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ABSTRACT

The lambda calculus is a universal programming language that represents the func-
tions computable from the point of view of the functions as a rule, that allow the evaluation
of a function on any other function. This language can be seen as a theory, with certain
pre-established axioms and inference rules, which can be represented by models. Dana
Scott proposed the first non-trivial model of the extensional lambda calculus, known as
D, in order to represent the A-terms as the typical functions of set theory, where it is
not allowed to evaluate a function about itself. This thesis propose a construction of an
oo-groupoid from any lambda model endowed with a topology. We apply this construc-
tion for the particular case D., and we observe that the Scott topology does not provide
relevant information about of the relation between higher equivalences. This motivates
the search for a new line of research focused on the exploration of A-models with the
structure of a non-trivial co-groupoid to generalize the proofs of term conversion (e.g.,

p-equality, n-equality) to higher proof in A-calculus.

Keywords: Lambda calculus. Extensional lambda model. Infinity groupoid.



RESUMO

O célculo lambda é uma linguagem de programagao universal que representa as fun-
¢Oes computaveis do ponto de vista das fungdes como regra, que permitem a avaliacao de
uma funcao em qualquer outra funcao. Essa linguagem pode ser vista como uma teoria,
com certos axiomas e regras de inferéncia pré-estabelecidos, que podem ser representados
por modelos. Dana Scott propos o primeiro modelo nao-trivial do calculo lambda ex-
tensional, conhecido como D, para representar os A-termos como as fungoes tipicas da
teoria dos conjuntos, onde nao é permitido avaliar uma func¢ao sobre si mesmo. Esta tese
propoe a construcao de um oo-groupoid a partir de qualquer modelo lambda dotado de
uma topologia. Aplicamos esta construgao para o caso particular D, e observamos que
a topologia Scott nao fornece informagoes relevantes sobre a relacao entre equivaléncias
superiores. Isso motiva uma nova linha de pesquisa focada na exploracao de A-modelos
com a estrutura de um oco-groupoide nao trivial para generalizar as provas de conversao

de termos (e.g., f-igualdade, n-equalidade) & provas do ordem superior em A-calculus.

Palavras-chaves: Calculo lambda. Modelo extensional lambda. Groupoide infinito.
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LISTA DE SIMBOLOS

N The numbers natural set
D,D',X,Y  Arbitrary sets
a,b,...x,y Members of these sets

f,9,F,G,¢,v Functions

€ Belongs

T Topology

(D, 1) Topology space

uE The least element in D

C Partial ordering in D

L X the least upper bound (supremum) of X
(D,C) c.p.o.

(D — D')  The the set of all functions from D to D’

D Infinity groupoid generated by space D

(D, d) The n-group fundamental based in the point d in the space D
Too(D) The oo-group fundamental based in the space D

IIo(D,a,b) The fundamental co-groupoid based in the points a,b € D

(D) The fundamental co-groupoid on topology space D
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1 INTRODUCTION

In what follows we put in context the research problem in light of the related publications

to the topic of this thesis, together with the objectives and organization of the work.

1.1 CONTEXTUALIZATION AND MOTIVATION

The lambda calculus is a programming language in which the computable functions are
seen as rules instead of sets. Since the origin of Computer Science, lambda calculus has
been widely used, since it constitutes the essence of functional programming languages
Call-by-Value and the languages of the |Metalanguage (ML) family, such as
[Abstract Machine Language (Caml)| |Standard Metalanguage (SML) and Haskell. It is also

of great interest the study of lambda calculus from the point of view of the types, since

it allows the detection of errors without the need to execute a given program. There are

extensions of typed lambda calculus such as|Martin-Lof Type Theory (MLTT)| also known

as Intuitionistic Type Theory or Intentional Type Theory, where unlike lambda calculus

there are dependent types such as identity type I4(a,b), with a and b terms of a type A.

Under the so-called Curry-Howard isomorphism, the type I4(a,b) represents the pro-
position which says that a is equal to b in the type A, and its terms (if these exist) would
be proofs of this equality. If there is a proof p of 14(a,b), this does not imply that a = b in
the primitive or extensional sense of equality, since it can happen that a and b are inten-
tionally equal, but not necessarily extensionally equal. In the other direction, if a = b this
implies that there is an equal proof of I4(a,b). Thus, 14(a,b) is a weaker type of equality
than primitive equality, but it can gather more information regarding the multiple proofs

of the equality. The type I4(a,b) is known as a propositional equality.

Furthermore, let two proofs of equality p and ¢ in I4(a,b), then we can consider the
type I1,(ap) (P, ¢), and we can continue iterating indefinitely to obtain an infinite sequence

of higher identity types, which carries an algebraic structure known as oco-groupoid.

In Homotopy Type Theory (HoTT), the types of MLTT are interpreted as topological
spaces, and proofs of identity p of I4(a,b) are seen as continuous paths from a to b. The
proofs h of identity proofs in I;,(qs (p,q) are interpreted as homotopies h from p to g,

and so on, the fundamental co-groupoid I, A(a, b) is obtained this way.

Since MLTT is a formalization of typed lambda calculus, it can also carry an algebraic
oo-groupoid structure; if the types are seen, not simply as sets, but as topological spaces,
one has a rich mathematical structure to model complex phenomena such as computations.
Our motivation is to study type-free lambda calculus from a model that allows us to clearly

see the oco-groupoid structure.
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1.2 RELATED PUBLICATIONS

The system of with identity types (MARTIN-LOF, 1975) was originally developed
to give a formalization of proofs of identity statements. By studying the relationship
between two elements of a certain type (i.e., two proofs of a proposition), the relation
of two proofs of identity proofs, and so on, one could have the formal counterpart to
such a hierarchical structure of globular sets. Later (HOFMANN; STREICHER), [1994)) comes
up with the idea of using higher order categories for the interpretation of MLTT, and
later on (AWODEY; WARREN, |2009)) manages to establish the connection between MLTT
and algebraic topology, in the sense of which types of identity can be interpreted as
equivalence of homotopies. This led (VOEVODSKY, 2010|) to formulate the Univalence
Axiom , which gives rise to Homotopy Type Theory (HoTT) (PROGRAM, [2013)), where
MLTT is interpreted in an oo-groupoid (BERG; GARNER) 2011)).

Since [MLTT] is an extension of simply-typed A-calculus, it can also be seen as an
oo-groupoid in this topological interpretation given by (SCOTT, 1993). Also, for type-free
A-calculus, Dana Scott presented the model D, in order to give an interpretation to \-
terms into the theory of ordered sets. This model is semantically rich in the sense that
it is an ordered set with a topology. This allows for generating a A-model ©, with the
structure of an co-groupoid and an operation of composition between cells based on the

operation of path concatenation in the topology of D...

1.3 RESEARCH PROBLEM

From the A-model Scott’s D, is it possible to generate a A-model with an oo-groupoid

structure for some composition operation between cells?.

1.4 OBJECTIVES

Objective of this work is to build the co-groupoid ® from a topological space D through
higher groups homotopy (GREENBERG, |1967; HATCHER, |2001) and thus show how to

calculate all higher groups generated by any [complete partial order (c.p.o.)| with the
Scott topology (ACOSTA; RUBIO, [(2002)). Finally, apply the construction of Chapter (3| for
the particular case of the D, to obtain an oco-groupoid @, and prove that this is

isomorphic to D.,, which shows that ., is indeed an extensional A-model.

1.5 WORK ORGANIZATION

The remaining sections of this thesis are structured as follows.

[Preliminaries} introduces definitions, lemmas and basic theorems related to the

problem that are used for the elaboration of this work.
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[T’he extensional A-model ® .} shows the construction of the infinity groupoid

from any topological space, through the use of higher fundamental groups and proves that

the oo-groupoid generated by D, is also an extensional A-model.
[Conclusions} presents the final considerations on the main topics covered in this

thesis, including the contributions achieved and indications of future work.
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2 PRELIMINARIES

In this section we present some basic notions about infinite-groupoids, topological spaces,
continuity, higher fundamental groups and extensional lambda models, to set up the

groundwork for this thesis. All the proofs of results can be seen in the suggested references.

2.1 HIGHER GROUPS OF HOMOTOPY

Below we present the definition of topological space, continuity, group, higher group with

some useful results.

Definition 2.1.1 (Topological space). Let D be a set. A topology T is a collection of

subsets of D, which satisfies the following axioms
1.0,Der
2. N € 1, for all finite sub-collection p of T,
3. Up € 1, for all sub-collection p of T,

The ordered par (D, T) is called topological space, and each set A € T we say it is an open

of T.

Definition 2.1.2 (Continuous map). Let (D, 7) and (D', 7") be topological spaces. A
map f: (D,7) — (D', 7') is continuous if for every it A € 7' satisfies f~1(A) € T, where
YA :={deD: f(d) e A}.

The pair (D, 7) will be called simply D.

Example 2.1.1 (Euclidean topology). The usual topology on R is defined by: A is

open if it is the union of open intervals.

Example 2.1.2 (Inherited topology). Take R with the usual topology. The topology
inherited by R to interval [0, 1], is defined as the collection of all intersections AN [0, 1],

such that A is a usual open in R.

Example 2.1.3 (Quotient topology). Let (X, 7) be a topological space, Y a set and
f: X =Y a surjective function. The quotient topology on Y is a collection

H={VCYy:f\(v)er}.

Example 2.1.4 (Box topology). Take [0, 1] with the topology inherited by R. The box
topology on [0,1]™ is defined as the collection of all Cartesian products Ay x Ay -+ X A,
such that A; is open in [0,1] for each 1 <i <n.
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Definition 2.1.3 (Compact space). A topological space D is compact if, for any family
of opens C such that D C JC, there is a finite subfamily F C C such that D C |JF.

Example 2.1.5 (Compact in R). For each n > 1. [0,1]" is a compact subspace of R.

Example 2.1.6 (Open compact topology). Given a topological space D. Let C([0,1]™, D)
the set of all continuous functions from [0,1]" to D. Define the open compact topology on

C([0,1]", D) as the collection of all unions and finite intersections of sets
S(K,U) ={feC(0,1]",D): f(K) C U},
where K is a compact subspace of [0,1|" and U an open of D.

We write C,, ([0, 1]", D) to emphasize that the set C'([0,1]", D) has the open compact
topology.

Remark 2.1.1. Let D be a topological space. A map h : [0,1] x [0,1]" — D is continuous
iff the function H : [0,1] — C,,(]0,1]", D) is continuous, where H(t) := h;y and hi(s) =
h(t,s) with t € [0,1] and s € [0, 1]".

Definition 2.1.4 (Continuous path). Let D be a topological space and interval [0, 1]
with the inherited topology by R. Define a path [ from point a € D to point b € D, written
as f:a~ b, as the continuous map f :[0,1] — D such that f(0) = a and f(1) =b.

and define the product between paths f :a ~>b and g : b~ ¢, as the path

£(2t) if 0<t

g(2t—1) if 3

IN
IN

—_ DN |
. -

fxg:=
t

IA
IA

Definition 2.1.5 (Homotopy between paths). Let f:a ~> b and g : a ~ b be paths
on space D. The paths f and g are homotopies, [ ~ g, if there is a map continuous
h:[0,1] x [0,1] = D such that

(a) h(t,0) =a and h(t,1) =b, for all t € [0, 1],
(b) h(0;t) = f(t) and h(1;t) = g(t), for all t € [0,1],
where [0,1] x [0,1] = [0,1] has the box topology (see Figure|1)).

The homotopy is a relation of equivalence, where [f] is homotopy class of f, i.e, the
class of all the homotopy paths with f. The set of all homotopy classes, indicated by
I, (D), it is known as fundamental 1-groupoid, where the product between classes is
defined naturally by [f] * [g] := [f * g]. A groupoid is category where the morphisms are

isomorphism.

By the Remark the homotopy A can be interpreted as h : f ~» g into open com-
pact topology C,.([0,1], D). Thus, if we have two homotopies h; : f ~ g and hy : f ~> g,



16

we can talk about the homotopy of homotopies h : hy ~ hy into space C, ([0, 1]?, D). This
homotopy of homotopies is an equivalence relation that generates the class of homotopy

classes Ily(D), known as the fundamental 2-groupoid.

We can keep iterating and get the infinite sequence of fundamental groupoids II; (D),
II,(D), I3(D), ..., known as the fundamental co-groupoid, written as I1, (D). If we have
two n-paths f and g such that [f] = [g], so this fact induces an intentional equality relation
=, between the n-paths f and g, i.e., f =, g and we say f and g are homotopically

equivalent.

Figura 1 — Homotopy A : [0,1] x [0,1] — D

h(ty,1)

h(tl, 0)

Sink: The author (2020)

Let us now generalize the notion of a continuous path from point a to point b, to

n-paths based on points a and b in any space D.

Notation 2.1.1. Take a map p : [0,1]" — D. Write p[s,] : [0,1]*"' — D for the map
such that

p[Sthl, ce ,trfl,tr+1, Ce ,tn) = p(tl, ey Spy e ,tn),
(pls:])[ks] = plsr, ks,

and for a fired a € [0, 1], write p[t, = a] : [0,1]""' — D for the map such that

p[tr = a](tl, c. atr—btr—i-la ce ,tn) = p(th c. 7tr—1; Cl,tr+1, c ,tn),



17

Definition 2.1.6 (n-path). Let D be a topological space. For each n € N, define an
n-path based in the points a,b € D as continuous function p : [0,1]™ — D such that

pltn =0](t1, ..., th—1) = a and plt, = 1](t1,... ,tn_1) = b,
for each ty,... t,_1 €[0,1].
e For each r < n, define the product *, of n-paths p and q as
1. if p[ty = 1] = q[t, = 0], define the n-path

p(2t1,ta, .. ty) if 0<t; <2

(p*n—1q)(t1,...,t,) := 2

g2ty — 1,ty, ..y t,) if 3 <t <1

2.ifr<n—1andplty =1,...  tpmo1)y—r = 1] =q[ti = 0,... , t(_1)—r = 0], define
the n-path p x, q such that

(p *p Q>[t17 cee 7t(n—l)—r] = p[tla s 7t(n—1)—r] *p q[tly cee at(n—l)—r]-

o For each n-path p, define the identity (n+1)-path as the constant path c(p) : [0, 1] —
D such that (c(p))[t1] = p for all t; € [0, 1].

We have that each (n+1)-path is an equivalence relation between two n-paths, since
(n+1)-path p : [0, 1] — D can be seen as a continuous path from n-path p[t; = 0] to the
n-path p[t; = 1] into space C, ([0, 1]", D) (open compact topology), i.e., as the continuous
function P : [0,1] — C,.([0,1]™, D) such P(0) = p[t; = 0] and P(1) = p[t; = 1].

Thus, the set of all equivalence classes on the set of n-paths along with the product of
n-paths, it generates a groupoid; where the product between classes is defined naturally
by [p] *» [¢] := [p *» q], which satisfies [¢""(p[ty = 0,...,tn— = 0])] %, [p] = [p] and
[p] % [ " (plt1 = 1,...,tn—r = 1])] = [p], and for each n-path p there is a p such that
Pty tny] = pll —t1,...,1 — t,_,], for which it holds that [p] %, [p] = [¢" " (p[t: =
0,...,tn—r =0])] and [p] *, [p] = [¢" " (p[t: = 1, ..., t,—r = 1])].

Let p and ¢ be n-paths. If [p] = [¢], we write p =, ¢ and we say p and ¢ are equivalent
higher homotopies. Write I1,,(D, a, b) for the set of n-paths based at a,b € D governed by

intensional equality =;. In the literature the infinite sequence
Iy(D,a,b),11;(D,a,b),113(D,a,b),..., 11,(D,a,b),...

is known as the fundamental co-groupoid based at a,b € D, and 1 (D) is simply the

fundamental co-groupoid for any a,b € D.

Example 2.1.7. For n = 2, any 2-path p would be homotopy between paths (1-paths)
plti = 0] and plt; = 1] as in the Figure[d The r-product between the 2-paths p and q is

given according to the cases:



Figura 2 — 2-path (homotopy) p : [0,1]> — D

Sink: The author (2020)
1. If p[ty = 1] = q[t; = 0], the I-product is

0

IN
IN

IA
— N

if 131
q<2t1 — 1,t2) ’lf tl

IN

(p*1q)(t1,t2) := {p(2t17t2)

1
2

so (p*1 q)[t1 = 0] = plty = 0] and (p *1 q)[t1 = 1] = ¢[t1 = 1], i.e., (p*1q) is a
homotopy from path plt; = 0] to path q[t, = 1] as seen in Figure[q

Figura 3 — The product p *; ¢

Sink: The author (2020)

2. If plte = 1] = q[ta = 0], the 0-product is given by

IA
IN

IN
— N

(p*0 q)(t1, b2) := (p[t] 0 q[ta])(f2) = {p[tl](2t2> Z; 0

ta
q[tl](2t2 — 1) tQ

IA

1
2

then (pxoq)[t1 = 0] = p[t1 = O] xoq[ty = 0] and (p*oq)[t1 = 1] = p[t1 = 1]*oq[t1 = 1],

i.e., (p*0q) is a homotopy from path p[ty = 0]xq q[t1 = 0] to path p[ty = 1]*¢ q[t1 = 1]
as in Figure [4)

18
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Figura 4 — The product p *q g
a ﬂp b ﬁq c

N AN

Sink: The author (2020)

Next we define closed n-paths based at some dy € D, with the purpose of building the

fundamental n-group 7, (D, dy).

Definition 2.1.7 (Closed n-path). Let D be a topological space. An n-path based on
do € D is a continuous map o : [0,1]" — D which sends border of [0,1]™ to dy.

It defines the product of closed n-paths, ax B = v, as the n-path

IA
IA

— N

a(2t1,t2,...,tn) ’Lf 0
’Y(tl, AN 7tn) =
if

t
ﬂ(2t1 —1,t2,...,tn) t1

IN
IN

N[

Definition 2.1.8 (Homotopic n-paths). Two n-paths «, 5 are homotopic in dy, o ~ 3,
if there exists a continuous map H : [0,1] x [0,1]" — D, such that

(a) H(O;t1,...,t) = alty, ... tn), for (t1,...,t,) € [0,1]",
(b) H(l,tl,,tn) = ﬁ(th...,tn), fOT (tl,...,tn) S [0,1]”,
(¢) H(s;ty,...,tn) =dy, for each s € [0,1] and each (ty,...,t,) € 9([0,1]").

This homotopy is an equivalence relation, and one writes [o] for the class of homotopic
n-paths to the n-path . The set of all homotopy classes is denoted by m,(D, dy), where

the product between classes is defined in the natural way [a] * [3] := [« * [].

Definition 2.1.9 (Group). A group is an ordered pair (G,x*), where G is a set and

x: G X G — G is a binary operation, which satisfies the following axioms
1. (associativity) (a*b) xc = ax (bxc) for each a,b,c € G,

2. (identity element) there exits an element e € G, such that a x e = e*xa = a for all

a € G,
3. (inverse) there is an element a € G for each a € G, such that axa =a*a = e.

Theorem 2.1.1. 7,(D,dy) is a group, called the fundamental group of D on dy of di-

mension n.

The identity element of the group m,(D,dy) is the homotopy class of the constant
n-path ¢"(dp) : [0,1]" — D, i.e., ¢"(dp)(t1,...,t,) = do for all t1,...,¢, in [0,1].
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Definition 2.1.10 (Homotopic functions). Let D be a topological space. Two conti-
nuous functions f,qg : D — D are homotopic, f ~ g, if there exists a continuous map
H : D x[0,1] — D such that H(d,0) = f(d) and H(d,1) = g(d) for alld € D. H is

called a homotopy between continuous functions.

Definition 2.1.11 (Contractible space). A topological space D is said to be contractible
if there exists a constant function f.: D — D, f.(d) = ¢ for each d € D, homotopic to
the identity function Ip : D — D. The homotopy H : f. ~ Ip is called a contraction.

Theorem 2.1.2. If D is contractible, then m,(D,dy) = {[c"(do)]} for each n > 0.

Remark 2.1.2. Let D be contractible. For each ty,...,t, € [0,1] we have
Cn(do)(tl, tQ, e ,tn) = €n(t1)(t2) s (tn) = d(),
where ey, : [0,1] = I1,_1(D, dy) is the constant path in e, defined by

ep = do,

€n = Ce,_1)

then m,(D,d) = {e,} (group isomorphisms).

2.2 STRICT 0o-GROUPOIDS

In the literature we can find two types of oo-groupoids: strict and weak oo-groupoids
(LEINSTER, 2003)). For this thesis we shall only work with the first type. It is well known
that every strict oco-groupoid is weak. It is usual to call a weak oo-groupoid just oo-

groupoid.
Definition 2.2.1 (oco-globular set). An oco-globular set D is a diagram
23] Dy = Dy =00 =7 Dy =4 Do,

of sets and functions such that

forallm > 2 and d € D,,.

Definition 2.2.2. Let D be a globular set and n € N. For each 0 < p < n define the

relation into D,, x D,, as the set
Dy, xp, D, = {(d';d) € D,, x D,, : t"7P(d) = s"P(d')}.

Definition 2.2.3 (strict oco-groupoid). Let n > 2 be a natural number. A strict co-

groupoid is an oo-globular set D equipped with
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e a function o, : Dy, xp, D, = Dy, for each 0 < p < n, where oy(d',d) := d od and
call it a composite of d' and d,

e a function i : D, — Dy for each n > 0, where i(d) := 14 and call it the identity

on d,
satisfying the following axioms:
(a) (sources and targets of composites) if 0 < p <n and (d',d) € D, xp, D, then
s(d" o, d) = s(d) and  t(d o, d) =t(d) if p=n-—1,
s(d o, d) =s(d')o,s(d) and t(dod)=t(d)o,t(d) ifp<n-—2,
(b) (sources and targets of identities) if 0 < p <n and d € D,, then s(14) = d = t(1y),
(¢) (associativity) if 0 < p <n and d,d,d" € D, with (d",d'),(d',d) € D,, xp, D, then

(d” Op d/) opd = d" Op (d/ Op d),

(d) (identities) if 0 <p <n and d € D,, then

in_p(tn_p(d)) %p d=d=d ©p Z-n—p(sn—p(d))7

(e) (binary interchange) if 0 < g <p <n andd,d e e € D, xp, D, with
(¢'e),(d',d) € Dy, xp, Dy, (€,d),(e,d) € D, xp, Dy,

then
(6/ 0y €) 04 (d/ opd) = (e/ Oq d/) o, (e 04 d),

(f) (nullary interchange) if 0 < q < p <n andd,d € D,xp, D,, then 1go41q = lgo,a-

(9) (inverse) if 0 < p < n and d € D,, then exist d € D,, with s*?(d) = t"?(d),

t"P(d) = s"P(d) such that

do,d=i""?(s"P(d)), do,d=i""P(t"(d)).

If d € D,, we say that d is an n-cell or an n-isomorphism from some a € D,,_; to
some b € D,,_1. Or, in other words, we say that a and b are n-equivalent if there is an

n-isomorphism between a and b.

For example in the fundamental oco-groupoid Il (D), the n-isomorphisms are the
n-paths class [f] in II,(D). Even thought the n-paths f : a ~» b may not satisfy the
properties of a strict co-groupoid, the n-paths class [f] does satisfy them. Thus 1., (D)

is not a strict oo-groupoid strict, but it is a weak co-groupoid.
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Notation 2.2.1. Write (a ~, b) the set of all n-isomorphisms between a and b. Note that

this set can be empty.

Since ~, is an equivalence relation and the set (a ~, b) can have cardinality greater
than one, we can see ~,, as an intensional equality =,, i.e., the equivalence a ~, b can
be seen as the intensional equal a =;,; b, which motivates a more precise definition of

intensional equality between n-cells.

Definition 2.2.4 (Extensional and Intensional equality). Two n-morphisms a and
b are intentionally equal, a =,y b, if there is d € (a ~, b). Two n-morphisms a and b are

extensionally equal if a = b in the primitive sense of equality.

Note that if @ = b then a =;,;; b, since 1, € (a ~, b). The converse does not always
hold. For example, for the fundamental groupoid I1;{0, 1}, where {0, 1} has the topology
{{0,1},0}, we have that 0 =;,; 1, but 0 # 1.

2.3 EXTENSIONAL A-THEORIES AND A\-MODELS

Next we present a brief introduction to the theories and extensional lambda models. The
proofs of the theorems can be consulted in (HINDLEY; SELDIN| 2008).

Definition 2.3.1 (A-terms). Suppose that there is an infinite sequence of expressions
called variables, and a sequence of expressions called atomic constants, different form the

variables. The set of expressions called A\-terms is defined inductively as follows
(a) all variables and atomic constants are A-terms (called atoms);
(b) if M and N are any \-terms, then (M N) is a A-term (called application);
(¢) if M is any A-term and x is any variable, then (A\x.M) is A-term (called an abstraction).

Write F'V (M) for the set of free variables of M i.e. all the variables of M that are not
bound by A, and [N/x]M the term that results from replacing x with N into M.

Definition 2.3.2 (a-conversion). Let P be a A-term and assume it contains terms of
form Ae.M. If y ¢ FV(M) and we replace in P any term \x.M by \y.[y/x]M, and the

result is (), we say P is a-converts to ) and we write P =, Q.

Definition 2.3.3 (Bn-contracting). Let P a A-term. If P contains a term of form
(Az.M)N (called -redex) or of form Ax.Mx such that x ¢ FV (M) (called n-redex)
and we replace in P the term (Ax.M)N by [N/z|M (B-contracts) or Az.Mx by M (n-
contracts), and the result is P', we say that P [(n-contracts to P’ and we write it as
P >, P'.
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Definition 2.3.4 (8n-equality). We say that P is fn-equal to Q, P =g, Q if there exist
P, P, ..., P, such that

(Vi <n—1)(P, >1py Piy1 or Py gy P or Py =4 Piy),
where P = P and P, = Q.
The equality =3, can be axiomatized in an extensional theory of A\8n as seen below.

Definition 2.3.5 (ABn-theory of equality). The extensional A-theory consists of the
all A\-terms and a relation symbol =, where the \-formulas are just M = N for all A-terms
M and N. The axioms are the cases o, 3 and p below, for all A\-terms M, N an d all

variables x, y. The rules are u, v, &, 7 and o below. Aziom-schemas:
(@) Aw.M = Ny.[y/x]M if y & FV(M);
(B) (Az.M)N = [N/x|M;
(n) \e.Mxz =M if x ¢ FV(M);

(p) M =M,

Rules of inference:

" M=M ()M:NN:R
W NM = NM® T M=p
) M= M . M=N
, . .
MN = M'N’ Pl N M
M= M
9 o.M = \e. M

Note that the axiom 3 defines the equality relation =z between A-terms. This j-
equality generates the theory called A3, here to simplify notation we call it just A-theory.

Definition 2.3.6 (Extensional A-models). An extensional A\-model is a triple (D, e, []),
where D is a set, @ : Dx D — D is a binary operation and [ ] is a mapping which assigns,
to A-term M and each valuation p : Var — D, a element [M], of D such that

(a) [z] = p(x);

(0) [PQL, = [P, [Q],;

(¢) [Ae.P],ed= [Pl for alld e D;

(d) [M], = [M]o if p(x) = o(x) forx € FV(M);

(e) [AeM], = [My.ly/«]M], if y & FV(M);
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(f) if (vd € D) ([Pliasasp = [Qlasalp), then [Nz P, = [\2.Ql,;
(9) [heMz], =[M], if v ¢ FV (M),
where [d/x]p means: replace p(x) with d in the interpretation of A-term in question.

Definition 2.3.7 (Combinatory logic terms, or CL-terms). Suppose that there is
an infinite sequence of expressions called variables, and a sequence of expressions called
atomics constants, different form the variables. The set of expressions called CL-terms is

defined inductively as follows
(a) all variables and atomic constants, including I, K, S, are CL-terms;
(b) if X andY are CL-terms, then so is (XY).

Definition 2.3.8 (Weak reduction). Let P be a CL-term. If P contains a term of the
form IX, KXY or SXYZ (called B-redex) and we replace into P the term IX by X,
KXY by X or SXYZ by XZ(Y Z), and the result is P', we say that P (weakly) contracts
to P’ and we write it as P t>1,, P'. If there is a finite sequence of contractions from P to
P, we write P t>,, P'.

Definition 2.3.9 (Weak equality). We say that P is weakly equal to Q, P =, Q if
there exist P, P, ..., P, such that

(Vi <n —1)(P; >1w Py1 or Py Dy By,
where P = P and P, = Q.

Definition 2.3.10 (Abstraction). For every CL-term M and every variable x, a CL-
term written [x].M is defined by induction on M, thus:

(a) [x].M = KM ifx ¢ FV(M);
(b) [2]w =1,
(¢) [z Uz :=U if x ¢ FV(U);

(d) [].UV = S([z].U)([x].V) if neither (a) or (c) applies.

Similar to the lambda calculus abstraction, the combinatorial logic abstraction satisfies

the analogous property to S-contraction, i.e.,
([x]. M)N >, [N/x] M.
Definition 2.3.11. For all variables x4, ...,x, (not necessarily distinct),

(21, . 2] M = [1].([z2) (... ([2a] M) ..)).
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The equality =,, can be axiomatized in an C' Lw-theory of as seen below.

Definition 2.3.12 (C Lw, or theory of weak equality). The extensional C L, -theory
consist of the all C'L-terms and a relation symbol =, where the CL-formulas are just
M = N for Four axiom-schemes below, for all CL-terms X, Y and Z. The rules are u,

v, T and o below. Axioms-schemas:
(I IX = X;

(K) KXY =X;

(S) SXYZ=XZ(YZ);

() X=X,

Rules of inference:

W X=x ()X:YY:Z
W ox —zx" T X=—z
()X;X/. () X=Y
" Xz =x'7 4 Y — X'

Definition 2.3.13 (Extensional combinatory algebra). A combinatory algebra is a

pair (D, e) such that there are elements k,s € D which satisfy
(a) Va,be D) keaeb=ua;
(b) (Va,b,ce D) seaebec=aece(bec);

and it is an extensional combinatory algebra if it also meets
(¢c) (Va,be D) ifaec="bec forallc € D, then a =b.

A model of CLw is a quintuple (D, e i, k,s) such that (D, e) is a combinatory algebra and
k and s satisfies (a), (b), andi=sekek.

Definition 2.3.14 (Interpretation of CL-terms). Let (D,e,i k,s) a model of CLw
and p : Var — D a valuation of variables. Using p, we assign to every CLw-term X a

member of D called its interpretation or [X],, thus:
(a) [X], := p(a);
(b) H=i, [K]=k [S]:=s;
(¢) [XY], = [X], o [V,

To simplify we write [X] instead of [X],.
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Definition 2.3.15 (Combinatory complete). An par (D, e) is called combinatorially
complete if: for all sequence x1,...,x, of distinct variables, and every combination X of

x1,...,%, only, there exist a € D such that, for all dy,ds, ..., d,,

aedye---ody=[X]ig /2] ldn/zao
where p is arbitrary.

With respect to abstraction in C'L we will have to make sure that interpretation of
[z]. M satisfies, for all d € D
[[z]. M] o d = [M]jaa.

Theorem 2.3.1. (D, ) is a combinatory algebra, then it is combinatorially complete.

Proof. Let X a combination of variables x4, ..., x,, we have that the formula
([x1, .. xn) X))y ooor ey = X

is true in (D, e i k,s), if we take a = [[z1,...,2,]X] it get the equality of Definition
2.3.15| thus (D, e) is a combinatorially complete. O

Note that if (D, e} is complete combinatory algebra and P is a combination of variables
only, then there is a unique a € D such that a @ d = [P]4/4), for each d € D. Thus we
can interpret abstraction as [Az.P] = a, which meets (c) and (f) of Definition [2.3.6]

Theorem 2.3.2. If (D, e) a extensional combinatory algebra, then (D,e []) is a exten-

sional A\-model, where [] is defined for each evaluation p: Var — D by
(a) [z], = p(z),
(b) [PQl, =[P, [Q],,
(¢) [Me.P], = a, where (Vd € D)(a ®d = [P]a/a,)-

Proof. We have that (D, e, []) satisfies (a), (b) and (c) of Definition [2.3.6, so we must

prove from (d) to (g) in this same definition.
(d) By induction on M we have:
(i) if M =z and p(z) = o(z) is clear that [z], = [z],,
(i) If M = PQ, so [PQ], = [FP],*[Q], and [PQ], = [P], ® [Q],, by induction
hypothesis we have [P], = [P], and [Q], = [Q],, thus [PQ], = [PQ].-

(ii1) If M = Ax.P, then for each d € D it hold [Az.P],ed = [P]4/), and [Az.P], e
d = [P]a/s]s» by induction hypothesis [P]a/q, = [P]ia/z)0 for all d € D. Since
(D, e) is an extensional combinatory algebra, then [Az.P], = [Az.P],.
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Thus [M], = [M], if p(x) = o(x) for each z € FV(M).

(e) For each d € D we have

[y-ly/=IM], o d = [ly/xlM]ape = [M]ja/zp = [A2.M], o d
where y ¢ FV(M) So by extensionality [Ay.[y/z|M], = [Ax.M],.

(f) If each d € D we have [P]4/2), = [Q]a/]p, then

[Az.Pl, o d = [Pliajajp = [Qliaja)p = [Ar.Ql, 0 d
for all b € D. By extensionality [Az.P], = [Az.Q],.

(9) If « ¢ FV(M), for each d € D it has
[Ae.Mzx], o d = [Mz]iajz), = [M], @ d.
Thus [A\z.Mz], = [M],.

Therefore (D, e, []) is an extensional A-model. O

2.4 THE A-MODEL SCOTT'S D,

Below is a summary of the construction of the D,, A-model through c.p.o’s. The proofs
of the results can be seen in (HINDLEY; SELDIN, |2008) and (BARENGREGT} |1984).

Definition 2.4.1 (Partial order and least element). A partial order is a pair (D,C),

where D is a set and T is a binary relation on D, which satisfies for each a,b,c € D
(a) (reflexivity) a C a;
(b) (anti-symmetry) a ©b and b C a, then a = b;
(¢) (transitivity) a T b and b C ¢, then a C c.

If there is L € D, such that
(Vde D) L Cd,

1 s called the least element of D, or bottom.

Definition 2.4.2 (Least upper bound l.u.b.). Let (D,C) be a partial order and let
X C D. An upper bound (u.b.) of X is any b € D such that

(a) (Va€e X)alb.

The least upper bound (l.u.b.) or supremum of X is called | | X, it is an upper bound b of
X such that
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(b) (Vee D) (if c is an u.b. of X, then b C c).

Definition 2.4.3 (Directed set). Let (D,C) be a partially ordered set. A non-empty
subset X C D is said to be directed if for all a,b € X, there exists c € X such that a C ¢
and b C c.

Definition 2.4.4 (Complete partial orders c.p.o.’s). A c.p.o. is a partially ordered
set (D, C) such that

(a) D has a least element (called L),
(b) every directed subset X C D has Lu.b. (called | ] X).
The pair (D,C) will be called D.

Definition 2.4.5 (The set NT). Choose any object L ¢ N, and define Nt = NU {L}.
For all a,b € N*, define

aCb<= (a=L andbeN) or a=0b.

Clearly N* is a c.p.o., since every directed subset is finite so has L.u.b and L is the

least element as seen in Figure

Figura 5 — The c.p.o. N*

Sink: Adapted of (HINDLEY; SELDIN, [2008)

On other hand, every c.p.o. has a topology called the Scott topology, which we define

below.

Definition 2.4.6 (Final and inaccessible set). Let D a c.p.o. and A C D. The set A
is final if it satisfies
a€AandaC b= b€ A,

and A is inaccessible by directedness if for every directed subset X of D,
| [ X e A= XNnA#0.

Definition 2.4.7 (Scott topology). Let D be a c.p.o. The Scott topology is defined as

follows

o ={AC D: A is final and inaccessible by directedness}.
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Definition 2.4.8 (The function-set [D — D’]). For c.p.o.s D and D', define [D —
D'] to be set of all continuous functions from D to D’ in Scott’s topology. For ¢, €
(D — D'], define

¢ C ¢ <= (Vd € D)(¢(d) T ¢(d)).

Remark 2.4.1. There is a result that says, if D and D' c.p.o’s, then [D — D'] is a c.p.o.
(see proof in (HINDLEY; SELDIN, 2008)). It would allow from a c.p.o. initially generate

inductively an infinite sequence of c.p.o’s as below in the Definition |2.4.10

Definition 2.4.9 (Projections). Let D and D’ be c.p.o’s. A projection from D' to D is
a pair {¢,V) of functions, where ¢ € [D — D'| and ¢ € [D" — D), such that

Yop=1Ip, ¢oy L lIp.
In this case we say that D < D’.

Next we define the increasing sequence of c¢.p.o’s Dy < D1 < Dy < --- from the initial
c.p.o. Dy = NT,

Definition 2.4.10 (The sequence Dg, Dy, Ds,...). For each n > 0, define D, by

TecCursion

DO = N+,
Dyt == [Dy — D).

The C-relation on D,, will be called just * T’ The least element of D,, will be called 1,,.

By Remark 2.4.1] every D, is a|complete partial order (c.p.o.)|

Below we define from the initial projection (¢g, 1) the projection (¢,,1,) between
two arbitrary consecutive c.p.o’s D,, and D, 1 in order to define the c.p.o. D, which

results from inverse limit
Do —ypy D1y, =+ sy, Dy ¢y, Dot gy -

Definition 2.4.11 (Projection from D, _; to D,). For every n > 0 define the pro-
jection (¢n,Vn) from D,y to D, by the recursion

®o(d) := Aa € Dy.d, o(g) := g(Lo),
¢n+1(d) = ¢n odo ?ﬁm ¢n+1(g) = wn ©6go ¢n7

where Aa € Do.d € [Dy — Dy] is the constant function to d € Dy.

Definition 2.4.12 (Construction of D.,). We define Dy, to be the set of all infinite
sequences

d: <d0,d1,d2,...>,
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such that d,, € D,, and ¥, (dp11) = dp, for allm > 0.

A relation C on Dy, is defined by
dCd < (Vn>0)(d, = d),).

In (BARENGREGT) 1984)) D, coincides with the inverse limit of its projections sequence
o, 11, g, . .. in the category of c.p.o’s. Also Dy, is afc.p.o] since the last element is given
by

1 =(lg, Ly, Lo,...),

where each L, is the least element from c.p.o D,,, and for each directed set X C D, the

l.u.b is given by

X = (X0, X1, L Xa, ).

where X,, = {d,, : d € X}, since that X is directed so each X,, also is directed.

Next we define from consecutive projections (¢, 1) the projection (¢, n, ¢n.m) between
two arbitrary c.p.o’s D,, and D, in order to define for each n > 0 the projection

(Dn.0os Poon) from Do to D,, and with it define the application operation
o: Do x Dy — De.
Definition 2.4.13. For all pairs m,n >0, a map ¢pr : Dy, = D,, is defined by
¢n710¢n72o"'o¢m+lo¢m ifm<n,
Pman = Ip,, if m=n,
Yn o100y 20Uy, q if m>mn.
Let m < n. The pair (¢m.n, dnm) is a projection from D,, to D,,.
Definition 2.4.14 (Projection from D, to D,,). The projection {¢n o, Poon) from
Dy to D, is defined by
gboo,n(d) = dn;
qbn,oo(a) = < n,O(a)a ¢n,1(a)a ¢n,2(a)7 .. > .

For all a,b € Dy, and for each n > 1 it holds that

Cbn,oo (an-f-l (bn)) C gbn-l-l,oo (an+2(bn+1))-

Thus the set {¢n 0o(@ns1(bn)) : m > 0} is an increasing sequence, then it is a directed

set; hence it has l.u.b. which allows the definition of application operator in D.

Definition 2.4.15 (Application in D). Let a,b € Do,. Define the application of a to
b by
aeb: = |_| On.oo(nt1(bn)).

n>0
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Remark 2.4.2. (D, ) is an extensional combinatory algebra. Consider the combinator
k= <L07 ]Dm k?? k3) k47 .. '>7

where kpio = Aa € Dy 1.Ab € D, byq(a) for each n > 0. Then one has that k € D,
and meets

keaeb=a,

and consider the other combinator

s = <J—07 ID07 ¢2(83>7 53, 54, - - '>7

where sp13 = Aa € Dyi0.Ab € Dyy1.X¢ € Dy.a(o,(c))(b(c)) for each n > 0. Its combina-

tor belongs to D, and satisfies
seaebec=aece(bec).

Therefore, by the Remark and Theorem we have (Do, e, []) is an extensi-

onal A-model.

In (BARENGREGT) |1984) can be seen another way to prove that D, is a A-model
through the result: If D is a c.p.o. for which there exists a projection (F, G) from [D — D]
to D such that F o G = Ijp_,pj, then the triple (D, e, []) defined for every assignment
p:Var = D by

(a) aeb:= F(a)(b) for cach a,b € D,
(b) [z, == p(x),

(c) [PQl, = [Pl, ¢ [Ql,,

(d) [A2.P], == G(Ad € D.[P[g/a,),

is a A-model. Also if Go F = Ip, ie., G=F"'and D = [D — D], then (D, e, []) is an
extensional A\-model.
So in the particular case of D, it holds that Dy, = [Ds — Des] where the iso-
morphism between c.p.o’s F': Dy, — [Dy — D] is given for each a € Dy, by
F(a)=Xb€ Dy.aeb,

whose inverse F~! : [Dy, — Dy] — Dy corresponds to

F_l = )\f € [Doo — Doo] |_| an,oo(Aa S Dn'(asoo,n o f o ¢n,oo)(a))‘

n>0

Therefore (D, ®,[]) is an extensional A-model.
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3 THE EXTENSIONAL \-MODEL

Next we show the construction of the infinity-groupoid from any topological space, th-
rough the use of higher fundamental groups. Finally this construction is applied for the

particular case D, to generate the A-model ©,, with co-groupoid structure.

3.1 THE co-GROUPOID ®,, GENERATED BY AN ARBITRARY TOPOLOGICAL SPACE
D

Definition 3.1.1. Let D a topological space. For each n € N, define the oco-globular set
D

D 3 Dy 3 =D = Do,

as follows
D, :={m.(D,d) : d € D},

where mo(D, d) = d, m,(D,d) is the fundamental group of dimension n > 1 and
$(mpi1(D,d)) = t(mpy1(D, d)) := 7, (D, d).

Remark 3.1.1. Clearly ® is an oo-globular set, since s = t, i.e., every morphism is an

automorphism, then sos =sot andtot =tos, see Figure[d

Figura 6 — co-Globular set ©.

T D,d_:__i___ .
VAN
[ ':|
TIDd| | . ,3'
/ NS
II|
|
nDd f-‘"
N

Sink: The author (2020)

Remark 3.1.2. For each n € N, the following holds:

(D, d) = (D, d) <= d=d.
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The fact that D is connected by paths, and thus w,(D,d) = m,(D,d") (isomorphic groups),
it does not imply that they are equal.
Notation 3.1.1. For each n € N, write
Dny1(do) := {0 € D1 1 5(0) = £(2) = ma(D, do) }-
Proposition 3.1.1. For each n € N, the following holds

Dpi1(do) = {mns1(D,do)}

Proof. Let 0 € ©,,41(dp), then there is d € D such that 9 = m,41(D,d). By Definition
s(0) = t(0) = m,(D,d). Since d € D, 41(dp), then 7,(D,d) = 7,(D, dy), so d = dy
by Remark [3.1.2 thus 0 = 7,1(D, do). O

Definition 3.1.2 (Diagonal). Let D a set. Define the diagonal on D x D as
Diag(D x D) :={(d,d)e Dx D :d=4d'}
Lemma 3.1.1. For any natural number n > 1 and for each 0 < p < n,
D X, Dp = Diag(D, x Dy).
Proof.

{(0,0) €D, x D, : t"P(d) = s"P(V)}

{(0,9) € D0 X Dyt M) (D, d) = T () (D, d')}
={(0,?) €D, xD,,: m(D,d) = m,(D,d)}

((0,0) €Dy x Dy i d = d'}

{(0,0) €D, x D, :0=0}

]

Lemma indicates that it is enough to define the composition for pairs (9,0) €
D, XD,

Definition 3.1.3 (Composition). For each 0 < p < n, define the composition of 0 € D,
with itself by
00,0 :={xx,y:z,y €D}

where *, is the paths concatenation operator.

Lemma 3.1.2. Foralln>1,0<p<neded,,

00,0 =0.
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Proof. Since (9, %,) is a group, it is clear that 90,9 C 9. On the other hand, if x € d then
x = x*ye € 00,0, where e is the identity element of the group (9, *,). Thus 90,0 =2. O

Definition 3.1.4 (Identity). For eachn € N e d = m,(D,d) € D, define the identity
function i : ®, — D,.1, 1(0) = 1, as follows

10 = 7Tn+1<D7 d)
Theorem 3.1.1. © s an co-groupoid.

Proof. Letn > 1,0 < p < n. For the axioms related to composition of morphisms, Lemma
allows us to verify them by the composition of 0 = 7, (D, d) € ©,, with itself, then

(a) (sources and targets of composites) by Lemma and Lemma we have

Va)
—~
<o
O

hs]
(=)
~~
I
Va)

(0) = 5(2) 0 5(2),
t(00,0) =t(d) =t(d) o, t(0),

(b) (sources and targets od identities) by Definition and Definition [3.1.4]

s(1y) = s(mpy1(D,d)) = m,(D,d) =0,
t(1s) = t(mpsr (D, d)) = (D, d) =0,

(c) (associativity) by Lemma
(00,0)0,0=00,0=00,(00,0),

(d) (identities) by Definition [3.1.3] Definition and Lemma [3.1.2]

i"TP(t"P(0)) Op 0 = in_p(ﬂp(Da d)) op 0 = 7Tp+n—p(Dao) °p0 =00,0=0,
00,i" P(s"P(d)) =00, " P(m,(D,d)) =00, Tpin_p(D,0) =00,0 =0,

(e) (binary interchange) let 0 < ¢ < p < n, by Lemma
(00,0) 04 (00,0) =00,0=(00,0)0,(00,0),
(f) (nullary interchange) let 0 < ¢ < p < n, by Lemma [3.1.2]
1y 0g 1y = 1y = Lpos,
(g) (inverse) by Lemma and (d)
00,0 =0=3"P(t""P(0)) =i""P(s"P(0)),

thus 0 is the inverse of itself.
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Next we define ®©, as a set in the sense of ZFC set theory.

Definition 3.1.5 (The set D). Define D, as the set of all the infinite sequences
0= <00,01,02, . .>,

such that 9, € ©,, € $(0,11) = t(0p1) = O, for each n € N.

Equality in © is defined as
a=b<—=a,=0,,
for all n € N.

Proposition 3.1.2. 0 € D, if and only if there exists d € D for all n € N, such that
0, = m,(D,d).

Proof. Let 0 € D, then 0y € Dy, i.e., 09 = m(D,d) for some d € D. Suppose that
0, = m,(D,d) and we will prove by induction that 9,1 = m,41(D,d). Since 0 € D,
by induction hypothesis s(9,4+1) = t(0,41) = 0, = m,(D,d). By Proposition we
have 9,11 = mu41(D,d). On the other hand, if v, = m,(D,d) for every n € N, then
$(0py1) = t(0pa1) = mo(D,d) =0, for all n € N, thus 0 € D . O

Proposition 3.1.3. Let a,b € D, such that a, = 7,(D,a) and b, = 7,(D,b) for all
n € N, then
a=0b<= qay = by

Proof. If a = b, by Definition [3.1.5| we have ay = bg. If a = a9 = by = b, clearly
a, = m,(D,a) = m,(D,b) = b,. O

3.2 HIGHER FUNDAMENTAL GROUPS OF A C.P.O.

Next we show that every higher fundamental groupoids on any c.p.o. are trivial, particu-

larly those generated by Dy.

Lemma 3.2.1. Let D be a c.p.o. with the Scott topology. If A # D is an open, then
1¢ A.

Proof. Let A be an open from D. Suppose L€ A. Since D is a c.p.o, then for all d € D
we have 1 C d. Since A is final, 1€ A and 1C d, then d € A. Thus A = D, which is a

contradiction. ]

Theorem 3.2.1. If D is a c.p.o. with the Scott topology, then m,(D,d) = {[c"(d)]|} for
allde D and n > 0.
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Proof. By Theorem [2.1.2] it is enough to check that D is contractible, i.e., one has to
check that for the identity function Ip : D — D there exists some constant function

fe: D — D such that f, ~ Ip. Consider the map H : D x [0,1] — D defined by

L ift=0,
H(x,t) =
x ift e (0,1]

and let us show that H is a contraction from D. Clearly H(-,0) = f.(-) and H(-,t) =
Ip(-) if t € (0,1]. Now take any open A # D, then
H ' (A)={(x,t) € D x[0,1] : H(x,t) € A}
={zreD:H(z,0)=Le A} x{0})) U{z e D:x e A} x (0,1])
= (0 x {0})U (A x(0,1]) (by Lemma[3.2.1] L¢ A)
= A x (0,1],

which is an open from D x [0, 1], then H is continuous. Thus H is a contraction from
D. ]

Definition 3.2.1 (Parallel paths). Two n-paths p and q based a,b € D are parallel if

for eachr=1...,n—1 satisfies

Corollary 3.2.1. If p and q are parallel n-paths based a,b € D, then p =, q.

Proof. Since p and ¢ are parallel, we have

by definition of product

(p *0 Q)[tla s 7tn71] = p[tla s 7tn71] *0 Cj[tb s 7tn71]
where
(p *0 Cj)[tl, e ,tn_l](O) = p[tl, e ,tn_l](()) = a,
(p * Q)[tla Ce ,tnfl](l) = q_[tla e ,tnfl](l) = a,
for each tq,...,t,_1 € [0,1].

Then (p*oq)[t1, ..., tn—1] is a 1-path closed in a for all t, ..., t,_1 € [0,1]. By Theorem
3.2.1 it has (p %0 Q)[t1,...,tn1] =n cla) = "(a)[t1,...,t,_1] for each t1,...,t, 1 €
0,1], where c(a) is the constant path in a, i.e., ¢(a)(t) = a for each t € [0,1], and
c(a)[t1,...,t;] = c"(a). Thus p xg ¢ = ¢"(a), so it p = q. O
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Notation 3.2.1. Write I1,,(Dy, a,b) for the n-groupoid (weak) of n-paths based at a,b €
Do.. And write llo(Ds, a,b) for the globular set

o :3? HTL(DOWG’ b) :;;59 Hn_l(DOmavb) :;i e :;i Hl(DOmavb) :;i HO(DOmavb)?
where s(p) := p[ty = 0] and t(p) := p[t; = 1].

Therefore, by the Corollary the n-groupoid I1,,(D, a, b) is trivial for each n > 0,
i.e., under the intensional equal =, only there is one parallel n-path which inhabits into
I1,,(Dy, a, b). Since Dy, is connected by paths, given a’, b’ € D, holds that I1,,(Dw, a, b) =
I1,,(Dyo, a’,b'). Thus any n-groupoid II,,(Dw, a, b) can be written simply as I1,,(Ds).

On other hand, note that if @ = b then the n-groupoid I1,,( Dy, a, b) = I1,,(Dw, a, a) :=
I1,,(Doo, @) is contained in the n-group m,(De, a) for each n > 0. So the fundamental oco-

groupoid Il (Ds, a) contains to the fundamental co-group oo (Dyo, @).

3.3 THE A MODEL ®., AND ITS FUNDAMENTAL 0o-GROUPOID

According to Definition let ®, be the oo-groupoid generated by the c.p.o. D, with
the Scott topology. By Proposition [3.1.2| we have that for each 0 € ©, there is d € D,

such

0 = (19(Deo, ), (Do, d), (Do, d), - . .)
= ({d} {le(@]} {l* (@]}, - )
=~ ([d], [e(d)], [(d)], - -.,) € Too(Doo,d) (by Definition [3.1.5)).

Y

Therefore Doo(d) = Too(Doo,d) (isomorphism of groups). Other interpretation by
Definition [2.4.12] Theorem and Remark 2.1.2) we have that mo(Dso,d) = d =
(do,dy,dy,...), T (Dso,d) = {ca}, m(Doo,d) = {cc,},. ... Thus, according to Definition
[B.1.5] each 0 € D, can be seen as the infinite matrix

dy cq, ce a0

di ¢q, ¢
~Y o 1 Cdq
0= (d,cq,Coyy .- .) 1=

d2 Cd2 Ccdg

Definition 3.3.1 (Application in ©.,). For a,b € ®,, such that a, = m,(Dw,a) and
b, = mn(Doo, b), define the product 7, (Deso,a) with 7,(Dso,b) as

Tn(Doo, @) ® Ty (Doo, b) := 7, (Do, a @ b),
so the application of a to b in D, as the infinite sequence

aeb = (ageby,a,eb;,a,eby...) =(aebm(Dy,aed),m(Dy,aebd),...).
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Theorem 3.3.1. (D, 8) = (Dy,e). So (D, e) is an extensional A\-model.

Proof. 1t is enough to show that the mapping F' : (D, ®) — (D, ®) such that (F(a)), =

Tn(Doo, @) for each n € N is an isomorphism.

(F(a) @ F(b))n = (F(a))n & (F(b))n

for all n € N. This is F'(a) @ F'(b) = F(a e b).
F is injective. Let F(a) = F(b), by Proposition we have

F is surjective. Let a € ®,, then we have ay = a for some a € Dy,. Thus F(a) =a. O
Next we will study the topological structure of ®., and its relation with D.

Definition 3.3.2 (Partial order in ©.,). For each a and b in D define the partial
order in Do, as
aCb<=alb,

where a,, = T, (Do, a) and b, = m,(Dy, b) for each n > 0.

Theorem 3.3.2. (D,,C) = (D, C). So (Do, C) is a c.p.o. and the quotient topology
on D is exactly the Scott topology.

Proof. By the bijection F' : Do, — D of proof Theorem [2.3.2 one can easily see it is
the isomorphism between both partial orders. So (D, C) is a c.p.o., since F(L) is the
least element in D, and give a directed set X in D, we have that F~!(X) is directed in
D, then | | X = F(|JF~(X)). On the other hand, the quotient topology on D, of map
F : (Duo, Tseott) — Doo s given by

Tgoo = {X g DOO . F_l(X) € TSCOtt}-

Clearly the Scott topology 7§y, is contained in 75 , since the map F : (Do, Tseott) —
(D ooy Téeore) 18 continuous, i.e., F(LJX) = [|F(X) for each directed set X in D.,. Given
X e 7f_,so F7}(X) is final and inaccessible by directedness, thus F(F~'(X)) = X is

final and inaccessible by directedness. Therefore 7/, = 7§, O
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3.4 INTERPRETATION OF S-EQUALITY PROOFS IN D,

In A-calculus we have that two A-terms M and N are f$-equal, M =g N, if there is a
sequence of A\-terms Ny, Ns,...,N, such that

(Vi <n—1)(N; >15 Niy1 or Nipy g N; or Ny =4 Nijq),

where Ny = M and N,, = N. Thus the equality of the theory Af can be seen as an

intensional equality, in the sense that the chain
M = Ny=Ny=p---=3N, =N,

it would be a proof P of equality M =z N, which can be interpreted in some topo-
logical model (D,e,[]) as a continuous path p : [M] ~» [N] which passes through the
intermediate points [N1], [N2] ..., [IVa_1]. Then we could ask ourselves if given two 1-
proofs P and @ of equality M =g N, in space D is there a homotopy (2-path) between the
paths p := [P] and ¢ := [Q]?. Now if we have some intensional definition (with relation
to D) of D-equality between the proofs of equality P and ) such that its interpretation
into D is a homotopy from p to ¢, we could ask again if for the 2-proofs F' and G of the
equality P =p @ is there a homotopy of homotopies (3-path) between the homotopies
f:=[F] and g := [G]? And so on, we can continue asking with the purpose of forming

from model topology D a oco-groupoid structure in A-calculus.

We have that D, is an topological A-model, but its topological structure does not
allow to capture relevant information about equality between higher proofs at A-calculus,
since the oo-groupoid generated by D, is trivial. The reason is that any proof P of

equality M =g N given by the chain
Pij\fzj\fozgj\flzg"':5]\[7L:]\[7

would be interpreted by some path p : [M] ~» [N] that passes through the intermediate
points [Ni], ..., [IV,—1], but all these points are equal in space D, i.e.,

p: [M] = [No] = [M] = --- = [Na] = [N].

Therefore the interpretation of proof P is some closed path p : [M] ~~ [M], we wrote
such interpretation as [P] := p. Since m(Dy, [M]) is trivial by Theorem then p is
homotopically equal to the constant path ¢([M]), i.e., p = ¢([M]). Now given any other
proof

Q:M=Ny=gNy=g---=5 N, =N,

of equality M =z N, with interpretation [Q] = ¢, by Corollary we have p =, ¢,
so we could assert that P =p_ @ (see Figure [7]). Thus the class of all the proofs of any

equality is trivial with respect to Dy.
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Figura 7 — Interpretation of equal proofs P,Q : (M =3 N) on D.

Sink: The author (2020)

If we continue at the next level, i.e., given any 2-proofs F' and G of equality P =p__ Q,
we have that the interpretation of F' and G is given for some pair of homotopies (2-paths)
f,9:p~ q, where p,q : [M] ~ [M], by Corollaryit has f =5 g thus F' =p__ G.
Therefore the class of all 2-proofs of any proof equality P =p_ () is also trivial.

A better way to study the intentionality of equality =5 would be to set aside the set

equality of the Definition and opt rather for homotopic models (or some homotopy
variation) defined below.

Definition 3.4.1 (Homotopic A-model). A homotopic A\-model is a triple (D,e []),
where D is a topological space, ® : D x D — D is a binary operation and [] is a mapping
which assigns, to A-term M and each assignment p : Var — D, an element [M], of D
such that

() [2] = pla);

(b) [PQI, = [P, [Ql,;

(¢) [Me.P],ed=p [Plia/a, for all d € D;

(d) [M], = [M], if px) = o(x) for z € FV(M);

(e) o M], = [My.[y/x]M], if y ¢ FV(M);

(f) if (vd € D) ([Pliasmtp = [Qluasap ) then [\2.P], = [Az.Q],-

The homotopic model (D, e, []) is an extensional homotopic model if it satisfies the ad-
ditional property: [Ax.Mx], =5 [M], with x ¢ FV(M).

To solve the triviality problem of proofs interpretation on D., we would have to

propose a A-homotopic model D with another topology, for which must there exist two
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proofs P, Q) : (M =3 N) whose interpretations are not homotopically equal, p #, ¢ (of
course there must also be different equality proofs whose interpretations are homotopically
equal), as can be seen in the Figure |8 It would allow us to capture more information
about the multiple S-contractions and reverse -contractions of an equality proof than a

traditional model based on extensional equality between sets.

Figura 8 — Proofs P,@Q : (M =3 N) on an homotopic A-model D.

Sink: The author (2020)

On other hand, if we forget the homotopies between continuous paths in D, (or
D) and consider simply extensional equality between functions, we could define the
interpretation of the equality proof P : M = Ny =g --- = N, = N as a concatenation of
continuous paths

Pi=TyxTrg kg k---k7)y,
where each continuous path 7; : [0,1] — Dy, is given by

a iftel0,1/2)U(1/2,1],
1 oift=1/2

ri(t) ==

with a = [M] = [N1] = --- = [N,] = [N]. We write the interpretation of P in D, as
[P] := p and each r; is called a time period, thus we say that p consists of n time periods

and is written as t(p) = n.

Now if we have another proof of equality @) : M = N} =15 --- =15 N,, = N whose
interpretation would be

q = T1 kT kTg k- kT,

where it is clear that t(¢) = m. So we say that the equality proofs P,Q) : M =5 N are
equal according to model D, noted by if their respective interpretations are equal in the

traditional sense of set theory, i.e.,

P=p. Q<+=p=q,
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thus we would have
P=p, Q< t(p)=1t(q).

Thus we have that two proofs P and Q) of M =3 N are “equal” if they require at same

time to complete the proof or else, if P and () are sequences of the same length.

Although the extensional equality p = ¢ manages to capture information about the
length of the P and () proofs in A-calculus, the nature of its extensionality does not allow
to capture more information about the 2-proofs of proof equality: P =p_ @, since there
is only one canonical way to prove P =p_ (), so the generated oco-groupoid by =p__ it

would be trivial for 2-equality, 3-equality and so on.
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4 CONCLUSIONS

This section aims to present the final considerations on the main topics covered in this

thesis, including the contributions achieved and indications for future work.

4.1 CONTRIBUTIONS

Starting from any topological space that models A-calculus, we propose a method to build
an oo-groupoid that also models A-calculus. This construction was applied to a particular
c.p.o. with the Scott topology, resulting in a constant cell infinite sequences set, where

each cell sequence is naturally isomorphic to a constant higher paths infinite matrix.

4.2 FUTURE WORKS

The next step would be to see the implications of the oo-groupoid constructed in this
work, in the theory of extensional A-calculus, particularly in its syntax; in what refers to
the “equality” between two equality proofs of two A-terms, “equality” between proofs of

equality proofs, and so on.

We can also apply this construction of co-groupoids for other lambda models that are
endowed with a topological structure, to see their consequences in the syntax of “equality”

proofs in lambda calculus.

With a little more difficulty, we could try to build homotopic A-model in order to
avoid trivialities in the fundamental oo-groupoid associated with the topology of the
model, which would allow to capture relevant information about the higher equality proof

in the A-calculus syntax.
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