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ABSTRACT

Global pointwise estimates are obtained for quasilinear Lane-Emden-type systems involv-
ing measures in the “sublinear growth"” rate. Necessary and sufficient conditions are presented
for the existence of positive solutions to a class of systems of quasilinear elliptic equations
involving measures in the “sublinear growth” rate expressed in terms of Wolff's potential. Our
approach is based on recent advances due to T. Kilpeldinen and J. Maly in the potential theory.
Also, we are interested in a class of k-Hessian Lane-Emden type systems with measure data in
the “sublinear growth” rate. We give global pointwise estimates of the so-called Brezis—Kamin
type in terms of Wolff potentials, which allows us to obtain necessary and sufficient condi-
tions for the existence of positive solutions. This method enables us to treat several kinds of
problems, such as equations involving general quasilinear operators and fractional Laplacian,
or fully nonlinear k-Hessian operators.

Further, we present a sufficient condition in terms of Wolff potentials for the existence of
a finite energy solution to measure data (p, g)-Laplacian equation in the “sublinear growth”
rate. We prove that such a solution is minimal. Besides, we show a necessary condition in
terms of a suitably generalized potential of the Wolff-type for the eventual solutions, not
necessarily of finite energy. Our main tools are integral inequalities closely associated with
(p, q)-Laplacian equations with measure data, and pointwise potential estimates which allow
us to obtain bounds of solutions. This method enables us to treat other nonlinear elliptic

problems involving general quasilinear operators.

Keywords: Nonlinear elliptic equations; Wolff potentials; p-Laplacian; Fractional Laplacian;
k-Hessian equations; Lane-Emden system; Integral equations; Orlicz-Sobolev spaces; Measure

data problems.



RESUMO

Estimativas pontuais globais sao obtidas para sistemas quasi-lineares do tipo Lane-Emden
envolvendo medidas na taxa de “crescimento sublinear”. CondicGes necessarias e suficientes sdo
apresentadas para a existéncia de solucdes positivas para uma classe de sistemas de equacdes
elipticas quase-linear envolvendo medidas numa taxa de “crescimento sublinear” expressadas
em termos do potencial de Wolff. Nossa abordagem é baseada em avancos recentes devido
a T. Kilpelainen e J. Maly na teoria do potencial. Além disso, estamos interessados em um
classe de sistemas do tipo Lane-Emden regidos pelo operador k-Hessiano também com medi-
das num “crescimento sublinear”. Fornecemos estimativas pontuais globais do chamado tipo
Brezis-Kamin em termos de potenciais Wolff, o que nos permite obter condicdes necessarias
e suficientes para a existéncia de solucdes positivas a esse sistema. Este método nos permite
tratar varios tipos de problemas, como equacdes envolvendo operadores quase-lineares mais
gerais e o Laplaciano fracionario, ou operadores totalmente nao-lineares do tipo k-Hessiano.

Em um viés parecido, apresentamos uma condicdo suficiente em termos de potenciais de
Wolff para a existéncia de uma solu¢do de energia finita para uma equacdo do tipo (p,q)-
Laplaciano com medidas no “crescimento sublinear”. Provamos que tal solucdo é minima.
Além disso, exibimos uma condicdo necessaria em termos de um potencial adequadamente
generalizado do tipo Wolff para eventuais solucdes desse problema, ndo necessariamente de
energia finita. Nossas principais ferramentas s3o as desigualdades de integrais intimamente
associadas a equacdes do regidas pelo operador (p, ¢)-Laplaciano, com medidas, e estimativas
pontuais de potenciais que permitem obter limitacOes para estas solucdes. Este método nos
permite tratar outras formas de problemas elipticas nao-lineares envolvendo operadores quase-

lineares mais gerais.

Palavras-chaves: Equacdes elipitcas nao-lineares; Potenciais de Wolff; p-Laplaciano; Lapla-
ciano Fracionario; Equacdes integrais; Espacos de Orlicz-Sobolev; Problemas com medidas

dadas.



LIST OF SYMBOLS

) C R™ stands a domain.

As usual, we use the letters ¢, ¢, C, and C‘, with or without subscripts, to

denote different constants.

A ~ B means that there exists a constant ¢ > 0 such that c ' B < A <
cB.

X e := the characteristic function of a set F.
M™(Q) := the set of all nonnegative Radon measures o defined on €.
Often, we use the Greek letters 1 and w to denote Radon measures.

We denote by do-a.e in R™, when a property holds almost everywhere in

R™ in the sense of the measure o.
C(€2) := the set of all continuous functions in €.

C(Q2) := the set of all infinitely differentiable functions with compact

support in €.

5 (Q,dp) := the local L*® space with respect to p € MT(Q2), s > 0. If

is the Lebesgue measure, we write Lj (12).

WoP(R™) := the space of all functions u € L?._(R") which admit weak

loc

derivatives Q;u € L}, (R™) fori=1,...,n.

loc

W27 () == the dual of the Sobolev space W,*(R"), where p' = p/(p—

1).

We denote by o(E) = [, do the measure of any g-measurable subset £

of Q2. When o is the Lebesgue measure, we write |E| = o(FE).

B(z,t):= the open ball of radius ¢ > 0 centered at x € R".
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1 INTRODUCTION

This thesis aims to use tools of nonlinear potential theory to prove the existence of solutions
to systems of quasilinear elliptic equations, systems of fully nonlinear elliptic equations, and
quasilinear elliptic equations with Orlicz growth. All these problems will be of the Lane-Emden
type and considered in the “sublinear growth” rate.

Fix n > 3 and let 0 € MT(RR"). To make the explanation more precise, we first give

necessary and sufficient conditions for the existence of solutions for:

(I) systems of the Lane-Emden type, including the following model problem for quasilinear
elliptic equations

—Apu=ocv", u>0, in R",

—Ap=cu?, v>0, in R" (S1)

lim u(x) =0, lim v(z) =0,

where A, f = div(|V f|P72V f) is the p-Laplacian, 1 < p < oo;

(IT) systems of fully nonlinear elliptic equations of the Lane-Emden type

Fy[-ul =0v"™, u>0, in R"
Fy[-v]=0cu®, v>0, in R" (S2)

lim w(z) =0, lim v(z)=0,

where F}[u] is the k-Hessian operator for the range 1 < k < n/2 defined as the sum of k x k
minors of the Hessian matrix D?u. We analyze Systs. and in the sub-natural growth,
that is, the cases 0 < ¢; <p—1fori=1,2 in (Sif), and 0 < ¢; < k fori =1, 2 in ([Sy).
We can see that when u = v and ¢; = ¢ = ¢, Syst. can be reduced to the following
equation:
Fyl-u]=0u? in R",
(F1)

lim u(x) = 0.
|x|—o0

A solution to Systs. or is understood in the potential-theoretic sense. Namely, a
solution to Syst. will be a pair of nonnegative p-superhamonic functions (u, v) satisfying
in the measure sense; in fact, under Wolff's inequality (see below), we will show
that (u,v) € WLP(R™) x WiLP(R™) and it satisfies Syst. in the distributional sense. While

a solution to Syst. will be a pair of k-subharmonic (k-convex) (u,v), that is a pair (u,v)
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of k-subharmonic functions, satisfying (\Ss)) in the measure sense. For the precise definitions,

see Sections [2.1] and 2.2} respectively.

Next, we provide a sufficient condition for the existence of a finite energy solution for:
(III) the quasilinear elliptic equations of the following type (p, ¢)-Laplace operator:
—(Apu + Aqu) =0 (uﬂp*l) + uw(qfl)) in R",
where 2 < p < ¢ < o0, and 7 is a constant satisfying:

-1 1

O<7<min{p,}. (A4;)
q—1 q—p

In particular, v < 1, which describes exactly the situation of “sublinear growth". Here, it is

suitable to treat the previous equation in the Orlicz setting, seeing this equation as

_div<g("vv;|’)Vu>:0g(u7) in R", (P2)

where g : [0, 00) — [0, 00) is the function given by
g(t) =t +7h (Az)
If p = q, we have g(t) = t*~! and Eq. becomes in
~ANju=o0u® Y in R (1.0.1)

here we set 0 < v < 1. We highlight that for additional examples of quasilinear operators,
we recommend referring to, for instance, [O 1997, Montenegro 1999|. Because of Eq. ,
our approach employs tools of the theory of Orlicz Spaces. For the precise definitions of
the Orlicz spaces considered below, see Section [2.3] By a finite energy solution to (P,
we mean a nonnegative function u € DC(R") satisfying weakly (%)), where DVY(R") is
the homogeneous Sobolev-Orlicz space defined as the space of all functions u € L¢ (R"),
which admit weak derivatives dyu € LE(R") for k = 1,...,n. To be more precise, setting

f(t) = g(t") and F(t) = fot f(s)ds for t > 0, a nonnegative function u is called a finite
energy solution to (P)) if u € DYY(R™), and it satisfies weakly, that is

/ 9(‘VUDVU‘V¢¢E: flu)pdo Ve e CF(R™).
n |Vl R"

Note that finite energy solutions to ((P)) are critical points of the functional

J(v) = /HG(\Vv])dx— /nF(\dea, v € DMC(R™). (1.0.2)
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We are interested in nontrivial solutions of finite energy.

Our results are new even for systems of nonlinear elliptic equations involving the classical
Laplace operator (like ([S7])), corresponding to the case p = 2; or for nonnegative o € L{ .(R"™),
here do = o dx.

The main idea is to apply potential estimates in the problems above since they will be
seen in the sense of measures. Potential estimates are well-established and precise tools in
the analysis of measure data elliptic partial differential equations. Roughly speaking, poten-
tial estimates allow us to deal with integral equations instead of elliptic partial differential
equations.

To study Systs. (Si)) and ([Sa)), we employ some elements of nonlinear potential theory,
accurately on the systematic use of the Wolff potential W, ,0 defined by

Wosrto) = [ (W)P“dﬁ R (103

tn—ap t ’

where 1 < p < o0, 0 < o < n/p. Observe that W, ,0 is always positive for o # 0 which
may be oco. In fact, by [Cao and Verbitsky 2017, Corollary 3.2], W, ,0(z) # oo for all z € R™

/100 (J(B(O’t))yil & e . (1.0.4)

tTL—O{p t

if and only if

This means that W, ,0(z) < oo for all x € R™ if and only if W, ,0(z) < oo for some
xg € R™ (we may take zq = 0).

The same reasoning applies to solving Eq. . To be precise, we consider the potential
of Wolff-type W o defined by

Weo(z) = /Ooo g ! (‘W) dt. (1.0.5)

Observe that Wgo may be infinity. In Section below, we characterize the finiteness of
W o similarly to ((1.0.4)).
The next sections will play a motivational role in our work. If the reader is interested in

seeing the main results of this thesis soon, they can be found in Section [1.3]

1.1 BRIEFLY HISTORY ON POTENTIAL ESTIMATES

Potential estimates arise naturally as an extension of representation formulas via funda-

mental solutions. It is known that representation formulas via fundamental solutions are an
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assertive tool for establishing the qualitative properties of solutions to linear elliptic equations.
Eventually, these lead to consider linear Riesz potentials and singular integrals. Let us deal

with the classical Poisson equation, which is the simplest example, given by
—Au=p in R"

Here 1, which is eventually taken to be a measure, is for simplicity assumed to be a smooth
and compactly supported function, while u is the unique solution which decays to zero at
infinity. The point we are interested in now is that u can be recovered via convolution with the
so-called fundamental solution. This means that the following representation formula holds:

ulz) = (171) / Gl y) dfy), (111)

where G(z,y) = |z—y|~ ™2, ¢(n) = n(n—2)|B(0,1)| is a normalization constant. From now
on, this normalization constant will be dropped for the sake of convenience. The uniqueness of
u follows, for instance, from [Evans 1998, Theorem 9, Chapter 2, Section 3], since G(z,y) — 0
as |z| — oo uniformly in y € R™\ {z}.

Remark 1.1.1. If n = 2, ¢(n) = 27 and G(z,y) = In |z —y|, which is unbounded as |z| — oo,
and so may be [, G(z,y)du(y). For this reason, unless otherwise stated we assume that

n > 3.

The formula (|1.1.1)) allows to redirect the study of solutions to the analysis of a related
integral equation. Clearly, the laplacian operator A is a particular case of p-laplacian operator
A, with p = 2. However, no corresponding integral representation (|1.1.1)) is available for A,

when p # 2, despite the existence of fundamental solutions given by

1
n—p

Gyla,y) = lv = vl
log|z —y| if p=n.

if 1<p<n,

When € MT(R"™), formula ((1.1.1)) still holds as a consequence of Riesz representation
theorem (see [Armitage and Gardiner 2001, Corollary 4.3.3] for the details). Note that formula
(1.1.1]) can be seen in terms of the Newtonian potential of 1, that is (1.1.1]) says u(z) = Iyu(x)

for all x € R", where the Newtonian potential I, potential is defined by

Loji(x) = /R du(y)

n o=yl
To recover formula ((1.1.1)) for other types of elliptic operators, it was necessary to “expand"

the space of solutions (i.e. weaken the notion of solution), and deal with the measure data
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problem. For that, Wolff potentials plays the role of extending the formula (1.1.1]),
through which we will relate elliptic problems with suitable integral equations.

In the context of quasilinear problems, Wolff potentials with &« = 1 appeared in the
notable works of T. Kilpeldinen and J. Maly [Kilpeldinen and Maly 1992, Kilpelainen and
Maly 1994]. Indeed, from [Kilpelainen and Maly 1994, Corollary 4.13], there exists a constant
K = K(n,p) > 1 such that it holds

K 'Wiu(z) <u(z) < KWiu(z) Vo e R, (1.1.2)

provided u is a nonnegative solution in the potential-theoretic sense of

—Apu=p, in R",
(1.1.3)
lim wu(z) = 0.
|z|—o00
See Section for more details. Moreover, u exists if and only if Wy 11 < 00, or equivalently,

[ (HEemy e a1

t
Wolff potentials with o = 2k/(k + 1) and p = k + 1, for k < n/2, in the context of
fully nonlinear problems, was considered in [Labutin 2002, where D. A. Labutin proved that
if w € MT(R™) and w is a nonnegative k-subharmonic solution of the equation
Fyl—w]=p in R",

lim w(z) =0,
|z|—o0

then there exists a constant K = K (n, k) > 1 such that

KW 2 qpu(z) < w(z) < Kw%yﬂlu(x) Vr e R"™ (1.1.5)

In particular, such w exists if and only if Wy /1) k144 < 00, or equivalently

© (u(B0,1)\* dt
/ (W) < < . (1.1.6)
. tn— ¢
In the Orlicz setting, a type of Orlicz counterpart of this result was established with the

potential ((1.0.5]) in [Maly 2003} Chlebicka, Giannetti and Zatorska-Goldstein 2023] to problems

like:
_div<g(|‘vv;|‘)Vu>:u in R",

infu =
Rn
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For our purposes, using ideas of [Chlebicka, Giannetti and Zatorska-Goldstein 2023], we es-
tablish a suitable Wolff potential estimate in terms of similar to (see Theo-
rem below).

For an overview of Wolff potentials and their applications in Analysis and PDE, see [Adams
and Hedberg 1996||Hedberg and Wolff 1983, Kuusi and Mingione 2014, Maz'ya 2011}|Heinonen,

Kilpelainen and Martio 2006] and references therein.

1.2 STATE OF THE ART

Sublinear elliptic equations with measurable coefficients have been investigated by many
authors. In [Brezis and Kamin 1992], H. Brezis and S. Kamin established a necessary and

sufficient condition for the existence of a bounded solution to the sublinear problem
—Au=oc(x)u? in R" (1.2.1)

with0 < ¢ <1, 0# 0 >0and o€ L2, (R"). For bounded solutions of ((1.2.1)), by using the

Green function of the Laplacian (the Newtonian potential) in balls of R, they proved global

pointwise estimates of the form
ct (Iga)l%q <u < clyo, (1.2.2)

where ¢ > 0 is a constant independent of .
Notice that when ¢; = ¢2 and u = v, Syst. reduces to the following problem dealing

with the single equation
—Apu=ocu? in R,
(1.2.3)

lim wu(x) = 0.
|z|—o0

Using estimates ([L.1.3)), D. Cao and I. Verbistky in [Cao and Verbitsky 2016] obtained pointwise
estimates of Brezis-Kamin type for solutions of quasilinear elliptic equations to eq. (1.2.3).
Indeed, by a capacity condition, they gave a sufficient condition in terms of W, ,o to the
existence of a nonnegative solution to eq. satisfying bilateral estimates in terms of
Wolff potential W ,0, where o € M+ (IR™). Also, a necessary and sufficient condition for the
existence of such a solution was presented in terms only of Wolff's potential. Estimates of
Brezis-Kamin type are potential estimates similar to , see potential estimates (|1.3.4))

below. See also [Cao and Verbitsky 2017| for some related results.
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Furthermore, note that the previous equation can be seen as eq. (1.0.1)) with ¢ = v(p—1).
In [Dat and Verbitsky 2015], C. Dat and I|. Verbistky were able to exhibit a necessary and
sufficient condition in terms of W ,0 to construct a solution to (|1.0.1]), which is finite energy

in view of functional J given in ((1.0.2), that is
1 1 1+
J(v) = - |\VolPde — —— v do.
P Jre 1+q Jgrn

1.3 MAIN RESULTS

The assertions below are the compilation of our results, which are motivated by some
earlier ideas developed in [Dat and Verbitsky 2015,/Cao and Verbitsky 2017, Cao and Verbitsky
2016, Heinonen, Kilpelainen and Martio 2006, Kilpelainen and Maly 1994, Kilpelainen and Maly
1992, Trudinger and Wang 1997,/ Trudinger and Wang 1999, Trudinger and Wang 2002, Labutin
2002, Phuc and Verbitsky 2009, Phuc and Verbitsky 2008].

1.3.1 Systems of Wolff potentials

To examine systems of quasilinear elliptic equations like Syst. (\Si]), and fully nonlinear
elliptic systems of the form (\Ss]), first we study in a general framework the existence of a

pair of nonnegative functions (u,v) € L. (R" do) x L&

loc loc

(R™,do) satisfying pointwise the
following system of integral equations involving the Wolff potentials:

u=W,, (v%do) in R",

v=W,, (u?do) in R",

where 0 < ¢; <p—1fori=1, 2, thatis

u(a) = /0°° (fB(x,t) v (y) da(?J))pll O}ft |

{n—oap
00 u®(y) do(y =
() = fB(z,t) (y)do(y) ﬁ7 T
0 tn—op t

We prove the existence of solutions to Syst. using the sub and super solutions method.
Because of this result, by using the method of successive approximations, we show the existence
of solutions to Systs. ([Si]) and ([S3]), jointly with sharp global pointwise bounds of solutions.
Indeed, in view of potential estimates known, solutions of work like an upper barrier,

which will allow us to control the successive approximations.
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For the next two theorems, we assume that ([1.0.4]) holds. To state our first result in a

precise way, let us recall the notion of Riesz capacity of a compact set £ C R",
capy, ,(E) = inf{[|f[|7, : f € LP(R"), f >0, I.f > 1 on E}, (1.3.1)
where 1,0 is the Riesz potential of order o defined for 0 < o < n by

Lo(z) = /R _dolw) g, (1.3.2)

x —y[r

See [Adams and Hedberg 1996, Chapter 2| for an overview of several types of capacity. We
will show in Lemma below that if there exists a nontrivial solution to Syst. ((SI]), then
o must be absolutely continuous with respect to capy_ ,. Indeed, for our main results, we will

impose that o satisfies the following strongest condition
o(E) < C,cap, ,(E) for all compact sets £/ C R". (1.3.3)

Theorem 1.3.1. let 1 <p< o0, 0< ¢ <p—1,i=1,2, 0<a<n/pando € MT(R")
satisfying (1.0.4)) and (1.3.3)). Then there exists a solution (u,v) to Syst. (S1|) such that

1 (p=1)(p—1+4q1) (p=1)(p—1+4q1)
c (Wa,po) (r—1)2—q1a2 <u<e (Wa’po' + (Wa,pg) (r—1)2—q1a2 >

(1.3.4)

(p=1)(p—1+q2) (p—l)(p—1+q2)>

¢t (Wopo) 0-0%me <o <e (Wa,pg + (Wopo) o-07-nm

where ¢ = ¢(n,p, q1, g2, @, Cy) > 0. Furthermore, u,v € Li, (R, do), for every s > 0.

loc

Remark 1.3.2. Based on the assumption ((1.0.4), we show that all nontrivial solutions to
Syst. ([S1)) satisfy the lower bounds in ([1.3.4]). For the upper bounds in (1.3.4), we also use
hypothesis ((1.3.3), which will be decisive in building our argument.

The next theorem brings a necessary and sufficient on ¢ to the existence of solutions (u, v)
to ((SZ]) which enjoy the bilateral estimates ((1.3.4)). Suppose 0 € M (RR") satisfies

(p—1)(p—1+q1)q2 (p—l)(p—1+q1))

Wa,p ((Wa7p0-) (p71)27q1¢12 dO‘) S A <W()é7p0- _|_ (qupo-) (P*l)Q*qqu
(1.3.5)

(p—=1)(p—1+g2)qy (p—1>(p—1+q2>)

Wa’p ((Wa’pa) (r—1)2—q1 42 dO‘) < A <Wa,po-+ (med) r—12—q149

here the right-hand sides are finite almost everywhere in R", and A is a positive constant. In

general, condition (1.3.5)) is weaker than (|1.3.3) (see Remark below). However, we can
still construct solutions for Syst. (S7)) satisfying ((1.3.4) and show that (1.3.5]) is necessary for

the existence of such solutions.
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Theorem 1.3.3. Let1 <p<o0,0<¢q <p—1,i=1,2,and0 < a <n/p. Ifoc € MT(R")
satisfies ((1.0.4)) and ([1.3.5)), then there exists a solution (u, v) to Syst. ((S1|) such that (|1.3.4)

holds with a positive constant ¢ = ¢(n, p, «, q1, q2, \). Conversely, suppose that there exists a

nontrivial solution (u, v) to Syst. ((S1)) satisfying (1.3.4). Then ((1.3.5)) holds with A\ depending
only on p, q1,q2 and c.

Remark 1.3.4. For the case ¢; = g2, one can see that the solution (u,v) obtained in Theo-

rem [1.3.1|is such that © = v, and satisfies

p—1 p—1
¢! (Wa,pcr) Tt <u<e (mea + (Wa,po)P14> ; (1.3.6)

where ¢ := ¢;. Thus, [Cao and Verbitsky 2016, Theorem 3.2] is a corollary of Theorem
for g1 = ¢o. Also, [Cao and Verbitsky 2016, Theorem 3.3] is a corollary of Theorem [1.3.3
since in the case ¢; = ¢o condition ((1.3.5)) is written as follows

Wap ((Wa7p0)5@11‘3 dcr) <A (Wa,po— + (Wa,pa)p”llq) < 0. (1.3.7)

Remark 1.3.5. As commented above, condition ([1.3.5)) is weaker than ([1.3.3)). Indeed, let
p=2,0<g<1and0 <2< n. Setting ¢ = g2 = ¢, condition ([1.3.5) becomes ((1.3.7)).
Let do = o dx for o(x) = |z|*xp\(0} (x), with 200 < s <n — (n — 2a)q; here B = B(0,1).

For p, ¢ and « given above, being o radial, condition (1.3.7)) is characterized by
_ ’x‘_(n_2a)(1_q) fy|<|x| ’y‘_(n_QO‘)q do’(y)

lim |
l=1=0 Jipza ly1772) do(y)

< 0. (1.3.8)

For details on (|1.3.8)), see [Cao and Verbitsky 2016, Proposition 5.2]. For |z| < 1, one has

/ ly| "2 do(y) = / |y|~l(nm2e)ats] gy
ly|<|z| ly|<|z|

where in the last equality was used polar coordinates, since s + (n — 2a))g < n (see [Folland

1999, Corollary 2.52]). Thereby,

‘myf(anOz)(lfq) /l ’ ’y‘f(n72a)q da(y) =c ‘xyf(anQ)qfern‘x’f(an(x)(lfq)
yI<|x
= |x’7(n720¢)+(n72a)q7(n72a)q75+n

= ¢ |z|** 5. (1.3.9)
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Moreover, by polar coordinates,

/ g~ dor(y) = / g2 gy
ly|>|z| lz|<|y|<1

1
= 02/ prtesstnel qe = oo (1 — |z)?*9). (1.3.10)
|

z|

Combining ([1.3.9) with ([1.3.10]), we arrive at

_ ‘x|_(n_2a)(1_Q) j‘|y‘<|x‘ ’y‘_(n_2a)q do—(y)

=10 Sz 917720 do(y)

’x‘Qa—s

_ m 2
CS(n7a7q7 3) ‘II|I£10 1 — ‘I’PO‘*S <0

Thus, o satisfies ((1.3.8]), whence it satisfies ((1.3.7]).

On the other hand, fix 0 < R < 1, by polar coordinates

7 R
o(B(0,R)) = / ly|°dy = 04/ sl dr = ey RMS
B(0,R) 0

From [Adams and Hedberg 1996, equation 2.6.1], capy_,(B(0, R)) ~ R">*. Consequently,

o can not satisfies (1.3.3)), since s > 2« implies R"~* > R"*, whenever R < 1.

1.3.2 Applications in systems of quasilinear elliptic equations

We first recall the p-capacity for compact subsets F of R",
cap,(E) = inf {||Vol[7, : ¢ € C°(R"), o > 1on E} .

From [Adams and Hedberg 1996, Proposition 2.3.13], one has capy, ,(£) =~ cap,(E) for all
compact sets F.

Let 0 € M+ (R™) satisfying the capacity condition
o(E) < C,cap,(E) for all compact sets £ C R". (1.3.11)

Under assumption (1.3.11)), we prove the existence of a minimal positive p-superharmonic
solution to Syst. ([S)), more precisely, a pair (u,v) € Wii?(R") x Wi;P(R™) such that u, v
are positive and p-superharmonic functions in R”, and satisfies Syst. in the distributional
sense. Here a minimal solution (u,v) to Syst. means that for any solution (wy,ws) to
(S1), we have wy > u and wy > v almost everywhere in R™. See Section [2.1] for the definition
of solutions to Syst. and p-superharmonic functions. Here, and subsequently, W, will

denote W,
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Theorem 1.3.6. Let 1 <p <nand0 < ¢ < p—1 fori =1,2. Suppose 0 € M+ (R")

satisfies ((1.1.4)) and (1.3.11)). Then there exists a minimal p-superharmonic positive solution

(u,v) € WEP(R™) x W,LP(R") to Syst. (Sy) such that almost everywhere we have
(p=1)(p—1+qq) ( (p=1)(p—1+qq) )

Cil (Wp0-> (r—1)2"q1 a9 <u<e WpO' + (Wpo—) (—1)2—q1a9

BNt ( (p1><p1+q2>> (1.3.12)

C*l (Wpo-) (p—1)2—q1 99 S v S c Wpo’ —+ (Wpo') (»—1)2—q192
where ¢ = c(n,p,q1,q2,Cy) > 0. If p > n, there are no nontrivial solutions to Syst. in
R™.

Remark 1.3.7. In view of Theorem D] and Lemma [3.1.3] the lower estimates in ((1.3.12)) hold
for any distributional solution (u, v) to ([Si]). Nevertheless, the upper estimates in (1.3.12) are

obtained only for the minimal solution.

As in Theorem|1.3.3, we may assume a weaker condition on ¢ than ([1.3.11]) and still assure
the existence of solutions to Syst. satisfying ([1.3.12)). The following theorem deals with

this.

Theorem 1.3.8. Leto € MT(R™), l<p<nand0<q <p—1fori=1,2. Then there
exists a p-superharmonic positive solution (u,v) to Syst. satisfying (1.3.12)) if and only

if there exists A\ > 0 such that almost everywhere we have

ag(p=1)(p=1+aq1) (p—1)(p—1+q1)
Wp <(Wp0') (r—1)2—q1a ) <A <Wp0—_|_ (WpU) (r-1)2—q14o ) < 00,
a1(p=1)(p=1+aq2) (1-3-13)

(p=1)(p—1+43)
W, ((Wpa) r=1)?=a102 ) <A (Wpa + (W,0) [ ) < 0.
Our approach considers also solutions to systems of equations involving the fractional
Laplacian of the form
—A)*u=cv?, v>0 in R"
( , ,
(-A)*v=o0cu®”, u>0 in R" (1.3.14)

lim u(z) =0, lim v(z)=0.

with 0 < a < n/2 and ¢, ¢2 € (0,1). A solution (u, v) to (1.3.14)) is understood in the sense

! fdo)(x T "
u(zr) = c(n,a)lQa(v do)(x), e R",

L 2do)(x x ”
v(x)—mba(u do)(z), € R",

where I, is the Riesz Potential defined in ((1.3.2)) and ¢(n,«) is a normalization constant

given by
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(see for instance [Lischke et al. 2020]). As usual, the normalization constant will be dropped
for the sake of convenience. Thus, Syst. ((1.3.14]) is equivalent (up to a constant) to Syst. (S)),

since

Lono(z) = /R _doly) 9y /0 ToB@A W),

" ‘QZ’ _ y‘nf2a tn72a t
The second previous equality follows from [Maly and Ziemer 1997, Lemma 1.27]. Therefore,

the following theorem is a special case of Theorem with p = 2.

Theorem 1.3.9. Let 0 < 2a<n, 0 < q; <1,i=1,2. Suppose o € M (R") satisfies both
(1.0.4) and (1.3.3) with p = 2. Then Syst. (1.3.14)) admits a solution such that

1 Ata I+qq
¢ (Igao) =0 <u<c <12a0 + (Igaa)lqm) ,
) Lo o (1.3.15)
c (IQaU) lran <o <c <IQQU + (IQQO') 1‘5’1‘12) ,

where ¢ = ¢(n, q1, q2, o, Cy) > 0. Furthermore, u,v € L{ (R™, do), for every s > 0.

loc

Remark 1.3.10. Suppose Iy,0 € L>*(R") as in [Brezis and Kamin 1992], then assumption
(1.3.3) holds for p = 2. Indeed, in view of [Verbitsky 1999, Theorem 1.11], there exists a

constant Cy > 0 which depends only on n and «, such that, for all compact sets £ C R",

do do
EY= [ do= | W, = [ I,
o(E) /E o /E 20 W0 /E 200 Lo

do
|
S e

< Taao|ze Co capg,o(E),

and this shows condition for p = 2. Thus, under assumption Iy o € L*(R"), from
Theorem [1.3.9] it follows that Syst. possess a bounded nontrivial solution (u,v)
satisfying the so-called Brezis—-Kamin estimate ((1.3.15)). In particular, Theorem [1.3.9, with
a =1 and ¢; = @9, recover [Brezis and Kamin 1992, Theorem 1] together with the estimate

(1.2.2)), provided I,o0 € L>*(R"™).

1.3.3 Applications in systems of fully nonlinear elliptic equations

Here, W, will denote Wy /(141)x+1- As in Theorem |1.3.6 the next theorem assures the
existence of a minimal solution to Syst. ([Sof). By a minimal solution to Syst. (|Ss)) we mean
a pair of nonnegative functions (u,v) which solves Syst. (\Ss]), and if (w1, ws) is any other

solution to Syst. (S9f), then wy > w and wy > v pointwise in R™.
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Theorem 1.3.11. Let 0 € M*(R") satisfying (1.0.4)) and (1.3.3) with a« = 2k/(k + 1) and

p =k + 1. Then there exists a minimal solution (u,v) to Syst. satisfying

k(k+q1)

k(k+a1)
cH(Wio)Pae <u<c (Wka + (Wka)kQ—‘Zlqz) ,

(1.3.16)

k(k+qs)

k(k+q2)
C_l (Wka) Hoae <gp<c <Wk0 + (WkU) k2—qlq2) ,

where ¢ = ¢(n, k, q1, g2, a, Cy,) > 0. In addition, u,v € L] .(R", do), for all r > 0.

loc

Theorem 1.3.12. Llet 1 <k<n/2,0<q <k, i=1,2andoc € MT(R").

(i) If there exists a solution (u,v) to Syst. satisfying (1.3.16)) for some ¢ > 0, then

there exists a constant A = \(n, k, q1, g2, c) > 0 such that, for almost everywhere, it holds

k(k+a1)ag k(k+a1)
Wy ((Wka') K2 —a1a dO’) <A <Wk0' —+ (Wko') k2qw2) < 00,
k(k+a9)a1 k(k+q2) (1317)
Wi <(Wk0') K2 —a1a dO') <A (WkO' + (Wko') kzqmz) < 00.

(ii) Suppose that o satisfies (1.3.17)) for some X\ > 0. Then there exists a solution (u,v) to
Syst. satisfying ([1.3.16)), where ¢ = c(n, k, q1, q2, \).

From the result above, we conclude that condition (|1.3.17)) is necessary and sufficient for
the existence of a solution to Syst. satisfying ((1.3.16]). The following result is a simple
consequence of the preceding theorems by taking ¢; = ¢2. We highlight that it was already
announced in [Cao and Verbitsky 2017,|Cao and Verbitsky 2016].

Corollary 1.3.13. Let 1 <k <n/2,0<qg<k and o € MT(R™).

(i) If Wio < oo and (1.3.3) hold with o« = 2k/(k + 1) and p = k + 1, then there exists a

k-subharmonic nonnegative solution to satisfying
¢ (Who)P7 < u< e (Wka 4 (Wka)kkq> , (1.3.18)

where ¢ = ¢(n, k,q,0) > 0.
(ii) Let u be a k-subharmonic nonnegative solution to (Py|), satisfying (1.3.18)). Then there

exists a constant A\ = \(n, k,q,c) > 0 such that, for almost everywhere, it holds
W, <(Wka)kquda> <\ (Wka + (Wka)kkq> < . (1.3.19)

(iii) Suppose that o satisfies (1.3.19)) for some \ > 0. Then there exists a k-subharmonic
nonnegative solution to satisfying ((1.3.18)), where ¢ = c(n, k,q,\) > 0.
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1.3.4 Application in quasilinear elliptic equations with Orlicz growth

The main idea is the same as the two previous subsections. Let us first observe that when

p = q, note that W0, defined in ((1.0.5]), becomes the so-called Wolff potential
< (o(B(w, 1))\ 7 < (o(B(w, 1))\ 77 dt
Weo(z) = o(B(z,t)) dt = o(B(z,t)) — =W,o(z). (1.3.20)
o {1 0 n—p t
To solve (P]), we first examine in a general framework the following integral equation

involving the Wolff potential
u= Wg<f(u)da) in R" (5)

where f(t) = g(t7), and u is a nonnegative o-measurable function, belonging to L{ (R", do).
The existence of solutions to is proved by using the sub and super solutions method. Finally,
to prove the existence of solutions to (P)) (finite energy), we use the method of successive
approximations, where solutions to (|S]) perform like an upper barrier which will allow us to
control the successive approximations. As we will see, no one additional relation of p and ¢
will be imposed, much less on the ratio ¢/p, which is usual when studying problems involving
the (p, q)-Laplace operator. Our results are new even for nonnegative functions o € L{. (R"),

here do = o dz.

We will require that o € M (IR™) satisfies the following condition
Wpaﬁ, anﬁ c LY(R" do),
W,or Tae D, Wor o e LF(R",do), (1.3.21)
W0 T, W,orTae D e LF(R,do).

This condition extends partially the condition stated in [Dat and Verbitsky 2015]; see Re-

mark below. We can now formulate our main results.

Theorem 1.3.14. Let g be given by (AJ). Let 0 € MT(R™) with Wgo < oo in R™. The
equation has a nontrivial solution u € L* (R™, do) whenever ((1.3.21]) holds.

It is our interest to know whether condition ({1.3.21)) can be shortened in a more uncompli-

cated condition (see (4.1.31)) below). We will apply the previous theorem to obtain solutions
to Eq. (P).

Theorem 1.3.15. Suppose 2 < p < q < n. Let g be given by (A))). Let 0 € MT(R")
with Wgo < oo in R™. Suppose that ((1.3.21)) holds. Then there exists a nontrivial solution
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u € DHY(R™) N L¥(R",do) to (P)). Furthermore, w is minimal. For ¢ > n, has only

the trivial solution u = 0.

1.4 STRATEGIES AND DIFFICULTIES

Variational methods, in general, do not apply well when dealing with problems in sublinear
growth with the p-Laplace operator. For example, the classical Ambrosetti-Rabinowitz's condi-
tion fails in the Brezis-Kamin problem (eq. (1.2.1))). Indeed, in the case p=2and 0 < ¢ < 1,

any constant 6 > 2 must satisfies

Lth —G/tsqu >t =¢t.¢9 vt >0,

l+g¢ 0

since #/(14¢q) > 1. This brings difficulties to make use of the classical Mountain Pass Theorem
to obtain solutions to eq. . Furthermore, one can check that there is no functional
I: (u,v) — I(u,v) associated with Syst. whose critical points are solutions to Syst. ([S).
Thereby, no one variational methods apply to looking for solutions to Syst. . There are
other techniques to overcome this difficulty. Usual tools are, for instance, topological methods
with fixed point arguments (see [Amann 1976]), sub-super solutions, a priori estimates, and
approximate methods. Once one has a solution between sub-super solutions a natural question
is localizing extremal solutions, i.e., maximal or minimal solutions.

There are some challenges in studying Hessian Lane-Emden-type systems with measures
of the form Syst because our criteria for the solvability of Hessian equations on the
entire space depends on the existence result in subdomains with specific geometric conditions,
which goes back to the celebrated work [Caffarelli, Nirenberg and Spruck 1985]. Moreover,
one needs to develop accurate estimates that are more involved than the ones we can find in
the literature.

Some challenges arise naturally in studying quasilinear equations of the form ([P,). Indeed,
since it is not assumed to enjoy homogeneity: g(|\&|) = |AP1g(|¢]), the computations are
more complicated; in particular our class of solutions is not invariant to scalar multiplication.
When o is the null measure, the existence of solutions and its regularity to (P)), i.e. critical
points of .J, is known only for the ratio ¢/p sufficiently close to 1 in dependence on n [Marcellini
1989, Marcellini 1991|; this together with the lack of homogeneity difficulties to show priori

estimates (local boundness of the function) in general case 2 < p < ¢ < oo for solutions to

(2.
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To overcome these difficulties, our approach makes use accurately of the systematic use
of Wolff potentials in light of potential estimates well-established. We do not only present
necessary and sufficient conditions on ¢ to prove the existence of solutions to Systs. (\Si]),
and Eq. (P)), but we show that the solution obtained here is minimal, in the pointwise
sense. Further, the solution to Systs. and satisfies sharp global pointwise estimates
of Brezis—Kamin type in terms of the Wolff potential , whereas the solution to Eq.
satisfies a lower global pointwise in terms of the Wolff-type potential .

1.5 RELATED WORKS

Recently, studies of systems involving the p-Laplace operator with measure-valued right-
hand side have been done. In this respect, in [Kuusi and Mingione 2018|, T. Kuusi and G.
Mingione used the notion SOLA (Solution Obtained as Limits of Approximations) to propose
a vectorial version of [Boccardo and Gallouét 1989|, where this notion was introduced. They
use a different approach from ours to establish local upper pointwise potential estimates for
I/Vli’f_l—vectorial solutions in terms of Wolff's potential if p > 2—1/n, and its gradient in terms
of Riesz's potential if p > 2, under the standard assumptions |o|(R™) < oo (see also [Kuusi
and Mingione 2016]). We emphasize that the present work brings a global and more accurate
estimate depending only on Wolff's potential of o of some distributional solutions to Syst.
than the one in [Kuusi and Mingione 2018]. G. Dolzmann, N. Hungerbiihler and S. Miiller
in [Dolzmann, Hungerbiihler and Miiller 1997] proved the existence of distributional solutions
for p-harmonic functions and established the Lorentz space estimates for such solutions. |.
Chlebicka, Y. Youn, and A. Zatorska-Goldstein [Chlebicka, Youn and Zatorska-Goldstein 2023]
applied the approach introduced in [Kuusi and Mingione 2018| to study solutions to measure
data elliptic systems involving operators of the divergence form with Orlicz growth. They
provided pointwise estimates for the solutions expressed in terms of a nonlinear potential of
generalized Wolff-type ((1.0.5)).

Moreover, studies of systems involving the k-Hessian operator also have been done. See
for example [Zhang et al. 2023,|Yang and Bai 2022, Bidaut-Véron, Nguyen and Véron 2020]
and references therein. In measure setting, M. Véron, Q. Nguyen and L. Véron, in [Bidaut-
Véron, Nguyen and Véron 2020|, proposed to study nonlinear systems with super-natural
growth in R", as a counterpart of [Phuc and Verbitsky 2008|. They could give necessary and

sufficient conditions for existence expressed in terms of Riesz and Bessel capacities, together
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with bilateral estimates in terms of Wolff potentials.

Problems involving elliptic operators ruled by Orlicz-Sobolev spaces and general p, g-growth
have been systematically investigated in the literature, whose right-hand side is a Radon mea-
sure, starting with the papers |[Boccardo and Gallouét 1992, Boccardo and Gallouét 1989],
where operators modelled upon the p-Laplacian are treated (p = ¢). We refer to some contri-
butions on this topic [Maly 2003, Mingione 2007} /Cianchi and Maz'ya 2017, Baroni 2015} Byun
and Youn 2018, /Chlebicka, Giannetti and Zatorska-Goldstein 2023| and references therein. In
this respect, potential estimates are well-established and precise tools in the analysis of these
kinds of problems. |. Chlebicka, F. Giannetti, and A. Zatorska-Goldstein in [Chlebicka, Gian-
netti and Zatorska-Goldstein 2023] were able to establish sharp pointwise bounds expressed
in terms of for a broad class of solutions to problems with Orlicz growth. They also
provided powerful corollaries by giving regular consequences for the local behavior of solutions,
in particular when measuring data satisfies conditions expressed in the relevant scales of gener-
alized Lorentz, Marcinkiewicz, or Morrey type. Our method relies on these potential estimates
in a particular form like the right-side in . This work was intended as an attempt to mo-
tivate the study equations like (P,), via linking of integral equations ([S]), with the technique
of potentials of Wolff-type W o performing ideas of [Dat and Verbitsky 2015]. We mention
that a different approach from ours is the notion of SOLA in [Boccardo and Gallouét 1989],
which works well when the Radon measure on the right-side is bounded and is known /local

upper bounds for the eventual solutions.

1.6 OUTLINE

The main body of this thesis is organized as follows.

Chapter [2| presents some preliminary definitions and results on the Nonlinear Potential
Theory used in this work. For convenience, we divide it into three sections, first, we develop a
framework for standard quasilinear elliptic equations (modeled to the p-Laplace operator). The
second one is devoted to the fully nonlinear elliptic equations ruled by the k-Hessian operator.
The last one deals with Orlicz's growth, and for this reason, it gives a brief exposition of the
Theory of Orlicz spaces and finally introduces the nonlinear potential theory in the Orlicz-
Sobolev spaces.

In Chapter [3] we produce a framework to solve Syst. by proving Theorem and
Theorem [1.3.3] Then by making use of suitable potential estimates, we provide the proofs of
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Theorem [1.3.6] Theorem [1.3.8] Theorem Theorem [1.3.11] Theorem [1.3.12] and Corol-
lary [1.3.13] We also suggest some questions related to Syst. ([Si]), with further problems.

In Chapter , we will look more closely at Eq. , and indicate how the solution obtained
from this equation in a suitable Orlicz space may be used to build a finite energy solution to
Eq. (P). For that, first, we prove Theorem [1.3.14] and we provide detailed auxiliary results
to prove Theorem [1.3.15] Our techniques do not appeal to any relation on p and ¢, much less
on ratio q/p. Besides, we present some remarks concerning Theorem .

In Appendix [A] we bring precise proof of the potential estimate used to prove Theo-

rem [L.3.15]
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2 PRELIMINARIES

This chapter aims to summarize without proof the relevant material on Wolff potentials,
and nonlinear potential theory that will be later used in this manuscript. Also, some necessary
background definitions are introduced. All results cited here will contain references to make
our exposition more precise.

Remind the definition of Wolff potential , we highlight that our approach does not
include the Lebesgue measure as an admissible Radon measure. Indeed, if o is the Lebesgue

measure, then

/100 (W) O}f = /1°° Ciﬁ);ﬁﬂ)w?

whenever ap > 0. Thus, from (1.0.4), W, ,0 = oo if do = dz.
Let us start with the following result [Cao and Verbitsky 2016, Lemma 2.1].

Lemma A. Let 0 € M*(R") satisfying (1.3.3)). Then, for every r > 0,
/(Wa,paE)’” do < co(E) for all compact sets E C R", (2.0.1)
E

where ¢ is a positive constant which depends on n, p, «, r and C,. Moreover, if ([2.0.1]
holds for a given r > 0, then (1.3.3)) holds with C'= C(n,p, o, 1, c); hence (2.0.1]) holds for

every r > 0.

It is through this equivalence that we will be able to exhibit a nontrivial solution to ((SI]).

In particular, Lemma [A] implies that for all open balls B,

/(Wa,pag)r do < co(B). (2.0.2)

This follows by Fatou's lemma. Indeed, let B be an open ball and consider an increasing

sequence of balls { B;} satisfying
B=JB, B,CBi.1 CB Vi

By condition ([2.0.1)),
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Using Fatou's lemma, we conclude that

/(WaypaB)’” do = / lim xz. (Wa,pagi)’” do
B

B 1—00

<lim [ x5 (Wapog,) do=lim [ (W,,05 ) do < co(B),

i—ocoJ B i—o0 JB;
since {XR- (Wa,pagi)r} is an increasing sequence of nonnegative functions which converges

pointwise to (W, ,05)" in B.

2.1 NONLINEAR POTENTIAL THEORY OF QUASILINEAR ELLIPTIC EQUATIONS

We begin this section by recalling some basic definitions and results for easy reference. For
details see [Kilpelainen and Maly 1992, Kilpelainen and Maly 1994, Heinonen, Kilpelainen and
Martio 2006].

Definition 2.1.1. Let €2 be a domainin R” and 1 < p < o0.

(i) We define the p-Laplace operator for w € W,-”(2) in a distributional sense as follows
(A, ) = (div (Vo 2Vw) ,¢) = - / Vw2V Vodr, Ve e C2(Q).
Q

(ii) We say that w € W,LP(Q) is a distributional solution of the homogeneous p-laplacian
equation (p-harmonic) if (—A,w, p) =0, Vo € C°().

(iii) We define a supersolution w € WL7(Q) in Q if (—A,w, ) > 0 for all nonnegative
p € CX(Q).

Next, we extend the notion of the distributional solutions for the equation —A,w = p
where w does not necessarily belong to W,.(2) and 1 is in the dual space W' (Q). Indeed,
we will understand solutions in the following potential-theoretic sense using p-superharmonic

functions.
Definition 2.1.2. A function w : Q@ — (—o00,00) U {c0} is p-superharmonic in 2 if

(i) w is lower semicontinuous,
(ii) w is not identically infinite in any component of €2,
(iii) for each open subset D compactly contained in Q2 and each p-harmonic function A in D

such that h € C(D) and h < w in D implies h < w in D.

We denote by S,(€2) for the class of all p-superharmonic functions in €.
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For w € §,(2) we define its truncation as follows
Ti(w) = min(k, max(w, —k)), Vk > 0.

We mention that Tj,(w) € W,-”(2) although w does not necessarily belong to W,.”(). It is
well known that T (w) is a supersolution in €2, for all £ > 0, in the sense of Definition m
item (3).

Following [Heinonen, Kilpelainen and Martio 2006], we consider the generalized gradient

for w € S,(€2) (see Definition [2.1.2)), as the following pointwise limit

Dw(z) = lim V(T}(w))(z) almost everywhere in ).

k—o00

If p > 2 — 1/n, one checks that Dw is the distributional gradient of w (see [Heinonen,
Kilpelainen and Martio 2006, page 154]). Using [Kilpelainen and Maly 1992, Theorem 1.15],
we see that for w € §,(2) and 1 <r < n/(n—1), we have |[Dw|P~! € L. (). In particular,

loc

|Dw|P2Dw € L (). Because of this fact, we can define the p-Laplace operator in a

loc

distributional sense for w € S,(§2) as follows
(—A,w, ) = / |Dw|P">Dw - Vpdz, Ve € CX(Q).
Q

Therefore, by the Riesz Representation Theorem [Lieb and Loss 2001, Theorem 6.22], there
exists a unique measure = pufw] € MT(Q) such that —A,w = pfw]. In the literature, pfw]

is called the Riesz measure of w.

Definition 2.1.3. For 0 € M™(Q), we say that w is a solution in the potential-theoretic
sense to the equation
—A,w=0 in Q

if we S,(R) and plw] =o.

In light of Definition 2.1.3) if ¢ € M™(2), then a pair (u, v) is a solution (in the potential-

theoretic sense) to the system

—Apu=ocv™ in Q,
(2.1.1)

—Apv=0cu? in Q
whenever u and v are nonnegative functions and

ue S,(Q) N LE(Q2,do),

loc

v e S,Q) NLE(Q,do),

loc

dplu) = v"do,

dufv] = u®do.
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Definition 2.1.4. Let 0 € M (R"). A pair (u,v) is called a supersolution to Syst. if u

and v are nonnegative functions and

u € S,(R") N LE (R, do),

loc

veS,(R")N LE(R™, do),

loc

/ |Du]p2Du~V<pdx2/ vHpdo,

/ |Dv[P~2Dv - Ve dz > / updo, Ve e CFPR"), ¢ > 0.

The notion of subsolution to Syst. is defined similarly by replacing “>" by “<" in Defi-
nition 2.1.4

Remark 2.1.5. In view of Definitions|2.1.2]and [2.1.4} supersolutions (or solution) to Syst.

are supersolutions in R™. Indeed, if (u,v) is a supersolution to ([S1)) in the sense of Defi-
nition with u, v € W5P(R™), then u and v are supersolutions in R” in the sense of
Definition 2.1.2]

Next, we will employ some fundamental results of the potential theory of quasilinear elliptic
equations. The following lemma will be used to prove that a pointwise limit of a sequence

of p-superharmonic functions is, indeed, a p-superharmonic (see [Heinonen, Kilpelainen and

Martio 2006, Lemma 7.3]).

Lemma B. Suppose that {w;} is a sequence of p-superharmonic functions in Q. If the se-
quence {w,} either inscreasing or converges uniformly on compact subsets in ), then in each
component of {} the pointwise limit function w = lim;_,, w; is a p-superharmonic function

unless w = oo.

The following weak continuity of the p-Laplacian result is due to N. S. Trudinger and X.-J.
Wang [Trudinger and Wang 2002| and will be used to prove the existence of p-superharmonic

solutions to quasilinear equations.

Theorem C. Let {w;} be a sequence of nonnegative p-superharmonic functions in §. Suppose
that {w;} converge pointwise to w where is finite almost everywhere and p-superharmonic
function in §). Then pjw,;| converges weakly to pw), that is,

lim deu[wj]z/gwdu[w], Vo € C2(Q).

Jj—o0
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Next, we estate a crucial result on pointwise estimates of nonnegative p-superharmonic
functions in terms of Wolff's potential due to T. Kilpeldinen and J. Maly in [Kilpelainen and

Maly 1994, Corollary 4.13].

Theorem D. Let w be a p-superharmonic function in R™ with lim, . w(x) = 0. If 1 <
p <n and w = pfw)|, that is, —A,w = w, then there exists a constant K > 1 depending only

on n and p such that
K '"W,w(r) <w(z) < K Wyw(r), VYreR"

Observe that we can assume, without loss of generality, that any p-superharmonic function
w in R™ can be chosen to be quasicontinuous in R", that is, w is a continuous function in
R™ except in a set of p-capacity zero. See more details in [Heinonen, Kilpeldinen and Martio
2006, Chapter 7.

Next, let us express the local version of Wolff's inequality in the case 2 = R":

C

e MR NW I (RY) <= /BWp,uB dp < oo for all balls B, (2.1.2)

where B = B(z,R), up = xpp and WP (R") = W.XP(R™)* is the dual Sobolev space;
see [Adams and Hedberg 1996, Theorem 4.55].

The following result is established in [Cao and Verbitsky 2017, Lemma 3.3], and in com-
bination with (2.1.2)), will be crucial to prove that the solutions to Syst. belong to
Wil (R") x Wi (R™).

C C

Lemma E. Let1 < p <n andw € M+ (R")NW, ¥ (R™). Suppose that w is a nonnegative
p-superharmonic solution to

- Aw=w in R",

lim w(z) = 0.
|z|—o00

Then w € W,oP(R™) N L (R™, dw).

In view of Theorem D] and (2.1.2), one can check a converse type result of Lemma[E] that
is if w € W,oP(R") solves —A,w = w in the distributional sense with w € M*(R"), then
w € WP (R"). Indeed, being w € W.*(R") a weak solution to —A,w = w, with w €

M™*(RR™), we have that w is a p-supersolution. From [Heinonen, Kilpeldinen and Martio 2006,

Theorem 7.25 (iv)], we may consider w as a p-superhamonic function, whence by Theorem D

/prBdwg/prdngl/wdw<oo for all balls B.
B B B



34

Employing ([2.1.2)), our assertion follows.

To finish this section, we recall a basic fact on Wolff's potential (see [Cao and Verbitsky
2017, Corollary 3.2 (iii)]): If 1 <p < oo and 0 < a < n/p, for any w € MT(R"), it holds
lim W, w(z)=0. (2.1.3)
|z| =00
Therefore, in view of (2.1.3)), any nontrivial solution (u,v) to (S| satisfies
lim u(z) = lim v(z) =0, (2.1.4)

provided that (u,v) enjoy the property in (|1.3.4).

2.2 NONLINEAR POTENTIAL THEORY OF FULLY NONLINEAR ELLIPTIC EQUATIONS:
k-HESSIAN MEASURES

We begin this section by recalling some basic definitions and results due to N. S. Trudinger
and X.-J. Wang [Trudinger and Wang 1997, |Trudinger and Wang 1999, |Trudinger and Wang
2002] and D. A. Labutin [Labutin 2002]. These results were summarized in [Phuc and Verbitsky,
2009, Section 4] (see also [Phuc and Verbitsky 2008, Section 7]), in which we state some of
them for the convenience of the reader. Let ) be an open set in R". For £k = 1,...,n and

w € C?(Q), k—Hessian operator, Fj[w] is defined as follows

Filw] = Z iy N
1<i1 < <ig<n
where A, ..., )\, are the eigenvalues of the Hessian matrix D?w on R", with k = 1,2, ..., n.
Alternatively, we may write Fy,[w] = [D*w];, where [A];, denotes the sum of the k x k principal

minors of an n x n matrix A. For example, F}[w] = Aw is the Laplacian operator of u, and

F,[w] = det D*w is the Monge—Ampére operator of w.
Definition 2.2.1. A function w : Q — (—o00,00) U {—0o0} is k-subharmonic in  if

(i) w is upper semicontinuous,
(ii) w # —oo in any component of (2,
(iii) for each open subset D compactly contained in 2 and each ¢ € C*(D) N C(D)

satisfying Fy[p] > 0 in D, the following implication holds

w<pondD = w<pinD.
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We denote by ®*(€2) the class of all k-subharmonic functions in €.

The following weak convergence result is essential to potential theory related to k-Hessian
operators, and it was proved by N. S. Trudinger and X.-J. Wang [Trudinger and Wang 1999,
Theorem 1.1].

Theorem F. For each w € ®*()), there exists a Radon measure ju;[w) such that

(i) pxw] = Fylw] forw € C*(Q), i.e. ui|w] = Fj,[w]dz, and
(ii) if {w;} is a sequence of k-subharmonic functions which converges almost everywhere to
w, then the sequence of the corresponding measures {ji;[w;]} converges to p[w] weakly,

that is,
iim [ pdufu] = [ oduful Vo€ CE@),
Q Q

J—00
We mention that the measure p[w] in Theorem [F| is said to be the k-Hessian measure

associated with w € ®*(Q)), whence we may write Fj[w] in place of ju;[w] even in the case

where w does not belong to C?(1Q).

Remark 2.2.2. A Harnack-type convergence theorem follows from (ii) in Theorem [F} If {w;} C
®*(Q) is a nonincreasing sequence, then in each component of 2 the pointwise limit function
w = lim;_,., w; is a k-subharmonic function and fu[w;] converges to py[w]| weakly. Indeed,

in each component of ), we have w € ®*(Q) by definition of k-subharmonic functions.

Definition 2.2.3. For 0 € M (2), we say that w is a solution to the equation

in the potential-theoretic sense, whenever
w e dF(Q) and  piw] = 0.

The k-Hessian measure is an important tool in potential theory for ®*(2). The next result
is a direct consequence of [Labutin 2002, Theorem 2.1] due to D. A. Labutin, which brings
a global pointwise estimate for functions in ®%(2) in terms of Wolff potentials W. See

also [Phuc and Verbitsky 2009, Theorem 4.3].

Theorem G. Let w > 0 be such that —w € ®*(R"), where 1 < k < n/2. Assume that

p=F[—w] and lim w(z)=0.

|z|—o00
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Then, there exists K = K(n, k) > 0 such that
K'Wu(r) <w(r) < KWu(r) Vo eR™

In view of Definition [2.1.2] we present the precise definition of a solution to Syst. in

the potential-theoretic sense.

Definition 2.2.4. Let 1 < k < n and ¢, g2 > 0. For 0 € M (RR"), we say that a pair of

nonnegative functions (u, v) is a solution to Syst. (|S5)) whenever u and v satisfy

—u e ®(R"), wue LE (R do),

loc
—v € MR, vell (R do),

dpglu] = v8de,  dpg[v] = u?do,

lim u(z) =0, lim v(z)=0.

The remainder of this section will be devoted to establishing relevant existence results
for Hessian equations with measure data. Following [Trudinger 1995| Trudinger and Wang
1997, Trudinger and Wang 1999, |Trudinger 1994], we say that 2 C R™ is a bounded uniformly
(k — 1)-convex domain in R™ whenever § is bounded, 992 € C?, and H;[09)] > 0 for j =

0,...,k—1, where H;[0)] denotes the j-mean curvature of the boundary 02, more precisely

Hj[aQ] = Z/‘il"'ﬁij,

here k1, ... ,k,_1 are the principal curvatures of 0€) and the preceding sum is taken over
increasing j-tuples (i1,...,4;) C {1,...,n — 1}. The curvature k1, ..., k,_1 are normalized
so that they are positive on spheres, and for j = 0 we set Hy[0S2] = 1. In particular, a ball
B(z, R) is an example of bounded uniformly (k — 1)-convex domains in R™.

Let u € M*(2) and consider the following fully nonlinear problem:

Fk[_w] =K in Q)
(2.2.1)
w=0 on 09,

where w is a nonnegative function such that —w € ®%(2) and it is continuous near 92. Under
a suitable assumption on /i, the existence of solutions to (2.2.1)) is the content of the following
lemma [Phuc and Verbitsky 2009, Lemma 4.4].

Lemma H. Let Q) be a bounded uniformly (k—1)-convex domain in R™. Suppose jn € M*(Q)
can be decomposed as a sum i = fdx + g, where 1y is a nonnegative measure compactly

supported in €2, and f > 0 belongs to L*(2), for
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(i) s>n/2 if 1<k<n/2 or
(ii) s=1 if n/2<k<n.

Then there exists w > 0 such that —w € ®F(Q) N C(Q), and w solves (2.2.1]).

In our argument to prove Theorem [I.3.1I] we use a comparison principle due to N. S.
Trudinger and X.-J. Wang in [Trudinger and Wang 2002, Theorem 4.1]. For its statement, let
us to introduce the so-called k-Hessian capacity cap, (-, 2) defined for a compact set £ C ()
by

cap,(F, Q) = sup {/ dpglu] :u e ®F(Q), =1 <u <0 in Q}
E

We say that measure w € M ™ () is continuous with respect to capacity cap,(-,2) if w(E) =0

whenever cap,(F,2) = 0 for all compact sets £ C .

Theorem |. Let w, wy € ®*(Q) such that p[wy] and py.[w,] are continuous with respect to
capacity cap(+,)). Suppose wy < wy continuously on ). If py[wy] > pglws], then wy < wsy
in €.

Note that one can combine Lemma [H with Theorem [|to prove an existence and uniqueness

result of solutions to (2.2.1]), provided €2 is a bounded uniformly (k — 1)-convex domain in R™.

Remark 2.2.5. If o € M (RR") satisfies the Riesz capacity condition ((1.3.3) with o = 2k/(k+
1) and p = k+1, then o is continuous with respect to capacity cap,(-) := cap,(-, R™). Indeed,
for a > 0, we denote by G,o the Bessel potential of order «, see [Adams and Hedberg
1996, Section 1.2.4] for its definition. Similarly to Riesz capacity , we define the Bessel

capacity of a compact set £ C R",
capg, ,(F) = inf{||f|5»: f € LP(R"), f >0, Gof >1on E}.

By [Phuc and Verbitsky 2008, Theorem 2.20], capg, , IS equivalent to the k-Hessian capacity
cap, for « = 2k/(k+ 1) and p = k + 1, with & < n/2, i.e., there exits a constant C' =

C(n,k) > 1 such that, for all compact sets £ C R", it holds

C " capy(E) < capg ,, g41(E) < Ccapy(E).

2k
k+1
On the other hand, since Goo < I,0 for all @ > 0 and 0 € M*(R"), one has cap;_, <
capg, ,- Ihe assertion follows by combining the two previous inequalities with v = 2k/(k+1)

and p=~Fk+ 1.
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The next result [Phuc and Verbitsky 2009, Lemma 4.7] shows a monotonicity-type result
to Hessian equations required in the argument in the proof of Theorem|1.3.11] In what follows,
we set Br = B(0, R) for R > 0.

Lemma J. Let uy, us € MT(R") satisfying 1 < po, and Wiy < oo. Let wy > 0 be a
function satisfying —w, € ®*(R") and
Fyl—wi] = in R",

lim w; = 0.
|z|—o00

Suppose wy is a limit of a subsequence of {w!} pointwise almost everywhere in R", where w}
is continuous near 0B; 1 and it satisfies
—wj € ®*(Biy1),
Fyl-wi] = p1; in B,
U)i =0 on 8BZ'+1,

here i ; := xB,t1- Then there exists a function w, satisfying

Wy > Wy, —Wy € q)k(Rn),
Fi[—ws] = pp in R",

lim wy = 0.
|z]—o0

Moreover, ws is also a pointwise almost everywhere limit of a subsequence of {w4}, where wy
is continuous near 0B, and it satisfies

—wy € P¥(Bip),

Fy[—wj] = pa; in By,

w; =0 on 8Bi+1.

2.3 NONLINEAR POTENTIAL THEORY FOR ORLICZ SETTING

For an overview of Orlicz space theory, we refer to the books [Adams and Fournier 2003,
Krasnosel'skii and Rutickii 1961,[Rao and Ren 1991, Harjulehto and Hasto 2019] and references

therein. Let us remark that some of their references deal with generalized Orlicz growth.
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2.3.1 Young Functions

Definition 2.3.1 (Young function). A function G : [0,00) — [0,00) is said to be a Young

function if G is convex, strictly increasing and satisfies G(0) = 0.

Definition 2.3.2 (/N-functions and its Conjugate). A Young function G : [0, 00) — [0, 00) is

an N-function if
t
lim @:0 and lim @—oo
The function G*(s) := sup,.o{st—G(t)}, for s € [0, 00), is called the complementary function
of G.

Equivalently, we may define G* by

where g = G’. Clearly, by definition, it holds a Young's inequality
ts < G(t)+ G*(s) Vt,s>0. (2.3.1)
Equality occurs in (2.3.1)) if and only if either t = g7'(s) or s = g(t). In addition, it holds
(G*)*(t) = G(t) for all t > 0.
Unless otherwise stated, we assume that all N-functions G in this work belong to C*(0, oo)

where g = G’ satisfies

tg'(t)
p—1< <qg—1 Vt>D0. 2.3.2
g(t) (23.2)
for some 1 < p < g < oo. In particular, the following bound holds
tg(t)
p < <q Vt>D0, (2.3.3)
G(t)

Indeed, by (2.3.2)), t — g(t)/t?~* is a nondecreasing function and ¢ — g¢(t)/t?"* is a nonin-

creasing function. Consequently, for all £ > 0

G(t)Z/Otg(s)ds:/o P18 4, < 00)
95

G(t):/otg(s)dS—/O ” 3 q)

In customary terminology, condition (2.3.3)) is known as A, and V, condition. A typical
example of a function that satisfies (2.3.3)) is our model G(t) = t*/p + t7/q, with g(t) =
tP~1 4+¢971, whenever p > 2. The inequalities (2.3.3]) have some basic applications. In the next

lemma, we emphasize some of that, where we omit the easy proof which can be found e.g.

in [Maly 2003, Section 2], or [Lee and Lee 2021, Lemma 2.10].
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Lemma K. Suppose g satisfies (2.3.2)). Then (2.3.3) holds. In particular, t — G(t)/t* is a

nondecreasing function, and t — G(t)/t? is a nonincreasing function, for t > 0. Moreover,

(i) for all « > 0 and t > 0,

min{a?!, a4 }g(t) < glat) < max{a? a? '1g(t), (2.3.4)
min{a®, a’}G(t) < G(at) < max{a?, a?}G(t), (2.3.5)
(Z) o min{ozp%l, aﬁ}g_l(t) < g Hat) < <;> o max{owlj, aﬁ}g_l(t), (2.3.6)

min{a7 7,071 }G*(t) < G*(at) < max{ar T, a1 }GH(t); (2.3.7)

(ii) for all t > 0, setting c = g~ (1), it holds

1

- AR
g (1) < c(p) (t771 +t 1), (2.3.8)
(iii) for all t > 0, it holds
(p— 1DG(t) < G*(g(1)) < g7 TG(2). (23.9)

2.3.2 Orlicz Space

Definition 2.3.3. The Orlicz space L%(f2) is understood as the set
LE(Q) = {u e L°(Q): / G(Mul) dz < oo for some \ > o} :
Q
LE(Q) is a Banach space with the Luxemburg norm

s . |u|
ull o = g{x 50 /QG<>\> dr <1},

Remark 2.3.4. When p = ¢ in (2.3.3)), i.e. G(t) = t?/p, the Lebesgue space L”(2) coincides

with the Orlicz space LE(2) as Banach spaces, where
1
[ulle = p [lull e

See details, for instance, in [Adams and Fournier 2003, Chapter 8].

In view of ([2.3.3)), by [Harjulehto and Hasté 2019, Lemma 3.1.3], we have

16(Q) = {u € 1) : /QG(|u])dm < oo}.
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From [Harjulehto and Hast6 2019, Corollary 3.2.8], it holds
ull e < / Glul)do+1 Vu € LE(Q). (2.3.10)
Q

Furthermore, putting pe(u) = [, G(|u|) dz, the following lemma establishes the relation
between pi(-) and norm || - ||pe [Harjulehto and Hasté 2019, Lemma 3.2.9]. The function

pc(+) is called modular.
Lemma L. For all u € L%(Q), it holds

1 1 1 1
min{pg(u)7, pe(u)*} < |lull e < max{pe(u)7, pa(u)?},
min{||ul|7e, [lullze} < pa(u) < max{|lul[fe, [[ull7e}-
The following result [Harjulehto and Hasto 2019, Lemma 3.2.11] is the generalization of

the classical Holder's inequality in Lebesgue spaces to Orlicz spaces.

Lemma M. For allu € L(Q)) and v € LY (Q), it holds

’/uvdx
Q

Remark 2.3.5. Under condition (2.3.3)), LY(Q) is reflexive, separable, and uniformly convex. In

< 2|Ju| e ||v|| e

light of Hélder's inequality, the dual space (LG(Q))* coincides with L% () (see [Harjulehto
and Hast6 2019, Chapter 2, Section 3| for more details).

Definition 2.3.6. Let {u;} € LY(Q) be a sequence and let u € L%(Q2). We say that u;

converges weakly to u in LE(Q) if

lim [ wjvdr = / wdr Yve LY (Q).
Q Q

Jj—00
As usual, we write u; — u in LY(Q). The weak convergence of vector-valued functions in

LE(Q; R™) has an obvious interpretation regarding the coordinate functions.

The following result will be useful in some of our arguments [Benyaiche and Khlifi 2021,

Theorem 2.1]

Theorem N. Let {u;} be a bounded sequence in L¢(Q). If u = lim;u; pointwise in

(almost everywhere), then u; — u in L% ().

Definition 2.3.7. The Orlicz-Sobolev space W1¢(0) is understood as the set of all functions

u € LE(Q) which admit weak derivatives d;u € L%(Q) for i = 1,...,n; that is

Wh(Q) = {u e L4Q) : [Vu| € L)},
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equipped with the norm

lullwre = llulle + [VullLs.

By W, “(Q) we denote the closure of C2°(Q) in WG (Q). As usual, W,29(Q) is the set of

all functions u such that w € WY%(U) for all open subset U compactly contained in €.

Remark 2.3.8. Similar to the preceding remark, assuming (2.3.3]), W% (Q) is a Banach space,
separable, uniformly convex, and reflexive (see [Harjulehto and Hasto 2019, Theorem 6.1.4]).

This also holds for T, ().

Next, we state a modular Poincaré inequality [Lieberman 1991, Lemma 2.2], which will be

useful in our results.

Lemma O. Let By be a ball with a radius R. There exists a constant ¢ = ¢(n, p,q) > 0 such
that
[ul 1,G
G de <c | G(|Vu|)dx Yue Wy (Bg).
Br \ R

Br

Definition 2.3.9. The homogeneous Sobolev-Orlicz space D% () is understood as the set
D"(Q) = {u € Wi (Q) : [Vu| € LF(Q)}.
In this space, we have the following seminorm
[ullpre = [[Vulle. (2.3.11)
Remark 2.3.10. Consider 2 = R".

(i) If ¢ > n in (2.3.3), all constants functions belong to DY“(IR"). Indeed, appealing
to [Harjulehto and Hastd 2019, Lemma 3.7.7], from (2.3.3) we have the following inclusions

DYP(R™) N DH(R™) c DY (R™) € D'YP(R™) 4+ DM4(R™), (2.3.12)

where D'P(R™), DY(R™) are the classical homogenous Sobolev spaces, and

DU (R™) + DM(R") := {u+ v : u € D'?(R"), v € D*(R"™)}. The space D4(RR™) retains
all constants functions if ¢ > n. This is elucidated in [Maly and Ziemer 1997, page 48] for

q = n, while the case ¢ > n follows from the classical Morrey inequality. Consequently, the
inclusions in ([2.3.12)) imply the desired fact.

(ii) When 1 < p < g < n, in light of the classical Sobolev Inequality (see, for instance, [Maly,
and Ziemer 1997, Corollary 1.77]), the only constant function in D'?(R™) and D"4(R") is
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the zero function, which also occurs in D»¢(R") by (2.3.12)). Hence the assignment (2.3.11])

defines a norm on DYY(IR™). Moreover, by using the standard mollifier functions, analysis
similar to that in the proof of [Harjulehto and Hast6 2019, Theorem 6.4.4] allows us to infer
that C>°(R") is dense in DVY(R™), whenever (2.3.11)) is a norm.

Definition 2.3.11. (i) A continuous function u € W,>%(Q) is called an G-harmonic

function in € if it satisfies div(g(|Vu|)/|Vu|Vu) = 0 weakly in €2, that is

/g(W“Dvu-wdx:o Vo € C=(Q). (2.3.13)
o |Vul

(ii) We say that u € W,59(Q) is a G-supersolution in € if —div(g(|Vu|)/|Vu|Vu) >0

weakly, that is u satisfies

/ IUVUD G Godr >0 Vg e C(Q), 0> 0.
o |Vul

Finally, we say that u € W.2%(Q) is a G-subsolution in Q if —u is a G-supersolution in €.
Existence and uniqueness of harmonic functions are proven in [Benyaiche and Khlifi 2021,
Chlebicka and Karppinen 2021,|Fan 2012]. The following lemma gives a version of the com-

parison principle for G-supersolutions and G-subsolutions [Chlebicka and Zatorska-Goldstein

2022, Lem. 3.5].

Lemma P. Let u € W,29(Q) be a G-supersolution and v € W,5%(Q) be a G-subsolution in

Q. Ifmin{u —v,0} € Wy'%(Q), then u > v almost everywhere in Q).

Let 1« be a Radon measure (not necessarily nonnegative), and consider the following quasi-

linear elliptic equation with data measure

—div LNUD ul| = in
d ( vl V) 7 Q. (2.3.14)

Definition 2.3.12. A function u € W,59(Q) is a solution to (2.3.14) if

/g(\Vul)w.wdx_/gpdu Vi € C2(9),
o [Vul @

Note that if 4 is nonnegative, then a solution to is a G-supersolution, in sense
of Definition [2.3.12] The following result will be needed in Section 4.2 and it deals with
the existence of solutions to (2.3.14)). It is a consequence of [Benyaiche and Khlifi 2023,
Theorem 4.3].
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Theorem Q. Let ;1 be a Radon measure in (W&G(Q))* Then there exists a unique u €

Wy %(Q) satisfying (2.3.14)).

Now, we introduce the notion of the G-capacity of a compact subset of {2 C R™ following

[Lee and Lee 2021]. The G-capacity will be used to ensure that if u € D»“(R") is a solution

to eq. (2.3.14)), then u = 0 whether ¢ > n in (2.3.3)).

Definition 2.3.13. Let F C ) be a compact subset, we define cap,(E, €2), G-capacity of E

with respect to €2 by

cape(E, Q) = inf {/ G(|Ve|)dzr : p € C°(2), ¢ > 1on E}
Q
We set cap,(F) = capg(E, R™) when Q = R™.

Obseve that for G, (t) = 1¥/p, capg (-, (1) coincides with the usual p-capicty with respect
to €2, see for instance [Heinonen, Kilpelainen and Martio 2006, Adams and Hedberg 1996|[Maly

and Ziemer 1997|. In general, we may define equivalently
capg(E, Q) = inf {/ G(|Veg|)dz : ¢ € DMC(Q), ¢ > 1in a neighborhood of E} :
Q

This follows by the same method as in the proof of [Maly and Ziemer 1997, Theorem 2.3 (iii)].
Note that by Remark [2.3.10} cap(E) = 0 for all compact set £ C R", since the function 1
belongs to DY¢(R") if ¢ > n in (2.3.3).

Remark 2.3.14. Suppose ¢ > n and let p € M*T(R") N (DLG(R"))*, then a solution u to
(2.3.14) in DVY(R™) must be constant. To see this, we show first that x must be absolutely
continuous with respect to the G-capacity, that is u(E) = 0 whenever cap,(F) = 0 for all
compact sets £ C R". Fix £ C R"™ a compact set and let ¢ € C°(R™) such that ¢ = 1
on E. Then, by testing with such ¢ and combining Cauchy-Schwarz Inequality with
Hélder’s inequality (Lemma [M)), it follows

M(E)Z/Esadué/nsodu

g(|Vu
- [ 28w Tpde < 2Tl e

v<PHLG-

From (2.3.9) and Lemma[L] we have

3 =
Q|

w(E) <2677 (pa(|Val) + 1) max { (pa(1V6D)) " (el 7))

3
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where pg(+) is the modular function. Consequently,

p(B) < C max { (capa(2) (cang(B)) "}

with C' = C(p,q,pG(Wu])) > 0, which shows that p is absolutely continuous with respect
to the G-capacity. Next, since ¢ > n, cap;(FE) vanishes for all compact set £ C R", whence
i = 0 by the inner regularity of u. From a Liouville-type theorem [Araya and Mohammed

2019, Theorem 4.1], u must be constant.

2.3.3 Superharmonic functions

Let 1 € (I/Vhl)CG(Q)) . Here we extend the notion of the distributional solutions to ([2.3.14)),
where u does not necessarily belong to WlicG(Q) To be more precise, we will understand

solutions in the following potential-theoretic sense using G-superharmonic functions.
Definition 2.3.15. A function u : Q@ — (—00,00) U {00} is G-superharmonic in € if

(i) w is lower semicontinuous,
(ii) w is not identically infinite in any component of €2,

(iii) for each open subset V' compactly contained in 2 and each G-harmonic function h in V'

such that h € C(V), and h < u in OV, implies that h < w in V.

We denote Si(€2) the class of all G-superharmonic functions in €2. Notice that for G, (t) =
t?/p, one has Sg,(2) = S,(2) forall 1 < p < oo.

For u € S¢(£2) we define its truncation as follows
Ty (u) = min(k, max(u, —k)), Vk > 0.

From [Chlebicka and Zatorska-Goldstein 2022, Lemma 4.6], {T;(u)} is a sequence of G-

supersolutions in 2. Then there exists a unique measurable function Z, : {2 — R" satisfying

Zy(z) = lim V(Tk(u)>(x) almost everywhere in 2.

k—o0

We denote Z, by Du and call it a generalized gradient of u. See details in |[Chlebicka and
Zatorska-Goldstein 2022, Remark 4.13]. If u € W29 (Q), then clearly Du = Vu since in this

case V(Tk(u)> = X{—k<u<k} VU.
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Note that by the Riesz Representation Theorem [Lieb and Loss 2001, Theorem 6.22], there
exists a unique measure u[Ty(u)] € M*(2) satisfying

/ 9(VTi(w)])
o |VTi(u)l

On the other hand, by [Chlebicka and Zatorska-Goldstein 2022, Lemma 4.12], the sequence
{9(VTi(u))} is bounded in L'(B), for all open ball B C . Consequently, by Fatou's lemma,
g(|Du|) € Ll (), and since Du = limy, V(Tk(u)) (pointwise), it holds

VI Vods = [ pdulTi(u)). Ve € CE@). ¢ 20
Q

¢(|Du)) | /g(\vmw\)
Du-Vedr = lim [ =77V Ti(u)-Veodz, Veec CXT().
/Q Du pdv=lim | W) ¥ k) Vedn Ve e GQ)

Therefore, by the Riesz Representation Theorem, there exists a unique measure p = pfu] €

M™(9) such that

D
/g(| u|)Du~Vg0dx:/cpdu, Vo € C(2),¢ > 0.
o |Dul Q

This means

D
—div(g(’|D;||)Du>:p in €.

In the literature, uu] is called the Riesz measure of w.

Definition 2.3.16. For 0 € M™(Q2), we say that u is a solution in the potential-theoretic

—div(g("vv;")Vu>:a in Q

sense to the equation

if u e Sa(2) and plu] = o.

Let f(¢t) = g(¢7), t > 0. In light of Definition [2.3.16} if o € M (), then a function u is
a solution (in the potential-theoretic sense) to the equation

—div M ul|l=ocf(u) in
d ( vl V) f(u) Q (2.3.15)

whenever u is nonnegative and it satisfies

{u € 86(2) N Lie(2, do), (2.3.16)

dulu] = f(u)do.
Definition 2.3.17. Let 0 € M (RR™). A function u is a supersolution to if u is nonneg-
ative and satisfies

u € Sg(Rn) N Lf

loc

(R", do),

) (2.3.17)
/ g(|\D;|DDu Vodr > / pf(u)do Yo e CE(R™),p > 0.

Finally, the notion of solution to is defined similarly by replacing “>" with “="in (2.3.17)).

n
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Definition 2.3.18. Let 0 € M™(R™). A function u is a solution of finite energy to (7))
whenever v is a nonnegative solution to and v € DYY(R™) N LF(R", do).

Next, we will state some fundamental results of the potential theory of quasilinear elliptic
equations with Orlicz growth, like ([2.3.14]). We start with the following theorem that will
be used to prove that a pointwise limit of a sequence of G-superharmonic functions is a

G-superharmonic function [Chlebicka and Zatorska-Goldstein 2022, Theorem 2].

Theorem R (Harnack's Principle). Let {u;} be a sequence of G-superharmonic functions,
with each w; finite almost everywhere in §). If {u;} is nondecreasing, then the pointwise
limit function v = lim;w; is G-superharmonic function, unless u = oo. Moreover, if u; is
nonnegative for all j > 1, then up to a subsequence one has Du = lim; Du; in the set

{u < oo}.

The following theorem describes the main technical result which will be decisive in linking
supersolution to with solutions to ([S]), provided g is the function given by (4. Its proof
is postponed to Appendix [Al

Theorem 2.3.19. Let g be the function given by (A3). Suppose that u is a G-superharmonic
function in B(xq,2R), and let y = plu] € M (B(xo,2R)). Then there exist constants C; > 0

and Cy > 0 depending only on n, p and q such that
CIWE(20) < u(mg) < C’Q(B(infR)u + Wgu(xo)). (2.3.18)
Z0o,

Here W&¢ is the R-truncated Wolff potential of o € M*(R"™) defined by
R B(z,t
Weo(r) = / g! (cr((x,))) dt, zeR"
0

tn—l

For our purpose, it will need the following consequence of Theorem [2.3.19]

Corollary 2.3.20. Let g be the function given by ((As)). Suppose that u is a G-superharmonic
function in R™ with infg-u = 0, and let = p[u] € MT(R™). Then there exists constant

K > 1 depending only on n, p and q such that
K 'Weu(z) <u(r) < KWeu(z) Vo e R"™

Proof. Fix x € R"™. Then clearly u is G-superharmonic in B(z,2R) for all R > 0. By The-
orem [2.3.19, there exist constants C; = Ci(n,p,q) > 0 and Cy = Cy(n,p,q) > 0 such
that

CiWEu(z) <u(x) < C’Q(Bi(n%)u + Wg,u(:v)) VR > 0.
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Since infg» u = 0, limp_,o infp(, ry v = 0. Consequently, being C; and C5 independent of

R, letting R — oo in the previous bounds, we arrive at
CiWeu(x) < u(x) < CoWeu(x).
Setting K = max{Cy, (C;)~!, 1}, Corollary 2.3.20| is proved since = was arbitrary. O

The following lemma brings the relationship between G-superhamonic functions in €2 and
G-supersolutions to eq. (2.3.13). To be more precise, we have that a G-supersolution to
eq. (2.3.14)) is always a G-superhamonic function (almost everywhere).

Lemma 2.3.21. Suppose that u is a G-supersolution to eq. (2.3.14)) in ) satisfying

w(z) =esslimu(y) forall z € Q. (2.3.19)

Yy—x

Then u is a G-superhamonic function in §2

Proof. The proof is similar in spirit to [Heinonen, Kilpeldinen and Martio 2006, Theorem 7.16].
Let u € WL9(Q) be a G-supersolution to eq. . By [Harjulehto and Hasté 2019,
Lemma 6.1.6], u € W-P(Q), which implies that u is locally essentially bounded from below
and from above, i.e. —00 < u < oo locally almost everywhere. In particular, v cannot be
identically oo in any component of (2. The lower semicontinuity of u follows from.

Now, let V' be an open subset compactly contained in © and h € C(V) be such that
h < won dV. Fix ¢ > 0 and choose an open set U compactly contained in V' such that
u > h —ein V\ U. Since the function w := min{u + ¢ — h,0} has compact support in
V\ U, it holds w € Wy “(V) (see Lemma |Z] below). Consequently, the comparison principle
(Lemma [P)) ensures that u > h — & almost everywhere in V. Using again,

u(z) =esslimu(y) > esslimh(y) —e =h(z) —e Ve V.

Yy—x Yy—x

Therefore, the lemma is proved since € was arbitrary. O

Remark 2.3.22. We show in the previous lemma that each G-supersolution u in §2 can be
redefined in a set of Lebesgue-measure zero such that the property (2.3.19) holds. Accordingly,
the function

u(z) :=esslimu(x), x€Q,
y—x

is a G-superharmonic function in () satisfying & = u almost everywhere in ). From this,

it follows that each G-supersolution can be redefined in a set of measure zero such that the
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previous limit holds. Thereby, a G-supersolution will be treated as a GG-superharmonic function.

In particular, when €2 = R", Corollary [2.3.20] holds for G-supersolutions in R".

The following result is the Orlicz growth version of [Hedberg and Wolff 1983, Theorem 1]
(Wolff's inequality). This result is [Chlebicka, Giannetti and Zatorska-Goldstein 2023, Theo-
rem 3], and it gives a condition to nonnegative Radon measure p belonging to (W&G(Q))* in
terms of the Wolff potential W, provided €2 is bounded and supp p C €2. Here (W&G(Q))*

means the dual space of Wy '“(Q).

Theorem S. Suppose that Q) is bounded. Let € M™*(Q2) with supp u C 2. Then

€ (W&G(Q))* = /QWg/Ldu < oo for some R > 0.
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3 SYSTEM WITH WOLFF POTENTIALS AND APPLICATIONS

This chapter is devoted to providing the proof of Theorems [1.3.1} [1.3.3] [1.3.6} [1.3.8]
[1.3.9)[1.3.11} |1.3.12} and Corollary [1.3.13] Our strategy is based on linking Syst. (S]) with
Systs. and in view of the potential estimate Theorems @ and , respectively. We

divide our arguments into three sections in the sequel, where we prove the existence of solutions
Syst. (S1)), Syst. ((S1)) and Syst. ({S4]), respectively. We also indicate some questions related to
Syst. ([54)).

3.1 SYSTEM WITH WOLFF POTENTIALS

Definition 3.1.1. We say that a pair of nonnegative functions (v,u) € L{.(R", do) x

loc
q2
Lloc

(R™, do) is a supersolution to ([S1|) if satisfies (pointwise)

u(x) > W,, (v1'do) (z), do-a.ein R",
g (3.1.1)
v(z) > Wy, (udo) (z), do-a.ein R™.

The notion of solution or subsolution to ((SI)) is defined similarly by replacing “>" by “=" or

“<"in (3.1.1)), respectively.

We start showing that if there exists a nontrivial supersolution (u,v) to (S1]), then o
must be absolutely continuous with respect to the (o, p)-capacity cap, ,, see . In view
of Theorem D] and next lemma we see that if Syst. has a nontrivial p-superharmonic
supersolution, then o is absolutely continuous with respect to the p-capacity cap,, since

cap,(E) = cap, ,(E) for all compact sets £/ [Adams and Hedberg 1996, Proposition 2.3.13].

Lemma 3.1.2. let 1 <p<oo, 0<q<p—1,i=1,2, 0<a<n/p, and o € MT(R").
Suppose there is a nontrivial supersolution (u,v) to ((SI)). Then there exists a positive constant

C' depending only on n,p, q1,q2 and « such that for every compact set £ C R”,

_p=1 p—1
o(F) < Cl:capa7p(E)1f_ll(/ Ok da) v +Capa,p(E)1’q—21(/ u?? dO’) p_1_q2} (3.1.2)
E E
Proof. We first recall the following result [Verbitsky 1999, Theorem 1.11]: for any u €
M™*(R") it holds

du
— < (jca E),
/jg(meu)p_l = 0 poc,p( )
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where Cy = Cy(n, p, @) is a positive constant. Taking dy = v do, we obtain

dp
vy~ P Y do < / ——— < (Cycap, ,(F),
/E B (Wapp)p=? " »E)

since u > W, ,u. Thus,
/ v P g < / Ol e P
En{v>u} En{v>u}
< / vy~ "D do < Cycap, ,(E). (3.1.3)
E

Setting 6 = ¢1(p — 1 — ¢1)/(p — 1) and using the Hdlder's inequality with exponents r =
(p—1)/qgand " =(p—1)/(p—1—q1), we deduce

c(ENn{v>u}) = / v’ do

En{v>u}

1 1
< (/ v T da> (/ o7 da)
En{v>u} En{v>u}
g1 p—l—qy
p—1 p—1
= (/ p—PFL da) (/ v da) ,
En{v>u} En{v>u}

since —0r =¢q, —p+ 1 and fr' = ¢;. By (3.1.3),

p—l—qp

o(EN{v=u}) < CF T (capy,(B))™ ( /E o da)

Similarly, we also obtain

/ u? P do < Cycap,, ,(E),
En{u>v} 7

and consequently

p—1l—qg

o(ENn{u>v}) < Cg’%l (capa’p(EDﬁ (/ u?? da) .
E
Since 0(F) < o(EN{v > u})+o(EN{u > v}), picking C' = max{Cy, 1}, (3.1.2)) follows. [

Notice that in Syst. (3.1.1)), placing the second inequality v > W, ,(u?do) in the first
one, we obtain

u>Wa, (Wap(u®de))™ do)  do-a.ein R™. (3.1.4)

Thus, if (u,v) solves (3.1.1)), then u solves (3.1.4). In the next Lemma, we will use this

perception to obtain a lower bound for supersolutions of (S| in terms of Wolff potentials.
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Lemma 3.1.3. /f (u,v) is a nontrivial supersolution to (SI|), then there exist a positive
constant ¢, which depends only on n, p, , q1 and qs, such that the inequalities below holds

(p—1)(p—1+4q7)

U(]Z‘) > C (Wa,pa(w)) (P=1)%-a1az s do-a.e in Rn,
(p—D)(p—1+q93)
’U(,CE) > C (Wa,pa(x)) (r=1)?-a147 s do-a.e in R™.
Before proving Lemma [3.1.3] let us recall the following result [Cao and Verbitsky 2017,
Lemma 3.5].

Lemma T. Let w € MT(R™). For every r > 0 and for all z € R", it holds
W, (Wepw) dw) () > k7T (W w(z))1 (3.1.5)
where k. depends only on n,p and «.

Proof of Lemma([3.1.3 We will prove the lower estimate for u, the first coordinate of (u,v).

The lower estimate for v is entirely analogous. First, we prove the following claim.

Claim 1. Let 0 € M*(IR") and let w be a nontrivial solution to (3.1.4)). If there exist ¢ > 0
and 0 > 0 such that
w(x) > ¢(Wa,o(z))’, VreR",

then

9192 91(P—14+2q99) q1

w(zr) > cr-D2K -2 (Wavpa(m))ﬁ(%éﬂ)ﬂ , VxeR", (3.1.6)
where k = k(n, p, @) > 0 is the constant in Lemma [T}
Indeed, if w > ¢(Wq,0)°, we can estimate for all 2 € R",

w(z) = Wa,, (Wap(u®do))™ do) (z)

q192

> ce-2W,,, {(Ww,(Woé,p(j)‘mda))q1 da} ().

Using Lemma [T| twice with w = 0, 7 = @20 and 7 = (dq2/(p — 1) + 1)q; respectively in the
previous estimate, we deduce that

9192

w(x) > ce-*W,,

(5571 (Way0) o 1) " do | (2)

()
> o 7 07 it () (W o(a)) 7T (or0 )+

4142 aaz_s a2 5.4
= c(r—1)? g (»-1)2 me [(Wa,pa)(p_l + )‘h do

)

which completes the proof of Claim [T}
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Now, fix 2z € R™ and R > |z|. Let B = B(0,R), op = xpo and u € M*(R"™) defined by
1= uPop. From (3.1.4)),
u(z) = Wayp (Wap(u®do))™ do) (z)
> Wap (Wapp)" do) (z)

> Wayp (Wapn)" dog) (z). (3.1.7)

We first obtain a lower bound for W, ,,u(z2),

st = [ (S50) 8 [ (50

R

/ ~ (M(B(Z,25)) ) ds
= ¢ S w— —,
R sn—op S

where ¢y = 2-("=2P)/(=1) Note that if 2 € B and s > R, B(0,s) C B(z,2s). Thus for z € B

1 1
n—ap o0 p—1 n—ap oo qudO' p—1
Won(a) 2 25 [ (MB@”) by (fsz) ds
STL—O(

n—o;
R sn—p S R S

=1 1
_ 27% /OO fB(O@)ﬂB u®do | *7! % _ 27np—7(¥1p /oo fB u®do \ p1! %
R snTap s R sn—op S

P 1\ d
o (/ uqzda> / ( . ) ¢ AR) (3.1.8)
B R \S"T $
Let ¢; = A(R)®/®P=Y_ By (8.1.7)), it follows from (3.1.8) that

w(x) > c;Wapyop(T). (3.1.9)

With the aid of Claim , where we consider o in place of o and § = 1, we obtain from ([3.1.9)

that

u(w) = 2 (Wayop(2)™,
where

S T pq_1 : (pq_2 = 1) +1.

In fact, setting §; = 1 and ¢; as above, iterating (3.1.7)) and (3.1.9) with Claim[I] we concluded
that

u(z) > ¢; (Wapop(x) (3.1.10)
where 9, and ¢;, for j = 2,3, ..., are given by

5; = pf : (pq_z’léj_l + 1) +1, (3.1.11)

_N192 _ q1(p—1+2926,_1)

cj=c KT e (3.1.12)
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If 1 =lim; ;o 9; and C = lim;_, ¢;, letting 7 — oo in (3.1.11)) and (3.1.12)) is a straight-

forward computation to conclude that

—D(p=-1 01 (=D (=% +2(p=1)ap+4; a7]
(p<p _)51)92 ~ qj‘qjﬁ and C) =k ((—1)7~q1a2)2 . (3.1.13)

"=
Hence letting 7 — oo in (3.1.10|), we obtain
u(x) > C1 (Wa,op(x), (3.1.14)
where we recall that B = B(0, R) and R > |z|. Finally, letting R — oo in yields
(p=1)(p=1+a;)

'LL(.T) > Cl (Wa,pa(m)) (r=1)?—araz s Vo € R".

The same arguments, replacing ¢; by ¢ in (3.1.4) and u by v, yield the lower estimate for v,

that is,
() > & (Wepon(@)” (3.1.15)
where
o =1,
n—ap p%l o0 1 p% d
€1 =2 »1 (/ Uq1d0'> / ( ) 1 j7
N q2 qr ¢
5 = _A s 1 1 3.1.16
J p_1<p_1jl+>+7 ( )
042, az(p-l+2015-1)
G=er kT e0T T j=2.3,... (3.1.17)

If 7o = lim;_,o 5]- and C} = lim;_, ¢;, letting 7 — oo in (3.1.16]) and (3.1.17)), a straight-

forward computation yields

-1 -1 N a2(p—D) (12 +2(p—1)q1 +41 93]
= (p(p —)52)92 — QTQQ%) and C) =~k (P—1)*—q102]? . (3.1.18)

Thus, taking the limits j — oo and R — oo respectively in ((3.1.15]),

(p—=1)(p—1+g2)

v(x) > C, (Wy,o(x)) e-D?-ae - Ve R"
Setting C' = min{C}, C,}, we complete the proof of Lemma [3.1.3] O
The following Lemma is a consequence of (2.0.2).
Lemma 3.1.4. Let 0 € MT(R") satisfying and (2.0.1). Then, for all r > 0, it holds

W0 € L, (R", do).

loc
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Proof. It is enough to prove that W, ,0 € L"(B,do), for all balls B C R". Fixed B =
B(xg, R), setting 2B = B(z,2R) and denoting by (2B)° the complement of 2B in R", we

can write

1

/B(Wa,pa)r do — /B (/OOO ((023 + 0;}9_);2 (B(x,t))> T dt)r N
_ /B ( /OOO <023(B(x, t))t:_sz)c(B(x, t))) = dt) ; N

Using the elementary inequality: given r > 0, it holds

|CL1 + CL2|T S 2" (|a1|T + |(12|T)7 Val, o € R, (3119)

we have

1 1

/B (Wey0) do <277 /B ( /0 N (‘W)Ndw /0 ) (U@B);Siiw’t))>pldt>rda

Scl(ll + [2),

where
_[1 = / (Wava'QB)T do and ]2 3:/ (Wa,po-(QB)c)r do
B B

and ¢; = ¢1(p,r) > 0. The estimate of I; is a consequence of (2.0.2)). Indeed,
L < Cl/ (meUQB)T do < ¢ O'(QB) < 00,
2B

where ¢o = co(n,p, 7, @, ¢y ).
To estimate I, we first observe that (2B)° N B(y,t) = () for y € B and 0 < t < R,

whence for y € B

Wa,p0@m)(y) = /0 N (U(@B);ﬁaf(y’t)))“ it
_ /°° <0<<23>m B(y,m)pil dt _ /°° <a<B<yt>>> at
. e t " Jr {n—op P

Since B(y,t) C B(0,2t) for y € B and t > R, it follows

Wapo@n)e(y) < /Oo <U(B(O’2t»> o it < 25T /Oo (‘W)”il dt.

R {n—ap R {n—op

Applying the previous inequality,

I, = 01/B (mea(gB)c)T do < 3 (/OO <W> " d;) o(B) < 0.

R

This completes the proof of Lemma (3.1.4] O]
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3.1.1 Proof of Theorem|1.3.1

We will proceed by the method of sub- and super-solutions. We begin recalling ~v1, 7»

given in (3.1.13)) and ([3.1.18)), that is

(p—Dp—-1+aq) (p—1)p—1+q)

"= and 7y =
(r—1)2—qqe P—172—-qq
which can be rewritten as follows
q1 2
N = Y2+1 and 7y = M+ 1
p—1 1

Claim 2. There exists A; > 0 sufficiently small such that
(1,2) = (M(Wap0)" A (Wa,p0)?)

is a subsolution to ([ST]).

Indeed, using Lemma [T},

W, (v?do) = AP TW, 2(Wo,0)2do)

( )
> )\1p T 172(Wap0)19 72+l
= )\1P T 172(Wap0)71
Wo (o) = M7 T W, ((W,0)®" do)
> Alz) 1/{@ 171( apa)P 7+l
( ).

_/\1p 1/§p PN

2
3
Q

Now, choosing A\; = min{x(®72)/(P=1=a1) y(e272)/(P=1=a2)1 "we deduce

< W,,(v"do),

\2

S
IN

W, (udo),
which completes the proof of Claim [2]

Claim 3. There exists Ay > 0 sufficiently large such that

(@) = (A (Wapo + (Wapo)™), A (Wa 0 + (Wap0) ) )

is a supersolution to ((S1)), such that @ > u and T > v.



57

Indeed, we begin by construction upper bounds to W, ,(v'do) and W, ,(u%do). For the
first one, we need to obtain two estimates, which will be done in two steps. First, arguing as
in the proof of Lemma [3.1.4} one can check that there exists ¢; = ¢;(p, q1,0) > 0 such that,

for every z € R™,

/ (fB(mt W,,0)1 da)pildt</°° (ClO-(B<CC,2t>>+010-(B(l'7t)))pi1(it

tn—ap t = tn—ap t

< /000 (a(B(x,Qt))>p11(itt +co Wy ,0(2)

{n—ap

nap [ (o(B(z, )\ 5T dt
< ey 271 / (M) e + o W, ,,0(2)
0

tn—op t

< e3sWo,0o(2), (3.1.20)

where ¢3 = c3(n, p,q1,0) > 0. The second step consists of the following estimate

o0 B p% Y2q1
/ (meU)qu do = / [/ (W) ! dr] do'(y)
B(z,t) B(at) LJo rrneer T
t B ril dri17r2a
cof [ [ (AT
B(z,t) LJo reTap r
* /o(Bly, =1 dr1ea
ve [ [T (PREY T E]™ do) = a4 1),
B(zt) LJt rneer r
where ¢4 = c4(p, q1,q2) > 0. For y € B(x,t) and r < t, we have B(y,r) C B(z,2t), whence
t B plj drir2a
o [ 2w
B(z,t) LJo rreep r
t L5 Y29
S/ {/ (O’(B(y,T‘)ﬁB(:C,Qt)));) d?“} 21d0(y)
B(z2t) L Jo rnaep r
7291
S / |:Woz,p0-B(ac72t)] dO'(y)
B(z,2t)

By (2.0.2)), we deduce

[1 S/ [Wa,pUB(th)
B(z,2t)

where ¢5 = c5(n, p, q1, g2, Cs ). Now, for r > ¢, we have B(y,r) C B(x,2r), and consequently

o(B(z,2r))\ #- L dr e
1 — d
2= /B(xt [/ ( rn-ap ) 7‘] oY)
/oo .%‘ 274 ))p11 dr]wfh
rn—ap r

/OOO (z,2r) ))pil (irrm < 6 0(B(w, 1)) [Wapo ()2 |

pn—ap

}72(11

do(y) < c50(B(x,2t)),
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where cg = cg(n,p, , q1, g2) = 2(("~P)20)/(P=1)  From this, we obtain

/B . (Wapo) " do < c7o(B(x,2t)) + (Waypo ()" o(B(z, )],

where ¢; = ¢7(n, p, 1, g2, @, Cy). Thus, a combination of (3.1.19)), (2.0.2)), (3.1.20)) with the

previous inequality yields
o0 W,.,0o
Wa,p(ﬁndﬂ')(x) < )\2:_1108/ (fB(x?t)< . )tn—ap
0

< Aai ey [Wa,pa(x) + /Ooo (O(B(x’zt))yfldt

t

W+ (Wopo) 2 da) mrdt

tn—op ;
+ (W0 (x))71 /OOO (W) ,:wﬂ

< AgrTeg [Wa,pa(:c) + (W, o(x)ri2tt | (3.1.21)

where Cio = ClO(napa qi, 92, @, U) > 0.

To estimate W, ,(@%do), we use a similar argument. By replacing ¢; by g2 and s by v,

we deduce f (W, o) d
o0 ap0)doy 333
/ ( B(z,t) tn_az; > 1(1t < oW o (),
0 (3.1.22)
/ (Wq,0)" 2 do < ¢ (I, + L),
B(z,t)
where
~ tro(By,r)\ 7T drnae
1 —/ {/ <( n(_ap ))) ] do(y)
B(zt) LJo r r
t ro(Bly,r) N Bz, 2t))\ 71 dr]me
- (e 2
B(zt) LJo r r
Y192 B
< / |:Wa7pO'B(z,2t)] do(y) < é30(B(x,2t))
B(z,2t)
and

k= /B(m,t) N R
< [ EEE) T o

< e 0(B(x,1)) [Wapo(2)]"",

which ¢, ¢, ¢3 and ¢4 are constants depending only on n, p, qi, g2 and o. The previous

estimates in combination with ([3.1.22)) yield

/B( 0 (Wapo)"®do < & [o(B(x,2t)) + (Waypo ()" o(B(z, )],
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where ¢5 = ¢5(n, p, q1, g2, v, o). Hence, using again (3.1.19)), (2.0.2)) and the previous inequal-

ity, we deduce
W, (@2do)(z) < A7 Té6| Wa,o(z) + (Wao(z))rm2 || (3.1.23)

where ¢ = C6(n, p, q1, g2, @, o). We recall that (¢172)/(p—1)+1 = v and (¢271)/(p—1)+1 =
~9. Therefore, picking Ay such that

p—1

-1
Ay = max{cjp? 9, (56)’:1_‘12 , Atk

we conclude from ([3.1.21]) and (3.1.23)) that
u > W,,([@"do), u>u,
T > W,,(u®do), 7>u,

which completes the proof of Claim [3]

Now, in order to obtain solutions to (SI]), we use a standard iteration argument and
Monotone Convergence Theorem. For convenience, we repeat the main idea. Let ug = u =
M(Wo,0)" and vy = v = A\ (W,,0)?, where \; is the constant obtained in Claim [2|
Clearly, ug < u and vy < 0. We set u; = Wo,(vg'do) and v; = Wy, (uf’do). By Claim 2]
we have u; > g and v; > wy. Let us construct the sequence of pair of functions (u;,v;) in

R", with (u;,v;) € LE. (R, do) x L (R™, do) such that

loc loc

uj = Wy, (v do) in R",
’ re (3.1.24)
v; = Wop(uft \do) in R"

Indeed, by induction, we can show that the sequences {u;} and {v;} are nondecreasing, with
u<uj<uwandv <wv; <o (for j =0,1,...). Due to Lemma [3.1.4] both (u,v) and (u,v)
belong to L2 (R",do) x L{ (R",do), whence (u;,v;) € L (R", do) x L{ (R",do) for all
j=1,2,3,....

Using the Monotone Convergence Theorem and passing to the limit as j — oo in ((3.1.24)),
we see that there exist nonnegative functions v = limu; and v = limv; such that (u,v) €
LE (R™ do) x LE.(R™, do), which the pair (u, v) satisfies (SI]) with u <u <mwand v < v <

v. Thus for an appropriate constant ¢ = ¢(n, p, a, q1, q2, C,) we obtain that u and v satisfy

(1.3.4)). This completes the proof of Theorem [L.3.1]
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3.1.2 Proof of Theorem|1.3.3

As in the proof of the previous theorem, we will proceed by the method of sub- and super-
solutions. Let u = A\; (W, ,0)" and v = A\ (W,,0)", where ~; and -, are given in (3.1.13)
and (3.1.18), respectively. By Claim [2| we already know that (u,v) is a subsolution to ([S1)
if Ay > 0 is picked to be sufficiently small. It remains now exhibits a supersolution under

assumption (|1.3.5)).

Claim 4. There exists Ay > 0 sufficiently large such that
(@7) = (%2 (Wapo + (Wapo)™), do (Wapo + (Wap0)™) )

is a supersolution to ((S1]), which @ > u and ¥ > v.

Indeed, using ([3.1.19)) and assumption ([1.3.5]), we have the following estimate for W, ,(v%'do):

W, ,(7%do) < Cl)\2%Wa,p (Wapo)™ do) + cl)\Qz%lep (Wa,0) " do)
< 7 TWa, (Way0)™ o) + erda? TA (Wayo + (Way0)™) , (3.1.25)

where ¢; = ¢1(p, ¢1) > 0. To establish a convenient upper bound to W, ,(7%'do), we need to
estimate the first term in the previous inequality. By Holder's inequality and Young's inequality

with the exponent 7, and its conjugate

= =D =1+a)
? g(p—1+q1)

we obtain

L i

/B(m)(Wa,pG)ql do < (/B(m)(wa’pa)ml da) T (Bl )]
< < /B(m) (W,,0) 2% do + o(B(z, t))), (3.1.26)

where ¢3 = ¢2(p, q1,¢2) > 0.

From ([1.0.3) we can write for x € R"

W (Woyo) o)) = [ (P2 0) 0

{n—ap t )

which together with ([3.1.19) and ([3.1.26]) implies

Wa,p((wa,pa)‘”da) (z) <
c3 { h (fBu,t) (Wa o)t dU) 7 dt /°° ("(B<f"t))> = dt}

{n—ap al {n—ap t

t
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Using condition (|1.3.5]) in the previous inequality, where c3 = ¢3(p, q1, g2) > 0, we deduce
Wa,p((Wa’pU> qlda) () <3 (Wa,p (Wapo)? do) (x) + Wa o (2))
< sWapo (1) + c3A (W po(z) + (Wapo()™).
The last estimate in combination with ([3.1.25]) yield
W, [@"do) <
>\2:T1161 [nga,po' + 3\ (Wa’pO' + (Wa,pa)’yl)] + Cl)\Q%A (meU + (Wa’p(j)%) .

Thus, choosing ¢4 = ¢1(c3 + c3A + A), we concluded that

W, ,(01d0) < A1y (W0 + (W ,o) ). (3.1.27)

Now, by a similar argument, we establish an upper bound to Wa,p(ﬂ‘pda). Again, we can

replace ¢; by g2 and 72 by 71, to obtain from ((3.1.19)) and (|1.3.5)) that

W, ,(u%do) < élAQ%Wa,p (Waypo)®?do) + EIAZ%WQJ) (Wa,0)"® do)
< 51)\2%“70@ ((Wa,pU)q2 do) + 61)\2:%1)\ (Wapo + (Wa,0)2), (3.1.28)

where ¢ = ¢ (p, ¢2) > 0. We also have

q2
W, ((Wa,pa) da> < W0 + 8N (Wapo + (Wa,o)?), (3.1.29)

for some constant ¢y = ¢ (p, q1,¢2) > 0. From ((1.3.5)), (3.1.28) and ({3.1.29)), it follows

W, (udo) <

No7 18 [E3Woap0 + G2\ (Wap + (Weapo) )] + B A7 A (W0 + (W ,0)72).

Thus, choosing & = ¢ (Ca + éaA + ), we concluded that

W (@2do) < X7 185 (W0 + (W) ™). (3.1.30)

Therefore, picking Ay such that

p—1 —1
Ao = max{cyP-a, (53)”‘1)1“12 ;A1)

we finally see from ((3.1.27)) and (3.1.30) that
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which completes the proof of Claim [4]

Using iterations as in (3.1.24)), and the Monotone Convergence Theorem, we ensure that
there exists a solution (u,v) to (SI|) which satisfies (1.3.4)), with ¢ = ¢(n,p, q1, g2, i, A).

Conversely, suppose that there exists a nontrivial solution (u, v) to ((SI]) such that ((1.3.4)

holds. By the lower bounds in ([1.3.4]), we have
u=We,(v"do) > (C1):11Wa71’((wmp‘7)wmda>7

0= Wayudo) > ()7 Woy ((Wayo)do ).

where ¢ > 0 is a constant. The previous estimates, in combination with the upper bounds in

(1.3.4), yield

Wa7p ((Wa7p0'>,‘/QQ1do‘) S A (Wa,pa + (WO[’pO-)’YI) < 0 - a.e.7

WQ,P ((WamO')’thdO') S A (Wa,po- + (Wa’po.)')/?) < o0 - a.e.,
where ) can be defined as A = max{cP~1+a)/(p=1) (p=1+a)/(=1} This completes the proof

of Theorem [1.3.3]

3.2 QUASILINEAR LANE-EMDEN TYPE SYSTEMS WITH SUB-NATURAL GROWTH
TERMS

3.2.1 Proof of Theorem |1.3.6

First, we assume that 1 < p < n. The argument is based on the method of successive

approximations. Suppose ([1.1.4)) and (1.3.11)). Let K be the constant given in Theorem D] By
Theorem [1.3.1}, with a = 1 and K?" o in place of o, there exists a nontrivial solution (@, ?)

to the system

u=KW,(v""ds) in R",
(3.2.1)
=K W,(a”dos) in R"
Since (1, 0) satisfies
! Y1
c—1<KW,,a) <a< c<KW,,a + (Kwpa) )
Ny .y (3.2.2)
c_1<KWp0> << c(KWpa + <Kwpa) )
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using (2.1.4), it follows lim,_, ., %(x) = lim,| ., ¥(x) = 0; here 7, and ~, are as in (3.1.13)

and (3.1.18)), respectively. From Lemma [3.1.4} @ and ¥ belong to L; .(R", do) for all s > 0,
hence by Holder's inequality

/Wp(f)‘“do)ﬁ‘“ da:K—l/ 4" do
B B

< K|

LS(BvdU)H@quLS'(B,dU) < 00,

for all ball B € R™ and, similarly,

/Wp(ﬂquU)qu2 do = K_1||’I~Lq2||Ls(B7da-)||1~1| LS/(B,dO') < 0Q.
B

Using (2.1.2), @®2do, 3do € WP (R"). By Lemma [3.1.3| with K7~ in place of o again,
there exist a constant ¢y = co(n, p, a, q1,q2) > 0 such that

> co K" (W,o)h,

0> cog K (W,o)7.

Set ug = ¢ (Wy,o)™ and vy = € (W,0)72, where € > 0 is a small constant. Using that

o +1=2v and 7 @
p—1 p—1

2 +1:’72.

and taking ¢ sufficiently small, we obtain vy < W, (v§'do) and vy < W, (ug’do). Moreover,
choosing ¢ < min{c K=", ¢ K7}, we also have uy < @ and vy < 0, respectively. Setting
B; = B(0,2%), where i = 1,2, ..., we deduce that vi'do, uf*doc € W19 (B;), since vy < 7,
ug < 4 and u®do, v'do € ngj’p/(R"). Thus, applying [Heinonen, Kilpeldinen and Martio
2006, Theorem 21.6], there exist unique p-superharmonic solutions ui, vi € W,?(B;) to

equations

i q1 i g2
—Ayu) =ovy, —Ap;=ocuy in B,

Using a comparison principle, [Cao and Verbitsky 2017, Lemma 5.1], the sequences {u!}; and
{vi}; are increasing. We set u; = lim;_, o u’1 and v; = lim;_,, v}. A combination of Lemma ,
of weak continuity of the p-Laplace operator (Theorem and of Monotone Convergence

Theorem, ensure that u; and v; are p-superharmonic solutions to the equations
—Ayuy =o', —Ayur=ocuf in R™

Applying Theorem [D]
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which implies u; < @, v; < ¥, and hence by (2.1.4)),

lim wu(z) = lim v (x) = 0.

Using the lower bound in Theorem D] and Lemma [T] we obtain
up > KW, (081 do) = K 'erTW, (W,0) % do)
> Kler i 172(W U)P T K‘lg%/{%”’(wpa)“
v > KW, (uldo) = K'er T W, (W,0)"do)
> K lepigpin (VV]DU)I%71+1 = K lerigpih (W,o)72,
where K is the constant given in Theorem [D]and « is the constant given in Lemma|T] Hence,

c1(W,o)" <uy <4 and & (Wpo)?”? < v <0, where

91 42
— K lerigim 172 — K lepagran,

We notice that v'do, ul2do € W27 (R"), since vy < 0, ug < @ and 9%do, a%2do €
ngcl’p/(]R”). Thus, from Lemma E Uy, U1 € Wlif(]R")

By induction argument, as above, we construct a sequence {(u;,v;)} of p-superharmonic
functions in R”™ with u; € L (R",do) and v; € L{ (R",do) for j = 2,3,..., satisfying
—Apuy=ovt, in R”

—Ap; =ouf?, in R,

c;(Wyo)" <wu; <a, ¢;(Wpo)?<v;<? in R", (3.2.3)

lim () = lim v;(2) =0,
where
— K lerTgioT 2 g =K = i
(3.2.4)
KUY k)T E = K Yo k)T for i —
¢ = (CGak™?)P1, & = (cjoik™)p=1, for j=2,3,....
Indeed, suppose that (uy,v1), ..., (u;_1,v;_1) have been constructed. Since u;_; < @, vj_1 <

0 and 9%do, a2do € M*(]R”) N WP (R, it follows vi'do, uf? (do € MHT(R") N
Wi l?' (R™). Clearly, v do, u®* ;do € W=7 (B;), and there exists unique p-superharmonic

solutions uj and vj to the equations

i q1 H 7 17p
—Apuy =ovily in B u; € Wo(By),

T q2 H % 17p
—Apv; =ouiz, in B v; € WoP(By).
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Arguing by induction, let u}_, and v_, be the unique solutions of the equations

7 _ q1 H % 17p
—Apui_y =ovil, in B wi_y € WyP(By),

7—1
Apvj y=ouf, in B U;_l € Wy (B;).
Since v;_» < w;_1 and u;_» < wu;_y, it follows from the comparison principle, [Cao and
Verbitsky 2017, Lemma 5.1], that u 1 < u and v 1 < v for all i > 1. By Theorem @ we

have

0<u <KW, do) < KW,(t"do) =@ and
0 <0} < KW,(ul' do) < KW, (i"do) =0

Q

since v;_; < ¥ and uj_; < 4. Using again the comparison principle, we deduce that the

sequences {uz}l and {v;}Z are increasing. Thus, letting u; = lim;_, “; and v; = lim; 0 v,

we obtain that u; and v; are p-superharmonic solutions to the equations
—Apu; =ovit; in R",
—Ap; =ouf?, in R,
since, as before, we apply Theorem [C]and the Monotone Convergence Theorem. We also have

uj—1 < u; and v;_; < vy, since u 1 < u and v 1 < v for all ¢ > 1. Furthermore, u; < @

and v; < 0, since v} < @ and v} < ¥ for all i > 1. By (2.1.4)), we obtain

lim w;(z) = lim v;(x) = 0. (3.2.5)

Since v{' ;do and uf* do € Wiol 7 (R™), it follows from Lemma |E[ and (3.2.5) that u;,
v; € WiiP(R™). Also, applying Theorem @ and Lemma , and arguing by induction, we

concluded that

u; > K7'W,(v¥ do) = K~'W,, ( (W, a)”‘“da)
ql

>K! m 172(W a)p Tl - = c;(W,o)"
and, similarly,

v > K7'W,(u® do) = K~'W, (¢, (W,0)"®do)

q2
> K~ el ki (W) = 6, (W,0)

Now, we set u = lim;_, o, u; and v = lim;_, v;. By Lemma|[B] u and v are p-superharmonic

functions in R™. From Theorem |C|and Monotone Convergence Theorem, we deduce that (u, v)
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is a solution to the system

—Apu=ov?" in R",
—Apy=cu”? in R,
in the sense of ([2.1.1). Moreover, u < @ and v < ¥, and hence

lim wu(z) = lim v(z) = 0.

Using Lemma [E| again, we deduce that u, v € W,5"(R") since v®do, u2do € W7 (R™).
By (3.2.2)), there exists a constant ¢ = ¢(n, p, q1, g2, @, Cy) > 0 such that

u<c(Wyo+ (W,0)"), v <c(Wyo+ (W,0)7?),

and this shows an upper bound in (1.3.12)). From ((3.2.3), (u,v) satisfies for all j = 1,2,...

the lower bound

u>c;(Wyo)™,
S (3.2.6)
v>¢; (Wyo)”?,

Passing to limit j — oo in (3.2.6]), with ¢; and ¢; given in (3.2.4)), we obtain

At
u>C(Wyo)h,
A 2
v>C(Wyo)?,
where, by direct computation,
191192472 (p—1))
C=limc =K "k (»-1? ,
j—00
~ L 292291471 (P— 1))
C=lim¢ =K "k (r-1?
Jj—00

This shows a lower bound in ((1.3.4).

Now we prove that (u,v) is a minimal solution; that is, if (wq,ws) is any nontrivial solution
to Syst. , then w; > u and wy > v almost everywhere in R™. Let (wy, ws) be a solution
to Syst. ([Si]). From Theorem [D} it follows

w; > KW, (wi'do)

wy > KW, (wi?do)
Using Lemma with K=®=Vg in place of o, we obtain

wy; > c K7 (Wpo)™,

wy > c K77 (W o).
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Let dw; = wy?do and dws = wy®do. With the previous constant ¢, choosing ¢ such that
e <min{c K", ¢ K 7},

we have dw; > v{'do and dws > uf*do. Applying [Cao and Verbitsky 2017, Lemma 5.2], we
deduce that the functions u} and v} defined as before satisfy in B; the inequality v} < w; and
vl < wsy for all ¢ > 1, and consequently u; = lim; ;o u! < wy and v; = lim;_,o0 v1 < wy.
Repeating this argument by induction, we conclude u; < w; and v; < w, for every j > 1.
Therefore,
U= ]lirglou] <wy, v= ]1L1£10vj <wy a.e. in R™.

It remains to prove that if p > n, there are no nontrivial solutions to Syst. in R". Let

w € S,(R™) be a p-superharmonic function in R™ with lim, . w(x) = 0. By [Heinonen,

Kilpeldinen and Martio 2006, Theorem 7.48], there exists ¢ = ¢(n,p) > 0 such that

/ 'Y;‘;'p de < ceap,(B,), (3.2.7)
for all balls B, := B(0,r). With aid of [Heinonen, Kilpeldinen and Martio 2006, Theorem 2.2
(ii)], we infer from [Heinonen, Kilpeldinen and Martio 2006, Theorem 2.19] that cap,(5,) = 0
for all balls B,, provided p > n. Thus, letting » — oo in (3.2.7)), we obtain for p > n that
Vw = 0 almost everywhere in R". Since lim,_,., w(z) = 0, it follows w = 0. Thus, for
p > n, all p-superharmonic functions with vanishes at infinity must be the trivial function.

This completes the proof of Theorem (1.3.6]

3.2.2 Proof of Theorem|1.3.8

Suppose that there exist p-superharmonic functions w and v satisfying Syst. and

(1.3.12). By Theorem D]
u> K "W, (v"'do),

v> K 'W,(udo),
which together with Lemma implies
u > co (Wyo)™,
' (3.2.8)
v > o (Wpo)”,
where ~; and 7, are given by (|3.1.13)) and (|3.1.18]) respectively. Consequently,
u > g Wy, (Wyo)?%do),

v > W, (Wyo)do),
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where ¢; = K~ 1cy® and ¢y = K~ 1¢y®. Thus, because of ((1.3.12), it holds

u < c3 (ng + (WPU)%) )
v <c3(Wyo+ (W,o)7?),

for some constant c3 > 0. The previous estimates in combination with ([3.2.8) and choosing

A = czmax{c; 7!} yield

W, (W,0)2%do) < A (W,o + (Wyo)™) < oo - ae.,
W, (W,0)"%2do) < A (W,o + (W,o)"”) < 0o - aee.,

which proves (]1.3.13)).
Conversely, suppose that ([1.3.13)) holds. Let K be the constant given in Theorem @ By
Theorem with « = 1 and K?'o in place of o, there exists a nontrivial solution (@, )

to Syst. (3.2.1)), satisfying (3.2.2). Using the same argument in the proof of Theorem [1.3.6]
one can complete that reciprocal of Theorem holds.

3.2.3 Proof of Theorem|1.3.9

The proof is direct. Indeed, since Inop = (n — 2a)Wop for any p € M+ (R"), it follows

that Theorem [1.3.9|is a special case of Theorem [1.3.1| with p = 2.

3.2.4 Some examples

1. Fix 2 < § < n and let o be the function given by

o(x) r e R"

TR
We claim that Iyo € L*(R™). Indeed, setting do = o dz, for z € R",

1
o(B(x,t :/ do :/ —d
(Blz ) B(a.t) ) By L+ [yl /

t n—1 t ,n—>06,0—1
r o
=c ——dr=c¢ —dr
0/0 1479 0/0 L47r?

t.6-1
< ¢ t”_5/ 17“+ sdr=c " In(1 +1°), Vt >0,
0 r
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where ¢y = ¢o(n) > 0 and ¢; = ¢p/d. Using definition ([1.3.2)) and integration by parts, one

has

tn—2 t
=0 n(1 49
02/ wdt
0

tnfl

©In(1+#
0
00 00 t6_1
——dt
0 +62/0 (1+ )52
= CQ([l + IQ),

where ¢o = ¢3(n,0) > 0. Applying L'Hopital’s rule, I; vanishes since 6 > 2.

Lo(r) = (n—2)/OOO"<B(I’t))dt

In(1 + %)

= —Cy
t572

Notice that I can be split into two integrals:

I —/wtdt—/ltdt—i—/OOtdt
2T 1+ ), 1+ L1t

In the first one, since 1 +t° > 1, it follows

1 1
t 1
/ dtg/tdt—.
o 1+1° 0 2

For the second one, since 1 + % > t°, we have

oo t o0 00
dt< [ #70dt=(2-0)r " =5-2
1 1 —+ t5 1 1

This shows that I, < 0o. Consequently, Ioo(x) < oo for all z € R™, and our claim is

established.

By Remark [1.3.10} ¢ satisfies condition ([1.3.11]). By Theorem [1.3.6, there exists a nontrivial

bounded solution to Syst. with p = 2, that is there exists (u, v) satisfying

/UQI T n
— Au(z) = H—j:ﬂ?‘w u(z) > 0, VzeR",

u () n
—A’u(x):m, v(x) >0, VreR",
lim u(x) = lim v(z) =0,

jointly with the bilateral estimates

1+4q1 1+4q1

¢! (IQJ) l-an <y <c (]:20' + (]:20') 141q2> ,

1+qo

1 1449
c (IQU) 1=a1a2 S (% S & <IQO' + (IQO’) 1_‘11‘12) ,

where 0 < q1, g2 < 1.
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2. Fix 0 <g<1land0<2a <n.lLetdo=odx for o(x) = |2|°xp\(0 (), with

2a < s <n— (n—2a)g; here B= B(0,1). As commented in Remark [1.3.5] o does not
satisfy condition ([1.3.3)), but condition ([1.3.7)) still holds. Setting ¢ = g» = ¢, combining
Remark with Theorem [L.3.14] it follows that there exists a nonnegative function u

satisfying the following fractional Laplacian equation

(—A)*u(z) = o(x)u(x)!, u(x) >0  VzeR"

lim wu(x) = 0.
|z]—o0

Moreover, by ([1.3.15]), u satisfies

1

¢ (L2000 ()77 < u < ¢ (Tpa0 () + (Loa0(2))77)  Va € RY;

here I,0(x) is given by
a(y) lyl™
Lo(x :/ dy:/dy.
20(2) R |7 — Y|P B |z =y

3.2.5 Final comments

Remark 3.2.1. For the case ¢; = ¢q, setting ¢ = q1, we obtain

 (p=-Dlp—-14+q p-1
M= = -1 p-1-g¢ (3.2.9)

The argument of the proof of Theorem in combination with ([3.2.9)) implies uy = wy.

Thus, by induction,
U; = vVj \V/j:LQ,...,

where (u;,v;) were given in (3.2.3) for j = 1,2,.... It follows that u = v and Syst.
becomes the equation

—Aju=ocu? in R",

lim wu(z) = 0.
|z| =00

Therefore, [Cao and Verbitsky 2016, Theorem 1.2] is a corollary of Theorem for the case
4 =41 = Q2.
Remark 3.2.2. We highlight that our main results are entirely based on the Wolff potential

estimates. Thus, direct analogous theorems hold for the more general quasilinear A-operator

divA(z, V-) in place of A,- in (1.1.3)). Precisely, let A : R"xR"™ — R" be a mapping satisfying
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the standard structural assumptions, which ensures the growth condition A(z,§) - £ ~ |£[P.

This assumption guarantee that the Wolff potential estimates like (1.1.2)) hold for the system
—divA(z,Vu) =cv®, v >0 in R",
—divA(z,Vv) =ocu®?, u>0 in R"

lim u(x) = lim v(x)=0.

In such wise, we can conclude similar theorems (see [Kilpelainen and Maly 1994, Dat and

Verbitsky 2015} Trudinger and Wang 2002 for more details).

Here we indicate some questions related to this class of quasilinear problems:

1. Let g, pe € MT(R™). Consider the counterpart inhomogeneous to as follows:

—Apu=o0v" +py, u>0 in R,

—Ap=ocu” +py, v>0 in R, (3.2.10)
lim u(x) =0, lim v(z) =0.

Does ({3.2.10) have a minimal positive solution for any nontrivial measures i1, p12? Perhaps,

new phenomena involving possible interactions between p, (o, and o will occur.

2. Suppose 0 € M (RR") radially symmetric. Thus, the solution to ({1.3.14)) obtained in
Theorem must be radially symmetric. In addition, since Io,0 = (n — 20) W, 20,
condition can be rewritten in terms of the Riesz potential. Is it possible to
characterize condition , in terms of Riesz potential, for o radially symmetric, as was

done to the single equation in [Cao and Verbitsky 2016, Proposition 5.2]7

3. Let us consider the quasilinear elliptic system

- Apju=ocv?, u>0 in R",
- A ,v=0cu®?, v>0 in R", (3.2.11)

lim u(x) =0, lim v(z) =0,

where p1, po € (1,n] and ¢, g2 < max{p; — 1,p, — 1}. Does (3.2.11)) have a minimal

positive solution? In fact, the question is related to the existence of a nontrivial solution to

the following system integral
u =Wy, p (v1"do), do-a.ein R",
v=W,,,,(u?do), do-a.ein R",
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It is to be expected that the answers should be more complicated because it will be

necessary to assume a possible interaction between W, ,, o and W, ,,,0.

3.3 k-HESSIAN LANE-EMDEN TYPE SYSTEMS WITH SUB-NATURAL GROWTH TERMS

3.3.1 Proof of Theorem|1.3.11

Fix 1 < k < n/2, and let K be the constant given in Theorem [G Let 0 € M (R")

satisfying ((1.3.3) with a = 2k/(k + 1) and p = k + 1. Applying Theorem with a =
2k/(k +1), p=Fk+1 and K*o in place of o, there exists a nontrivial solution (@, ?) to the

system
=K Wg(0%do) in R"
(3.3.1)
0= K Wg(i®?do) in R
Moreover, (1, 7) satisfies
71 Y1
c_1<KWka> <u< c(KWka + <KWka> >
(3.3.2)

Y2 Y2
cl<KWka> <i< c(KWka + (KWW) )

where v; and v, are given by (3.1.13)) and (3.1.18]), respectively, with p — 1 =k, i.e.,

k(k + q2)

and 72 = k% — Q1QQ’

which can be rewritten as

q q
’lei’h*-l and 72:?2714-1-

Recall from Lemma [3.1.4] that W0 € L;, (R",do) for all > 0, whence @ € L2 (R", do)
and v € LI (R",do).
We set ug = ¢ (W,o)" and vy = € (Wy0)??, where € > 0 is given by

k

(KRS e, LR LR OKT, C KR, (33.3)

e < min{(K~'x"F)F

where £ is the constant given in Lemma(T] c is the constant in , and C' is the constant
given in Lemma [3.1.3 Similarly to Claim [I} one can show uy < K‘lwk(volda) and vy <
K "Wy (u#do). In addition, uy < @ and vy < ¥ by choice of € in (3.3.3).
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Claim 5. There exists a pair of nonnegative functions (u1,v;) € L{Z (R™,do) x L{.(R"™, do)
satisfying
—uy, —v; € OF(R™),
up > ug, V1 = Vo,
Fyl—ui) =00 in R", lim wuy(z) =0,
|z|—o00
Fyl-vi]=ocud in R",  lim v (z) =0,
|z]—o0
(Wio)" <wuy <a, &(Wpo)?<wv; <0 in R"
where
1=K e KW)%, & =K (e ff”l)%
Indeed, letting o, = X 5,0, by Lemma[H] there exist u} > 0 and vi > 0 satisfying
—uj € ®*(Biy1) N C(Biyy), —v} € ®*(Bi11) N C(Biy),
Fk[—uﬂ = O'Bivgl in B’i+17 Fk[—vﬂ = O'Biugl in Bi+17
Uzl =0 on aBH_l, Ui =0 on 8BZ»+1.
Using [Phuc and Verbitsky 2009, Theorem 4.2], we obtain
ui < K Wi(vfdo) < K Wi (5% do) = 4,
(3.3.4)

vl < KW (ufdo) < KWi(a®do) =9 Vi=1,2,....

Extending by zero away from B;,;, we may assume that u} and v are functions in whole R™.
It follows from Theorem [[| and Remark that the sequences {u}} and {vi} are increasing
pointwise in R™. Consequently, by Remark , the pointwise limits u; := lim; .., u} and
vy = lim; o, v belong to ®*(R™), with {Fy[—ui]}; and {F;[—vi]}; converging weakly to
Fy[—u1] and Fy[—v1], respectively. On the other hand, by Monotone Convergence Theorem,
{op,vd'}; and {op,ud’}; converge weakly to o vd' and oud’, respectively. Hence, as Radon
measures in R,

Fyl—ui) = ool and  Fil—v] =oud’.

Next, from ({3.3.4)), one has u; < @ and v; < ¥, whence u; € LE.(R", do), v; € L. (R, do),

loc loc
and by (2.1.4) it holds

lim w(z) = lim v(x) =0.
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Combining Theorem [G with Lemma [T} we deduce

up > K 'Wy(vldo) = K—lg%wk ((Wy,0) 2% do)
> f(_lé%li%72 (Wka)%”‘*'l = K_lg%/{%'m (Wio)™,
v > Kflwk(u(qfdo') = K*lg%wk ((Wko-)quda)

2 @ o 2 @
> K et nt M (Wyo)# 't = K le® g0 (Wio)??,

By choice of ¢ > 0, the previous inequalities give u; > wug and v; > vy. This completes the
proof Claim [§

With the aid of Lemma [J] analysis similar to that in the proof of Claim [5] allows us to
construct, inductively, a sequence of pairs of nonnegative functions {(u;,v;)} C L{ (R", do)x

loc
L (R™ do) such that

loc
— uj, —vj € dF(R™),

Fpl-u;l =ovft, in R",  lim wu;(z) =0,
|z|—o00

Fy[-v;] =cu®, in R" lim v;(x)=0, (3.3.5)

J
|z|—o00

0 S Uj S Uj+1, 0 S vj S Vj+1 in R"

cj(Wio)" <u; <a, ¢(Wipo)?<v; <0 in R"
where ¢; and ¢ are as above, and for j = 2,3, ...

a
k

¢; = KN & )%, & =K (can")%

Indeed, let u; and v; as in Claim [f| Since o v{* > ood' and o uf* > ouf?, it follows from

Lemma [J| that there exists a pair of nonnegative functions (ug, vs) satisfying

— Ug, —Vg € (I)k(Rn>
Uy > Uy, Vg = Uy,

Fi[-us] = oo in R", lim wuy(x) =0,
|z]—o0

Fyl—vw]=cuf in R", lim ve(z) =0.
|z]—o0

Applying Theorem [G| one has

uy < K Wi(v¥'do) < K Wi, (#%do) = 4,

vy < K Wy (uf?do) < K Wi (a®do) = 1,



75

and, by Lemma(T]
a1
uy > K "Wy (vfdo) = K716 W, (Wyo)2%do)
1T o Byo+1 7
> K¢ ke (Wyo)® = ¢y (Wyo)",
a2
vy > K'W(ufdo) = K~ 'ef Wy, (Wyo) " %do)
—1 % a2 92,41 ~
> K e kFTN(Wyeo) ENT = &y (Wio) 2.
Now, suppose (u;,v;) has been obtained for some j > 1. In the same manner, one shows that
there exist a pair of nonnegative functions (u;;1,v;41) satisfying
k
— Ujy1, —Uj41 € OH(R")
Ujpr = Uj,  Vjp1 = Vj,

Fyl~uj] =ovft in R", lim wus(z) =0,
|z|—o00

Fpl=vj] =ouf in R, lim vy(x) = 0.
|z|—o0

Cir1(Wio)" <ujpr <, G (Wio)™ < v < 0.

From the last line in (3.3.5)), we deduce that (u;,v;) € LE.(Q2,do) x L{ (2, do) for all j > 1.
We set the pointwise limits u = lim;_,oc u; and v = lim;_,, v;. Using Remark [2.2.2) again,

both —u and —v belong to ®*(IR™). By Monotone Convergence Theorem, u € L{Z (R", do)

loc
and v € L (R", do). Thus (u,v) satisfies

loc

Fyl-v]=0cu® in R"
In view of the last line in (3.3.5)), letting j — oo, one can see that u < @ and v < ¥, whence
lim o u(x) = lim, . v(z) = 0, which shows that (u,v) solves Syst. in sense of
Definition [2.2.4] Furthermore, there exists a constant C; = C4(n, k, ¢1, g2, C) > 0 such that

u < Cl (WkO' -+ (Wka)“) and v < Cl (WkO' + (WkO')’yQ) ,

which assures the upper bound in ([1.3.16)). Since u > ¢;(Wo)" and v > ¢;(Wy0)?? for all

j > 1, a passage to the limit 7 — oo implies that
u 2 CQ (Wkd)'ﬂ and v Z éQ (VV]CO')’Y2 s

where is straightforward to compute

7191 (V192 +72k)
J— o — -7
Cy=limc; =K "k K2 ,
]—>OO
~ 7292 (1291 +71 k)
— lim & = K2 :
Cy=lim¢; = K "k K2 ,

j—00
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which shows a lower bound in ((1.3.16)).

It remains to prove that (u,v) is a minimal solution; that is, if (wy,ws) is any nontrivial
solution to Syst. , then w; > u and wy > v almost everywhere in R". Let (wq,ws) be a
solution to Syst. ([S3)). From Theorem [G] it follows

wy > K "W (wido) = Wi(K *wido)
wy > K "W (wdo) = Wi(K Fwido)
Using Lemma [3.1.3| with K %0 in place of o, we obtain
w > C (Wi(K )" = C (K 'Wyo) " = C K™ (Wyo) ",
wy > C (Wi(K™0))" = O (K'Wio) " = C K*(Wyo) .
Let dw; = wi'do and dw, = w?do. Notice that by choice of ¢ in (3.3.3)), we have dw; >
v¢'do and dws > uf*do. By construction of (uy,v;), using Lemma , we deduce that the

functions u; and vy satisfy u; < w; and v; < ws in R™. Repeating this argument by induction,

we conclude u; < w; and v; < w, for every j > 1. Therefore,

u=limu; <w;, v=Ilimuv; <wy in R"
j—00 Jj—00

This completes the proof of Theorem [1.3.11]

3.3.2 Proof of Theorem|1.3.12

Fix 1 < k < n/2. Let y; and ; given by (3.1.13)) and (3.1.18]), respectively, with p—1 = k.

We begin by proving the statement (i). Let (u,v) be a nontrivial solution to ([Sa)), in the sense
of Definition [2.2.4] satisfying (1.3.16]). By Theorem [G] (u, v) satisfies the system
u > K "Wy (v?do),
v > K "W (u®do).
Applying in the previous inequalities,
K ' " W, (Wyo)?do) < K~'W,,(v%do) < u < ¢ (Wyo + (Wio)™),

K¢ W, (Wio)"2do) < K-'W,(u®do) < v < ¢ (Wio + (Wio)?).

k+ k+
Letting A = K max{c * ,c %}, the statement (i) follows.

To establish the statement (ii), let A > 0 such that (1.3.17]) holds. By Theorem with

a=2k/(k+1),p=k+1and K*o in place of o, there exists a nontrivial solution (@, ?) to
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syst. (3.3.1)), satisfying (3.3.2)) with ¢ = ¢o(n, k, ¢1, g2, A). As in the proof of Theorem [1.3.11]
the existence of such (@, 0) yields that there exists a solution (u, v) to for which ([1.3.16))

holds with ¢ = ¢1(n, k, q1, g2, A) > 0. This proves the statement (ii) and completes the proof
of Theorem [1.3.12]

3.3.3 Proof of Corollary 1.3.13

Fix 1 <k < /2 andletc € M*(R™). Suppose q; = ¢ < k. Setting ¢ = ¢, from (3.1.13)

and (3.1.18]), 71 and ~, should satisfy

 k(k+q K
M1 ="72 = 2 — _k;—q'

The statements (i), (ii) and (iii) follow by the same methods as in the proofs of Theo-
rem (1.3.11] and Theorem [1.3.12] respectively.

Indeed, suppose ((1.3.3). Following the notation used in the proof of Theorem [1.3.11}
(3:2.9) yields uy = vy, whence u; = v; by Claim 5| Consequently, by induction

U; = Uy Vj:1,2,...,

where (u;,v;) are given in (3.3.5) for j = 1,2,.... A passage to the limit as before implies
that u = v € L] (R",do) and —u € ®*(R"). Hence Syst. reduces to Eq. (Py)), i.e.

loc
Fyl—u] =0u? in R",

lim u(x) = 0.
|z| =00

Furthermore, u satisfies bilateral estimates (1.3.18)), with ¢ = ¢(n, k,q,0) > 0. This shows

part (i). The statement (ii) follows from combining the lower bound given in Theorem [G|with

(13.19),

K ' ¥W,, ((Wka)iftzczd(j) < K "Wy (uldo) <u < c <Wk0 + (Wka)kkq) ,

k4
whence we may take A = K ¢

we first notice that a combination of Remark with condition ([1.3.19)) implies that there

. This establishes the assertion. To prove the statement (iii),

exists a solution @ € L _(R",do) to equation

i=KW(@do) in R

Thus, as in the proof of Theorem[1.3.12, there exists a solution u to satisfying ((1.3.18]),
with ¢ = ¢(n, k, g, A) > 0. This verify (iii), and finally completes the proof of Corollary(1.3.13



78

4 QUASILINEAR ELLIPTIC EQUATIONS WITH ORLICZ GROWTH

In this chapter, we provide the proof of Theorem and Theorem [1.3.15] We divide
our arguments into four sections in the sequel, where we first produce a framework for the
proof of Theorem . Next, we establish some preliminary results to deal with Eq. , and
finally, we provide the proof of Theorem[1.3.15] Finally, we present some comments concerning
Theorem [L.3.15]

Here and subsequently, g is the function given by , with 2 < p < ¢ < o0, and G its
primitive, that is

Z

g(t) =ttt G(t) = m + i vt > 0.

Being p > 2, g is a convex function, and ¢! is concave. Notice that g satisfies the “sub-
multiplicity” condition

g(ab) < g(a)g(b) Va,b>0, (4.0.1)
which implies a “sup-multiplicity” condition to g~
g Yab) > g (a)g*(b) Va,b>0. (4.0.2)

In the general context of N-functions, these conditions are known as A’-contidion (see for

instance [Rao and Ren 1991] page 28]).

4.1 POTENTIAL OF WOLFF-TYPE

We start with some useful estimates for Wolff potentials.

Lemma 4.1.1. Let 0 € MT(R"). Fix x € R" and R > 0. Then there exists a constant

¢ =c(n,p,q) > 0 such that

¢! /OO g ! (W) dt < Binf )WGO < C/oo gt (W) dt. (4.1.1)

R (z,R R

Proof. We first show the lower bound. Setting B = B(x, R), note that for y € B we have

Waoly) = [ g (U(i(y{ t”) a= [ g—1<”(ijg t))) dt
[ (e
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Using ([2.3.4) in the previous estimate, we obtain

Weo(y) > ¢ /OO gt <U<B(y2t))> dt, (4.1.2)

R tn—l

where ¢; = ¢1(n, p,q). For y € B, we have B(y,2t) D B(x,t) for all t > R, consequently the

lower estimate in (4.1.1)) follows from (4.1.2), that is
o B(x,t
Weo(y) > 01/ g (W) dt Vy e B.

R (A0

Now, to show the upper bound in (4.1.1)), it is sufficient to check that

ulﬂ /B Weo(y)dy < C/ROO g ! (W) dt. (4.1.3)

’;‘/BWGU( dy = ,B|/</ ( tn(y{t))>dt>dy
AV = L

We write

To estimate I, notice that since B(y,t) C B(x,2t) fory € B and t > R, it follows

s g [ () )
=] o (U = )dt
L) (2

Using (2.3.6) in the previous estimate, yields

© _(o(B(x,t
IQ S CQ/ g 1<( t’rg—l ))> dt, (415)
R
where ¢o = c3(n,p,q) > 0. Next, to estimate I;, using Fubuni's Theorem and Jensen's

inequality, since g~! is concave, we obtain
R o(B(y,1))
I = — “H A dy | de
-, (13\/39 ( o1 ) y)
R 1
S/ g_1<_1/U(B(yat))dy> dt. (4.1.6)
0 |Blt"! Jp
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Notice that B(y,t) C B(z,2R) if y € B and t < R, whence we have from Fubini's Theorem

[owwma=[ ([ ao)a=[ ([ wgnan)i
B B(z,R) B(y,t) B(z,R) B(z,2R)
< / </ XB(y,t) dy) do = / |B(y7t)|d0'
B(z,2R) B(z,2R) B(z,2R)

= |B(0,1)|t" o(B(x,2R)).

By the preceding estimate and since g~ ! is an increasing function, it follows from ([4.1.6)

I < /ORg_1<U(B(x’2R))t>dt

I
= /OR g (W) dt =g (W) R. (4.1.7)

Note that if R <t < 2R, we have o(B(z,2t)) D o(B(x,2R)), and

i (T2 o (12t

The preceding inequality implies

g_1<0(3($,23))>R . /QRg_1<2”_1U(B(x,2t))> &t

Rnfl R tnfl
00 n—1
< / g_1<2 a(B(fz:,Qi))) dt
R -
[ () o
9R in 1
o B(x,t
< cg,/ g (W) dt, (4.1.8)
R -
where in the last inequality was used (2.3.6)), with ¢z = c3(n,p, ¢). Using (4.1.8)) in (4.1.7)),
we deduce
> (o(B(x,t
I < 03/ g 1<(tfl))> dt. (4.1.9)
R
Thus, because of (4.1.4)), (4.1.5) and (4.1.9)) provide (4.1.3)), which shows the upper bound
in (4.1.1)). This completes the proof of Lemma [4.1.1] O

As a consequence of Lemma |4.1.1} we will show that Wgo < oo if and only if

/100 g ! (W> dt < . (4.1.10)

tn—l

Corollary 4.1.2. Let 0 € M*(R"™) satisfying (4.1.10). Then, for all z € R™, R > 0, we have
/ g (W) dt < co. (4.1.11)

R tn—l
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In particular, Wgo < oo if and only if (4.1.10)) holds. Furthermore, Wgo € L (R") and
lim Wgo(z) = 0. (4.1.12)

|z| =00

Proof. First, notice that (4.1.10]) implies (4.1.11)) for x = 0. Indeed, for R > 1, (4.1.11) is

obvious. Suppose that 0 < R < 1. Then, we have

> B(0,t ! B(0,t > B(0,t
[ (2B g [y (SO [ (B0
R tn— R tn—1 1 tn—1
[ o(B(0,1)) © _(o(B(0,t))
<(1- W=l W= de
<-mg (TR 4 [T (TEG D)
where the right-hand side in the previous inequality is finite, which shows (4.1.11)) for 0 <

R <1land z=0.
Next, fix z # 0 and let R > |z|. If t > |z|, B(x,t) C B(0,2t), and consequently

e [ () [ (282)

§61/|°°g_1<0(B(0_,12t))> dt < oo,

tn
x|
where ¢; = ¢1(n,p,q). From the preceding estimate, (4.1.11)) holds for R > |z|. The case

R < |x| follows from the splitting

/: 91<U(Zfi’t))> af — /: ! (W) dt + Iy

< (|CC‘ - R)91<J(BP(::’_|1I|>>> + [|z| < 0.

Thus, holds for all x € R™ and R > 0.

Now, by (4.1.3), there exists a constant ¢, = ¢2(n, p, q) > 0 such that

Weody < ¢y |B(z, R)| /OO g! <W> dt, Vze€R",R>0,
B(z,R) R tn—t

and this ensure Wgo € L (R™), since we already known that implies for
all z € R™ and R > 0. We also have by that Wgo < oo if and only if holds
for all z € R™ and R > 0.

It remains to show (4.1.12)). Setting Ag = {z € R" : R/2 < |z| < R} for R > 0 and
arguing as in the proof of the upper estimate in (4.1.1)) (with 2 = 0), we deduce that there
exists c3 = c3(n, p,q) > 0 such that

1
inf  Wgo <inf Wgo < —— Weaod
w>R2 0 T Ar 00 T | Agl An co Y

<c3 /: gt (W) dt.
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Letting R — oo in the previous inequality, we concluded (4.1.12)). This completes the proof
of Corollary 4.1.2| O

The remainder of this section will be devoted to establishing preliminary results to the

proof of Theorem [1.3.14] In what follows, we fix

ft) =gt /f ds Vt>0, thatis

tP—1)y+1 tla=1r+1
ft) = =17 4 4la=1)y . F(t) =

+ Vit >0,
p—1y+1 (¢—1)v+1 -

where ~y satisfies ((A4]). Using (2.3.2)), one can verify that

) £ (1)
=17 <"y < (o)

From this, LF(R”,do) is a Banach space. Moreover, using [Harjulehto and Hast6 2019,
Lemma 3.7.7], we can identify L (R",do) with LP~D7*+Y(R" do) N L4~DF(R" do) as

<(g—=1)y, (p—Dy+1< <(g—1)y+1 Vt>0.

Banach spaces, where the intersection is equipped with the norm
[l Lo-vv+1mpa-vve = max {[[ul| o-va, Jull e}
We will consider supersolutions to the integral equation (|S)).

Definition 4.1.3. A supersolution to is a nonnegative function u € L{ _(R",do) which

satisfies (pointwise)

u>We(f(u)do) in R™ (4.1.14)
The notion of solution or subsolution to is defined similarly by replacing “>" by “=" or

“<"in ({4.1.14), respectively.

In the following theorem, we obtain a lower bound for supersolutions to in terms of

Wolff potentials, whenever (4.0.1)) holds.

Theorem 4.1.4. Let 0 € MT(R") satisfying (4.1.10) and let u be a nontrivial supersolution
to (4.1.14). Then there exists a constant 0 < C' < 1 depending only n, p, q and ~y such that

w(z) > C (Weo(z))™ Vo € R™ (4.1.15)
Let us show the following result before proving Theorem (4.1.4]

Lemma 4.1.5. Fixa > 0 and let p(t) = g(t*), t > 0. Let 0 € M+ (R™) satisfying (4.1.10)).

Then there exists a constant 0 < A\ < 1, which depends only on n, p, q and «, such that

W (p(Weo)do) (z) > A (Weo(2)'™, Vo e R



83

Proof of Lemma[4.1.3 By definition ([1.0.5)), for any ¢t > 0
o B
WGO’(Q) > / gfl <0-((y75))> dS, vy c R"™.
¢

Sn—l

Notice that B(y,2s) D B(x,s) fory € B(x,t) and s > t, whence by ([2.3.6]) and the previous

estimate it holds
co [ <o<B<y72s>>> e /°° (2B,
t/2 sn—t sn—t
> ¢ /toog ( = : ) =:c1p(t (4.1.16)
g(t

where ¢; = ¢1(n,p,q) > 0. Since p(t) = ¢(t*) is an increasing function, it follows from

that
We(p(Weo)do)(z) > /0 s tnl_l /B ( t)w(WGa(y))da(y)l dt

> /O Oog‘l _tnll /B - w(clp(t))da(y)] dt

= /000 g ! go(cw(t))W] dt VzeR"™ (4.1.17)

By (2.3.4) and (2.3.6]), we have respectively p(cip(t)) > cap(p(t)) and g~ (cap(p(t))) >
c3g (p(p(t))), where ¢; = c3(n,p,q,a) > 0 and c3 = c3(n,p,q,a) > 0. Using these

estimates in (4.1.17)), with the aid of (4.0.2)), we obtain

Wa(Werdo) o) 2 o [ o7 ot 25D a
> ¢4 /Ooo 9 (e(p(t)g™ <W) dt. (4.1.18)

Note that ¢! (¢(p(t))) = p(t)* and, by Fundamental Theorem of Calculus,
d * _(o(B(x,s)) [ o(B(z,t))
= & (AP 5)) ) 6] = — 1 A2 Y)
p(t) dt(/t g ( g s g ek
Hence, we may rewrite (4.1.18)) as follows:
Wa(p(Woalda)(e) 2 es [ ol (~ (1) .
0

Integrating by parts, we concluded from the previous inequality that

C3
14+«

Wo(p(Woo)do) () > 2 p(0) 7 =~ (Woo (),

1—|—a
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which completes the proof of Lemma by taking

1 1 =y
P (p) 1( P )< R (4.1.19)
l+4a 1+al\g 2n—1qg

]

Proof of Theorem[4.1.4. The main idea of the proof is to iterate the inequality (4.1.14)) with

Lemma |4.1.5] First, we prove the following claim.

Claim 1. Let 0 € M (RR") satisfying (4.1.10). Suppose that u is a nontrivial supersolution to
(S)) such that it holds
u(x) > ¢(Weo(z))’, x€R",

where 0 <c < 1and §d > 0. Then

u() = (1)’ TS (Weo () e R

where \ is the constant given in Lemma 4.1.5]

Indeed, a combination of and with Lemma [4.1.5] gives
5
) > WG(f ) > WG<f(c(WGa(a:)) )da)

>WG< A g((Weola ))M)da>

> (p) cV(;:f)W (g((WGcr(x))M)da) > (p)P—le(pq 11))\(Wc;0( )oY

q q

which is our Claim [1l
Now, fix z € R™ and R > |z|, and let o5 = xpo, where B = B(0, R). Setting du =

f(u)do, we estimate Wqpu(z) as follows

(e

where ¢; = ¢1(n,p,q) > 0 was obtained in a light of (2.3.6)). Since B(z,2t) D B(0,t) for

t > R and z € B, it follows from the previous inequality that for all z € B

Weu(z) > ¢ /ROO gt <W> dt =: A(R). (4.1.20)
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We may assume A(R) < 1 for R > 0 large enough. Thus iterating (4.1.14)) with (4.1.20)), we

obtain for all z € R"®

u(z) = We(f(Wep)dos)(z a(f(A(R))dop)(z)

2/0“’91< (A(R ))tn j(B( )))dt

> A(R)" Wgop(z), (4.1.21)

where in the last line was used (4.0.2)). Setting ¢; = A(R)” and 6; = 1, by Claim[l] with op

in place of o, and (4.1.21]), we construct a sequence of lower bounds for u as follows:

u(z) > ¢; (Weop(x))”, z€R", (4.1.22)
where for j = 2,3,..., §; and ¢; are given by
5j = 1 + ’75j_1,
p\ 7T 2e=h (4.1.23)
o=A(s)" eh

Since 0 <y < (p—1)/(qg—1) <1, letting the limit j — oo in (4.1.23)), it is straightforward

to conclude that

1
jlg?o d; [ (4.1.24)
2(p—1)
lim ¢ — \F T D 1pv(q 7 <p> (p—1)(q—1)—v(qg—1)2 —.C
jooo 1 q

Passing to the limit as j — oo in (4.1.22)), we deduce
u(z) > C (Weop(x))™ Vo € R™

Since C' does not depend on R, the proof of Theorem is established after letting R — oo

in the previous inequality. O

Suppose that (4.1.10) holds. In the view of Theorem|4.1.4} if u € L¥(R", do) is a solution
to ([S)), then (Wgo)V/(=7) € LF(R™, do), that is

/ F(Weom7 ) do < cc. (4.1.25)

Hence condition (4.1.25]) is necessary to the existence of solutions to in LI'(R™, do).
However, this condition is far to be sufficient (at least) to ensure such existence in L (R™, do).
We will show that is a sufficient condition to the existence of a solution to in
L¥(R", do). Before that, the following result will be needed.
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Lemma 4.1.6. Let 0 € M (R") satisfying (4.1.10) and (1.3.21)). Then there exists a con-
stant ¢ > 0 such that for all u € L (R",do), u > 0, it holds

/ F(Wolf(w)do) do

([ rar) ™ ([ rwae) ([ )]

The constant ¢ depends only on n, p, q, and the L¥-norms of the Wolff potentials mentioned

in (T.3.21)).

<c

Proof. We begin the proof with the following claim.

Claim 2. Fix 1 < s < 00,0 <r <s—1and a >r—1. Let 0 € MT(R") satisfying
(=D/(s=1-r) o .
(WSU) € L'**(R™,do). Then there exists a constant

S
Co = Co <n,r, s, a || (WSO') s HL1+a) > 0

such that for all w € L'**(R"™,do), u > 0, it holds

i .
/ (W, (udo))" d0§00< / ul+e do> .

Indeed, fix 0 < u € L'T(R™, do). By definition ([1.3.20]), we have
o0 u” do\ =1
W, (o)) = [ (f Ben ) a
0

< /000 (Mgur(x)(w>s_l dt

= (Maur(x))ﬁwsa(:c) Ve e R",

where M, - is the centered maximal operator defined by

1
Myv(x) = sup/ vdo, v € Ly (R" do).
< ) >0 O'(B($,t)) B(xz,t) : ( )

Then using the classical Holder's inequality with expoents = (s—1)/rand 5’ = (s—1)/(s—

1 — ) in the preceding inequality, we obtain

/ (Ws(urda))Ha do < / (Mour) = (WSO') e do

n

s—1—1r T

< ( / (W.o) an da> ( / (M) ™ da)

(4.1.26)
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Being (1 + )/r > 1, M, : LO+9/"(R* do) — LUF*)/"(R",do) is a bounded operator
(see for instance [Maly and Ziemer 1997, Theorem 1.22]), that is there exists a constant

¢ = ¢&(n,r,a) > 0 such that

(/ (Mgur) - da)s1 < g (/ (ur)lﬁ da) 571.

Using this in (4.1.26]), we arrive at

§ =
/ (Wo(w'do))” da§00< / e da> ,

: (s—1)/(s—1-7) . .
with ¢g = ¢o( n, 1, 8, ||(Wsa) ||L1+a ) > 0, which proves Claim |2
Next, fix 0 < u € L¥(R", do). Note that from (2.3.8)) and (4.1.13), there exists a constant
¢1 = c1(p, q,7) > 0 such that

Weo(x) < ¢ (Wpa(x) + qu(x)) Vo € R”,

F(t) < ¢y (17D L gla=Datly g >

Then, combining the previous inequalities, we can show that

/ F(We(f(u)do)) do
< /n (Wc(f(u)da))(p_l)7+1da+ / (Wc(f(u)dg))(q_m“dg
[ vt | i)

<

+ / n (W, (f(w)do))" " do + /

where ¢3 = ¢o(p, q) > 0. We shall make use of the following elementary inequality [Maly and

(Wq(f(u)da))(ql)”“}, (4.1.27)

n

Ziemer 1997, Lemma 1.1]: given ¢ > 0, for all a,b € R it holds
o+ 0" < 2°7(Jal’ + [0]°).

Because of this inequality, reminding of the definition of f(¢) in (4.1.13)), we will split each



88

integral in (4.1.27)) into another two ones:

/ F(We(f(u)do)) do
/ n(Wp(f(u)da))(p I 4 / (W, (f(w)do))" " do

n

+/ (Wil (o))" o / (Wq(ﬂu)da))(q_””“]

n

/ (Wp(u(pfl)’ydo_)>(p 1 "Y"r]-da + / (Wp(u(qfl)'ydo_))(p_l)'Y‘i‘ldO-

<c3

n

+/ (Wq(u(p1)7do'))(p1)7+1d0'+/ (Wq(u(qfl)vdg))(pfl)wlda

n

+/ (Wp(u(Q—l)wdo_))(P—l)v-i—ldO'+ /" <Wp(u(q—1)vda))(Q—1)7+1d0

n

+ / (Wq(u(‘I—l)’YdJ)>(p REA P /

(W, (u7d0)) " HHdo]

n

8
— s3I, (4.1.28)

j=1
where ¢3 = ¢3(7, p, q) > 0. By assumption on , one has (p—1)7/(¢—1) < < (¢—1)v/(p—
1) <land (p—1)y+1 > (¢—1)7. Hence we estimate Iy, I, , I3 and I, by applying Claim

witha=(p—-1)y, rn=p—-1)y,s1=p,r2=(q—1)y, s2=p, 3= (p—1)7, 83 =¢q and
= (q — 1)y, s4 = q, respectively to deduce

P+l da)

Wp(u(qfl)wda))(p Dy

wP=r g a)
(4.1.29)

—1)y+1
q(u(p_l)vda))(p "o < o3 / w1 dg

<euf
(
(
(

Similarly, to estimate I, Ig, I; and I, we apply Claim 2l with o = (¢ — 1)y, 15 = (p — 1),

ss=p, 16 =(q—1)y, s6 =p, r7=(p—1)7, st =q and rg = (¢ — 1), sg = q, respectively
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to deduce
.
1)y+1
[5:/ (Wp(u(l’—l)yda))(q v+ d0<005</ w@ D7+ da) :
R" R™
g—1
p—17
I :/ (Wp(u(q_lhda))(q l)vﬂda < 006</ ula— D+t da) ,
R e o (4.1.30)
(p—1) (g=1)r+1 (g—1)y+1 =17
I; = (W (u'? Vda)) do < ¢y w7 do ,
]Rn n

n

Ig =/ (Wq(u(q_lwda))(q_l)%ldg < Co,8</

Here the constants c¢o; > 0, j = 1,...,8, are given by Claim [, whose depend only on
n, p, q, ,y and the L¥-norms of the Wolff potentials presented in ((1.3.21]). We have

v
LD+ d(j) ‘

max {tP=F (@D Y < o P VE > 0,

where ¢4 = ¢4(p,q,7y) > 0. A combination of (4.1.28)) with (4.1.29) and (4.1.30)), completes

the proof of Lemma |4.1.6] O]

Remark 4.1.7. Because of (2.3.8), W0 is controlled from above by the sum of W0 with
W, 0. Consequently, (1.3.21)) implies that

Weo™, Weor o, Weor oo € LF(R™, do). (4.1.31)

It would be desirable to show that (4.1.31)) is a sufficient condition to ensure the existence of
solutions to in L¥(R™, do), but we have not been able to do this.

4.1.1 Proof of Theorem|1.3.14

Let o € MT(R™) satisfying (4.1.10)), that is Wgo < oo in R™. Our proof starts with the

assertion that there exists a constant € > 0 sufficiently small such that
uo(z) = ¢ (Wgo(z))™7, z€R", (4.1.32)

is a subsolution to ([S]). Indeed, combining Lemma with (2.3.6]), we obtain

2 T
W f(ug) do) > (Z)””Ag“’p_f (Weo) ™,

where A > 0 is the constant given in Lemma [4.1.5[ Consequently, picking € > 0 such that

: oy
—1 “1—~(q—1
c f; (:(]9) P ,X> P ~(q ’
q
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we concluded that W¢(f(ug) do) > g, which is our assertion.

Now, let us construct a sequence of iterations of functions u; as follows:
U :Wg(f(Uj_l)dO'), j = 1,2,‘.. (4133)

From the previous assertion, u; > wuo in R™. Arguing by induction, one has u;_; < w; in
R™ for all j > 1. By assumption ((1.3.21)), uy € L¥(R",do). Consequently, we can verify by
induction that u; € L¥(R™,do) for all j = 1,2, .. .. Indeed, suppose that u;_; € LF(R", do)

for some j > 1. Using Lemma [4.1.6, we have

| Plado = [ F(Walf(u-)do) do

(/HF(uj_l)da) L (/HF(uj_l)da)7—|— (/nF(uj_l)d(f) .

This shows u; € LF(R",do). Furthermore, being {u;} an increasing sequence (pointwise), it

<c < 0.

follows from the preceding inequality that

[ P
(/ F(uj)dcf) z_th (/ F(Uj)d(f)V—i— (/HF(uj)da> V] Vj> 1.

(4.1.34)

<c

We claim that {u;} is uniformly bounded in L¥(R",do). Indeed, consider the continuous real
function on [0, o0)

h(t) =t — c(ti7 417 +15=17).

Notice that (4.1.34)) is equivalently to h(fRn F(uj) da) < 0forall j > 1.Since (p—1)v/(q—
1) <y<(¢g—1)y/(p—1) <1, one has

lim h(t) = oo.

t—o00

Hence the subset {t > 0 : h(t) < 0} is bounded in [0, 00), that is there exists a constant
C =C(p,q,7,c) > 0 such that A(t) <0 if and only if £ < C. Thus

/ F(u;)doe <C Vj>1.

Therefore, letting 7 — oo in the previous inequality, by the Monotone Convergence Theo-
rem there exists u = lim;_,, u; (pointwise) such that u € L¥(R", do). Combining Hélder’s
inequality (Lemma [M) with (2:3.9)), we arrive L™ (R",do) C L{,.(R", do), whence u satisfies
(S). This completes the proof of Theorem [1.3.14]
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4.2 SOME AUXILIARY RESULTS

In this section, we establish some preliminary results concerned Eq. (P)). It is worth pointing
out that these results hold for any N-functions G' which enjoy the property (2.3.3), with

1 < p < g < n. First, we will use the following lemma to ensure the existence of solutions to
().

Lemma 4.2.1. Letv € L*(R",do) be a supersolution to ([S). Then f(v)do € (DI’G(]R")>

*

Proof. First, recal that ||V - || ¢ defines a norm on DY“(R") provided 1 < p < ¢ < n in
(2.3.3). Let w = o f(v) € M*H(R"). Since C=(R") is dense in D:C(R"), it is sufficient to

show there exists a constant ¢ > 0 such that

‘/ pdw

Since v > W¢(f(v)do) in R™ with v € L¥(R", do), it follows from (4.1.13)) that

<c||Vo|re Ve e CE(R"). (4.2.1)

W dw — WG(f(v)do—)do—g/ o f(v) do

R" R™

< 61/ F(v)do < oo, (4.2.2)

n

where ¢, = ¢i(p,q,7) > 0. Let B; = B(0,j) and let 0; = xp,0, for j > 1. Setting
w; = f(v)do;, one has suppw; C B;. By (4.2.2),

/ Wew; dw; < Wowdw < oo Vj > 1.
B

+1 R"

Using Theorem , we infer from previous inequality that w; € (WOI’G(BJ-H))* for all 7 > 1.

Next, let ¢ € C°(R™) with supp ¢ C Bj;1, for some j > 1. Then there exists a constant

‘/ p dw;

Applying Theorem @ there exists u; € WOI’G(BjH) satisfying eq. (2.3.14) with © = w;, that

c¢; > 0 such that
< ¢; [Vl ze- (42.3)

is
—d1V<g<’|vV;L]||)VUJ> = Wy in Bj+1. (424)
J
Claim 3. The constant ¢; given in (4.2.3) are uniformly bounded for all j > 1.

Indeed, first note that we may assume

Jj+1
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where ¢ = ¢a(p, q) > 0. This is seen by testing eq. (4.2.4) with ¢ and by using a combination
of Cauchy-Schwarz inequality and Hélder's inequality (Lemma with (2.3.10) and (2.3.9):

wdw; ’/ Vu -Vpdx
’/Hl ’ Bj+1 |V J| ’

<[ |HTeby

V|
< 20lg(Va) o [Vl e < [2( /B & (g(IVu,))) dx) + 1] IVellzs
j+1

<le(/ GV e ) +1] 1Vl

Notice that w; is harmonic in B;1 \ B; since suppw; C B;, whence u; takes continuously

< / (V)| V] da
Bjt1

zero boundary values on 0B;;;. Extending u; by zero away from 0B;., with the aid of
Remark [2.3.22] we infer from Lemma [P] that w; is a nonnegative (almost everywhere) G-

superharmonic in whole R"™. By Corallary [2.3.20} for almost everywhere in R" it holds

0<u; < KWqwj < KWqw Vj>1. (4.2.6)

Testing eq. (4.2.4)) with u;, a combination of (2.3.3)) and (4.2.2) with (4.2.6]) yields

1 1
/ G(|Vu,|) dz < / 9(|Vu;|)|Vu;| de = / uj dw;
n P Jrn P Jrn

1 K
§/ ujdw < — Wowdw < oo V5> 1.
P Jre P Jrn

Consequently, by (4.2.5)), are uniformly bounded, with
supc; < C3 ( Weaw dw) +1,
Jj>1 R"

where &3 = ¢3(p, ¢, K) > 0. This shows Claim 3]

On the other hand, by the Monotone Theorem Convergence, we have

/ pdw = lim ¢ dwj.

J— 0 R™

Thus, letting j — oo in (4.2.3)), we obtain

‘/ @ dw| = lim ‘/ edw;| < c||Velre,
n Jj—roo R»
where ¢ = sup, ¢;. This shows , and proves Lemma O

The following lemma gives a version of the comparison principle in DY¢(RR™).
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Lemma 4.2.2. Let pu, v € MT(R™) N (DLG(R”))* such that 1 < v. Suppose that u, v €

DLCE(R™) are solutions (respectively) to

—div(MVu) = [, —div(WVv) =v in R"

Then u < v almost everywhere in R".

Proof. The proof is standard and relies on the use of the test function ¢ = (u — v)T =

max{u —v,0} € DVY(R"). Indeed, testing both equations with such ¢, one has

/ (lvu’)v Vgodx—/ wdu,
n |Vl n

g(Ivel) [
. dzr = dv.
/n Vol Vv -Vedx ngo v
Hence

0§/ gpdl/—/ godu:/ g([Vv DV -Vpdr / <|VUDV -Vpdx
n R n |Vl [Vl

(a0, a0V Y o,
_/n< ‘VU| Y% ]Vu] \Y ) Vedr. (4.2.7)

By [Borowski and Chlebicka 2022, Theorem 1], the following monotonicity for g holds

o€ glln)
( s

Since Vo = V(u —v) = Vu — Vo in supp ¢ C {u > v}, it follows from (4.2.7)) and (4.2.8)

that
9(|Vv)) 9(|Vul) )
0§/ < Vv — Vu |- (Vu—Vov)dr <0,

which implies that V¢ = 0 almost everywhere in R™. Thus ¢ = 0 almost everywhere in R",

n>'(£—n)>0 Ve, me R, E#. (4.2.8)

and proves Lemma 4.2.2] O

The following lemma concerning weak compactness in D»¢(IR"), and it will be useful
in the proof of Theorem [1.3.15| Before the statement, we recall the Mazur lemma (see for
instance [Brezis 2011} Corollary 3.8])

Lemma U (The Mazur lemma). Let X be a normed space and let {x;} be a sequence,
which converges weakly in X to x. Then there exists a sequence {Z;} made up of convex

combinations of the {z;},

j J
Tii= Y Mk Ak >0, D Ay =1,
=1 k=

such that {Z;} converges strongly in X to x.
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Lemma 4.2.3. Suppose that {u;} C DVC(R™) is a sequence converging pointwise to u almost
everywhere in R". If {Vu;} is bounded in L%(R"), then u € D"Y(R") and Vu; — Vu in
LE(R™).

Proof. The proof is similar in spirit to the proof of [Heinonen, Kilpelainen and Martio 2006,

Lemma 1.33]. Fix B C R™ a ball. First, we will need the following claim:

Claim 4. Let {v;} be a sequence in W'%(B), and let v € L%(B) and X : B — R" with
| X| € LY(B) satisfying
v —=wv in LE
Vo, =~ X in LY
Then v € WHY(B) and X = V.

Indeed, consider the product space LY(B) x LY(B;R") with the norm
(0, X1 = llvllze + (11X Tllze-

Observe that (v;, Vv;) converges weakly in LY(B) x L%(B;R") to (v, X ). The Mazur lemma
(Lemma |U]) gives that there is a sequence of convex combinations
J J
w] = Z )\k,] (Uk,V'Uk), >\k:,_] Z 07 Z /\k',] = 17
k=1 k=1
which converges strongly in LE(B) x LY(B;R") to (v, X). In particular, the sequence {7,},
given by
J
B = Ajvk, isa Cauchy sequence in W"“(B).
k=1

Accordingly, there exist & € W% (B) such that ¢ = lim; ¥, in W'%(B). Hence v = ¥ in
LE(B), and X = Vi = Vv, which shows Claim [4|

Next, by Lemma [O] the sequence {u;} is bounded in W“(B). Since u; converges point-
wise (almost everywhere) to w in B, from Theorem , u; — win LG(B). Moreover, a
subsequence Vu,, converges weakly to Vu in LY(B) by Claim . Since the weak limit is
independent of the choice of the subsequence, it follows that Vu; — Vu € LY(B).

On the other hand, being {Vu;} bounded in LE(R"), it has a wakly converging subse-
quence in LE(R™). This subsequence also converge weakly in L%(B), whence it converges
weakly to Vu, which gives Vu € LY(R"), that is u € D»¢(R™). Therefore, Vu; — Vu in
LE%(R™) since the weak limit is independent of the subsequence. This proves Lemmal4.2.3l [

The following lemma uses the Monotone Operator Theory to prove the existence of solu-

tions to eq. (2.3.14)) in DYE(R™).
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Lemma 4.2.4. For all p € M+(R") N (DLG(R”))*, there exists a unique solution u €
DYE(R™) to eq. (2.3.14) which is a G-superharmonic and nonnegative function (almost ev-

erywhere).

Proof. Let us consider the operator T': D»¢(R") — (DLG(]R”))* defined by

(T, @) :/ g(‘gﬂDVU -Veodr Ve e DV (RM),

where (-,-) denote the usual pairing between (DLG(R”D* and DVY(R™). T is well de-

fined. Indeed, by using a combination of Cauchy-Schwarz inequality and Holder's inequality
(Lemma with (2.3.10), we obtain

[(Tu, 0)| < 2[[g(IVul)|| Lo

vSDHLG
Sc( G(Wu\)dxﬂ)\lw\!pac,
Rn

which shows T'u is bounded. A classical result [Lions 1969, Théoreme 2.1] assures that 7" is
subjective provided T is coercive, and weakly continuous on D¢(R™), that is if u = lim, u;
in D'G(R"), then Tu; — Tu in (D'4(R™))".

We first verify the weak continuity of T'. Fix {u;} C D““(R") a sequence that converges
(in norm) to an element u € DY“(RR™). Using [Benyaiche and Khlifi 2021, Lemma 2.1], there

exists a subsequence of {u;}, also denoted {u;} (by abuse of notation), which converges

almost everywhere to v in R"™. From this, by continuity of g, we have

9 V) .
Vu = lim =——*Vu,; R"™ Imost here).
Yl u= lim V| uj in (almost everywhere)

Since {u;} converges to u in D“(R"), it follows that { [, G(|Vu,|) dz} is bounded, and

/ o (AVUD G Y el is bounded.

By Lemmall} {g(|Vu;|)/|Vu;| Vu;} is bounded in LE". Applying Theorem [N]

9(1Vu;)) )
Vu;| T |V

Vu in LY (RM),

whence our assertion follows since the weak limit is independent of the choice of a subsequence.

Next, we prove that 7' is coercive. Let u € D“C(R™) with ||u|lpr.crn) > 1. Combining

(2.3.3) with Lemma L] we obtain

(T, ) = /ng(|Vu\)|Vu|dx > [ GVl de

Rn

> pllVullze = pllullpe-
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Since p > 1,
(Tu, u)

im
lullp1,c—o0 ||ul|p1.c

= 0Q,

which shows that 7" is coercive.
Hence, for p € M (R™) N (DLG(R”))*, there exists a u € DYY(R"), such that Tu = u,

that is

/ gilvv;ﬂ)Vu -Vodr = / odu Yo € DYC(R™).

Thus w is a solution to eq. (2.3.14)), and by monotonicity (4.2.8)), it should be unique. Moreover,
since u € MT(R™), u is a G-supersolution in R™ in sense of Definition [2.3.12 whence u > 0
almost everywhere by Lemma [P| Because of Remark [2.3.22 we may suppose that u is G-

n

superharmonic in R™. This completes the proof of Lemma |4.2.4] O

4.3 PROOF OF THEOREM [1.3.15

We need only consider the case 2 < p < ¢ < n, otherwise by Remark [2.3.10]if ¢ > n,
Eq. has only the trivial solution u = ¢ > 0. Let 0 € M (R") satisfying (1.3.21]) and let
K > 1 be the constant given in Corollary |2.3.20| Using Theorem [1.3.14| with

((q/p)l/(p_l)K)q_la in place of o,
we deduce that there exists a solution 0 < v € LF(IR”, do) in R™ to
g—1
v=Wg <f(v) (Z) . quda) (4.3.1)

By (2.3.6), we have

a—1

p—1

v=Wg (f(v) (q) Kq_lda)

p
(5[ e wetson
= KW¢g(f(v)do) in R™ (4.3.2)
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Consequently, v is a supersolution to ([S]), since K > 1. Employing Lemma [4.2.1 f(v)do €
(DLG(R"))*. Moreover, from Theorem [4.1.4] one has

v>C [WG<(§>’Hqua>] B

a1 11

o2y (2| e

~

_ (q) =D KTs (Wga) ﬁ)
p

where (' is the constant given in Theorem |4.1.4]

Let € be a positive constant satisfying

%ﬁ,\/ 1 ___p=1l p—
e < min { (q) T s o (K‘l)\) PG | gt C} : (4.3.3)
p

o
where )\ is the constant given in Lemma |4.1.5, Setting, uy = 6(WGo) 77 it follows ug < v

in R™, and

*

up € L' (R",do) and  f(ug)do € M*(R") N (D"Y(R"))
From Lemma m there exists a unique G-superharmonic function u; € DV“(RR") satisfying
—div(MVm) =0 f(up) in R™

Being u; > 0, a combination of Corollary [2.3.20| with (4.3.2)), yields

u; < K Weg(f(up)do) < K Weg(f(v)do) <.

From this, u; € L¥(R",do) and f(u;)do € MT(R™) N (DLG(]R”))*. In addition, using
Lemma [4.1.5/and ([2.3.6)), we obtain that

up > K We(f(ug)do) = K1 WG(f(éT(WGU)ﬁ)dU)
> K leb? WG( f(WGa)ﬁda)
> K leim17) (WGa)ﬁ.
By choice of ¢, we deduce that u; > ug. Summarizing, we have
uy; € DMC(R™) N LY (R™, do),
f(ur)do € MF(R") N (D'O(R™)),

— diV(MVm) =0 f(up) in R",

ug < up < v almost everywhere in R".
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Now, we construct by induction a sequence of nonnegative functions u;, for j = 1,2,.. .,

satisfying
u; € DY(R™) N LF (R, do), Vi > 1,
f(u;)do € M*(R™) N (DE(R™)), Vj>1,
(9([Vyy]) ooy
—div| 22 g, | = . 1
1V< V| Vu, o f(u;j—1) in R", Vj>1, (4.3.4)

uj—1 <u; <v almost everywhere in R", Vj>1,

sup/ G(|Vu;|) de < c/ F(v)do,

j>1

where ¢ = ¢(p, q,7v) > 0.
Indeed, suppose that u; has been obtained for some j > 1. In the same manner as the case

Jj =1, since u; <wvin R", it follows from Lemma that

*

f(u;)do € MH(R") 0 (DYC(R™))

Using Lemma [4.2.4) there exists a unique nonnegative G-superharmonic function u;; €
DLE(R™) satisfying

e 20T

‘vu'+1| VU]‘_H> = O'f(Uj) in R". (435)
J

Since f(uj_1)do < f(u;)do, by Lemma(4.2.2, u; < wu;;1 in R". Applying Corollary [2.3.20]

w1 < KWe(f(uj)do) < KWe(f(v)do) <w.

Testing (4.3.5)) with w;1q, using (2.3.3]) and (4.1.13)), we have

1
| cvuahar< > [ gV Vagalds

1 9([Vu)
== [ AU G, Vg, de
P /n |VUJ+1| 7+1 741

Z;/numf(uj)dUS;/nvf(”)d"

(¢—1y+1
Sp/nF(v)da.

Thus, the sequence (4.3.4) has been constructed.

We set u = lim; u; in R"™ (pointwise). Hence u < v almost everywhere and, by Lemma[4.2.3]
u € DYY(R™) with Vu; — Vu in LE(R™). As in the proof of Lemma [4.2.4) the last line in

@33) gives

MVW is uniformly bounded in LG*(Rn)-
|Vl
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From Harnack's Principle (Theorem [R), up to a subsequence, Vu = lim; Vu; pointwise in

R™, since u < oo. Consequently, the continuity of the function g and Theorem [N] assure

9(IVusl) g(Vul g, 16 pn
———Vu,; — L . 4.3.
V| Vu; Yl Vu in (R™) (4.3.6)

On the other hand, by the Monotone Convergence Theorem, one has

lim of(u;)do = / of(u)ydo Yo e CZ(R"). (4.3.7)

Jj—00 R™ n

Therefore, letting j — oo in the first line of (4.3.4), from (4.3.6) and (4.3.7), u €
DLE(R™) N L¥(R™, do) is a solution to (7).

It remains to prove the minimality of such u. Suppose that 0 < w € DLY(R") N
Li,.

is [z F(w)do < co. Note that f(w)do € M*(R")N (Dl’G(]R”))*. By density of C2°(R") in

DLY(R™), there exists a sequence {¢;} C C2°(R") with w = lim; p; in DYE(R™). It follows

from that
/nF(w)dag (p_l/Rnwf(w)dg—mw)M

y+1 (p—1y+1
o (fw)dogy) g(|Vwl)
‘}i‘?wp—l)wl‘<p—1>v+1ﬁl?o/n V|

(R™,do) is any nontrivial solution to Eq. (P%]). First, we will show w € L¥(R",do), that

Vw - V;dz,

where the last equality follows by testing the equation of w with each ;. Since Vyp — Vw
in LY(R™) and g(|Vwl|)/|Vw| Vw € L (R"), we deduce

/ F(w )d0< ! / g(Vw)) Vw - Vwdz

(p—1Dy+1 Vuwl
1
d
= 1>7+1/]Rng|Vw| |\Vw|dx
a /G|Vw| )dz < 0.
(p-1)7+1 Jpa

Next, by Corollary [2.3.20, we have
w > K 'We(f(w)do) > We(f(w)K~ P Vdo),

where in the last inequality was used (2.3.6)), since K > 1. Using Theorem with K=Y

in place of o, we obtain that
w> C(We(K 0 0))™ > 0 K@= (Wao) ™.

By choice of ¢ in (4.3.3), one has ug < w in R", whence f(ug)do < f(w)do in MFT(R™) N

(Dl’G(IR”)>*. From Lemma4.2.2 u; < w almost everywhere in R™. Proceeding by induction,
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we deduce that u; < w almost everywhere in R" for all 7 > 1. Thus

u = lim u; <w almost everywhere in R".
J]—00

This shows the minimality of u and completes the proof of Theorem [1.3.15|

4.4 FINAL COMMENTS

Remark 4.4.1. For the case p = ¢ in assumption (Ay)), v only satisfies 0 < < 1. Setting
r =~(p— 1), obliviously

r p—1 qg—1  p—1

1—y p-1-9(g-1) q-1-n0p-1) p-1-71 (4.4.1)
Hence condition ({1.3.21f) reduces to
(Wpa)zﬁ% e L' (R", do). (4.4.2)
Moreover, for p = ¢, Eq. [Py becomes in (1.0.1]), that is
-Apu=ocu" in R" (4.4.3)

Thus Theorem is a partial extension of [Dat and Verbitsky 2015, Theorem 3.8], when
for the case p = ¢. Notice the similarity between eq. and equation in ([1.2.3)).
Observe that, by (4.4.1)), condition coincides with condition (4.4.2) if p = q.
As it was mentioned in Remark [4.1.7] would be interesting to show that condition (4.1.31))
is sufficient to guarantee the existence of a nontrivial solution to Egq. in DLY(R™) N
L¥(R",do), whether 2 < p < ¢ < n. The motivation for this is that in [Dat and Verbitsky
2015] was proved that condition is not only necessary but also sufficient to ensure
the existence of a nontrivial solution to in DY2(R") N LY (R",do), when p < n.

Certainly, an answer to this question relies on the refinement of Lemma |4.1.6|

Remark 4.4.2. The same conclusion of Theorem [1.3.15| can be drawn for the A-equation
—div(A(z, Vu)) = o g(w?) in R, (4.4.4)

where A is a Carathéodory regular vector field satisfying the Orlicz growth A(z, £)-¢ ~ G([¢]),
where G is the primitive of g, given by (AJ)).
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To proceed formally, suppose (2.3.2) and let A : R™ x R" — R" be a mapping satisfying

the following conditions:

x+—> A(x,£) is measurable for all £ € R",
(4.4.5)
& — A(z,§) is continuous for almost everywhere x € R",

and there exist structural constants o > 0 and 3 > 0 such that for almost everywhere x € R",

for all £, € R™, € # n, it holds

A(2,) - €= aG(lE]), A9l < By(lel),
(A(z,6) = A, m) - (§=n) > 0.

In particular, A(z,0) = 0 for almost everywhere x € R™. A typical example is what was

(4.4.6)

treated in this chapter:

.Ag : (.T,f) — AQ(JZ,f) = M

S
Let 2 C R"™ be a domain. Similarly to Definition [2.3.11} we say that a continuous function

u € W9 (Q) is A-harmonic in Q0 if it satisfies —div(A(x, Vu)) = 0 weakly in €2, that is
/ A(z,Vu) - Vodr =0 Ve e CX(Q).
0

A function u € WL(Q) is called A-supersolution in Q if it satisfies —div(.A(:E,Vu)) >0
weakly in €, and by A-subsolution in {2 we mean a function u such that —u is A-supersolution
in 2. The classes of A-superharmonic and A-subharmonic functions are defined likewise Def-
inition [2.3.15] We denote S4(2) the set of all .A-superharmonic functions in Q.

According to the above definitions, we mention that all basic facts stated in Section [2.3]
and the lemmas of Section [4.2] remain true for quasilinear elliptic .A-equations with measure

data, that is equations of the type
—div(A(z,Vu)) =p in Q. (4.4.7)
For more details, see [Benyaiche and Khlifi 2021}, |Chlebicka and Karppinen 2021, Fan 2012,

Chlebicka and Zatorska-Goldstein 2022, Benyaiche and Khlifi 2023]. In particular, for g given
by (42), Corollary [2.3.20] is still true for A-equations with measure data. In Appendix [A] we

deal with this approach. Summarizing, we have the following theorem

Theorem 4.4.3. Let A be a mapping satisfying (4.4.5) and (4.4.6) with g given by (AJ)).
Under the hypotheses of Theorem there exists a nonnegative solution u € D¢ (RR™) N

LF(R",do) to (4.4.4), provided ([1.3.21)) holds. Moreover, u is minimal.
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APPENDIX A - PROOF OF THEOREM [2.3.19

The argument follows from a series of versions of Harnack inequalities. Our proof is inspired
by the ideas in [Chlebicka, Giannetti and Zatorska-Goldstein 2023] and [Korte and Kuusi 2010],
where the case G,(t) = t?/p is treated.

In fact, we will prove an extending version of Theorem [2.3.19] Namely, let A be a map-

ping satisfying (4.4.5) and (4.4.6) with g given by ([AJ), suppose u is a nonnegative A-
superharmonic in B(xq,2R), then estimate (12.3.18)) holds for

p= plu] = —diV(A(a:, Vu)) (A.0.1)
To simplify notation, we set Br = B(x¢, R) for R > 0, and kBg = B(z, kR) for any x > 0.

Remark A.0.1. We emphasize that is an estimate only at x, the center of Byr. Hence
we may reduce the proof of the theorem significantly to a more restricted case. Namely, we
only consider the class of continuous A-supersolutions functions.

Indeed, since u is a nonnegative A-superharmonic in Bayg, from [Chlebicka and Zatorska-

Goldstein 2022, Proposition 4.5], there exists a nondecreasing sequence of nonnegative func-

tions {u;} C C'(Bgr) N Sa(Bg) satisfying u; = 0 on dBg (for j =1,2,...) and

w= lim u; in Bpg (pointwise). (A.0.2)

j—o0
By [Chlebicka and Zatorska-Goldstein 2022, Lemma 4.6], u; is an A-supersolution in By, for
all j > 1. This implies that u; € VVI(I)’CG(BR), and Du; = Vu; for all 7 > 1. By Theorem E we
have Du = lim; Vu; pointwise in Bg, possibly passing to a subsequence. On the other hand,
notice that {u;} is bounded in By (pointwise), since u; < u in Bg and u; = 0 on 0Bp for
all j > 1. Extending u; by zero away from 0Bg, we may consider u; as an .A-supersolution in
Bspg for all j > 1. From this, an appeal to [Chlebicka and Karppinen 2021, Lemma 5.2] assure

that there exists ¢ = ¢o(p, ¢, a, B) > 0 such that

G(|Vuj|)da:§co/ G(OSCB2R%> dxgco/ G(SuPBQRuj) dz
Bar R Bar R

<G (M) i

Br

where ¢; = ¢1(n,p, q,«, ) > 0. Consequently, {Vu;} is bounded in LY(Bg), and by Theo-
rem N} Vu; — Du in LY(Bg). In particular, Du € LE(Bg). From (4.4.5) and (#.4.6), we

deduce that
A(x,Vu;) — Az, Du) in L% (Bg).
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This follows by the same method as in (4.3.6)). Thus we also have the weak convergence of

corresponding measures ji; := fiu;] to p:= plu] in Bp:

/ pdu = A(z, Du) - Vodr = lim A(z,Vu;) - Vede
Br Br

J]—00 BR

Jj—00 Br
The previous equality implies that p; converges weakly® to p, in measure sense. From this,

using [Bogachev 2018, Theorem 2.2.5], it follows that

jl%lo pi(B(xzo,s)) > u(B(zo,s)) Vs <R, (A.0.3)
]@O pi(B(xo, s)) < u(B(xg,s)) Vs < R. (A.0.4)

Now, suppose the bounds in (2.3.18]) holds for u;, j = 1,2,.... Using (A.0.3), we obtain
from the lower bound in (2.3.18)) and from (|A.0.2) that

R (B
u(zo) = jli_)rgouj(xo) > C lim W&(z0) = C; lim 0 g ! </h((9607=9))> ds

j—o0 j—o0 sn—1
R (lim. (B, R B
0 0

which shows the lower bound in (2.3.18)) for u(x). To verify the upper bound in (2.3.18)) for
u(xo), first notice that infg, u; < infp, u for all 7 > 1. Combining this with (A.0.4) and

(A.0.2)), one has

u(zg) = leIglo uj(xg) < C’g(infu + j@o A\ (mo))

Br

(B (Blzo.5))
< G (infu 4 Tm [ g <W> ds)
B . prm
R T (R
= Cg(infu—i— / g1<hmﬂ—>oo NJ(IB<x0u3))> ds)
Br 0 sn—
R —_—
< C’g(infu+/ w(W) d$>'
Br 0 gn—
The upper bound in (2.3.18)) for u(zq) follows from the fact

/OR g (W) ds = /OR g (W) ds. (A.0.5)

To prove (A.0.5)), first note that the function ¢ — p(B(xzo,t)) is monotone in ¢ > 0, whence

the set

A= {ty>0:t+ p(B(xg,t)) is discontinuous in to}
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is enumerable (see for instance [Royden 1988, Chapter 6, Theorem 1]). On the other hand,
we infer from |[Royden 1988, Chapter 17, Proposition 2] that for all s > 0

lim p(B(xg,7)) = p(B(xg,s)) and

r—S™

lim pu(B(zo, 7)) = p(B(o, 5))-

r—sst

Consequently, A = {to > 0 : p(0B(xo,ty)) # 0}, since u(B(xg,s)) = p(B(xo,s)) +
w(0B(zo,s)), and t — p(B(xo,t)) is continuous on [0, R] \ A. Since A is a set of mea-
sure zero, ((A.0.5)) follows. This completes the assertion of Remark |A.0.1]

Let us list some preliminary results. Except for the Harnack inequalities given in ({A.0.6])-
below, these results hold for any N-functions G which satisfies (2.3.3). The follow-
ing type-Caccioppoli estimate [Chlebicka, Giannetti and Zatorska-Goldstein 2023, Proposi-
tion 3.24] will be useful to show the lower bound in ([2.3.18)). As usual, 2 C R™ means a

domain.

Lemma V. /fu € VV&;CG(Q) is a nonnegative A-subsolution, then there exists a constant

C =C(p,q,c, ) > 0, such that

/G(\Vu|)77q dr < 0/ G| Vi) dz ¥y € C2(Q).
Q Q

The following Minimum and Maximum Principles [Chlebicka and Zatorska-Goldstein 2022,
Corollaries 4.15 and 4.16] will be a helpful ingredient to work together with Harnack's inequal-

ities, and consequently to prove the bounds in ([2.3.18]).

Lemma W. Suppose 2 C R™ bounded and let D C ) be a connect open subset compactly

contained in €.

(a) Suppose u is A-superharmonic function and finite (almost everywhere) in 2. Then
inf u = inf u.
D oD

(b) Suppose u is A-subharmonic function and finite (almost everywhere) in 2. Then
supu = sup.

D oD

In what follows, we use the abbreviation

][udx = 1/udx, 2 C R" bounded.
Q €2 Ja
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Next, we state versions of Harnack's inequalities, which will play a crucial role in the
proof of bounds in (2.3.18). Recall W% (Byg) C W'P(Byg) [Harjulehto and Hasté 2019,
Lemma 6.1.6]. Suppose ¢ is given by . With the aid of [Chlebicka and Zatorska-Goldstein
2022, Lemma 3.7 and Corollary 3.8], we infer from [Baroni, Colombo and Mingione 2015,
Theorem 2.5] the weak Harnack inequality for A-supersolutions in Byg and for A-harmonic

functions in By, respectively. This is the content of the following theorem.

Theorem X. Let g be given by ((AJ)). Let u be a nonnegative A-supersolution in Bag. Then

there exist constants ¢y = co(n,p,q,, 3) > 0 and sg = so(n,p,q,«, 5) € (0,1) such that

1

<][ u° dg;) ” < ¢y inf u. (A.0.6)
Bar Br

Furthermore, if u is A-harmonic in Bsg, there exists ¢ = c¢(n,p,q,«, 3) > 0 such that

supu < ¢ infu. (A.0.7)

Br Br

Combining Lemma W] with (A.0.7), we establish the following result, which will be useful
in the proof of the upper bound ([2.3.18)).

Corollary A.0.2. Let g be given by (Aj)). Suppose u is A-harmonic in Bsrs \ Br. Then

there exists a constant ¢ = c¢(n, p,q, a, 3) > 0 such that

sup u < ¢ inf w. (A.0.8)

B
8B%R %R

Proof. Let £ > 0 be a constant sufficiently small for which

Then u is A-harmonic in the annulus A, := Bag/si. \ Bar/s—e. Recall that Bsgo \ Br = {2 :
R < |z—xo| < 3/2R}. We claim that there exists a constant 0 > 0 sufficiently small such that
for all z € A., and for all y € B(x,d), it holds y € A.. Indeed, on the contrary, we would find
sequences z; € A. and y; € B(x;,1/1), satisfying either |y; — xo| < R or |y; — xo| > 3/2R.
By choice of €, A, is compactly contained in Bsp/s \ Br, whence we may assume that z;
converges to a T in A.. Thus, y; converges to Z, which implies that either [ — 29| < R or
|T — 20| > 3/2R. This contradicts the fact that 7 € A, and verifies the claim.

We may cover A, with finite number of balls of the form {B(z;,d)}, z; € A.,i=1,...,N.

From (|A.0.7)), it follows

sup u<c¢ inf w Vi=1,... N.
B(IZ,(;) B(xlfd)
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Using Lemma W] we deduce that

sup u < supu =supu < sup  u

83%34—5 94, Ae Ui\;l B(z;,6)
<c Ninf ugciilfugcg%fugcalginf .
Ui:l B(Il,é) € € %R+E
Letting ¢ — 0, the corollary follows since u is continuous in Bsg/s \ Bg. O

The same reasoning applies to the following case: if w is an A-harmonic in Byg \ Bsgya,
then there exists ¢ = c¢(n, p,q, «, 5) > 0 such that

sup u < ¢ inf u (A.0.9)

OB
aB%R %R

The following result involves the Poisson modification of superharmonic functions, which
together with and will be decisive in the proof of the upper bound (2.3.18).
For its definition, we begin by recalling the following existence and uniqueness of .4-harmonic
functions [Chlebicka and Zatorska-Goldstein 2022, Proposition 3.1]:

Let Q be a bounded domain in R™. If w € WY (Q) N C(Q), then there exists a unique
solution u € WHE(Q) N C(Q) to problem

—div(A(m,Vu)) =0 in Q,
(A.0.10)
u=w on Of).
In the second line of , we interpret u = w on 0f) in a weak sense, that is u — w €
WOI’G(Q). We state the notion of a bounded regular set Q2. A boundary point yq € 0f)
is called regular if it satisfies the following property: for any solution u to ((A.0.10), with
w € WHE(Q) N C(Q), it holds

Jim u(z) = w(yo).
e

This means that a boundary point is regular if at this point the boundary value of any A-
harmonic function is attained not only in the distributional sense but also pointwise. A bounded
set is called regular if all of its boundary points are regular.

There is a known criterion, so-called the Wiener Criterion, elucidates that the boundary
regularity of a solution to at yo € 0€2 can be characterized by a geometric quantity
on 0N at yo. We refer the reader to [Lee and Lee 2021] for more details. For instance, by [Lee
and Lee 2021, Remark 3.8], bounded Lipshitz domains are regular sets. In particular, balls and

annuli are regular sets.
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Now let 2" be a bounded domain and 2 C € an open subset compactly contained in
Q) with Q regular. Let u be an A-superharmonic and finite (almost everywhere) in ¢V, i.e.

u € Sa(Q). For x € Q, we define

ug(x) =inf Co(x) 1 v € S4(), lm v(z) > u(yy) Vyo € 00,
Z—Y0
z€Q

and the Poisson modification of u in €) is given by
ug(z) ifz el
P(u,Q)(z) :=
u(z) ifrxeQ\ Q.
The Poisson modification carries the idea of local smoothing of an A-superharmonic function
in a regular set. This is the content of the next theorem [Chlebicka and Zatorska-Goldstein

2022, Theorem 3]

Theorem Y. Let u € S4(Y) and let Q@ C Q' an open subset compactly contained in ) with

Q regular. Then

(i) P(u, ) € Sa(7),
(ii) P(u, ) is A-harmonic in ,
(iii) P(u, Q) < w in Y.

To illustrate the property of 2 is regular, we bring the proof of Theorem [Y]

Proof. The proof is adapted from [Heinonen, Kilpelainen and Martio 2006, Lemma 7.14]. Let
Q) be an open set with ) regular. Notice that ug < u in €, since u is an .A-superharmonic
function in €2 and, by the lower-semicontinuity, clearly

lim u(z) > u(yo) Vyo € 0.

Z—Y0
z€Q

Hence P(u, ) < w in €V

Next, fix an increasing sequence {p;} C C*(R™) which converges pointwise to u in Q.
Let u; € WHE(Q) N C(Q) the unique solution to (A.0.10) with w = ¢;, i.e. u; = ¢; on
0N for all i > 1. Being € is regular, the sequence {u;} is increasing by comparison principle

(Definition [2.3.15| (iii)), since for all i > 1, it follows

Uir1 = Qi1 > @i = u; on OS) (pointwise) —> wu;yq > u; in £
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Setting u(x) = lim; u;(x) for x € Q, from Harnack's conergence theorem [Chlebicka and
Zatorska-Goldstein 2022, Corollary 4.9], @ is an A-harmonic function in 2. By Maximum

principle (Lemma [W| (b)), we have that u; < w in Q for all ¢ > 1, since by definition of ;
Supu; = supu; = max @; < u Vi
Q o) o0

This implies that @ < w in . Fix yo € 02 and let {z;} C € be a sequence converging to .

Then by continuity of w; (for all 7)
Jig, By ale) = Jom o),
whence

lim w(z) > lim u;(yo) = lim ¢;(yo) = u(ye) Vyo € Q.
Z—Y0 i—00 i—00
z€Q

Consequently, @ > P(u,€) in €.

On the other hand, being u; A-harmonic in €2, from comparson principle again, it follows
w < P(u,Q) in Q Vi>1.

Then u < P(u,2) in €, which gives ©w = P(u, ) in Q. This implies that P(u, §2) .A-harmonic
in 2 and is lower semicontinuous. Using [Chlebicka and Zatorska-Goldstein 2022, Lemma 4.3],

P(u, <) is also an A-superharmonic in €. O

We need the following result regarding Sobolev functions [Harjulehto, Hasto and Toivanen

2017, Lem. 3.5].
Lemma Z. Ifu € WHC(Q) with suppu C €, then u € Wy ¢ (Q).

We are now in a position to prove the estimates in . We start by proving the upper
bound in (2.3.18)). By Remark|A.0.1} we suppose u is a continuous bounded .A-supersolution in
Bsr = B(x0,2R). To the proof of the upper bound, we may also reduce to a simpler case. In
light of the Poisson modification, we will modify u to be a .A-harmonic function in a countable
union of disjoint annuli shrinking to the reference point x(. For this purpose, we use the Poisson
Modification of u over a family of annuli. The crucial fact is that the corresponding measure
in each annulus concentrates on the boundary of the particular annulus, but in a controllable
way since the measure corresponding to the new solution belongs to (WLG(BR))*.

To be more precise, let Ry = 2'"*R and By = 2B = B(xg, Ry), k = 0,1,2,. ...
Consider the union of annuli

003 .

k=1
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By definition, Q2 is regular, and we can consider v := P(u,(2). From Theorem E] v = in

Bop \ 2, v € Sx(B2g) and v is A-harmonic in (2, that is
—div(A(x,Vv)) =0 in Q.

Notice that v is continuous by the assumed continuity of u, whence v is also A-supersolution

in Byr. Consequently, there exists 1, € M (Bag) such that
~div(A(z,Vv)) =ty in Bag. (A.0.11)

Proof of the upper bound in Theorem|[2.3.19. The basic idea is to introduce comparison so-
lutions with zero boundary values and measures given by u,. Recall © = pu,. We begin by
establishing that

ty(By) = n(B) Vk > 0. (A.0.12)

This is a consequence of the inner regularity. Indeed, let ¢ € C°(By) such that 0 < ¢ <1

and ¢ = 1 on a compact set K satisfying
3
§Bk+1 C K C By.

Note that u = v in suppVe C By \ (3/2Bky1) € 2. From this, we deduce by testing ¢ in

(A.0.1)) and in (A.0.11)) that

/ odu, = Az, Vv) - Vpdx
By

By

= A(z,Vu) - Veodr = / edu.
By,

By
Consequently, u,(K) = pu(K) and, by exhausting By with such K, the inner regularity of
these measures yields ((A.0.12)).
Next, notice that 1, belongs to (W&’G(ZL/BBHl))* for all £ > 0, since

" 4 *
o € (I/Vlch(BzR)) — (WOLG (33k+1>> Vk = 0.
From Theorem @ there exists vy, € W()I’G(4/3Bk+1) satisfying

4
—div(A(x, Vog)) = o in Bra. (A.0.13)

Setting jix = fiy,,, One has

4 4
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In light of Lemma E we may assume vy, > 0 (almost everywhere). Since 4/3Bj;1 \ Bry1 C
3/2By11 \ Brs1 and v is A-harmonic in 3/2By. 1 \ Byy1, it follows from (A.0.14)) that vy
is A-harmonic in 4/3B.; \ Bii1, whence vy takes continuously zero boundary value on

0(4/3Bj41). Moreover, v — maxau/3p,, ) v < 0 on 9(4/3Bj1). From this,

4
(v — max v — Uk) =0 on 0=By1.
n 3

BéBkH

This means that supp(v — MaXy(4/3B,,1) U — vk)+ C 4/3Bg1 and, by Lemma ,
16 (4
(v — max v —vk) e Wy (Bk+1>.
8%Bk+1 =+ 3
A subtraction of equations of v and v, (A.0.11)) and (|A.0.13)) respectively, with the previous

test function, gives

O:/ (U— max v—vk> d,uk—/ (v— max v—vk> dpt,
%B,,€+1 03 Br+1 + %Bk.“ 03 Br+1 +

:/ A(a:,Vvk)-V<v— max v—vk> d:l:—/ A([E,VU)-V(U— max v—vk> dz.
3Brs1 + 3Bt +

8%Bk+1 8§Bk+1

On account of suppV (U — MaXy(4/38, 1)V — vk>+ C 4/3Bj41 N{v — maxyu/3p, )V = Uk},

we have from the previous equality

0= Az, Vug) - V(v —vg) de

4
/?)Bk+1ﬁ{v—maxa(4/33k+1) UZUk}

Az, Vo) - V(v —vg) dx

4
/33k+1ﬁ{”maxa(4/33k+1) v>vg}

/ (A(x, V) — A(z, Vv)) -V(v—w)dz <0,
%Bk+1ﬁ{vfmaxa(4/33k+1) v>v}

where the last inequality is due the monotonicity of A in (4.4.6)). Accordingly,

.4
V(v — 8(41/%%111)@ — vk)+ =0 in gBk+1>
whence
4
Uy > v— max v in =Bpiq. (A.0.15)
9% Byt 3

Note that 3/28k+2 \ Ek+2 C 4/3Bk+1 By A014, we have ,uk(?)/QBkJrQ \ §k+2) =
to(3/2Bgya \ Bry2) = 0, since v is A-harmonic in 3/2Bjy 5 \ Bpio. From this, vy is A-
harmonic in 3/2Bj.2 \ Biio. Using Harnack’s inequality (A.0.8)), there exists a constant

¢ = c1(n,p,q,a, B) > 0 such that

max v, < c¢; min vy. (A.0.16)
9% Bz 93 Bra
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We will consider two cases. First, assume that mingu/s)B, , vx = 0. From (A.0.16)),

maxg(4/3m,.,) Uk = 0, and by (A.0.15)

max v — max v < 0. (A.0.17)
0% Bjy2 93 Brt1
Next, suppose that ming(/3)5,,, vx > 0. For K =0,1,..., we set

4
wg(z) = min {vk(x), 8£r]131n Uk} Vo € gBkH-
3 Br+2

From [Chlebicka and Zatorska-Goldstein 2022, Corollary 4.2], wy € Sa(4/3Bg+1). We claim

that

4 4

Indeed, if we prove that i, (4/3Bg+1) = pr(4/3By41) for all k£ > 0, the assertion follows by

(A.0.14)). By the inner regularity,

4
Howy, (SBk‘-i-l) = SUpP Hayy, (K)7

where the supremum is taken over all compact sets K C 4/3By.1. Let o € C°(4/3Bg11)
such that 0 < o < 1 and px =1 on K. We may suppose that 4/3By,2 C K. By continuity
of vg, vy, < mingy3p,,,) vk in @ neighborhood V' of 9(4/3Bj1), since v, = 0 on 9(4/3Bj41).
It follows that wy = v in V and suppVpg C V. By taking the supremum in all compact
sets K with 4/3B;.1 \ K C V, we arrive at

4
Loy, (SBkH) = SUP flu,, (K) = supﬂ O Aftay,

3 Brk+1

= sup/ Az, Vwy) - Vg dz
%BkJrl

4
= Sup/1 Az, Vuy) - Vg do = sup/1 pr dpg = ﬂk<3Bk+1>-
§Bk+1 3

By

Accordingly, it follows from (|A.0.18)) and (4.4.6) that

. 4 .
( min Uk)/v‘v (Bk+1> = / (f}lmn Uk;) dpy > / Wi dfty
03 Bgyo 3 4Bry1 95 Bk2 3Bet
= ﬁ Wi Afyy, = / Az, Vwy) - Vwy de
3Bk+1 %Bk+1

> a/ G(|Vwg|) dz.
%Bk+1
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Combining the Modular Poincaré inequality (Lemma [O]) with (2.3.5)) in the previous estimate,
we obtain

4
( min Uk)uU(BkH) > 02/ G< Wk >dx > 03/ G(wlc> dx
3%Bk+2 3 %Bk-H Rk—i—l %Bk-H Ry,

Wi minaéB Vi
[ o()an [ oMy,
5Br12 By, 5Br2 Ry,
Ry ’

where ¢y, c3 and ¢4 are positive constants depending only on n and p, ¢, a, 5. Consequently,

by (2.3.3)

_ c4RgG<

ip : i

Mo\ 3Dk+1 - <m1n8§Bk+2 vk>—1 (mlnagBk+2 Uk>

—p1 2l ) G\ R )2
Rk Ry Ry,

where ¢y = c4(n,p, q, o, ) > 0. Since ming/3p, ) vx > 0, (A.0.16)) leads to
Mu(gBkﬂ))
Ryt ’
where ¢5 = ¢5(n, p, g, , B) > 0 is obtained from combining ¢4 with (2.3.6)). By (A.0.15)), the

<m1nagBk+2 vk)
)

max v, < cs Ry, g_1<
03 Bita

preceding inequality gives

(3B
max v — max v < cs Ry g_1<M<3k+1)>. (A.0.19)

94Byto 9By Ry!
Thus, in all cases, by summing up ((A.0.17)) and (A.0.19)) in £ = 2,3, ..., we deduce from
(A.0.8) that

4
> oy 7Bk: 1
lim max v < maxv + ¢ E Ry, g—1<(3+))

k=00 03 By 93Bs k=2 Ry
4
s Ho 7Bk+1
< ¢ min v + c5 > Rpg* ((Sn_l)), (A.0.20)
93B3 k=2 Ry

since v is A-harmonic in 3/2B3 \ Bs. Recall that v < u in Bygp. From this, combining the
weak Harnack inequality ({A.0.6) with Minimum Principle (Lemma W] (a)), we obtain

1

S50
rrzllinv < inf u < <][ u*° dx)
ang 8%33 %Bg

1

50
< ¢y <][ u®° dx) < ¢g inf u,
Bar Br

where ¢; = ¢z(n) > 0 and ¢g = cs(n,p,q,, 3) > 0. Using this in (A.0.20)), there exists
cog = co(n,p,q,a, ) > 0 such that

L 0 . éB
lim max v < Cg(%lf’u—i‘z ngl(/w)). (A.0.21)
R

n—1
k=00 94 By o iy Rlc
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On the other hand, by definition of Poisson modification, v = v in By \ (3/2By41) C

Bor \ 2 for all k > 2. Due to continuity of u and v, we have

u(rg) = lim min w= lim min v < lim max v.
k—o0 Bk\%Bk+1 k—o00 Bk\%BkJrl k—00 8%Bk+2

A combination of (JA.0.21)) with the previous inequality, yields

[e'e) " 4B
u(xg) < 09<infu + Z Rig™t (M)>
Br k=2

n—1
Ry

According to (A.0.12) and reminding of R, = 2'"*R for k > 0, we estimate the preceding

series as follows:

4 4
0 o | 3 B 0 i\ 5 Br
5 () < 5 o (L)
k=2 k k=2 k
[ee) 4B
<> Ryg! (M(3 niﬂ) )
k=2 k
2
(e.) /’L 7Bk
=> (Rp—1— Rk)g_1< ](;1-1)>
k=2 k
© B
< ¢10 Z (Ri_1 — Ry) g! ('ljén_kl)>
k=2 k—1
=, [T B(xo, R
S A (L
k=2 Ry k—1

x©  fRk-1 B(xg, s
< C10 Z gil (IJHO))> dx < C10 ngu(fﬂo),
k=2 Y Ry

Sn—l

where c19 = ¢10(p, q, @, ) > 0. This completes the proof of the upper bound in (2.3.18)) by
taking Cy = co max{1, ci0}. O

We next prove the lower bound. Observe that here we do not need to use the Poisson

modification of .

Proof of the lower bound in Theorem[2.3.19 For k =0,1,2,..., let ny € C°(By,) satisfying
0 < nm <1, suppnx C 5/4Bg1 and 1, = 1 in Byy1. We set p, = npp. Notice that
1 € (W()I’G(Bk))* and pix(Byy1) = p(Byy1). Using Theorem @ there exists u; € WOI’G(Bk)
satisfying

—div(A(z, Vug)) = px in - By (A.0.22)

On account of the suppn, C 5/4By..1, one has

5 __
ug is A-harmonic in By \ ZBHI’
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and u; = 0 continuously on 0By. Since (—u + mingp, u)+ = 0 on 0By, it follows that
(up — u + mingp, u); = 0 on OBy, whence supp(ux — u + mingp, u)y C By and, by
Lemma[Z]
. LG
(uk —u+ Igléilu)+ e Wy (By).
A subtraction of equations of u and wy, (A.0.1) and (A.0.22)), respectively, with the preceding

test function gives

Og/Bk (uk—u—l—glé?u)eru—/Bk (uk—u—l—%léilu)eruk

/ (.A(x, Vu) — Az, Vuk)) -V (up —u)dz <0,
Bkﬂ{u—minagk u<ug}

where in the last inequality was used the monotonicity of A (4.4.6]). From this, V(u, — u +

mingp, u);+ = 0 in By, and consequently
up <u—minu in  By. (A.0.23)
0By,
Let ¢ € C°(By,) be such that
9 c (A.0.24)
—1 in °B, |Ve|< =,
¥ n 3k V| < R,
Observe that suppV C B\ (2/3B}.) C B\ (5/4B).1). Hence uy, is A-harmonic in suppV .

By Maximum and Minimum Principles (Lemma |W)), we obtain respectively

ug(x) = min {uk(x), max uk} vV € suppVo, (A.0.25)
02D,
2
min u; < min {uk(x), maxuk} in Vz € -By. (A.0.26)
82 By, 2By, 3

We will consider two cases as in the proof of the upper bound. First assume mingp, , , uy >

0. By the weak Harnack inequality ((A.0.6)), this positivity implies

1 1
. 1 s 50 4\" 1 s 50 1

min ug > — uy do > (=] — uy do > — min uy > 0,

B%Bk Cl %Bk 3 Cl Bk‘+1 C2 8Bk+1

where ¢; > 0 and ¢, > 0 are constants depending only on n, p,q, «, 3. Using the previous

inequality and taking into account ¢ given in ({A.0.24)), we compute by ((A.0.26))

( min uk>u(Bk+1) = / min ug, dp = / min wuy dpy
02By, Bpiq 92Bsk Bri1 92By,

k+1

= / min uy, o7 dpy, < min uy, o7 dyy,
By1 955k 2By 95 By

< i Tdpy, < i 1d

< min < ug, max uy ¢ @7 dpg < min < uy, max uy ¢ ¢ dpg.
2By, 02 By, By 92By

(A.0.27)
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From Lemma , ¢ := min {uk, mMaxy(2/38,) uk}goq e W% (By), whence testing ¢ in (A.0.22)

and using (|A.0.27)), it follows

( min ) <Bk+1> = A(xv Vuk)v . (min {uk, max uk}gpq> dzr
92 By, 52

By, 3Bk
A(x, Vuy) - (gpq V min {uk, max uk})dx
By 3Bk
A(x, Vuy) - (min {uk, max uk}goq_l Vgp)dx
= [1 + IQ

(A.0.28)

Since V min {uk, maxpz p, uk} = 0 in By N {ur > maxye/s)p, ur}, combining Cauchy-

Schawrz inequality with ([2.3.3)) and (4.4.6)), we estimate I; as follows

I, = / A(x, Vuy,) - (gqumin {uk, maxuk}>dx
Bkﬂ{ukgmaXB%Bk ug} a*Bk
= / A(x, Vuy) - Vuy ! dz
Brpn{ur<max,j2 5 ug}

< qp G(|Vuyg|) ? dz

Bkﬂ{ukgmaxa%Bk ug}

<qp G ‘Vmin U, maxuk‘ pldx
02 By,

Bkﬁ{ukgmaXG%Bk ug}

< qﬁ/ G(’V min {uk, maxukD pldx.
By, 8§Bk

Being u; an A-supersolution in By, min {uk,maxa(2/33k) uk} is also an A-supersolution in

By, thence

Wy, := max U — min {uk, max uk} is an A-subsolution in By,
02 By 02Dy,

(A.0.29)

and it is nonnegative by definition. Applying Caccioppoli estimate (Lemma to wy in By

and taking into account (|A.0.24)),

/ G<‘Vmin {uk, maxukD pldr < / G(|Vwg]) p?dx

By B%Bk
G(wy [Vel|)d
By

cwk>
dx

/BkﬂsuppVgo Rk

maX8 By, U
< ¢y R dx
BN suppVgo k

— 7

<c3

maxaq2 U
< e / G(@B) d,
Bi\(5/4Bk 1) Ry
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where c3, ¢4 depending only n and p, ¢, «, 3. Recall that uy, is A-harmonic in By \ (5/4Bjy1).
By (A.0.9),

max u, < C5 min uy.
02 By, 02 By,

Combining this with (|A.0.29)), we obtain

CsMiNa2 5 Up
heaf  g(lmmmmny,
Bi\(5/4B11) Ry

CsMins2 » U mina,z » u
< 06/ G(SZ__?W) dr < ¢ RZG('?'HC). (A.0.30)

Next, using the Cauchy-Schwarz inequality, (4.4.6)) and (A.0.25)), one has

I, < Cs/ 9(|Vug|)
BiNsuppVp

Cg/ g(Vmin {uk, n%axuk}
suppVe 0% By

3

§c8/ g(Vmin{uk, n%axuk}
SuppV(,D 87Bk

3

< cs/ g( V(max U — min {uk, max uk}> Dgpq_l max uy, |Vl de.
suppVe 93 By 92By, 92 By,

3 3

" V| da

min {uk, max uk}
2By

) ‘ min {uk, max uk}
82 By,

3

" V| da

>g0q1 max uy |Ve| dz
92B

3Pk

Since 0 < ¢ < 1, G*(p? 1) < cgpIG*(t) for all t > 0 by (2.3.7). From this, with the aid
of Caccioppoli estimate (LemmaV]), a combination of Young's inequality (2.3.1)) and (2.3.9)

gives

I, < Cg/ G(maxuk |Vg0|> dz
suppV 93 By,

—i-Cg/ G* (g(‘V(maxuk — min {uk, maxuk})D@q1> dx
suppVe 82 By, 82 By,

3 3
< cs/ G(maxuk |Vg0|> dz
suppV 93 By,
+010/ G(‘V(maxuk—min {uk, maxuk}N)goqu
suppVe 03 B 93 By,
< Cs/ G(maxuk |Vg0|> dz
suppVep 93 By,
+ 011/ G((maxuk — min {uk, maxuk}> |Vg0\> dx
suppVe 9% By, 93 By,

< 012/ G(rr%axuk |Vgp]> de < ci13 R}, G(), (A.0.31)
suppV Ry

02 By,

where the last inequality follows by the same method as in (A.0.30). Here ¢; > 0,7 =5,...,13
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are constants depending only on n and p, ¢, «, 5. Applying (A.0.30) and (A.0.31)) in (A.0.28),

(B 1) < en Ry G<mina§Bk Uk:)
Ry,

n—1 — :
Ry mingz g, U

§0159< R
k

Accordingly, for all £ > 0 with mingp, ,, up > 0, it holds
_ B .
Reg ™ (%) < c16 LD Uy,
k 3Pk
where ¢; > 0, 1 = 14, 15, 16, depend only on n and p, q, «, 3. Since u is A-superharmonic in
By, we have

mmu = mlnu < minu < min u.
02 By, 2B Biey1 O0Bj+1

Using this in ((A.0.23)), we deduce that

mln U < min ¥ — min u.

82 2By OB 41 0By,
Hence
1 ( 1(Bi1) . .
Rig <RZ_1> < cl6<61g:£11 u—min u) (A.0.32)

Next, assume that minyp, u = 0 for some ky > 0. The weak Harnack inequality
implies that uy, = 0in By,. From this, we infer that u is A-harmonic in By, since u(By,11) =
o (Bro+1) = 0, whence

W(B) =0 Yj>ko+1. (A.0.33)

By Minimum Principle (Lemma (W] (a)), mingp, ,, u = ming, , u < u(xo).

Thus, by summing up all cases, we concluded from (A.0.32) and (|A.0.33) that

u(xg) > u(rg) — minu > lim ( min « — min u)
8B k—o00 8Bk+1 aBO

_ ! (Br+1)
= 2 (g -y > 0 3 R (V)

Clﬁk 0

Reminding of Ry, = 2'"*R for k > 0, by (2.3.6)), we deduce that

LS ()

16]1

4 & nlBy = (u(B)
B () 2 S ()
Z j+1 1 1R]+1 17].21 j+1 R]—H

C16 j=1
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The estimate

i - [ (4552

- 1 M(B(wo, s) s
—ZR (MR wsy
k+1

= kZ::l(Rk - Rkﬂ)ﬂ%ﬁ}il ) Z Riy19 1( (Bk)>

k=1 Rk+1

gl(M(B<x0=Rk)> ds

Rk+1 Rk,‘-{-l

completes the proof of the lower bound in ([2.3.18)) by taking C'; = ¢;7, which depends only
onn and p,q,a, . O
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