-frente.
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A.1 Tabelas e gráficos dos experimentos com STI sintéticas 195

Tabela A.16: Resultados obtidos para o PGD-III com n = 620; conjunto de treinamento.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r 10,4 0 0,924 (0,016) 0,487 (0,030) 0,912 (0,009) 0,489 (0,034)

MLPc,r 7,0 3 0,854 (0,050) 0,404 (0,096) 0,866 (0,072) 0,407 (0,091)

Hı́bridoc,r 8,7 0 0,856 (0,063) 0,371 (0,094) 0,843 (0,103) 0,367 (0,085)

AESI 10,2 14 0,934 (0,106) 0,472 (0,168) 0,915 (0,100) 0,458 (0,172)

AEDI 7,2 9 0,898 (0,087) 0,461 (0,183) 0,882 (0,081) 0,467 (0,186)

HWI 8,2 7 0,923 (0,125) 0,451 (0,204) 0,935 (0,126) 0,441 (0,203)

iARMA-irrestrito 5,8 9 0,803 (0,078) 0,398 (0,098) 0,807 (0,081) 0,370 (0,097)

iARMA-restrito 5,8 0 0,796 (0,069) 0,401 (0,124) 0,781 (0,067) 0,387 (0,125)

iARMA-combinado 5,4 0 0,781 (0,068) 0,382 (0,129) 0,807 (0,081) 0,370 (0,097)

iARIMA 7,4 11 0,805 (0,033) 0,411 (0,047) 0,821 (0,047) 0,399 (0,044)

MLPI 6,3 5 0,739 (0,050) 0,330 (0,088) 0,755 (0,075) 0,338 (0,082)

Hı́bridoI 4,6 0 0,723 (0,058) 0,367 (0,074) 0,701 (0,057) 0,331 (0,075)

AESs,i 7,5 17 0,940 (0,042) 0,489 (0,074) 0,941 (0,062) 0,493 (0,070)

AEDs,i 7,3 9 0,950 (0,030) 0,515 (0,056) 0,964 (0,022) 0,515 (0,061)

HWs,i 8,8 13 0,983 (0,086) 0,508 (0,145) 0,963 (0,108) 0,506 (0,140)

ARMAs,i 10,2 11 0,946 (0,041) 0,461 (0,077) 0,960 (0,054) 0,462 (0,074)

ARIMAs,i 9,7 8 0,929 (0,037) 0,427 (0,062) 0,915 (0,049) 0,429 (0,060)

MLPs,i 8,3 4 0,859 (0,032) 0,444 (0,042) 0,868 (0,024) 0,425 (0,047)

Hı́bridos,i 8,0 5 0,822 (0,049) 0,398 (0,069) 0,804 (0,065) 0,379 (0,065)
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Figura A.16: Intervalos de 95% de confiança para os resultados obtidos para o PGD-III com n = 620; conjunto de treinamento.
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Tabela A.17: Resultados obtidos para o PGD-III com n = 620; 5 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 0,968 (0,020) 0,470 (0,040) 0,971 (0,024) 0,474 (0,043)

MLPc,r – 0 0,948 (0,059) 0,423 (0,101) 0,954 (0,066) 0,423 (0,107)

Hı́bridoc,r – 0 0,899 (0,064) 0,405 (0,109) 0,899 (0,067) 0,405 (0,112)

AESI – 0 0,980 (0,110) 0,471 (0,184) 0,980 (0,116) 0,471 (0,190)

AEDI – 0 0,983 (0,109) 0,467 (0,210) 0,983 (0,113) 0,472 (0,215)

HWI – 0 0,931 (0,160) 0,444 (0,234) 0,937 (0,166) 0,450 (0,240)

iARMA-irrestrito – 0 0,823 (0,082) 0,398 (0,119) 0,829 (0,088) 0,404 (0,125)

iARMA-restrito – 0 0,825 (0,070) 0,411 (0,151) 0,830 (0,075) 0,416 (0,157)

iARMA-combinado – 0 0,823 (0,082) 0,398 (0,119) 0,829 (0,088) 0,404 (0,125)

iARIMA – 0 0,843 (0,033) 0,406 (0,057) 0,843 (0,037) 0,410 (0,060)

MLPI – 0 0,826 (0,062) 0,386 (0,096) 0,831 (0,067) 0,386 (0,101)

Hı́bridoI – 0 0,812 (0,071) 0,377 (0,086) 0,812 (0,072) 0,378 (0,087)

AESs,i – 1 1,031 (0,049) 0,506 (0,082) 1,037 (0,055) 0,506 (0,088)

AEDs,i – 0 1,042 (0,032) 0,512 (0,067) 1,043 (0,033) 0,513 (0,068)

HWs,i – 0 1,063 (0,095) 0,493 (0,155) 1,066 (0,098) 0,496 (0,158)

ARMAs,i – 0 0,989 (0,053) 0,459 (0,096) 0,992 (0,056) 0,462 (0,100)

ARIMAs,i – 1 0,980 (0,039) 0,419 (0,081) 0,988 (0,047) 0,426 (0,089)

MLPs,i – 0 0,961 (0,033) 0,434 (0,051) 0,965 (0,037) 0,438 (0,055)

Hı́bridos,i – 0 0,920 (0,058) 0,403 (0,085) 0,926 (0,064) 0,403 (0,091)
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Figura A.17: Intervalos de 95% de confiança para os resultados obtidos para o PGD-III com n = 620; 5 passos-à-frente.
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Tabela A.18: Resultados obtidos para o PGD-III com n = 620; 20 passos-à-frente.

Com os intervalos onde Sem os intervalos onde
houve predições invertidas houve predições invertidas

Pred.

Modelo H̃I
0

inv. UI ARVI UI ARVI

ARMAc,r – 0 1,100 (0,066) 0,456 (0,034) 1,075 (0,067) 0,457 (0,069)

MLPc,r – 0 1,094 (0,076) 0,429 (0,105) 1,094 (0,077) 0,427 (0,101)

Hı́bridoc,r – 0 0,992 (0,084) 0,421 (0,103) 0,993 (0,084) 0,421 (0,107)

AESI – 2 1,104 (0,169) 0,457 (0,107) 1,103 (0,169) 0,456 (0,116)

AEDI – 3 1,084 (0,131) 0,467 (0,116) 1,073 (0,131) 0,467 (0,102)

HWI – 1 1,039 (0,158) 0,447 (0,115) 1,038 (0,158) 0,442 (0,113)

iARMA-irrestrito – 1 1,001 (0,089) 0,409 (0,090) 0,997 (0,089) 0,410 (0,098)

iARMA-restrito – 0 1,005 (0,092) 0,416 (0,095) 0,995 (0,090) 0,416 (0,096)

iARMA-combinado – 0 1,011 (0,087) 0,409 (0,092) 0,997 (0,089) 0,410 (0,098)

iARIMA – 1 1,042 (0,089) 0,421 (0,082) 1,042 (0,086) 0,423 (0,090)

MLPI – 2 0,980 (0,079) 0,431 (0,089) 0,989 (0,079) 0,431 (0,088)

Hı́bridoI – 0 0,945 (0,095) 0,411 (0,096) 0,945 (0,115) 0,413 (0,086)

AESs,i – 2 1,173 (0,074) 0,502 (0,096) 1,174 (0,073) 0,502 (0,085)

AEDs,i – 2 1,103 (0,059) 0,509 (0,068) 1,103 (0,049) 0,503 (0,077)

HWs,i – 1 1,094 (0,101) 0,482 (0,110) 1,094 (0,101) 0,484 (0,107)

ARMAs,i – 3 1,078 (0,095) 0,459 (0,098) 1,080 (0,093) 0,460 (0,098)

ARIMAs,i – 2 1,049 (0,096) 0,443 (0,080) 1,064 (0,097) 0,443 (0,085)

MLPs,i – 0 1,043 (0,073) 0,425 (0,078) 1,043 (0,073) 0,440 (0,073)

Hı́bridos,i – 2 0,987 (0,097) 0,422 (0,087) 0,984 (0,096) 0,421 (0,097)
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Figura A.18: Intervalos de 95% de confiança para os resultados obtidos para o PGD-III com n = 620; 20 passos-à-frente.

0
.9

5
1
.0

0
1
.0

5
1
.1

0
1
.1

5

U
I

01 03 05 07 09 11 13 15 17 19

0
.4

0
0
.4

2
0
.4

4
0
.4

6
0
.4

8
0
.5

0

A
R

V
I

01 03 05 07 09 11 13 15 17 19

0
.9

5
1
.0

0
1
.0

5
1
.1

0
1
.1

5

U
I

01 03 05 07 09 11 13 15 17 19

0
.4

0
0
.4

2
0
.4

4
0
.4

6
0
.4

8
0
.5

0

A
R

V
I

01 03 05 07 09 11 13 15 17 19

Com os intervalos onde houve predições invertidas

Sem os intervalos onde houve predições invertidas
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A.2 Tabelas e gráficos da aplicação a STI reais

Tabela A.19: Resultados obtidos para a STI de preços de ações da Petrobras; conjunto
de treinamento.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r 0 0,992 0,650 0,994 0,647

MLPc,r 0 0,989 0,622 0,985 0,618

Hı́bridoc,r 0 0,971 0,627 0,973 0,623

AESI • 3 0,991 0,663 0,991 0,692

AEDI 2 0,982 0,647 0,982 0,665

HWI 0 0,977 0,648 0,977 0,665

iARMA-irrestrito 2 0,918 0,511 0,914 0,513

iARMA-restrito 0 0,912 0,507 0,908 0,508

iARMA-combinado 0 0,915 0,509 0,914 0,513

iARIMA 0 0,919 0,510 0,917 0,512

MLPI 0 0,925 0,527 0,923 0,529

Hı́bridoI 0 0,901 0,503 0,903 0,500

AESs,i 2 1,013 0,733 1,023 0,726

AEDs,i • 0 1,021 0,734 1,027 0,732

HWs,i 1 1,028 0,746 1,030 0,750

ARMAs,i 2 0,978 0,639 0,980 0,624

ARIMAs,i 1 0,980 0,642 0,987 0,636

MLPs,i 0 0,991 0,665 0,993 0,672

Hı́bridos,i 0 0,968 0,616 0,968 0,617
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Figura A.19: Valores das medidas de precisão obtidos para a STI da Petrobras; conjunto de treinamento.
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Tabela A.20: Resultados obtidos para a STI de preços de ações da Petrobras; 5 passos-à-
frente.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r – 0 1,013 0,665 1,013 0,665

MLPc,r – 0 1,008 0,658 1,008 0,658

Hı́bridoc,r – 0 1,001 0,637 1,001 0,637

AESI – 0 1,009 0,706 1,009 0,706

AEDI – 0 1,011 0,693 1,011 0,693

HWI – 0 1,014 0,697 1,014 0,697

iARMA-irrestrito – 0 0,934 0,605 0,934 0,605

iARMA-restrito – 0 0,940 0,601 0,940 0,601

iARMA-combinado – 0 0,934 0,605 0,934 0,605

iARIMA – 0 0,943 0,622 0,943 0,622

MLPI – 0 0,945 0,613 0,945 0,613

Hı́bridoI – 0 0,936 0,582 0,936 0,582

AESs,i – 0 1,080 0,786 1,080 0,786

AEDs,i – 0 1,089 0,777 1,089 0,777

HWs,i – 0 1,102 0,752 1,102 0,752

ARMAs,i – 0 1,010 0,650 1,010 0,650

ARIMAs,i – 0 1,011 0,653 1,011 0,653

MLPs,i – 0 1,002 0,660 1,002 0,660

Hı́bridos,i – 0 0,998 0,629 0,998 0,629
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Figura A.20: Valores das medidas de precisão obtidos para a STI da Petrobras; 5 passos-à-frente.
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Tabela A.21: Resultados obtidos para a STI de preços de ações da Petrobras; 20 passos-
à-frente.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r – 0 1,103 0,700 1,101 0,700

MLPc,r – 0 1,089 0,697 1,098 0,691

Hı́bridoc,r – 0 1,101 0,677 1,104 0,675

AESI – 1 1,092 0,720 1,090 0,728

AEDI – 0 1,097 0,711 1,098 0,717

HWI – 0 1,098 0,716 1,101 0,722

iARMA-irrestrito – 1 1,001 0,621 1,008 0,618

iARMA-restrito – 0 1,002 0,628 1,004 0,623

iARMA-combinado – 0 1,002 0,623 1,008 0,618

iARIMA – 0 1,021 0,637 1,019 0,636

MLPI – 0 1,012 0,636 1,018 0,637

Hı́bridoI – 0 0,986 0,615 0,985 0,615

AESs,i – 0 1,236 0,802 1,243 0,793

AEDs,i – 0 1,229 0,791 1,234 0,790

HWs,i – 0 1,263 0,787 1,251 0,784

ARMAs,i – 0 1,091 0,699 1,098 0,697

ARIMAs,i – 1 1,101 0,703 1,106 0,701

MLPs,i – 0 1,098 0,689 1,095 0,689

Hı́bridos,i – 0 1,079 0,665 1,076 0,668
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Figura A.21: Valores das medidas de precisão obtidos para a STI da Petrobras; 20 passos-à-frente.

U
I

01 03 05 07 09 11 13 15 17 19

1
.0

0
1
.0

5
1
.1

0
1
.1

5
1
.2

0
1
.2

5

A
R

V
I

01 03 05 07 09 11 13 15 17 19

0
.6

5
0
.7

0
0
.7

5
0
.8

0

U
I

01 03 05 07 09 11 13 15 17 19

1
.0

0
1
.0

5
1
.1

0
1
.1

5
1
.2

0
1
.2

5

A
R

V
I

01 03 05 07 09 11 13 15 17 19

0
.6

5
0
.7

0
0
.7

5
0
.8

0

Com os intervalos onde houve predições invertidas

Sem os intervalos onde houve predições invertidas
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Tabela A.22: Resultados obtidos para a STI de preços de ações da Google; conjunto de
treinamento.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r 0 0,979 0,672 0,972 0,670

MLPc,r 2 0,990 0,680 0,987 0,683

Hı́bridoc,r 0 0,981 0,669 0,978 0,669

AESI 11 0,962 0,661 0,959 0,665

AEDI 9 0,956 0,641 0,955 0,644

HWI • 14 0,960 0,638 0,961 0,641

iARMA-irrestrito 13 0,935 0,610 0,934 0,615

iARMA-restrito 0 0,928 0,605 0,933 0,613

iARMA-combinado 0 0,927 0,604 0,934 0,615

iARIMA 10 0,931 0,620 0,925 0,624

MLPI 3 0,927 0,616 0,922 0,621

Hı́bridoI 0 0,914 0,603 0,918 0,609

AESs,i 13 1,023 0,721 1,020 0,727

AEDs,i • 11 1,030 0,749 1,027 0,752

HWs,i 6 1,019 0,736 1,015 0,735

ARMAs,i 4 0,983 0,703 0,985 0,711

ARIMAs,i 2 0,980 0,708 0,980 0,718

MLPs,i • 2 0,979 0,675 0,976 0,689

Hı́bridos,i 4 0,961 0,681 0,956 0,680
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Figura A.22: Valores das medidas de precisão obtidos para a STI da Google; conjunto de treinamento.
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Tabela A.23: Resultados obtidos para a STI de preços de ações da Google; 5 passos-à-
frente.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r – 0 0,984 0,729 0,986 0,730

MLPc,r – 0 0,999 0,732 1,001 0,735

Hı́bridoc,r – 0 1,001 0,723 1,002 0,726

AESI – 0 1,010 0,727 1,010 0,730

AEDI – 0 1,009 0,714 1,009 0,716

HWI – 1 1,013 0,714 1,011 0,717

iARMA-irrestrito – 0 0,977 0,710 0,980 0,713

iARMA-restrito – 0 0,970 0,704 0,973 0,705

iARMA-combinado – 0 0,977 0,710 0,980 0,713

iARIMA – 1 0,991 0,725 0,994 0,727

MLPI – 0 0,946 0,712 0,948 0,714

Hı́bridoI – 0 0,934 0,680 0,937 0,682

AESs,i – 0 1,128 0,782 1,131 0,780

AEDs,i – 0 1,148 0,786 1,150 0,789

HWs,i – 0 1,100 0,770 1,103 0,771

ARMAs,i – 0 1,036 0,762 1,033 0,765

ARIMAs,i – 0 1,026 0,763 1,029 0,766

MLPs,i – 0 1,009 0,744 1,012 0,747

Hı́bridos,i – 0 1,002 0,743 1,005 0,746
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Figura A.23: Valores das medidas de precisão obtidos para a STI da Google; 5 passos-à-frente.
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Tabela A.24: Resultados obtidos para a STI de preços de ações da Google; 20 passos-à-
frente.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r – 0 1,158 0,743 1,161 0,742

MLPc,r – 0 1,179 0,748 1,183 0,751

Hı́bridoc,r – 0 1,155 0,731 1,160 0,729

AESI – 1 1,171 0,742 1,175 0,747

AEDI – 0 1,172 0,729 1,178 0,723

HWI – 1 1,199 0,727 1,198 0,731

iARMA-irrestrito – 1 1,079 0,701 1,076 0,696

iARMA-restrito – 0 1,079 0,700 1,082 0,696

iARMA-combinado – 0 1,066 0,700 1,076 0,696

iARIMA – 1 1,083 0,706 1,085 0,702

MLPI – 0 1,178 0,700 1,179 0,701

Hı́bridoI – 0 1,007 0,685 0,999 0,683

AESs,i – 1 1,300 0,782 1,305 0,786

AEDs,i – 1 1,324 0,797 1,329 0,792

HWs,i – 0 1,352 0,777 1,351 0,774

ARMAs,i – 0 1,222 0,753 1,227 0,749

ARIMAs,i – 0 1,217 0,744 1,215 0,738

MLPs,i – 0 1,209 0,747 1,204 0,745

Hı́bridos,i – 0 1,185 0,736 1,186 0,737
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Figura A.24: Valores das medidas de precisão obtidos para a STI da Google; 20 passos-à-frente.
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Tabela A.25: Resultados obtidos para a STI de preços de ações da Gol; conjunto de
treinamento.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r 0 0,903 0,624 0,919 0,629

MLPc,r • 1 0,922 0,650 0,920 0,646

Hı́bridoc,r 0 0,897 0,613 0,907 0,614

AESI • 21 0,918 0,612 0,920 0,617

AEDI 11 0,908 0,602 0,905 0,605

HWI 9 0,911 0,609 0,913 0,612

iARMA-irrestrito 9 0,873 0,548 0,872 0,543

iARMA-restrito 0 0,868 0,545 0,866 0,537

iARMA-combinado 0 0,866 0,543 0,872 0,543

iARIMA 13 0,884 0,548 0,879 0,549

MLPI 11 0,875 0,562 0,867 0,552

Hı́bridoI 0 0,829 0,530 0,830 0,521

AESs,i 23 0,997 0,665 0,983 0,664

AEDs,i 6 0,987 0,659 0,981 0,661

HWs,i 4 1,003 0,663 0,994 0,650

ARMAs,i • 19 0,924 0,623 0,933 0,620

ARIMAs,i 12 0,917 0,630 0,914 0,621

MLPs,i 17 0,906 0,622 0,920 0,633

Hı́bridos,i 17 0,911 0,617 0,902 0,624
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Figura A.25: Valores das medidas de precisão obtidos para a STI da Gol; conjunto de treinamento.
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Tabela A.26: Resultados obtidos para a STI de preços de ações da Gol; 5 passos-à-frente.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r – 0 0,940 0,644 0,941 0,645

MLPc,r – 0 0,944 0,688 0,945 0,689

Hı́bridoc,r – 0 0,932 0,638 0,932 0,638

AESI – 0 0,938 0,752 0,939 0,753

AEDI – 0 0,933 0,631 0,934 0,632

HWI – 1 0,940 0,628 0,943 0,630

iARMA-irrestrito – 0 0,915 0,594 0,915 0,595

iARMA-restrito – 0 0,926 0,590 0,927 0,591

iARMA-combinado – 0 0,915 0,594 0,915 0,595

iARIMA – 0 0,936 0,621 0,937 0,622

MLPI – 0 0,913 0,627 0,914 0,622

Hı́bridoI – 0 0,882 0,544 0,883 0,545

AESs,i – 0 1,040 0,800 1,041 0,801

AEDs,i – 0 1,021 0,782 1,022 0,783

HWs,i – 0 1,047 0,792 1,047 0,793

ARMAs,i – 0 0,958 0,699 0,958 0,700

ARIMAs,i – 0 0,961 0,670 0,962 0,671

MLPs,i – 0 0,948 0,689 0,949 0,690

Hı́bridos,i – 0 0,930 0,671 0,931 0,672
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Figura A.26: Valores das medidas de precisão obtidos para a STI da Gol; 5 passos-à-frente.
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Tabela A.27: Resultados obtidos para a STI de preços de ações da Gol; 20 passos-à-frente.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r – 0 1,160 0,698 1,160 0,696

MLPc,r – 0 1,142 0,704 1,144 0,707

Hı́bridoc,r – 0 1,121 0,689 1,123 0,685

AESI – 1 1,111 0,708 1,116 0,703

AEDI – 0 1,112 0,676 1,115 0,680

HWI – 1 1,129 0,690 1,128 0,695

iARMA-irrestrito – 0 1,011 0,586 1,015 0,582

iARMA-restrito – 0 1,021 0,589 1,023 0,579

iARMA-combinado – 0 1,011 0,586 1,015 0,582

iARIMA – 2 1,045 0,604 1,046 0,600

MLPI – 0 1,068 0,608 1,068 0,611

Hı́bridoI – 0 1,007 0,548 1,001 0,547

AESs,i – 0 1,300 0,781 1,302 0,776

AEDs,i – 0 1,324 0,773 1,326 0,768

HWs,i – 0 1,312 0,762 1,310 0,759

ARMAs,i – 1 1,130 0,727 1,133 0,724

ARIMAs,i – 0 1,129 0,697 1,131 0,692

MLPs,i – 1 1,189 0,692 1,189 0,690

Hı́bridos,i – 0 1,099 0,653 1,099 0,657
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Figura A.27: Valores das medidas de precisão obtidos para a STI da Gol; 20 passos-à-frente.
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Tabela A.28: Resultados obtidos para a STI de temperaturas no Rio de Janeiro; conjunto
de treinamento.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r 0 0,701 0,435 0,703 0,436

MLPc,r 0 0,709 0,448 0,712 0,451

Hı́bridoc,r 0 0,698 0,426 0,698 0,427

AESI • 0 0,682 0,422 0,685 0,425

AEDI 0 0,677 0,417 0,679 0,418

HWI 0 0,660 0,414 0,663 0,417

iARMA-irrestrito 6 0,619 0,329 0,621 0,331

iARMA-restrito 0 0,615 0,327 0,617 0,328

iARMA-combinado 0 0,614 0,322 0,621 0,331

iARIMA 0 0,623 0,350 0,627 0,355

MLPI 0 0,628 0,337 0,632 0,343

Hı́bridoI 0 0,609 0,322 0,612 0,325

AESs,i 0 0,706 0,500 0,700 0,493

AEDs,i 0 0,701 0,505 0,702 0,505

HWs,i 0 0,692 0,473 0,693 0,474

ARMAs,i 3 0,683 0,423 0,683 0,424

ARIMAs,i 1 0,690 0,432 0,691 0,433

MLPs,i 0 0,688 0,422 0,689 0,423

Hı́bridos,i 0 0,679 0,419 0,675 0,418
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Figura A.28: Valores das medidas de precisão obtidos para a STI do Rio de Janeiro; conjunto de treinamento.
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Tabela A.29: Resultados obtidos para a STI de temperaturas no Rio de Janeiro; 5 passos-
à-frente.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r – 0 0,723 0,567 0,723 0,567

MLPc,r – 0 0,736 0,594 0,736 0,594

Hı́bridoc,r – 0 0,717 0,573 0,717 0,573

AESI – 0 0,711 0,473 0,711 0,473

AEDI – 0 0,704 0,468 0,704 0,468

HWI – 0 0,679 0,445 0,679 0,445

iARMA-irrestrito – 0 0,653 0,426 0,653 0,426

iARMA-restrito – 0 0,657 0,423 0,657 0,423

iARMA-combinado – 0 0,653 0,426 0,653 0,426

iARIMA – 0 0,668 0,483 0,668 0,483

MLPI – 0 0,643 0,407 0,643 0,407

Hı́bridoI – 0 0,636 0,402 0,636 0,402

AESs,i – 0 0,803 0,657 0,803 0,657

AEDs,i – 0 0,800 0,697 0,800 0,697

HWs,i – 0 0,770 0,643 0,770 0,643

ARMAs,i – 0 0,734 0,541 0,734 0,541

ARIMAs,i – 0 0,747 0,609 0,747 0,609

MLPs,i – 0 0,713 0,545 0,713 0,545

Hı́bridos,i – 0 0,698 0,553 0,698 0,553
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ã
o

a
S
T

I
r
e
a
is

222

Figura A.29: Valores das medidas de precisão obtidos para a STI do Rio de Janeiro; 5 passos-à-frente.
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Tabela A.30: Resultados obtidos para a STI de temperaturas no Rio de Janeiro; 20
passos-à-frente.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r – 0 0,840 0,686 0,839 0,684

MLPc,r – 0 0,843 0,715 0,842 0,715

Hı́bridoc,r – 0 0,836 0,677 0,837 0,674

AESI – 0 0,807 0,544 0,806 0,544

AEDI – 0 0,803 0,542 0,803 0,542

HWI – 0 0,794 0,512 0,794 0,512

iARMA-irrestrito – 1 0,777 0,507 0,772 0,505

iARMA-restrito – 0 0,774 0,499 0,770 0,498

iARMA-combinado – 0 0,775 0,507 0,774 0,505

iARIMA – 0 0,768 0,537 0,769 0,538

MLPI – 0 0,760 0,477 0,762 0,478

Hı́bridoI – 0 0,761 0,467 0,766 0,468

AESs,i – 0 0,826 0,693 0,822 0,682

AEDs,i – 0 0,838 0,727 0,835 0,724

HWs,i – 0 0,819 0,681 0,817 0,678

ARMAs,i – 1 0,828 0,630 0,825 0,628

ARIMAs,i – 0 0,825 0,676 0,822 0,673

MLPs,i – 0 0,810 0,616 0,811 0,614

Hı́bridos,i – 0 0,814 0,620 0,814 0,621
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Figura A.30: Valores das medidas de precisão obtidos para a STI do Rio de Janeiro; 20 passos-à-frente.
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Tabela A.31: Resultados obtidos para a STI de temperaturas em Nova Iorque; conjunto
de treinamento.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r 0 0,529 0,319 0,523 0,322

MLPc,r 0 0,530 0,296 0,535 0,301

Hı́bridoc,r 0 0,520 0,290 0,523 0,295

AESI • 0 0,534 0,282 0,538 0,281

AEDI 7 0,531 0,277 0,536 0,279

HWI 0 0,511 0,217 0,512 0,216

iARMA-irrestrito 12 0,517 0,218 0,521 0,223

iARMA-restrito 0 0,514 0,220 0,516 0,222

iARMA-combinado 0 0,514 0,213 0,521 0,223

iARIMA 8 0,513 0,224 0,519 0,231

MLPI 0 0,515 0,230 0,521 0,237

Hı́bridoI 0 0,509 0,208 0,510 0,213

AESs,i • 0 0,544 0,354 0,543 0,349

AEDs,i 5 0,547 0,359 0,546 0,360

HWs,i 0 0,531 0,320 0,535 0,323

ARMAs,i 4 0,528 0,295 0,527 0,298

ARIMAs,i 3 0,523 0,289 0,521 0,281

MLPs,i 0 0,516 0,286 0,519 0,290

Hı́bridos,i 0 0,518 0,270 0,514 0,275
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Figura A.31: Valores das medidas de precisão obtidos para a STI de Nova Iorque; conjunto de treinamento.
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Tabela A.32: Resultados obtidos para a STI de temperaturas em Nova Iorque; 5 passos-
à-frente.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r – 0 0,595 0,375 0,595 0,375

MLPc,r – 0 0,592 0,372 0,592 0,372

Hı́bridoc,r – 0 0,584 0,368 0,584 0,368

AESI – 0 0,575 0,357 0,575 0,357

AEDI – 0 0,577 0,361 0,577 0,361

HWI – 0 0,559 0,342 0,559 0,342

iARMA-irrestrito – 0 0,549 0,316 0,549 0,316

iARMA-restrito – 0 0,552 0,317 0,552 0,317

iARMA-combinado – 0 0,549 0,316 0,549 0,316

iARIMA – 0 0,558 0,322 0,558 0,322

MLPI – 0 0,538 0,311 0,538 0,311

Hı́bridoI – 0 0,541 0,313 0,541 0,313

AESs,i – 0 0,617 0,378 0,617 0,378

AEDs,i – 0 0,620 0,386 0,620 0,386

HWs,i – 0 0,592 0,360 0,592 0,360

ARMAs,i – 0 0,589 0,351 0,589 0,351

ARIMAs,i – 0 0,571 0,335 0,571 0,335

MLPs,i – 0 0,569 0,342 0,569 0,342

Hı́bridos,i – 0 0,563 0,328 0,563 0,328
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Figura A.32: Valores das medidas de precisão obtidos para a STI de Nova Iorque; 5 passos-à-frente.
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Tabela A.33: Resultados obtidos para a STI de temperaturas em Nova Iorque; 20 passos-
à-frente.

Com predições Sem predições
invertidas invertidas

Rejeita Pred.
Modelo H0 inv. UI ARVI UI ARVI

ARMAc,r – 0 0,690 0,414 0,688 0,412

MLPc,r – 0 0,686 0,417 0,683 0,417

Hı́bridoc,r – 0 0,683 0,403 0,682 0,402

AESI – 0 0,664 0,386 0,663 0,386

AEDI – 0 0,659 0,394 0,659 0,394

HWI – 0 0,639 0,360 0,639 0,360

iARMA-irrestrito – 2 0,640 0,341 0,638 0,339

iARMA-restrito – 0 0,636 0,346 0,635 0,344

iARMA-combinado – 0 0,638 0,343 0,638 0,339

iARIMA – 0 0,631 0,347 0,633 0,348

MLPI – 0 0,629 0,343 0,630 0,343

Hı́bridoI – 0 0,620 0,329 0,622 0,330

AESs,i – 0 0,714 0,408 0,703 0,410

AEDs,i – 0 0,709 0,417 0,706 0,415

HWs,i – 2 0,682 0,390 0,680 0,389

ARMAs,i – 1 0,678 0,393 0,676 0,390

ARIMAs,i – 0 0,666 0,380 0,663 0,378

MLPs,i – 0 0,668 0,386 0,665 0,385

Hı́bridos,i – 0 0,654 0,367 0,654 0,367
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Figura A.33: Valores das medidas de precisão obtidos para a STI de Nova Iorque; 20 passos-à-frente.
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ate linear regression methods to predict interval-valued features. In G. I. Webb e X.
Yu (Eds.). AI 2004, Lectures Notes on Artificial Intelligence 3339, pages 526–537.
Berlin: Springer-Verlag, 2004.

[63] Lima Neto, E. A. e De Carvalho, F. A. T. Centre and range method for fitting a
linear regression model to symbolic interval data. Computational Statistics and Data
Analysis, 52:1500–1515, 2008.

[64] Lima Neto, E. A. e De Carvalho, F. A. T. Constrained linear regression models for
symbolic interval-valued variables. Computational Statistics and Data Analysis,
54(2):333–347, 2010.

[65] Liu, D. C. e Nocedal, J. On the limited-memory BFGS method for large scale opti-
mization. Mathematical Programming, 45:503–528, 1989.

[66] Maia, A. L. S., De Carvalho, F. A. T. e Ludermir, T. B. A hybrid model for sym-
bolic interval time series forecasting. Lecture Notes in Computer Science –
ICONIP’2006, 4233:934–941, 2006.

[67] Maia, A. L. S., De Carvalho, F. A. T. e Ludermir, T. B. Forecasting models for
interval-valued time series. Neurocomputing, 71:3344–3352, 2008.

[68] Maia, A. L. S. e De Carvalho, F. A. T. Holt’s exponential smoothing and neural
network models for forecasting interval-valued time series. International Journal
of Forecasting, (A aparecer).

[69] Maia, A. L. S. e De Carvalho, F. A. T. Fitting a least absolute deviation regression
model on interval-valued data. In Proceedings of the 19th Brazilian Symposium on
Artificial Intelligence, SBIA’08, volume 5249, pages 207–216. Springer, Berlin Hei-
delberg, 2008.

[70] Maia, A. L. S. e De Carvalho, F. A. T. Neural networks and exponential smoothing
models for symbolic interval time series processing – applications in stock market.
In Proceedings of the Eighth International Conference on Hybrid Intelligent Systems,
pages 326–331. Montreal, Canada, 2008.
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[87] Taskaya-Temizel, T. e Ahmad, K. Are ARIMA neural network hybrids better than
single models? In Proceedings of the International Joint Conference on Neural
Networks 2005. Montreal, Canada, 2005.

[88] Tian, J., Juhola, M. e Gronfors, T. AR parameter estimation by a feedback neural
network. Computational Statistics and Data Analysis, 25:17–24, 1997.

[89] Tseng, F. M., Yu, H. C. e Tzeng, G. H. Combining neural network model with sea-
sonal time series ARIMA model. Technological Forecasting and Social Change, 69:71–
87, 2002.

[90] Venables, W. N. e Ripley, B. D. Modern Applied Statistics with S (4a edição). New
York: Springer-Verlag, 2002.

[91] Wedding, D. K. II e Cios, K. J. Time series forecasting by combining RBF networks,
certainty factors, and the Box–Jenkins model. Neurocomputing, 10(3):149–168, 1996.

[92] Winters, P. R. Forecasting sales by exponentially weighted moving averages. Mana-
gement Science, 6:324–342, 1960.

[93] Zadeh, L. A. Fuzzy sets. Information and Control, 8:338–353, 1978.

[94] Zhang, G. Time series forecasting using a hybrid ARIMA and neural network model.
Journal of Neurocomputing, 50:159–175, 2003.


