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RESUMO

Estudamos o fluxo magneto-micropolar tanto no caso de densidade constante (problema
homogéneo), quanto no caso de densidade varidvel (problema nZo homogéneo). De fato,
inicialmente caracterizamos as taxas de decaimento das solu¢des para o sistema magneto-
micropolar homogéneo 2D em termos do cardter de decaimento dos dados iniciais. Além
disso, obtivemos uma taxa de decaimento mais rapida para a velocidade micro-rotacional e
estudamos o comportamento das solucdes para tempo grande comparando-as com as solucoes
da parte linear. Por fim, no caso 3D, estabelecemos a convergéncia uniforme da solucdo do
problema viscoso e resistivo com densidade variavel para a solucao do problema n3o viscoso e

nao resistivo, quando as viscosidades e a resistividade tendem a zero.

Palavras-chaves: Taxas de decaimento. Comportamento assintético. Fluidos magneto-micro-

polares; limite inviscido e n3o resistivo. Fluxo magneto-micropolar ndao homogéneo.



ABSTRACT

We studied the magneto-micropolar flow in both the case of constant density (homoge-
neous problem) and variable density (nonhomogeneous problem). In fact, we initially charac-
terized the decay rates of solutions for the 2D homogeneous magneto-micropolar system in
terms of the decay character of the initial data. Furthermore, we obtained a faster decay rate
for the microrotational velocity and studied the behavior of the solutions for large time by
comparing them with solutions from the linear part. Finally, in the 3D case, we established the
uniform convergence of the solution for the viscous and resistive problem with variable density
to the solution of the inviscid and non-resistive problem when viscosities and resistivity tend

to zero.

Keywords: Decay rates; asymptotic behavior; magneto-micropolar fluids; inviscid and non-

resistive limit; nonhomogeneous magneto-micropolar flow.
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1 INTRODUCTION

The theory of micropolar fluids (also known as asymmetric fluids) was first studied by the
Turkish-American engineer Ahmed C. Eringen in 1966 in his work titled “Theory of Micropo-
lar Fluids". The governing equations for micropolar fluids extend the classical Navier-Stokes
equations to include terms related to micro-rotational effects. These equations provide a more
detailed description of fluid behavior, especially in situations where the microstructure is im-
portant.

Micropolar fluid theory has been applied in various scientific and engineering contexts,
including the study of liquid crystals, polymer melts, ferrofluids, and other complex fluids
where microstructure plays a crucial role. It allows researchers to better understand the intricate
behavior of fluids in situations where classical fluid dynamics might not provide an accurate
representation.

The magneto-micropolar (also known by MHD micropolar) fluids refers to a specialized
class of fluids that combines the characteristics of magneto-fluids (fluids influenced by magnetic
fields) and micropolar fluids. This combination suggests the consideration of both magnetic
field interactions and microstructure effects in the description of fluid motion. If we consider
the effect of the induced magnetic field on the fluid motion, we obtain the system of equations
known as magneto-micropolar fluids, namely:
ut—l—(u-V)u—kV(H—k‘b;) =(p+x)Au+xV xw+ (b- V)b,

w; + (u- V)w = yAw + kV(div w) + xV X u — 2yw,

b+ (u-V)b=vAb+ (b- V)u,

divu=0, div b=0.

These equations describe the time evolution of the linear velocity u(z,t) € R?, of the hydros-
tatic pressure I1(x,t) € R, of the micro-rotational velocity w(z,t) € R3, and of the magnetic
field b(z,t) € R? of a electrically conducting micropolar fluid in the presence of a magnetic
field. The function |b|?/2 is the magnetic pressure. In this way, we denote by p ) g |b|?/2
the total pressure of the fluid. The positive constants pu, X, v, x and v are associated with
specific properties of the fluid, where 1 is the kinematic viscosity, x is the vortex viscosity,
and k are spin viscosities, and v is the resistivity constant acting as the magnetic diffusion

coefficient of the magnetic field (1/v is the magnetic Reynolds number). Note that the system
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(1.1)) reduces to the incompressible Navier-Stokes equations, when b =w = 0 and y = 0; to
the MHD system, when w = 0 and y = 0; and to the micropolar system, when b = 0.

We supplement system (|1.1)) with given initial conditions ug, by and wy, i.e,
u(x,0) = wy(x), w(x,0) = wy(x), b(x,0) =by(x), xR

The initial data for velocity and magnetic field satisfy div uy = div by = 0 in distributional
sense.

The symbols V, A, Vx and div denote, respectively, the gradient, Laplacian, curl and
divergence operators; u;, w; e b; are the time derivatives of u, w and b. The i-th component
of (u-V)vand (b-V)v, respectively, are given by

[(u- V)] = jzluj g;fj and [(b-V)v]; = >0, g;’]

=1

<

There are numerous results on the existence and uniqueness of solutions to the problem rela-
ted to micropolar fluids (see, for example, (BOLDRINI; DURAN; ROJAS-MEDAR, 2010)), (ROJAS-
MEDAR; BOLDRINI, (1998), (CHEN; MIAO, 2012), (ERINGEN, [1966), (GALDI, 2011), (LUKAS-
ZEWICZ, [2012), (ORTEGA-TORRES; ROJAS-MEDAR, [1999), (SERMANGE; TEMAM, (1983, (YUAN,
2008))). More precisely, in 1977, G.P. Galdi and S. Rionero (GALDI, 2011) demonstrated the
existence and uniqueness of weak solutions for the initial value problem of the micropolar
system. In 1997, M.A. Rojas-Medar showed the local existence and uniqueness of classical so-
lutions. J.L. Boldrini and M.A. Rojas-Medar, in 1998, studied the existence of weak solutions
in (ROJAS-MEDAR; BOLDRINI, |1998)) for two and three spatial dimensions. In particular, they
showed (in 2D) the uniqueness of such solutions. E.E. Ortega-Torres and M.A. Rojas-Medar
in 1999, assuming small initial data, proved the global existence of a classical solution (see
(ORTEGA-TORRES; ROJAS-MEDAR| [1999)). The results of these last three works were obtained
through a spectral Galerkin method. In 2010, J.L. Boldrini, M. Duran, and M.A. Rojas-Medar
(BOLDRINI; DURAN; ROJAS-MEDAR, 2010) proved the existence and uniqueness of classical so-
lutions in LP()), for p > 3. For initial data in L' N L? and with some additional hypotheses,
there are some works where decay results for weak solutions are obtained via the (classical)
Fourier Splitting techniques (see, e.g., (LI; SHANG, [2018))).

A weak solution (or Leray—Hopf solution) to the system is any triple (u, w,b)(-,t) €
Cy([0,00), L*(R3))N L2.([0,00), H'(R?)) with (u,w,b)(-,0) = (ug, Wy, by) and which
satisfies the equations weakly in R3x (0, 00) and in addition is such that, for s = 0 and almost

every s > (, one has
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I (w, w, ) (-, ) [l 22 )

t
2 [{ 900, 7) By + 7 199 7) By + 21950 7) [Bages 7

t t
+ 2X/HW('>T) HiQ(R3)dT + 2“/“ divw (-, 7) H%Q(Rs)dT < [[(u,w,b)(:,s) ngﬁ(RS)

(E)
for all £ > s. While the existence of Leray—Hopf solutions for arbitrary data (ug, wo,byg) as
above is well known, their uniqueness and exact regularity properties remain an open problem,
except in the case of suitably small data, for instance if (see e.g. (SILVA; ZINGANO; ZINGANO,
2019; |CRUZ; NOVAIS|, 2020; |LI; SHANG, 2018; ROJAS-MEDAR,, [1997; SERMANGE; TEMAM, [1983;
YUAN, 2008))

1 1 _
H (110, Wo, bo) HzQ(]Rd) H (Vuo, Vw, Vb()) ||1212(]R3) < mln{ﬂﬁ s V}‘

In particular, it follows from the strong energy inequality that Leray—Hopf solutions to
(1.1)) are smooth for ¢ > 1. More precisely: given an arbitrary solution (u, w,b), there exists

regularity time ¢, > 0 such that (u, w,b) € C°(R3 x (t,,00)) and

(0, w,b)(-, 1) € LZ((t.,00), H™(R®) ¥ m e NU{0}. (S3)

loc

For initial datas ug, wo, by € L*(R"), n = 2 or 3, Guterres and its collaborators (GUTER-
RES; NUNES; PERUSATO, 2018) proved that the norm of Leray—Hopf solutions tends to zero,
i.e.,

tlir& H(u’ W, b)(a t)HLQ = 0.
Furthermore, they obtained a sharper result for the micro-rotational velocity w, namely
.1
lim 3 [|w(-, D)l = 0.

In turn, when the initial datas ug, wo, by is in L'(R?) N L*(R?), Cruz and Novais (CRUZ;
NOVAIS, 2020)) (see also (LI; SHANG, [2018)) used the classical Fourier splitting technique to

prove that the decay has algebraic rate, i.e.,
J(a,w,b) (- B)llp2 < Cle+ )75, Viz0.
Moreover, they proved that the decay rate for the micro-rotational field can be improved to

[w(, )2 <CE+1)75, Vi>0.



12

In (CRUZ et al.,, 2022)), the authors proved that H (D™u, D™ w, D™ b)(-,t) ‘

L*(R™) =
C(t+1)"%277% for t > 0 sufficiently large (with m € NU {0} and n = 2 or 3). In addition,

they also proved a faster decay rate for the micro-rotation, namely [[D™ w(-,t)||f2@n) <

C(t+1)~ 2~ % 2 forallt > 1. It was also shown that ||(u, w, b) (-, 1) — (W, W, b) (-, 1) || 2 gy <

the solution to the related linear system with the same initial data. Finally, they also presented
decay estimates for the total pressure of the fluid and space-time derivatives bounds.

Recently, Niche and Perusato (NICHE; PERUSATO, 2022)) characterized the decay rate of
solutions to the 3D MHD micropolar equations in terms of the decay character of the initial
data and studied the long time behavior of its solutions by comparing them to solutions to
the linear part.

In the following, we will describe how this work is structured.

In Chapter 1, we briefly present the functional spaces suitable for the mathematical analysis
of the system , as well the most common results used throughout the text.

In Chapter 2, we prove a decay estimate for the two-dimensional MHD micropolar system
for any initial data in L?(IR?). To achieve this, we associate to initial data z, oef (ug, wo, byg)
in L?(R?) a decay character r* = r*(z,), and then use the “Fourier splitting method” (also
called Schonbek’s method) and some estimates for the linear part to characterize the decay
of MHD micropolar equations.

In Chapter 3, we will study the inviscid and non-resistive limit for the solution to the
nonhomogeneous magneto-micropolar with density variable flow in R? x [0, 7], T > 0, given
by:
pur + p(u - V)u + Vp = (n+ x)Au+ xV x w + (b- V)b + pf,

pw; + p(u - V)w = yAw + kV(div w) + xV X u — 2xyw + pg,
b+ (u-V)b=vAb+ (b-V)u, (1.2)

div w = div b =0,

Pt+UVP:Oa

with initial conditions

p(X, O) = pO(X)7
u(x,0) = up(x), w(x,0)=wo(x), b(x,0)=by(x).

(1.3)
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We will establish the uniform convergence of the solution of this system to the solution of an

ideal non-homogeneous asymmetric flow, i.e., when viscosities and resistivity tend to zero.
Finally, in Appendices A and B, we prove some estimates for the nonlinear term of the

system's solution 2D MHD micropolar and for the matrix of symbols for the linear part used

in Chapter 2.
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2 PRELIMINARY CONSIDERATIONS

This chapter addresses the preliminary considerations essential for a comprehensive unders-
tanding of the subjets discussed in this thesis. It provides an overview of the main concepts,

definitions, and contexts that sustain the presented research.

2.1 FUNCTIONAL SPACES

In results that it follows, we will always denote by €2 a domain (not necessarily bounded) in

R™. Functions with values in R™, as their spaces and points, are represented with bold letters.

Definition 2.1 Let o« = (ay, a9, -+ «,) be a standard multi-index. We denote by D* the
differential operator of order

lal =ar+ay+ -+ ay,

ie.,

D* = D¢ D2 ... D,

Definition 2.2 Let ¢ : 2 — R be a continuos function. The support of ¢ is the set

supp ¢ = {x € ; ¢(x) # 0}.

Definition 2.3 Let C5°(2) denote the space of infinitely differentiable functions with compact

support in ).

Definition 2.4 A sequence {¢,,,}5°_; C C3°(Q2) tends to zero with respect to the topology

T if the following conditions are satisfied:
i. There exists a compact set K such that supp ¢,, C K, for all m € N.

ii. For each multi-index o € N™ jt holds sup,¢y |D®¢pm| — 0 as m — 0.

Remark 2.1 Let ¢ € C°(€2), we say that the sequence {¢,,}5°_, tends to ¢ in C§°(2), with
respect to the topology T, when the sequence {¢,, — $}>°_, tends to zero in the sense of the

previous definition.

Definition 2.5 The vector space C§°(2) equipped with the topology T is denoted by D(2)

and called the space of test function on ).
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Definition 2.6 A distribution T : D(§2) — R is a linear functional which is continuous with

respect to the topology of D({2).

2.1.1 LP spaces
Throughout this section (€2, M, 1) denotes a o-finite measure space, i.e., 2 is a o-finite
set, M is a o-algebra of measurable sets, and i is a measure.
Definition 2.7 Let p € R with 1 < p < oo, we set
LP(Q) = {f Q= R fis mesurable and /Q ()P du < oo}

with norm A

I = 151 = ( [ 15 @Pa)”
Remark 2.2 The space L*(9)) equipped with the scalar product

(£ 9@ = [ f(@)g() du

is a Hilbert space, i.e., L* is complet for the norm || - ||.

Definition 2.8 Let f : X — R be a measurable function on a measure space (2, M, ).

The essential supremum of f on ) is defined by
ess sup of =inf{a € R; p{z € Q; f(x) > a} =0}.
The function f is said to be essentially bounded on () if
ess sup q|f] < 0.
Definition 2.9 We set
L>*(Q)={f:Q —=R; fis measurable and essentially bounded on 1}

with norm

[z = I fllcc = ess sup qlf].

Theorem 2.1 (Holder's inequality) Let 1 < p < co. Assume that f € LP(Q) and g €
LY(Q) withp™' + ¢ ' = 1. Then fg € L'(Q?) and

gl < £ 1lpllgll-
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Theorem 2.2 (Young's inequality with ¢) Let a and b be nonnegative real numbers. If

p,q € R are such that 1 < p < oo and p~' + ¢! = 1, then for all ¢ > 0, we have that

-1
ab < ea? + C(€)b?, where C(e) = pTel’q.
p

Definition 2.10 Let 1 < p < oo. We say that a function [ : 2 — R belongs to L () if

loc

f: K — R belongs to L*(2) for every compact set K contained in ).

2.1.2 Sobolev spaces

Let 1 < p < oo and let k be a nonnegative integer. Now we define certain function spaces,
whose members have weak derivatives of various orders lying in various LP spaces.

We will consider the usual Sobolev spaces
Wk2(Q) = {f € LX(Q); D*f € LP(Q), for all o with || < k}.

If f € W"P(Q), its norm is defined as

1/p
T (Z|a|<k Jo | D> fIP dﬂ?) , 1 <p <oo;
Whp(Q) =

>la|<k €SS Sup o| D*f[,  p = oo.
We write H*(Q) := W"2(Q) and denote by HE(Q2) the closure of C5°(2) in H*(Q),
where C§°(2) denote the space of infinitely differentiable functions f : Q2 — R, with compact

support in ©. As we know, H*(Q) is a separable Hilbert space and H} () is characterized by

HY(Q) = {f € H'\(Q): f],, =0}

In the next inequality we obtain an important property for the spaces H}(Q2). We say that
an open set {2 C R" is bounded in some direction x; if there exists a finite open interval (a, b)
such that

pri Q C (a,b),
where pr; €1 is the projection of R™ over the axis ;.

Theorem 2.3 ((MEDEIROS; MIRANDA, 2000), Poincaré’s inequality) Let 2 be an open

set of R"™ bounded in some direction x; such that pr;) C (a,b). Then

of
Lifdr<@—a? | o

2
de, Vf € HH(Q).
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In R", for n = 2,3, we observe that pointwise values of functions can be estimated in

terms of H? norms. One has

1/2 1/2
£l @) < [1F 1| gy 1D £ || oy (2.1)

for arbitrary f € H?(R?); likewise,

1/4 3/4
1F 1|y < I1F Il g 1D F 11 gy (2.2)

for f € H*(R?). These are easily shown by Fourier transform and Parseval’s identity (see e.g.

(SCHUTZ et al., 2016))). By Fourier transform, we also get (for any n):

1/2 1/2
1D £l 2@ny < F It 1D Il oty (2.3)

or, more generally,

m l
1D f 2y < NNl 1D f 2 @my, €= p— (2.4)

forall 0 < <m.

Now, we will remember some inequalities that will be useful in the second chapter.

Lemma 2.1 ((ADAMS; FOURNIER, (1975), (SILVA; CRUZ; ROJAS-MEDAR, [2014a)), (KATO; PONCE,
Let s € N, a € R" be a standard multi-index with |a| = a1 + as + a3 and D* be the usual
differential operator D* := D" D52 D5?.

(a) (Commutator estimate) If f € H*, Vf € L> and g € H*"' N L, then

|§; I1D%(fg) = FDgll2 < CUIV fllms—llglloe + IV fllscllgll zrs—1)- (2.5)
(b) (Product estimate) If f,g € H® N L>, then
|§<: ID*(f9)ll2 < CU[f s l1glloc + [1f loollgll =) (2.6)
(c) (Gagliardo-Nirenberg inequality) If |a| = k < s, then
ST ID Nz < CIFI A1 (2.7)

laf<s

(d) (Sobolev inequalities) For any f € H* and q € [2,6], there holds that

Il < Cllf e Wflls <CIV 2, oo < CIV e < Cliflla2- - (2.8)
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(e) (An inequality in Sobolev spaces) For every s > 1, there exists a constant C such as

fyg€ H*N L™, then

179 9l + [ fllocllgllzrs)- (2.9)

we < Cy([1 £

HS

As observed in (??), if an inequality is satisfied for scalars functions u with a positive
constant C' > 0, then is also valid for vector functions u with the same constant C' from the

scalar case.

Theorem 2.4 (Green's formulas) Let f, g € C*(Q2). Then

of

a—ndS

(i) JoAfdr = — ¢

(i) Jo¥f-Vgdr=— ngdprfgf? a5
0 0
(iii) fo(fAg — gAf)dz = [y (fafi = gaj;> ds

2.2 TECHNICAL RESULTS

Definition 2.11 /f f € L*(R™) we define its Fourier transform by
FHE = J(©) = [ e *=f(x)dx, €eR",
where i* = —1.
Theorem 2.5 (Plancherel’s Theorem) Ifu € L'(R™) N L*(R™) then u € L*(R"™) and
Il = (2m)%[ful. (2.10)
Proof: Firstly we will prove that if v € L!(R") then ¥ € L>(R"). Indeed,

15(€)] = / ey (x) dx| < / e u(x)] dx = /R Jo(x)]dx < oo,

So, if v,w € L*(R") it follows that ¥, w € L>(R"). Futhermore, we have that

/nv(x)@(x) dx = /na(g)w(g) de. (2.11)

A straight calculation leads us to the next identity:

T2
/ HEXTIXP gy — (;T) e 5 , Vit >0.
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Then by (2.11)), for all € > 0, we get that

[ og)e e de = (”)

Now, let u € L'(R™)N L*(R™) and consider v(x) := u(—x), where U is the complex conjugate

of u. Define w € L'(R") N C(R™) as follows:

/R w(x)e_z‘2 dx. (2.12)

w(y) = (2n)"(wxv)(y) = )" [ ulx)oly - x)dx
Then, we have that

B(&) = (27)" (u * v) (&)

5(6) = [ e a(—x) dx = ).

Then, @ = (27)"|u?. Since w is continuos, we have that
2

lim (ﬂ> /w(x)e_‘z‘e d
e—0 € n

From the identity (2.12)), we conclude that

x = (2m)"w(0).

[ (&) dg = (2x)"w(0).

Therefore,

[ P dg = (Qi)n [ () de = w(0) = n)" [ ulxpw(—x)dx = )" [ Juf ix,

n

what we wanted to prove.

The identity (2.10) is also known by Parseval’s identity.

Lemma 2.2 Let M be a Hermitian matrix with all eigenvalues {\;}!_, positives. Then

e < etmnA, e > g,
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Proof: Since M is a Hermitian matrix we get that M is diagonalizable. Consider then 5 =
{v1,...,v,} a basis of eigenvectors for M with eigenvalues {\,..., A\,}. Thus, S is also a

basis of eigenvectors for e~ with eigenvalues {e"*1?,... e !} Let w € C" be such that
W = QU1 + - -+ + QpUp,

where a; € C for all i = 1,...,n. As all norms in C™ are equivalent, consider the maximum

norm with respect to basis (3, i.e.,

lwll := max Jau,

where | - | denotes the standard norm in C. Thus, for all £ > 0, we have that

n
Z aie_Aitvi
i=1

e—Mth _

ST
<i<n

) = lofje~tmneo,

and this implies that

—Mt

e < ef(mini )\i)t

Definition 2.12 The heat semigroup in R™ is the family of operators ()~ where
eA(z) = v(z), z€R"

and

1 o—yl?
eAu(z) = (dnt)? /n et v(y)dy, (x,t) € R? x (0,00).

Theorem 2.6 Let u(z,t) = e®ug(x) be the solution of the initial value problem

u; = Au, (x,t) € R" x (0,00
‘ (z,1) (0, 00) (2.13)
u(z,0) =uo(z), zeR”

where ug € L"(R™). Then
V™ eRug||, = ||e2V ™ ugl, < C||u0||rt7%(;7>f%, Vi >0 (2.14)

for any 1 < r < q < oo, m € N and where the positive constant C' depends only of r,q,n

and m.

Proof: In this thesis we will only use this theorem when m = 0 or m = 1, so we will limit
ourselfs to prove just these cases, the general case can be found in (GUADAGNIN, [2005)). Firstly,

we will prove the case m =0, i.e,

_E(l_l)
leAugll, < Olluoll,t >\ "9/, vt > 0. (2.15)
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Set

2
||

Pz, t) = (4nt)"2e” 3, xR t>0.
Note that w(z,t) = [gn &(x — y, t)ug(y) dy is a solution for the problem (2.13]) and
/n ¢z, t)dr =1 (2.16)
for all £ > 0. Consequently,
/n 6_% dr = (4nt)2, ¥Vt > 0.
Thus, by identity and Young's inequality for convolutions, for 1 < r < co we get that

[l Ol = [0 ) * wollr < lo(- D)1 l|wollr = [lwollr- (2.17)

Assumption 2.1 For1 < r < oo we have that
[, ) loo < (47t)™ 272t (2.18)
Proof: Indeed, for all t > 0

(e, )] < [ 9w =y, Oluoly)| dy < (47)" o]l

since ¢(x,t) < (4nt)~% for all (x,t) € R™ x (0,00). This proves ([2.18)) for r = 1.
If1 <r <oo,letp >0 besuchasp+r~t =1. Then by Hélder's inequality and (2.16)),
it follows that

@) < [ o=y Dluo(yldy = [ 6w —y.0)76( = y.0)7 uoy)| dy

< () [ 6w —y. 1) uoly)| dy

(/. |uo<y>|*dy)i

3 =

< (aat) 5 ( [ oo -0y
= (47t) o
which proves the assumption.
Using and ([2.18)), for 1 <r < ¢ < oo, we find that
luC0llg = [ fuleftde = [ fule ) ule ) do < JuC 0L a2

< (47Tt)7%(q4)HUOHngHUOH:

= (4mt) ™37 |lao |2
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The case where ¢ = o it follows directly from (2.18]). This proves (2.15]).

Now we will prove the case m =1, i.e,
IVetugl, < Clluglot -84, s 0.
First, we want to show the identity
/]R V()| da = Ot ¥ (2.19)

- e
where C' = C'(m,n) > 0. Consider the function g : R" — R* given by g(z) = e~ Note
that V"g(x) = p(x)g(x) where p,,,(x) is a polynomial of degree m. As 0 < g(x) < 1 for all

x € R™, it follows that V"g(x) is a bounded function, then
/ |IV"g(x)| dx := K(m,n) < co.
R’I’L

Note that
o(a,1) = (4mt)"3g(t 2z),

thus from the chain rule, we find that
Vé(x,t) = (4nt) Tt EV"g(t 22).

Then

n m

/Rn V6w, 1) do = (4rt) 51F [ Vgt be)|do = (4nt) EeFe /R V™ g(y)| dy
= (4n) "2t 2 K(m,n)
= C(m,n)t~
where C'(m,n) = (47)~% K (m,n). This proves (2.19).
Using the identity and the Young's inequality for convolutions, for 1 < r < oo, we

get that
IV u(, )l = V"6 (, 1) * uoll < [V, )1 woll = Clm,n)t™ % [luoll,  (2.20)

for all ¢ > 0. Since

_Jz—y|?

w(z,t) = (4nt)~% / e~ T uoly) dy, (2.21)

n

for all (z,t) € R™ x (0,00), taking Dy in (2.21)), for { = 1,...,n, it follows that

190
rn 4t Ox;

_Jz—y|?

(lz =yl uo(y) dy

Dyu(x,t) = —(4mt)"2

_lz—yl?

n 1
= —(4nt)"3 /]R 4—t2(wz —y)e o ug(y)dy

_Jz—yl?

1
/}Rn 5@~y e)e” T uo(y) dy.

|3

= —(4mt)”
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Then for the Cauchy-Schwarz inequality we have

n 1
il )] < (4mt)FeE [ ol yllede 5 uo(y)]| dy

—otamny et [ e )y
n 2
lz—y|?

gé(m)—%t—%/ =T o (y)| dy

n

where €' := max{2"'A\e 5 ; A > 0} = ¢ 2. Therefore, if p~' 4+ 7! = 1, then

2
_ ==yl lo—y|?

e () dy

|Vau(z,t)| < C(4rt)~ 2t 2

§0(47rt)3t5< [ )( [ e oty >|’“dy>r

ac—yl2
2 gy Wy)

%\
3
)

S

for all (x,t) € R™ x (0,00). Thus

V(- t)]oo < woll, £z, Vit > 0. (2.22)

(47)2r

Moreover

- Crost s lz—yl? r n
Vu(z, 1) gw/ne S ug(y)|” dy. V(1) € R" x (0, 00).

Then from Fubini's theorem, we have that

SR z—y
[ Vut.opde S0 (/ e fuo(y >|"dy)dx
R™ (47Tt)2 n n

CWQ%t_% |z— y\ r
:Wt)z/n</ne dx>|u0( )" dy

T

C””Qz 3
(4mt)E

3

(870)% o} = CT232% ¢ a7, Ve > 0.

Thus
IVu(-, )], < C272 ||ug). (2.23)
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Therefore, from ([2.22)), (2.23)) and interpolation inequality, for 1 < r < ¢ < oo, it follows that

IVul, Ol < Va4Vl )l

93 (1-5) A1t
(4m) B0

ol
N—
—
—
|
Qs
~—

< (Gl /147 20) ol (57

~ nfq4r .
B 022( +‘1>) HuoHr_Q(i_é)_%-

n(l_1

(47r)5(’“ a

Therefore, we conclude the proof for cases m = 0 and m = 1.
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3 DECAY CHARACTERIZATION OF WEAK SOLUTIONS TO THE 2D EQUA-
TIONS OF THE MAGNETO-MICROPOLAR FLUIDS

3.1 INTRODUCTION

The 3D model for magneto-micropolar fluids given by is a generalization of the
classical Navier-Stokes equations, where the microstructure of the fluid particles and the effect
of the induced magned field on the motion are considered.

The two-dimensional model is a special case of the 3D system when we consider u(z,t) =
(uy(z, 1), us(x,t),0), bz, t) = (by(z,t),ba(x,t),0) and w(x,t) = (0,0, w(z,t)). In this way,
substituting u, w and b written in the above form in the system , we obtain the following

2D system of equations:

u+ (u-V)u+Vp=(u+x)Au+ xV xw + (b- V)b,
w; + (u- V)w = yAw + xV X u — 2yw,
b+ (u-V)b=vAb+ (b-V)u, (3.1)

div u=0, div b=0,

u(z,0) = uo(z), w(z,0)=wy(z), b(x,0)=b(x).

Leray—Hopf solutions to ([3.1]) are defined similarly to the 3D case, for arbitrary (ug, wo, bg) €
L?(R?) x L*(R?) x L*(R?) with divuy = divby = 0 as distributions. But this time they are
known to be uniquely defined by the initial data and in C°°(RR? x (0, 00)), with

(u,w,b)(-,t) € L°((0,00), H"(R?)) ¥V m € NU {0}, (S2)

loc

so that ¢, = 0 in dimension n = 2 (see (LUKASZEWICZ, 2012; |REN et al., 2014; ROJAS-MEDAR,
1997} |SERMANGE; TEMAM, (1983))). An important property of both 2D and 3D flows is that
| (Vu, Vw, Vb)(-,t) ||f2&n is eventually monotonic: there exists t.. > t. such that (see
(SILVA; ZINGANO; ZINGANO), 2019; |KREISS et al., 2003))

| (Vu, Vw, Vb)(-, ) < |

HLz(Rn) = ](Vu, VW’ Vb)(-,s)

HLQ(RH) Vot < s <t. (M)

The main goal of this chapter is to prove a decay estimate for the 2D MHD micropolar
system for any initial data in L2(R?). To achieve this, we associate to data z, &ef (ug, wo, bg)

in L?(R?) a decay character r* = 7*(zg), which measures the “order” of z5(£) at £ = 0 in
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frequency space and then find sharp decay estimates for solutions of the linear part in terms
of r* (see (BJORLAND; SCHONBEK, [2009))). We then use the “Fourier splitting method” (also
called Schonbek's method) and these estimates for the linear part to characterize the decay
of MHD micropolar equations. This same strategy was followed by some authors to obtain
similar results for other fluid mechanics equations (see e.g. (NICHE; PERUSATO, 2022; NICHE;
SCHONBEK|, 2015} INICHE; SCHONBEK)| [2016; [NICHE, [2016))).

From now on, we denote by z(-,t) = z(t) oef (u,w,b)(t) a weak solution (or Leray-Hopf

solution) of problem (B.I)), with initial data z(0) = zg & (ug, wo, by) € LZ(R?) x L2(R?) x

L2 (RR?), where the subscript o means that the vector field is free divergence.

3.2 DECAY CHARACTER AND CHARACTERIZATION OF DECAY OF SOLUTIONS FOR
THE LINEAR PART

3.2.1 Decay character

In order to prove sharp estimates for the decay of the linear part in (3.1), C. Bjorland
and M. E. Schonbek (BJORLAND; SCHONBEK| [2009) introduced the idea of decay character
r* = r*(vg) of a function vy in L*(R"). Roughly speaking, the decay character is the “order”

of |99(&)] in frequency space at & = 0. We recall now some of these definitions and results.

Definition 3.1 Let vy € L*(R"). For r € (—n/2,00), we define the decay indicator P,(v)

corresponding to vy as
Po(vo) = limp ™" [ @) dg,  Blp) = {€ € R |E] < p}
p—0 B(p)
provided this limit exists.

Remark 3.1 Observe that the decay indicator is always zero when r < —n /2. Moreover, note

that the decay indicator compares |To(€)| to |€|*" near € = 0.

Definition 3.2 The decay character of vy, denoted by r* = r*(vy) is the unique r €
(—n/2,00) such that 0 < P,(vy) < oo, provided that this number exists. If such P,(vy)
does not exist, we set r* = —%, when P,.(vy) = oo for all r € (—n/2,00) or r* = oo, if

P.(vg) =0 for all r € (—n/2,0).

We use the decay character for establishing upper and lower bounds for decay rates of

energy for solutions to a large family of dissipative linear operators. Let X be a Hilbert space
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on R", we consider a pseudodifferential operator £ : X" — (L*(R™))", with symbol M ()

such that
M(€) = PTH(E)D(E)P(E), & —ae, (32)
where P(&) € O(n) and D(&) = —¢;|€]**0;5, for ¢; > ¢ >0and 0 < a < 1.
Given the linear equation

v = Lo (3.3)

applying the Fourier transform in the previous equation we obtain, after multiplying for the

Fourier Transform of v and integrating over R", that

1d, ., 11 d, ., 1 . I,
th“U(t)HQ 9 (271')” dtHU(t)HQ (271’)” <U7 2}>L2(]R ) (27’(’)” <U7 U>L2(R )
1 1o 1
= —(27T)n<(—D)2PU, <—D)2PU>L2(Rn)
1 1o
=~ o D) PO

<—C [ el ol
(3.4)
where in the first equality we used the Plancherel identity. Therefore

1d

ia 2 / 20 (|2
Loz < 0 [ lereprag

which is the very heart of Schonbek's Fourier splitting technique.
We now state the theorem that describes decay in terms of the decay character for linear

operators as in (3.2).

Theorem 3.1 (Theorem 2.10, Niche and M.E. Schonbek (NICHE; SCHONBEK), 2015))
Let vg € L*(R") with character decay r* = r*(vg). Let v(t) be the solution of (3.3) with

inicial data vg. Then:
(1) if =5 < r* < oo, then there exist constants Cy,Cy > 0 such that
Ci(1+ )75 < o()l3 < Go(1+ )7+ E,
(2) if r* = =%, then there exists C' = C(¢) > 0 such that
Jo(t)|l3 > C(1+1t)", Ve>0,

that is, the decay of ||v(t)||3 is slower than any uniform algebric rate;
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(3) if r* = oo, then there exists C' > 0 such that
@)z < CA+8)™™, ¥m >0,

that is, the decay of ||v(t)||3 is faster than any algebric rate.

3.2.2 Linear part

We now study the linear system associate to (3.1)), namely

u = (p+ x)Au +xV X w,
W, = YAW + xV X @ — 2w, (3.5)

Bt = VAB

with inicial data 29 = 2y = (ug,wo,by) € L2(R?*) x L*(R?*) x L2(R?), where we set
z = (w,w, b), for simplicity. Here div u = div b = 0.

We first address the relation between 7*(zq), r*(ug), 7*(wy) and r*(by).

Lemma 3.1 Let r*(ug), r*(wy), 7*(by) € (—1,00). Then,
r*(z0) = min{r*(up), 7" (wy), " (bg) }.

Proof: Let A = min{r*(uy), r*(wo), r*(bg)}. Without loss of generality, assume A = 7*(uy)

with A < r*(wp) = As and A < 7*(by) = A.. Observe that
P)\(Zo) = P)\<’U/0) + P)\('LUQ) + PA(bo),
and that Py(ug) > 0, Py, (wp) > 0 and Py, (by) > 0. Hence,

Py (ba) = lim 57 [ [bo(¢)[* dg
B(p)

= lim p2()\**f>\) 'p72>\**72 / |BB(£)‘2 d€

p—0+t
B(p)

- O PA**(bO) = 07

since A < A\ and P, (by) > 0. The same argument proves that Py(wy) = 0, and thus,
Py\(z¢) = P\(up), from which we infer that A\ = r*(z).
Taking the Fourier transform of ({3.5)), we obtain
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=]}

e =—(p+x)EPu+ xF(V x w),

~

we = = [€Pw + xF(V x 1) — 2xw, (3.6)
gt = _V|€|2]§
where F(v) = v denotes the Fourier transform of v and € = (£1, &) € R?. Note that
V Xw= (DQ’(I], —Dl’LZJ, 0) and V xu= (O, O, Dl’(_Lg — Dgﬂl)
then
F(V xw) =i(&w,—&w,0) and F(V x u)=1i(0,0,&us — i) (3.7)
where 7> = —1. With this we can rewrite ([3.6)) as follows
where M () is the matrix of symbols given by
—(n+ )€ 0 ixé 0 0
0 —(n+ 087 —ix& 0 0
ME) = | —ixé Xt —léP-2¢ 0 0 (3.9)
0 0 0 —v|€|? 0
0 0 0 0 —v|€]?

Since M (£) is Hermitian, it is diagonalizable and M (&) = P~1(&)D(&€) P (&) where P(€) €

U(5) is the matrix whose columns are the vectors e; = v;/|v;| and D(&)

_/\z|€|26z] is a

diagonal matrix. To use Theorem [3.1] we need to calculate the eigenvalues of M (). Indeed

Msxs—M (&)

A (1 +x)I€
0
ix&2
0

0

0
At (1 +x)I€7
—ix&1
0

0

—ix&2
ix&1
A+ €+ 2x
0

0

0

0

0
A+ v[E)?

0

0

0

0 ;

0

A+ v[€?
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where [5.5 is the identity matrix of order 5. The characteristic polynomial p()\) is given by

A+ (4 x)1€)? 0 —ix&s
p(N) = (A +v[¢*)? 0 A (1 + X)|€2 &
ix —ix&1 A+ 7]€1* 4 2x
= A+ [EP)? [+ (1 + )IEP N+ EP +2x) + O+ (1 + 0)IEP) ((ixE2) + (ix€1)?)]
= A+ PP+ (4 0)IEP) [(A+ (1 + ) [EP)Y A+ €L +2x) — (& + )]
= (A VEP2 O+ (m+ 0IER) [+ (4 )IER A +1ER +2x) — X*[€]
= (A + V€PN + (1 + X)IEP)aN),

where g()\) is a second degree polynomial given by

q(A) = X+ M€ +2x + (4 X)IEP) + (1 + )€ + 2xplél” + X71€)%.

From the Bhaskara's formula we have

—2x+ (n+v+x)EP) £ \/[(2x +71€12) — (u+ x)I€127 + 4x2[€2

A= 5 ,

then the eigenvalues of M (&) are

Al =Ny = —V|5‘27 Az = —(u+ X>’£|27

M= 2@+ (17 0IER) — Sy 1@x +ER) — (1t IERE + 4ClEl?

2 2
ds = =52+ (e + 01 + 5y [2x +11ER) = G+ IR + e

and the corresponding eigenvectors are
U1 = (070707071>7 Vg = (0707071a0)7 Vg = (51/6271707070)7

2ix€s 2 2ix€e 2
/04 _ . ZX£2’ ngl’l,o’o and ,Us — _ Lﬁz’ ngl,l,o,o >
N+ T+ - =

where 11, = 2x — (11 + x + NIEP + VI2x +1E) — (1 + )] + 4x?/€]? and 7 =
2 — (14 x +NIER = VIRx +EP) — (1 + )€1 + 4x%)€)>

Lemma 3.2 For M (&) given in (3.9)), we have that
/\max(M(€>> S _O|£|27 C - O(Nﬁf% V) > 07

where Apax (M (&)) is the largest eigenvalue of M (&).
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Proof: Note that
)\j S _01’5‘27 j = 172737

where C} < min{u, v}. Futhermore

M= =5+ (et + 0IER) = VI 1ER) — et )IER + 4l

% 9
< 5@+ (ntv+ X)|€%)

1
< -5+ 7)€

< —min{p, 7}E.

Now, we will show that
Ao < — minu, 7)€ (3.10)
For this, we set
o- “min{u,}  and  or © max{u,~}.

Sincev—u§&+x+g+ and ]7—u—x\§&+x+g+,wehave

2 2
Q_
4x(7—u)\£|2§4x(2+x+@+)|£|2
and
2| ¢4 0— 2 4
(vy=p—=x)1€" < <2+x+9+) (3
Thus,

o— o- 2
A +Ax (v =€+ (v —p—x)? € < 4x2+4x(2+x+@+)|£|2+ (2+x+@+) [

or yet

[(x-+16P) — (u-+ 1EP]" + 4P < (2x+ (5 +x+ o))

This implies that

VI +11€P) — (1 + 1P + 4lel < 2+ (5 +x+ e ) I€F

Q_
=2y + (u+x+7)€° - 7\£I2,

from which, we infer

— (2 (X FIER) + VI@x A+ ER) — (1 )€ + 4xleP < —%‘\6!2-

This proves inequality ([3.10]) and finishes the proof of lemma.
The estimate of Lemma [3.2] leads us to ([3.4). Now we can use the Theorem [3.1] to obtain
the following result that characterize the decay of solutions for the linear system (3.5)) in terms

of the decay character r* = r*(zy).
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Theorem 3.2 Let 7z, € L*(R?) with character decay r* = r*(z). Let z(t) be the solution of
(3.5) with inicial data z,. Then:

(1) if =1 < r* < oo, then there exists constants Cy,Cy > 0 such that

CL1+ 1)~ < z(t)]]; < Co(1 +8)" 0+

(2) if r* = —1, then there exists C' = C(¢) > 0 such that
lz()]; = C(L+1)™, Ve>0,
that is, the decay of ||z(t)||3 is slower than any uniform algebric rate;
(3) if r* = 0o, then there exists C' > 0 such that
Izl < 1+, ¥m >0,
that is, the decay of ||z(t)||3 is faster than any algebric rate.

Remark 3.2 Since the decay character of z is the minimum of the decay characters of uy,
wo and by (see Lemma([3.1)), it follows that decay of solution z(t) to (3.9)) is the slowest of
the decays of u(t), w(t) and b(t).

3.3 L*-DECAY OF WEAK SOLUTIONS

Theorem 3.3 Let z be a weak solution to (3.1)). Let r*(zg) = r* be the decay character of

Zo, wWith —1 < r* < oco. Then, for all t > 0
la(B)]3 < C(1L+ 1) mntisra) (3.11)
Proof: Multiplying (3.1)), by 2u in L?*(R?), we obtain

2w, u)rz +2((u-Viu,u)2 +2(Vp,u) 2 = 2(p + x)(Au,u) 2 + 2x(V X w,u) 12
+2((b-Vb),u) 2
(3.12)
Firstly we will estimate each term of ((3.12)):

d d
2(ug,u) 2 = %(1% u)2 = al\u(t)\li (3.13)
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Using integration by parts, we get

2((u-V)u,u)2 =2 Z / w;(x,t) Dju;(x, t)u;(x,t) dx = —22/ Djuj(x,t)[ui(x, 1)) dx

7,i=1

9 Z /R (3, g (x, £) Djui(x, ) dx.
(3.14)

Since div u = 0, the first term on the right side become:
2
—212;/]1{2 D (x, ) [ui(x, 1)]? dx = —Q/RQ div u [ul?dx = 0.
Replacing this equality in ([3.14]), we obtain
2((u- V)u,u)pz = —22/ wj(x, ) Djus(x, t)us(x, £) dx = —2((u - V)u, u) 12

hence ((u- V)u,u);2 = 0. In the same way, using the incompressible condition div u =0

we find that (Vp,u)z2 = 0. At last, using integration by parts, we get

2(p+ x)(Au,u) 2 = 2(p + x) Z / Dzul (x, t)u;(x,t) dx

2,7=1

2+ x) Z/ [Djui(x, 1)) dx (3.15)

i,j=1

= =2(u+x)[Vu(®)[3.

Replacing the previous estimates in (3.12)), we obtain

a0+ 200+ VI T = 2V x W)z 4 2(b- Vbw)e (316)

Similarly, multiplying by 2w and 2b the equations (3.1, and ({3.1));, respectively, and

integrating over R?, we get

;iHW(t)Hg + 29[ Vw3 + Axw(t)[5 = 2x(V x u, W) (3.17)
and
thb(t)H% +2v[[Vb(t)])3 = 2((b- V)u, b) . (3.18)
Adding (3.16)), and ([3.18)), we find
CZ(HU( 3 + w3 + [@)3) + 2(n + ) Va3 + 29[ Vw(t)[[ + 2v[[Vb(t)]]3

+ax|lwt) |3 = 2x(V x w,u)z2 + 2((b- V)b, u) 2 +2x(V x u,w) ;2 + 2((b - V)u,b) 2.
(3.19)
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Note that (V x w,u);2 = (V X u,w)2. Indeed, since V x w = (Dyw, —Dyw,0) and

V xu = (0,0, Dyus — Dyuy), it follows that

(VXw,u)2= /]R2 Dow(x, t)uy(x,t) dx — /R2 Dyw(x, t)us(x,t) dx

= —/ w(x, t) Doy (x,1) dx+/ w(x,t)Dius(x,t) dx
R2 R?

= (V xu,w)e.

Futhermore, as div u = 0 and div b = 0, we obtain

(b-V)b,u)pz = Y /R2 bj(x,t)D;bi(x,t)u;(x,t)dx = — [ b;j(x,t)Dju,(x,t)b;(x,t) dx

2
ij=1 R

— —((b-V)u,b)e.

Thus, from (3.19)

L (a3 + w13 + D)3 + 201+ )V 3 + 24 [Vw(n)]2

dt (3.20)
+20[[Vb(t)[3 + 4x[[w(t)]3 = 4x(V x u, w)pe.
From Cauchy-Schwarz and Young's inequalities, we have
AX(V xu,w)pz < Ax(|V x alls[[wllz < 2x[[V x ulf; + 2x[|wlf3. (3.21)
Note that
V x (Vxu)=V(div u) — Au=—Au
since div u = 0, which yields
Vxulf=(VxuVxu)e=Vx(Vxu),
| I3 L ( L (3.22)
= —(u,Au) 2 = |[|[Vull2.
Then from (3.20)), (3.21) and (3.22)) we obtain the energy estimate:
d 2 2
21202 = =25[Va(t)]. (3.23)
where = min{y,~y,v}. In particular
t
I2()l3+28 [ 1V2(s)3ds < zol3, ¢ 0. (3.24)
Next, let f(¢) be a differentiable function of one real variable satisfying
f'(t) /')
fOy=1, f()>1, f'(t)>0, < const, Vt>0, and — 0
) 021 70 >0 5 7y oo
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which will be chosen later. Moreover, we define the ball at the origin with radius p(t)

def 2 . def f/(t) %
B(t) = {E ceR°: g < p(t)}, where  p(t) = [QBf(t)] , Yt>0.

From Plancherel theorem
~25V(t) 3 = ~25(2m) 2 IValE Ol = oy [ ITale. 0 dE = 5 [ 1€PIate. ) e
5 L e e

= or2 R2\B(t
L f(@) r N 2
= an? f(t) /RQ\B(t) 2(&. D" de.
Thus, from ([3.23)
d f'(@) -
OB+ 555 L HE DI A0
Consequently
d J'(#) J'(®) -
S+ Z ez < L0 ate o de (529
Multiplying by the integration factor f(t), we find
d /
isonro]) < L5 [ eopae (3.26)

Applying the Fourier transform in ([3.1)) we get the following initial value problem:

U+ F{(u- V)u} + (u+ x) [P0+ i&p = F{(b - V)b} + xF(V x w), £€R? ¢>0,
Wi+ F{(u-V)W} +7[€]PW + 2xyw = xF(V xu), £e€R? t>0,
b, + F{(u-V)b} + v|¢?b = F{(b-V)ul, €ecR2 ¢>0,
i€ -u=if-b=0, £€R%¢>0,
G(€,0) = (&), W(E,0) = Wo(€), b(€,0) = bo(§), &€ R
(3.27)

Multiplying (3.27)),, (3.27), and (3.27), by 6, W and b, respectively, and summing up the
resulting equations, we obtain
1d, . . ~ . _ -~ . -
5 g7 (A7 192+ [B2) - (s X)IEPIRP + 1[EPIWI + v[€PBI + 2x|W]* + F(Vp) - T
=F((b-V)b)-u—F((u-V)u)-u+xF(Vxw)-u—F((u-V)w) -w

+xF(Vxu) - w—F(u-V)b)-b+ F{(b-V)u}-b.
(3.28)
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Observe that, from definition of F(V x w) and F(V x u) given in (3.7, the sum F(V x
w)-u+ F(V x u) - wis equal to zero. On other hand, we have that F(Vp) = i&p. Since
i€-u=0,F(Vp)-u=0. Then

d . _ _ ~ - _
—[21° + 2B [2]° + 4x|W[* < 2|7 (b V)b)|[a] + 2|7 ((u - V)u)[[a] + 2 F((u- V)w)||w]

+2|F((u- V)b)|[b| + 2| F{(b- V)u}||b].
(3.29)

For F; = u,b and F5; = u,w, b, note that
F(F-VE)=F(NV-(Fek) =i (I o).
Thus,

|F(F-VE)| = ¢ © B <R © Flleo < SR < [ElIFAllFl: < €]z
(3.30)
Applying these estimates in (3.29)), we obtain

d . _ _
2 17° + 281€P 2] < 10[¢][|z15]2].

Integrating the previous inequality in time and using a standard Gronwall type argument, we

have that

Z(€,1)] < |Z0(&)| + 5/ €lllz(s)[3ds, Vt=0, (3.31)

0
where z; = Z(-,0). Replacing (3.31)) in (3.26]), we infer

GRS (/ |s|||z<s>|r§ds) dg}
B(t) 0

B(t)

d

~|rwl=0iE] < cre

(3.32)

On one hand, from the definition of decay indicator, we have that

[ R ag = 5 [ B < 5P,

B(t) B(t)

where r* = 1r*(zg) is the decay character of zy. On the other hand, from Cauchy inequality,
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we get that

[ (Lretozas) ae < [ ([ 1emas) ([ poisas) a
= /B(t)t|£|2</0t ||z(s)||3ds> de

o?( A ||z<s>||3ds) ( Lo dé)
< Cip(t)! [ ()3 ds

since [, d§ = mp(t)*. Then, usando these estimates in (3.32):

Sl < Cf’(t)[p(t)z(”"*)+tp(t)4 / ||z<s>||;*ds], (339)

where C' > 0 depends only on P,(z).
We will first obtain a preliminary decay, which will be later used to obtain the optimal

decay rate. Now, choosing f(t) = (In(e +t))*, for all ¢ > 0, where In(-) denotes the natural

logarithmic function, then

3n(e + t)? 2nd f@ 3

1t = (e +1) f@&)  Ine+t)(e+t)

Making use of the energy estimative given in ([3.24]), we get

[la)lidds < [ lmliids =t < €t €= ()

thus

sy | Tueitas = cron( 590 [ aga

< Cln(e+t)* (e+t) " In(e +1) (e +1t)?
< Clnle+t)2(e+t) e+ t)*In(e+t)2(e+1t)?
<Cle+t)™!

Replacing in (3.33)), we obtain

jt In(e +t)3)|z(t)||]2| < Cln(e+t)2(e+t) 'In(e+t) " (e+1)" 7 + Cle 4+ 1)~
<COln(e+)"" (e +t)™2" 4 (e+1t)7
(3.34)
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where C' > 0 depends only on P,(zq), 3, r*, and ||z¢]|2. Integrating with respect to ¢, we find
(In(e +1)* |2z®)||2 < ||zo|> + C + Cln(e +t) < Cln(e +t), Vt>0.
Therefore, we have deduced the preliminary decay
lz()||2 < C(In(t+e€)), Vit>0, (3.35)

where C' € R* depends only on P.(zo), 3, r*, and ||zo||2. Now, taking f(t) = (1 + t)*
(3.33) with A > max{1+ r*,2}, we have that

;lt (L+ M=) ] SO+ 1+ )7 +CA+ (1 +1) Qt/ I2(s)llz ds
<O+t +C(1+t)A‘3t/O 2 (s)||2 ds.

Integrating the previous inequality in time, it follows that

(U P < ol +.C (0472 ar € [ 1P ([l gas) ar

< a3+ CO+ 07 +C [ fatn)liar [ (147 dr
(3.36)

Let 7 <7 < (7+1), so

t t t t
/0 HZ(T)H%dT/O T(1+T)’\_3d7'</0 ||z(7)||§dr/0 F147)3dr
t t
= [ Flamlitar [ @+ 2ar
</ (14 7)|2(r )HQdT/( + ) dr
0

<t [ nla)|dr

(3.37)

From (13.36]) and (3.37)), we get that
t
(L+Mz®)3 < =zl +CL+0)M +C(1 +t)H/0 (1+7)||z(7) )5 dr.
Dividing by (1 +#)*~2 and using (3.35)), we conclude that
L+ 623 < (1 +6) 7 |zol5 + C(1+ 1)
t (3.38)
n c/ In(e + 7)"2(1 + 7)1 (1 + 7)2|z(r)|]2 dr.
0

Let
V() E QA+ 2203, alt) E Q1) 2|z + O+ 1)

b(t) ' In(e +)"2(1 + 1)
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Then the inequality becomes
vt < a(t)+C [ “b(r)(r) ds.

Observe that

o0

¢ ¢
/ b(T)dr = / In(e+7)2(1+7)tdr < / In(e+7)"%(1+s) tds < oo, Vt>O0.
0 0 Jo

We need to consider two cases:
Case 1: r* > 1. In this case 1 —r* < 0. Hence, a(t) < C. This gives, by a standard Gronwall

type argument, that

W(t) < Cexp </Otb(s) ds>

(14 02a(0) < Cexp ( [ bs) ds) <c
wich yields
|z(t)||3 < C(1+t)~2 (3.39)

Case 2: —1 < r* < 1. In this case, a(t) is a nondecreasing function. Thus, by a corollary of

Gronwall's Lemma (see (BAINOV; SIMEONOV, 2013)), p. 4, Corollary 1.2), we find that

o) < atyesp ([ 10s)as)

(14+1)*|z(t)]15 < a(t) exp (/Ot b(s) ds) < Ca(t). (3.40)
Since A > max{1 + 7,2}, we have that
(1+6)2a(t) = ||zoll3(1+ )" + C(L+ 1))
< O(1+t)~ 0+,
From (3.40), it follows that
|z(2)]|2 < C(1 +t)~ 3+, (3.41)
Therefore, from and ([3.41)), we conclude that

(I3 < C(1+ 1) mintie2),

Noticed that, due to the damping term 2xyw in the Eq. 2, it would be possible to
improve the decay rate for the angular velocity. Our proof follows that of Theorem 3.3 in Cruz
et al. (CRUZ et al, 2022), where a analogous result is proved for the MHD micropolar fluids
with zo € L'(R?) N L*(R?).

We first prove
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Lemma 3.3 Let z be a weak solution to (3.1)). Let r*(zo) = r* be the decay character of zy,

with —1 < r* < oco. Then
|Vz(t)||2 < C(1 4 )" min2+73 -y > 0.

Proof: Let a(r*) &ef min{1l + r*,2}. Taking 6 > 0 and using the enegy estimate given in

(3.23)), we have that

d a(r* * a(r* — a(r* d
prlS)) ( )”I!Z(t)lli] = (a(r*) +8)(L+ 1) iz (1) 15 + (1 + )™ )”@IIZ(??)H%
< (a(r) +8) (1 + 5|2 = 28(1 + 1)V () 3

Choosing some t; > 1 (fixed, but otherwise arbitrary), and integrating on (¢1,t), we get

t
(t+ 12213 + 28 [ (s 4+ 1)°0| Va(s) |3 ds
t1

t
< (b + D)z (t) |5+ () + 5)/(8 + 1) 7 (s) |5 ds
t1 (342)

t
S (tl + 1)a(r*)+5”z0H§ 4 C/(S + 1)671 ds
t1

< O(t+1)°,
where we used the Theorem in the second inequality. Here, C' > 0 depends only on ||z¢||2,

t1, 0, a(r*), P.(20), and . Now, taking Dy, in (3.1]);, we obtain

d
4

+ (Db - V)b + (b-V)Dyb
multiplying (3.43)) by 2Dju and integrating over R?:
d
D@3+ 2(p + )1V Dru(@)llz = 2x(V x Diw, Dyu) 2 + 2((Dyb - V)b, D) 12

+ 2((b . V)Dkb, Dku)L2 — 2((Dku . V)u, Dku)p.
(3.44)

Analogously, taking Dy in the second and third equation from ([3.1)) and multiplying by 2D, w
and 2D;b in L?(IR?), respectively, we obtain

d

IDew (O[3 + 29V Diw (D)3 + x| Dew (8)|[3 = 2x(V x Dyu, Dyw) 12

(3.45)
—2(Dru-Vw, Dyw) 2
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and

d
%HDkb(t)H% + 2v||VDyb(t)||5 = 2(Dib - Vu, Dib) 2 + 2(b - VDyu, Dyb) 2 (3.45)
— 2(Dku . Vb, Dkb>L2

Since div b = 0 then (b - Dyb, Dyu)r2 + ((b - V)u, Dib)2 = 0. Therefore, summing the

Eq. (3.44), (3.45) and ([3.46) over k = 1,2, we find

d
anvz(t) 13+ 2( + )| D*u(t)]3 + 27| D*w(t)]5 + 2v|| D*a(t) |5 + x| Vw(t) |3
2 2 2
=4x > (V x Dpu, Dyw) 2 + 2> ((Dgb - V)b, Dyu)2 — 2> ((Dyu - V)u, Dyu) e
k=1 k=1 k=1
2

2
Z Dku V W DkW L2 +22 Dkb V)u Dkb L2 — QZ Dku V)b Dkb)

k=1 k=1 k=1
(3.47)

From Cauchy-Schwarz and Young's inequalities, we have

2 2
Ax > (VX Dyu, Dpw) 2 < 4x D> |V x Dyu(t)|]o]| Diw(t) |2
k=1

k=1

2 2 (3.48)
<2 > IV x Deu(t)|3 4+ 2x > || Dew(t)]]3 '

k=1 k=1

< 2x[| D*a®)3 + 2x[Vw (1) 3.

Also, for F = u,b and G = u, b, w, we get

2
Z (DyF - V)G, DiG) 2 = £2 Z / (DWF;D;G)(DyGy) dx

i,5,k=1

=+2 Z/ (DuF;Gy)(D; DG dx
i,5,k=1
2
<2 ) IIGIIOO/ |Dy.F;||D; Dy G| dx (3.49)
i,5,k=1
2
<2 37 ||Gillool|DiEj 12| D; DGl

1,7,k=1

< 2G|l VF|2[| D*Gll2 < 2|z]||[Vzl2]| D2,

where in the second equality we used that div F = 0. Then from (3.47)), (3.48)) and (3.49)
we obtain

thIVZ(t)H% +28|ID%2(1)[I3 < 10]|2(t) ][I V2(8) |2 ]| D*2(2) |12 (3.50)
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where 8 = min{y, v, v}. Multiplying (3.50) by (1 + )"+ and integrating on (t;,t) we

have
¢ a(r*)+0+1 d 2 ! a(r*)+0+1 2 2
[ Qs L a(s) B ds + 28 [ (1+5)°0) 4 D2(s) 3 ds
t *
<10 [ (1450 a(s) o[ V2(5)] 1| D2(5) ds.

Integrating by parts the first integral, we obtain
(1+ )0 Vz()[3 + 28 fi, (1 + )04 D(s) 3 ds
< (14 0)* 0T Tz (0)[5+ (@) + 8+ 1) iy (1 + )20 Va(s)[3ds  (3.51)
+10 f (14 8)° U4 () [l oo | V2 (5) |2 ]| D2 (5) |2 ds.
Using the inequalities (2.1)) and ([2.3)) in (3.51]), we find
t
(1+ )20 va(t)]3 + QB/ (14 )24 D?a(s) |3 ds
t1
< (L4 1) 20 Va(h)])3
¢ . (3.52)
+C [ (14020 Va(s)]3 ds
t1

t
+C [ (1 80 a(s) o DPa(s) 3 s
t1

By Theorem [3.3) we infer that ||z(t)» < 1, for each ¢ > 1. Consequently, increasing 1, if

necessary, we have that ||z(t)||2 < /5, for all ¢ > t,. Therefore, for any ¢ > t;, we obtain
t
(1+ ) V()3 + C/ (14 5)2 0T Da(s) |3 ds < (1 +4)* 0| Va(t) 3
t1
t
+C [+ 20 Ta(s) 3 ds
t1

<1+t
(3.53)

where the last inequality is a consequence of and (3.42)). Therefore, for any t > t;, we
get
IV2(t)[[5 < C(t+ 1) ™30,

Moreover, for every 0 < t < ¢y, it follows from that
(t+ 1) 3| V() ||3 < (0 + 1™ B3| V(@) )J; < C.

This proves the claim.

Now, we can proof the decay estimate for angular velocity:
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Theorem 3.4 Let z be a weak solution to (3.1)). Let r*(zg) = r* be the decay character of

Zo, with —1 < r* < oo. Then, we have the improved decay estimate
[w(t)[|3 < C(1+ )" ™mEH8 vyt > 0.

Proof: Firstly, note that, by the integral representation of Eq. (3.1])2, we have

t
w(t) = e X (0) + / e~ X=9) 79 [ 7 5 4y — (- V)w)(s) ds,
0

where (e”m) - is the heat semigroup. Thus,

t
Iw(®)ll2 < e[| w(0)]» +/ e | BI (T x ) ()] |2 ds
0
t
+ / 62X | FAE=9) (. Tw) (s)|| ds.
0
On one hand, from the estimate (2.14)), we have

e M| w(0) [l = e [ wo ||y < Cem™, € = C(||zo]|2)

and

V>0,

(3.54)

(3.55)

(3.56)

[T s u)(s)]ls < CIT x w)(s)lo = C[Tuls) 2 < C(1+ )23 s >0

(3.57)

where the last inequality it follows from Lemma [3.3] On the other hand, using the energy

estimate given in and Lemma [3.3] we obtain
|72 (- V)w](s)]l2 < C|l[(u- V)W](s)]l1(t — 5)"7
< Cllu(s) 2] Vw(s)[|a(t — 5)73
< C(t—5)72z(s) ||| V2(s)]|
< C(t— 3)_%\|Z0|’2HVZ(3)H
<Ot —s) 2(148) 23 s > 0

Using the estimates ([3.56)), (3.57)) and (3.58)) in ([3.59)), we get

t . )
[w(t)|l2 < Ce +/ e 2(t=5) (] 4 g)~zmin{24.3) g
0

(1)

(t . S)f%min{2+7“*,3} ds .

[NIES

t
—i—/ e X1 4 5)™
0

Iz(t)

(3.58)

(3.59)
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Let A(r*) % min{2++*,3} and A(t) = e 2¢(14¢)°5", for all £ > —1. Then h(t) < h(t*)
for all t > —1 where t* = —1 + A(r*)/4x. Then

A( A(r*)

< B (1 0%

A(r™*)
2 .

e X = h(t)(1+1t)” <O +t)” (3.60)

Now, we will find estimates from I;(t) and I5(t).

Estimate for I,(t): We can rewrite [;(t) as follows

3 r* t o
_[l(t) = /2 6_2X(t—$)(1 -+ S)_¥ ds _|_/; 6—2X(t—5)(1 + 8)_>\(2 ) ds
‘ 2

= 111 (t) + L1a(t)

Since s < t/2in I11(t), we have that e 2X(!=9) < ¢=X*, Hence

12 ¥ t r*
Li(t) < e_Xt/2(1 + s)_¥ ds < e_Xt/ (1+ s)_M2  ds.
0 0

If —1 <7r*<0,ie A(r*)/2 <1, we find

A(r*)
2

Ii(t) < CeX(1+t) 7z .

Let hy(t) = e X (1 +1¢), for all t > —1. Then hy(t) < hy(t}) where t = —1+1/x. Thus

A(r*) A(r*)
2

In(t) < CA+t)" 2 () <C+t)" 7.

If r* =0, i.e, A\(r*)/2 = 1, we have

Iu(t) < CeX (1 4+ 1) < Ce (1 +1) < Ce (1 + )51 (1 + 1)~ %
<O+ ) T ha(t)
<O+
where hy(t) = e X (1 4+ t)HA(;*) and t5 = —1+ [A\(r*)/2+1]/x.
Similarly, if 7* > 0, i.e, A(r*)/2 > 1 we have
it LA _AGCY)
In(t) <Ce” <O +1)" 7 hg(ty) < C(L+1)" 2
where h3(t) = e X(1 + t)@ forall t > —1, and t§ = —1 + A(r*)/2x.
Then, we conclude that
Int) <CL+6)~"%, t>o0. (3.61)

Now, since /2 < s in I15(t), it follows that

A(r*) A(r*) A(r*) A(r*)
2 2

(I+s)7 27 <277 (24t 2 <COA+t) 7.
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Thus

ot et
Ia(t) < C(L+ 1) 5 / e~ =9 45 < O(1 4 )5 / o—2x(t=5) g
; 0

oy p2xt
<C(l1+1t)” = )/OX e Tdr

(3.62)
<C+t) / e~ dr
0
—Cc+)
Therefore, from (3.61)) and ([3.62)) we have that
L) <CUL+)7F, t>o. (3.63)

Estimate for I,(t): Note that

A(r*

t 1
Bit) = [ e — )31+ 6) 7 ds

L . . )
— /2 e X9 (4 — g)~ %(1 + s) AN o +/ e~ 2(t=9) (¢ _ S)_%(l . s)_k('z ) s
0

- IQl(t) + IQQ(t)

Since s < t/2 in Iy, it follows that, e™2X(=%) < ¢™X* and (¢ — s)*% < 22172, Hence, on
one hand,

A(r*

1 r* 1 t
In(t) < Ce Xt~ 3 / (1+5)" "5 ds < Ce 3 / (1+5)" "% ds.
0 0

[SIES

From the estimate of I3;(t), we get that

t - "
e_Xt/ (14 5) " ds <01+ 1)
0

On the other hand, taking ¢t > t, for some ¢, > 0, we have that ¢t /2 < tam, then

In(t) <CA+ 65, 1>ty (3.64)

Since t/2 < s in Ix(t), it follows that, (1 + s)_k(;*) <C(1+ t) . Hence

t
/ e 2x(t=s) (t — s)_% ds
0

1

/\(r ) [2xt
<C(+t)” / e "t 2dr
0

A(r

¢
Ip(t) < C(14+1)” /6_2’”5 s)72 ds<C(1+t)

e [t
0

< C(1+07%T(1/2)

<C(1+ t)—A(Z*)

(3.65)
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where T is the Euler's Gamma function and I'(1/2) = /7. From ([3.64) and (3.65]) we have

A(r™*)
2

Lt) <O+, t>t. (3.66)

Then from (3.59)), (3.63)) and (3.66]) we have

Iw(t)l5 < O+~ 3 g > g,
Moreover, for every 0 <t < tq, it follows from energy estimate that
(14 1P (D)3 < (o + )" a3 < O
This ends the proof.

Lemma 3.4 Let z be a weak solution to (3.1)). Let r*(zq) = r* be the decay character of z.
Then,

IVw(t)[3 + 1 D%2(t)]13 + (1 + )| D*2(1)])3 < C(1 4 ¢) ™ B4 v > 0.
Proof: First of all, we deduce from that
| D*z(t)]l, < C, Vt>0. (3.67)

Now, differentiating Egs. (3.1),, (3.1), and (3.1)); with respect to z,, and z,, multiplying by
2Dy, Dy,u, 2Dy, Dy, w, and 2Dy, Dy, b in L?(R?), respectively, and summing over £y, ly = 1,2,
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we get

d
1020112+ 2(p + )1 D ()| + 29[ D w (@)l + 2¢/| Db (D) 15 + 4xI| D*w(#)]13

2 2
= 4X Z (V X (D11D12u>, DllDIQW)[g + 2 Z ((DllDlgb . V)b, D11D12U)L2

l1,lo=1 l1, 12 1
2
+2 > ((Dyb-V)Dy,b, Dy, Diu) e + 2 Z (Db - V)Dy, b, D, Dj,u) 2
ll 12 1 l1 lQ 1

2 2
~2 > ((DyDpu-V)u, Dy Dyu)gz =2 ) ((Dyu-V)Dyu, Dy Diu) 2

l1,lo=1 l1,lo=1
(3.68)
2 2
—2 Z Dlzu V Dllu Dl1 Dl2 )LQ -2 Z Dll DIQU : V)W, Dl1 DlQW)L2
l1,l2=1 l1,l2=1
2 2
—2 Z Dllu v Dl2W DllDlg L2 -2 Z DZQU V th DllDlQ )
l1,l2=1 l1,l2=1
2 2
+2 Z ((DllDlgb . V)u, Dl1 D12b>L2 + 2 Z ((Dllb . V)Dbu, Dl1 Dlzb>L2
ll l2 1 ll,l2:1
2
+2 Z (Db - V)Dyu, Dy Di,b)rz —2 Y (D, Di,u- V)b, Dy Dy,b) e
l1, lg 1 l1, l2 1
—2 Z Dllu V Dbb Dl1 DIQb)LQ -2 Z Dl2u : V)Dl1b7 DllDlgb)LQ
l1,l2=1 l1,l2=1

Now, we will estimate each term in the right hand of ([3.68)). From Hoélder and Young's

inequalities, we have

2 2
4X Z (V X (DllDlzu)7D11D12W>L2 < 4X Z Hv X (DllDlzu)HZHDllDlQWHQ

ll,l2:1 l1l2 1
NS (IV x (D, Diyw)|[3 + [ Dy, Dy, wl3)
l1l2 1
= 2y Z (IV(Dy, D)3 + | D1, Diywl3)
l1,l2=1

= 2x||D*ul)3 + 2x|| D*w]5.
(3.69)

Let F = u,b and G = u,w,b. Then, integrating by parts and using that div F = 0, we
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have

+9 Z (Dy DLF - V) Dy, DG, Dy, D, G2 = £2 Z /D,IDZZFDG)(DthQG)d

l1,l2=1 z]lllz 1

— 49 Z / (Dy, Dy, Fy)G4(D; Dy, Dy, Gy dx

z]lllg 1

<2 Y (Gl [, 1D4DuE 1,0, DG dx

z]lllz 1

<2 Z |Gilloo | D1y D, Fjl|2|| Dy Dy, Di, Gl 2

3,5,01,l2=1

= 2||Gloo |ID°F ||| D*G|2 < 2|zl | D*2]|2]| D?2]|
and

+9 Z (DyF -V)Dy,G, Dy, Dy, G2 = £2 Z / (Dy, F;D;G)(Dy, Dy, Gy) dx

l1l2 1 l]lll2 1

— 49 Z / (Dy, F})Gi(D; Dy, Dy, Gy) dx

’L]lllz 1

<2 Y Gk / Dy, F3||D; Dy Dy, G| dx

i,7,01,lo=1
< 2G| || VF|2[| D* Gl < 2||zloo]| V2|2 ]| D22
(3.70)
Analogously, we have that
+2 Z (D,F -V)Dy, G, Dy, D;,G) ;> < 2|z s0|| V22| D22 (3.71)

l1,lb=1

Hence, from (3.68))-((3.71)) we find

d

1025281 D*2()]3 < 1012() [l | D*2(0)]2| D*2(2)[|>420]12(2) oo | V2 (1) |2/l D*2(2)]]
(3.72)

where 8 = min{u,y,v}. As before, let a(r*) &ef min{1 + r*,2}. Taking 6 > 0, we have

d * *
7 (L4 )20+052 D2(8)[[3] + (14 1)2C++225) | D3(1) |3

* * d b
< C(L+ ) U D22(t)][5 + (1 4 )00+ [HDQZ(t)H% + BlID%(t) |3
dt (3.73)
< O+ 1) D22(8)][3 + 10(1 + )02 |z(1) || oo D?2() |2 D*2(1)] |2

+20(1 + £)*0 2 |2(t) | [ V2(t) |2 D22 (1) |2
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where in the last inequality we used ((3.72). Take ¢ > 1 (fixed, but otherwise arbitrary),

integrating on (t3,t) and using the inequalities (see e.g. (GUTERRES et al., [2019, Lemma 2))
IVlscllD?vll2 < ClIvI D]z and  [[VV]u|[VVI2 < ClIv[o|D*V]2, ¥ v € HY(R?),

we obtain

t
(t+ 1) D (t)]|3 + 25/(5 +1)2TR2| D (s) |3 ds
to
t
< (12 + 1) P D(0) 3+ C [ (54 120 D)3 ds
t ”
10 [ (5 4 1002 o (s5) o[ D5(5) |2 D%5(5) 2 s (374)
[2)

t
+20 [ (5 + 17052 V() o | V2(5) 2| D72(5) | s

[2)

t
< (b + 1)U D5 (ty) |15 + C/(S + 1)U D (s) |5 ds
t2

t
+O [[(s 4 170552 g s) o D)3 ds
t2
From ([3.53), we have that
t
[ Q)2 D2 s) [ ds < C(1 4 1)
t1

and from Theorem increasing t,, if necessary, we have ||z(t)||y < 8/C, for any t > t,.
Then, from ([3.74)), it follows that

t
(1482022 D (t) )3 + C/ (1+ )02 Dig(s)|5ds < C(1+1)°  (3.75)
to

and thus
| D*2(t)||2 < C(t+1)7°0)72 Vi >t (3.76)
In a similar way, for some t3 > 1 (fixed, but otherwise arbitrary), we have that
- t * -
(14 6)U+%3 D3a(t)|13 + C/ (14 5) U043 Da(s)|3ds < C(1+1)°, ¢ >ts.
t3

(3.77)

Therefore, by (3.76) and (3.77)), and having in mind (S2)), we conclude that

| D%z(t)||% + (1 +0)|| D3z(t)|)2 < C(1 +1)~U)=2 ¢ >0. (3.78)
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Furthermore, by standard Sobolev embeddings, Theorem [3.3, Lemma [3.3] and (3.77)) we
obtain, for all ¢ > 0, that

a(r®) a(r®) *
I3 < Cllzlls[|Vzllz < COL+6)~ 7 (146775 2 < C(1+1)07"

N|=

, (3.79)

o( o

P14 < o1+ 47000 (3.80)

IVz]li < C|[Vall2|| D2l < C(1+ 1)

a(r®) 3

1D22 < C||D%s||DP2lls < C(1+1)" "5 (1 +4)" "5 3 < C(1 4075, (3.81)

Thus, from (3.79))-(3.81]), we find

IV7z(t)|]2 < C(1+)~*0=377 vt >0, (3.82)

This particular bound allows us to estimate the gradient of the micro-rotational field. Indeed,

taking the gradient in Eq. (3.1), we have

d
@VW +2xVw = yA(Vw) + xV(V x u) = V(u- Vw).

For t >ty > 0, the integral representation of Vw is given by

t
Vw(x,t) = e”X)ydt-to)w(x 1) + [ e X929 T(V x u) — V(u - Vw)|(x, s) ds.

to

Thus
t
[Vw(t)]2 < e XU10))| 720w (1) |1, + x / e 2| 20IY (T x u)(s) 2 ds
to

t
i / e~ XU=9) || A=) (0 - Vw)(5)]|2 ds.
to

(3.83)
From (2.14) and (S2)), we have that
e’2X(t’t°)He”’A(t’tO)VW(tO)HQ < C’e’QX(t’tO)HVZ(tO)HQ < Ce 2, (3.84)

Let A(r*) & min{3 + r*,4} and A(t) = e~2¥}(1 + t)¥ for all t > —1. Then, h(t) < h(f*)

where I* = —1 4+ A(r*) /4. Hence, on one hand, we get

A(r) Ar*)

e ATyt |, < ChH(1 -+ 5 < O+

(3.85)

On the other hand, from ([2.14) we have

1729V x u)(t)]|. < C||V(V x u)(t)||2 < C||[D*u(t)|2 (3.86)
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and

eIV ((u- Vyw)(t)]l2 < CIV((u- V)w) ()]l

(3.87)
< C(Jlu@®) [l D*w(t)lla + IV a(®)[|al| Vw(t)]4)-
Thus, from (]m[) (]m[) (]W[) and , we find
IVw()ls < C(1+ )5 + c/tt X9 D2u(s)||; ds
[ us) o D)+ [V Vwls) ) ds
It follows, from and , that
IVw(t)]» < C(1 +t) b C [ (145)7 -1 g
+C >(1 + s) O‘(T*)*% ds (3.88)
§0(1+ 1 =9(1 4 5) 51 gs
Note that
/tt e~ X(=9(1 4 5) 1 + s)
0
_/ (14 5)~ 5 1ds—|—/ )*M;*)’lds.
(3.89)
If s <t/2 then e™2X(t=9) < e7Xt 50
/0; e_QX(t_S)(l + 8)_%*)_1 ds < e Xt /Ot(l + s)_a(;*)_
= e[~ (alr)/2)7 (107 4 (alr)/2)7]
< Ce X = Chn(t)(1 4+ )57 < Chy(F) (1 + 1) "5
(3.90)
where Ju (t) = e~X!(1 + t)““*)ﬂ and 1 = —1 +( ( ) +2)/2y.
If t/2 < s, then (1 +s)~ Sl < C(1+1t)~"
[ e (145 s < o1+ t)‘a(g*)—l [ e as
2
<o +t)a(5*)1/0°° e dr (3.91)
<C(1 +t)_%*)‘1.
Then, from (3.89)), (3.90) and (3.91), we have
[ e g 1+ =+, (392
0
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since A\(r*) = a(r*) + 2. Therefore, from (3.88) and (3.92), we get that
[Vw(B)[[5 < C(1 4 )74t >,

Due to (S2]), we conclude the proof.
Now, we will compare the evolution of the solution z(t) with the solution Z(t) of (w,w, b)(t)
of the linear system associated with the same initial data. Moreover, we improve the decay

rate for the micro-rotational field.

Theorem 3.5 Let z be a weak solution to (3.1)). Let r*(zy) = r* be the decay character of

Zg, with —1 < r* < co. Then
l2(t) — A3 < O+ 1)~ mm 24273 >0 (3.93)
and
|w(t) — w(t)]|? < C(1 4 ¢)"mind3+273} = ¢ > . (3.94)
Proof: We shall first prove . We can write the the linear system as

d _ _
%Z(X, t) = A(X> t)Z(X,t) (395)

where A is the matrix of symbols given by

(L+x)A  xVx 0
A xV x YA =2y 0 |- (3.96)

0 0 vA

It is easy to check that solution of (3.5)) that of (3.95) is given by

A

z(x,t) = e*zy(x)

where (eAT)

of z(x,t) that

. is the semigroup associated to ((3.5)). Then we infer from integral representation

T>

z(x,t) — z(x,t) = /Ot A=9Q(s) ds (3.97)
where

P{(b- V)b — (u-V)ul(t)

Q)= ~(u-V)w(t) , (3.98)

(b-V)u(t) — (u- V)b(t)
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and P is the Helmholtz projector. Thus,
1z(t) — 2(t)]l2 < /Ot 1" Q(s) | ds.
By Plancherel's theorem, Lemma gives, for all 7 > 0,
[eA7v]ly < (€922, Vv e L*(R?), (3.99)

where C' = C(p,y,v) € RT (a proof of (3.99) is given in the Appendix). Thus, using ([3.99)

and the fundamental property that the Helmholtz projector is bounded in L9 if 1 < ¢ < o
(see (FOIAS et al., 2001} |GALDI, 2011; |FILHO; LOPES, [1999)), we obtain

[ 1H9G)ds < [ 1300 | ds

where ) ;
(b-V)b(t) = (b V)u(?)
Q) = ~(u- V)w(t) . (3.100)
(b V)u(t) — (u-V)b(t)]
Then

t L t
I2(t) = 2(1)]: < [ 1€“0Q(s) lads = [* 1e929Qs)]l2ds + [ |e“2IQ(s)]1 ds

m\ﬁ

<c/ (t — )" Lz(s)|12 ds

+ 0 [ (= 9 2(6) 2 Va(s)] ds

DO+

(3.101)

where the last inequality it follows from (A.7)) and (A.8)) in Appendix. From the Theorem [3.3
we have

/i(t—s) Uz )||2ds<0/5 (t— )11 + 5)~C) g
0

where a(r*) & min{1 + r*,2}. Since s < ¢/2, implies that, (£ — s)~! < 2t~ Then

J

If r* <0, i.e, a(r’) =1+4+r" <1, we get

J

N

(t — 5)"a(s)|2 ds < Ct*1/§(1 +5)70) gs, (3.102)

[SIES
SIS

t
(t =) a(s)[Fds < Ot [F (1 5) 0 ds < Ot (1) ds
0 0

<Ct'14t)T
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then, for t > t; >> 1, we find

J

If r* =0, i.e, a(r*) =1, it follows that

N+

(t—s)lz(s)|3ds < K(1+ )=+,

% t
/ (t— 5)"Yz(s)|2 ds < Ot—1/ (1+5) tds = Ct ' In(1 + 1)
0 0
< Ct 'ln(e+1t)
<K@+t

for all t > ¢;. Finally, if * > 0, i.e, a(r*) > 1 we have
£ t .
/ (t —s) Y z(s)|? ds < Ct‘l/ (14+5) M ds<Ct P < K(1+1t)?
0 0

for all £ > t;. Then from ([3.102))-(3.105)) we obtain
/{f(t — ) Yz(s)|2ds < O(1 + )~ ™l g s g

Now, from the Theorem and Lemma we have

t

[ =) el Tas) s < € [ (6= 5)7E (1 +5)C

N+

Since /2 < s, implies that, (1+ )"~z < C(1 +t)~*"")~2. Hence

t

1 * 1 t 1
(t = ) Ha(3) a1 V2(5) | ds < C(1+8) D [t — ) s

o

t
<C(14t)or )7%/ e dr
0
< OtE(1+ )03
< K(1+1)70,

for all ¢t > ¢;. Note that for all r* > —1 we have a(r*) > min{1 + r*, 1}, then

(t — s)_%||z(s)||2||Vz(s)||2 ds < K (14 )" minllr1 0y S

M\N\
3

From (3.101)), (3.119) and ([3.109)) we have

z(t) — z(1)|? < K(1 +¢)" mind2+22h g 5 ¢
2

)=3 ds, t> 0.

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

Moreover, we will show that the inequality (3.110)) holds for all ¢ > 0. Indeed, from the

energy estimate, we set

Y — min{2+2r*,2} - 2
M = max {(1+¢) |2(t) — 2(t)||2} < oc.
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Ihen, we conclude that
z(t) — z(t 2<Cl—|—t*min{2 2,2} t>0
2 = ) -

where C' > max{K, M}.
To prove ([3.94) we will need the following gradient estimate:

Lemma 3.5 Sejam z a weak solution of ({3.1)) and r*(z¢) = r* be the decay character of z.
Then
|Vz(t) — Vz(t)||2 < C(1 +t)”mnB+273) vy > 0.

Proof: Note that, by (3.97)), we have

t
IV2(t) = VAl < [ IVetIQ(s)[ods, V=0,
0

where Q(t) is defined in (3.100). Once again using inequality (3.99) and the fact that the

Helmholtz projector is bounded in L?, we get

V() = Vao)ls < € [ [Ve2IQ(s) | ds

t/2 " (3.111)
= C [ IVeRIQs) | ds + C /t/2 [VeCAEIQ(s)]|o ds.
On one hand, from estimate in Appendix, it follows that
[VeAQ(s) 2 < C(t = 5) 2 |2(s)|I5. (3112)
On other hand, from ([2.14)) we also have that
IVeCAEQ(s) ]l < Ct = 5) 4[| Q(s) - (3.113)

Note that from Holder's inequality, we have

1Q(s)[I3)3 = [Ib - Vb — u - Vul|/3 + [lu- Vw|[3 + b Vu—u- Vb|y;
< [[b- Vb|y; + [[u- Vull); + [u- Vw3 + b Vul[y; + [lu- Vb5
< [Ibl[3 Vbl + ully [ Vully” + [l Vw3
+ bl Valy? + ulli? Vbl
< Clla)|i?||Vall3”.
(3.114)
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and by Gagliardo-niremberg's inequality, we have that

l2(s)lls < Cllz(s)[12V2(s)|I (3.115)

Then, from ([3.113)), (3.114) and ([3.115]), we obtain

[Ve“2EIQ(s) 2 < Ot — 5) 3 |a(s)l1y* | Va(s) |3 (3.116)

Hence, from (3.111))-(3.116), it follows that

t

IV2(t) = Vat)l2 < C | *(t = )72 |la(s) [3ds + C (t— 5) Hl(s) Y2V (s) |3 ds

t
2

— T,(t) + T (t).

(3.117)
If s <t/2 then (t — s)~3 < 22t~2. Thus from Theorem [3.3| we have
s [t t
Ti(t) < 3 /2(1 +5)) ds < Ot / (14 5)7C) ds. (3.118)
0 0

where a(r*) def min{1 + r*,2}. A straightforward calculation gives, for all t > t5 > 1,

() <Ct+1)GH) . when —1 <7 <0,
Ty(t) < C(t+1)"2, whenr* >0,

Tit) <Ct 2ln(t+e) <C(t+1)"%, when r* =0.
for some appropriate constant C' € R*. Then, from (3.102)), we obtain
Tt <O+ 1) B3 s, (3.119)
From Theorem and Lemma we have

t
L) <C [ (t—s)i(14s) "5 t>0.

(SIS

If t/2 < s then (14 s)~°0)~% < C(1+1)"*")~3. Hence

¢
I(t) < C(1+ t)_a(r*)_% (t — s)_% ds < C(1+ t)_a(r*)—%

Nl

< O(1+t)-0)1
< Cti(1+t)o0)-%

< K (1) mntar 8,
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for t > 0. Note that min{3/2 + r*,3/2} < min{3/2 + r*,5/2} for all r* > —1, then

To(t) < O(L+¢) minlstr3) 5 gy, (3.120)

From ([3.117]), (3.118)) and (|3.120)) we conclude that
IVz(t) — Vz(t)]|2 < C(1 +t)" 2B+ g 5 ¢

Lastily, having in mind (S2]), we can extend the result to all ¢ > 0
We return to the proof of (3.94). Let &,(t) = def u(t) — u(t), Ew(t) &ef w(t) — w(t) and
£,(t) ¥ z(t) — z(t). Thus from (3.1), and (B.5),, it follows that

L wlt) + 28w (t) = AEW(D) + XV x £)(1) — ((u- V)w)(1). (3.121)

Hence, the integral representation of (3.121)) is given by
Eult) = S (0) + [ eI (T x £,)(5) — (- V)w)(s)] ds,
where £, (0) = w(0) — w(0) = wo — wo = 0. Then, we find that

t t
EwBlle < x [ eIV (s)[ads + [ I (- Vws) o ds.
(3.122)

Firstly, note that, from (2.14) and Lemma , it follows that

[T x Ea)(B)]l: < CNV x ED)]le < CIVELS)] < CIVEWD2

nlw

<oy i,
(3.123)
for all t > 0. Next, using (2.14]), Holder's inequality, Theorem and Lemma , we infer
72 ((a- V)w)(t)]2 < C(t = 5) 2 [((u- V)W)(1)[l1 < C(t = s) "2 [[u(t)]|2[ VW (L)
< C(t—s) 2z |2 Vw(t) 2

< O(t . 5)7%(1 +t)7min{2+r*,3}

(3.124)
for all t > 0. Therefore, by (3.122)-(3.124)), we obtain that
min r*, 3 . «
1€w !b<0/ M= (14 5)7 e }@+0/ (=) (f — §) 73 (1 + 5) ™23} g

= I (t) + Ly (%).
(3.125)
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Note that we can write

t X (r* t (¥
L(t) < 0/2 e X=9) (1 4 s)’¥ ds + Cﬁ e~ X=9)(1 4 s)’¥ ds
0 5 (3.126)
=1 1(t) + L 2(%)
where A\ = min{3 + 2r*, 3} and
L(t) < C / 2 e  g)E(1 4 5) " min{ZH 3} g
0
t
+ C/ 672X(t73)<t . 5)7%(1 + S>7min{2+r*,3} ds (3127)
¢
=I5 (t) + Iaa(t).
As before, a direct calculation gives us
Ty(t) < CeX(t+1)3 < Ct+1)"G7) for —1 <t < =1,
L,(t) <CeXn(t+e) <Ct+1)"",  forr* =—3,
La(t) <Ce X < C(t+ 1)_min{%+r*’% ,  forr>—1,
and
]1172(25) < C(t + 1>7min{%+r*,%}7 -1 <r* <oo.
Thus,
L(t) < C(t+ 1)~ ™3} viso. (3.128)

Similarly, we have, for t > 1 that
Cext
NG

Ioa(t) < <Ce™M<COt+ 1)*min{%+’"*’%}, for — 1 <r* < oo,
and, for t > 0,
1 s * s * 3 *
H272(t) < (2X)—%P <2> 2m1n{2+7’ ,3}(t+1)—m1n{2+r ,3} < C(t_i_l)fmm{%Jrr ,% ’ Vot > _17

where T is the Euler's Gamma function and I'(1/2) = /7. Therefore,

Io(t) < O(t + 1)~ ™n{3+5}, (3.129)
for all t > 1. In view of estimates (|3.125)—(3.129)), we get
Ew(®)]l2 < C(1 + )" ™n{3+5} ¢ > 1, (3.130)

For ¢ € [0, 1], the result follows from ([3.24)). This ends the proof of theorem.

In the next theorem, we analyze the lower bounds for rates of decay. These bounds are

obtained using the reverse triangle inequality and the decays proved in Theorems[3.3]and [3.5]
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Theorem 3.6 Let z be a weak solution of (3.1) and r*(zy) = r* be the decay character of
zo. Then for —1 < r* <1 we have that

lz()3 > C(1+2)~0+), (3.131)

Proof: Note that, by the reverse triangle inequality, we infer

1z(#)ll2 = ll2(t) = 2(t) + 2()]l2 = [[2(1)]2 = [l2(t) — 2(0)]

where Z is the solution of the linear problem (3.5)). As, by Theorem [2.15] we solely have upper
bounds for the decay of ||z(t) — Z()]|2, then the lower bound holds only when the
decay of linear part is slower than that of the difference z—z. For this to happen, we must have
—1 < r* < 1. Therefore, the lower bound follows from the estimates in Theorems
and [3.2l This completes the proof of corollary.
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4 ON THE INVISCID AND NON-RESISTIVE LIMIT TO THE EQUATIONS OF
THE NONHOMOGENEOUS MAGNETO-MICROPOLAR FLOW

We will prove that when viscosities and resistivity tend to zero, the solution of the sys-
tem of equations modeling the motion of an incompressible and non-homogeneous magneto-
micropolar flow converges to the solution of the ideal magneto-micropolar system, i.e., where
these constants are zero (in the L? context). A similar result was proven by S. Itoh in (ITOH,
1996)) in the L? context and by S. Itoh and A. Tani in the L context (p > 3) in (ITOH; TANI,
1999), both for the non-homogeneous Navier-Stokes equations. In (SILVA; FERNANDEZ-CARA;
ROJAS-MEDAR| 2007)), the authors extend the results of S. Itoh and A. Tani to the system of
a non-homogeneous, viscous, incompressible, and asymmetric fluid (also in the L? context,
p > 3) and in (SILVA; CRUZ; ROJAS-MEDAR, 2014b)) the authors P. Braz e Silva, F. W. Cruz,

and M. Rojas-Medar in the L? context.

4.1 INTRODUCTION AND MAIN RESULT

The magneto-micropolar system is a set of partial differential equations that describe the
behavior of a flow with both magnetic and micropolar characteristics. The specific form of these
equations may vary depending on the assumptions and simplifications made in the modeling
process. Below is a generalized form of the magneto-micropolar flow equations.

Let p be the density, u the velocity vector, w the microrotation vector, b the magnetic
induction vector, p the pression and f and g the external forces. The equations can be expressed
as:
o+ p(u-Viu+ Vp = (u+ x)Au+ xV x w+ (b - V)b + pf
pwi + p(u- Viw = yAw + kV(div w) + xV X u — 2xw + pg
b, + (u-V)b=vAb+ (b-V)u (4.1)

divu=div b=0

Pt +u- Vp = 0.
Note that the system ((1.1) is a particular case of the system (4.1) where the density and

the external forces are taken to be identically equal to one and zero, respectively.

In this chapter the system ([4.1)) will be considered in the set Q7 = R® x [0,T], T > 0,
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with the initial conditions

p(x,0) = po(x),
u(x,0) =uy(x), w(x,0)=wy(x), b(x,0)=Dbg(x).

(4.2)

We are interested in studying the inviscid and non-resistive limit for the system (4.1))-(4.2),

that is, the transition from a viscous and resistive system to a non-viscous and non-resistive

system.

To simplify the notation, let us introduce
o=+ X
When i = v =k = v = 0, the system becomes
pu;+ p(u-Viu+Vp=(b-V)b+pf
pwi+ p(u- V)w = pg
b+ (u-V)b=(b-V)u (4.3)

divu=div b=0

pe+u-Vp=0
in Qr = R3x[0,T], T > 0. We will denote the solution of problem ([4.3)-(4.2)) by (0%, u®, w®, b?).
Remark 4.1 Note that we are considering the problems (4.1))-(4.2)) and (4.3)-(4.2) with the

same inicial data (pg, g, wWo, bg) and the same external forces f and g.

The main result of this chapter is to establish the uniform convergence of the solution to

the problem (4.1])-(4.2)) to the solution of the problem (/4.3)-(4.2)) as viscosities and resistivity

tend to zero. We will prove the following result:
Theorem 4.1 (Main Theorem) Let 0 < ji,v,v <1, v > max{k, x}, and assume that
po € CO(R?), Vpy € HER?), 0<m < polz,t) <M <0
uy, wo, by € H3(R?), div ug = div by =0
f,g e L*([0, T]; H3(R?)).

Then there exists Ty € (0, T, independent of ji,~ and v such that problem (4.1))-(4.2) has a

unique solution (p,u, w,b) which satisfies
p€CUR3x[0,Ty]), VpeC0,Tp); H*(R3)), 0<m<p(z,t) <M<

u,w,b e C[0, Ty]; H*(R?)).
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Analogous results also holds for the solution (p°, u®, w°, b°) of the problem ([4.3))-(4.2)). Futher-

more, we have

sup [[lp = p°llmz + [[u = 0’| g2 + |w — W°|| g2 + [[b — Y[ 2] — 0 (4.4)
0<t<Ty

as j,v,v — 0.

4.2 A PRIORI ESTIMATES

In this section we will obtain estimates for the solutions for the initial value problems ({4.1))-

(4.2) and (4.3))-(4.2). We will denote by C' the many positives constants that may depend

from the initial datas, external forces and from the immersion theorems, but not from i,y

and v. Futhermore, we will focus only on proving estimates for the solution of the problem

(4.1))-(4.2), since the proof for the solutions of (4.3)-(4.2)) follows analogously.
Let (p,u, w,b) be a sufficiently smooth solution of the problem (4.1))-(4.2)). Firstly, we

will prove a estimate for the density:

Lemma 4.1 Let
0t) = [ (14 199 3) B + o)+ IwCs) s + b)) ds. (45)
For all (z,t) € Qr = R? x [0, T], we have
m < p(x,t) <M (4.6)
and futhermore, we have that
IVo(, )72 < IV poll2 + Cb(2). (4.7)

Proof: It is well-known that, according to the classical method of characteristics, the solution

of problem (4.1)).-(4.2), is given by

p(x, 1) = p(y(s;%,1),5)| _, = poly(s;x,1))

S=

s=0’

where the particle trajectory y(s;x,t) is defined by the solution of the Cauchy problem

d—y—u( s) =x
ds y;s) Y = X.

s=t

Then, from the assumption that m < py(x) < M, it follows the estimate (4.6)).
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Now, we will prove the estimate (4.7)). Taking the operator D® on each side of the equation
(4.1)), multiplying the resulting equation by D®p in L? and summing over |a| = 1,2,3, we
obtain

1d

3
S IVeC Ol == > (D*(w-Vp), D).
2dt

|af=1

Integrating by parts and using the incompressibility condition div u = 0, we find that

3 1 3
> (- D*(Vp), D)z = =5 3 /RS(div )| D)2 dx = 0
|a|=1 |a|=1
then
1d

IVo(- )]l = — D (D*(a-Vp) —u-D*(Vp), D)

laf=1

2dt

< > (D*(u-Vp) —u-D*(Vp), D%p) 2]

laj=1

3
< > [ID%(u-Vp) —u-D*(Vp) |2 D2

laf=1

Using the inequalities ([2.5)) and ([2.8]), we have
3
> D% Vp) —u- D*(Vp)|l2[[D%ll2 < C(IVullu2 ] Vplloo + [V ullool [V ol 22) |V ol 22
lal=1
< OVl Vol
Hence,

d
Vol Ol < ClIVallu2( Vel (4.8)

Therefore, using Young's inequality and integrating with respect to t, it is easy to see that

inequality (4.7]) holds.

In the next three lemmas we will get uniform estimates for |u(-, )|/ g3, ||W(-,%)||zs and
b(:, )]s
Lemma 4.2 For allt € [0,T), we have
ig;g IveD*u( )1z + AllVul O)llEs < ClA+[1Vpllz2) [ul O)lls + [w(, )]s
V(s Ol 2l Ol m2llal, Ollg: + 1+ [Volla2) [£C, Ol gzllal, )]l

HIb( Ol luC, Ollm] +2 > (b V)Db, D).

o <3

(4.9)
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Proof: Taking the operator D* on each side of the equation (4.1)),, multiplying the resulting

equation by D*u in L2, we deduce, after summing over la| < 3, that

Ll —|—L2 —|—L3 = Z (pDo‘ut,D u L2 — /J Z ADO‘u D% L2 + Z DO‘Vp, D% )

|a|<3 || <3 || <3
=— > (D*(p(u-V)u),D*u)rz2 +x Y (V x D*w, D)2
la|<3 |la|<3
+ > (D*((b-V)b), D)z — > (D*(puy) — pD*uy, D*) 2
o] <3 o] <3

+ > (D%(pf), D) 2
al<3

(4.10)

It is easy to deduce through integration by parts and from the identity (4.1). that

L= 05 aD" a3~ 5 3 (nD™, D),

|o|<3 |a|<3
2dt2\|\/_Dau||z+ > (- Vp)Du, Du)pe
|o|<3 lo|<3

—_

= e S VAl — Y (pu- VD, D)

|a| <3 || <3

Through integration by parts it is easy to see that Ly = ji|[Vu||%s. Using again the incom-

pressibility condition div u = 0, we find that

L= Y [ D°Vp-Dudx=— 3 [ DDV xu)dx =0,

|| <3 || <3

Thus, identity (4.10) can be rewritten as

th Z IvpD™ull3 + f|[Vullis = — > (D*(p(u- V)u) — pu- VD%, D)

la|<3 || <3
+ x Z (V x D%, D)2 + Z (D*((b-V)b), D)2
la<3 |or|<3
- > (D*(pwy) — pD*uy, D*a)r2 + > (D*(pf), D*u) 2
|a| <3 || <3

‘=R, + Ry + Rs+ Ry + R5.
(4.11)

Now, we will estimate each term on the right-hand side of identity (4.11]). Due to the estimates
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(2.9), (2.8)), (4.6) and the Cauchy-Schwarz's inequality, one finds

R < Y 1D°(p(u- V)u) - pu- VD uls| D°ully

jal<3
< C([IV(pu)|lo [Vl + [V (pu) |2 [ Valloo) [al|
< ClIV(pu) |z [|Val g2 |[al s
< Clllullm2lIVoll a2 + [l g2 (1 + [V pllze)] [l Zs

< C(L+[IVpllg2) 7.

Now using also Young's inequality, we bound

[Ro| < x Y (V x D, D*u)z| = x Y [(V x D*u, D*W) 2]

|af<3 laf<3

<x 2 IV x D*ullz|| D*wll2

o] <3

<x > IVD®uls[| D*w|,

| <3

< Ox||Vul|gs||w]| s

2 —
X I
< 2| Vuls + Clwlis < SIVals + Clwls

since x? < x < fi. Similarly, one gets

Ry= > ((b-V)D*, D)2+ > (D*(b-V)b)— (b-V)D, D*u)>

la]<3 | <3

<> ((b-V)Db, D*u)r2 4+ Y_ |(D*((b-V)b) — (b-V)Db, D) |
l]<3 |a|<3

< > ((b-V)D*,D*u)sz+ > [[D*((b-V)b) — (b V)Dbl|s|| D"l
o] <3 lal <3

< > ((b-V)D*b, D)2 + C|[ V||| V|| 2 ]| 175
|| <3

< > ((b-V)D*b, D)2 + C|[b|[7ps|u] s,

3

o
IN

[Ra| < D7 ID*(pue) — pD%ue2[ D*ul

ol<3
< CIVpllsslluellzz + [1Vollazlludflco) lull s

< ClIVplla el a2 [[al 3.
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Finally, we estimate Rs. Due to inequalities (2.5)), (2.8) and (4.6)), we find

[Rs| < 3 1(D*(pf) — pD°F, D*u) 2| + 3 |(pD°F, D™u) 2|

|| <3 lo|<3
< Y 1D%(pf) = pDf ||| Dull + D [[pD* o[ D™l
|| <3 || <3

< CUIVpllollEllm + [IVoll2IEllco) [0l s + ClE ]| zzs[[ual| 2o
< CA+ Vol lE] s [al s

Then, using the estimates for Ry, Rs, R3 and R, , we obtain

d . )
T > IveD (-, t)5 + Al Va(, Ol < CIL+ IVpllm)llul, )l Fs + [[w(, )]s
jal<3

HIVeC Ollazllw (s Ol a2 a )llas + (0 + [ Vplla) £ Ol s [al, )]s
HbC )l l[ul Bl + 3 (b V)D*b, D]

o <3

which proves the Lemma.
Lemma 4.3 For all t € [0,T], we have

jt > IWeD W )3 + VW ()1 < Ol + IV pllm) [l ) as[w (- ) |7
ja]<3
Hllul Ol + IV )l a2 Wi (- )| 2l [w (-, 1) s
X+ [[Volla)lIgs O e lw(-, )| a2].
(4.12)

Proof: Taking the operator D* on each side of the equation (4.1)),, multiplying the resulting

equation by D*w in L?, we deduce, after summing over |a| < 3, that

Ei4+ Ey+ E3:= > (pD°wy, D*w)2 — > (yADW, DW)2 +2x Y _ (D°w, DW) 2

|laf<3 |laf<3 o <3
==Y (D*p(u-V)W),DW)z2+£ Y_ (V(div D*w), D*W) 2
|| <3 || <3
+x Y (Vx D, D)2+ > (D*(pg), D*W) 2
o <3 laf<3
— > (D¥(pwy) — pDWy, D*W) 2
laf<3

(4.13)
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A straightforward calculation gives

1 (0% (0% (0%

T 9dt Z Iv/pD W||2_ 5 Z (peDW, D W) 2
la|<3 |a\<3

1 (0%

= 5% > ||\/_DaWH27L > ((u-Vp)D*w, DW)
la|<3 |a|<3

1 d [0 [0 (0%

=37 > IWVeD*wl3 = > (pu- VD, DW) 2
|| <3 || <3

Ey =9IV wlfs, Es = 2x[|wls.
Thus, we can rewrite the identity (4.13)) as follows

1 d [0 (0% [0 [0
577 2 IVPD Wl + VWil + 2xIIwlis = = > (D*(p(u- V)w) — pu- VD*w, D*w)

o <3 o <3

— > (D*(pw¢) — pDWy, D*W) 2

|| <3

+x Y. (VxD,DW)2+ > (D*(pg), D*W) 2

laf<3 laf<3

+ £ > (V(div D*W), D*W) 2

lo|<3
= D1—|—D2—|—D3—|—D4—|—D5.
(4.14)

Let us estimate D; for i = 1,--- ,5. Similary how we estimate the terms R; fori =1, --- 4

in Lemma [4.2] we find that
|D1| < C(+ ([ Vpllae) lull s w3,
|Da| < C|[Vpllu2|wil ]| wllms,
Y .
D41 < 29wl + Clulf (since 1 < x < 7).
|Ds| < C(1+[|Vpllg2)llgllms | Wl s

Futhermore, from integration by parts, note that
D5 = —k| div w||%s.
Then, using the estimates for Dy, Dy, D3, Dy and Dj into identity (4.14]), we obtain

Z IWpDw (- )5 + VW (-, 1)l[5s < ClA+ [IVpllme)lal, )l [w(, )17

\ <3
Hul )l + 1VeC Ol [wel )l a2 w ()] 72

+( A+ [IVolla) gl Ol asllw (- 1)z
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Lemma 4.4 For allt € [0,T), we have

1d

577 PG Ol + vV )l < Cllul, ) as b D)7 + > (b V)D*a, D*b) 2.

o <3

(4.15)
Proof: The proof of this lemma is similar to the previous ones. Taking the operator D* on
each side of the equation (4.1)),, multiplying the resulting equation by Db in L?, we deduce,

after summing over |a| < 3, that

1d

5 olbl + V[ TblEs = 3 (D*((b-V)w), D)z = 3 (D*((u- V)b), D)z (4.16)

|o|<3 lal<3

Due to the incompressible condition div u = 0, it follows that

> ((u-V)D*b, D*b) 2 = 0.

|a[<3
Then, we can rewrite the identity (4.16]) as follows
1d
L bl + vIVBl = 3 (b- VD™, D),
| <3
+ 3 (D*((b-V)u) —b - VD, D*b) 2
o (4.17)
— Y (D*((u- V)b) —u- VDb, D°b)
|| <3
= > (b- VD, D)2+ I1 + L.
la]<3

Analogously to the proof of Lemma (4.3} one can bounds

L] < Clblgsllullme,  |T2] < CllbllEs|[uf .

Thus, using the estimates for I; and I5 into identity |4.17, we concludes that

1d

5 7 1PC Ol + VIV D)l < Cllul, )]s b D)= + > (b V)D*a, D*b) 2.

|| <3

Lemma 4.5 Let A be the constant defined as bellow:
A= 1+ Vpol[32 + ol + [Iwol[3s + [bol I +/OT(||f(-, )lzs + llg( )llzs) dt. (4.18)
For all t € [0,T), there holds
VoG, Ollze + laC D)l + 1w DlEs + ()
+iJo IVu, 8)l[s ds + 7 o [VW(, 9) |3 ds + v Jg [|[VD(:, 5)17s ds (4.19)

< C fo(llue(, s)l32 + [Iwe (-, 9)172) ds + CLA + (1)),
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Proof: Integrating by parts and using the condition div b = 0, we find that

Y ((b-V)D%, Db) 2 + Y ((b- V)D, D%u)2 = 0.

la<3 || <3

Then, collecting inequalities (4.8)), (4.9), (4.12) and (4.15]) together, and using the Young's

inequality we obtain directly , after integrating the resulting inequality with respect to ¢ and
using the estimate (4.6)), the desired result.
Now we desired to estimate the integrals on the right hand of (4.19). For this purpose, we

will prove the following lemma.
Lemma 4.6 For allt € [0,T), we have

alval Ol + VW Dli7e + vIIVb(, 1)

(4.20)
+m Jo(lue(, )l + Wil $)1F2) ds + Jg oo, 8) |32 ds < ClA+ (1),
Proof: We will divide the proof into five steps.
Step 1. Multiplying (4.1)), by u, in L?, we obtain
i d
WVowlls + 5 2 IVullz = X(V x W, w) 2 + (b V)b, w) 2 + (pf, w) 2 = (p(u - V)u, w) 2
(4.21)

From inequalities (2.6)), (2.8) and (4.6]), we bound the terms in the right-hand side of identity
(4.21)) as follows

IX(V X w,w)r2| = X’(\;v X W, ﬁut)m‘
< =V x Wil (since x < i < 1)
< Ol Vwll2|[v/pugl|2
< Clfwllgs /Al

(b V)b, u)z2] < Cl[(b- V)bl |ly/Full
< C(Ibll | ]ls + bl Vbllo)llBu
< ClIb|Zll/pus

(o, w2 < Vo llally/Adlla < ClIEmsll /oo

(plu- V), w)ze] < [/ V)ullally/u s
< C(lulllVulls + fulle Tl
< Cllullsllv/pulls
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Using these bounds in identity (4.21]), we deduce by the estimate (4.6) and the Young's

inequality, that

d
mlu (05 + i IVal, )l < Cllat, Ollgs + 1w Dl + 11Dl + 16, O)ls]

(4.22)
Integrating the inequality (4.22) over [0.77], we find that
m fo (-, )13 ds + gl Vu(- )[5 < ClA+ ¢(t)] (4.23)

where 1(t) and A are given by (4.5 and (4.18)), respectively. Similarly how we obtained the
estimate (4.23)), one deduces from (4.1)), and (4.1, that

d, . d
m|lw(, )Hﬁ’y VW O+ m div w5+ 2w 8l

(4.24)
< Cllal, s W Ol + [al, Ol + gl Olizs),
and
e (-, )13 + VthVb(vt)H% < Cllu(, Bl b ). (4.25)
Thus integrating over [0, 7], we have that
m [ Iwile, )3 ds + A Vw( 1) < CLA+ 6 (0) (4.26)

Step 2 Taking the operator D on each side of the equation (4.1)),, multiplying the

resulting equation by D®u; in L? we deduce, after summing over |a| = 1, that

Sy + Sy + S5 = Z (pD%uy, D ay) 12 — i Z (AD%, D%uy) 2 + Z (VDp, D%uy) 2

laf=1 |laf=1 laf=1

= — 3 (D(p(u- V)u). D*uy)pz +x Y2 (V x D*w, Du,).

ov|=1 |o|=1

+ 3 (D%(pf), D*wy) 2 + 3 (D((b- V)b), Dwy)

|or|=1 |or|=1

+ Z “(puy) — pDuy, Duy) 12

laf=1

(4.27)

Note that Sy = ||\/pVu(-,t)|]3. Integrating by parts the term S, it is easy to see that

52 = 22| p2u(. )3

2dt

and using the assumption div u; = 0, we conclude that

Sy=—> / D%pD®(div u;)dx = 0.

|lal=1
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Then, we can rewrite the identity (4.27)) as follows

pd

2
||\/:5V11t||2 + 9 dt

|D?ul3 == > (D*(p(u-V)u), D)z +x > (V x D*w, D*uy) 2

or|=1 la|=1

+ 3 (D%(pf), D*wy) 2 + S (D((b- V)b), Dwy)

laf=1 laf=1

+ Z (Do‘(put) - pDaut, Daut)LZ

lal=1
= J1+J2+J3+J4+J5.
(4.28)

Using the estimates (2.5)), (2.6)), (2.8), (4.6) and the Cauchy-Schwarz's inequality, we obtain

[Jil < X2 1D%(p(u - V)u) — pD*((u- V)u) o[ D™ uella + D [lpD* (- V)u)|lo]| D 2

lal=1 jal=1
< C(IVollsollu - Vullz + [[Vollou - Valloo)[[ Vgl

+ Clllullso [Vul[ g + ([l [ Vulloo) [[ Ve |

< C(IVpllmllullm=IVul 2 + [[ullm |Vl ) | V2

< CL+ | Vpllaz) i Zs [ V|2,

[l < x X IV x Dwl2| D%uyll

la|=1
< [[VDwlls[[ D%l

< Cllwllas ][V,

[Tl < X2 ID%(pf) — pD |l D%uell2 + > (oDl D2

la|=1 |a|=1
< CUIVPlloollEl[ 2 + [V ol 2|l o0) [ Vrell2 + ClVE 2] V|2
< CQA(Vplla2) ][ sl Vaell,

|J4| < Z ||Da((b ) V)b)||2||Vut||2
la|=1

< C(Iblloc/[VbI[ a1 + [[bll a1 [VD]loo) | Ve |2
< CIbl7s ] Ve,

|51 < X2 1D%(pwy) = pDwy|2 ]| Dy |2

la|=1
< ClIVollollue 2] V]l
< ClIVplla e[| V2.
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Due these estimates, from Young's inequality it follows that
5
2 2
Y1l < ClIVulla[Iiwllzs + [1ll7s + [ Vollmzlacllz + 1+ [Vl a2) (] s + [[ull7s)]
=1
m
< EHVutII% + OlIwllzzs + bl + IV ollzelluellz + (1 + Vol a2)* (1[5 + ullze))-
(4.29)

Replacing the estimate (4.29) into the identity (4.28]), we find that

m|| Vi |3+p— ||D2u||2 < ClIwllzs+ 1Dl IV oll e a3+ LVl lar2)* (1] 7+l )]
(4.30)
We can obtain a similary estimate for w and b. Indeed, taking the operator D with
|a] = 1 on each side of 2 and 3, multiplying the resulting equations by D“w, and
Dby in L2, respectively, and summing over |a| = 1, one gets

m\IVWt|!2+7 HD2WH2+H IV (div )H2+2X IV wls (4.31)

< Cllallzs + 1Vl Iwll3 + (1 + [V olla2)*(lglls + [lallzs[wiEs)]

and

d
IVb.[l5 +v—[1D*bll5 < Cllullzs][BliZe- (4.32)

Step 3 Summing inequalities (4.22)) and (4.30)) and integrating the result over [0, ¢], one
finds

AV [ ) ds < Vo)l +C sup [Fo(s ) [ ul,s)[3ds
+0(1+ sup ||V,0('>$)HH2) / (IEC, ) + [, )[40 ds

0<s<t
4O [ (w9l + b)) ds

which, together with inequalities (4.7) and (4.23)), directly gives

alIVa(, o)l +m/ (-, )l ds < CLA+ (1)), (4.33)

Similarly, summing (4.24)) and (4.31)) and integrating the result over [0,¢], one obtains

t
NVw(, )i +m/0 Iwe(:, 9) Il ds < ClIVwo (I3 + 1| div wo () [ + 2/ wo()l[7

0 (1 sup Vo 5) B ) [ (g ) + lJaCe ) 3sllwie, ) ) ds

0<s<t

+C sup [Vp(e )l [ I 5) 3 ds.

0<s<
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Hence, due to estimates (4.7)) and (4.26)),
t
W)+ m [ 5) s ds < CLA+ w(0)F (434
Step 4 Analogously to the development of Step 2, but with |a| = 2, we find that

m| D*u, (-, )15 + i IID3 (Ol < ClUVAC Ol e O + 1w ) s

+b( s + L+ V(- Oll2) (G, s + Tl )l 5s)],

(4.35)

mll D2 )3+ 3 D DIE w10 div wi, 1)+ 2 o | D*w( )
L1+ IV, ) =)l ) s + [Pl ) (- 1)) (436)

IV Dl w3 + [, 6]
Db I3+ - 1D 1) < Ol 1) s 1D 1) s (4.37)

Step 5 Summing the inequalities (4.22)), (4.30) and (4.35), and integrating the result

over [0, ], one obtains
Ve m [ ) ds < [Vl +C sup (VpCos) e [ luCs) B ds
+O(1+O§ugt||Vp<-,s>||H2) OGS + Tt 8) o) s

4O [ (w9l + b)) ds

which, together with inequalities (4.7)) and (4.33)), directly gives
alva(, 1)z + m/ [ue(-, $)ll7 ds < ClA+¥(1)]". (4.38)

Now, summing the estimates (4.24]), (4.31)) and (4.36]). Then, due to bounds (4.7)) and (4.34),

we get
t
HNTWC )5+ m [ wi, )l ds < CA+ (0] (4.39)
Finally, summing the inequalities (4.25)), (4.32) and (4.37)), and integrating the result over

[0,¢], one obtains

AITDC )3+ [ il e ds < [Vbol +C [ [Jule )3l )3 ds a0

< ClA+ ().

Therefore, the inequalities (4.38)),(4.39)) and (4.40) directly imply the desired bound (4.20)).

Summarizing the previous results, we found the following lemma:
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Lemma 4.7 For allt € [0,T], we have
IV, )32 + lal )13 + (W )17 + b, 8|7
+ foUllae (s )z + Wi 8) 152 + be (s 8)l1F2) ds + i1 fy [V a(-, 8) |13 ds
7 Jo VW, 8) 1 ds + v fy [VB(:, 8) |7 ds < CIA+ (1))
Lemma 4.8 There exists Ty € (0,T] independent of 1,7,k and v such that
Proof: From Lemma [4.7] we have
IVo( )z + a7 + W )17 + [[b(, 8|7 < CIA+ (@),

Due the definition of ¢(t) given by (4.5]), one gets

d 1/2
( w(t)> =1+ [IVo( 7z + [aC )l + w7 + [bC, )17

dt (4.41)
< ClA+y)*
Set Y(t) = ¢(t) + A. From (4.41)) we find the following differential inequation:
Sy () < Vo),
or yet
Y‘G(t)jtY(t) <C. (4.42)

d
Taking I(t) = J; Y*G(s)d—Y(s) ds, after integration by parts one concludes
s

1 1

I(t) = —= .
Q 5A%  5Y?3(t)
From inequality (4.42) it follows that

1 1
— < Ct.
5A5  BY5(t)

A straightforward calculation gives
Y (t) < A(1 —5CA%)~Y% with 0 <t < (5C A%~

Therefore
31

160C' A%
Due to the Lemmas[4.7]and [4.8], we obtain the following uniform estimates for the solutions

of problems (4.1))-(4.2)) and (4.3)-(4.2), respectively

P(t) <A for t <Ty=
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Proposition 4.1 There exists a positive constant C' such that

supo<i<y [ V(- )17 + Ila Oll3s + W D)7 + b )[7]
+ o (G O + IwaC O + Ibe (- 1) [32) dt + i o IV, 8) 1 Fpa dt
1 o VW, )3 dt + v g VB (- 8)3s dt < C.

and
suDo< <7, IV () 132 4 10O () 17 + (WO (1) 178 + (DO, 1) [|F5]

+ o (g ()1 + W9 )72 + [BYC, )17 de < C.

4.3 PROOF OF MAIN THEOREM

The local existence of solutions for problems ({4.1)-(4.2)) and (4.3))-(4.2)) is proved through

a semi-Galerkin method, since the estimates established in Proposition holds for semi-
Galerkin aproximations, which are enough for taking the limit to obtain the local existence.
This process is similar to that one proved in (KAZHIKHOV; MONAKHOV, (1990)), here we will
omit the details of the proof and focus only on establishing our mail result .

Set
o=p—0p° vi=u—-u’, vW=w-w’ vP=b-Db’ g=p-—"
Subtracting (4.3)) from (4.1]), we get the following system of equations:

pve + p(u- V)vY — gAVY — iAu — (b - V)vP + Vg = —p(v* - V)u’ + ZOV(pO)

FXV X W+ (VP V)b? — 2 (b0 V)b := F

P
pv¥ 4+ p(u- VIVY + LvY + Lw? + 2xvV + 2xw? = —p(v* - V)W’ + xV x u:= G
vP+ (u- V)vP —vAVP —vABY — (b V)vt = (vP - V)u’ — (v* - V)b’ := H

div v* = div vP =0

oi+u-Vo=—v*.Vp°
(4.43)

in Qr = R* x [0,7],T > 0, with initial conditions
o(x,0) =0, v%(x,0)=v"(x,0) =v’(x,0)=0, x¢cR® (4.44)
Where in the previous system L is the linear operator defined by:

LvY = —yAvY — kV(div v7).
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We will divide the proof into three steps:
Step 1. Taking the operator D on each side of (4.43))., multiplying the resulting equation

by D% in L?, we obtain, after summing over la| < 2, that

LoDl = — X (D°(u- Vo), D) — 3 (DU 94"), D0)ix. (4.45)

laf<2 <2

Using integration by parts, we have

S (u- VD%, Do) = —= Z/ D% [2(div u)dx = 0

o] <2 o] <2

since div u = 0. Then, the identity (4.45) can be rewritten as

|| )G == > (D*(u-Vo) —u-VD%,D%) 2 — > (D*(V* - Vp"), D%) .

2 dt al<2 al<2
(4.46)
To estimate the first term on the right side of (4.46)), note that
> (D*(u-Vo) —u-VD%, D) <Z+Z)Dau Vo) —u-VD%,D%) >
laf<2 lal=1  |a|=2
= Bl + BQ.
Then, using Cauchy-Schwarz and Hoélder's inequalities, we find that
Bi| < [Vull[IVal2| Vol < OVl 2l Vollz < Cllullgsllo|7
|Ba| < C(I|D*alla]|Veolls + [[Vulloo | D*ol2) [ D?ll2 < Cllull s o7
Due these estimates and Proposition |4.1], one concludes
Y. (D% Vo) —u- VD%, D)2 < Cllullmallo|z: < Cllofe. (4.47)

o] <2

For bound the second term on the right side of (4.46]), we use the estimates ([2.6)), (2.8),
Cauchy-Schwarz and Young's inequalities and the Proposition 4.1} to get

> (D" V"), D) 2| < CIV a2V oo + IV ool Vo 1 22) 222
al<2 (4.48)

< CIVU a2V Lz lloll 2 < CUNV Iz + lollZr2).

Replacing the inequalities (4.47]) and ( into identity (4.46) and integrating the result

over [0, t], we find that

lo - )lI7 < C/ (VG 9)lkz + Mo, 9)l5e2) ds, (4.49)
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since o(x,0) = 0 for all x € R3.
Step 2. Taking the operator D on each side of the equation (4.43),, multiplying the

resulting equation by D*v" in L? and summing over |a| < 2, one obtains

1d _
3 g Zlai<2 VPPV + A VY[ = = Zjaca(D (p(u - V)v?), DOVY) 2

i D jaj<2(AD U, D*VY) 12 + 30 <o (D (b - V)VP), DVY) 2 + 3 <2 DF, D*V?) 2
1
—3 Ylaj<2((u- Vo) DV, DOVY) 12 — 30 4 <a( D (pvi) — pDVE, DOVY) 2.

(4.50)

In the same way, taking the operator D* on each side of the equations (4.43), and (4.43)),,

multiplying the resulting equations by D®v" and D®v® in L2, respectively, and summing over
|a] <2, we obtain that

1d

2dt

=2X Yja<2(DOWO, DOVY) 12 — Y1 1<a(D* (p(a - VIVY), DVY) 12 + 7 310 <o(AD*W, DOVY) 12

Slai<z IWVeD VYIS + VY IIze + sl div v (32 + 2x[Iv¥ 7. =

. 1
+ ZMSQ(DO‘G, Dv¥)2 + K ZMSQ(V( div. D*w?), D)2 — 5 Z|a|§2((u -Vp)DVY, DVY) 2

- Z|a|§2(Da(pVZv) — pD*vY, DQVW)L27

(4.51)
and
1 d b2 b2 a0 a,b o u a<,b
5@“" 172 + VIIVVP |52 = v 3 10j<2(ADYDY, DVP) 12 + 30 1<2(DY((b - V)VY), D*VP) 12

- Z|a|§2<Da((u : V)Vb>a DaVb)L2 + Z|a|§2(DaH7 DaVb)L2-
(4.52)
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Summing (4.50), (4.51) and (4.52), we find

1d o o o .
2dt( > VPPV I3+ 32 IVeD V™5 + ||vb||%fz) AV 3+ ATV

jaf <2 ja] <2
| VVP 3 + w div v 3 + 2V I3 = i Y0 (ADW’, DOvY)
oo <2
+7 Y (AD*W°, DV¥) e +v > (ADD, DVP) 2 + k> (V(div D*W?), DVY)
<2 ja] <2 ja] <2
1
= > (D(pv) = pDVY, DVY) 2 — 5 D ((w- Vp)DOvY, DOVY) 12
ja <2 jaf<2
— > (D%(p(u-V)v"), DY) 2+ 3 (D*((b- V)VP), DVY) 2
|| <2 o] <2
= > (D%(p(u - V)v¥), DVY) 2 — > (D%(pv}") — pDVY, D*VY) 2
jaf <2 la]<2
1
—=2x > (DWW, D)2 — o > ((u- Vp)DVY, DOVY) 2
al<2 2 a2

+ Z (Da<<b ’ V)Vu)v DaVb)LQ - Z (Da((u : V)Vb), DaVb)LQ

la|<2 la|<2
17
+ Y (D°F,D*V%) 2+ > (DG, D*V¥)2 + > (D*H, D*VP)2 := > R,
ja <2 jal<2 <2 i=1
(4.53)

We will bound each term on the right side of identity (4.53)). On one hand, using integration
by parts, Cauchy-Schwarz and Young's inequalities and Proposition [4.1], we have that

| Ba| 4 [Ro| 4 |Rs| + | Ry| < ;(MHVV“H?{z + VY52 + I VVP e + k| div vY[7e)
+ (@l + AW llzs + v %)
< ;(MHVV“H%Z + Ve + v VVP T + k] div vY[7e)
+C(p+v+v).
On the other hand, using estimate , Young's inequality and Proposition , we obtain
|Bs| < C(IVplloolIvillz + 1D?pllalIvE s + 1 Dol [V V|2 V"] 22
< CIVollael Vil a V¥ a2 < OV 7 + IVE 0]
For bound the term Rg we use the estimate , Cauchy-Schwarz's inequality and the Pro-
position [4.1] to get
|Rs| < ClullelVollo + [[ull2l|Volloo) V172

< CllallaVpllze V¥l < ClIv* 7
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Note that we can rewrite the term R, as

Ry =—=Y (p(u-V)D*v*, D*v?") 2 — Y (D*(p(u-V)v") — p(u- V)D*V", D*Vv") >

lal<2 o] <2
= R71 + Ryo.
Using integration by parts, the incompressible condition div u = 0, Cauchy-Schwarz's ine-
quality, estimates (2.6]) and and the Proposition [4.1} we have
ail =3 3 [0 IR aa] < § 5 - Dol DoVl
lal<2 o] <2
< CllulllIVoll2[[v* 17
< Cllullg= | Vollp=lv* Iz < ClIv* |z
Now using also ([2.5)) and Hélder's inequality, we find

[Rrol < 32 [(D%(p(u- V)VY) = p(u- V) DV, DY) |

jol=1

+ > (D% (p(u- V)v") = p(u- V) DV, DVY) e

jal=2
< ClIV (pu) oo [ VVU([3 + CID* (pw) 4 [VV* [l + [V (p) [loo [V V¥ l2) [ D*v" |2
< C(IV(pw)lls + [|1D* (o) la) V"2
< C(IV (o)l + [1D* (o) ) IIV*][ 72
< Clllullz=lIVollaz + [lallma (1 + 1Vl ) IIV*[
< CL+ IVpllm2)[ullm: v [72 < ClIv¥[IZ:-
Thus, |R7| < C||[v*|[3.
Similarly we find that |Rg| < C||[v¥||%2 and |Ry4| < C||vP||%,. If we repeat the same
process to obtain the bound for R, we get |Rio| < C([|[v¥|/%2 + |[v¥[/%:1). Analogously how

we obtain the estimate for Rg, one obtains |Ry2| < C||[vY|%..

For estimate the term R;;, we use Cauchy-Schwarz and Young's inequalities to get

(Rl < 2x D (IDWOl2 [ DV™ ||z < 2x[[W° |z [ V™ 2
jol<2

< COIW I + Iv™ 152
< C(p+ v e)

since x? < x < fi. Using the assumption div b = 0 and

Z ((b-V)DVP, D)2 + Z ((b-V)D*V", D*vP) 2 = 0

|laf<2 o <2
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we can rewrite Rg + Rj3 as

> (D((b-V)VP) = (b-V)DVP, D*v") 12+ Y (D¥((b-V)v") = (b-V)D*Vv", DVP) 2.

laf<2 laf<2

Then, similarly how we bound R7 - we find that
Rs + Rz < OV 132 + [IV°]172)-

Finally, recalling the definitions of F, G and H (see (4.43),, (4.43)), and (4.43);), using

the Cauchy-Schwarz and Young's inequalities and the Proposition [4.1 we estimate Rjs5, Rig

and R;7 as
Ris| 4+ Ruel + [Rirl < OOV + v e + Iv13) + CUF e + G + [ HE3e)
< C(+ IV + I 3 + 83 + lo13) + Cllo v (6°)/ 6 e
(4.54)
since x < j1. From the equation 1 it is easy to see that
lov (") /072 < Cllolze(luflze + [[(® - V)u®[[72 + (6% V)b[7 + [[£]172)
< Ol (a7 + [1e®lF Va7 + 10032 VDO | + [I£]3:)
< Cllollz (1 + [[ufll + [1£]3)-
(4.55)
Due to estimates and ([4.55]), we obtain

| Ris| + [Rag| + [Bar| < C(+ V"5 + VY17 + V21 52) + Cllolf (L4 1wy 172 + £ 7s)-

Thus, replacing the estimates for R;,i = 1,---,17 into identity (4.53), we find that

1 d o . u oW - u u
( > VD 3+ > IlvpDv H§+||Vb\|§{2) <O+ +v+ VUG + Vil

2dt\ 32> jal=2
IV + VI + VP N52) + Cllolie (1 + a7 + 1£]l7s)-
(4.56)

Integrating the inequality (4.56]) over [0, ¢], using the estimates (4.6)), (4.49) and the Propo-

sition [4.1] we concludes that
lo (0172 + V0 Ol + VY G Oz + VPG < C(a+v + )Ty
t
+C/0 (VG + 1V Cos)iFn) ds - (4.57)

t
+C/O (oG o)z + 1v2C o)z + VU 9l + VP C, 8)llE2) ds.
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since v¥(x,0) = v%(x,0) = vP(x,0) = 0, for all x € R3.
Step 3.Since div v}' = (div v%), = 0, then

(Vq,vi)2 = —(q, div v}) = 0.
Therefore, multiplying the equation (4.43), by v}* in L?, we have

WAV O3+ 2 IV 0l = (7 W,V (A, V) — (ol V)V v2)
+((b- VIV, v — (p(v* - V)u’, vi) 2
+(aV () /0%, i)z + (V- VDY, v e
(o) (B - V)R, V)
(4.58)

We will estimate each term on the right side of identity (4.58]). Similarly to the proof of

Lemma [4.6] we obtain

IX(V xw, vit) 2| < Ox[[VWally/pville < Clllwllasllvevills
(A’ vi) 2| < CRl AW ||l pvi'lle < CRlu® sl v/pv 2
|(p(u - V)V Vi) 2] < Cllulloo[VVElaflv/pVitllz < Cllull s [[vF a2 [ Vovi'lls
(b V)P, i) e < ClIbllocl VY2 ll2lly/pvill < Clibllss V2 L2 v/ovi |2
[(p(v™ - V)u’, v 2| < OV ooV [l VoVill2 < ClIV a2 0|2 [l /27 2
oV (B*)/p", Vi)l < Cllollaz (1 + [0l 2 + £l ) [|/ovE |2
Vi)

(v V)b, vi) 12| < CIVP Il VOl lly/pvitllz < ClIVP el D0 sl /vy 2.
And for Cauchy-Shwarz's inequality and ([2.8)), we get
[(a/p°(b% - V)Y, vi) 2| < Cllo/p"(b” - V)OO l2]l\/pvill2 < Cllo/p"b? [l [ VD |12l v/AVi Iz
< Cllollu= b2l V° |2 ]l /ovE |2
< Cllo|lm= bl lv/ovE 2.
Replacing the previous estimates into identity (4.58]), using Proposition and Young's
inequality, one obtains
_d _
m|[viC Ol + B IVVEC Ol < Clit V2 C 0l + IV (o) 13

+loC Oz (1 + ¢ O Ee + G O]

(4.59)
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Integrating the inequality (4.59) over [0, ], using the estimate (4.49) and the Proposition [4.1]

we find

m o [IVP(, s)[l5ds + pl|Vve (-, 1) < CiTy
(4.60)

+C fo(llo o)z + VUG 81 + VP 8)ll2) ds.
Following a similar process to that one for obtain (4.59), using the equations (4.43), and
(4.43); and recalling that v > max{x, x}, we find the inequalities:

W d W d : W d W
il O+ AV GOl gl v VOB 2Ol

< O(fy + ”Vu(?t)H%p + ||VW('7t)||§{2)7
Ve ¢ )l + v IIVV 0I5 < Cw+ VPO + 1IVP G 1) 1) (4.62)
Thus, integrating the inequality (4.61]) over [0, ¢], we obtain
m o vy 8)[5ds + [ VY (0153 < OyTo + O fo(IvU G 8) e + VY (s 9)[132) ds.
(4.63)
Taking the operator D on both sides of (4.43),, multiplying the resulting equation by
D*v} in L%, summing over |a| = 1 and recalling that 1 > x, we get that
m| Vvl i IID2 3 < Clallu®llas + 1+ [Vl [VH [ llu® s + [Vl v
F A+ [ Vpllaz) 2 1v¥ zllullFe + mlwliEs + (VP[5I + [B°(1:)
Hlo 3= (VA 12 1B° M35 + (1 + 1V6°132) (16 ga + (1 + IV I 3z2) 1?2 + (€113 + 0°l135]) )

From Proposition [4.1] the above inequality can be rewrite as

ml[ Vil + i HD2 I3 < Cla+ VP lEe + VP + VP e (4.64)

a1+ e + 61)
Summing the inequalities (4.59)) and (4.64)), we find
u - d u - u u
mlVi i + A IVl < Ol v e + IvEIE + VPl + llolle (U + [T? e + 1€17))-
Integrating over [0, 1], using the estimates ) and and the Proposition [4.1] we have

FIVV ) Bt [ IV \|H1ds<cm+c/ (o e ) B+ v ) B VP ) ) s
(4.65)
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In the same way that we obtained the estimate (4.64)), we find
m|[ V3 JrV%HD2 VI3 + %*HV(dIV vz + QXEHVVWHQ < Cly + Iv"Ilz

+IVIE A V™I 5]

(4.66)

and
d
V2 llz + V@HDQVI’H% < Oly + [Iv¥|32 + VP 72]. (4.67)
Summing the inequalites (4.61) and (4.66)), we have
w2 d w |2 d : w |2 d w |2 u|l2
IV + 1 93+ ] i v + 2 v < Ol v
+ VN3 + 1V 7]

Integrating over [0, ] and using the estimate ({4.63)), we obtain

MO [ IV ds < OvTy+C [ (V) + V™ )le) ds.
(4.68)

Now, summing the inequalities (4.62)), (4.67)) and integrating the result over [0, ¢], we get

|| VvP(: ||H1—|—/ ||Vt s)|[3: ds < CVT0+C'/ ([[v(-, 8)[| 22+ ||VP (-, 8)||%2) ds. (4.69)

Combining (4.65]), (4.68)) and (4.69)), we deduce that

aIVveC Ol VYOl +vIVVP 5
+m fo (VPG )1+ IVECs)lFn) ds + J VP (s 8) 1 ds < Cla+y + )Ty
+C fo(llo (-, 8) 172 + VUG, 8) 32 + VY G 8) 32 + IV 8)l[F72) ds.
It follows, from the above estimate and the inequality (4.57)), that

lo ()l Fe + V2 Ol + VYO + VP01 < Cla+ v+ v)To
(4.70)

+C/ (o (s )z + v Gz + IV o s)llze + VP (s 8)l72) ds.
Therefore, applying a corollary of Gronwall's lemma [see (AMANN, 2011, page 90, corollary

6.2], we concludes that
oG 0[5 + VG O Fe + IV G e + VPG D7 < C(a+ v + v)Th exp(CT).

This completes the proof of Theorem 4.1]
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APENDICE A - BOUNDS FOR THE NONLINEAR TERM Q(t)

The integral form for the solution of (3.1)) is given by
t
z(t) = etz —|—/ A=Q(s) ds (A.1)
0

where A and Q(t) are given by (3.96) and (3.100)). Denote by Q(£,t) the Fourier transform
of Q(z,1), i.e, ) )
—F((a-V)u)(€,t) + F((b-V)b)(&,1)

Q& t) = ~F((u- V)W)(&, 1) . (A2)
—F((a-V)b)(&, 1) + F((b- V)u)(€, 1)

First, we will estimate the term F((u- V)u)(§,t). For each k = 1,2, note that

Fl- el = [ e *x(;u]Duk)

Since div u = 0, it follows that

2

F((u- V)u)(E, ) = — /R w Y Dy(e €%u,) dx

j=1

2 2
o - —i€x —i€x .
_/RQukZze Sjujdx—/RQukZe Dju; dx
Jj=1 J=1
2
— PRI S ,
_/R2 ukalze &;u; dx.

Then

[F((u-V)u)(€, 1) < Z / 1€ unuy| dx < Z 1€ lukll2lugll2 < [€Na(®)]I3

k,j=1 k,j=1
< [€]l|z(t)][3-

Similarly, we obtain that

[F((b-V)b)(&, 1) < [€llb®)]z < [€ll2(0)]]3,

F (- V)w)(€ )] < [Ellla@)]2lwd)l2 < [E]llz)]12,
IF((u-V)b) (€, 1) < [&llu®)]l2lIb(®)]2 < [&]l2()]]5.
[F((b- V)u)(€, 1) < [€lIb®)[2[lu®)]l> < [Ell2()]3.

Therefore, from (A.2)) we get the following estimate for Q(£,t):

Q&) < [€llz(0)]3. (A-3)
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We can also find another type of bound for Q(S,t) Q(&,t). Indeed, note that
2 ) 2
F- Vel < Y [l uDuddc= 3 [ juDju dx
kj=1 kj=1

k
< > ugll2l| Dyl

k,j=1

< [lu@®|2[IVa@)l
< [lz(®)[2I V()2

Analogously, we obtain that

[F((b-V)b)(&, 1) < [[b(®)[|2[[VD@)][2 < [l2(1)]|2[V2(t)]2,
[F((u-V)w)(& )] < [a@) VW D)2 < [[2(1)]]2[[V2(H)]l2,
[F((w- V))&, 1) < [[u@®)l2[[VB(B)]l2 < [l2(2)[2] V(D)2
[F((b- V))&, ) < [Ib@)]l2[IVa@)l: < [l2(t)ll2][V2(t)]2-

Then, using these others estimates in we find that
Q&) < N12(2) |12 V2(8) |2 (A.4)
Lemma A.1 Let Gy € L°(R?) and |€| "1y € L>(R?). Then, we have that
e uolla < Ct 210 (A5)

and

e uolls < Ct M folloe with  £5(€) = €] 00(€). (A.6)

Proof: From Parseval's identity, we have that

el = (2m) ™" [ e g (€)1 dg < (2m)laoll%, [ e dg < ol [ e ar

o 2 1 o -7
= ||@l|Z,— ; e Tdr

which implies that

leAug]la < CF 2 [|itg | oo
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Set fy(¢) := €] '0y(&). From Parseval’s identity, we get that

et} = (2m) ! [ 2P g €)1 dg = (2m)7" [ e €M g2 fo(€) e
< m) Il [, lefee dg
R
<2 [ e ar
0
= follZ gy [ e dr
- P0lleogga o
< o2 k2,

Therefore, we conclude that

le* ol < Ot €] foll -
Hence, from Lemma and estimates (A.3) and ((A.4)), it follows that
[e“2E9Q(s)]l2 < Ot = 8)72 |2(s) 1o V2 (5)]|2 (A7)

and

1e“2IQ(s)ll2 < C(t = 5) " 2(s)]5. (A-8)

Lemma A.2 Let |¢| 710y € L®(R?). Then
IVetuglla < Ct2lfo | with  £5(&) = €] 10 (€). (A.9)

Proof: From Parserval’s identity, we have

_ _ A~ _ _ 2 P
Ve tugll3 = (2m)7" [ e 262 i (&) de = 2m) " [ e e gl (e d
< 2m) IR [, lefem e de
<R [Tt ar
0
PR S L g
= ||f0||00@/0 e T dr
< Ct I 1%
which concludes the proof.

Then, from the previous Lemma and (A.3]), we find that

IVert=0Q(s)]l2 < Ot — 5) 72 |l2(t) 5. (A.10)
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APENDICE B - MATRIX A x HEAT SEMIGROUP

Let A be the matrix given in (3.96). Note that z(x,t) = e*!z(x) is solution of the initial
value problem:

zi(x,t) = Az(x,t), x€R? t>0,
z(x,0) = zo(x), zo € L*(R?).

Furthermore, y(x,t) = e““z(x) is solution of the following initial value problem:

yvi(x,t) = CAy(x,t), x€R? t>0,
1(X,1) (x,t) (8.1)
y(x,0) = zo(x), zo € L*(R?).

Applying the Fourier transform in (B.1)), we find

yi(&.t) = —CIEIPy(§.1),

where y(&,1) = e P13 (€) is solution. Then from Lemma and Parseval’s identity, we
have

e 2013 = (2m) 2 O[3 = (2m) 72 [ e Og(&)[? de < (2m)72 [ |1 zy(£) 2 dg

< (2m)7 | Jem Ol () de

RQ

= (2n) [ 196, 0) dg

= Iy (. O)l13 = lle“*zoll3.

Therefore,

le*z0)|a < [|e“®zoll2, V 2o € L*(R?). (B.2)
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