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ABSTRACT

In this dissertation we explore the relationship between the infinitesimal and discrete
descriptions of Nature and how these descriptions are connected in a systematic way via an
integral transform called mimetic map, which we propose. We start presenting a brief review
of sequences and difference equations, detailing some solving methods. In particular, we see
that solving techniques of differential equations of infinitesimal calculus can be transferred to a
calculus used to describe and solve finite difference equations, known as discrete calculus, been
such techniques widely applied in the research field of difference equations. Then we show how
the whole structure of infinitesimal calculus can be transferred to the discrete calculus via the
mimetic map, generalizing and systematizing the already known discrete calculus of sequences,
using the discrete functions, and interpreting the difference equations as discrete versions of
differential equations. Also via the mimetic map we extend the notion of generating functions
of sequences to discrete functions, where such extensions depend on a parameter h, returning
the sequence case when h = 1. With the mimetic map as well we obtain discrete versions of
integral transforms, such as the discrete Laplace and Mellin transforms, relating the former
with the Z transform. We also present a complex mimetic map used to construct a complex
discrete calculus starting from the calculus on the complex plane. As applications in physics,
we present a review of discrete and continuous stochastic processes and show how the mimetic
transform and the corresponding discrete calculus are capable to map the descriptions of these
processes into one another continuous processes one onto the other. In particular, we obtain
a discrete version of the H theory for the background variables using the mimetic map and
for the observable variable using the tools of stochastic processes. And lastly we present how
the formulations of epidemic models, given as continuous and discrete stochastic processes,
which is connected by construction in the literature, now could be connected via the discrete

calculus and the mimetic map.

Keywords: discrete calculus; finite difference equations; stochastic processes; H theory; epi-

demic models.



RESUMO

Nesta dissertacdo exploramos a relacdo entre as descricSes infinitesimal e discreta da na-
tureza e como essas descricoes estao conectadas de modo sistematico por uma transformacao
integral denominada mapa mimético, a qual propomos. Iniciamos apresentando uma breve
revisao de sequéncias e equacdes de diferenca, detalhando alguns métodos de resolucdo. Em
particular nés vemos que técnicas de resolucdo de equacdes diferenciais do célculo infinitesimal
podem ser transferidas para um calculo utilizado para descrever e solucionar equacdes de di-
ferenca finita, conhecido como calculo discreto, sendo estas técnicas amplamente empregadas
na area de equacdes de diferenca. Em seguida mostramos como toda a estrutura do célculo
infinitesimal pode ser transferida para o calculo discreto através do mapa mimético, genera-
lizando e sistematizando o jd conhecido célculo discreto de sequéncias, utilizando as funcoes
discretas, e interpretando as equacoes de diferenca como versdes discretas das equacdes di-
ferenciais. Também através do mapa mimético estendemos a nocao de funcoes geradoras de
sequéncias para as funcoes discretas, onde tais extensoes dependem de um parametro h, re-
tornando o caso de sequéncias quando A = 1. Com o mapa também obtemos versodes discretas
de transformadas integrais, como as transformadas de Laplace e Mellin discretas, relacionando
a primeira com a transformada Z. N6s também apresentamos um mapa mimético complexo
usado para construir um calculo discreto complexo partindo do calculo no plano complexo.
Como aplicacoes na fisica, nés apresentamos uma revisdo de processos estocasticos discretos
e continuos e mostramos como o mapa mimético e seu respectivo calculo discreto sdo capazes
de mapear as descricOes destes processos uma na outra. Em particular, nés obtemos uma
versdo discreta da teoria H para as variaveis de background utilizando o mapa mimético e
para a variavel observavel utilizando as ferramentas de processos estocasticos. E por altimo
mostramos como as abordagens de processos epidémicos, dadas como processos estocasticos
continuos e discretos, que eram conectadas por construcao na literatura, agora poderiam ser

conectadas através do calculo discreto e do mapa mimético.

Palavras-chave: célculo discreto; equacdes de diferenca finita; processos estocasticos; teoria

H; modelos epidémicos.
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1 INTRODUCTION

To comprehend a theory it is necessary to have an interconnection between a mathematical
model, its predictions and experimental observations, made to accept or refuse the predictions,
been such predictions analytical or numerical. However, in most cases are observed distinctions
between the experiments and numerical simulations, and the mathematical model with respect
to its mathematical domains.

The mathematical models in most of the theories assume that all physical quantities (time,
space and so on) are infinitesimal, been described in a continuum space-time. In fluid mechanics
it is known as the Continuum Assumption (KESSLER; GREENKORN, 1999). As a counterpoint,
the numerical methods are always dependent on discrete step parameters, discretizing all quan-
tities involved in the mathematical model, e.g., finite difference methods. Also, experiments
are always performed using equipments that work using finite units of increment, e.g., radia-
tion intensity measurements of a laser obtained in time intervals of 100ms (GONZALEZ I. R. R.,
2018)), presenting the values of the observable as a discrete time series. Thus, the mathemat-
ical substratum in terms of which the observables are described distinguish from the model
and experimental /numerical approach, been a continuum and discrete respectively.

Furthermore, some mathematical models already involve in its constructions a discrete
substratum. For example, lattice gauge theories (KOGUT), 1983), like lattice chromodynamics,
and other lattice models, like Ising and Hubbard models, are described in terms of a finite
lattice parameter. The regularization procedure, found in quantum field theories (KLAUBER,
2013), depends on a finite cutoff. And also, from a more fundamental level, some quantum
gravity theories suggest that, at Planck scale, space-time itself could be discretized (HOOFT,
1979).

Those and other arguments are mentioned to justify the necessity of a construction of
a discrete substratum to describe nature. However the attempts made to construct such a
discrete substratum did not resemble a continuous substratum in terms of its properties (BAL-
ACHANDRAN et al.,|1995)), which provided a diminishiment of precision of numerical calculations
and of predictions of lattice models (BALACHANDRAN et al., (1994). All that changed with the
work of Sorkin (SORKIN| [1991)), which provided a discrete topological space which converges
to a continuous one as it becomes described by a larger number of sets.

Thus, to reconcile the experimental /numerical and mathematical model approach it is
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reasonable to expect that a discrete substratum can be used to construct mathematical models
of nature, providing discrete objects like discrete vectors and discrete derivative operators or,
in general, a discrete differential calculus can be used to rewrite the laws of physics. Indeed,
such approach is already used to, starting from a discrete calculus, obtain physical models,
such as in (MERCAT, 2001), where a description of the Ising model is obtained from a complex
discrete calculus, and as in (MARSDEN; WEST, 2001)) and (DESBRUN et al.,, [2005]), where a
discrete variational mechanics is formulated.

In particular, such a discrete construction can be made via the Discrete Exterior Cal-
culus (DEC) (GILLETTE, 2009)), which is a discrete version of the exterior calculus (BASSALO;
CATTANI, [2009)) that preserves all the properties associated with the latter. The DEC consists
of a reformulation of differential geometry where instead of a smooth manifold, we have a
discrete manifold described by a graph, where the fundamental units of such a graph are sets
of ordered vertices, called simplexes. In such a construction the derivative operator is defined
as a matrix representation of the connection between vertices of such graph. With that, it is
possible, for instance, to obtain a discrete version of the Stokes theorem and find many appli-
cations in physics, computational science and mathematics, such as circuit theory and image
processing (GRADY; POLIMENI, 2010). Here we will limit ourselves to the one-dimensional case,
relating the usual infinitesimal calculus with the discrete calculus.

Due to this mimicking of the properties of exterior calculus by DEC, we should have a
discrete calculus which mimics the properties of the infinitesimal calculus. As a matter of fact,
this is done in the literature by trial and error (IZADI, 2018), setting equations called difference
equations, satisfied by sequences, which resemble the differential equations. In these cases,
educated guesses of sequences that can be seen as discrete versions of functions are made,
aiming to satisfy such difference equations. For instance, observe the figure [1| bellow. We
see that the behavior of the Fibonacci sequence (blue) and the solution of some differential
equation (red) have a similar evolution. Indeed, as will become clear along chapter [2} the
difference equation satisfied by the Fibonacci sequence can be expressed in a similar manner,
using operations defined in the discrete calculus that resembles such differential equation.

Thus, what we propose in this dissertation is a systematic way to obtain a discrete calculus
starting from the infinitesimal calculus via an integral transform approach, called mimetic map,
which essentially maps functions onto a generalization of sequences, called discrete functions
(KHAN; NAJMI, [1999). Such a map is capable to provide not only all the structure of the known

one-dimensional discrete calculus presented in literature (1ZADI, 2018), but also generalize
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Figure 1 — Fibonacci sequence (dotted blue curve) and the solution (red curve) of a differential
equation related via the Fibonacci sequence via discrete calculus.
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300 1

200 1
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n/x

Source: the author (2021).

and systematizes it to until now unknown discrete versions of some special functions and its
respective differential equations. In some cases such discrete functions are given in terms of
transcendental functions.

Beyond that, as physical applications, we tried to provide via the mimetic map and the
structure of the discrete calculus, a way to connect discrete and continuous stochastic processes
in the context of H Theory and Stochastic Epidemic Models, in a similar manner as the random
walk can be seen as the discrete version of the Brownian motion.

The H theory consists of a stochastic approach used to model multiscale hierarchical
complex systems associating a system of coupled stochastic differential equations to it, which
unveil the intermittency and energy cascade features observed in turbulent systems. On the
other hand, stochastic epidemic models consist of compartmental models used to describe
epidemics which take into account the inherent fluctuating feature of the number of infected
individuals in a population contaminated by some transmissive disease.

The dissertation is divided as follows:

In chapter 2| we start presenting the definition of sequences and difference equations,
giving some methods to solve these, including the generating function and the Z transform,
presenting the existing parallel between discrete and infinitesimal calculus. The chapter ends
with a construction of the discrete h-calculus, which will serves as base for the discrete mimetic
calculus obtained by the mimetic map.

In chapter (3| we define the mimetic map, presenting its consequences, such as the con-

nection between differential and difference equations and functions and discrete functions. As
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well, we show how is possible to translate some mathematical objects like the integral trans-
forms of the infinitesimal calculus to the space of discrete functions and how to generalize
the generating functions, used for sequences, to discrete functions. In the end of this chap-
ter, we present a two-dimensional version of the mimetic map, which is capable to map the
infinitesimal calculus on a complex plane to a complex discrete calculus, discretizing real and
imaginary axes.

In chapter [4] we make a review of probability theory, essential for the foundation of stochas-
tic processes which we present right after. After that, we define the Master and the Fokker-
Planck equations, which are used to describe the dynamics of the probability distributions of
discrete and continuous stochastic processes. We finish the chapter presenting the stochastic
differential equations, the tools of Ito's calculus and how the Fokker-Planck equations can be
obtained with those.

Along chapter [5 we explain the basic concepts of H theory, presenting some applications
in the description of turbulent fluids and in the description of turbulence features in random
fibre lasers. As an application of the mimetic map, we show how a discrete H theory can
be constructed for the background variables of the theory, providing new relations between
continuous and discrete stochastic processes. Then we show how a discrete H theory, in the
central limit theorem sense, can be constructed for the observable variable using the tools of
stochastic processes only.

We conclude with chapter [6] where we start discussing the theory of a deterministic com-
partmental epidemic model, called SIR model, in terms of a system of coupled differential
equations called Kernack-McKendrick equations. Here we present how the solutions behave
in the stationary condition, leading to endemic or disease-free equilibrium, and how analytic
parametric solutions of the system of equations can be obtained. We end the chapter present-
ing the stochastic epidemic SIR model from three approaches which distinguishes from each
other according to the discrete or continuous description of time and random variables, which
we try to motivate the connection between those via the discrete calculus and the mimetic

map.
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2 DIFFERENCE EQUATIONS AND DISCRETE CALCULUS

In this chapter we explore the relation between the discrete and infinitesimal substratum of
a mathematical description of nature. It is done by a review of difference equations, studying
how sequences and difference equations are related with functions and differential equations.
In section we define the notion of sequence and difference equations, given the former
as solution of the latter. Then we discuss some methods to solve difference equations, giving
proper mention to the generating function and Z transform methods. In section we show
how the difference equations can be described from the point of view of discrete calculus,

constructing it from polytopic numbers and extending it for the discrete h-calculus.

2.1 DIFFERENCE EQUATIONS AND SOLVING METHODS

Consider the ordered set of real numbers {0,1,1,2,3,5,8,13,...}. Such set presents a
pattern: the third number is the sum of the first and the second, the fourth is the sum of the
second and the third, and so on. So, if we associate a number n, for each element of this set,

which will be denoted by a variable f,, say

n = 01 2 3 4 5 6 7

fae {0 1,1, 2 3, 5 8 13, ..}

we have a map f : Ny — R, which takes natural numbers into real numbers. We might express

such pattern on the elements of the set by the relation

fo+2 = foy1 + fn, forn = 0.

This relation, which is a recurrence relation, defines the term f,, of the mathematical object
called sequence, which we denote by (f,)nen,. Such set is widely found in nature, and is known
as the Fibonacci sequence.

In general, given the ordered set F' = { fo, f1,..., fn, ...}, we define a Sequence (f,,)nen,
as the application of the set Ny = N U {0} to F. The number f, is called the nth term of
the sequence. Sometimes we denote a sequence by just (f,,). A sequence can be classified

as (1ZADI, 2018)

(i) Finite sequence. A sequence (f,,) is said finite if the independent index n is defined in
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a finite subset of natural numbers:

(fn) ={fneR|ne{0,1,... m} m< oo} (2.1)

(ii) Infinite sequence. A sequence (f,) is said infinite if the independent index n can

assume any natural value:
(fn) == {fn e R|n e No} (2.2)
(iii) n-periodic sequence. A sequence (f;) is said n-periodic if its elements satisfy
fisn = fj. (2.3)
(iv) Non-periodic sequence. A sequence (f,) is said non-periodic if it is not periodic.

In many cases the terms of a sequence does not satisfy a recurrence relation, such as the
prime numbers {2,3,5,7,13,17,19,...}. However when we do have a recurrence relation, we
have what is called as a difference equation. If someone is capable to find out what is the
expression of the nth term f, = f(n) which satisfies the difference equation, we can define
the image set completely. Wherefore, we will present some features of the difference equations
and how to solve it in certain cases.

Most of the classification of the difference equations are quite similar to the classification
of the differential equations of infinitesimal calculus, and each one have particular properties,
which implies particular methods to solve it. In general, we have finite or infinite, linear or
non-linear, periodic or non-periodic, homogeneous or non-homogeneous, difference equations.
Thus, along this section, we will give some clues of how the theory of difference equations are
directly related with the differential equations.

In general, given a sequence (f,) with a recurrence relation, we define a Difference

Equation by such a recurrence relation associated with it. Namely,

F(s, foy-ooy foun) =0; seNp. (2.4)

The particular case of linear difference equations can be simply written as
Z a;(s)firs = gsi 0<s<m, (2.5)
j=0

for a given sequence (gs). We have a Finite Linear Non-homogeneous Difference Equa-

tion if n is finite and a Infinite Linear Non-homogeneous Difference Equation if n is
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infinite. As an example, in the Fibonacci sequence discussed above, it is obtained from (|2.5])
if wesetn=2,¢9,=0Vs, and ap = a3 = —as.
What we get from definition ([2.5)) is a linear system of equations with n +m variables and

m equations, where the variables to be found are the n + m elements of the sequence (f,):

aofo + oaifi + -0+ O fn = 9o,
apfi  + aifo + 0 4+ anfarr = g1,
(2.6)
O-/Ofm—l + Oflfm + -+ anfn+m—1 = Gm-1-

By this representation we can use matrix methods to solve it.

As we know, a linear system of equations can be uniquely solved if and only if the number
of variables is the same as the number of equations. To ensure this for the system (2.6 we
need to constraint the values of n terms of (f,,), say {fo,..., fn_1}, in the first equation of
, specifying the term f, = gy — Z?:_Ol a; f;, which left a system of m — 1 variables and
m — 1 equations. Those constraints are the Initial Conditions of the difference equation,
just like an ordinary differential equation of nth order needs n — 1 initial conditions to be

completely specified. Thus the Fibonacci sequence can be completely specified if expressed as

fs+2 = fs+1 +fs: for se NO;

Jo=0, fi=1

Such similarity between difference equations and differential equations will become more

(2.7)

and more evident along this chapter, culminating in the direct connection via the mimetic map
B.1] in chapter [3| For a fixed value of s, ([2.5) is also called as an ordinary linear difference
equation of nth order. In what follows, we call as difference equations all linear difference

equations.

2.1.1 Solutions of Difference Equations

Bellow we describe some methods to solve difference equations. Here we emphasize the
similarity between difference and differential equations solving methods, which usually is not

mentioned in the literature (1ZADI, 2018]).

(i) Periodic finite sequence and non-homogeneous difference equations
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Consider a difference equation which have a n-periodic sequence as solution given by

Zajfj+5=gs;s=(),...,m—1. (2.8)

§=0

Ordinary Differential Equations (ODE) satisfied by functions presenting some periodic

feature, can be solved using the Fourier series

fl@) = 3 fre e, (2.9)

A J " e (2.10)

for L = b— a. Following the same reason, we use a discrete analogy of the Fourier series
to solve the difference equation above. The finite periodic sequence (F})xen, defined by

(1zADI, 2018)
F, = Z fe ok (2.11)

where k = 0,1,...,n—1. (2.11) is called the Discrete Transform of (f;),en,, with f;

given by

Z Fpet ik, (2.12)

Clearly there is a resemblance to the Fourier series and the discrete transform. From the

Fourier series, consider z = a + kAx and rewrite (2.10) as a Riemann sum:

]. b - 27N 71'0,]
LJ e L f(x)dr = hm Z —f a+ kAx)e’ 2Lk, (2.13)
If Alim1 % = % we have
~ 2maj 1 nl . 2mj .27raj
fimed T =) flat+k)edwh =T f (2.14)
"o

From (22.9)), restricting j € Z to j € {0,1,...,n — 1}, we see that

= F, (2.15)

if f; = f] e~*% . That connection is a glimpse of a construction of a discrete calculus,

which will be systematically constructed in section [2.2]
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With that well established, we can use definition ([2.11]) to solve the difference equation
(2.8)). Multiplying (2.8) by e —i%2F and summing in s, we have

m—1 Y n m—1 Y
Z ek 2 ajfjrs = e mkg, =Gy (2.16)
s=0 7=0 5=0
e . . . . 27 .27 (s+m)
Rewriting the sum and using that (f;) is m-periodic, ek f, = e ik R fem, We
have
m_l 27rs 27j m=l 27'rs m+] L 27T(s+'m) .27
e meJrs—emk Ze kf+ Z e m kf+m :elﬁkpka
s=0 s=j
(2.17)
Finding the relation
G
F,=—, 2.18
N (2.18)

2mi
where Ay, = 377 jaze ™ F £ 0.

Substituting F}, into (2.12)) we obtain the solution of (2.8)) as

m—1 m-—1 1 ¢ 2”(3 27(j=5) f. mZ:
Js — = Q(j —s) (2.19)
s=0 k=0 M A 5=0
for 0 < j <m and
m—1 1 ei 2‘”(,,]775) k
d(j—s)= _— 2.20
=X (220)

Again, we see here a great similarity with the infinitesimal calculus, where (2.19)) seems
as the discrete version of a solution of a ODE expressed in term of a Green function

®(j — s). As a matter of fact (DENNERY; KRZYWICKI, [1996), an ODE

for the Green function G(z, z’) given by

[oe} * )
G(x,2') = Z Yn(®)n(w)
with ¢, (z) and A, been the eigenfunctions and eigenvalues of the differential operator

L., ie., Ly, (z) = M\bp(x). Comparing with (2.19)), we see that what makes the role

.27g
“m

of the eigenvalue )\, is the term A and of the eigenfunction v, (x) is eﬁ :
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(ii) Non-periodic finite sequences and non-homogeneous difference equations

Consider again the difference equation

n

Zajfj+szgs; s=0,...,m—1; (2.21)

7=0
but now with the solution (f,) been a non-periodic finite sequence. We can reuse the

solution obtained in the previous method imposing the periodic property for (f,).

Assuming the terms {fo,..., fn_1} are known, only remains to find {f,, ..., fotm_1}-
And extending the values s = 0,.... m—1tos=0,....m—1,m,....,n+m — 1,
the terms of the sequence satisfy a square linear system. Then, (f,,) became a (n+m)-
periodic sequence, i.e.,

fitnem = [, for 0 < j < n. (2.22)

Under such construction we have the difference equation

n

Zajfj+szgs;5=0,...,n+m—1; (2.23)

j=0
with the periodic condition ([2.22)) imposed, which is a system of 2n + m variables and
n +m equations, with n variables already known. Hence, we have a n +m square linear

system. Therefore, we can solve the equation ([2.21]) using

n+m—1

fi= D 9@ —s), (2.24)
s=0
for0<j<n+m,
n+m—1 i2mG=s)
]_ e ntm

O(j—s) = . 2.25
(J—s) }; ) A (2.25)
However, another problem appears: the terms {g,,,..., gnrm_1} are unknown. Those

can be found noting that (2.24)) can be rewritten as

n+m—1 m—1

D (= s)ge = fi— >, D — 5)gs, for 0< j <m, (2.26)

s=m s=0

where the right-hand side is completely known from our initial problem. The equation

(2.26]) can be expressed in matrix form as
5= fo— P G, (227)
with the matrices

(9)js=P(j—s), withj=0,....n—=1,s=m,...,n+m—1;
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(iii)

and

(D9)js = Po(j —s); withj=0,...,n—1,5=0,...,m—1.

The other symbols are the vectors
g = (gma cee 7gn+m—1)Tv g_é = (907 cee agm—l)T and fO = (an cee 7fn—1)T'

Supposing that the determinant of @ is non-null, we find the terms {g,., ..., Gnim—1}

by

g=2"fo— g (2.28)

where @~ is the inverse matrix of ®. With that, the solution of (2.21]), given by (2.24)),
is completely determined.
Infinite sequence and homogeneous difference equations

Consider the finite difference equation given by
> fies = 0; 5 € No; (2.29)
7=0

with the n initial conditions fy, ..., f,_1 known. Just like linear ODEs with constant
coefficients can be solved by a solution proportional to the exponential function, we

make a similar assumption for ([2.29)).

Assume that the particular solution of the difference equation ([2.29)) is of the form
fs=CN, AeC. (2.30)

Substituting this in (2.29)), we get the Characteristic Equation of a difference equa-

tion, given by

DN =0, (2.31)
=0
with n roots denoted by {\z}7_;.

If we assume that all roots of such equation are non-null and distinct, we obtain the

general solution of the difference equation ([2.29)) given by
o=, CuA, (2.32)
k=1

where each root gives a particular solution CyAj.
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However, if there is at least two roots equal to each other, we need to assure that the
particular solutions are linearly independent. Consider for example that all roots are the

same, i.e., {\x = A\o}}_,. To assure the linear independence of the particular solutions

CiAs, k =1,...,n, we multiply each solution by a factor s*, giving the general solution
n—1

fo= 2D Cus®. (2.33)
k=0

As a matter of fact, substituting (2.33) in the difference equation (2.29) and manipu-

lating the sums, we have

n n—1 k k=l n
k d .
Z ajfj-i-s = )\8 Z Ckz (Z)Sl (/\Oci)\) Z CYj)\{) = 0, (234)
j=0 k=0 0 0 j=0

=

as it should be.

The solutions are completely determined in any of those cases imposing the initial condi-

tions of the problem.

2.1.2 Solving Difference Equations Using the Generating Functions and the Z

Transform
2.1.2.1 Generating Functions

A practical way to solve a difference equation is transform it in an ODE via a discrete
transform of the difference equation, called generating function. We define the Generating

Function of a sequence (f,,) through the quantity
ee}
G(2) = Y f2" (2.35a)
n=0

From which the sequence (f,,) is obtained using the formula

Jn = L G(z)] . (2.35b)

=~
n! 0z 0

Equivalently, we can define the Exponential Generating Function given by

G(z) =), fa (2.36a)

n!’
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with
n==—G(z . 2.36b
o= 306)| (236b)
Later we will see that the same quantity come out in the context of probability theory

(subsection [4.2.1)). In addition, see the following examples.

Example 2.1 (Fibonacci sequence). Consider the difference equation

fn+2 = fn+1 + fn;
fo=0 fi=1

(2.37)

Multiplying both sides by = 25, summing from 0 to oo, and noting that

dzm

2 fn+m Zn de( )7

we get
G'(2) —G'(2) —G(2) = 0.
The conditions fo = 0 and f; = 1 gives the initial conditions G(0) = 0 and G'(0) = 1

Therefore the generating function associated to the Fibonacci sequence satisfies

G"(z) — G'(z) —G(z) =0;

(2.38)
G(0) =0, G'(0) =
Solving (2.38)), we get
61+2\/52 _ el—gx/gz
G(z) = 7 (2.39)

and so

cHE Y] e

which reproduces completely the image of the sequence.

Example 2.2 (Hanoi Tower). Consider three stakes where the first is occupied with a pile of n
disks ordered by size from the bigger to the smaller (bottom to top) and the others two are
unoccupied. The Hanoi Tower problem consists in find the smallest number f,, of moves to

transfer the n disks from the first to the third stake, using the following rules:
= A move consists in take one disk from one stake to another;

= Only the uppermost disk can be moved;
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» The moved disk should be placed on a unoccupied stack or over a disk bigger than it.

Turns out that the number of moves satisfies the difference equation

fn+1 = 2fn + 1;

fo=0.

(2.41)

Using the generating function. in a similar manner as in the previous example, we find the

differential equation for the generating function as

G'(z) — 2G(z) = €%

(2.42)
G(0) = 0;
with solution
G(z) = e* — ¢, (2.43)
giving
fn=2"—1. (2.44)

It is easy to see that the number above gives the number of moves.

2.1.2.2 The Z Transform

Equivalently to the generating functions, the Z transform can be used to solve linear
difference equations.

Consider a sequence (f,,). The Z Transform F'(z) of such sequence is defined by
o
F(z)=Z{fn; 2} := = 2.4
()= 2this = 2 0 (2.45)

for z € C, which converges only if exists a positive number R such that |z| > R (KELLEY;

PETERSON, 2001). The inverse Z transform is given by

fo— Z7YF(2):n} — jQ;fiF(s)s”_l, (2.46)

where C'is a closed curve which encloses the origin and is contained in the region of conver-

gence of F'(z). In the following example we can see how the Z transform can be applied.
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Example 2.3. Consider the difference equation
fo=afn-1;a€R
Jo=1.

Clearly the solution is the sequence (a™), but let us solve it using the Z transform. Multiplying

by Z%l and summing from 0 to o, we get

z—a =z
which converges if |z| > |a|. Also
dz 2"
fn = 5 = an7
2miz —a

C

confirming the validity of the inverse Z transform.

In the subsection will be shown that such transform is in fact a particular case of the

discrete version of the Laplace transform.

2.2 DISCRETE CALCULUS

Once we have characterized the difference equations which resembles as discrete versions
of differential equations, one should expect that exists a formalism similar to the infinitesimal
calculus to manage difference equations. In fact, here we construct such a formalism, called

Discrete Calculus

2.2.1 Constructing the Discrete Calculus

The usual approach to present discrete calculus (KAC; CHEUNG, 2001))(1ZADI, [2018) consists

in simply take the infinitesimal calculus definition of derivative,

Y@ . Jeth) @)

dx h—0 h ’

and ignore the limit usually taken, which is a very intuitive approach although brings the
discrete calculus to the ground of a consequence of infinitesimal calculus.
However, as proposed by Oliver Knill (KNILL, 2014) the discrete calculus could be developed

independently, starting from the concept of function and using polytopic numbers (UFUOMA;
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IKHILE, |2019)), which are numbers used to describe patterns of objects arranged in a polyhedron.
In this construction the infinitesimal calculus arise just as a idealized limit of the discrete

calculus. As an example, the polytopic number %= can be set as a sequence given by
n:

@Ex(x—l)...(x—n—kl): x! | (2.47)

n! n! (x —n)!n!

for n € Ny and = = n. The number 2" have a remarkable property:
D) = (z + 1) — 7% = pan1. (2.48)

—

D(z") = nan-1

That is, such polytopic number is a sequence (fCE”]), depending on a parameter n, that satisfies
the difference equation

FIm = pld = g (2.49)

x x
which mimics the differential equation

dz™ . (z+h)—a _—
prant . e (2.50)

leading us to interpret 2" as the discrete analogue of the power function z".
Other sequences satisfying difference equations who mimic differential equations can be

presented. For example,

— 1

Th 2.51
T e )@+ (wt k) (251)
satisfies
Dz ") =(x+1)"—z"=—nzgnl (2.52)
The sequence
e = (1 +a)%; x e Ny, (2.53)

can be seen as the discrete analogue of the exponential function since it satisfies
D(ea?) = qeaz, (2.54)

With such expression is possible to define discrete versions of the trigonometric functions

—~ —_—
g e _ p—ix

() =" _° 2.
sin(z) 5; (2.55)
and P
&(a) = =7 (2.56)
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such that
D(sin(z)) = cos(z) (2.57)

and
D(cos(z)) = —sin(z). (2.58)

Also there is a discrete logarithm function

~ |
In(z) = H, = nzl e (2.59)
where H, is a harmonic number. It satisfies
D(in(z)) = —— — 71, (2.60)
x+1
More general, for a sequence f, = f(a:) x € Ny, define
Df(x) = fla+ 1)~ f(a) (2.61)

as the Difference Operator. With it, we can obtain discrete analogues of the properties of

the derivative operator 575 of infinitesimal calculus:

~

(i) Additivity: Let f(z) = §(z) + h(z), then

~

(i) Linearity: Let f(x) = cg(z), then

~ ~

D(f(x)) = D(§(x))h(x) + §(z)D(h(x)) + D(§(x))D(h(x))

~

iv) Difference of the division: Let f(z) = M, then
(iv) .

D(i(a) — LEEDAG) 3 D)

Above, we observe the lack of the chain rule. It occurs because the proof of the chain rule
uses the concept of limit and continuous function as well, which are not taken into account

here once we are working with sequences.
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Equivalently we can define a Sum Operator S, given by

= xi Fly); e N. (2.62)

Such operator also reproduces some properties of the integral operation of infinitesimal calcu-

lus:

(i) Additivity: Let f(z) = §(z) + h(z), then
(ii) Linearity: Let ]?(x) = cg(z), then

(i) Sum by parts: Let f(z) = D(§(z))D(h(z)), then

~

S(f(x)) = G(y — 1Ay — 1) — §(0)h(0) — S(D(G(x))h(x)) — S(G(z)D(h(x))

We can see examples of applications of the sum operator bellow.

Example 2.4. Consider the sum
yn = yly—1)...(y —n+1).

With the fundamental theorem of discrete calculus above and the result (2.48)), we can easily

calculate this sum obtaining

Example 2.5. Consider the sum

e}
Z nn—1)...(n—k+1), k=2

Using that e =2" nk — n(n—1)...(n—k+ 1), and the sum by parts property, we get

0

i n(n—1) (n—k+1):297/z;=k!.

n=0
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The result of example is expected if we compare this sum with the definition of the
gamma function, I'(z + 1) = SSO e "x*dx. We can see the result above as the discrete version
of the gamma function. It points out that the discrete version of the gamma function is itself
if z = k is a positive integer, which in fact will be shown in subsection 3.1.5| using the discrete
version of the Mellin transform.

With such operations is possible to construct a discrete analogue of the fundamental

theorem of calculus. Let f(z) be a sequence, D the difference operator and S the sum

operator. Then,

~ ~ ~

S(D(f(x))) = f(x) = f(0) (2.63a)

and

A~ A~

D(S(f(x))) = [f(x) (2.63b)

follow directly from the definitions of D and S above.
Here we see a remarkable connection between the infinitesimal and discrete calculus. Such
formalism gives us another method to solve difference equations, as can be seen in the example

bellow.

Example 2.6. Consider the difference equation of the arithmetic progression given in terms of

the difference operator

~

D(f(x)) =d; v e N;

f(l) = f1 = const.

Applying the sum operator in both sides, we get
f(x) = fi+d(z—1).
The operators above could have been defined in a similar manner by
D(f(x)) = f(z) = flz = 1) (2.64)

and
S(f(x) = Fw). (2.65)

~ ~

which would have lead to similar results. But since the definition f(x + 1) — f(x) is more
similar to the infinitesimal derivative operator, we used that.
Continuing the discrete analogues, we can also define a discrete Taylor series in terms of

the sequences 2. We can define the Discrete Taylor Series of the sequence f(x) near the
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point =g € Ny, as (1ZADI, 2018)

fla) = 35 o), o (2.0
or just
fy= Y Dr(Fap],_, TR (2.67)

due to the definition of 7.

Apart of this parallel traced above and the usefulness of solve difference equations using
the operators D and S, the discrete calculus is useful to solve summation analytically using
the discrete analogue of the fundamental theorem of calculus and the discrete Taylor series,

as can be seen in the example bellow.

Example 2.7. In principle, it is not trivial to see what is the closed form of

ixfn Z z(x —1) x—n+1)
~ n!

However, it is possible with the assistance of the discrete Taylor series to get

i z(r—1) (x—n+1) % _ o0
=e¥ =2".

2.2.2 Discrete h-Calculus

The discussion above can be extended for a general increment A € R™ instead of a unit.
Therefore, instead of the definition in terms of polytopic numbers, we can define the discrete

analogue of the power function z" as (KNILL, [2014)
2", = x(x — h)(z —2h)... [z — (n — 1)h], (2.68)

for x € hZ such that % > n. We recover the case 7™ when h = 1, which we denote by
Ty = 2",

In this sense, we have a generalization of a sequence called Discrete Function (KHAN;
NAJMI, [1999), which is a function with discrete domain defined in terms of steps of size h,
such that fh hZ — R. Here we use the notation fh to emphasize that the discrete function

now depends on the parameter h. Thus, we can generalize the operators difference D and sum

S defined previously by the Forward Difference Operator D> defined as

DAfh(ZE) _ fh('r + h})L — fh<x)

(2.69)
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and the Indefinite Forward Sum of fh defined as
) [e/nl-1
S3fulx) =h Y fulkh), (2.70)
k=0

where [z/h] denotes the integer part of 7.

Equivalently, we define the Backward Difference Operator DV as

DY fi) = 1M £h(” —h) (2.71)
and the Indefinite Backward Sum of f; as
) [/h
SYfu(w) = h Y. fulkh). (2.72)
k=1

The definitions above satisfy the fundamental theorem of discrete calculus (GOODRICH,
2016)):

Theorem 2.2.1 (Fundamental Theorem of Discrete Calculus). Let fn i hZ — R be a discrete

function. Then,

DA(5% fu(2)) = fulz), SH(D*fu(x)) = falx) = fu(0), (2.73)

DY(SY fu(v)) = Ja(v), SY(DYJu(v)) = Ju(v) = fu(0). (2.74)

Also we can define the Forward Definite Sum of fh by

[z1/h]-1

J Chmac=n S k). (2.75)
z k=(za/h]
From it we can get
| D2 fi@ae = fulan) - i), (2.76)

confirming the theorem above. Analogously we could have defined the Backward Definite
Sum. We observe that if we take the limit ~ — 0 we recover the definitions of derivative
and integral from infinitesimal calculus, making the infinitesimal calculus as a particular case
of a more possibly general calculus. With that we are capable to present the main object of
this dissertation, which a map connecting the infinitesimal calculus and the discrete h-calculus

which we described above.
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3 DISCRETE MIMETIC CALCULUS FROM AN INTEGRAL TRANSFORM AP-
PROACH

In this chapter we systematically relate the infinitesimal and discrete description of nature
connecting the infinitesimal and the discrete h-calculus via the integral transform mimetic
map. With that, a novel approach to the construction of a discrete calculus is presented in a
systematic way, mimicking all the properties present in the infinitesimal one. In section [3.1] we
present our approach, the mimetic map, involving an integral transform which maps continuous
functions into discrete functions as well as differential equations into difference equations. We
also present a generalization of the generating function in terms of discrete functions and
show how the discrete versions of the Laplace and Mellin transforms can be obtained via the
mimetic map, relating the former with the Z transform. In section we briefly explore a
extension of the mimetic map, the complex mimetic map which can be used to construct the

complex mimetic calculus from complex infinitesimal calculus.

3.1 DISCRETE MIMETIC CALCULUS

Among such parallels between discrete and infinitesimal calculus presented up to this point,
a problem remains. There is no systematic method to obtain discrete functions, e.g., Z7,, apart
from educated guesses aiming to satisfy the difference equations which mimics the differential
equations. To circumvent it, in this section we present an integral transform, called mimetic
map, which maps functions onto discrete functions. Further, with it we can reproduce the
entire discrete calculus mimicking the infinitesimal calculus properties, allowing for instance

associate differential equations to difference equations by a general procedure.

3.1.1 The Mimetic Map

Consider the function f : R — R and its discrete counterpart fh : hZ — R. Then we

define the Mimetic Map of f(x) by the integral transform

o) i LoodAy/h(t)f(—ht), (3.1)
where
Da(t) = =gy (3.2)

[(a)
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is the Euler measure and I'(«) is the gamma function, which can be seen as a deformed
Mellin-Laplace transform. It provides the properties presented in section using the backward
operators (2.71)) and (2.72). Taking the limit v — —x we get the discrete function fh(x)

fulz) = lim fu(v), (3.3)

B

providing the properties of the forward operators and (2.70)), as will be shown bellow.

Furthermore, this map is one-to-one since we can recover the function f(x) by the Con-
tinuum Limit

f(z) = lim fi(z). (34)

So, not only we have a simple way to obtain discrete functions related to functions, but also

we can recover the initial function from the discrete function. As we will see along the current

chapter, such features will provide us with new methods to extend the set of discrete functions

presented in the literature and the parallel between discrete and continuous mathematics.

3.1.1.1 The Mimetic Difference and Mimetic Sum

Let f,(v) be the mimetic image of f(z) defined by (3.1), then we define the Mimetic

Difference as

Dfv) = = | dru (bt (35)
and the Mimetic Indefinite Sum
Shv) = h JOO dt T(v/h,t)f(—=ht), (3.6)
L(w/h) Jo

with
o0
[, x) zf tete tdt

T

been the upper incomplete gamma function.
Those operators can be represented in terms of the already defined, and more familiar,
backward difference and sum operators, DV and SV. Integrating by parts the definition (3.5,

we have

v v

D) =1 [ s shay ety < BRI )

or just

Dfw(v) = DY fr(v). (3.8)
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From definition ((3.6]), we use the identity (ABRAMOWITZ, 1974)

.CEk

k!’

n—1
—x
k=0

to rewrite it as

giving

Even more, from the limit ([3.3) we can obtain

DA fi(x) = = lim Dfy(v)

V—>—

and

SA fu(x) = Jim Sfv).

3.1.1.2 Formulation Using Meijer G-Function Transform

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Since the goal of the mimetic map is to generalize the procedure of discretization of

functions, it is reasonable that we try to represent such transform in a general way to include

a larger class of discrete functions. One way to do this is describing the mimetic map in

terms of the Meijer G-function (see appendix |A]), which is a generalization of the generalized

hypergeometric function.

First of all, the Euler measure can be rewritten as

B ta—le—t dt 0 e
d)\oé(t) = F(CY) dt = F(Oé) GO,l [a—l | t] 3

giving the mimetic map
B ]
Fu) = | g @t [ 1] s
Thus, by definition, the mimetic derivative will be

et odt L
th(y)_ hL F(I//h)f( ht)dtGO,l |:%—1 |t:|

Consider the Mellin transform defined as

fs) = mis0ist = | " ate o),

0

(3.14)

(3.15)

(3.16)

(3.17)
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with inverse '
Ft) = M f(s);t} = J ﬁtfsf(s); ceR.

c—100 2mi

With that we find
MG [ [1]58) =T(s +a—1)

and using the property

M{f'(t);is} = —(s = 1)f(s — 1)

we have
M {dGé’? [;:; | t] ;s} — (s—1D(s +a—2).
dt 7 Lk
Now let
9(t) = 1“(104)(Z€G(1):(1) 227 1],
giving

r2-s)l'(s+a-1)
I'l-sI'(a)

From the inverse Mellin transform we find

1
g(t) = mGié I:(l),a—l ],

resulting in
A Y 1 © dt 1 1
Dfp(v) = —+ 7G’[1U t] —ht).
Fulv) = =1 | O [hes 1] s
For the mimetic integral, we use the representation

[(o,t) = G5 [60 | 1]

to reWrite 36 as
S’v (I/) = hJ 7t G27 [1 v ’ ] ( h )
h 0 F(]//h) 1,2 "h ] t .

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

Therefore, from ([3.15)), (3.25) and ([3.27) we have a general mimetic map, allowing us

to obtain discrete functions of a large set of functions represented in terms of the Meijer

G-function, just using the identities found in literature (ERDéLYI, 1953)).

3.1.2 Discrete Versions of Functions

In this section we present the first and direct application of our mimetic map (3.1]) in some

functions commonly used. We show that the discrete functions presented in are recovered

by the map, and also some new discrete counterparts of special functions can be obtained.
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(i)

(ii)

Power function:

Let f(z) = 2", then from (3.1)) we have

fulv) = L ) lf(i’%)ettzl(—m)n - (—h)"W. (3.28)

Writing the above expression in a convenient way and taking the limit v — —x we get

=t tY e - 1)), (3.29)

L(y+1—-n)

which is the discrete power function.

Using the forward difference operator ({3.5) we have

—~ L +1)
DAz, = b b :
o "TE+1-—(n-1) (3.30)
or
DAT, = nzn1,. (3.31)

Therefore, the mimetic map reproduces the property observed in [2.2.1, mimicking the
infinitesimal calculus. However, the backward difference operator DV does not plays the

same role as D> here. If we try to obtain a difference equation like the one above, we

get
DV, = (2) nx"1, # naxn1,. (3.32)
h
In fact, applying the mimetic map in df—: = na""!, we obtain ([3.31)).

Exponential function:

Consider the function f(x) = e, then from ([3.1)) we get

s * ot —t,2—1_—hat —v/h
fnlv) = ——~€e th e = (14 ah)™", (3.33)
o T'(5)
resulting in
o), = (1 + ah)™/", (3.34)

which is the discrete exponential function.

Again, we can reproduce the properties of infinitesimal calculus:
—~ 1
DA ea) = E[(l +ah)®" 1 — (1 4 ah)”"] = a(1 + ah)™" (3.35)

or

—~

DAReww, — qeat, (3.36)
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as expected. As before, we observe that the difference operator DV does not mimics

the properties of infinitesimal calculus:

—~ 1 o
DVeaz, — E[(l + ah)™" — (1 4+ ah)*"1] = qeo@—h),, (3.37)
that is
DVear, + qet®,. (3.38)

(iii) Logarithm function:

Let f(z) = Inz, then we have

y v
i) =m(=m) +v (7). (3.39)
where ¢ (z) = 11:,((5)) is the digamma function. From (ERDéLYI, 1953), we have
1
P(z) —P(—2) = ot mcot(rz) and (3.41)
P(z) = In(z) i ! In|1+ ! (3.42)
z) =1In(z) — —In :
Lkt k+z2)]
where H,, = 2221% is @ harmonic number and v = 0.5772 is the Euler-Mascheroni
constant. These identities gives
~ T
Iny(z) = In(—h) — v + 7 cot (ﬂ'ﬁ) + He (3.43)

or

1£h(x):1nx—i[klx—1n(1+k1x>]. (3.44)

k=0 h

From (3.43) and ([3.44)), respectively we find

Af _ _ -1
D fh(l’) T+ h T “p, (345)
and
}llir% Ing(z) = Inw, (3.46)

as expected.
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(iv) Trigonometric functions:

Consider f(x) = sinz. From (3.1, we have

fulv) = LOO lf(l%)e—tt’é—l sin (—ht). (3.47)

Although such integral seems to be complicated, it becomes easy to solve using not the

Meijer G-function but a generalization of it, the Fox H-function (appendix. Using the

identity
2
. . 1,0 [ — "
sin(z) = v/7Hy) [(%71)’(071) | 4] : (3.48)
we have
% X et 10 | h?t?
fh(V) = J; tl’/ e H07’2 l(§71)7(071) | 4] dz. (349)
And with
. (i) 1 [A=po)d(apAn)} | O
Jo 2P le ’\ZHg"”q" [{( | az” ]dz— A~ pHﬁE [{(b qu)} pp | ], (3.50)
we get
3 VT [(1-22)
fh(l/) = F(%)Hl (% 1) ()1) ’ T (351)
or

sin(z) = /AT (1 + %) HYS [&*’) 231 | hQ] (3.52)

By the same procedure above, but using

______ 2
cos(z) = v/THyS [(0’1),(%71) | 4] : (3.53)
we obtain
- 1422 h?
cosp(z) = /7l (1 + h> H1 [((0’1)’7(;1) | 4]. (3.54)
Of course, is trivial to see that using (3.34), sinz = <= and cosz = <" we
obtain P
—~ eix 76—1'1‘
sing (z) = hTh (3.55)
and —~ —
() = R ) (3.56)

2

Again the properties of infinitesimal calculus should be satisfied, so we expect a similar
relation to the differential relation (sinz)’ = — cos x holds. Using ([3.55]) and ([3.56]) we

get

DAsiny, () = —cosy (). (3.57)
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(v) Incomplete gamma function:

Let f(z) = 2*~1e™®, then

. Fodt vy N B I'(v/h+2z-1)
= tiH(=ht)*teM = (—h)*! 3.58
Fi) = | e e = o T 6
which gives -
“ _ xz—lhe—a:h
fn(x) = A= h)—t (3.59)
The discrete incomplete gamma function can be defined as
Az, x) = S™ (). (3.60)
Using the limit (3.13)) we obtain
(z:r)—he/\xF 1,z — 1+Z—L (3.61)
Tr(Z, _z(l h)21 ’ I 1-4h -

where o F (o, 5,7;t) is the Gauss hypergeometric function.

Summarizing, observe the table bellow.

Table 1 — Some functions and their respective discrete counterparts.

f(z) fu(x)
n n L(+1)
z =h (3 :—1 —n)
eae @h = (14 ah)*"
Inz In,(x) :ln(—h) — 7 + mcot (7E) + He
. - _ ey, e 1o | (1+52) | g2
sinz | siny(z) = €255 = /70 (1 + )H1,2 (1.0).00.0) | &
—~ 6“’ e iz 1+%£.2
coss | i) = P - yar (g | T 1
7(2756) &h(’%x) :tdleh—; 2F1 (1 Z = :p 1+Z 1hh)

Source: the author (2021).

We observe that the mimicking feature obtained via the mimetic map appears in a natural
way, but for a given specific combination of our discrete operators. It will become more clear
when we obtain the expressions for more general discrete operators while we aim to solve
differential equations using their respective difference equations, obtained by the mimetic
map.

Note that the validity of the continuum limit ([3.4)) can also be confirmed graphically. See

the figure bellow as a particular example.
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Figure 2 — The discrete power function 3, (blue) approaches to the power function z3 (red)
as h tends to zero. The plot of 2 uses an increment of size 0.01.
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Source: the author (2021).

3.1.3 Discrete Versions of Differential Equations: Difference Equations

As has been observed, there is a clear connection between differential equations and differ-
ence equations, and now we see that the mimetic map is able to map those onto each other.
That gives a new approach to solve differential equations as well as difference equations.

Let us illustrate the procedure with some classical differential equations. Here, let us refer

to the forward difference operator D? simply as D.

(i) Hermite polynomials:

The Hermite differential equation is given by
y" —2xy +2ny =0, (3.62)

with solution given by the Hermite polynomials

22 d" 2

H,(z) = (—1)"e d:v"e_w : (3.63)
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(ii)

From the map (3.1), definition (3.5) and (B.12), we trivially sees that &, — D?. Thus

we need only to find the map x% — FE. Consider the transformation

Efy(v) = fo F(ijh) t"/h=te=t(—ht) f'(—ht). (3.64)
Integrating by parts
Ef,(v) = —L r(ijh)f(_ht>city/het (3.65)
gives 5 5
Bfr) = oHEE I ) (3.60)
And for the discrete function f (),
BUite)) = o) oD () (367)

from (3.12). Therefore, the difference equation associated with ([3.62)) is the discrete

Hermite equation given by

D?(fu(x)) — 2E(fu(x)) + 2nfu(z) = 0, (3.68)
where . A A
D2(f,(x)) = fn(x +2h) +f;;L(;zc) —2fh(x+h)‘ (3.69)
The solutions are the discrete Hermite polynomials
H,(z), = lim Ood)\y/h(t)Hn(—ht). (3.70)

Given the definition of the Hermite polynomial, we obviously find f]o(x)h —1, H, () =

T, ﬁg(:z:)h = 43;211 — 2, and so on.
Laguerre polynomials:
The Laguerre differential equation is
2y + (1 —2)y +ny =0, (3.71)
with solution given by the Laguerre polynomials

Lo(z) = et d"

|
—_
VR
I~
Sl
|
—_
N———
3
S
s

The corresponding difference equation is

A

H(fu(2)) + (D = E)(fu(x)) + nfu(z) = 0, (3.73)
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(iii)

H(i(w) = LN =MD RO opape ). a4

The solution is the discrete Laguerre polynomials, defined by

0
A~

Lo(@)n = lim | dA\jn(t)Lo(—ht). (3.75)

V—>—X 0

~

By the definition of the Laguerre polynomial, we find Lo(z), = 1, Li(z), = 1 — ,

Eg(x)h =2 —4x + xA?h and so on.

Confluent hypergeometric function:

The confluent hypergeometric differential equation is given by
zy" + (c—2)y —ay = 0. (3.76)

The corresponding difference equation is

A

H(fu(x)) + (D — E)(fa(z)) — afn(z) = 0. (3.77)

The solution is the discrete confluent hypergeometric function defined by

Q0
F(a;c;r), = lim dXyn(t)F(a; c; —ht). (3.78)

0

With the power series solution given by

—~

o0
B g) = S (@n 2™
Fh<a7 G x) - 7;) (C>n W: (379)
where («), = F(F‘!(Z)") is the Pochhammer symbol. A closed form expression can be
obtained if we substitute the expression of 7, in ([3.29). Then we find
ﬁh(a; c;x) =oF] (a, —%; c; —h) . (3.80)
Using the definition of the confluent hypergeometric function,
: 2
F(a;e;2z) = bhj& o F (a, b; ¢; E) , (3.81)
we can see that
F(a,c;x) = lim ﬁ(a,c; ), (3.82)

h—0

as expected.

Besides, the expression ([3.79)) also validate the definition of the discrete Taylor series

(2.67)), which can be obtained from the linearity of the mimetic map.
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(iv)

Fibonacci sequence:

Observe that we can transform the difference equation of the Fibonacci sequence ([2.37)

in a differential equation if we use D(f(z)) = f(z + 1) — f(z), and visualize D in the

context of the limit h — 0. Such differential equation is

f(@) + f'(x) = f(z) = 0;

(3.83a)
f(0) =0, f(0) = 1;
which have solution
—14+V5 —1-V5
fla) = (3.83b)
7 :
Now, if we use the mimetic map in ([3.83)), we obtain
fol@ +20) = (2= h)fulz + h) + (B2 + h = 1) fu(x), (3.84a)

with solution given by the discrete function

z/h z/h
. 1 —14+45 —1—-4/5
=— (1 ——— | h — (1 ———F— | h . 3.84b
hu(e) \/5[<+< 2 >> (+( 2 )) ] (3840)
We recover the Fibonacci sequence (2.40) when h =1 and = = nh.

Hanoi tower:

Consider the difference equation of the Hanoi sequence ([2.41)). Using D(f(a:)) = flz+

~

1) — f(z) we associate to it the ODE,

f'@) = fle) =15

(3.85a)
f(0) =0;
which have as solution
flz) =¢€"—1. (3.85b)
Via mimetic map, we get
fu(nh + h) = (1 + h) fu(nh) + h. (3.86a)
and
fulx) = (1 +h)""—1. (3.86b)

Setting h = 1 and = nh, we recover the Hanoi sequence

A

fu(@) = f(n) = fo=2" -1 (3.87)
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So, every time there is a differential equation which have unknown solution, we can map it

in a difference equation and solve it using the methods in|2.1.1|or[2.1.2| (or|3.1.4} in general, as

will be shown soon). Equally well, we can try to rewrite a difference equation as a differential
equation which could be more easily solved (see figure bellow). In this way, the mimetic map
can be seen as any other integral transform, e.g., Laplace transform, which can be used to

solve differential or difference equations.

Figure 3 — The mimetic map maps differential equations and its solutions onto difference
equations and its solutions, in a one-to-one way.

fx) £,(x) = fs(h)

Mimetic map

F(x, f(x), ..., f™(x)) =0 Fs, fo(h), ..., fen(h)) =0

Source: the author (2021).

Moreover, the mimetic map provides the construction of a calculus which will depend of a
parameter h that is adaptable to fit the data obtained from an experiment, which usually as-
sumes the continuum assumption. If an experiment gives some data related to some quantities,
we can fit these in terms of some value of h and connect those via a difference equation.

For instance, consider the simple example of the movement of a particle with constant
velocity. One with a chronometer and a length measure tool can set instants of time separated
by a finite increment of time and measure the position of the particle with constant velocity,
finding similarly spaced values for it. Such data comes out to be represented by the kinematic
relation x;.1 = x; + vAt, which is known to describe the observed behavior if x; is the
position of the particle in the instant t; = 1At, v is its velocity and At is the time increment.
We clearly see it is a difference equation with At representing the parameter h, which is
directly connected with the differential equation ‘Zl—f = v. More elaborate situations, in many
areas of knowledge, can be explored where the discrete calculus formulation can be used to set
an analytical expression for a data,, but with the advantage of having a parameter to adjust
the data.

Further, once the mimetic map provides an exact discrete version of infinitesimal models

no information, such as the symmetries, will be lost when the system is discretized. But rather,
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more information could be obtained once we can look for all cases obtained from values of h

instead of h — 0 only.

3.1.4 The h-Generating Function

As discussed in subsection [2.1.2, we can solve difference equations using generating func-
tions. What was discussed was the case of difference equations with step size h = 1, satisfied by
sequences. Here we generalize the definition of generating function for a h-generating function
which applies for difference equations satisfied by discrete functions.

Let fh(nh) be a discrete function. We define the h-Generating Function associated to

it by
o o
Gn(z) := nZ_o w(nh) =, (3.88a)
where
fu(nh) = ;nGh(z) : (3.88b)
< z=0

For h = 1 we recover the discussion of subsection [2.1.2| See the examples bellow.

(i) Discrete power function:

Consider the discrete power function ({3.29)) given by

T(n + 1 !
el (3.89)

Pn,m(h) = (nh)mh = hmm (n — m)!

forn = m.

From the generating function ([3.88a]), we have

For particular values of m (= 1,2,3,... < n) we can conclude that
dr n!
— (ZMe* = 3.91
) =y (391)
resulting in
Py = pm ™ 3.92
nm( )_ (n_m)|7 ( )

as should be.



50

(i)

(iil)

Discrete exponential function:

Consider the discrete exponential function [3.34)) given by

—

Po(h) = /™ = (1 + ah)". (3.93)
Via ((3.88a)), we get
Gh(z) = elltahz, (3.94)

And, from ([3.88b]) we recover the expression above.

Discrete trigonometric function:

Consider the discrete sine function (|3.52))

_ .
o 1,0 [ (n+1,2) h
P,(h) = v/mn!Hy} [ (2.0).00) | Z_ (3.95)
Then, the generating function is
N 10 [mer2) 2]
_ 1,0 n+1, e n
Gh(z) = ﬁ;f[m ()0 |2 |+ (3.96)
Or, using ([3.55)) and ([3.94)), we have
(1+ih)z __ ,(1—ih)z
G(z) = & 2,6 . (3.97)
]

From both is trivial to see that (3.52) or ([3.55) are recovered.

Fibonacci discrete function:

Consider the Fibonacci discrete function (3.84b]) with = = nh. From (3.88a]) and ([3.94)),

we get
exp { (14 (Z558) ) =} —exp {1+ (=54 n] 2}
Gr(z) = 7 , (3.98)
which returns (3.84b]) via (3.88b]). The same can be obtained applying ([3.88a)) directly
in the difference equation ([3.844)).

Hanoi tower:

Consider the Hanoi discrete function (3.86b)) with © = nh. Then, the h-generating
function will be

Gu(z) = e*(eh* = 1), (3.99)

which returns ([3.86b]). Again, it can be obtained also from ([3.86al).
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(vi) Discrete inverse gamma function:

Consider the function f(x) = m where (DENNERY; KRZYWICKI, 1996))
1 dw e*
— = — . 3.100
I'(z+m) o 2mi wstm ( )
Using the mimetic map we have
0 ¢]
(v _J dw df pi-le=(1-hnw)t (3.101)
2mmi W I'(%)

which using the discrete exponential function becomes the discrete inverse gamma func-
tion

— d w
e[S o

Setting x = nh, we have the h-generating function is given by

= dw ¢ [(1 —hlnw)z]" | [ dw e*
Gh(m7Z> —nzo C%wim n' =€ JCWW (3103)
or
eZ

G == N. 3.104
w(m, 2) L(hz + m) me ( )

From it we recover the discrete function via
Py = L < — T, (n+m) (3.105)

P den \T(hz +m) |,y " ' '

Due the complexity of the expression above, the validation of such approach can be
done case by case for some particular values of x = nh and of m.
s =0, meN:

1 dw e¥ —
P, = — = — =711 ) 1
() = s = | s = Tm) (3.106)

» = h, m = 1: Expanding ([3.105]), we get

e*(1 — hp(hz + 1))
Pii(h) = =1—hy(l) =1+ hy. 107
) - [T —iem)=1ek(210)
From ([3.102)) we observe that
01 = [ 0 hmw) = 14 by, (3.108)
C 2T w

So Pry(h) = T-1,(1 + 1).
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= x=h m=2:

Pio(h) = [ =1-hY(2) =1—h(1—7). (3.109)

e*(1 — hp(hz + 2))]

['(hz + 2) 0
Again, from ((3.102)),
— dw e”
r-1,1+2) = ——(@1-nl =1—h(1—"). 11
(142) = | ES (= hnw) = 1-h(1 =) (3110)

Then Pyo(h) = T-1,(1 + 2).

= x=2h, m=1:

e*[1 —2hp(hz + 1) + h2(W(hz + 1) — W (hz + 1))]
L(hz+1) 0
71.2
=1+ 2hy + R*(7* — E).
(3.111)
And (3.102)) gives
T—1,(2+1)=1—h ;jwlzm( 2) 4 p2 ;“;Z(lnw
e T
c i c (3.112)
=1+ 2hy + h*(y* — <)

e~

Therefore, Po1(h) = T—1,(2 + 1).

At these calculations, /(™ (z) is the Polygamma function defined by (ERDéLYI, 1953)

dn+1
P(2) = oy InT(2). (3.113)
In particular,
J dw e Inw, YW (z)=1()?*-T(z de (3.114a)
271 w? B 270 '
2
(1) = —y and (1) = 5 (3.114b)

where 7 is the Euler-Mascheroni constant. Also, in the last equality of ([3.109) was used

W(z+1) = B(z) + i (3.115)

e~

Henceforth, we conclude that P, ,,(h) = I'"1;(n + m) is true for n,m € Ny.

We saw with the examples above that all the structure of sequences can be extended for the
discrete functions, with the definition agreeing reasonably well with the approach developed
using the mimetic map. In particular we will see in the next subsection that the result presented
for the discrete inverse gamma in the case z = 0 holds in general, the discrete gamma function

is the gamma function itself.
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3.1.5 Discrete Integrals Transforms

Once the mimetic map provides a direct connection of the whole structure of the infinites-
imal calculus with the one of the discrete calculus, one should expect that we can construct
discrete integral transforms involving only discrete functions, allowing the use of discrete ver-
sions of usual techniques used to solve differential equations to solve difference equations. In
fact, this is what occurs in the following examples, where we obtain discrete versions of the

Laplace and Mellin transforms.

(i) h-Laplace transform and the h-Z transform

We define the Laplace transform by

g(s) = L{f(x); s} := J dee™" f(x), (3.116a)
0
with the inverse Laplace transform
1 ds . .
flx) = L7 {g(s);x} = ?6 “g(s), v = (so — i, o + i0). (3.116b)
Using the mimetic map in (3.116b]) we have
~ ds —~ ds
— = s 1 z/h 11
e = [ gmste) = | G20 eyt (3117)

using the discrete exponential function (3.34)). With that, we can construct a discrete

Laplace transform (BOHNER; GUSEINOV, 2010).

Consider the discrete version of the function ¢g(s), denoted by §,(s), and deform the
curve yto I' = {z € C| |z — hy| = A}, where A > % h, = —= and

R = limsup A/ | fn(kh)|. (3.118)

k—o0

Then, let f,,(kh) be the Inverse h-Laplace Transform defined by

and the h-Laplace Transform will be
. fh /fh
gn(s) = s (3.120)
5 — h* ];) h*(s

for se C, s # h,.
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We can confirm it substituting ([3.120]) in the right-hand side of ([3.119)),
& ds 1
—h’“ kG R fu(jh J e 3.121
f ) gh(S) ]ZO fh(] ) 21 (S _ h*>j+1_k7 ( )
and using the residue theorem,

ds 1
L%L(S_h*)ﬁlk = djk, (3.122)

to obtain

f 5 W5 — 1) au(s) = k) (3.123)

An interesting characteristic of such construction is that the h-Laplace transform is
independent of h. That is
an(z) = g(z), YVhe R, (3.124)

This result follows directly from the construction of the Laplace transform in (BOHNER;
GUSEINOV, 2010)), where the Laplace transform is the same, only changing the domain
of the inverse Laplace transform using = € R or x € hNy, thus changing the definition
from an integral to a sum. We verify it at the example bellow. The same result holds

for the construction of the discrete Mellin transform, as we will see.

Example 3.1. Consider f(x) = x™. From ({3.116al), its Laplace transform is

* —ZT , N n'
g(2) :L e *rldr = sy

And using ([3.120]) we obtain the same result, i.e.,

N 0wt (l+m) ol
Z hz 4+ 1)k+1( ZZ(:) hz + 1)Hn+l 1 pntl”

Now, consider that following the same reason that a sequence f,, was generalized for
a discrete function f,(nh) and the generating function G(z) was generalized for the
h-generating function G,(z), we can generalize the Z transform F(z), subsection 2.1.2]

for a h-Z transform defined by

o =
Fi(2) = Z{fa(nh); Z f (3.125)
with inverse h-Z transform

Fu(nh) = Z-YF(2):n} = fZS,Fh(s)s”I. (3.126)

c



55

Here the usual Z transform is recovered for the case h = 1.

It implies that the h-Z transform is intimately related with the h-Laplace transform by
the relation

Fin(2) = zgn(z + hy). (3.127)
Such relation is an extension of the case h = 1 presented in (BOHNER; GUSEINOV, 2010)).

Thus, not only is possible to obtain a discrete version of the Laplace transform via
the mimetic map, but also it can be see as a generalization of the Z transform, the h-Z
transform, in such a manner that the h-Laplace becomes the standard Laplace transform

in the limit A — 0 and the Z transform when h = 1.

Mellin Transform

We define the Mellin transform of the function f : R™ — R by

F(s) = M{f(x):5) = j 7 f(2)dz, (3.128)

with the inverse Mellin Transform given by

_1¢F ds =
f(z) = MM f(s); o} = f B i), (3.120)
o 2mi
where v € (sg — 990, Sg + i0).
Using the mimetic map in the inverse Mellin transform (3.129)), we have

A ds h=%k! - ds — ;
Falkh) = f T ) - f 5 75, (), (3.130)

L2mil(E+1+s - 2mi

for x = kh.

Just as in the previous case, we deform f(s) to its discrete version fy(s). With that, we
can state the discrete version of the Mellin transform. Let fh : hNy — R be a discrete

function. Then the h-Mellin Transform is defined by

o0

2 o h (s —|— k)
fu(s) = 2 7(a)7_3 Z Fulkh), (3.131)

with the Inverse h-Mellin Transform

A ds —— =2 d h=*k! 2
futky = [ SRR = | i), 619)
Y

where v € (sg — i%0, s + i%0).



56

To confirm the validity of it, substituting (3.131)) in (3.132), we have

Falkh) = k!gfhgh f Qd;m if L. (3.133)
Here .
f 2d7sz(sj;|€—i Z ! k:+11—j—n) (3.134)
Therefore, A
fulhk) = 3 7 s, (3.135)
=0 I

In the same way as the h-Laplace transform, the h-Mellin transform is h independent:

A

fu(2) = f(2), Yhe RT. (3.136)
It can be seen from and giving
S heT (s + k S (s + k)
g kh) f 27rzf( z)h? Z ﬁ (3.137)

Which can be rewritten as

R he=2 f(2) ['(s)
Ja(s) = L o2mi (z—s) [(2)

= f(s). (3.138)
We can confirm it in the examples bellow.

Example 3.2. Let f(z) = e, for a > 0. lts Mellin transform is

f(s) = JOO ¥ e dr = a *T(s).

0

Thus
A ds ['(s)
kh) = k! : .
falkh) = J omi (ah)’T(s+k+ 1)
And since
(="
Res{I'(s),s = —n} = o
we have

k
N k —
fn(kh) = Zol (n) (—ah)” = (1 — ah)* = e~z
Example 3.3. For the particular case of f(x) = e™*, with a = 1, we have f(s) = I'(s).
Thus if we take fh(hk:) = (1 — h)*, we have

k)
(2 BT (- ) = BT () Folzs:1 - ).

k=0
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But

which results in

Besides exhibit the characteristic that the discrete version of the gamma function is the

gamma function itself, this example validates the result (3.136)).

Thus, the systematic procedure conceived by the mimetic map is not only capable to map
functions onto discrete functions, differential equations onto difference equations and extend
the definition of sequences and the tools applied to it, but also allows us to extend the notion
of integral transforms to discrete integral transforms. In such a situation, via the (Laplace or

Mellin) transform ((3.116a]) or (3.128))) of the function f(z), or via the h-(Laplace or Mellin)

transform (((3.120)) or (3.131))) of the discrete function f),(z), we get the same complex function

(g(z) or f(z)). This is achieved only by discretizing the function f(x). That is, the discrete
transforms provide a new way to obtain the (Laplace or Mellin) transform of a function f(x)

obtaining its discrete version fh(x)

3.2 COMPLEX DISCRETE MIMETIC CALCULUS

A possible generalization of our procedure is to present a complex mimetic map, which

maps complex functions onto discrete complex functions.

3.2.1 Discrete Calculus in the Discrete Complex Plane

Before we define the complex mimetic map, let us establish some necessary objects to
construct the discrete calculus over a complex discrete plane (1ZADI, 2018).
For z = x + iy, where x,y € hZ, we define the Complex Discrete Functions fh ;

(hZ)* = C by

A~ ~

In(2) = fulz,y) = an(z,y) +ion(z,y), (3.139)

where

~

up(x,y) = Re(]?h(z)) and Up(z,y) = Im(fn(z)), (3.140)



58

and (hZ)* = hZ x hZ denotes the discrete complex plane. The discrete complex function can
be seen as a generalization of a double sequence (fn,m)(n,m)eNg which takes pairs of natural
numbers into complex numbers.

Then, in analogy with partial derivatives we define the Forward Partial Difference Op-

erators D2 and D;} by

A~ A~

fh(x + h7y) — fh(fﬂ,y)

D2 fu(z,y) = - (3.141)
and

DA (,y) = ﬁl(%y*hlz_ﬁ(x’y). (3.142)
And the Backward Difference Operators D} and D} by

D,,th(l/, 1) = fh(% ) — ih(” —h, ) (3.143)
and

DY fu(v, p) = fulvott) = fulwosn = h) (3.144)

h

If a function fh : (hZ)* — C satisfies the Discrete Cauchy-Riemann Equations

D?ah(‘ra y) = DA@h(xa y)7
Y (3.145)

DyAah<x7 y) = —DIAQ/)\h(.CL', y)>
it is called an Analytic Complex Discrete Function in the discrete variables x and .

The Distance d between two points Ay, = (2, yx), A = (1, 41) € (hZ)? is defined by
&* = |Ay — A = (zr — ) + (ye — w)*.

From the above definition and the construction of the discrete complex plane, we can define
the Directed Length m = Al,. as the quantity connecting two subsequent points which
assumes the values +h, —h, +ih or —ih only. That is, \/|Ak——Ak_1 = h is the smallest unit
of length in the discrete complex plane.

With that, a curve on (hZ)? can be defined. Suppose that n + 1 points { Ay }7_, in (hZ)?
are given such that two subsequent points gives a directed length m 1 <k <n. Thisset
of points is called a Broken Curve in (hZ)? and is denoted by . In particular, for some point
(z,y) € (hZ)?, the five consecutive points [(z,y), (z + h,y), (x + h,y + k), (x,y + h), (z,9)]
is called a Simple Closed Curve in (hZ)?, denoted by ~(z,y).
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Just as in vectorial calculus, we can define integrals of functions over such curves. Let
i (hZ)* — C be a discrete complex function and ¥ = {A; = (zx, yx)}?_, a broken curve
n (hZ)%. Then the Integral of f, over 7 is defined by

SAfh Z (xk + yr) Al (3.146)

and the Integral of fh over a simple closed curve (z,y) is defined by

SAFu(€,n) = Bl fu(z,y) — falz,y + h)] + ih[fa(z + hy) — fulz,y)]. (3.147)

Particularly for ]?h(x, y) = up(x,y) + ivp(z, y) we have

SAFu(€,n) = B2 [~ D2Tn(x,y) — D20w(x, )] + ih? [~D20h(2,y) + D2Tn(x,y)] -
(3.148)

Theorem 3.2.1. Let fh(z) = Up(x,y) +10(z,y) be a complex discrete function and y(z, y)
be a simple closed curve. fh(z) is an analytic function if and only if its integral over v(z,y)

vanishes.

Proof. It follows from equations ([3.145)) and ({3.148)). O

Theorem 3.2.2 (Discrete Cauchy theorem). Let f, : (hZ)? — C be an analytic complex
discrete function at some region R < (hZ)? bounded by a closed broken curve 7. Then the
integral of fh over 7 is

S2F.(&m) = 0. (3.149)

Proof. Denote by S$fh(£,77) the integral of fh over 7. Suppose we can decompose 7 in a

simple closed curve (z,y), where (x,y) € R, and ¥/ = 4 /v(z,y) such that

S2Fn(.m) = SSu g fu(&m) + SEF(E.m). (3.150)

By induction, we have

SEREm) = ) Sy fEn),

(z,y)eR

because the edge terms on the integrals over the simple closed curves will cancel each other
(see Figure [4| for a particular case).

And from Theorem (3.2.1} SwA(w)ﬁl(ﬁ,n) =0, Y(z,y) € R, resulting in

S2fu(€,m) = 0. (3.151)
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Figure 4 — In grey, the region R subdivided by the simple closed curves.
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Source: the author (2021).

In what follows we present the complex mimetic map defined over the plane (hZ)2. As a
consequence, the results above can be recovered while presenting a new way to look towards

complex discrete analysis (MERCAT, 2001)(SMIRNOV, 2010)).

3.2.2 Complex Mimetic Map

Similarly to what was done for functions defined over R, we can define a complex mimetic
map for functions with domain in C. Consider an analytic complex function f : C — C
and its respective complex discrete function fh . (WZ)* — C. The Complex Mimetic Map
connecting f to fh is defined by the integral transform

5 w e
Futv i) = | ann) | ayners-ne+ i) (3.152)

The complex discrete function is obtained from the limit

A v

falz+iy) =  lim  fruv+ip). (3.153)

(v—o—z, p—>—y)

And, as before, the analytic function is recovered from the continuum limit

fla+iy) = lim fulx + iy). (3.154)
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3.2.3 Discrete Version of Complex Functions

Here we have some examples validating the complex mimetic map.

(i) Power function

Let f(z) = 2" = (z + iy)". Then from

( +iy)" i( ) (3.155)

o
o

and ([3.152)) we get

i (Z) bk, (3.156)

k=0

(ii) Exponential function:

Let f(z) = e, then from the identity f(x + iy) = e**e¢'® and ([3.152)) we get

€%, = (1 + ah)®"(1 + iah)¥". (3.157)

(iii) Power times exponential function:

Let f(z) = e**2", then from ([3.155]) we get

n n—k k’}i‘
azn) = (1+ ha)**(1 + iha)" S (" T W Yh . 1
(e222m)y, = (1+ ha)" (1 + iha) ;0 k) (1 + ha)™*(1 + iha)F (3.158)

(iv) Confluent hypergeometric function:

As an example of application in difference equations, let us find the discrete version of
the confluent hypergeometric differential equation and its solution on complex plane.

The differential equations is given by
2f"(z) + (c—2)f'(2) —af(z) = 0. (3.159)

To transform in a difference equation we search for the maps d% — D, zd% — F and

d—2 — H such that

~ A ~ ~

Hfu(2) + (¢D — E) fu(2) — afa(z) = 0. (3.160)

Define

Dfu(v +ip) = fo dAyn(t) f d)\u/h(T); (6(—aht) - ia(_ahT)) F(=h(t +ir)),

' (3.161)
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sy ke o 0 0
E i) = dX,n(t d\ —h(t+i7)) = — —h(t+e
i) = [ anntt) [ avanrntein)g (55 - 5 ) FChET)
(3.162)
and
. ® 0 1/ 0 0 ?
H i) = A, n(t d\ —h(t+i = — —h(t+i7)).
in) = [~ anuo) [ dval-nterin |5 (550 = s )| SCHeEm)
(3.163)
Integrating by parts and taking the limit (3.153]) we obtain
- 1 .
Dfp(x +iy) = 5 (D2 —iD2) fulz + iy), (3.164)
~ 2 . 1 . 2 :
Efy(z +iy) = 5 {wav + yDyv +1 [ny — nyA]} fulz +1y)
b R (3.165)
-5 lyD2Dy — 2D*DY | fu(x + iy)
and
. , 1 5 4
Hfp(x +iy) = 1 [x (Di — D;) + 2yDvamA] Il +1y)
1 2 .
+7 [y (D2 — D2) — 22Dy D] fulx + iy) (3.166)
h . A .
-1 |z (D2 — D2) DY + iy (D2 — D) D) fu(x + iy),
where D? = (Df)z. As before, the power series solution is given by
Fula,co) = 3 (0o 2 3.167
h(aac7 Z) - nzo (C)n W7 ( : )

which is easily verified to satisfy (3.160)) by numerical methods.

Although not showed explicitly, all complex discrete functions presented here satisfy the dis-
crete Cauchy-Riemann equations in as should be, once their infinitesimal counterparts
satisfy the standard Cauchy-Riemann equations. Also, one can see from the construction of the
complex mimetic map that it can be easily extended for a multivariable function f(z1,...,x,).

Further, one can also discretize just some of the variables.
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4 STOCHASTIC PROCESSES

Randomness is ubiquitous in Nature. The draw of a card from a deck well shuffled, the
result of throw an unaddicted die, some genetic feature observed in a individual of a population,
the stock price at a stock market, all of those results are seen as random. Such randomness
is well described via the Theory of Stochastic Processes, which have Probability Theory as its
cornerstone.

We start this chapter discussing the probability theory in section [4.1], where we construct the
concepts of probability space, probability distribution and discrete random variables, probability
density function and continuous random variables, and the consequences of these. Then we
present how the probability theory is used to construct the stochastic processes theory [4.2]
presenting the central limit theorem and the Markovian stochastic processes.

After that, we present the formalism to study stochastic processes. The first formalism,
used to describe the evolution of discrete stochastic processes, is the one in terms of the
Master equation [4.3] The second one is given in terms of the Fokker-Planck equation [4.5]
used to describe the evolution of continuous stochastic processes.

The bridge between sections [4.3] and is made by section 4.4 presenting how the Master
equation and the Fokker-Planck equation formalism are intimately connected by a continuum
limit, exemplified with the relation between the random walk and the Brownian motion and
the relation, provided by the discrete calculus, relating the Pauli process master equation with
the gamma distribution Fokker-Planck equation.

Later, in subsection [4.6] we show the Fokker-Planck equation formalism can be established

in a more formal basis using the Stochastic Calculus, also known as Ito Calculus.

4.1 PROBABILITY THEORY

The main objects of Probability Theory are the Random Variables and the Probability
Distribution those random variables follows. These and other objects are defined along this

section.
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4.1.1 Foundations

In the usual sense we may define the probability of some event by the frequency of such
event occurs. For example, if we throw a fair coin many times, we expect that roughly half of
the total times we get head and the other half we get tails, in a way that we can define the
probability of get head or tail equals % which is an excellent intuitive approximation. Performing
an experiment, such approach agrees very well. However to make it mathematically precise,
Andrey N. Kolmogorov axiomatized the concept of probability in his work "Foundation of the
Theory of Probability" (KOLMOGOROV, 1950). We define probability here in a different way,
although equally precise (APPLEBAUM, 2009).

Let €2 be the Set of All Possible Outcomes of an experiment and F be a collection of

subsets of €, called Set of Events. We say F is a o- algebra if
(i) Qe F;
(i) Ae F= A=F/Ae F;
(iii) If exists a sequence (A, )nen, A, € F, such that U A, € F.

Associated to such a o-algebra we can define a quantity called Probability as a map P :

F — [0, 1] which satisfies
(i) P(A) = P(@) =0, YAe F;
(i) P(UZ,A,) =7 P(Ay) (i # j), where A; 0 A; = 5, Vi, j € N;
(i) P(Q) = 1.

Here the space denoted by (2, F, P) is called the Probability Space.

As discussed in (GARDINER, 2004) and (KOLMOGOROV, (1950), what we have here is the
generalization of what was pointed out above for a coin toss. If we get n outcomes w € {2 at
random, and happen that w € A m times, we establish a number * which is very close to the
probability P(A) of the event A occurs. In fact, for a large number n, P(A) = ™. Also, if the
probability P(A) is a number arbitrarily small, is almost certain that w € A will not occur if
w is got only once. This point of view is called Frequency Interpretation.

The assertions above implicitly assume the existence of quantities P(A) for the probability

space constructed. Such probabilities are known as a priori probabilities, which are assumed
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when we define the probability P : F — [0, 1]. Such point becomes clearer with the example

bellow.

Example 4.1. (HASSLER, 2016)) Consider the probability space generated by the outcome of a
fair die. Then 2 = {1,2,3,4,5,6}, where the probability of each outcome w e Q is P(w) = %

and the probability of an arbitrary event A € F is

A A
P - =15l

where |A] is the number of elements of a given set A. If one want to know the probability to

get at least one odd number as outcome, we define the set of events as
f: {@7A7A’Q}’

for A ={1,3,5} and A = {2,4,6}. Therefore, the a priori probability of the event A is

Otherwise, if we are interested in any outcome,

F={J,{1},...,{6},{1,2},{1,3},...,{5,6},...,Q2}.

Then the a priori probabilities are
1
P({172}) = P<{173}> == P({576}) = g' etc.

Thus, for each set of events F of interest, we have a specific probability space with specific a

priori probabilities.

The term "random" here seems to be arbitrary, since as humans we have biases which
compels us to make a apparently random choice not random as it should be. We can circumvent
this problem, at least in theoretical level, assuming that all outcomes of our experiment are
equally possible (see the example bellow). In particular, this notion is useful when we construct

the notion of random variables (REICHL; LUSCOMBE, |1998)).

Example 4.2. (DURRETT, 2019) Consider a countable (finite or infinite) set of outcomes (2,
with o-algebra F constructed with all subsets of €. Then, the a priori probabilities P(A),
Ae F, are

P(A) = ) P(w).

weA
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which gives
P(Q) = Y P(w) = 1.
we)
An educated guess can be P(w) = it 2 is a finite set.

Correspondingly of what was done for the set of events F, we can define a o-algebra for
the set of real numbers. The Borel o-algebra of the set R, denoted by B(R), is the smallest
o-algebra constructed with all the open intervals of R. An element of a Borel o-algebra is
called a Borel set.

Sometimes we are not interested in events, but rather in values associated with these
events. For example, the number associated with the side face-up of a die, the position or
velocity of a Brownian particle (subsection , the quantity of persons which access
some particular website or the number of individuals of a population infected by a disease
(chapter @ To describe those values is necessary to define a new statistical quantity called

random variable. Thus, let B be a Borel set. The map X : 2 — R is a Random Variable if
XY B)={weQ|X(w)e B}eF. (4.1)

Such property is the F-measurability of a probability space and X is said a F-measurable
map. Even more, any function f(X) of a random variable X is also a random variable (KOL-
MOGOROV, [1950)). It means that the map X takes elements w € €2 into numbers contained
in subintervals of R, such that the image of the inverse map X! is contained in one of the
possible events of F.

With the definition of a o-algebra over R, we can say that the random variable X : ) - R
induces the probability Px : B(R) — [0, 1] of the probability space (R, B(R), Px), which is

known as the Probability Distribution of the random variable X, defined by
Fx(z) := Px(X <z) = P(X " !((~,])), for x € R. (4.2)

It means that we take a set B € B(R) and maps it into X '(B) € F, obtaining a value in
the interval [0, 1] with the probability P.
We see from the definitions above that the random variable is actually a map between

probability spaces (HASSLER, [2016)), i.e.,

X :(Q,F,P)— (R,B(R), Px).
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Every time we have a set of n random variables, we can extend the definition above to a

random vector X = (X1,...,X,) in such a way that
Fe(x1,...,2n) = Pe(Xq < 5., Xy < 2p), (4.3)

for (x1,...,z,) € R™. In the following example, we see how a discrete random variable can be

used.

Example 4.3. Consider again the set of outcomes of a die, 2 = {1,2,3,4,5,6}. We define a
discrete random variable as X (w) = w, for w = 1,2, 3,4, 5,6, which follows the multinomial

distribution given by
n! 6 e
P(n17n27n3yn47n57n6) = P({nz}) = 67'1_[191'17
[ L=y il it

forn =3  n; and p; = 1/6.

Such distribution gives the probability of obtain n; times X = 1, ny times X = 2, ng
times X = 3, ng times X = 4, n5 times X = 5, ng times X = 6 if we observe the value of
X n times.

In particular, if we have ng = 1 and ny = ny, = ny = n5 = ng = 0, we get a probability of
%, as expected. The same occurs for the other cases n; = 1.

The definition constructed above have a particular case where there is no need to define a
set of outcomes €) and probability P. If we assume that F'x(x) is a differentiable function, we

can define it in terms of another function Px(z), or simply P(z), known as the Probability

Density Function (PDF) of X, defined by

Fy(z) = pr(x')dx', (4.42)
such that
P(x) =0 and f P(x)dx = 1. (4.4b)

The random variable which follows such probability distribution is a Continuous Random
Variable.

An example of continuous random variable are the stock price on the stock exchange or
the position or velocity of a Brownian particle. And as an example of PDF, the PDF used to
describe the Brownian motion is the Gaussian distribution defined by

_a=x)?
e 202
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A particular case is the Normal distribution, which occurs when (x) = 0 and o = 1 (subsection
[4.1.1.2)). Such a probability distribution is of great relevance once it is used to describe a wide
range of stochastic processes as will be shown in subsection |4.2.2]
Also, if we have a discrete random variable assuming values n € Z, with probability P(X <
n) = pp, we also can express this in terms of a PDF by
o
P(x) = Z pd(x —n), (4.6)
n=—uw

where §(z — ) is the Dirac delta function.

4.1.1.1 Joint and Conditional Probabilities

An important notion in probability theory, and particularly in stochastic processes, are the
joint and conditional probabilities. Consider two possible events A and B and assume that
there is some outcomes w on both events, i.e., w € A n B. We say that exists a Joint
Probability given by

P(An B) = Prob{w € A and w € B}. (4.7)

In particular, if w € B does not affect the probability that event A occurs, P(A), and if
w € A does not affect the probability that event B occurs, P(B), we say that those events

are independent from each other which is denoted by
P(An B)=P(A)P(B). (4.8)

Let us consider that given w € B exist a non-null probability that w € A. In other words, we
have a non-null probability that w € A will occur given that w € B is known to had occurred.
It describe the Conditional Probability, defined by

P(An B)

P(A|B) = =55

(4.9)

That will be of great relevance in the formulation of stochastic processes formulation.
Another important probability relation is the law of total probability. Consider a collection
of disjoint events A;, i.e.,, A;n A; = J, Vi # j such that U;A; = Q. Then we define the
Law of Total Probability by
Y P(A| A4)P(A;) = P(A). (4.10)

)
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For a random vector X = (X1,...,Xn), X; : Q — R, the joint probability can be rewritten

as

P(ai;. .3 20) = Prob(Xy(wn) < a1, ., Xolwn) < ), (4.11)

with independence between random variables defined by
P(xq;...52,) = Prob(Xq(wi) < 1) ... Prob(X, (w,) < x,). (4.12)

And the conditional probability will be

P(xy;.. .5 xy)
Plrgiq;...5x, X)) = ————————, 4.13
(541 Tn | 2 %) P(xzy;...5xs) ( )
for some s < n, which now gives the probability of X \i(wsi1) < Tsi1,..., Xp(wn) < xp
occur given that X;(w;) < x1, ..., Xs(ws) < x5 had occurred.

4.1.1.2 Mean Value and Moments of a Random Variable

Let f(X) be a function of a random variable X : 2 — R defined over a countable space
of outcomes. Then we define the Mean Value (f(X)) by
(FX)) = Y, P@)f(X(w)). (4.14)

weN

In particular, we obtain the kth Moment of X given by

(X*) = D1 Pw)X(w) (4.15)

weQ
With the first two moments, (X ) and (X?), we can define a important quantity called
Variance given by
0% 1= (X — (X)) = (X% — (X7, (4.16)
which measures the mean-square of the deviation of a random variable from its mean. ox is
known as the Mean-Square Root (or Standard Deviation) of the random variable X
Of course, if we have a random vector X = (X1,...,Xn), Xi: Q2 — R, we can define the

kth moments as

n

<1?[Xﬁz = Z Z P(wl;...;wn)HXi(wi)ki. (4.17)

w1 wn €N =1

As well, the variance can be generalized to a quantity called Covariance Matrix given by

(X, X = (X = (X)) (X; = (X)) = (XiXj) = (X (X, (4.18)



70

where the diagonal elements (X;, X;) = 0%, = o} are the variance of each of the random
variable X; and the off diagonal elements are called the Covariance between X; and Xj. If
the random variables are independent the covariance vanishes.

More precisely, the covariance measures if X; and X are linearly dependent to each other.

To make it more clear we define a quantity called Correlation coefficient as

Crym X, X5 (4.19)

0i0;
which is independent of the units of the random variables. When two random variables are
independent C; ; = 0 they are said uncorrelated to each other. When the random variables
follow the same probability distribution or are linear to each other, the variables are completely

correlated and C; ; = C;; = 1.

4.2 STOCHASTIC PROCESSES

We can precisely define a Stochastic Process as a family of random variables { X;(w) }ser,
where T' < R and w € Q. If T = 7Z, we have a stochastic process with discrete parameter.
If T'= R, we have a stochastic process with continuous parameter. In almost all cases of
interest, the parameter ¢ represents time, thus we presume T = {0,1,2,...} for Discrete
Time Stochastic Processes and 7' = [0, ) for Continuous Time Stochastic Processes.

A stochastic process is classified according to the type of random variable and time, as
above. We say a stochastic process is discrete or continuous if it is defined with discrete or
continuous random variables.

As expressed above, a stochastic process is a map of two parameters, time and an outcome.
For a fixed outcome w, the quantity X; = X,(w) denotes a Realization (or Trajectory) of
a stochastic process.

Considering a stochastic process defined in an interval [¢;, ;] such that
tiEt1<t2<"'<tnEtf, (420)

a given trajectory {X}e(s,¢,] With X;, = X; = x; means that the random variable X gives
the value z; when measured at instant ¢;. With that we can represent the joint probability of
this trajectory as

T1 Tn
PXi<xy,...,X,, <xp) = J dx’y - J del Pz, ty -2l tn), (4.21)

—a0 —00
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where P(z1,t1; - ;xy,,t,) is the joint probability density function. In particular, if the values
X; = Xy, (w) = x; are independent

P(zy,t1;- 5T, ty, 1_[73 zj,t; (4.22)

Jj=

For some s < n, we can define the Marginal Probability of the trajectory as

e e
Py, ty; 526, ts) = f dTsiy - f dx,P (21, t1; 00, b3+ i Ty b Tog1, Los1s - -5 Ty ).
- - (4.23)
In the same way, we represent the conditional probability density of the last n — s values

of the trajectory X; occur given that the first s occurred by

P(x17t1; o xnatn)
P(l’l,tl; T ;st,ts) .

P(strla terl; o 'xnvtn | xhtl; e ;Is,ts) = (424)

With the definition above and the marginal probability, the law of total probability becomes

P(IEQ,tQ) = JP(ZL’Q,fg | ZEhtl)P(fL’l,tl)dl'l. (425)

In the case of a continuous random variable, we define the mean value in terms of the

probability density function and the kth moment as

0
X)) = J P(z)f(x)dx (4.26)
—0
and
o0
(X*) = f P(z)x"dz. (4.27)
—0
Observe that if we treat the random variables X;,..., X, not for fixed w but for fixed
instants of time ¢; (j =1,...,n), we have now n trajectories, one for each tj. Therefore we

can present the kth moment by

<ﬁxfi> = f HP T, ..., an)zhid . (4.28)

4.2.1 Characteristic and Generating functions

A mathematical quantity of great usefulness to calculate the moments is the Character-
istic Function of a random variable X, defined by the Fourier transform of the probability
distribution function P(x) by

Dy (k) := JOOP ey = (e*) (4.29)

—00
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from where we recover the probability distribution via

1 (® 4
Pla) — - f B (k)e= ™ dk. (4.30)
2m J_op
The characteristic function satisfies
Ox(0) =1, [Px (k)| <1 and x(—k) = D% (k). (4.31)

Observe that expanding the exponential in ({4.29), we get

n

NUEDY (ik!)n (Xm. (4.32)

Thus, the characteristic function can be actually seen as a Moment Generating Function

for the nth moment of the random variable X,

1 a

X" = oo ex(k) (4.33)

k=0
As done previously, we can generalized for a random vector of n components. Then we

define the characteristic function as

w 7o
@X(E, n) = J e IP(F)d"x (4.34)
—©
with
N 1 * —ik-Z gn
P@) - 5o L@ B (k)e R, (4.35)

-

for @ = (x1,...,2n), k = (ku,...,kn), d"z = dz;...dz, and d"k = dk; ...dk,. If the

components of the random vector are independent to each other, using (4.22)), we have

n

Oe(k.n) = [ [2k). (4.36)

i=1

Particularly, if all random variables follows the same distribution,
O(k) = (P(k))". (4.37)

In addition, consider a sum of independent random variables given by Y = X; +--- + X,,.
Since the characteristic function is a Fourier transform, from the convolution theorem, the

characteristic function becomes

n

Oy (k,n) = | [ ®i(k), (4.38)

i=1
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for ®;(k) = ®x, (k). If the independent random variables follows the same probability distri-
bution, we have

Oy (k,n) = (B(k))". (4.39)

Another quantity that will be relevant later is the Averaged Characteristic Function

defined by

o0

Xy (k) i= Do Pu(t)®y (k,n;t) = (By (k,nit)). (4.40)

n=—0
Another way to express this quantity is (MAC&DO, 2020)

0

(k) =2 f cos(ky)P(y)dy (4.41)

0

returning the PDF by
Q0

i,
27

Such a quantity is used to generalize the central limit theorem to include other correlations

Py(y) = f by (k). (4.42)

—00

(APPLEBAUM, 2009), apart of the one defined in (4.19)). It will be useful when we explore the
distributions which satisfies the central limit theorem.

Just as appears in section [2.1.2 we can define the Probability Generating Function by

F(z,t) := i P,(t)"; zeC (4.43)

with the probability distribution given by

Pu(t) = §dZF<Z> _ Ly

2mg 2t n!dzn

(4.44)

By that, we can see that the probability distribution of a discrete random variable can be
seen as a sequence. Such quantity allow us to obtain the mean (n) of the discrete stochastic
variable n by

(Y, = —jZF(l e (4.45)

We observe here that the form of (4.43) is very similar to the (4.40) just changing z by
d(k), if (4.39) is considered. This analogy will be the main point in section [5.3| to construct

a discrete H theory.

4.2.2 Central Limit Theorem

In many aspects of statistics, the Gaussian distribution (4.5]) is present, which can be

explained by the following theorem:
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Theorem 4.2.1 (Central Limit Theorem (CLT)). Let Xy,...,X,, be n independent random
variables with the same probability distribution and finite variance 0%, = 0% < 0. Define the

random variable
"X, — (X,
Y:Zz:1 i—< Z>. (4.46)
\Vn

Then, the probability distribution of Y is a Gaussian distribution with mean (Y") = 0 and

variance ox, as n goes to infinity.

Proof. Consider the random variable Z; = X"?/%XD. Its characteristic function is
)
by(k,n) = Je v Px(z), (4.47)
which up to second order is given by
k‘2
by(k,n)~1-— %ai. (4.48)
Then from (4.39)), taking the limit n — oo, we get
k? "
Oy (k,n) ~ (1 - 2na§(> : (4.49)
and so
2
Dy (k) = lim Py (k,n) = e~ 7%, (4.50)
Thus, ,
1 (” . e %
P :J Dy (k)e "™dk = : 451
(y) o7 Y Y( ) \/m ( )

]

The theorem above explains, for example, why the distribution of the errors in an experi-
ment is a Gaussian distribution centered in the mean value of the measured quantity. Although
a variety of situations in Nature confirm the validity of the CLT, also many situations exist

where it is not valid. See the following examples.

Example 4.4. Poisson distribution:

Consider the probability distribution

N
_ M

2

with mean and variance (N) = 02 = pu. For n random variables {N;}?”_, following this

Ni—p
Jn

. : 2
b4 (k,n) =exp l,u (e\/kﬁ —-1- \Z/kﬁ)} ~1-— ;02,

probability distribution, we have Z; = with characteristic function
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assuming the limit n — oo, resulting in the Gaussian distribution for the random variable
Y =32
In the same way we can confirm the result via the averaged characteristic function (4.40))

2 (ud (k)"
Xy (k) = e* Z (p Z(‘ ) _ i@z (k)-1)

n=0

Rewriting Z = Nj/’ﬁ“, we have O, (k) =1 — %02 and

So, if xy (k) is a Gaussian, the CLT is valid.

Example 4.5. Pauli process:

Consider the probability distribution
Pyv=(1-uwu;0<u<1

whith mean (N) = - and variance 02 = % (1 4+ ). As u gets closer to 1, the variance

1—u
diverges, violating the CLT. To see that, the averaged characteristic function for Y will be

B 1—u B 1
S 1l—udy(k) 1 —(N)Y(Dy(k)—1)

xy (k)

Substituting @ (k) = 1 — %;Da%(, we get

1
k)= ——.
XY( ) 1+%0§(

From the second example above, we conclude there is distributions which violates the CLT.

We will explore it in chapter [5, when we construct the discrete H theory.

4.2.3 Markovian Stochastic Processes

If a stochastic process have a conditional probability for the value z,,; occurs at time
ts11 only depending on the value x, at time t,, it is called a Markov Process. It means that
the evolution of the system does not retain any information of the instants ¢;, j < s. Such
property, known as Markov assumption, can be mathematically translated by the conditional

probability density expression

P(x8+17 ts+1 ‘ l'latl; s ;$57ts) = 7)(1'5+1,t3+1 ’ xsats)- (452)
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In this context, the conditional probability above receives the name of Transition Probability,
since it gives the probability of a transition from one state s to a state s+ 1 in a time interval
T =1s41 — s

An important property that such stochastic process gives is, from (4.24)),

n—1

Ploy by s anitn) = | [ Pl@ien tivn | 21, 6)Plan, 1), (4.53)

i=1
Integrating it in xs, ..., z,_1, we have the Chapman-Kolmogorov equation
© n—1
P(tntn | 21,t1) = Plar,tr) | [ [P@ivrtin |2 ti)das . deg_y. (4.54)
—00 =1
A special class of Markov process is the Markov Chain, which is characterized by a discrete
stochastic process in which Markov assumption holds. Here we present all definitions in terms
of continuous random variables, but all previous equations can be translated to discrete random
variables just using the relation in (4.6]). As will be discussed in the section about stochastic

epidemic models in chapter [6] the Markov chain can be defined with discrete or continuous

time.

4.3 MASTER EQUATION

Consider a discrete Markov process described by the law of total probability

P(m, t)Qumn(t; ), (4.55)

gl

0
P(n,t+7)= > P(nt+7|mt)P(m,t) =

=0 0

3
I

where the Q,,,(t; ) is the transition probability from state m to state n. Here we assume
that the transition occurs in a interval 7 such that 7 « ¢.

Expanding Q... (t; 7) up to first order in 7, we have the general expression

Qun(t;7) = S <1 - wmn(t)> + TWn (1), (4.56)

k=0

where B
OP(n,t | m,t)
ot

is the Transition Rate from state m to state n. Here was assumed the initial condition of

=0

Wmn (t) =

t=t

the transition as

P(n,t | m,t) = 6nm.
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The term 7w, (t) is the probability to occur the transition m to n and <1 —3r wmn(t))
is the probability of such transition not occur.

Substituting @, in (4.55)) and taking 7 — 0, we have

lim P(n,t+7)— P(n,t)

7—0 T

= P(n,t) = Y (wpn(t)P(m, 1) = wam () P(n, 1)) . (4.57)

m

Thus, setting P(n,t) = P,(t) we obtain the Master equation given by

Pn(t) = Z (Wi (1) P (1) — wnm (8) Pa(t)) (4.58)

where L is an integer number in the domain of n.
The master equation have the name of Differential Chapman-Kolmogorov equation

when written in terms of conditional probabilities, which is given by

(Wi P(m, t' | 1,¢") — wy P(n,t | m,t')). (4.59)

’\ fr—
ot 5

OP(n,t|m,t") &

=

In reality, the master equation in the form of can be seen as a differential-difference

equation with variable coefficients, just comparing the expression above with . Particularly,

after a long time the process considered reach an equilibrium (stationary) state, where the

time derivative on the left-hand side of vanishes, giving the equilibrium probability
distribution

:  heq
}g& P,(t) = P. (4.60)

For the conditional probability of a Markov chain we say it is time independent if P(xs,1,t541 |
Zg,ts) = P(Ts41 | Ts), Vs. In such case becomes clear that what we have is a difference
equation, with solution given by a sequence (P¢?),,cz.

That will be the motivation to apply the mimetic map in Fokker-Planck equations to map
it into master equations in section . Because of this, the methods used to find the solution
of difference equations can be applied to find the equilibrium solution of a master equation.
The out of equilibrium solution (time-dependent) can be obtained by many methods, some

of them found in (HAAG, 2017)). One of those methods is exemplified in section [4.4] used to

solve the random walk master equation.
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4.3.1 Detailed Balance

From the equilibrium condition above, we see that the master equation ({4.58) gives the

identity
D Wi P = P, (4.61)
or simply " :
Winn Pol = Wiy P4, (4.62)

which is known as Detailed Balance Relation.

The detailed balance can be justified as follows. When the process reaches the equilibrium,
one should expect that there is no preferred state, which is just the ergodic hypothesis of the
Boltzmann-Gibbs statistical mechanics (SALINAS, 1997)). So the joint probability of two events
should be the same, whatever was the event that occurred first. Thus consider a process which
in one case it is in state m at instant ¢ and in state n at instant ¢, and in another it happens
to be in state n at instant ¢ and in state m at instant ¢, for ¢ > t. In the equilibrium regime,
we have

P(m,t;n,t) = P“(n,t;m,t). (4.63)
From the definition of conditional probability, deriving the expression above in ¢ and setting
t = t, we got . A more physically verification of detailed balance can be found in

(KAMPEN, [2007)), using the parity invariance property of the Hamilton equations.

4.3.2 Birth and Death Processes

The master equation ({4.58)) can be rewritten in terms of new transition probabilities W,,,,,()

defined by

L
Wom(t) = Winn = Gpm Y Wi (4.64)
k=1
giving the more compact expression
' L
Pult) = 3 Wan(t)Pat), (4.65)
m=1
or in matrix notation,

P(t) = WP(t). (4.66)

Here W(t) is a L x L matrix called Transition Matrix which satisfies

Wym = 0, if n #m, (4.67a)
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and

L
Z Wym = 0, for each m. (4.67b)
n=1

Here P(t) = (Pi(t), ..., P.(t))T is a column vector. The usual method to solve consists
in find the eigenvectors and eigenvalues by left and by right of W, which is extensively discussed
in (REICHL; LUSCOMBE|, [1998)).

Let us consider stochastic processes with only transitions between subsequent states. That
is, only transitions

n—-n—1,n—-n n—-n+1l,

are allowed. It can be imposed in (4.65]) defining the transition rates as

Wom(t) = gm(t)én,mfl + Vm(t)‘sn,erl — (Gm(t) + ’Ym(t»(sn,mv (4.68)

where (., Vm = 0. Which results in the master equation of Birth-Death Processes

Pa(t) = Gust (8) Pasa (8) + Yur () Pacr (t) = (Ga(t) + () Pa(2). (4.69)

The birth-death master equations can be classified according to the shape of the transition
factors (,, and ~,, which can be constant, linear or nonlinear in n. In most cases of interest,

those are time-independent, and linear, namely,
G =a(n+r) (4.70a)

and

Tn = b(n + g). (4.70b)

Examples of birth-death processes can be found in the rest of the dissertation.

4.4 FROM DISCRETE TO CONTINUOUS STOCHASTIC PROCESSES

In this section we present how a discrete stochastic process can be used to obtain a
continuous stochastic process. Specifically, we show how the random walk can be transformed
into the Brownian motion using the tools of stochastic processes and how the Pauli process
can be transformed into a particular case of the gamma process using the tools of the mimetic
map. The latter will be the first application of the discrete calculus to connect discrete and
continuous stochastic processes, which will be the main goal of the remaining chapters of this

dissertation.
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4.4.1 From Random Walk to Brownian Motion

4.4.1.1 Random Walk

Consider the birth-death process described by the master equation

Po(t) = 7(Posa(t) + Paca(t) = 2Pu(1));

Pn(o) = 6n,0;

(4.71)

for ¢, = v, = v = const.. It describes a one dimensional stochastic process with equal
and constant transition rate of make a transition from one of the adjacent states, imposing
that the system starts in n = 0 at t = 0. Such process is known as a Random Walk of
continuous time. This can be interpreted as a particle allowed to move in steps of size a in a
one-dimensional lattice, where the state n is a site of such lattice.

In general, we can solve any linear master equation obtaining an ODE for the characteristic
function of the stochastic process (KAMPEN, [2007). For (4.71)), let z = na be the position of

the random walker after a time t = N7. The characteristic function for a discrete process is

easily obtained from (4.29)) and (4.6]) as
0

O(k,t) = > e* By (t). (4.72)

n=—0u
So, from (4.71]), we get the differential equation given by
@ (k,t) = (e + e — 2)D(k, t);

(4.73)
®(k,0) = 1,

which have solution given by
Ok, t) = e Nte2tcoska, (4.74)

Using the identity e3(=%) = S ] (z)u™ (DENNERY; KRZYWICKI, [1996), with z =

n=—o0 n

el

i2yt and u = :a, we obtain

P,(t) = e "I, (1), (4.75)

where J,(z) is the Bessel function and I,(z) is the modified Bessel function of first kind.

4.4.1.2 Brownian Motion

The Brownian motion is usually dated from 1828 when Robert Brown observed strange

movements of pollen particles suspended in an aqueous solution (BROWN, 1828). However,
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in 1784 the same was observed by J. Ingen-Housz E] (INGEN-HOUSZ, (1784)) when identical
movements were observed for particles of charcoal floating in alcohol, which was explained in
1819 by J. Bywater (BYWATER), 1824) associating such behavior with inorganic particles and
microscopic fluctuations, a bit earlier than Brown..

The theoretical description came only in 1905, when A. Einstein explained the behavior
of such particle from a probabilistic point of view resulting in an equation of motion for the
probability density of find a particle at position x at time ¢ (SILVA; LIMA, 2007, which was
later verified experimentally by the 1926 Nobel Prize laureate J. B. Perrin (PERRIN, [2013)), in
1908. Not only him, but many others contributed to the theoretical description of the Brownian
motion, such as M. V. Smoluchowski (SMOLUCHOWSKI, 1906)), P. Langevin (LEMONS; GYTHIEL,
1997)) and M. Kac (KAC, |1947)). In (ABBOTT et al.,|1996)) a summarized timeline of the Brownian
motion history can be found.

The Brownian motion can emerge as a continuum limit of the random walk. In the random
walk, since v is the transition rate per unit time and 7 is the time of each transition, the
product y7 = ”’ﬁt gives the frequency of transitions, i.e., probability of the transition for N
large. And since the transition rate is the same for the two accessible states, n — 1 and n + 1,
we have v = %

Assuming that the quantity

a2

1
= | 2 — — 1 J—
D =limaty =5 lim~ (476)

is constant and imposing the continuum limit ¢ — 0 on the characteristic function of the
random walk, up to second order in ika, we obtain the characteristic function of the Brownian

motion given by

O(k,t) = e P (4.77)
It results in the probability density
Pla,t) — — F “ihe (&, £)dk e (4.78)
ST I T ar D '

which satisfies the Partial Differential Equation (PDE)

O/P(x,t) = DOZP(x,t); (.79)

P(x,0) = (z);

1 Jan Ingen-Housz is better known for the discovery of photosynthesis (GEERDT, [2007)).
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which is the first example of a Fokker-Planck equation. Such equation describes the evolution
of the probability density of a Brownian particle moving in a one-dimensional space.

The parameter D is usually called diffusion coefficient. Taking the system studied by R.
Brown in 1820s as an example, with pollen grains of size b, suspended over a fluid with viscosity

coefficient 1 at temperature T', D is given by
kgT
— M’
where ky, is the Boltzmann constant. That was found by A. Einstein on his work (SILVA; LIMA,

2007).

(4.80)

We can see a great similarity of the characteristic function (4.72)) and the h-generating
function of the previous chapter, making h = a and z = €%, if we had define it
not using a exponential generating function (although, now we have a differential-difference
equation been solved). Thus, the limit @ — 0 can be seen as the continuum limit of the
mimetic map, with the constraint . Further, the same can be seen by the use of difference
operators. Observe that can be rewritten as

Po(t) = Y(Pasi(t) + Puca (1) = 2P, (1)) = 7a*(D*)(Pa(t)), (4.81)

assuming n = £, which converges for (4.79) as a goes to zero with the constraint (4.76)

imposed.

4.4.2 From Pauli to Gamma Distribution

The connection between discrete and continuous stochastic processes can also be done
through the mimetic map. Consider the Pauli process, which is described by the birth-death

master equation
Po(t) = ((n+ 1) Pua () + ynPoa(t) — [Cn + y(n + 1)]Pa(2), (4.82)
where (,, = (n and 7, = v(n + 1). The stationary solution is given by the Pauli distribution

P = (1 —wu)u", (4.83)

giving the mean (n) = 1, where u = £.

We can rewrite this master equation in terms of the difference operators defined in chapter
2 such that

Po(r) = (n + 1) Puys (1) + unPr1(7) — [0 + u(n + 1)] Pa(7) s
— HP,(1) + DP,(r) + (1 — 0) EPy(7) + (1 — u) P (7) |
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for h = 1 and 7 = (t. Taking the continuum limit we obtain the PDE
0-P(x,7) = x02P(x,7) + [1 + (1 — w)2]0,P(z,7) + (1 — u)P(z, 7) (4.85)

or

0:P(x,7) = 0.[(1 —u)x — 1)P(x,7)] + 2[zP(z, 7)]. (4.86)

The equation above is another example of a Fokker-Planck equation, been a particular case
of the Fokker-Planck of the gamma distribution, which will be found in chapter . Observe
that the solution of this Fokker-Planck is proportional to e~('=% which gives the solution of
the master equation as @hzl, or in our case (1 — u)emhzl, validating the use
of the mimetic map.

As presented above, we can find ways to connect discrete and continuous stochastic pro-
cesses. Although the relation between the random walk and the Brownian motion was already
known, a new relation now can be seen between the Pauli distribution and the particular case of
the gamma distribution. Once the Pauli distribution is a particular case of the negative

binomial distribution, in chapter 5 we will show via mimetic map that the gamma distribution

indeed is directly related with the negative binomial distribution as its discrete version.

45 FOKKER-PLANCK EQUATION

We can generalize (4.79)) and (4.86) as the Fokker-Planck equation (F-P equation),
also known as Smoluchowski equation, by

r,t) =—0 M (x T 2IDAP(x,1)];
0P (z,t) = =0, [ D (z, t)P(z,t)] + 07 [DP(z,1)]; (4.87)

P(x,ty) = 6(x — 9);
Here D® makes the role of the Diffusion Coefficient and D) is the Drift Coefficient. D(")
represents the presence of a external force acting on the particle under a stochastic behavior
(KAMPEN, 2007)). Such equation describes the dynamics of the PDF P(z,t), assured that the
Brownian particle is at © = x( at time t = {.
If we have a multivariate stochastic process, described by a random vector X of n com-

ponents, the definition of the F-P equation can be extended to

OP(,t) = = S0, 0 [DIV (2, )P(E, )] + 30 S 0,04, [ DY P(Z, 1))

i ij

(4.88)
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where now we have D®) as the Diffusion Coefficient Matrix and D() as the Drift Coef-
ficient Vector.
The stationary (equilibrium) solution of (4.87) can be obtained assuming that the left-hand

side (time derivative) is null. So,

DW ()
D@ (z)

[DP () Peg(2)] = 0u[ D Pey ()], (4.89)

Then, the equilibrium solution is given by

= DM (g
N ( 20 @@ &

Peg(m) = D) (1,)

(4.90)

Exists quite many methods to solve the F-P equation (4.87]), which part of then can be
found on (RISKEN; HAKEN, [1989). Also, as will be see in section [5.1, we can solve it as any
PDE.

We observe here that the F-P equation is just a particular case of the Master equations,
assuming the size that establish the distance between state is infinitesimal and the transition
matrix W is a differential operator (KAMPEN, [2007)). However, we were treating them sep-
arately: the F-P equation describes continuous processes and the Master equation describes

discrete processes.

4.5.1 Mapping Into a Brownian Motion Influenced by an External Force

A continuous stochastic behavior can be seen as a Brownian motion affected by an external
force. Under a change of space variable we can transform the general F-P equation into
the F-P equation of the Brownian motion (4.79) with an extra drift term (RISKEN; HAKEN,
1989).

Consider the change of space variable y = y(x) such that

DP(y) =D =y (2)’DP(z) = y(x)= fr A /Dé))(g)dg. (4.91)

It turns DM (z) into

D(l)(y) = D (D(l)(a:) — 1dD(2)($)) (4.92)

and (|4.87)) becomes

OP(y,t) = DAP(y,t) — 0,(DV (y)P(y,1)). (4.93)
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The first term is the same of the Brownian motion F-P equation, and the second can be

interpreted as a external force acting in the Brownian particle.

4.6 LANGEVIN EQUATIONS AND STOCHASTIC DIFFERENTIAL EQUATIONS

4.6.1 Wiener Process and Stochastic Differential Equations

The discussion presented in the subsection [4.4.1.2| about the Brownian motion can also
be discussed in terms of Newton's second law, considering the influence of a stochastic force.
Consider the system studied by R. Brown again, a particle of mass m and size b suspended
in a solution of viscosity coefficient 7 in thermal equilibrium with a reservoir at temperature
T. The viscosity of the solution will cause a drag force depending on the velocity v of the
particle, given by F; = 6mnbo.

The random behavior of the particle will be described by the influence of a fluctuating

force F,.(t) = Fu&(t), for which £ is known as White Noise if satisfy

&)y =0 (4.94a)
and
2akgT
EMEW) = = ==t =), (4.94b)
Thus, from Newton's second law the equation of motion for the velocity of the particle is
0(t) = —aw(t) + o&(t), (4.95)
where o = 2 and o = 2.

(4.95) is known as the Langevin Equation and is the first example of an stochastic
differential equation, which was firstly obtained by Paul Langevin, in 1908, as an attempt to

generalize the results obtained by A. Einstein, in 1905. £(¢) characterizes it as a stochastic

differential equation by rewriting (4.95)) as
dv = —awdt + odW (t), (4.96)

for

dW (t) = £(t)dt, (4.97)

which is the usual way that the stochastic differential equations are presented. The quantity

odW (t) is itself a Brownian motion, and the quantity W (¢) is the Wiener process. Since in
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most of the literature those terms are interchangeable (HASSLER, |2016)), we do the same here.

In general, an Stochastic Differential Equation (SDE) can be defined as
dX(t) = A(X,t)dt + B(X,t)dW(t). (4.98)

Formally, consider the stochastic process W (t) defined in the interval [0, ¢], with partition
{to = 0,t1,...,t, =t}, with t;_; < ¢; and n € Ny. W (¢) is a Wiener Process (or a Brownian

motion) if satisfies:
(i) Prob(W(0)=0) = 1,

(i) The increments AW, = W (t;) — W(t;_1), Vi, are stationary and independent of each

other;

(iii) For s < t, the difference W (t) — W (s) follows a normal distribution with null mean and

variance ¢ — s;
(iv) The trajectories are continuous.

From the definition above it is easy to see that a Wiener process W (t) is a Gaussian

process with (W (t)) = 0 and (W (t)W (s)) = min{t, s}. Also, some relevant properties are
= W (t) is differentiable nowhere;

= For a > 0, the Wiener processes W (at) and 4/alV (t) have the same probability distri-

bution.

In particular, the first means that the relation dW (t) = £(t)dt is not well defined in terms of

the usual Riemann integrals once
dW
t) = —

does not formally exist. To remediate that we use the stochastic calculus, which basically

ensure that integrals like
t
J g(t"dW (t") (4.99)
0

converges in some defined sense.
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4.6.2 Stochastic Calculus

The Stochastic Calculus appears as an alternative to solve SDEs. In general, we have the
Riemann-Stieltjes integrals, which can be reduced to Riemann, Stratonovich or Ito integrals
(GARDINER, 2004)(HASSLER, 2016)). The latter is the one of our interest here due to it preserves
the statistical properties expected for the Brownian motion, such as the null mean.

Consider the functions f,g: [a,b] > R and let P = {ty = a,...,t, = b}, with t;_; < ¢,
i = 1,...,n, be a partition of the interval [a,b], with partition norm defined by |P| =
max{t; — to,...,t, —t,—1} and tF € [t;_1,t;]. The Riemann-Stieltjes integral of f with

respect to ¢ is defined by

f F(t)dg(t) = Lim S.(P), (4.100)
where
Su(P) = 2 (1) Ag (4.101)

and Ag; = g(t;)—g(ti—1). The Riemann integral is recovered if we set g(t) = ¢. If g(t) = W ()
is a Wiener process, we have the Riemann-Stieltjes integral as a Stochastic Integral of a
function f(t) = F(t) which can be either a function or a stochastic process (hence the capital
letter).

For such stochastic integral be completely characterized, the number ¢} need to be set,
otherwise the stochastic properties of the system will depend on it, causing statistical incon-

sistencies. For instance suppose F'(t) = W (t) and let
5= (1= Mtig + A
with 0 < A < 1. Then,
(SulP) = DAV (E) AW = (b= ) (4.102)

using (W ()W (s)) = min{t, s}. From that we see that the definition of ¢} is influencing the
statistics.
Thus Ito chose tf = t;_; (A = 0), which gives null mean of any stochastic integral, defining

the Ito integral of a function F'(t) as

n—o0

t
f F(t)dW(t') := lim ™3, (4.103)
t

0

for

i=1

)
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In that case is assumed that ¢; —¢;_; = =2, making the partition norm dependent of n. Here

lim (™) denotes what is known as the Mean Square Limit defined by

lim )8, = I < w0 <= lim {(S, — I)*) = 0. (4.104)

n—0o0 n—0

The statistical inconsistency is now avoided since (HASSLER, [2016)

<f Pt dW(t’)> 0 (4.105)

<<f F(t) dW(t’))2> = f (FP(t)) dt'. (4.106)

And with Ito’s integrals at hand is possible to solve SDEs using a useful toolkit. In fact, the

SDE

and

dX (1) = A(X(t),t)dt + B(X(t),)dW (t) (4.107)

is the differential form of a stochastic process

t t
X(t) = Xo + J AX(t), tdt' + J B(X ("), t"dw (t'), (4.108)
to to

where X, is another stochastic process, the second term is an Riemann integral and the third
is an Ito integral. Processes defined by this are called Ito’s or Diffusion Processes. Thus,

some useful consequences and properties are worthy to be mention.

4.6.2.1 Fundamental Theorem of Ito’s Calculus

A function F'(t) is called a Non Anticipating Function if and only if it is statically
independent of increments W (s) — W (t), for t < s. It basically establish that a process cannot
depend on its future history. Using this we can state the Fundamental Theorem of Ito’s

Calculus.

Theorem 4.6.1. Let F(t) be a non anticipating function and define the stochastic integral

t n
J P()dW (¢ )N = Lim, o, ™) > F (i) AW (4.109)
to i=1
Then
t t
f FE)AW (#)N*? = sy J F()dt. (4.110)
to to
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The proof of the theorem above can be found in (GARDINER, [2004), using Wick Theorem

for the case NV > 0. In differential form notation, the theorem gives
dW ()N 2 = Sy odt, (4.111)
which can be intuitively expected from the third item of the definition of a Wiener process,

e, (W(t) —W(s)? =1t —s.

4.6.2.2 Differentiation Rule

Consider again a non anticipating function F'(W (t),t), where W (t) is an Ito process. Then

dF (W (t),t) := F(W(t) + dW (t),t + dt) — F(W(t),t)
5 (4.112)
= (a;; + ;g;;) dt + ;;dW(t).

The proof consists in expand F(W (t)+dW (t),t+dt) in powers of dW (t) and dt = dW (t)?

and retain terms up to second order in dV(t).

4.6.2.3 Change of Variables: Ito’s Formula

Consider the Ito process given by
dX(t) = A(X(t),t)dt + B(X(t),t)dW(t). (4.113)

We can obtain an SDE for a new stochastic variable Y (t) = F(X(¢)). Using dY (t) :=
F(X(t)+dX(t)) — F(X(t)) and dX (t) as defined above, we obtain the Ito’s formula as

dY (t) ~ (A(X(t), HF(X(t) + %Fﬂ(}((@)) dt + B(X(t),t)F'(X (t))dW (t).
(4.114)
As a consequence of this result, we can obtain the F-P equation of the PDF P(z,t) of
X (t). Consider the mean of dF'(X(t)). Since the mean of dW (t) vanishes,

C“F(;W _ <A(X(t),t)F’(X(t)) i BQ(X2(t)’t)F”(X(t))>, (4.115)
J F(2)aP(x, t)d — f (A(x,t)F’(x) . Q(x’t)F”(x)) Pla, t)dz. (4.116)
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Integrating by parts the right-hand side of the equality above, eliminating the boundary

terms and considering that the interval of integration and F'(z) are arbitrary, we get

B?*(z,t)

OP(x,t) = —0,[A(z,t)P(x,t)] + 02 [ P(m,t)] : (4.117)

which is just the F-P equation defined in (4.87]).
Thus, the functions A(z,t) and B?(z,t) are just the drift coefficient and the diffusion
coefficient, given by

B?(x,t)
5

DW(z.t) = A(z,t) and DP(z,t) = (4.118)

Such a result can be extended for a multivariate stochastic process represented by the

random vector X and described by the system of SDEs

dX (t) = AX(t),t)dt + B(X(t),t)dW (1), (4.119)
where each component of the random vector dW(t) itself is a Wiener process independent of

each other. For such a system of SDEs, the multivariate PDF satisfies the F-P equation

n

B(z,t)BT(,1). (4.121)

Such results are of the most importance once states the connection between SDEs and F-P
equations, which will be used to find the probability distributions appearing in the H theory
and in the stochastic epidemic models, which is the usual way that stochastic systems are

presented.
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5 H THEORY

In this chapter we present a physical application of the mimetic map, connecting continuous
and discrete stochastic processes, in a similar manner as was briefly discussed in section (4.4]
The model in which the mimetic map is applied is the H theory, which consists of a stochastic
model used to describe multiscale complex systems, using the fundamental concepts taken from
the statistical description of turbulent fluids, the intermittency and the energy cascade. The
application of the mimetic map reveals the underneath discrete stochastic process from which
emerges the continuous stochastic processes observed in the H theory. Such discrete processes
are called as discrete H theory here. Here we will focus our analysis in the case s = 1/2 of the
theory. In section we briefly discuss the H theory formalism and the physical context it is
applied. We also present the out of equilibrium solution of the case s = 1/2. In section We
apply the mimetic map to obtain the discrete H theory for the background variables in terms of
already known discrete stochastic processes. And in section [5.3| we show how we can construct
discrete stochastic processes for the observable variable using the decomposition of variables
used in the central limit theorem context, described in the previous chapter. In the central
limit theorem sense the result of the continuous H theory for the observable is recovered as

well as the one for the background variables, which is recovered in the continuum limit sense.

5.1 THE H THEORY

To model turbulent flow (FRISCH; KOLMOGOROV, [1995) from a statistical point of view
is based in two main phenomena, the intermittency and the energy cascade. The energy
cascade consists in an energy transfer from a size scale to a smaller one (see figure [5)), while
the intermittency phenomenon consists of the fluctuating feature of energy transfer rates
associated to each scale.

In 1941 A. N. Kolmogorov proposed a statistical model which, although provided great con-
tributions, presented disagreement with experimental results giving the probability distribution
of the velocity increments as Gaussian distributions, while experiments give non-Gaussian ones.
That was caused by the assumption that the energy rate transfer of the small size scale to
be a constant, presenting only the energy cascade feature. In 1962 Kolmogorov modified his

model (KOLMOGOROV, [1962)) allowing the energy transfer rate float around an average value
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Figure 5 — Scheme of an energy cascade in a turbulent fluid.
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according to a log-normal probability distribution, i.e., F(¢) = , which made the
model more accurate with the experimental results, presenting the energy cascade and inter-
mittency features. However such choice of distribution gave some unphysical results (FRISCH;
KOLMOGOROV, [1995)).

As an attempt to match theory and experiment, a model describing the energy rate as
continuous stochastic variables was developed, that is known as H Theory. In such a context,
the energy rates are described by a system of coupled SDEs. Such a formalism is not only
capable to describe turbulence flow but also other multiscale complex systems, capturing the
non-Gaussianity of the experiments, which causes violation of the central limit theorem defined
in the subsection [4.2.2

For instance (SALAZAR; VASCONCELOS, 2010), consider a turbulent fluid with a cascade of

n + 1 eddies, with sizes

L

with b > 1. For each eddy we associate an energy transfer rate ¢; which gives the energy
transferred from the scale L;_; to the scale L;. An amount of energy is injected in the large
scale Ly = L of the cascade and is transferred from the larger to the smaller scale until be

dissipated at the small scale L,,. Then, the SDEs of the ¢; are given by
de = —’}/j<€j — Gj_l)dt + kjEdej, (51)

where dW; are independent Wiener processes. Such SDEs will be justified bellow. The quantity

of interest here are the velocity increments dv of the fluid, which will have its probability
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distribution affected by the intermittency.

As said above, such a formalism can be used to describe a large set of multiscale complex
systems described by many scales of length and/or time. Then, to present the formalism
consider a multiscale complex system with n time scales 7; (j = 0,1,...,n), such that
To » 71 » .-+ » T,. For each time scale 7; we have a quantity ¢;, called Background
Variable, which fluctuates according to a PDF .7-}(6]) with exception in the large scale 7
where ¢; is a constant.

The Observable Variable X, is the relevant quantity of the study and have the role of
the velocity increment dv in the example above. It is measured in the smaller scale 7,, and
is assumed to vary faster than the background variable €,, which gives the interpretation of
a quantity evolving in time in a background almost static, as a local equilibrium (MACEDO et
al., [2017)). Due to this local equilibrium, we can define the conditional PDF P, (x|¢,) for a

measurement X = x given the value ¢, of the background variable of the nth scale as

Pr(zlen) = (5.2)

In that case the distribution of X is affected by the intermittency phenomenon, due the

fluctuation of €,, which is represented by the marginal distribution

0

Pn(x) =J P(x|en) Fnlen)dey. (5.3)

0

Such process of compose two or more statistics is called superstatistics (BECK, 2001).
Because of the energy cascade, the probability distribution of ¢, is directly affected by the

larger scales. Via Chapman-Kolmogorov equation (|4.54]) we have

Falen) = [T] 7 coidderdeos (5.4)

for F(eg) = 1.

The definition of is only made by assumption taking into account the turbulence
flow as the reference model, once with the constant energy transfer rate was obtained a
Gaussian probability distribution (FRISCH; KOLMOGOROV, [1995)). Another proposal for the
conditional PDF can be found in the context of canonical formalism where the system can be
seen as nested heat baths with fluctuating temperatures 3; = ﬁ (VASCONCELOS; SALAZAR;

MACEDO,, 2018, where kg is the Boltzmann constant (see figure @

Here the conditional PDF is given by

Pn(QWn) = m> (5-5)
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Figure 6 — Nested reservoirs representing a multiscale complex system in the canonical formal-
ism. The outermost reservoir is in thermal equilibrium.

To
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Source: (VASCONCELOS; SALAZAR; MACEDO, 2018)).

where ¢ denotes the degrees of freedom of the subsystem contained in the innermost reservoir
and Z(B,) = { e #E@dg is the canonical partition function of the nth scale (SALINAS, 1997).
The temperature Tj of the larger scale, outermost reservoir, is held fixed, i.e., the system is in
thermal equilibrium with the environment. In this context, the PDF found for the observable
variable are given in terms of the H-function (appendix |A), not the G-function as is shown
bellow.

Aiming to describe the system completely is necessary to find the conditional PDFs F(¢; |
€j_1). To do so, we can start by constructing the stochastic differential equations obeyed by

the background variables ¢;, which in general is given by
dEj = F(Ej, Ejfl)dt + G(Ej, Ej,1>de, (56)

where dIV; are Wiener processes independent of each other. Here the dependence in ¢; and
€;j—1 exhibit the local hierarchy of the system, showing that the larger scale affects the shorter
scale indirectly, under the hierarchical chain. To obtain the functional form of F'(¢;,€;_1) and

G(€;,€j—1) we impose the following physics requirements:
(i) Equilibrium condition:

lim (¢;(t)) = €o;

t—00

(i) Invariance under change of scale:

F()\Gj, )\Ej—l) = F(Ej, Gj—l) and G()\Gj, /\Ej—l) = G(Ej, Ej_1>;
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(iii) Positivity:
Prob(e;(t) = 0) = 1if ¢;(0) = 0, ¥t and V3.
That will gives (MACDO et al., [ 2017)
de; = —v;(€; — j-1)dt + kje; 55 dW, (5.7)

where ’ijCTj_l, k; are positive constants and s € [0, 1]. Observe that the first term of is
the deterministic one: if we take the mean of this equation, once (dW;) = 0, we obtain ODEs
for the (¢;(t)) which solutions tend to ¢, when ¢t — oo. The second is the one which encodes
the fluctuation of the variable.

Observe that ¢;_ is still a variable, but due to the time scale separation, we can treat it as
approximately constant in comparison with ¢;, allowing the obtainment of the F-P equation.

Thus, from Ito’s formula we obtain the F-P equation associated with ((5.7)) as
2

i ) (e
atf(ei(t),te“):[% 52s<25_1) 20179 g2( U]f(ei(t),t\eil)

+ e = i) + @) aF (@), i) (59)
BT (1), i)

Here we denoted ¢; = % and 0; = %. The time scale separation could be dropped, but then
the SDEs can only be solved numerically.

Imposing that the F-P equation have an analytic solution, the only acceptable values for

s are s = % and s = 1. In those cases, the stationary solutions are the gamma distribution
(Bi/€i- 1)@ —1 —Big;
JT"S:%<€Z' ‘ Ei—l) = (50 Ez (& s (59)
for s = % and the inverse-gamma distribution
/B'L €5
€; A _p. Si—1
Fo 1(61 ‘ € 1) (51 i— 1) ; Bi 26 Bi o, (510)

I'(6: + )
for s = 1, where (3; = % Observe that s = 1 is the case of (5.1]), thus making (5.10) the

stationary conditional distribution used to describe the turbulent fluid statistics. Such analytic
cases form universality classes (MAC&DO et al., [2017)) in which multiscale systems fit in, with
the conditional probability of their respective background variables been described by either
the gamma or the inverse-gamma distribution.

Substituting or into (5.4)), we obtain the probability distribution for the back-

ground variable €, as

W n,0 | ——— €n
Fulen) = —2ar0| ==&, 5.11
() = il |77 12 5.1)
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or

ewl'(f+1) weg

where w = H?:l Bj, 52 (B1,-..,Bn) and I'(Q) = H?:l ().

And with that we can then obtain the probability distribution of the observable X as

w 1 w
P, (1) = — GO oo g2 5.13
(ZE) 27760 F(ﬁ) 0,n+1 5751 260:E ) ( )
for s = % and
1 1 17 2
Po(z) = 4/ g [f_?l = ] , (5.14)
2Tweq rB+1) - 2weg
for s = 1.

To confirm the agreement of the H theory with experiments, an important application can
be found in photonics. The intensity increments 01, of the radiation emitted by a random fibre
laser (LETOKHOV, 1968) present the turbulent features (intermittency and energy cascade) for
a given excitation power threshold (GONZALEZ I. R. R/, 2018)).

In such a construction the multiscale is represented by the time separation between points
of the time series of the intensity increments, 7 = 3 — «, for  and a been given points of the
time series. The multiscale is defined in such a way that as smaller 7 is, the bigger is the label
n of the scale. The background variables are the variances ¢, of the intensity increments. For
a normalized intensity increment ., which is the observable variable, the distribution for the
small scale 7 = 1 is given in the left hand side of figure[7]and the distribution for the large scale
7 = 5000 in the right hand side of the figure. The class of hierarchical theory describing the
systemis s = % and the analytic solution, which fits the distributions found in the experiment, is
given by a statistical mixture of forn = 6 given by P(x;) = pPpa(x;)+(1—p)Pup(z,),
where p is adjusted to fit the curves adequately.

We observe the Gaussian behavior in the semi-log graphs for great values of 7 (large scale,
n = 0), which is revealed by the parabolic curve observed. The non Gaussian behavior is
observed for small values of 7 (small scale, n = 6), which is noted by the deviation from

a parabola. In both cases the system is observed with the excitation power set above the

threshold.
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Figure 7 — Left: probability distribution of the normalized intensity increments x; for 7 = 1.
The solid red line is the statistical mixture solution with parameters p = 0.3,
Ba = 8.53, €0, = 0.16, B = 6.47, €9, = 1.36 and scale n = 6. The dashed green
line are the probability distributions of the statistical mixture. Right: probability
distribution of the normalized intensity increments x5099 for 7 = 5000. The solid
red line is the Gaussian distribution provided for the large scale n = 0. The analytic
solution fits well the experimental data given by the blue squares.

Source: (GONZALEZ I. R. R, 2018)).

5.1.1 Out of Equilibrium Solution for s = 3
Let us solve (5.8). However, the out of equilibrium solutions, i.e., time dependent solutions,

could be complicated to be solved, so we focus in the case s = % only. In that case, we have

6tf(ei(t), t’ﬁi_l) = %(91 [(61 - Ei_l)f(ﬁi(t), t‘Ei_l)] + kl 621'71 (912 [EZF(GZ(t>, t’ﬁi_l)] . (515)

The PDE is known as a parabolic equation (FELLER, 1951) and appears in many con-
texts of stochastic processes like econophysics (COX; INGERSOLL; ROSS, [1985) and in systems
of particles confined under a harmonic potential (SALAZAR; LIRA| 2016)).

Consider the SDE

dr = —k(r — 0)dt + o/rdW. (5.16)

The solution of the F-P equation associated with it is given by (COX; INGERSOLL; ROSS, 1985))

F(r(s), s; 7(t), 1) = Ce™" (”)Q/ C 1, (20u0)?) (5.17)

u
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where
C(s,t) =2 (1— e_"(s_t))_l :
u(s,t) = C(s, t)r(t)e b=,
(s,8) = C(s, t)r(t) (5.18)
0(s,1) = C(s, 1 (s),
qg=2f -

and I,(z) is the modified Bessel function of the first kind.
Using this, we find

f(ei(t), te; (to), t0|€z‘—1) _ C(t, to)efC(t,to)(ei(t)Jrq(to)e*“/z‘(t—to)) )
5 (5.19)

' (6(?50);%) " s (20(757to)\/ﬁi(ft))e’%(t*t‘))ei(t)> :

where
Bi/ei 1 - I —wy
1 — e—(t—to) 1 — e—(t—to)”

C(t, to) =

(5.20)

Indeed, if we consider the stationary limit ¢ — oo, we recover the result (5.9)), using

(ABRAMOWITZ, |1974)

L(2) ~ —— (2)" for |z 0. (5.21)

5.2 DISCRETE H THEORY FOR THE BACKGROUND VARIABLES

Our goal is find the image of the the H theory after the action of the mimetic map,
constructing a discrete H theory for the background variables in terms of master equations
instead of SDE and thus analyze the special cases s = % and s = 1.

First of all, we need to find the discrete version of the equation (55.8)) finding the image of
d2

the maps xmj—x — B, and 2™ 7 — H,,. Defining
Hy fu(v) = (" th et (—ht)™ f"(—ht) (5.22)
" Jo T'(v/h)
and
E fh(y) = (OO dt t%_le_t(—ht)mf’(—ht) (5.23)
Jo T(v/h) ’
we obtain

Ahfh(x —mh) = 2fu(z — (m — 1)R) + fulz — (m — 2)h)

H, fo(z) = 77 3 (5.24)
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and
Bofi(a) = iy 2= m = - Jule —mh) (5.25)
Then, the discrete version of will be
Fua0) = SN (B oa0) 2Py (8) + P oy 0]
+ Yl Mi[ Fag, (1) = Fag 1 ()] = Mica (Faga (1) = Fag (1))} (5.26)

+ (28)K2MEY MP 7  Fag—ags—1) (1) — Fat—as—1) ()]

)

k? 9 25
+ [+ (29)(2s = 15 MM (1)

B _ r o _D(M+1)
forh—l,Mi—O,LQ;---a”dM T(M;—r+1)"

5201 Cases=1

For s = 1, (5.26]) becomes

20
where u; =1 — W =1- 2k2M7 and 7 = k’]\gi‘lt That is just the discrete version of the
equation ([5.15)), which is the master equation with stationary solution given by the negative
binomial distribution. In fact, the discrete version of (5.9)) is given by the negative binomial

distribution
M,
M| M) = Z
(M, | Mi_y) Qm+1_@

which satisfies the equation above. As mentioned in section [4.4] the F-P equation associated

F

1
S=3

) (1 — )P0, (5.28)
with the Pauli master equation is a particular case of the gamma distribution F-P equation
(5.15)). We note that for 3; = 1 becomes the Pauli distribution, confirming the previous
observation.

Been confirmed that our theory is consistent in the stationary case, we try to obtain the
out of equilibrium solution of the master equation . To obtain that solution we just need
to obtain the discrete version of in the ¢;-dependence, which means, obtain the discrete

version of

flz) = Ae” _1(VA2z), (5.29)

with
Cexp {—Ce(tg)e 710}

[ei(tg)e—(t—t0)] %5

A=

Y




100

A=20C 677i(t7t0)6i(t0)

and x = ¢(t).

From the mimetic map,

P4 ®© dt v i
fn(v) = L Me_tth_leCht(—ht)B2 “ o1 (iVINR). (5.30)
h
Using the identities
I(2) = % J,(i2), (5.31a)
Jo(=2) = (=1)*Ju(2) (5.31b)
and (ERDéLYI, 1953)
a+b
__ % Z\ 2
Goa [a,b | Z] = <Z> Y Jas(2Y), (5.32a)
” g 1 [afap} | T
Jo e TG 8 | pa] do = W TGN [g’ ? ;] , (5.32b)
we have
A(—h)™ WA\ [ ar %
fv) = =" f e TRTIGES 5T |
) ! o T(3) RERRNCE)
B (_1)51—1A (2)51'1 Gl,l |fz | h)\2 :|
r'() A b2 =0y —cn) |
And from (ERD&LYI, |1953)
F'l+b—a)

G%:; [Z,o | x] = ) 2 Fi(1+b—a;1+b;—x), (5.34)

turns out that the discrete version of ((5.29) is

R Bi—1 ez +1 Bi—1 . 2
fu(z) = A G+ <)\> (1_Ch)ﬁ+176"1F1 <5i—1—z;5i54h)\) :
3

T3 T(E+2-58)\2

And thus, the discrete version of ((5.19) is

M;

F(M;(t),t; Mg, to | M;—1) :(M» B+

)eC(t,to)Mioe”(ttO)C(t’ t0>6i(1 _ C(t, to))Mi*ﬁﬁl.

C(t, to)?
(C(t,t0) — 1)

1B (ﬁi —1-M;; B; 1 67(tt°)Mio) ;
(5.36)

where M;o = M;(to), 1F1(c; B; x) is the confluent hypergeometric function and now

C(t,to) = Bi/ M; 4 _ I —uy

1 —e(t=t) 1 _— e(t—to)’




101

As a matter of fact, in the limit ¢ — o0, we recover the result of (5.28).

Now only remains to confirm if such solution satisfy the master equation (5.27)). Due the
complexity of such expression, show it analytically is a bit cumbersome, so we choose to show
it numerically. Note that from the definition of a conditional probability the master equation
(5.27)) is the same for F'(M;(t),t; Mg, to | M;—1).

The derivative of is

F(Mz(t), t, MiO; to | Mi—l) = (Mzﬁ/[ﬂzﬁ—l) 6*0Mm€*“/(t—to)0/3i<1 . C)Mi,&Jrl‘

. {7B17§?71.¢1F1<Bi — Ml, ﬁz + 1, [B) + [Mlo(’yC — C)G_v(t_to) (537)
+6z% + (M; +1— @)%] 1F1 (B — My — 1352‘%@} )

. Q2 (t—tp) . Ce(t—tg) . cC Y —y(1—u)e (o)
with z = TM“)' r = —o-1 QC—ﬁ—’yC MiO and C = W.

Also, denote the right hand side of (5.27)) as

K2M,_,
2

(5.38)
We can see in figure [§ that comparing the time evolution of these expressions, we have an

excellent agreement, which deviation is of order of 1071

Figure 8 — Numerical confirmation of the solution (j5.36)) with M; = 10, M;, =1, M; 1 = 6,
’Yizlvkz'Z\/iandﬁi:l-

0.025 - — F(M{(t), t; Mio, to | Mi—1)
=== g(M;t)

0.020 4

0.015 4

0.010 4

0.005 4

0.000 A

T T T T T
2 4 6 8 10
t

Source: the author (2021).
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5202 Cases=1

For s = 1, the F-P equation is

atF(Ei(t), t|€i,1) = ’)/1(71 [(61 - 61'71).;(@(0, t|€i,1>] kg/ [E?f(q(t), t|€i,1)] . (539)

And from (55.26)), its discrete version is

Fag, (1) = = 2Mi(M; = 1) + (B + 4) M) Far, 1 (1) = BiMi -1 Fag 1 (7)
+ [Mi(M; — 1) + Bi(M; + My + 1) + 2(2M; + 1)] Fay (1) (5.40)
+ M;(M; — 1) Fpp—o(T).
It is not trivial to find the stationary solution of such equation by inspection, as was done

before. So, we obtain the discrete version of the inverse-gamma distribution ((5.10]), which we

expect to be the stationary solution of (5.40)). From (5.10)), we have

Bici—1

7tti_1( ht) 6z+2)€T. (541)

Bz i B'LJrl
Foor(M; | M) = hme V1—>_>M 6511+1) So I( u/h)

h—1
To solve the integral appearing in ((5.41)) we make use of the Meijer G-function relations.

Consider the following identities of the G-function:

e =Goi[o | -2, (5.42a)
m,n | {ap} n,m | {1=bq} _
G [{bf} |Z] Gop [{1_ai} | 2 1] (5.42b)
and
” —wz - cmn a a—1,mmn+1 [afap} | 1]
L e oG [2 | pa] do = we Gt [ | 2] (5.42c)

With that we can rewrite (5.41]) as

: i 1)BitL (—h)—(Bi2) YiBi+3,1
Fooq(M; | M;—q) = lim ,—,_py, (BF(,Bill) Ch F( ) G [J————— |Bm71] (5.43)
e—M;_1 h
h—1
or
DM+ 1) Mo4B 431 1

Fooy(M; | Mi_y) = (B;M;_q)P L - L GoL | Mithitsdly_ — 5.44
1( ‘ 1) (5 1) F(5i+1) 2,0 |ﬁz . ( )

One can easily check, in a similar manner as was done for the case s = % that ((5.44])) satisfy

(5.40) as its stationary solution.

With this results, we can see that a discrete version of continuous stochastic processes

in terms of discrete stochastic processes can be constructed using the mimetic map in the



103

probabilistic description of such processes. What is done here for the H theory can be exploited
in other stochastic models, as it will be done in the next chapter with stochastic epidemic

models.

5.3 DISCRETE H THEORY FOR THE OBSERVABLE VARIABLE

The description of the H theory involves probability distributions that does not satisfy
the central limit theorem, which clearly can be seen by the distributions found describing
the background and observable variables in section [5.1I] Here we show how such distributions
emerge by constructing a discrete H theory for the observable variable for the case s = %
(MACeDO, [2020)) using the construction use to prove the CLT.

Consider the procedure done to verify that the Pauli distribution violates the CLT in
subsection [4.2.2 but now for its generalization, the negative binomial distribution

N
Py = (N +]5_1)(”&&)1%”; v 1. (5.45)
The probability generating function associated with it is

FE) = s (i i (5.46)

which gives the mean (N) = va. Such a mean diverges if v is large, violating the CLT. As
mentioned in subsection [4.2.1} the averaged characteristic function can be obtained from F'(z)

by analogy, changing z by ®(k). Then,

1 1
R (T e T (47

for ®(k) ~ 1 — 22’;>k2 and Y = > Z; with Z; = N\i/z%> and N; following the negative

binomial distribution. Then, using

dk _,
Pr) = [ e Mo (b)

and the identities (GRADSHTEYN; RYZHIK| 2007

o0 v v—3
J ety (1 + oz2/€2)_y dk = 22 ﬁuKl (g> (5.48)

o F(V) O[V+% 7V

and (ERDéLYI, 1953)
Go5 [ay | 2] = 207K,y (2V/2). (5.49)
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we obtain

4 1 2,0 | ——— V?JQ
- G2 “h .
7)Y (y) 202 F(I/) 0,2 l07y_% 202 ) (5 50)

confirming the violation of the CLT.

Comparing the result above with the expression in with n = 1, we see those
are identical, apart of a change of parameters. So the discrete variables which compose the
observable X in the case n = 1, in the CLT sense, follow the negative binomial distribution.
Starting from the PDF and performing the inverse procedure, we can generalize it for
any scale n.

Consider the probability distribution of X for the case s = £, given in (5.13). From

o

xx (k) = QJ cos(kx)P,(x)dx

0

we get the associated averaged characteristic function. To do so, we rewrite it using ((5.3)) and

the identities

Oo—x—a m,n [d a—1,m+1m | T=b A
J e My Gy [5 | n:r] dr = \ 1Gq;i’1 {1—2&-5 | 77] (5.51)
0
and
G [§ ] = G [ff | x] , (5.52)
to obtain
W 1 1n [T-F | €0 ;2
k) = ﬁG’[ 7/<;]. 5.53
xx (k) 27T€0F(5) n,1 [0 |2w ( )
Using the identity
1 —v —v
WGH o 2] =(1+2)7, (5.54)
for n = 1, we have the same expression of ([5.47)) for the negative binomial distribution, if we
change
w v
€0 o2
with 7 = [[7_, v;, and 3 — 7. In that case we get
()~ \ |5 Gt 577 | —at@() - )] (555)
XX~ 202 T (V) nl |0 @ ’ '

Thus changing ®(k) by z, we obtain

F(z) = 4 /2:(72 F(lﬁ)c:;ﬁ (17100 -2). (5.56)
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And using
. b T(a)) -
GLr [1: | z] = 2=l I g G —a), (5.57)
T
we can simplify those as
v L

and

F(z) = 4/ Q:UWFO (Fra(z - 1)). (5.59)

With F(z) we can now get the probability distribution for the random variable N for any
number of scales n. From ((5.56)), using
o (L=

Gra [F122] = A" 3

r=0

v 1 1n |T-7
P,(N) =\ — =G, g : 61
(V) 2mo? F(ﬁ)N!G”’l [N | a] (5.61)

which is the discrete version of (5.13)) in the CLT sense. Also, using the power series of

G;nqn |:g1+7',b2 ,,,,, bq | Z:l ) (560)

r!

we get

nFo(V;a(z — 1)) we get

d
(Ny=——F(1—-2)| =ab. (5.62)
dZ z2=0
Changing back for the /3 notation, we have
1 N
Pu(N) = |-G [1 7)< >] (5.63a)
2meg F(B)N!
with
(N) = aw. (5.63b)

That is r random variables {N;}7_, following the above probability distribution are composed

to obtain the observable variable X = >, Ni\_/f:m which follows the probability distribution

(5.13) of the continuous H theory.

Confirming this result, consider the particular case n = 0. Then,

1

<N> N
~iGot [v [ (V)] = o, (5.64)

P(N) = —

which is the Poisson distribution. As was seen in [4.2.2] such distribution satisfies the CLT,
converging to the Gaussian distribution, which is the probability distribution of X at the large
scale n = 0 (see equation (5.2))). And taking n = 1, we have
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and (N) = af3. Such a distribution violates the CLT as was saw above. In fact, from ([5.63b])
and once the ; parameters can assume any positive value, we see that only the case n = 0
satisfies the CLT because the mean will be the finite parameter a.

Thus, with the results presented in this and previous section, we see that a discrete version
of the H theory can be constructed. For n = 0 we recover the Gaussianity assumed for the
large scale and for n > 0 we have the non-Gaussianity observed in the theory and experiments.

Although not clear, may exists a connection between the discretization process in terms
of the mimetic map and in the CLT sense which possibly can be found if a discrete version
of the Ito calculus is constructed, together with a stochastic mimetic map connecting both

continuous and discrete Ito calculus.
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6 EPIDEMIC MODELS

In this chapter we present the SIR stochastic epidemic model as a possible application
of the mimetic map in stochastic models used to model disease outbreaks. Here we present
how the three stochastic approaches can be directly connected using the mimetic map and
the discrete calculus in a similar as was done for the H theory in the previous chapter. In
the section [6.1] we present the deterministic SIR epidemic model in terms of the Kernack-
McKendrick equations, which describes the epidemic spread in terms of a compartmental Petri
net model. We present how the parameters indicates the existence of an epidemic and in what
conditions the system can reach a disease-free or an endemic equilibrium. Also a parametric
solution of the Kernack-McKendrick equations is presented. In section [6.2 we present how a
stochastic epidemic model can be constructed, starting from the deterministic one, and the
three approaches used to described it. Then we end the chapter showing how these three

approaches can be connected using the discrete calculus and the mimetic map.

6.1 DETERMINISTIC SUSCEPTIBLE-INFECTED-REMOVED (SIR) MODEL

For any transmissive disease the individuals of a population, which are not immune to
the virus (or bacteria) which is causing the disease, are susceptible to acquire it. After the
contamination by the virus, exists a time interval of latency where the virus incubates, and then
becomes active; that is when the individuals is notably infected by the disease. After the time
interval of infection, the individuals could die or be recovered of the disease, becoming immune
to the virus. After some time the immunity of the individual change due to some response
of the body or because the virus suffered a mutation, making the individual susceptible again
and restarting the cycle. An epidemic consists of cycles like this occurring in a large number
of individuals of some population.

Such complicated dynamics could be mathematically modelled by a Petri Net (BAEZ;
BIAMONTE, 2019), which consists of a network describing the dynamics of a general model,
similar to the one above, in terms of compartments. As examples could be the predator-prey
dynamics between animals, a chemical reaction or even the creation-annihilation of quantum
particles. Here we concentrate in the epidemic model described above.

The Petri nets could be mathematically subdivided in two points of views which are the
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rate (deterministic) equations and the master (stochastic) equations, presented previously.
Those points of views are directly related once the deterministic emerges as an averaged limit

of the stochastic one, for a large population.

6.1.1 The Kernack-McKendrick Equations

In 1927 (KERNACK; MCKENDRICK, 1927)) was published a mathematical model to describe
the spread of contagious diseases in a population, known as Kernack-McKendrick equations,
which was capable not only to foresee the number of infected and recovered individuals at a
given instant of time but also indicates how many individuals would be recovered at the end
of the epidemic, when all the infected got recovered. Such equations predicted such values
according to numerical parameters associated which describes the intensity of the interaction
between individuals and the individuals reaction to the disease.

If we set S as the number of susceptible, I as the number of infected, R as the number
of recovered and N as the number of total individuals of the population, the Kernack-

McKendrick equations (K-M) are given by

S(t) = —f[S(t)I(t), (6.1a)

B
I(t) = =SOI(t) = 1(2), (6.1b)
R(t) = ~I(t). (6.1c)

Here 5 > 0 is the Transmission rate, which is inversely proportional to the time of contact
between susceptible and infected individuals, and v > 0 is the Recovery rate, which is
inversely proportional to the time of infection of the infected individual. These constants
indicates the proportion of individuals which pass from one compartment of individuals to the
other, per unit of time.

In that case, the equations in describes the dynamics mentioned above, assuming
the time of incubation of the virus is insignificant. Thus, the compartmental description of the
system is also called Susceptible-Infected-Individual (SIR) Model and is represented by
the net scheme of figure 9} or by figure [I0]in terms of a Petri net.

The K-M equations can be obtained via the Petri net formalism. Observe figure [L0| and

consider a system of k compartments and [ transitions, e.g., infection, recovery, with the
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Figure 9 — SIR compartmental model scheme.

S I R

Source: the author (2021).

number of individuals in each compartment given by {x;}* ,. For the jth transition, m{
inputs and ngj) outputs of the ¢th compartment occurs with rate r; > 0. Then, the dynamics

of the system is described by ODEs of the form (BAEZ; BIAMONTE, 2019))

dr; ; Nom@ @
Ti er(ngj) —mgj))arl v xR (6.2)
i=1

dt
Such equations are known as Rate Equations In the SIR model the compartments are the

susceptible, infected and recovered individuals and the transitions are the process of infection

and recovery. From the equation above is easy to see that we obtain (6.1)) if r; = % and
ro =y, with z; = S, 9 = I and 23 = R.

Figure 10 — Petri net scheme of the SIR model.

7
S | R

Source: the author (2021).

For such a system of ODEs have connection with the real world, the initial conditions
should satisfy
S(0) >0, 1(0) > 0 and R(0) = 0, (6.3)

otherwise there is no way of a disease spread. Also, observe that summing the equations in
(6.1), we have

S(t)+ I(t)+ R(t) =0 (6.4)

or just

S(t) + I(t) + R(t) = const. = N; Vte [0,00), (6.5)

once the total number of individuals of the population should be the same, since we disregard

the births and deaths of the population in this model. Observe that the equation (/6.5]) elim-
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inates one of the compartmental variables, say R(t¢), been necessary to solve the differential
equations only for S(¢) and I(t).

We can see that the dynamics of the epidemic can be characterized by the values of the rate
parameters. In (6.1b)), if % > 3 I(0) > 0 ensures that the number of infected will increase,
causing an epidemic. Otherwise, if % < % f(O) < 0 and the number of infected decreases to
zero monotonically. That impel us to define a quantity, called Basic Reproduction Number,

by

_ B5(0)
Ro= "= (6.6)
or just
s
Ry, =2 6.7
0 77 ( )

if we set the initial condition as S(0) ~ N. Such condition means that a very small number of
infected individuals is inserted on the population at time ¢t = 0, which is what we will consider
from now on. The quantity Ry denotes the average number of second infected cases as a result
of one infected case in a population of only susceptible individuals. Such quantity will be of
great importance as we will see.

However have its modelling value, it excludes many feature of a disease transmission
in the real world. For instance, the lost of immunity, the time of incubation or the effect of
vaccination are not taken into account here. Those are elements which can be added to the
scheme in figure |§] see (KEELING; ROHANI, 2008). Thus, we can extend the SIR model a bit

to include birth and death of the population. In that case, the Kernack-McKendrick equations

becomes
§1) =~ SWI0) + u1(0) + R(D), (6.82)
(1) = LS00~ (n+1)10), (6.8)
R(t) = vI(t) — pR(t), (6.8¢)

where 1 > 0 denotes the Birth and Death rates, which are made equal to maintain the total
population size N constant, such that S(¢) + R(t) + I(t) = N. We call it the SIR Model
with birth/death, which possess reproduction number given by

R, — p 50 8
pt+y N op+y

(6.9)
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Once the population is constant and the number of susceptibles only decrease, after a long
time an equilibrium should be reached, such that

lim (S(t), I(t), R(t)) = (S, o, N — Sop — Ly) (6.10)

t—00

and

lim (S(t), 1(t), R(t)) = (0,0,0). (6.11)

t—00

Thus, we can obtain the stationary solutions of the system solving

-

%Sooloo - :U/(IOO + ROO) =0

§ 28I — (1 + 7)o =0 (6.12)

L”yfoc — uRy = 0.

It will gives
(Seo, Loy Ro) = (N, 0,0). (6.13)
or
N uN 1 N uN _1)
Swslp,Ry) = | =—, ——(1—-Ry),N — — - ——(1—-R, . 6.14
(Sevton ) = (=R - = Y- mg) (6.19)

The first solution is known as the Disease-free Equilibrium and the second is the Endemic
Equilibrium. Particularly for the second solution, we see that Ry > 1 once 0 < S, I, R <
N. Indeed, can be shown (KEELING; ROHANI, 2008) that if Ry < 1 we have a disease-free

equilibrium and if Rg > 1 we have an endemic equilibrium.

6.1.2 Parametric Solutions of the Kernack-McKendrick Equations

The SIR and SIR with birth /death models can be easily solved numerically, as can be seen

in figures [II] and [12] To plot the solutions bellow, we rewrite the compartmental variables as

5(t) = —Bs(b)i(t), (6.153)

i(t) = Bs(t)i(t) — ~i(t), (6.15b)
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() = ~i(t), (6.15¢)
and into
$(t) = =Bs(B)i(t) + p(i(t) + (b)), (6.16a)
i(t) = Bs(t)i(t) — (u+)i(h), (6.16b)
7 (t) = 7i(t) — pr(t), (6.16¢)

with (6.5)) becoming s(t) + i(t) + r(¢t) = 1. Due to the simplicity of those equations, let us

stick with the expressions above until otherwise necessary.

Figure 11 — Numerical solutions for s(t) (blue), i(t) (red) and r(t) (green) of the SIR model.
Left: 5 = 0.2 and v = 0.2. Middle: 8 = 0.2 and v = 0.12. Right: § = 0.2,
v = 0.05.

Ro = 0.999 Ro = 1.665 Ro = 3.996

08 08
06 — s(t) 06
— i(t)
— r(t)

0.2 0.2

0.0 0.0

Source: the author (2021).

Figure 12 — Numerical solutions for s(t) (blue), i(t) (red) and r(t) (green) of the SIR with
birth /death model, with equal birth and death rates. Left: § = 0.2, v = 0.1 and
@ = 0.1. Middle: 5 = 0.2, v = 0.1 and p = 0.02. Right: 8 = 0.2, v = 0.03 and
w=0.02.

Ro = 0.999 Ro = 1.665 Ro = 3.996
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Source: the author (2021).

In figure LT we observe that a significant number of infected individuals only appears when

Ry > 1, decreasing fast to zero after some time. Here the value of Ry only influence the
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maximum value of infected individuals. Yet, in figure [I2] we see that the increase of Ry affects
the maximum value as well as the final value of infected individuals, causing the endemic
equilibrium when Ry > 1.

Although numerical solutions have its own value, we can have a better interpretation of
the model by showing how exactly it depends on its parameters (3, v and p). Therefore, we
can decouple the differential equations in and to solve those analytically, in terms
of independent parameters related to the time variable (HARKO; LOBO; MAK, [2014). Let us

show it first for the SIR model, without birth/death.
Consider the equations and (6.5). Deriving (f.1a]), we get a term with i(¢), allowing
to use to obtain ) o |
z - (j) + 72 _Bi=0. (6.17)

And using (|6.1a]) in (6.1d) we have

;= —gz (6.18)

Assuming that r(t) = r(s(t)), we can solve it to obtain
s(t) = s(0)e 5", (6.19)
- )
with s(0) = ev".
Thus, differentiating (6.18)) and (6.19)) and putting it all in (6.17)) we get

i = Bs(0)re "0 — yr (6.20)

Thus, solving (6.17]) we have the solution of (6.15)), using (6.19)) and s(¢) + i(t) + r(t) = 1.

To do that, we make the following change of variables:

dt

—e 7" and ¢ = — 6.21
u=-e and & " (6.21)
transforming (/6.20)) in
a 1. 9
du aé = (v = Bs(0)u)¢”, (6.22)

which is a Bernoulli differential equation with solution

1
~ w(C = yInu + Bs(0)u)’

§(u) (6.23)

for a constant of integration C. Then,

b=t = LO W (C —yInu + Bs(0)u)’ (6.24)
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where to = 0 and ug = u(0) = e ",

Thus, solving the above integral we can find the expression ¢(u), or u(t), such that

s(t) = s(0)u(t), (6.25a)
i(t) = glnu(t) — s(0)u(t) + 1, (6.25b)
r(t) = glnu(t). (6.25¢)

Thus we have the parametric analytic solutions for the SIR model in terms of a parameter

u, given by ([6.25) together with ([6.24]). As can be seen comparing figures [13]and [14] the plot

of the parametric solution agrees perfectly with the numeric solution. In this plot the S(t),
I(t) and R(t) has been used again.
Figure 13 — Parametric solutions for S(t) (solid curve), I(t) (dotted curve) and R(t) (dashed

curve) of the SIR model. Here 8 = 0.01N = 0.45 and v = 0.02, and the initial
conditions are S(0) = 20, 1(0) = 15, R(0) = 10.

Source: (HARKO; LOBO; MAK, 2014)).

A parametric solution can also be obtained for the SIR model with equal birth /death rates.

In that case, what we obtain is the Abel differential equation of first kind given by

ZZhC} = (a + 2) v + (c - ’Z) v?, (6.26)

dt
(=74 pur and vzgd—g, (6.27)

where
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Figure 14 — Numerical solutions for S(t) (blue), I(t) (red) and R(t) (green) of the SIR model.
Here 5 = 0.01N = 0.45 and v = 0.02, and the initial conditions are S(0) = 20,
1(0) = 15, R(0) = 10.

Ro = 10.0
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Source: the author (2021).

with the constants

azﬁ(:—i—l),b:u(u—i—y—ﬁl\f) and c=§. (6.28)

Since the ODE above do not have a closed solution, we approximate it by an iterative

solution. Making the change of variable

[1]

=Inw, (6.29)

()t e

The iterative method consists of expands the factors e as

(6.27)) becomes

retain the first order term and obtain the approximated solution =; of the approximated version

of the differential equation, namely

=
d

After that, one do the same retaining the high order terms and assuming the validity of

2b b
=(2a+c+ ;M)El+a+c+—2u. (6.31)

the previous order differential equation solution, obtaining in general

d=,

20+ 1\ — b+ & b p\ =k
dC = <2a+c+ C) :n+a+c+T+Z l2k (a—l— C) + <C+ C>:| k!lj (632)

k=2
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for n > 1. The solution for the above differential equation is given by

ad b w\ ] =k
—_ = (2a+c)¢ ~2b+ —(2a+c)¢ ~—(2b+p) k e Il n—1
En(C) = =Z0(¢) + e ¢ “Je ¢ “];2[2 (G+C)+(C+()]k! dc.
(6.33)
The general solution of ((6.30)) is obtained taking the limit
2(¢) = lim Z4(0). (6.34)
With that, the parametric solutions of ([6.16]) is given by
¢ eEIA 7i(0) 1, eE00 A
5(0) = A [ [ | desmm(w(o»], (6.352)
1 X 1 X
i) =%, (6.35b)

1

¢ 7i(0)
r(¢) =w(¢()™ ” eEE0W(x)dx — J =0 (y)dy + T(O)qf(w(()))] (6.35¢)

x cE(")(anr,u) eT(n)

with A(z) = e 5 =7 dpand U(z) = N = W,

Therefore, we have analytic parametric solutions for the SIR model with birth/death rates
in terms of the parameter (, considering the relation . However, notice how complicated
became the solution just adding the contribution of the birth/death rate p to the model,
imposing limits to which situations that kind of solution could be obtained.

In what follows we pass to the stochastic description of the SIR model and how the discrete

calculus could be used to connect the stochastic approaches.

6.2 STOCHASTIC SIR MODEL

In the previous section was presented the deterministic approach for the SIR model, which
well describes the main features of the model. However, such approach gives good results only
when the total size of the population is large, ignoring possible errors in the estimation of the
rates and the possible fluctuations of the compartmental variables (BRITTON, 2010]), making
the deterministic approach an idealization. To correct this, we interpret the compartmental
variables not as functions but rather as random variables (ALLEN, [2008).

Although not presented here, the disease-free/endemic equilibrium conditions can also be

described in the stochastic SIR formulation.
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6.2.1 Discrete Time Markov Chain

Consider a discrete stochastic process {X;},er for T' = AtNy, with At < o0, and X, € Z.

This stochastic process is defined in such a way that in a time interval At, only the transitions
X > Xpne=Xi—1, Xi>Xpone =X, or Xy > Xpon =X+ 1
are allowed. In that case, the probability distribution of X, is defined by
P,(t) := Prob(X; = n), (6.36)
with conditional probability given by the Markov assumption ({4.52))
P(n',t + At|n,t) = Prob(X,;yas = n'| Xy = n), (6.37)

where n’ can only be n—1, n or n+ 1. Such a construction defines a Discrete Time Markov
Chain (DTMC).
Since it is a Markovian process, we can represent the dynamics of the probability distribution

as a law of total probability for a birth-death stochastic process given by
P,(t + At) = G 1 AtPy1(t) + Y1 AP, 1(t) + [1 — (G + va) At] Pu(2), (6.38)

where the coefficients are proportional to the conditional probabilities by

r

YuAt, n'=n+1

P(n',t + At|n, t) = < CnAt’ n=n-—1 (639)

1 — (Y + o)A, n' =n.

To accept it, just remember that the coefficients ( and  appearing in the master equations
can be interpreted as probabilities per unit of time, as discussed in subsection [4.4.1.2, And
since the sum of all probabilities is equal to one, the case n’ = n can only have this form.

Notice that to assure that these probabilities are well defined, At should be chosen such that
max{ (v, + (,)At} <1, Vn.

Observe that equation ([6.38|) can be viewed actually as a difference equation, revealing

that the DTMC can be seen as a discrete case of a differential equation.
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Thus, to construct a DTMC SIR Model we consider the discrete random variables S,
I; and R;, which represent the number of susceptible, infected and recovered individuals of a

population, respectively. And since the total size of the population NV is finite, we have
Sy, I;, Ry € {0,1,..., N} (6.40)
such that

Which means that the probability distributions can be defined in terms of S; and I; only, as a

bivariate probability distributions given by
P, i(t) = Prob(S; = s,1I; = 1) (6.42)
and
P(S/, i/,t + At|5,l,t> = PTOb(St+At = S/, [t+At = ’i/‘St =S, It = 'l) (643)

Then the conditional probabilities are defined by

r

LisAt, (s,i)=(s—1,i+1)
vilt, (s',i") = (s,i—1)
P(s'i' t + Atls,i,t) = { pint, (s,i) = (s + 1,i — 1) (6.44)

w(N —s—i)At, (s,7)=(s+1,4)

1-— [%zs + i+ u(N = s)|At, (s',7) = (s,9)

L

From the Petri nets point of view it is easy to see how those coefficients can be obtained
(BAEZ; BIAMONTE, 2019). Once the rates defined in are interpreted as a frequency of
individuals passing from one compartment to the other per unit time, the probability of a
transition can be given by the rate times the time interval At which the transition occurs
times the total number of ways the transition can occur. For instance, the probability for
the transition (s,i) — (s — 1,7 + 1) occurs is %At, but it occurs in ST ways, once an
infected individual appears from the interaction of one infected and one susceptible. Thus, the
conditional probability is %SIAt. The same reasoning can be followed for the other conditional

probabilities.
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Then, the dynamics of the probability distribution (6.42)) can be described by

Ps,i(t + At) 2]6( — ].)(S + 1)AtPS+17i_1<t) + ’7(@ + 1>AtPs,z+1(t)

+ p(i + DAtPs 141 (t) + p(N — s+ 1 — i) AtPs_y (1) (6.45)
#{u| s eai+uv - 9| adf v
s vi 4+ u(N —s) | At} Ps,(t).

In the figure [15| we see how the trajectories of the stochastic process, in average, agree
with the deterministic solution. Also, we see that the discrete random variable makes the

trajectories discontinuous.

Figure 15 — Trajectories of the number of infected individuals of the DTMC SIR model and
solution of the the number of infected individuals of the deterministic SIR model
(dashed curve). Here At = 0.01, N = 100, § = 1.0, p = 0 and v = 0.5, with
initial conditions Sy = 98, Iy = 2 and Ry = 0. The reproduction number is
Ry = 1.96.
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Source: (ALLEN, 2008).

6.2.2 Continuous Time Markov Chain

The Continuous Time Markov Chain (CTMC) approach distinguishes from the DTMC
only by the definition of the time variable, defining a discrete stochastic process { X} with

T = [0,00), instead of AtNy. As a consequence, the conditional probability is defined by
P(n/ tj1|n, t;) = Prob(X; 1 = n'|X; = n), (6.46)

denoting X; = X, for a time partition 0 =ty <) < ... <tp 1 <lp <lpy1 <.... The

difference t,, — t,_1 = At, is now assumed to be an infinitesimal quantity. Thus, taking the
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limit of At — 0, the law of total probability becomes a birth-death master equation given by

Po(t) = Gus1 Pasa(8) + vn1 Paca (1) = (Go + 1) Palt), (6.47)
for
Poft) = Jim Fult + AA’“& —Falt), (6.48)
Now we have the conditional probabilities as infinitesimal quantities given by
r’ynAt + O(At), n'=n+1
P(n' tjaln, ) = { ¢, At + O(At), n'=n-1 (6.49)
\1 — (Y + G At + O(AL), n' =n;

o@y _

such that lima; .o =x;

By this approach the stochastic CTMC SIR Maodel have conditional probabilities given
by

-

LisAt + O(At), (s,i) =(s—1,i+1)
viAt + O(At), (s,1) =(s,i—1)
P(s,d' t + Atls,i,t) = { pilt + O(At), (s',i) = (s+1,i—1)

W(N — s — )AL+ O(AL), (s',i') = (s + 1,4)

(1- [Lis + i+ u(N — )] At + O(AL), (s,7) = (s,0);

(6.50)
resulting in the master equation
Ps’i(t) :]€<Z — 1)(8 + 1)Ps+1,i—1<t> + ’)/(Z + 1)Ps’i+1(t)
+ (i + 1) Peq i1 () + (N — s+ 1 — i) Py (1) (6.51)

- ]iis + i+ pu(N — s) | Psi(t).

6.2.3 Stochastic Differential Equations for Epidemic Models

In this last approach we define a SDE of the stochastic process given by {X;}cr, for T' =
[0,0) and X; € R, been time and random variable both continuous. Thus, the probabilities
are given by the PDF

Prob(a < X; <b) = JbP(x,t)da: (6.52)
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and the conditional PDF
Prob(X;;1 <2'|X; <) = J J Pz, titly, t;)dydz. (6.53)
—00 J—00

To determine the F-P equation satisfied by the PDF above, we deduce the SDE estimating
it by the Euler-Maruyama method (ALLEN, 2017)), which is used to solve SDEs numerically,
applied to the CTMC model. Thus, consider the random variable AX = X;, A; — X, that has
a Gaussian distribution for small values of At. In the CTMC approach it will possess mean

and variance given by

(AX) = (vn — ) At + O(At) (6.54)
and

oax = (9 + G AL + O(At). (6.55)

The Euler-Maruyama method consists in write the SDE of X as (ALLEN, 2017)
AX ~ (AX) At + oaxnV AL, (6.56)

where 7 is a random variable with normal distribution. In the limit of At — 0, we obtain the

SDE
dX = (y(z) = C(z))dt + +/ (v(z) + ((2))dW (1), (6.57)
where 7, and (,, became v(x) and {(z), passing from discrete to continuous random variables.

Therefore, we can obtain the F-P equation for P(z,t) as

0P(x,t) = =0:[(v(2) — C(x))P(x,8)] + ;@f[(v(w) +C(@))P(x, 1)] (6.58)

To construct a SIR model based in SDEs, we consider a bivariate PDF associated with the

continuous random variables .S; and I;, such that
Prob(sg < Sy < spyio < I < i) = J f P(s,i,t)dsdi (6.59)
S0 10
with conditional PDF

Prob(Sjs1 <8, 1j41 <7|S; <s,1; <i) = JS f’ fs JZP(x’,y',tj+1|x,y,tj)dydxdy’dx'.
o Jo Jo Jo (6.60)
Now we should have here a pair of SDEs to describe the evolution of the random variables
and, instead of the variance, we need to estimate the covariance matrix. Thus, for the random

vector AX = (AS,ANT = (Spsnr — Sp, Isar — 1) we have

_s _
<A)?> _| ST (6.61)

%Sl —(nw+yI



122

and
L BSI+u(N—-S) —88I—ul
<AX, AX> | N ( )N At. (6.62)
—BST—pul  LSI+ (u+)I
The Euler-Maruyama method gives
AX ~ <AX'> + B, (6.63)

for the random vector 77 = (11, 72)” with normal distributed random variables 7, and 7, and

the 2 x 2 matrix B satisfying the equation
BBT — <A)Z', A)Z'>.

Then the SDEs for the SIR model with birth/death are

and

where dW(t) and dWs(t)) are independent Wiener processes.
Since can be complicated to obtain B for the SIR model with birth/death, we set = 0

to stick with the SIR model without birth/death. Making easier to obtain the SDEs (ALLEN,

2017)
5 | B
dsS = —NSIdt — NSIdI/Vl(t) (6.66)
and
dl = (f[SI — 7]) dt + A/ ﬁSldWl(t) — \/WdWQ(t). (6.67)

Using Ito’s formula for n random variables (subsection [4.6.2.3]), we obtain

OrP(s,i,t) =05 (ﬁsﬁ?(s,i,t)) — 0; [(Jisz — 7@') P(S,i,t):|
1 2 6 . . 1 2 5 . . .
+ 555 (Nsﬂ?(s,z,t)> + 561» l(st + 72) P(s,z,t)] (6.68)

5. :
— 050; (Nsﬂ?(s,z,t)) .

Again, we see in figure how the stochastic trajectories agrees, in average, with the
deterministic solution. Also, observe that the stochastic trajectories are continuous, which

now occurs due to the continuous stochastic variable assumption of the SDE approach.
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Figure 16 — Trajectories of the number of infected individuals of the stochastic differential
equations of the SIR model and solution of the the number of infected individuals
of the deterministic SIR model (dashed curve). Here At = 0.01, N = 100,
8 =1.0, p =0 and v = 0.5, with initial conditions Sy = 98, I, = 2 and Ry = 0.
The reproduction number is Ry = 1.96.
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Source: (ALLEN, 2008).

6.2.4 The Role of Discretization Connecting these Approaches

The dynamics of the DTMC and the CTMC processes are described by the equations
and , respectively. It is easy to see that the transition from one equation to the other
can be done following the same procedure made for the construction of the master equation
on section . The inverse path can be done if we apply the mimetic map in the term Pn(t)

of (6.47)) to get
Pult) = DAP(2), (6.69)

with h = At.
We should expect that a similar procedure can be applied to connect the master equation

of the CTMC and the F-P of the SDE approach. As a matter of fact, (ALLEN, [2008)) shows
that (6.47)) can be rewritten as

[(Vns1 — Crur1) Pas1 () — (Y1 — Coe1) P (1)]
2An
+ 1[(7714—1 + Cn-i-l)PTH-l(t) - 2(7n + Cn)pn(t) + (771—1 + Cn—l)Pn—l(t)]
2 (An)?

Pn(t) =
(6.70)

or, in difference operator notation, as

Pn(t) = = Do[(Vn = Go) Pu(O)]3=2an + D,%[(% + Cn)Pn(t)”h:An ) (6.71)
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where Dz(fh(x)) = fAI(“AAmi_fM(m). Then, taking the limit An — 0, we obtain ([6.58]).
h=A

In that case the sec}uence P,(t) becomes the function P(z,t) and the coefficients ~,, and ¢,
become the functions v(z) and ((x).

Once again, the connection between discrete and continuous stochastic processes is made
possible by the mimetic map and discrete calculus. We observe that if the mimetic map was
directly applied to the F-P equation of the SDE approach we would not obtain the
CTMC master equation due to the stochastic terms of the F-P equation, coming from the
stochastic terms of the SDE. It may occurs because the probabilistic feature of the system can
not be captured by the mimetic map, which discretizes the deterministic infinitesimal calculus.
The situation becomes even more complicated if the SDE SIR model is considered once it
involves two random variables with constraints caused by the physical behavior of the system.
This situation could be overcome by the construction of a mimetic map which captures such
feature, a stochastic mimetic map, which would be a generalization of the current mimetic
map.

Such a map would generate a discrete version of the stochastic calculus presented in section
[4.6] It would be responsible to map stochastic differential equations onto stochastic difference
equations, allowing the obtainment of the Master equations from those, analogously to the

F-P equations obtained via Ito’s formula.
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7 CONCLUSIONS

The connection between a infinitesimal and a discrete substratum to construct mathe-
matical models of Nature seems of great relevance to narrow the connection between the
mathematical and experimental /numerical descriptions. Thus, it was proposed in this disserta-
tion how it can be achieved via an integral transform, called mimetic map, connecting all the
structure of the infinitesimal calculus with a discrete calculus which preserves such a structure,
presenting applications in mathematics and physical stochastic processes.

In conclusion, we saw along the dissertation that the space of functions can be mapped onto
a space of discrete functions via an integral transform, making it possible to obtain the discrete
h-calculus from the infinitesimal calculus in a very systematic way. With that it was possible not
only to obtain the already known discrete calculus, but also to generalize it providing a direct
connection between functions and differential equations to discrete functions and difference
equations, respectively. It is worth mentioning that only with this systematic procedure it
was possible to obtain discrete versions of the incomplete gamma, the complex confluent
hypergeometric functions and some orthogonal polynomials. Plus, due to the mimetic map
it was shown that it is possible to construct discrete versions of integral transforms, relating
it to already known discrete transforms, like the h-Laplace and the Z transform, and also
obtaining new discrete integral transforms, like the h-Mellin transform. It was also shown that
the sequences and difference equations can be generalized to include steps depending on a
parameter h, where the standard objects appears in the particular case h = 1. It can be seen
by how the method to solve difference equations via generating function is extended to the
h-generating function.

The application of the mimetic map in the physical context proved to be useful as a tool
to relate discrete and continuous stochastic processes due to the mapping of F-P equations
onto master equations and vice-versa. It was capable to present how the gamma distribution
emerges as a continuum limit of the negative binomial distribution, or more general, it was
possible to construct a discrete version of the description of the background variable of the H
theory described in terms of master equations instead of F-P equations. Motivated by that,
once the central limit theorem consists of a continuum limit of composed discrete random
variables, we could construct a discrete H theory for the observable variable, from where the

standard H theory emerges in the central limit sense. Also, applications of the mimetic map
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in stochastic epidemic models are foreseen once we can move from one of the approaches
(DTMC, CTMC, SDE) to the other via the mimetic map and the discrete calculus.

Therefore the discrete calculus, and specially the mimetic map, provides theoretical and
numerical tools to a deeper understanding of many areas of science. In the numerical tools
context, the discretization procedure provides a new way to look to continuous quantities for
simulations, giving the evolution of a PDF of a continuous variable in terms of a probability
distribution of a discrete one, for instance. Or, equivalently, the numerical solution of a F-P
equation given in terms of the numerical solution of a master equation.

In the discretization via mimetic map of the F-P equations of the case s = 1 of
the H theory and of the stochastic epidemic model we expected that a birth-death
master equation would be obtained which did not happen (see (6.51])). A possibility is that a
discrete Ito calculus could provide a set of tools to obtain discrete SDEs from the standard
one, associating master equations to those, instead of F-P equations. Such a discrete Ito
calculus could also be used to obtain a discrete version of a stochastic variational method
(KOIDE; KODAMA; TSUSHIMA, [2015)), similarly to the discrete variational method mentioned in
the introduction of the dissertation (DESBRUN et al., | 2005)).

Many applications of the mimetic map will be explored by us in a near future in many
topics of mathematics, as in discrete analogues of mathematical objects such as monodromy
(IWASAKI et al., (1991), the construction of a discrete Clifford algebra (SCHEPPER; SOMMEN;
VOORDE, 2009) and further applications in number theory will be explored, which may lead
to connections with statistical mechanics (KNAUF, [1999)). In computational science, useful
algorithms for finite difference methods can be developed or the current ones can be updated.

In physics, we will use it to connect continuum models to lattice models, like the Schramm-
Loewner evolution (CARDY, 2005) and the Hubbard model, it can have applications in the
renormalization group (PANZER, 2015)) and the corresponding regularization procedure. Also
some applications in quantum mechanics will be explored, connecting systems described by
continuous observables (continuous eigenvalues) with the ones described by discrete observ-

ables (discrete eigenvalues).
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APPENDIX A - MEIJER AND FOX FUNCTIONS

A.1 DEFINITION OF THE MEIJER G FUNCTION

The Meijer G function is a generalization of the generalized hypergeometric function. We

can define the Fox G-function by the Mellin-Barnes representation as (ERDéLYI, 1953)

) d @ B
G 7| f oGyt [ 1) =7, (A1a)
where [ ] [ ]
. . Hm=1 I'(b; +n) H@:1 I'(1—a; —n)
Gy [F ] o= ’ (A.1b)

[ femp T(L =05 — 77)] [1_[?:”“ I'(a; + 77)]
The indices m, n, p, q are such that 0 < m < ¢ and 0 < n < p, the parameters a; and b,
are both real or complex and the contour of integration ~ is choose in such a way the poles
of I'(b; + 1) and I'(1 — a; — n) are separated from each other. An excellent discussion about
the construction of the Meijer G-function and its relation with the generalized hypergeometric

function can be found in (BEALS; SZMIGIELSKI, 2013)).

A.2 DEFINITION OF THE FOX H FUNCTION

The Fox H-function is a generalization of the Meijer G-function. We define the Fox H-

function by the Mellin-Barnes representation as (MATHAI, 2010) (KILBAS, 2004

m,n (C_L‘,A‘ X 1 mn 6,g) _
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The indices m,n,p,q are such that 0 < m < ¢ and 0 < n < p, just like the Meijer
G-function defined previously. The parameters a; and b; are both real or complex numbers
and the A; and B; are real positive numbers. The contour of integration 7 is choose in such

a way the poles of I'(b; + B;n) and I'(1 — a; — A;n) are separated from each other.
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