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RESUMO

O objetivo desta tese é apresentar alguns resultados recentes em teoria de con-
trole para alguns problemas formulados por equagoes diferenciais parciais (EDPs). Ini-
cialmente, estudaremos um problema de controle insensibilizante para uma equacao do
tipo Ginzburg-Landau com nao linearidade cibica. Neste tipo de problema, buscamos
controles que tornem um dado funcional de energia insensivel para pequenas alteracoes
do dado inicial. E importante mencionar que Zhang M. e Liu X. (2014) provaram re-
sultados de mesma natureza considerando funcionais energia que dependem apenas das
solugoes da equacao nao linear de Ginzburg-Landau. A novidade aqui é que estudaremos
este problema considerando funcionais energia que dependem do gradiente das solugoes,
trazendo novas dificuldades do ponto de vista técnico. Em um segundo problema, trata-
mos da controlabilidade nula uniforme para uma familia de sistemas parabdlicos lineares
com rapida difusdo, tendo em sua estrutura termos de acoplamento de ordem zero ou
um. Em tais sistemas, uma das equagoes se degeneram em uma equagao eliptica quando
o parametro de difusdo converge a zero. E importante mencionar que Chaves-Silva et al.
(2014) provaram resultados similares considerando apenas acoplamentos de ordem zero.
Nosso objetivo é encontrar controles que sejam uniformemente limitados com respeito a
esse parametro. As ferramentas principais para obtermos esses resultados propostos serao
estimativas de Carleman. Utilizando estas estimativas, conseguiremos obter desigualdade

de observabilidade adequadas que nos permitirdao a construcao de tais controles.

Palavras-chave: Controle Insensibilizante. Controlabilidade Nula. Desigualdade de Car-

leman. Equacao de Ginzburg-Landau. Sistemas Parabodlicos de Rapida Difusao.



ABSTRACT

The objective of this thesis is to present some recent results in control theory for
some problems formulated by partial differential equations (PDEs). Initially, we will study
an insensitizing control problem for a Ginzburg-Landau equation with cubic nonlinearity.
In this kind of problem, we search for controls that make a given energy functional in-
sensible to small perturbations of the initial data. It is important to mention that Zhang
M. and Liu X. (2014) proved similar results considering energy functional that depend
only on the solution of the nonlinear Ginzburg-Landau equation. The novelty here is
that we study this problem considering energy functionals depending on the gradient
of the solutions, bringing new difficulties from the technical point of view. In a second
problem, we deal with the uniform null controllabiliy for a family of fast diffusion linear
parabolic systems with with coupling terms of zero and first order in their structure. In
these systems, one of the equations degenerates into an elliptic one when the diffusion
parameter converges to zero. It is important to mention that Chaves-Silva et al. (2014)
proved similar results considering only zero order coupling terms. Our goal is to find con-
trols which are uniformly bounded with respect to this parameter. The main tools for
obtaining these results will be Carleman estimates. Using these estimates we can prove

suitable observability inequalities that will allow us to construct such controls.

Keywords: Insensitizing Controls. Null Controllability. Carleman Inequality. Ginzbug-

Landau Equation. Fast Diffusion Parabolic Systems.
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1 INTRODUCAO

1.1 Organizacao desta tese

Para adequar a estrutura desta tese as normas da Associacao Brasileira de Normas
Técnicas (ABNT), este manuscrito estd organizado da seguinte maneira: a Segao 1 traz
uma introducao com conceitos basicos e histéricos da Teoria de Controle e uma descrigao
sucinta dos problemas aqui abordados. Em seguida, expomos as Referéncias Bibliogra-
ficas utilizadas para o desenvolvimento deste trabalho de tese. Por fim, nos Apéndices
A e B, dispomos os resultados obtidos em formato de artigo e em lingua inglesa, sendo

organizados da seguinte maneira:

e O Apéndice A esta relacionado com a existéncia de controles insensibilizantes para

a equacao de Ginzburg-Landau com nao linearidade cibica;

e O Apéndice B trata sobre um resultado de controlabilidade nula uniforme para
uma familia de sistemas parabdlicos de rapida difusao e acoplamentos de primeira
ordem, nos quais uma das equagoes se degenera em uma equagcao eliptica quando o

pardmetro de difusao converge a zero.

1.2 Alguns aspectos histéricos da teoria de controle

E inegavel na histéria das civilizagdes a busca por um entendimento de fenémenos
naturais como meio para o desenvolvimento cientifico, tecnologico e socioeconémico. Uma
vez que tais fendomenos sdo bem compreendidos, outra questao que surge naturalmente é
se por meio de uma influéncia externa, isto é, algo que nao acontece espontaneamente, é
possivel controlar a dindmica de tais fendmenos afim de obter resultados desejados. Esses
pensamentos, intrinsecos a natureza humana, nos levaram a considerar varios problemas

de controle nas mais variadas areas do conhecimento.

A necessidade de modificar situagoes e aspectos do nosso planeta esta diretamente
ligada a nossa natureza investigativa e dominante. Na agricultura, por exemplo, a produ-
¢ao de alimentos ¢ certamente um problema central desde as civilizagoes antigas, pois esta
diretamente ligada ao controle dos recursos hidricos, onde o controle da producao esta
ligado ao problema de obter os mesmos (ou melhores) resultados de colheita por uma agao
que nao pode ser espontanea como a espera de uma estacao chuvosa. Ha registros que
comprovam que as técnicas de irrigagao, como solucao para os problemas de producao,
datam de 4500 a.C. pelos assirios, caldeus e babilonios. Os registros dessas técnicas na
China (2000 a.C.) e no Egito, Mesopotamia e India (1000 a.C.) sio mais divulgados por

serem mais recentes e engenhosos.
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Outro periodo importante que ressaltamos é a revolucao industrial a partir do
século XVIII. A resolugao de problemas de controle aplicados a certos tipos de mecanismos
permitiu um crescimento exponencial dos meios de produgao, uma vez que as maquinas
produzem muito mais quando comparadas aos seres humanos. Neste contexto, podemos
citar a maquina a vapor que possuia um mecanismo de ajuste de pressao que permitia

controlar a velocidade da maquina com o objetivo de torna-la aproximadamente constante.

Podemos citar também o periodo da segunda guerra mundial, de 1937 a 1945, como
um periodo importante para a evolugao da Teoria de Controle. Muitos dos dispositivos
que usamos hoje em nossa vida didria tiveram suas origens como instrumentos milita-
res, por exemplo, o equipamento de micro-ondas originalmente era associado a deteccao
de aeronaves. Mais ainda, neste periodo, havia uma busca para solugdes de problemas
de controle de monitoramento, sistemas eletronicos, modelagem de esquadroes aéreos e

misseis balisticos.

As reflexoes que surgiram apés a segunda guerra deixaram claro que os modelos
considerados naquele momento eram insuficientes para descrever os fenémenos complexos
do mundo real, uma vez que ja se sabia que os modelos mais eficientes eram indetermi-
naveis ou nao lineares, impossiveis de descrever com absoluta precisao, pois sao afetados
por um grande nimero de fatores externos. A partir da década de 1960, esse contexto de
transicado na modelagem nao-linear e nao-deterministica reforca a necessidade de um uso
rigoroso de ferramentas mateméaticas na busca de solu¢des para problemas de controle,
assim os métodos e teorias discutidos anteriormente passaram a fazer parte do que tem
sido categorizada como a Teoria de Controle “classica” e tudo o que tem sido e foi de-
senvolvido desde a década de 1960 é categorizado como a Teoria de Controle “moderna”.
A evolugao da Teoria de Controle moderna se deve essencialmente a rigorosa formaliza-
cao das ferramentas derivadas do Célculo Diferencial e Integral que permitiu descrever
diversos fenomenos fisicos, quimicos, biolégicos, dentre outros, por meio de tais equagoes

diferenciais.

Sobre as importantes contribui¢cdes que serviram de base e fundamento para a
teoria de controle moderna, podemos destacar como protagonistas: o matematico e enge-
nheiro hingaro, naturalizado norte-americano Rudolf Emil Kalman, co-inventor de técni-
cas de filtragem e aproximagoes algébricas para sistemas lineares; o matematico americano
Richard Ernest Bellman pela invencao da programacao dindmica; e também o matematico
russo Lev Semenovich Pontryagin, famoso pelo principio do maximo para problemas de

controle 6timo nao lineares.

Em um contexto mais matematico, a controlabilidade para modelos governados
por equagoes diferenciais tem sido objeto de intenso estudo nas tltimas décadas. Pode-
mos citar os trabalhos do matemaético norte-americano Lawrence Markus (veja [1-3]) em

que introduz o conceito de controlabilidade de sistemas descritos por equagoes diferenciais
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ordindrias (EDOs) e a controlabilidade de sistemas lineares em grupos de Lie. Sobre a
controlabilidade de sistemas governados por equagoes diferenciais parciais (EDPs), cita-
mos as contribuigdes do matematico David Lewis Russell (ver [4,5]) que trata sobre a
controlabilidade de sistemas parabdlicos e hiperbdlicos e também sobre controle e estabi-
lizagdo para sistemas de EDPs lineares. Suas publica¢oes foram notaveis por conseguirem
relacionar outras areas das EDPs, como a teoria dos multiplicadores e a analise de Fourier
nao harmonica. Nos anos que se seguiram, varios matematicos também se destacaram pela
contribuicao efetiva para resultados extremamente significativos no estudo da controlabi-

lidade para sistemas de equagoes diferenciais.

Mais recentemente, em 1986, o matematico Jacques-Louis Lions introduziu em [6]
um método sistematico e construtivo chamado Método de Unicidade Hilbertiana (HUM).
Atualmente, o método é amplamente utilizado para obter resultados de controlabilidade
estudando-se certas quantidades para os problemas duais dos problemas iniciais, neste
contexto a técnica é resumida na obtencao de desigualdades de observabilidade para sis-

temas adjuntos associados, este método permitiu grandes avancos na teoria de controle.

Os problemas de controle para EDOs lineares sao bem compreendidos (veja [7]
e [8]). Até mesmo problemas nao lineares estdo em um estagio satisfatério de entendi-
mento, isto é, sao conhecidas quantidades razoaveis de condigdes para obter resultados
de controlabilidade tanto no contexto local como global, como podemos ver em [9]. Se
estamos lidando agora com EDPs, essa situagao se torna mais delicada, mesmo no caso
de sistemas lineares. Essas dificuldades podem ser vistas de acordo com cada EDP estu-
dada, uma vez que cada operador diferencial associado induz propriedades diferentes nas

solugoes do sistema, por exemplo:

e Para EDPs hiperbdlicas, como a equagao da onda, ha a probleméatica da propagagao

de singularidades com velocidade finita;

e Em se tratando de EDP dispersivas como a equacao de Schrédinger e KdV, a propa-
gacao de informacao ocorre em velocidade infinita em conjunto com um fraco efeito

suavizante;

e Por fim, para problemas de EDPs parabdlicas como a equacao do calor ou de Stokes,

tratam de problemas irreversiveis em tempo e com forte efeito suavizante.

Assim, dependendo de que tipo de equagao estamos lidando, a estratégia para
controlé-la pode ser completamente diferente, esse fato torna o problema de controlar os

EDPs, em certo sentido, mais sofisticados comparados as EDOs.

Adiante, vamos definir em termos mais precisos sobre os conceitos de controle
presentes na teoria. Alguns desses conceitos sao referidos como controle de equacoes dife-

Tenclas.
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1.3 Alguns conceitos matematicos da teoria de controle

Um sistema de controle é uma equagao de evolu¢ao (EDO ou EDP) que depende

de dois parametros ¥y e u, descrito por meio da seguinte equacao:

%y = f(t,y,u),
y(to) = Yo

Aqui, t € [tg, T] é a variavel temporal, T > tq é um parametro real fixado, comumente
chamado de “tempo final”, a variavel y é chamada de wvaridvel de estado e pertence ao
espaco dos estados ), a variavel u denota o controle e pertence ao espago U,s chamado
de espaco dos controles admissiveis, a funcao f indica a forma que o controle u age sobre
o sistema, se o problema vai ser uma equacao diferencial ordinaria ou parcial, e também

se o problema vai ser linear ou nao.

A problemética entdo é dada pelo seguinte questionamento: E possivel encontrar
uma fungao de controle u € U,y de tal forma que a funcao de estado y tenha um compor-
tamento desejavel (ou aceitdvel) em um determinado tempo final t = T'?7 Problemas com
essa caracteristica sao usualmente classificados como um problema de controle e depen-
dendo do objetivo eles sao categorizados em diferentes tipos. Definiremos com a devida

precisao alguns problemas de controlabilidade que sao comumente considerados.

Controlabilidade Exata: consiste em determinar a existéncia de um controle u que
conduza a solugdo de um estado inicial a um estado final determinado. Assim, para cada

dado inicial yy e dado final ¥y, queremos garantir a existéncia de um controle u tal que
%y:f(tyau)) le [thT]a
y(to) = Yo, y(T) = y1.

Controlabilidade Nula: consiste em determinar a existéncia de um controle u que
conduza a solu¢ao de um estado inicial ao estado final nulo. Mais precisamente, para cada

dado inicial gy, queremos garantir a existéncia de um controle u tal que

d
%y:f(t,i%@b), le [t07T]7
y(to) = o, y(T) = 0.

Controlabilidade Aproximada: este conceito é formulado para os casos em que estar
“proximo” de um determinado objetivo é aceitavel, ou seja, queremos conduzir o estado de
modo para as proximidades de um determinado dado no tempo final. Mais precisamente,
para cada dado inicial gy, para € > 0 e um dado final y;, queremos encontrar um controle

u tal que
oY= ftyw), teltT],
y(to) = Yo, y(T) —wnlly < e
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Controlabilidade exata para trajetdrias: consiste em determinar a existéncia de um
controle que conduza a solucao, partindo de um estado inicial arbitrario, ao mesmo estado
de uma determinada trajetéria no tempo final; por uma trajetoria entendemos uma solucgao
nao controlada do sistema. Mais precisamente, dada uma trajetéria 7, queremos encontrar

um controle u tal que

Sy =F(tyu), 1€l T]
y(to) = vo, y(T) =y(T).

E facil ver que a controlabilidade exata implica tanto na controlabilidade nula
quanto na aproximada, mas a reciproca, em geral, nao é verdadeira. Para sistemas que
sdo reversiveis em tempo, a controlabilidade nula e exata sao equivalentes. Sabe-se também
que, se a funcdo f da origem a um problema linear, é possivel mostrar que as nocoes de

controlabilidade nula e controlabilidade exata para trajetérias sao equivalentes.

Além dos problemas de controlabilidade definidos anteriormente, existem dois tipos

de problemas de controle que sao de interesse para os propoésitos desta tese.

Controles insensibilizantes: introduzido por J. L. Lions em [10] e [11], o estudo de
controles insensibilizantes tem o objetivo de encontrar controles que tornem um determi-
nado funcional de energia, chamado de sentinela, insensivel para pequenas perturbagoes
do dado inicial. O termo sentinela provém do termo utilizado em francés sentinelles, que
pode ser traduzido também como “observadores”, pois ainda que nao percebam varia-
¢oes do dado inicial, elas de uma certa maneira “observam” a evolugao do sistema. Mais

precisamente, modificamos ligeiramente o sistema de controle, perturbando o dado inicial,

Zu= f(t
dty f( 73/7 u))
y(to) = yo + TYo-

O parametro 7 é um ntmero real suficientemente pequeno e 7y é um dado desconhecido,
porém com norma unitaria. Seja J um funcional diferenciavel definido no conjunto das
solugoes do sistema acima. Dizemos que o controle u insensibiliza o funcional J(7,y) se a

seguinte condigao for satisfeita:

(y(z, t;u, 7)) = 0.

7=0

—J
or
Aqui, y(z,t;u, T) é a respectiva solugdo com controle u e pardmetro 7 > 0.

H& intmeras possibilidades de escolhas para a sentinela (funcional acima) e cada
escolha gera um problema diferente de controle insensibilizante. Uma escolha bastante
comum, que aparece em muitos fendmenos fisicos, é considerar J como uma norma L>

local da solucao, ou seja,

1 T
Jry) =5 [ [ Iy, t)Pdrdt,
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Nesse caso, essa quantidade pode ser interpretada, dependendo do sistema em questao,
como a energia cinética ou potencial quando observada numa regiao O do dominio, num
intervalo de tempo entre t = 0 até t = T. Uma vez feita esta escolha, pode ser provado
que problemas de controles insensibilizantes podem ser reduzidos a um problema de con-
trolabilidade nula parcial para um sistema em cascata em que os termos de acoplamento

dependem da sentinela que é considerada.

Controlabilidade nula uniforme: outro problema de controle interessante ¢ o estudo
de controles uniformes, que consistem em controlar um determinado sistema a partir da
controlabilidade de sistemas dependendo de um parametro e que se degeneram no sistema
desejado quando tal parametro converge para zero. Mais precisamente, dado um parame-
tro € > 0, considere a seguinte familia de sistemas exatamente controlaveis, dependendo

do parametro € > 0:
d
M(e) - —y* = f(t,y°, u*
(€) - " = f{ty"u),
y“(to) = yo-
Aqui, M(e) é uma matriz que indica como o parametro € estd inserido no sistema, y¢ €

Y<cC Yeu €U, A familia de sistemas acima pode ser vista como uma aproximacao

do seguinte sistema de controle

M(O) : %y = f<t7yvu)7

y(to) = y.

Dado um estado final yr e € > 0, existe um controle u¢ tal que y*(7') = yr. O
problema de controlabilidade uniforme consiste em construir uma familia de controles

{u}. que sdao uniformes com respeito a €, ou seja,
ueta < C

em que C' ndao depende de e. Com isso ¢ esperado a obtencdo de um controle u para o
sistema limite como um limite fraco da sequéncia {u} em U, 4 quando € — 0. Um problema
similar pode ser reformulado em termos de controlabilidade nula ou aproximada para tais

sistemas.

1.4 Descricao dos resultados

Descreveremos agora os problemas especificos de controle estudados nesta tese.

APENDICE A - Um problema de controles insensibilizantes
para a equacao de Ginzburg-Landau

O Apéndice A consiste em uma versdo mais detalhada do artigo [12] publicado

na revista Journal of Optimization Theory and Applications (JOTA), e teve participagao
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ativa de mais dois pesquisadores, o Prof. Mauricio Cardoso Santos da Universidade Federal

da Paraiba e o Prof. Diego Araujo de Souza da Universidade Federal de Pernambuco.

Neste trabalho tratamos sobre a existéncia de controles insensibilizantes para a
equagao de Ginzburg-Landau com nao linearidade cibica, veja Sec¢ao 1.3. para uma expli-
cagao geral sobre problemas deste tipo. Sendo mais preciso, sejam N um ntmero natural,
Q2 Cc RY um dominio limitado cuja fronteira, denotada por 02, é suficientemente regular,
T > 0 representa o tempo final, w e O dois subconjuntos abertos e nao vazios de {2 que

serao chamados respectivamente de dominio de controle e dominio de observacao.

Usando as notagoes Qr = Qx]0,T[, gr = wx|0,T[ e ¥r = 902x]0, T, considere a

seguinte equacao diferencial nao linear conhecida como equacgao de Ginzburg-Landau,

yr — (1 +ia)Ay + Ry — (1 +ib)|y[*y = vl, + f, em  Qr,
y =0, sobre X, (1.1)
y(0) = yo + 7o, em Q.

A equagdo (1.1) foi primeiramente considerada em estudos relacionados a sistemas de
reacao e difusdo que, como préprio nome indica, representam fendmenos em que a reagao
e difusdo de reagentes em um determinado meio ocorrem simultaneamente. E também um
modelo que descreve o comportamento de fluxos confinados em que nao ha movimento
entre as extremidades do meio, como por exemplo o fluxo de sangue nas artérias e veias,
fenomenos conhecidos como fluxos de Poiseuille. Esta equagdao também é uma equacao
bastante importante na teoria ondulatéria, considerada em modelagens de problemas
que descrevem desde fendmenos de ondas nao lineares até transicao de fase de segunda
ordem, supercondutividade, superfluidade e condensado de Bose-Einstein. E portanto uma
equacao bastante conhecida na comunidade académica, em virtude da modelagens desses

diversos fendmenos.

Em (1.1), v denota a variavel de controle, y é a varidvel de estado a,b, R € R, yg e f
sao fungoes conhecidas. Nesse sistema de controle, o dado inicial é parcialente conhecido,

uma vez que apesar de conhecermos g, temos que:

e Jo € L*(Q2) é uma funcao desconhecida tal que ||7o||2(0) = 1;

e 7 € R é um pardametro desconhecido suficientemente pequeno.

Problemas de controles insensibilizantes consistem em determinar a existéncia de
um controle que torne insensivel para pequenas varia¢oes do dado inicial, um determinado
funcional de energia J, chamado de sentinela, que depende da varidvel de estado ou de
alguma de suas derivadas. A sentinela observa uma determinada quantidade na regiao O
em um intervalo de tempo de t = 0 até t = T". Aqui, os dados sao tomados de tal maneira

que o funcional J esteja bem definido. Nesse ambito, dizer que o controle v insensibiliza
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o funcional J pode ser quantificado da seguinte maneira,

9 N N
EJ(T, v) =0, V §o€L*Q) com [[fo]|r2 = 1. (1.2)

7=0

Ha entdo uma infinidade de problemas de controlabilidade dessa natureza, uma vez que
diversos fatores podem ser considerados nesse estudo: o sistema de controle pode ser
governado por uma equacao linear, semilinear ou nao linear; se tem condicoes de fronteira
de Dirichlet ou Neumann, homogénea ou nao; a sentinela pode vir a depender do estado ou
de uma de suas derivadas (de alguma ordem, espacial ou temporal); controles distribuidos

internamente ou na fronteira, dentre outros.

Uma vez cientes das diversas possibilidades acerca de problemas de controles in-

sensibilizantes, apresentaremos alguns resultados ja conhecidos:

e Problemas de controles insensibilizantes foram introduzidos por J.-L. Lions em [10]
e [11];

e Em [13] os autores flexibilizaram a definicdo em (1.2) com uma nogao de controle
insensibilizante aproximado, também conhecido como controle e-insensibilizante e o

problema considerado foi para uma equacao do calor nao homogénea;

e Estudando uma equagio do calor semilinear, de Tereza provou em [14] que néo era
esperado obter existéncia de controles insensibilizantes para dado inicial qualquer.
A demonstracao de um resultado negativo foi feita por construcao de uma solugao

que nao satisfazia a desigualdade de observabilidade;

e Em [15] e [16] os autores generalizaram os resultados em [14] para dois casos: para
uma equacao do calor com nao linearidade superlinear e para uma equacao do calor

com nao linearidade dependendo do estado e do gradiente do estado;

e Em [17] os autores investigaram para quais dados iniciais eram possiveis obter re-

sultados positivos e negativos;

e Em [18], [19] e [20] a problemética foi considerada para outros tipos de equacao

como a equacgao de Navier-Stokes e sistemas de Boussinesq;

e Acerca das sentinelas, a grande maioria dos resultados consideram o funcional J
como uma norma L? do estado, ver [10,11,13-17]. Em [21], o autor considerou
uma sentinela com a norma L? do gradiente do estado para uma equacao do calor
linear. J& em [22] foi considerado um sistema de Stokes com funcional dependendo

da norma L? do rotacional do estado.

Em se tratando da equacao de Ginzburg-Landau, poucos resultados sao conhecidos.

Em [23] os autores provam um resultado de controlabilidade nula para uma classe de
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equagoes de Ginzburg-Landau nao lineares e em [24] os autores resolvem um problema de

controles insensibilizantes com sentinela dependendo da norma L? do estado.

Inspirados nos artigos descritos acima, em especial, [22], [23] e [24], nos propusemos
a estudar o seguinte problema: provar a existéncia de controles insensibilizantes para a
equagao de Ginzburg-Landau com a nao linearidade ctibica, com sentinela dependendo

do gradiente do estado, isto é,

1 (T
J(1,v) = 2/0/O|Vy(x,t;7‘,v)|2d:1:dt. (1.3)

A dificuldade em considerar sentinelas como em (1.3) estd no fato de que a existéncia
de controles insensibilizantes se reduz a provar um resultado de controlabilidade para
um sistema de equagoes de Ginzburg-Landau que estao acopladas por meio de um termo
de segunda ordem, portanto diversos problemas técnicos surgem e novas ferramentas sao
necessarias. Neste trabalho provaremos uma nova desigualdade de Carleman que ajudara
a lidar com o acoplamento de segunda ordem, esta desigualdade por si s6 ja representa

uma grande contribuicao para a area de controle de equacoes diferenciais parciais.
Assim, em linhas gerais, o problema a ser considerado no Apéndice A é o seguinte:

PROBLEMA 1. Para cada f em um espaco de fungao apropriado e cada dado inicial
Yo € L3(Q), serd que existe um par (y,v) solugdo de (1.1), que insensibilize o funcional
(1.3) no sentido dado por (1.2)?

APENDICE B - Controlabilidade nula uniforme para sistemas
parabdlicos de rapida difusao com termos de acoplamento de
primeira ordem

O Apéndice B é um trabalho em conjunto com outros trés pesquisadores: o Prof.
Mauricio Cardoso Santos e o Prof. Felipe Wallison Chaves Silva ambos da Universidade
Federal da Paraiba, e o Prof. Diego Araujo de Souza da Universidade Federal de Pernam-

buco.

Neste trabalho tratamos sobre a existéncia de controles uniformes, com respeito a
um dado parametro, para uma familia de sistemas parabdlicos lineares de rapida difusao.
Veja Segao 1.3. para uma explicacdo geral sobre problemas deste tipo. Sejam N um
nimero natural,  C RY um subconjunto conexo e limitado cuja fronteira, denotada por
0€), é suficientemnte regular. Sejam também 7" > 0 chamado de tempo final, w; e wo

subconjuntos nao vazio de {2 que serdo chamados de dominios de controle.

Usando a notacao Qr = 2x]0,T[ e L = 0Qx]0, T, definimos o seguinte sistema
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parabolico de rapida difusao com termos de acoplamento de primeira ordem

yp — Ay = a1y  + A1y - VY +a122°+ Ao - V2t + fil,,, em Qr,

€z — A2 = ag12°+ Ag1 - V2 + ag oy + Aos - VY + f51,,, em Qr,
(1.4)

ye=2=0, sobre Y,

Yli=0 = Yo, 2i=0 = 20, em ).

Uma das motivagoes para considerar sistemas como (1.4) é que estes podem ser vistos

como aproximacgoes para sistemas do tipo

Y — Ay = aljly —+ Al,l . Vy + aLQZ -+ ALQ . VZ + fllwlu em QT
—Az=ag12+ A1 -Vz+azy+ Ass-Vy+ faly,, em (),

(1.5)
y=2z2=0, sobre Y7,

Yli=o = Yo, em €.

O sistema dado por (1.5) modela diversos fenémenos tais como modelo de agregacao que
descrevem o comportamento de crescimento de determinadas estruturas tais como células

ou também podem descrever reagoes quimicas de reagentes com diferentes concentragoes.

Nos sistemas acima, € > 0 é um parametro fixo (que vai se degenerar a zero no
caso limite), as variaveis de estado sao y e z, f1 e fo denotarao os controles e {ai7j}?7j:1
sdo fungées de Qr em R e {A;;}7,_, sdo campos de Q7 em R".

Problemas de controlabilidade uniforme consistem em determinar controles que
conduzam as solugoes da equacao em questao a configuragao final desejada, com controles
que sejam uniformemente limitados com respeito a um determinado parametro. Nesta
parte do trabalho, queremos provar um resultado de controlabilidade nula para o sistema
(1.4) em que os controles ff e fS sdo uniformemente limitados com respeito ao parametro
€, na realidade, o caso interessante a ser estudado é aquele em que o tinico controle ativo é
o da primeira equacao, i.e., f5 = 0, como veremos ao longo do Apéndice B. E importante
mencionar que uma vez provado o resultado de controlabilidade nula uniforme para o
sistema (1.4), poderemos, por um processo de passagem ao limite nas solugoes fracas do

sistema (1.4), provar a controlabilidade nula do sistema parabdlico-eliptico (1.5).

Essa problemética de aproximar equagoes ou sistemas de equagoes com proprie-
dades intrinsecas diferentes, decorrentes do operador que governa a equacao, ja foi consi-

derada em diferentes contextos, dentre os quais podemos destacar os seguintes trabalhos:

e Em [25] os autores estudaram o caso de uma equagao de onda amortecida conver-

gindo para um equacao do calor;

e O artigo [21] contém resultado de controlabilidade nula uniforme para uma equagao

de transporte e difusdao convergindo para uma equacao do transporte;
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e Com relacao a controlabilidade uniforme de sistemas governados por equagoes pa-
rabdlicas e convergindo para um sistema paraboélico-eliptico, destacamos [26] como

sendo um dos trabalhos pioneiros.

Em se tratando da controlabilidade nula uniforme para o sistema (1.4), citamos
[27] no qual os autores provam um resultado de controlabilidade nula uniforme para um
sistema do tipo (1.4), porém com acoplamentos de ordem zero, ou seja, no caso em que
A1 =A19=A4y1 =A5,=0.

Dado o exposto, nesta parte da tese estamos interessados em resolver um problema

do seguinte tipo:

PROBLEMA 2. Para cada dados iniciais vy, 20 € L?(Q2), é possivel obter controles
fi = file), i = 1 ou ¢ = 2, associados com as solugoes (y<, z¢) de (1.4) que satisfazem
(y(T), 25(T)) = (0,0), e tais que f; sdo uniformemente limitados com respeito ao para-
metro degenerativo ¢ quando este converge para zero? Mais ainda, podemos obter um

resultado de controlabilidade nula uniforme para (1.4) com apenas um controle ativo?

Uma vez que temos uma resposta positiva para este problema, é possivel, por um
procedimento de passagem ao limite com solugoes fracas, deduzir um resultado de controle

nulo para (1.5).
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Abstract

In this paper, we prove the existence of insensitizing controls for the
nonlinear Ginzburg-Landau equation. Here, we have a partially unk-
nown initial data, and the problem consists in finding controls such that
a specific functional is insensitive for small perturbations of the initial
data. In general, the problem of finding controls with this property is
equivalent to prove a partial null controllability result for an optimality
system of cascade type. The novelty here is that we consider functionals
depending on the gradient of the state, which leads to a null controllabi-
lity problem for a system with second-order coupling terms. To manage
coupling terms of this order, we need a new Carleman estimate for the

solutions of the corresponding adjoint system.

Keywords: Ginzburg-Landau equation, Carleman estimates, Insensitizing controls,
Null controllability.

AMS Classification: 93C20, 93B05, 93B07, 93C41, 35K40

Introduction

This paper deals with an insensitizing control problem for a nonlinear Ginzburg-
Landau equation. The initial data is partially unknown, in the sense it is a small pertur-
bation of a given data, and we want to make some measurements of the state by means of
some cost functionals. Here, we want to solve the problem of finding controls acting on the
system which turns the functionals insensitive for the small variations of the data. This
kind of problem was originally addressed by J.-L. Lions, see for instance [10] and [11].
After these works, the existence of insensitizing controls was studied in different contexts.
For instance, in [13], an approzimated insensitizing problem was considered for the nonho-
mogeneous heat equation. In [14], the author proves that, under some suitable conditions,
the existence of insensitizing controls may or may not hold, which indicates that this kind
of problem cannot be solved for every initial data. This result was generalized in [15]
and [16] to nonlinearities with certain superlinear growth and nonlinear terms depending
on the state and its gradient. Regarding the class of initial data that can be insensitized,
the results in [17] give different results of positive and negative nature. In [22], the author

considers a functional involving the gradient of the state for a linear heat system, while
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in [28], it is treated the case of the curl for the Stokes system. In [19], [18] and [20], the
authors study the existence of insensitizing controls for the Navier-Stokes equation and

the Boussinesq system.

Concerning the Ginzburg-Landau equation, few results are known. We refer to
23], where the authors prove the null controllability for a class of nonlinear Ginzburg-
Landau equations. Concerning insensitizing control problems, we can cite [24], in which
measurements depending only on the state itself are considered. In this paper, the novelty
is that we consider functionals depending on the gradient of the state, and we search for
controls which turns these functionals insensitive. In general, this kind of problem is
equivalent to a partial null controllability result for a nonlinear cascade system, and the
kind of functional affects the way the equations are coupled. For the fuctionals considered
here, the coupling term is a second order derivative of the state, and because of this, we

can not proceed in the same way as in [24].

The strategy adopted here is based on duality arguments. We prove a suitable
observability inequalities for the solutions of an adjoint system, where the main tools are
Carleman estimates. We prove a Carleman estimate with right-hand side in Sobolev space

of negative order, and this will be the key point to deal with the second order coupling.

This work is divided as follows: In Section A, we present in more details the
problem and its difficulties. Section A is dedicated to prove some Carleman estimates. In
Section A, we prove controllability results for the linear and nonlinear cases. In Section
A, we give some related open questions, and in Section A we make some conclusions.
For completeness, at the end of this paper, we have an Appendix about the existence of

solutions for the systems considered here.

Statement of the Problem

Let © C RY be a bounded domain whose boundary 92 is regular enough. Let T >
0, w (called control domain) and O (called observation domain) be two nonempty subsets
of 2. We denote by Qr = Qx]0,T[, gr = wx]0,T[, Sp = 90x]0,T[, Or = Ox]0, T, and
by v(z) the outward unitary normal to Q at the point x € 92. Unless otherwise stated,

the functions that appears on this work are complex-valued.

This work deals with an insensitizing control problem for the nonlinear Ginzburg-

Landau equation
v — (1 +ia)Ay + Ry — (1 + i) |jyPy =vl, + f, in Qr,
y =0, on Xr, (A.1)
Yli=o = Yo + Yo, in €

Here, v stands for the control variable, y is the state variable, a,b, R € R, yy and

f are given data, 7 is an unknown (small) real number and 7, is an unknown function.
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The complex Ginzburg-Landau equation was first derived in the studies of Poi-
seuille flows and reaction-diffusion systems. Nowadays, it is used to describe phenomena
from nonlinear waves to second order phase transition, superconductivity, superfluidity,

and Bose-Einstein condensation.

Let us now present the problem under consideration. Let J : R x L?(gy) — R
(called sentinel functional) defined by:

1
J(T,v) == 5 //(’) \Vy(z,t; 7,v)*dxdt, (A.2)

where y = y(z,t;7,v) is the corresponding solution of (A.1) associated to 7 and control

v. The data will be taken in such a way that the functional J is well-defined.
Let us now define the insensitizing control problem:

Definition A.1. Let yo € L*(2) and f € L*(Qr). We say that a control v insensitizes
the functional J if

0 _ TN
EJ(T, v) =0, Vo€ L*(Q) with ||To|lz2) = 1, (A.3)
=0

i. e., J does not detect small pertubations of the initial data .

Notice that, Definition A.1 means that we want J to be locally insensitive to the

perturbation 7.

The main goal of this paper is to prove the existence of controls v which insensitizes

the functional J, which is given by the next result.

Theorem A.2. Assume that w N O # () and yy = 0. There exists a constant C > 0 and
0 > 0 such that for any f satisfying

1€ Fll 220 < 6,

one can find a control v € L*(qr) which insensitizes the functional J in the sense of
Definition A.1.

The smallness of f is related to the fact that here we apply a local inversion
argument, that is, we first study this problem when a linearized form of equation (A.1)

is considered, and then we apply a local inversion mapping theorem.

It is standard that the insensitizing control problems can be reformulated as a
partial null controllability problem for a nonlinear system associated to (A.1). Due to the
choice of J we have made (see (A.2)), our problem is reduced to find v € L?*(Qr) such



APENDICE A. An Insensitizing Control Problem for the Ginzburg-Landau Equation 26

that z|;—o = 0, where (y, 2) is the solution of the following optimality system

v — (1 +ia)Ay + Ry — (1 +ib)|y|*y = vl, + f, in Qr,
—2z— (1 —ia)Az + Rz — (1 —ib)y?z — 2(1 —ib)|y|*2 = V - (Vylp), in Qr,
y=2z2=0, on X,
Yli=0o = yo, z|i=1 = 0, in Q.

(A4)

In fact, system (A.4) is obtained as we compute (A.3). Note that
0
a.- J<7—7 U)

5 = 887' (;//(QT ]Vy(x,t;r,v)]%xdt) ‘TO = /OT/Q;_Z/

and at this point, we can see that the equation for variable z given by (A.4), is exactly

V(Vﬂl@) dxdt,
7=0

7=0

the adjoint problem for the derivative of the equation (A.1), with respect to 7 at 7 =0,
and also with right-hand side equals V- (Vylp). Now, with the coupling equation (A.4),,

we get that

0

— = | oz(0)dz.
57 () = [0

For the insensitizing condition be true for all gy € L*(€2), one must have z(0) = 0 € Q,

and we conclude that (A.3) is equivalent to obtain the partial null controllability.

This motivates the next theorem.

Theorem A.3. Assume that wN O # (), N < 2 and the initial data yo = 0. Then, there
exists positive constants C' and 0, depending on a,b, R,w,), O and T, such that for any
f satisfying

1" fllr20r) <6,
one can find a control v € L*(Qr) such that the corresponding solution (y,z) of (A.4)

satisfies z|—o = 0 in .

In [24], the authors solved an insensitizing control problem for functionals depen-
ding only on a local L? norm of the state. The novelty here is that we consider functionals
like (A.2), depending on the gradient of the state. A consequence of this is that the
optimality system (A.4) has a second order coupling term, this introduces some extra

difficulties in order to solve the controllability problem given in Theorem A.3.

We remark that Theorem A.3 cannot be proved for any initial data, that is why
we assume yo = 0 in Theorems A.2 and A.3. We can cite [14] where the author proves this
fact for the heat equation. For the equation considered here, the proof is very similar to
the one in [14], and for this reason, we will omit it. It consists in using the fundamental

solution to construct an explicit solution where the observability inequality does not hold.

As mentioned before, to find controls insensitizing the functional J, that is, to
prove Theorem A.2, it is sufficient to prove the partial null controllability result given in

Theorem A.3. Therefore, from now on, we will concentrate on proving Theorem A.3.
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The ideas on how we are going to prove Theorem A.3 are the following. We first

consider a linear system of the form

v — (1 +ia)Ay + Ry = vl, + f°, in Qr,

—2— (1 —ia)Az + Rz =V - (Vylo) + f1, in Qr, (A5)
y=z=0, on X,

Yli=0 = Yo, 2|i=r = 0, in Q,

and we prove that, for any (f°, f!) in a suitable weighted space, there exist v € L*(qr)
such that z|,—9 = 0. In order to do so, we will prove a new Carleman estimate for an
associated adjoint state. Then, we combine this linear result with an inverse mapping

theorem, which proves Theorem A.3. The linear result is given by the following

Theorem A.4. Assume that w N O # 0, and the initial data yo = 0. Then, there exists
a positive constant C, depending on a, R,w,Q, O and T, such that for any f° and f* in
a suitable weighted space e“/*L*(Qr), one can find a control v € L*(Qr) such that the
corresponding solution (y,z) of (A.5) satisfies z|—o = 0 in §.

Remark A.0.1. In Theorem A.3 we have assumed a restriction on the space dimension
(N < 2), this restriction is considered in order to deal with the nonlinear terms, notice
that in Theorem A.4 this assumption is not needed. The main reason for this is that the
coupling term V - (Vylp) generates a lack of regularity. If we replace the functional (A.2)

for
1
J(r0) = = / / Ao|Vy(z, t: 7, v)[2dwdt, (A.6)
2JJQr

with Ap € C°(£2) and Supp Ap C O, and considering f sufficiently regular, assumptions

over the dimension can be weakened.

Carleman Estimates

This section is dedicated to prove some Carleman estimates. Here we prove that

for any (¢, 1) solution of

—pr — (1 —ia)Ap+ Rp =V - (Vlp) + ¢°, in Qr,

Yy — (1 +ia)AY + Ry = ¢, in Qr, (A7)
o =1 =0, on Xr, .
¢|t:0 = Q/JOa 90|t:T = 07 in Q7

the following observability inequality holds

J[, O + [Vl + A dadi

<C [ mlePdrdi+ [[ p()(1o'F + V' P)drdt, (A8)
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where, for ¢ = 1,2, 3, the weight functions p; blows up at t = 0 and C' > 0 only depends
on 2, w, Oand T.

The proof of the observability inequality (A.8) is based on global Carleman es-
timates. In order to establish these estimates, we must introduce some weight functions
which are standard in this kind of approach. Initially, we prove Carleman estimates for
single equations (see Lemmas A.5 and A.6), after that we prove a Carleman estimate for
the adjoint system (A.7) (see Proposition A.7).

Assume that wNO # (), and let @ C € be an open and nonempty subset satisfying
@ C wNO. As usual, when dealing with Carleman estimates, we define the function
n° € C?(Q) such that n° > 0in Q, n° = 0 over 99, and |[Vn°| > C > 0in Q\ @. Given

any real parameters s > 1 and A > 1, we denote by

A0 () G2\l _ A1)
§(t) = max{(x,t), &(t) = mina(z,1), (A.9)
x€EN xeN)
£°(t) = miné(z,t), o (t) = maxa(z,t).
e e

Fori,j =1,..., N, the following estimates for the weight functions in (A.9) hold:

|at| + |§t| < CT§27
|0,t] + 10,6 < CAE, (A.10)
107, +102,, 6] < ON%¢E.

More details concerning weight functions of this kind and how they are applied in
the controllability of parabolic equations can be found in [29].

The first result needed in this paper is the following Carleman estimate. For a

proof, see [23].
Lemma A.5. Let a € R, h € L*(Qr), ¢T € L*(Q), and let ¢ the solution of

G+ (1 —ia)AC=h, in Qr,
(=0, on X,
Clt:T = <T7 Zn Q

There exists a positive constant Ay, such that for any X > A\ one can find two positive
constants C = C(\) and s; = s1(N\), such that for any s > s; the following inequality
holds

s—l// 5‘16‘25"‘(|Q|2+\AC|2)dxdt+s3)\4// £3e=25¢ 2 dudt
Qr Qr
4 sA2 // e~ V¢ dudt
Qr

< —2sa 2 314 —2sa¢3 2 > )
_c(//QTe |h|d:rdt—|—s)\//qTe SICdadt) . (A1)
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In order to deal with the second order coupling term in the right-hand side of

(A.7), we will prove a new Carleman estimate, given by the following lemma.

Lemma A.6. Let a € R, h° € L*(Qr), h' € [L*(Qr)]N, ¢* € L*(Q), and let ¢ the
solution of
o+ (1 —ia)Ap=h"+V -h', in Qr,
$=0, on X, (A.12)
Oli—r = o7, i €.
There exists a positive constant Ay, such that for any A > A\, one can find two positive
constants C = C(X\) and sy = s9(N), such that for any s > so, the following inequality
holds

AL // €362 p|2dzdt + s)2 // g6V p|2dzdt
Qr Qr

<C ( / / =20 RO 2 ddt + 52\? / / €26~ 25| B 2zt
Qr Qr

w5 [ 536_25a]¢|2dxdt) . (A13)
qr
Proof. If ¢ € L?(Qr) is the solution of (A.12), it satisfies
R / / ggdrdt = —R / ST Z|,r da + R / / WOzdedt — R / Bl Vzdedt,  (A.14)
Qr Q Qr Qr
for every g € L*(Qr), where z is the solution of

—zi+ (1 +ia)Az=g¢g, in Qr,
2 =0, on Xr,
2, = 0, in €.

Above, the notation R stands for the real part of a complex number.

Consider now the following null controllability problem: find a pair (w,u) such

that
—w; + (1 +ia)Aw = M Ee 2% +ul,, in Qr,
w = 0’ on ET; (A15)
W),y = W},_p =0, in Q.

In order to solve the null controllability problem (A.15), we are going to use the Lax-

Milgram Theorem. Indeed, define the space
Xo={p€C®Qr); p=0 on Xr},

the operator L = 0; + (1 —ia)A, and the bilinear form (-, )x : Xo x Xy — R given by

, :§R( =20 L(p )\ L(py) dadt + 3 [[ e 2¢3p 534 dt).
(291 Pz)X //T (p1) (pz) X S //qTe fplpz X
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Define also the linear form [ : Xqg — R by

I(p) = AR / 36725 4 ddt.

If s and A are large enough, we have by (A.11) that || - ||x := (-, );/2 defines a
norm on the space Xy. Let X be the completion of Xy with the norm || - ||x, then X is a
Hilbert space with inner product given by (-,-)x. Moreover, combining Cauchy-Schwarz

inequality and Carleman estimate (A.11), we obtain that

i< 0 (2 [ @ewiopanar)” Ipl (A.16)

which means that [ is a bounded linear operator in Xy. By Hahn-Banach Theorem, we
can extend [ : X — R to a bounded linear and continuous operator defined over X. Using

Lax-Milgram Theorem, we see that there exists a unique solution p € X such that

(p,p)x =1l(p), VpeEX. (A.17)

We remark that p, the solution of (A.17), is exactly the weak solution of the following

system, which is of fourth order in space and second order in time

L ( —2saLp) + 83)\453 —2sa ,\1 _ 83)\4536_28a¢, in QT,
]/9\ _QSQLp = 0 on 2T7
(e7>Lp)|i=o = (e7***Lp)|¢=r = 0, in €,

where L* = —0; + (1 + ia)A is the formal adjoint of L.

If we set
w=e*Lp and u=—s\Ee P, (A.18)

we use (A.17), and conclude that the pair (w,u) is the weak solution of (A.15). Taking
p=7pin (A.17) and using (A.16), we get

1PI2 < Cs*X8 / / £3e2 ¢ |2ddt. (A.19)
Qr
Therefore, combining (A.18) and (A.19), we obtain

// X w|dxdt + 573\ // 3y dadt < Cs®\* // e 2|2 dxdt. (A.20)

Qr qr Qr

Now, if we take g = s3M*€3e72%¢ + ul,, in (A.14), we get

83)\4 // 6—23a53‘¢’2 dadt
Qr

:3%(— /l ¢adxdt+/Q howd:cdt—/Q hl-vwdxdt>. (A.21)
qT T T

Let us estimate the right-hand side of (A.21), in order to obtain (A.13).
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First, a simple computation shows that,

52\ / /Q TVl drdt = R <s_2>\_2(1 + ia) / / £y . Vi dxdt)

= 9%( sTIAT2(1 +za)/ 2 Awwdxdt

2(1 4 ia) //Q ~2,250) Vw)u‘;dxdt). (A.22)

Multiplying the first equation of (A.15) by s 2A72(~2e2*%p and integrating on Q7.
we get that

R (—3_2)\_2/ E2e* w0 dodt + s 2N (1 + ia) / 2625 A da:dt)
Qr

Qr

:§R<s)\2 || €owduit+ 572 52623auu_;dxdt>. (A.23)
Qr

qr

Combining (A.22) and (A.23), it is immediate that
sTIA2 / / €262 V|2 ddt
Qr
- —3%( ~2)\- / €225y dadt + sN2 / ¢dwdedt
Qr

N2 [ e euadudt — 5N [ (Wie ) Vw)wdxdt). (A.24)
qT T

Let us estimate the first three terms on the right-hand side of (A.24). For the first

term, we integrate by parts and use the fact that w|;—9 = w|;=r = 0 to obtain

SN [ € wan dudt = 57X // 2250 9 o wfddt =
_g2) // 20250 1| dtd:p<C’Ts‘1)\ // 2w |2dzdt. (A.25)

In the previous inequality, we have used the following estimate |(£72e2%),| < CT*se?*

For the next two terms on the right-hand side of (A.24), we use Young’s inequality
and we get that

2 — < 314 3 —2sa 2 -1 -1 _2sa 2
SA %//qufqﬁwdzvdt_C’(s A //QTS e =% o|* dadt + s //QT§ =Y |wl dxdt),
(A.26)
and that

5’2)\’2%// E2e* v dadt
qr

<C (53)\4/ 372 ) dadt + 571 // §lezsa|w\2dxdt> . (A.27)
qr Qr
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Finally, for the last term we see that
SR / / V(€269 . Vww drdt
1
< —s AP // 5_2628“|Vw|2dxdt+0// e |w|? daxdt. (A.28)
2 Qr Qr

In (A.28), we have used the fact that |V(£72e%?)| < CsAE e,
Using (A.24)-(A.28) we obtain that

sT2NT2 //Q 2| Vw|? dedt < C (33)\4 //Q e 2 P dadt
53N // 5_3628“|u]2dxdt+// 628“|w|2da:dt>. (A.29)
qar Qr
Then, we combine (A.20) and (A.29) and we get that

sTIA2 / / €262 |V [2dzdt < CsPA / / £3e25 o 2. (A.30)
Qr Qr
Now, we use Young’s inequality in (A.21), and we obtain that

SN[ e o] duat
Qr
< O / / 32 g2 dadt + 53N / =362y 2 dzdt
qT qar
+C’//Q e_QSo‘lhO\?dajdt+e//Q e w|? drdt
4 OS2\ // 26259 BL2 dpdt + es 2\ 2 // €262\ V| dadt, (A.31)
Qr Qr

for € > 0 and small.

Combining (A.20), (A.30) and (A.31) we get

SN [[ e o dudt < © (// e O dadt + 27 [[ e dude
Qr Qr Qr

+f 53628a\¢|2dxdt). (A.32)

In what follows, we prove a regularity result for ¢. More precisely, we show that we
can add a weighted gradient term of ¢ on the left-hand side of (A.32). Indeed, integrating

by parts we have

o\ / /Q e 20|V P dadt = —s\R ((1 _ia) / /Q ge2saA¢q3dxdt)
_ 2R ((1 ~ia) | /Q Vo V(§e2sa)¢dxdt> . (A33)
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Proceeding in an analogous way as in (A.28), the last term of (A.33) can be

bounded as

SATR / [ V6 Vige )6 duds

oy

<
-4

/ fe_Qsa‘v¢’2dl’dt+053)\4 // 536_25a|¢‘2d1‘dt. (A34)
Qr Qr

To estimate the first integral in (A.33), we multiply the first equation of (A.12)
by —sA\2£e”2%¢ and integrate in Q7 to obtain

_ SR ((1 — ia) / /Q R dxdt) _ R <3A2 / /Q g dads
A2 / [ e oG dadt - 5 / /Q €07 L 11 dxdt) . (A35)

Now, the task is to estimate the three terms on the right-hand side of (A.35). For

the first one, we proceed in a similar way as in (A.25) to have
SAZR / /Q e bdrdt < CTSPAZR / /Q €325 5|2 (A.36)
T T

For the second term, we use Young’s inequality to obtain
SAZR / e~ R0 dxdt < C / / =25 B0 2 dxdt + es? At / / €262 o 2dadt, (A.37)
Qr Qr Qr

for all € > 0, sufficiently small.

For the third term, we integrate by parts and use (A.10) to get
SAZR / €720V . WG dadt
Qr
<cC <52)\2 [ e ment P ande + 23t | 526—28a|¢|2dxdt)
Qr Qr
+esh? / / e 20V p[2drdt, (A.38)
Qr

for every € > 0, sufficiently small.

Combining (A.32) and (A.33)-(A.38), and taking s and A sufficiently large, we
obtain (A.13). O

Remark A.0.2. By making the change of variable s = 25/, Carleman inequality (A.13)
holds by replacing the weight e=2** for e=3*'*, for every s’ > §32 (s is the same constant
given in Lemma A.6). This particular weight function will be important in forthcoming

computations.

Now, we will prove a new Carleman estimate for system (A.7), this will be the

main tool to prove Theorem A.3.
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Proposition A.7. There exists a positive constant \g such that, for all A > Xy, one can
find a constant C' > 0 depending on X\, Q and w, such that for ally € L*(Q), ¢° € L*(Q7)
and g* € L*(0,T; H (), the solution (p,v) of (A.7) satisfies

SN // €363 |2 dwdt + sA2 // ge3 |V |2 dudt
Qr Qr
N // 3¢ 25| A Pddt + s)2 // €625V (A) [2dadt
QT Qr
<C <33>\4 / /Q £3¢725) 0 2ddt + s5\° / /Q 3¢5 |V g [Pdadt

—1—57)\8// 576_25a|g0\2da:dt>. (A.39)
qr

Proof. We will assume that g € C5°(€2). The general case can be proved by using a

density argument.

Applying (A.13) with weight function e™3** instead of e=2**(see Remark A.0.2) for

the ( variable, we obtain
AL / / €363 2 dwdt + A2 / / £e™35 |V |2 dwdt
Qr Qr
< C< / / =35 g0 2dzdt + s2\? / / €235 | Vo) [2dudt
Qr Or
w5 [ 536_3sa|<p|2dxdt) . (A40)
qr
for A\ > C and s > maX{§SQ,CR§T2}.
We can bound the second term on the right-hand side of (A.40) as follows
2\ / / 2673V 2dadt < COs?N? / / ()26~ |V |2 duvdt
OT QT
< Os2)? / / (6)2e35%| A|? dudt.
Qr
The weights & and & are defined in (A.9).
A simply computation shows that, for A large enough
3&¢ —2a >0 forevery (z,t)€ Qr,

in this way we have that
$2)\2 // (5)26_38d|A@/J|2 drdt = s2)\2 // 6—3526—(35&—2504)536—25&|A1/)|2 dxdt
Qr Qr

< Cs2A2 // e Ay [? dudt. (A.A1)
Qr

Since g' € L*(0,T; H}(£2)), the equation satisfied by A is

Ay — (1 + ia)A21/1 + RAY = Agt, in Qr,
A =0, on Y, (A.42)
Atli—g = AP, in €.
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Let @ C wN O be an nonempty open subset and define Gr = @wx|0,7T[. Using
Carleman estimate (A.13) and the fact that Ag' = V - Vg', we get

3\4 3 _—2s« 2 2 —2sa 2
A //QTg =25 A |2ddt + s //QTge IV (AY) 2dxdt
<cC <52/\2 / / 2720V g [2dadt + 5721 / / 536_25“|A¢|2da:dt>, (A.43)
QT ar

for A > C and s > max{%sz,CR%Tz}.

Now, let us estimate the local term of Aty on the right-hand side of (A.43). By
equation (A.7), we see that

—pr — (1 —ia)Ap+ Rp=¢"+ Ay in Ox]0,T]. (A.44)

Let 0 € C?*(w) a cut-off function such that § = 1 in @. Using (A.44) and integrating by

parts we obtain

SN / / 3250 | A2 dedt < SO\ / B2 3| A2 durdt
qr qar
= SN / 03 2 Anp(—p; — (1 —ia)Ap + Rp — ¢°) dxdt
qr
— $AIR / 032 A gl dudt + s NR / / (063¢259), App durdt
qar

— $3\MR (0 3 _280‘ 1-— dxdt
S //qT e w( ia)pdr

_ 28R / / (0€%e22) . V(AD)|(1 — ia)pdadt
qr

— AR / 032 A" dadt — ZAJ, (A.45)
qar

where A; represents the j-th term on the right-hand side of (A.45).

For the next computations, the following bounds for the weight functions are

needed:
|<§36_28a)t| S OTS€_28a55,

IV (£3e725)| < O'she 24, (A.46)
|A(€36_28a)| S 082)\26—28055‘

Integrating by parts, using Young’s inequality and (A.46) we can bound the A;
term in (A.45)

A = —SAR / / V(0633 Vglp drdt — S AR / 0362V g1V o dudt
qr qar

<e <53A4 €l dedt + 2 [ ge?’sayw\?czxdt)
Qr QT

+ O8O\ //Q e\ Vgt | dzdt. (A.47)
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For the second term we get
Ay < esPA\? // 3725 Anp|? dadt + 055)\4/ e o] dudt, (A.48)
Qr qr
for all € > 0, sufficiently small. Analogously for the third one we have
Ag < esP\ / / £3e259 | Agp|? dadt + C'sTA® / €762 |2 durdl, (A.49)
Qr qr
for all € > 0, sufficiently small. For the fourth one has
Ay < es)? / /Q 6725V (AQ)? drdt + CsTAS / / €762 |2 durdl, (A.50)
T qaT
for all € > 0, sufficiently small. Finally, for the last term, we have
As < es® M // e AyY|*dwdt + Cs*\* // e 2% P dadt, (A.51)
Qr Qr
for all € > 0, sufficiently small. In this way, combining (A.45)-(A.51) we obtain
AL / / 3¢ 259 A2 dardt < C's™A® / €762 o2 dvdt
ar ar
ny <53A4 | e aplrdt+ 53 [[ e v(ap)P dxdt)
Qr Qr
e (83)\4 / / €362 g0 2 dpdt + 506 / / §5esa]Vgl|2dxdt). (A.52)
Qr Qr

Now, taking e sufficiently small, summing (A.40) and (A.43) and using (A.41),

(A.52) we obtain (A.39).

Null Controllability

]

In this section, we will see how Carleman estimate (A.39) allows us to prove

an observability inequality like (A.8). In order to prove this estimate, we first prove a

Carleman estimate with weight functions blowing up only at ¢ = 0. Here, we also prove

Theorem A.4, that is, the null controllability for the linear system (A.5).

Define the new weight functions

e2Mnllee _ An(z) e (@)
ﬁ(l’,t): l(t) ’ P)/(x?t) :Wa
B7(t) = max f(z, 1), 7"(t) = min (2, 1),
B(t) = m%lﬁ(l’, t>7 ﬁ(t) = maécg(x,t),

where [ is given by

T2/4,  T/2<t<T.
Notice that § =« and v = ¢ in |0,7'/2].

l(t>_{ HT —t), 0<t<T/2,

We have the following result.
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Proposition A.8. There exists a constant C > 0 (depending on s,\), such that the
solution (p,) of (A.7) satisfies

J| e gt + [[ e [Voldudt+ [[ () Ay Pdudt
Qr Qr Qr

< C’(// ﬁ3672sﬁ|90|2dxdt+// @56753|Vgl|2dxdt+// ﬁ7e2sﬁlw\2dxdt>. (A.53)
Qr Qr ar

In order to prove Proposition A.8, we are going to use the following technical

Lemma.
Lemma A.9. If (¢,v) is a solution of system (A.7), then
lellZz@omiz@) + IVOl 2@/ ri2@)
<C (||(<Pa APz /am/2:020y2 + 11(6° v91>||%2(T/2,T;L2(Q))2) , (A.54)
and

1G22 020 < C (18612 ymizon + IV Feromizey) - (A55)

Proof. Define X € C%([0,T]) such that

fo. i tefo,T/4,
YTV i tereT)

If (p,7) is a solution for (A.7), it is not difficult to see that (xp, x1) satisfies the

system

—(x@)e — (1 —ia)A(xp) + R(xe) = x¢° + V- (V(x¥)1o) — xap, in Qr,

(x¥): — (1 +ia)A(x¥) + R(x¥) = xg" + xu1), in Qr, (A.56)
X =xy =0, on Y, '
XVUi=0 = 0, x@li=r = 0, in Q.

Since ¢g' and 1 belongs to L*(0,T; Hi(€2)) we have that

' x 'ty 1 2 2 -
TN e (@) and @ Xy 00,1 HY(@) N 0T Q). = 1.2

and the following estimate holds

/Q|X(t)V1/J(t)]2dx+//QT IYAW[ dedt < C(//QT ]ngl\dedt—i—//QT |XtA1/J|2dxdt>.
(A57)

Multiplying the first equation of (A.56) by x¢, integrating on Q7 and taking the

real part, we obtain

1d
— 5o [ IR o+ [ Vel o+ R [ xol da

2dt
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for all € > 0, sufficiently small. Integrating (A.58) on [t,T] and combining with (A.57),

we get

[ xtref do+ [[ Vel deat
<O(f] WEQeP+19g' P deat+ [l (el + 180 dudt) - (A.59)

for all ¢ € [0, T]. In this way, using respectively (A.57) and (A.59) we obtain (A.54) and
(A.55). O

Now, we use Lemma A.9 to prove the following Carleman estimate where now the

new weight functions v and 8 are used.

Lemma A.10. There ezists a constant C > 0 (depending on s, \), such that every solution

(p, ) of (A.T) satisfies
// 736—355‘¢|2dxdt + // 76_385|Vg0|2d1’dt + // 736_285’A'¢’2d1’dt
Qr Qr Or
<C (// viem P60 Pdadt + // Ve8|V gt [Pdwdt
Qr Qr

+ / 776_255|g0|2dxdt>. (A.60)
qr

Proof. In one hand, since o = 3 for every t € [0,7/2], and since [ is constant in [1/2,T1,

we easily see that

// 536_28a|go|2dxdt + // §56_Sa]Vgl|2dxdt + // 576_230‘|g0|2dxdt
Qr Qr qr

<C <// 7iem 2P0 Pdadt + // 7Pe P |V gt |Pdadt
Qr Qr

+/ 776_256|g0|2daidt>. (A.61)
qr
In other hand, in [0, 7"/2], the weight coincides and then

/ / e8| 2 dadt + / / e 8|V o 2dxdt + / / e8| Ay Pddt

0Jo Qr 0Jo

= [ @errtePdrdr v [ ce Vet 1 [ e xg Pdadr. (462
0 T 0
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Moreover, in [T'/2,T] we use (A.54) and (A.55) to obtain

T
/J 7338 o|? dadt + // e 3P|V | dadt
/o Qr

T T
+ /JQ Ve 2P| Ap? dedt < C /JQ o2 + |Vol? + |AG[ ddt

r T
<c (// [l |Awf? dad + [ [ 19" + |vg1\2d:cdt>
TJa LJa
T T
<C (// £3e35 0|2 dudt + // e 20 A|? dadt +
/0 /9

T T
/J v3e 28492 dzdt+/J YPe P |V gt|? da:dt). (A.63)
70 70
Combining (A.39), (A.61),(A.62) and (A.63) we obtain (A.60). O

Now, the proof of Proposition A.8 follows immediately.

Proof of Proposition A.8. We just have to use Lemma A.10 and take the minimum

and maximum of the corresponding weight functions. 0

Controllability for the Linear Case

In this section, we will see how we can use Carleman inequality (A.53) to prove
Theorem A.4. For this, let £ :=0; — (1 +ia)A + R, and L* := —0; — (1 —ia)A + R and

introduce the space

¢ = {0 ) Fely € L(Qr), (3) FeF 2 € 10,7 (),

(3)"2e%v € LA(Qr), (v")2e3% (Ly — vl,) € LA(Qr),
(v) 2 (L2 — V - (Vylo)) € L2(0, T; H (),
e*d(3) "2y € L2(0,T; H2()) N L=(0, T; HL (),

sB

% (3)7 32 € L2(0,T; HL () N L0, T; L3(Q)), 2|ier = 0 in Q} .

We remark that, if a triplet (y,2,v) is in C then z|;—o = 0. This comes from the fact
that e%(ﬁ)_%z remains bounded in L>°(0,T; L*(€2)) and the weight % (4)~2 blows up at
t=0.

We have the following result.
Proposition A.11. Assume that
() 22 [0 e IX(Qr) and (y7) i '€ LX(0,T: H Q).

There exists a function v such that, if (y,z) is the solution of (A.5) with control v and
right-hand side (f°, f'), then the triplet (y, z,v) belongs to C.



APENDICE A. An Insensitizing Control Problem for the Ginzburg-Landau Equation 40

Proof. To start, we define the spaces Xo = {u € H}(Q); Au € H3(Q)},
Yo = C([0,T]; Xo)NC*([0,T]; H3(Q)), and Y, = C([0,T]; H3(Q))NC*([0,T]; H(Q)),

and we set
Py ={(p.¥) € Y1 x Yo; L7¢ =V - (Viblo) € L*(Qr)}-
From Proposition A.2 and Remark A.2 of the Appendix, it is clear that F, is nonempty.

Now, let us consider the bilinear form a : Py x Py — R given by

a((9).( §R// e 2L G — V- (Vidlo)) - (Lo = V - (Vo)) dudt
+§R//T eIV (L) - (@)dxdw%//%( =285 dudt,

and the linear form G : Py — R defined by

el . / / 95 dadt + / R

It is not difficult to see that ||(p, V)|, = a((¢,v), (¢,v))"/? defines a norm on Py.
Indeed, if we assume that a((g, ), (¢, %)) = 0, then we obtain from Proposition A.8 that
¢ =0 and Ay = 0 in @7, and combined with the fact that v» = 0 over X7, we get that
1 = 0 in Q7. Therefore, we can consider the space P, the completion of P, with the norm

Il ||« It follows that a(-,-) is continuous and coercive over P x P.

For (p,v) € Py, there exist C such that [|[Vi(t)|z2@) < C||AY(t)]2@), for all

€ [0, T]. Then, using Proposition A.8, we can estimate G as follows

“ <// )le 3 da:dt+c// -2
<// B |f0!2d:cdt+/ 3256 | f1 I, )dt>2
<// —3,356"

for every (p, 1) € Py x Py. By applying the Hahn-Banach extension Theorem, the func-

1
A2 da;dt) X

[

VI

f°|2dxdt+/ e M1 g dt) :

tional G can be extended to a continuous functional over P. In this way, we apply the

Lax-Milgram Theorem and conclude that the variational problem

a ((3,4), (9, 8)) = (G, (9, 0)), ¥(o,¥) € P, (A.64)

A~

has a unique solution (p, 1) € P x P.

Define (g9,2,0) b

<

§=(A)Pe>P(L o~V - (Vilo)), inQr,
2= —(3)%e P A(LY), in Qr, (A.65)
0=—(% )76*2&6 in Qr.
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Combining (A.64) and (A.65), we get that

T
%//QT (Lo -V - (Volo)) dudt +/ N —
= 9‘%// vgpdxdt+§)‘%// fogod:vdt—l—/ H-1(9) HY(@) 4t (A.66)

for all (¢,¢) € By C P.

For (¢",¢') € L*(Qr) x L*(0,T; Hy(Q)), we take a sequence (g2, g}) € [C5(Q)]?
converging to (¢°, ¢*) and (p,, 1,,) the corresponding regular solutions of (A.7) with ¢y =
0 (see Proposition A.2 and Remark A.2 of the Appendix). From (A.66), we have that

§R// ygnd:r;dt—i-/ gy At = 5)?// V@, dxdt

It can be proved that (¢,,¥,) — (¢,1) weakly in [L?*(Qr)]?, where (i, ) is the solution
of (A.7) with 1y = 0 and (¢°, ¢') on the right-hand side (see Proposition A.1 and Remark
A.2). Passing to the limit in (A.67), we obtain that

T
§R// ggodt+/ (2,g1>H_1H5dt:§R// 05 ddt
Qr 0

+§)’-B// fo@dxdwr/ iy e At (A68)

Let us prove now that (g, £) is solution in the transposition sense for (A.5) (see the
Appendix for the definition of transposition solutions). For this, let (¢, 2) € L*(0,T; Hy(Q))x
L?*(Qr) be the transposition solution of (A.5) associated to the control v = 9, source terms
f%and f! and yo = 0, and let us prove that § = § and 2 = 2. By taking (g*, ) = (0,0)

n (A.68), we get that

%/Q 990 dxdt = 3‘%// 0@ dxdt + §R// '@ dxdt, (A.69)

for all ¢° € L*(Qr). This implies that § € L*(0,T; H3(2)) and § = § (see (A.86)). Since
now we have that § € L?(0,T; H3(€2)), we use again a density argument to extend (A.68)
for all ¢° € L*(0,T; H~'(2)), and we get that

T T
/ (g%, 8) g dt+/ (2,9 ) -1 dt:@%// 0 dod
0 0 0 qr
+3%// focpdxdt—i-/ ooy iy b, (ALT0)

for every (¢° ¢g*) € L*(0,T; H () x L*(0,T; Hj(£2)), where (p,) is the solution of
(A.7) with v = 0 and (¢°, ¢') on the right-hand side.
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Now, we assume in (A.67) that (¢°,¢) = (=V - (Vi1p),0), and we obtain that

/OT<2791> —igp dt = —3‘%// Vi - dexdt+/ (F1 0 10 () At (A.71)

for all g' € L?(0,T; H}(2)). Therefore, we have that 2 € L?*(Qr) and 2 = Z, which means
that (g, 2) is the transposition solution of (A.5) associated to the control v = 9, source
terms f° and f!, and yo = 0.

Let us prove that (g, 2) is indeed more regular. We start using (A.65) to see that

”(’AY) o2 SB/QA”L? 0,T;H-1(Q)) —

2
T \5.—sB YV (LD). V) s d 5*35V£ 2 dadt.
A (49)%e sup  (V(Le), V), @ | dat= V(L)) ddt

H<||Hé<g)—1

Hence, we have that

// =328 912 dpdt +/ )5 || 2131 oy

+ //qT(@)—@sBIm?dxdt = a((&,9). (6. 9)) < o

Now, we define

1~
>

y* = (3) 77,
&= (7) 7,
! =eP(3)E(fO + L),
L=eF )i,
and it is not difficult to see that
Ly = [+ (eP(3)7%) 9, in Qr,
Lo = e @)V (Vy'lo) + 1= (¥ (3)°F) 2 Q.
yr=2z"=0, t on X,
Y*li=o = 0, 2" |s=r = 0, in Q.

An easy computation shows that

(5)73), < Os(9) 2e? and (e

v ‘m

Ay — 9 \_5 sB
(%) ) < Cs(y) 2e>

t

In this way, 2+ (9(3)7) g € Q). ! - (¥ ()% 2 € (0.7 H (@), and

since e=**/2(4)~! is bounded, we have that

y* € L*(0,T; H*(Q)) N L>(0,T; Hy(2)) and z* € L*(0,T; H'(2)) N L>(0,T; L*(Q)).

A

Therefore, the triplet (g, 2,0) belongs to C, which completes the proof of Proposition
A1l m
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The proof of Theorem A.4, that is, the null controllability for the linear system
(A.5), follows immediately from Proposition A.11.

Proof of Theorem A.4. The triplet (§, 2,0) given in (A.65) solves (A.5) and belongs
to C. Since the weight function e*3/2 blows up at t = 0 then z|;—9 = 0, and this ends the
proof. O

Controllability for the Nonlinear Case

To deal with the nonlinear case, we are going to use a local inversion mapping
theorem (see [30]).

Theorem A.12 (Inverse Mapping Theorem). Let By and By be Banach spaces, and
let A : By — By with A € CY(By, Bs). Given by € By and by = A(by), supose that
A'(by) : By — By is surjective. Then there exists 6 > 0 such that for all V' € By with
|t/ — ba||B, < 0, one can find b € By such that A(b) =1b'.

We are finally ready to prove Theorem A.3.
Proof of Theorem A.3. We will assume that N < 2.

Consider B; = C and

5s[§

By = L*((7)” % ®010, T[; L)) x LA((3)"Ze 2 0, T[; H1(2)).

We define A : By — By by expression
Ay, z,v) = (Ly — (1 +ib)|y|*y — vl,, L2 — (1 —ib)5*Z — 2(1 — ib)|y|*2 — V - (Vylo)).
It is not difficult to see that A(0,0,0) = (0,0), and since
A'(0,0,0)(g, 2,0) = (Ly — 91, L2 =V - (Vilo)),

the surjectivity of A’(0,0,0) follows from Proposition A.11, and the fact that, for A large

enough, the following inclusion holds
By C L*((v)"2e2°%°)0, T[; L*(Q)) x L*((v*)"2e*7°)0, T[; H~1(2)). (A.72)

We remark that, despite the fact that at this point A is already fixed, we could have taken
it even bigger, if necessary, in such a way that (A.72) holds.

Now, in order to apply Theorem A.12, we just have to prove that A € C'(By, By).
To do this, it is sufficient to prove that the maps

((y1, z1,v1), (Y2, 22, V2), (Y3, 23, V3)) — y1yays, (i, 2i,0;) € C,

and

((y1, 21,v1), (Y2, 22, v2), (y3, 23, 3)) = yiy221, (Ui, 25 v5) € C,
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are continuous. Indeed, we have that e**(§)~2y; € L2(0,T; H2(Q)) N L>(0,T: HX(Q)) C
L%(Q7). Consequently, we obtain

21

2L 343 s8N =T BN =T By an=T
1(89) 2 € yryusll 2 = (€ ()2 y1) (e () 2 42) (€ () 2 ys) | z2(0r)

3 3
et
< [Tl = villsom < TT 1w 2 v)lle- (A73)

i=1

Moreover, for N < 2, e 5 (4)" 22 € L2(0,T; HE(Q)) N L=(0,T; L3()) € L5(Qr) , and
then

A,ﬁsw sB/anN=T sB/an=T B, =9
1) 2 e mpzillzen = 1@y ()= w)e= ()= 20)ll@n
3
< HH(yzaZuUz)HC
i=1

Therefore, we have that A € C1(By, By), and we can apply Theorem A.12 to
guarantee the existence of § > 0, such that for every (f°, f!) satisfying ||(f°, /1|5, <4,
one can find (y,z,v) € B; such that Ay, z,v) = (f° f!). If we in take in particular
f9 = f in the weighted space L2((%)~% ¢3%)0, T[; L2(£2)) such that ||(3)" 2 A f|| < 6,
and f! = 0, then the triplet (y,z,v) = (y,2,v)(f) is a solution of system (A.4) with

2zli=o = 0. 0

The next section is dedicated to show some open questions and perspectives related

to the problems considered here.

Open Questions

In this section we will indicate several additional problems related to insensitizing

control problems for the Ginzburg-Landau equation.

On the Functional (A.2)

In this paper, we have solved the problem of existence of controls which insen-
sitizes the functional J given by (A.2). An interesting and difficult problem that can

br considered, is to find controls which turns the state insensitive with respect to the

v) = ;//@T |R (y(x,t;T, v))|2dxdt.

That is, a control which insensitizes only the real part (or imaginary part) of the state. If

functional

we follow similar strategies, we are led to prove the existence of controls v € L?(wx]0, T'[)
such that the solution (y, z) of

v — (1 +ia)Ay + Ry = vl, + f°, in Qr,
—2z— (1 —ia)Az + Rz = R(y)lo + f!, in Qr,
y=2z=0, on X,

Yli=o = Yo, zli=r = 0, in Q,
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satisfy z|;—o = 0. The problem here is that the coupling term only depend on the real
part of the state, and if we try to prove the observability inequality for the adjoint system
using the same strategies of this paper, it turns difficult to eliminate the local term of
the imaginary part (see (A.52)). The same question can be formulated for functionals of

gradient type.

On the Nonlinear Terms

In this paper, we have applied an inverse mapping theorem to solve the nonlinear
control problem, and we have obtained a local result. A natural problem that arises,
is to know for which kinds of nonlinearities the problem can still be solved. That is, if

F : C — C is nonlinear and continuous differentiable function, and if we consider the

system
v — (1 +ia)Ay + F(y) =vl, + f, in Qr,
y =0, on X, (A.74)
y|t:0 = Yo + T@Oa in Qa

can we prove Theorem A.3, where now y is the solution of (A.74)7 For instance, if we
consider a nonlinearity of the form f(z) = |z|*z, then in (A.73) we would need that
8" (v*)"3y; € L9(Qr). But due to the lack of regularity (see Remark A.0.1), this re-
gularity is not possible. A remedy for this is to consider the regularized functional (A.6)
instead of (A.2) such as sufficiently regular source terms f. If this is so, it is expected
that we can solve the isensitizing control problem considering nonlinearities of the form

9(z) = |z[*z.

Another interesting question is the global null controllability for nonlinearities with

superlinear growth, when the nonlinear term satisfies the following growth condition

/(z) =0, a>0.

|z| =00 z1n® |Z| n

Is it possible to solve the insensitizing control problem considered here for given values
of a? Notice that, assuming conditions of this kind, the global null controllability for the
heat equation holds (see [31]) when o < % The main difficulty here is that, when trying
to apply a fixed point theorem in order to obtain global results, the associated linear
equation has a potential which depends on space and time, then we cannot obtain an
equation for Ay (see (A.42)).
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On the Existence of Solutions

We will show some results about the existence of solutions for system

— (1 +ia)Ay + Ry = F°, in Qr,
~z—(1—ia)Az + Rz = V- (Vylo) + F', inQr, (A.75)
Yy=z= Oa on ZT,

Yli=o = Yo, z|i=r = 0, in §,

where (F°, F'') are given. The proofs in here can be adapted to prove existence of solutions

for systems (A.5) and (A.7).
For a € R, define the linear unbounded operators

{ D(Lo) = {u € HY(); Au € H}(Q)}, { D(L,) = H(),

A.76
Lou = (1 +ia)Au — Ru € Hj(Q), Lyu=(1-ia)Au— Ru e H(Q). (A.76)

Both operators are m-dissipative with dense domains, therefore they generates the Cj
semigroups of contractions 7y and 77, respectively.
Here, we will need once again the spaces
Yo = C([0,T}; D(Lo)) N C*([0, T1; Hy ()
and Yy =C([0,T]; D(Ly)) nCH[0,T]; H1(Q)). (A.77)
We start proving the existence of mild solutions for system (A.75).
Proposition A.1 (Mild Solutions). Assume that yo € Hy (),
F° € L*(0,T; Hy(Q)) and F'e€ L*(0,T; H '()).
Then, problem (A.75) possesses a unique mild solution (y,z) € C([0,T); H}(Q)) x
C([0,T); H X)) in the sense that
t
y() = To(tlyo + [ Tolt = 5)F(s) ds. (AT8)
and

- Tits— 1) (F' + V- (Vylo)) (s) ds. (A.79)

Proof. The existence of y € C([0,T]; H}(2)) satisfying (A.78) follows directly from the
fact that (Lo, D(Lg)) is a m-dissipative operator with dense domain (see Lemma 4.1.5

of [32]). Moreover, a simply computation shows that

|V - (Vylo)(t) = V- (Vylo)(to)| a1

= sup
CEH(% (Q)v ”CHHé(Q)Zl

O(Vy(t) — Vy(to)) - V(dzx

(/ IVy(t) — Vy(to)? dx)l, (A.80)
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for every ¢, t, € [0, T], which means that V- (Vyle) € C([0,T]; H~'(Q)). Now, using that
(Ly, D(L,)) is m-dissipative with dense domain and that F'+V-(Vylep) € L*(0,T; H1(Q)),
we have (again by Lemma 4.1.5 of [32]) the existence of z € C([0,T]; H~1(Q)) satisfying
(A.79). O

The next result is dedicated to prove the existence of regular solutions for (A.75).

Proposition A.2 (Regular Solutions). Assume that yo € D(Ly),
F? € C([0,T], Hy(2)) N W0, T3 Hy (),
and
F'e (o, 1), H Q) nwWh0,T; H(Q)).

Then, problem (A.75) possesses a unique reqular solution in the sense that

(y,2) € Yo x Y1,
y; — (1 +ia)Ay + Ry = F°,
—2— (1 —ia)Az+ Rz =V - (Vylp) + F*,

y|t:0 = Yo, Z|t:T =0.

(A.81)

Proof. We start by using Proposition 4.1.6. in [32], and we get that the mild solution
(A.78) satisfies
y €Yo,
v — (1 +ia)Ay + Ry = F°, (A.82)
Yli=0 = Yo-

Now, it is not difficult to see that

2

T T
[ IV V(o) (s)l3-@ ds = | sw [ Ty VCda| di
0 0 CEH(%(Q)v ”CHHé(Q)Zl o
< [[ vyl deat,
Qr

and hence V - (Vylp) € C([0,T), H () N W0, T; H'(Q)). Then, we apply again
Proposition 4.1.6. of [32], and we get that the mild solution (A.79) satisfies

z €Y1,
—2— (1 —ia)Az+ Rz =V - (Vylp) + F', (A.83)
Z|t:T =0.

Combining (A.82) and (A.83), we obtain (A.81). O
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Remark A.1l. If we assume in Proposition A.1 that yo € L*(2) and that (F° F') €
[L2(0,T; H1(2))]?, we still can prove the existence of mild solutions for (A.75). Indeed,
let

{ D(Ly) = H (), (A.84)

Lyu= (1+4ia)Au— Ru e H(Q),
m-dissipative with dense domain, and 7; : H~'(Q) — H~(Q) the semigroup generated
by it. Then, the mild solution

u(t) =Tty + [ Tt — 5)FO(s) ds,

is such that y € C([0,T]; H '(Q)). Using a density argument from regular solutions, we
can prove that y € C([0,T]; L*(2)) N L*(0,T; H}(£2)), and hence

V- (Vylo) € L*(0,T; H*(Q)).

Going back to formula (A.79), we can use again a density argument from regular solutions,
and we obtain that z € C([0,T]; L*(2)) N L*(0,T; H3(2)).

Remark A.2. The proofs in here can be adapted to prove the existence of regular and

mild solutions for system (A.7).

Regular Solutions: if we assume that 1y € D (L), ¢° € C([0,T], H~(Q))nWh1(0,T; H1(Q)),
and that g* € C([0,T], H}(Q)) N W10, T; H}(Q)), we can prove existence of regular so-
lution for (A.7), in the sense that

(¢, ) € Y1 x Yy,

—py— (1 —ia)Ap + Rp =V - (Volo) + ¢,
Py — (1 +ia)Av + Ry = ¢,

V=0 = Yo, ¢li=r = 0.

(A.85)

Mild Solutions: if we assume that vy € L*(Q) and (¢",¢') € [L*(0,T; H'(Q))]?, there
exist a unique mild solution (¢, ) € [C([0,T]; H1(2))]? of (A.7). In the same way as in
Remark A.1, we can prove that (p,v) € [C([0,T]; L*(©2)) N L*(0,T; Hy(Q))]2.

In what follows, we will talk about transposition solutions, that are of particular

interest for the purposes of this paper.

Let yo € L*(Q2) and (F° F') € [L2(0,T; HY(Q))]>. We say that a pair (y,2) €

L*(0,T; H3 () x L*(Qr) is a solution in the transposition sense of (A.75), if it satisfies
7m0 T o

/0 (G 7y>H*1H3 dt = gce/ @(O)%d$+/0 (F 7%0>H*1H5 dt,

., (A.86)
1= _ .\ 1 171
%/QTG Zdrdt = ére/o/ovy wda:dt+/0 (F' ) -y dt,
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for every (G°,G') € L*(0,T; H*(Q)) x L*(Q7), where (i, ) is the solution of

—pi— (1 —ia)Ap + Rp=G° in Qr,
Yy — (1+ia)AY+ Ry =G'  in Qr,
p=1v=0 on Y,
Y]i=0 = 0, pli=r = 0 in Q.

(A.87)

We have the following result about the existence and uniqueness of transposition

solutions.

Proposition A.3 (Transposition Solution). For (F° F') € [L*(0,T; H '(Q))]* and
yo € L*(Q), there exists a unique (y,z) € [L*(0,T; Hi(Q))]? satisfying (A.86) for every
(G°,GY) € L*(0,T; H1(Q)) x L*(Qr), where (¢,%) is solution of (A.87).

Proof. Let @ : L*(0,T; H3(€2)) — R the operator

0 r 0
(1) = R [ (OF5dr + [ (F, @by dt,

where ¢ satisfies the first equation of (A.87) for G° = —AR® € L*(0,T; H (). From
energy estimates, it is easy to see that ®; is continuous. Then, from Lax Milgram theorem,
there exists y € L2(0,T; H}(2)) such that

T
0 _ 0. v _ 0
/O (GO, y) gy dt = %/QT VA -V dedt = ®,(hO),

for every G° € H1(Q2), where —Ah® = G. The existence of z € L*(Qr) satisfying the

second equation of (A.86) follows in a completely analogous way, since the linear form

By (G) f—%// vy - V¢dxdt+/ TR ——3

is continuous in L?(Q7).

To prove that z € L%*(0,T; H}(Q)), we can proceed in the following way. First,
we take sequences of regular data such that y — yo in L*(Q) and (F?, F}) — (FY, F")
in L2(0,T; HY(Q)) x L?*(Qr). We show that the regular solutions (y,,z2,) for (A.75)
(whose existence is given in Proposition A.2) with inital data yy and (F?, F!) on the

right-hand side, is also a solution in the transposition sense; moreover, it is bounded in
[L2(0,T; Hi(2))]?. Hence, in the limit, we obtain that (y, z) € [L?(0,T; Hy (2))]*.

Now, let us prove that the solution (y, z) is unique. If (g, 2) is another solution,
then
§R/ — Py dt =0, forall G°e L*(0,T; H\(Q)),

and

R // Gz — 2) dedt = —R / / Yy — V§) - Vb dedt, forall G'e L¥Qr).

Hence, y = y and z = 2. O]
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Null condition on the initial data

In this section we justify the condition y° = 0 in order to obtain the existence
of insensitizing controls. We now prove that one cannot expect to obtain insensitizing
controls for all given data y° € L?(Q), even in the simplest case, dealing with the following

linear version of (A.1),

v — (1 +ia)Ay =vl, + f, in Qr,
y =0, on X, (A.88)
y(0) = yo + 7o, in .
More precisely, we are going to prove the following result
Theorem A.13. Assume that Q\w # (). There exists a data y° € L*(Q) such that for all
control v € L*(Q), we have z(0) # 0, which means that the functional in (A.3) cannot be

insensitized.

The main ideia of the proof is to construct a concrete example by means of the
fundamental solution and prove that it does not satisfies the null controlability that we
stated before.

Proof. Supose that for all y° € L*(Q) there exists v € L*(Q) and C' > 0 satisfying

10]lz20) < CllY°llr2)s (A.89)
and such that the solutions (w, z) of the following systems
wy — (1 +ia)Aw =vl,, in Qr,
w =0, on Xr, (A.90)
’LU(O) = Yo, in Q.

—z— (1 —ia)Az =V - (Vwlp), in Qr,
z =0, on Xrp, (A.91)
2(T) =0, in Q.
satisfies
2(0) = 0 in Q. (A.92)

Now, consider (1, ¢) solutions of the respective adjoint systems,

v — (1 +1ia)AyY =0, in Qr,

w = O, on ZT, (A93)
¥(0) = 1y, in €.

—pr — (1 —ia)Ap =V - (Vilp), in Qr,

p =0, on X, (A94)

o(T) =0, in Q.
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Multiplying (A.89); by ® and (A.90); by v, integrating in Q and using (A.88), one gets
the following inequality
/ p(0)|2dz < C / | |2 dadt. (A.95)
Q qr

Conversely, we can prove that if the observability inequality (A.94) holds, then we can
obtain z(0) = 0 in © with the control v satisfying (A.88), this means that condition
(A.94) is equivalent to the null controllability for (A.88) - (A.89) when y° € L?(£2). We
now prove that the condition (A.94) does not holds even in the simplest case when O =
and Q\w # (0. This will be done is three steps.

Step 1. We study the following auxiliary cascade system in R",

—60, — (1 —ia)A0 = Ao, in Qr, (A.96)
Q(T) — 0’ in Q .
oy — (1 +ia)Aoc =0, in Qr, (A.97)
O'(O) = A507 in Q |

Here, 6y denotes the Dirac measure at zero, i.e., for all f € C§°(R™), do(f) = f(0) and
Ado(f) = Af(0). Let G(z,t) be the fundamental solution for the homogenous and linear

ginzburg-landau equation, i.e.,

|2

G(x,t) = [4(1 + ia)mt] "/ 2e” Tt | (A.98)

By properties of the fundamental solution and convolution, since o(0) = Ady, we get that

o(x,t) = AG(z,t) since one can obtain solution o by means of a convolution of G by Ady.
Now, variation of parameters formula allow us to write
T T

o(t) = /t G(s — ) % A2G(s)ds = A? /t G(s —t) % G(s)ds, (A.99)

We now compute the convolution apearing in the right-hand side of (118).

G(s—t)xG(s) = / G(s—t,x —y)G(s,y)dy

n

z—y|? 2
= [ [4(1+da)m(s — t)]_"/2674<1trm?>;(|8*t> 41+ ia)ws]_”ﬂe*‘*(l‘i‘mﬁdy
Rn

|z ly|? —2a1 ly|?
= [47(1 + ia)(s — )4 (1 + ia)s] /e TFAGD / e~ TG0 Ths dy. (A.100)

We now deal with the last integral in (119). The case with n = 1 will be enough, since
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the R™ case is an imediate consequence.
y|% =22y |y|? s(=lyl?+259)+(s=) (= y[?) —sly|?4+2szy—s|y|2 +t|y|?
/ e T 4(1+da)(s—t) 4(1tia)s dy — / e 4(141ia)(s—t)s dy — / e 4(141ia)(s—t)s dy
R R R
-2 2 251 t—2s sT 27 ST 2
— / e%dy _ / e(4(1+ia)(s t)s)(y +2-y t— 2s+( 25) (t725) )dy
R

25—t

ST 2
— e4(1+za)(s t)s t— 25 /Re 4(1+za)(s t)s y+t72s) dy

s|z

2
= e T 4(1tda)(s—t)(t—2s) /e 4(1+7,a)(s t)s y+t 23) dy
R

_ slz|? ( t—2s )042
— ¢ 4(IFia)(s—t)(t—2s) / e\i(l+ia)(s—t)s do
R

o2 B —1/2
- G—W/ 25 1 e dB
R \4(1+ia)(s —t)s

—1/2
2s —t _ sle?
_ T 4(l+ia)(s—t)(t—2s) A.101

<4(1 +da)m(s — t)5> ’ | |

Combining (A.99) and (A.100), we get that

/n G(s—t,x —y)G(s,y)dy
_ (4%(1 +ia)(s — )4r(1 + ia)s(2s — t))"/2 JEF R F

4(14ia)(s—t) 4(14+ia)(s—t)(t—2s)
4(1+ia)m(s —t)s

[4(1 + da)r(25 — )] 2 TRHET = G(25 — 12). (A.102)

Combining (A.101) with (A.90) we get that 0(t) = A? [/ G(2s — t)ds. We now prove that
0(0) ¢ Li,.(R"),
2.0 I2wx (0,T)) if 0 ¢ w,
which means that the inequality
/OT 6]2dadt > C|6(0)] 2 g, (A.103)

is false. Moreover, we prove that D™f € L?(w x (0,7T)) if 0 ¢ w, for all m > 1, which

means that the inequality
/ / |D™62dxdt > C||6(0)] |22 gn). (A.104)
qT
is also false. Let us prove 1. Note that
T T
0) = / A2G(25)ds = / h(s)ds, (A.105)
0 0

with h(s) = A2G(2s) solution for
hs = 4A%h. (A.106)
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Note that 8(0) = [ hds satisfies the following elipitic equation

AA20(0) = 4A? /0 " hds = /0 L UAZh(s)ds = /0 " hads = h(T) — h(0)
= A*(G(2T) — 6y) (A.107)

Therefore,
G(2T) — do

4
This proves that (0) ¢ L2 (R"), since G is smooth but dy ¢ L2 _(R™). Now, let us prove

2. Note that

27—t |z
0(t7x) — O/ A2 <8_ e 4(1+za)s> dS
T

0(0) = (A.108)

__1=? __l=?
_ C /2T—t A 45_n/2€ 4(.1+ia)s x’Q B 2S_n/26 .4(1+7la)s 5
T [4(1 + ia)s]? 4(1 4+ ia)s
T =2
27—t 4 _n/2 T 4(1+ia)s 2 2T TL/2 T 4(1+ia)s
_C / Al s o / ¢ ds
T [4(1 + ia)s]? 1 +ia)s

—o [ L PNy P W 4<1‘+‘2> V(jal?)
e s [T\ ) e 35

__le?
+e 4(1+ia)SA(\xl2)] ds

27—t 2 =®
_ C/ 7A 7’”’/26 4( 1+7,a)s dS
T 4(1+ia)s

ot AP e Afaf 12]
frd - 4(1+ia)s _ 2 1 d Al
C/T [4(1 + ia)sP?© ([4(1—!—@'@)5]2 Wi tia)s T (A.109)

Since —4(1|i|;a)s = —4(1‘36_';2)8 + 4(‘11ff2)si, we obtain the following estimate
27— |z|2
|0(x,t)| < C’/ g~ (n+8)/2,~ 4(1+a2)$|x|4ds / s~ (+6)/2. 710507 1g

27—t __le?
+/ s~ (/27T (9 + 1)ds. (A.110)
T
Using diferential calculus methods, we obtain that
0(z,1)] < Clz|~ (T —1). (A.111)

Since 0 ¢ w, there exists > 0 such that w C R™\ B, where B, denotes the r radius ball

with center in 0. This give us
/ 0z, 1) [2dedt < 0/ / . |2 (T — ¢)2dpdt < O 20D, (A.112)
qr "\ By

one can prove (A.103) as proceeding as before.
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Step 2. We now deal with the case where (2 is a bounded domain. Without generality

loss, we can supose that 0 € Q but 0 ¢ w. We now considere the following system

wt — (1 + ZG)A'I/J = O, in QT,
v =0, on S, (A.113)
0(0) = Abo, n Q.

—pr— (1 —ia)Ap =V - (Vilp), in Qr,
v =0, on Xr, (A.114)
o(T) =0, in Q.
By putting ¢ = 0 — ¢ and { = 6 — ¢, where o, ¥, 0 and ¢ are solutions for (A.96), (A.92)
and (A.93) respectively. Note now that the new variables ¢ and ( satisfies the following

system
¢ — (1 +ia)Ap =0, in Qr,
¢ =o, on Xr, (A.115)
»(0) =0, in Q.
—G— (1 —ia)A( = A¢, in Qr,
¢ =9, on S, (A.116)
¢(T) =0, in Q.

Note that o|y, = AG|x and G is smooth, therefore ¢ is smooth. Since |5 is also smooth,

we get that ( is also smooth. Therefore ¢ satisfies conditions 1. and 2., since p =6 — (.

Step 3. Define 1.(0) = v (¢) and let (¢, p.) be the corresponding solutions for system
(A.112) and (A.113). Proceeding as steps 1 and 2 before, it is straightforward to see that

/ o |2dwdt < C, (A.117)
qT

with C independent of €. By the other hand,

Jo lec(0)?

lim = = A1l
0t [I JpcPdedt (A.118)
since, ¢.(0) = p(€e) = 0(e) — ((¢€). This proves that (A.94) does not holds. O

Conclusion of Appendix A

In this paper, we have been able to prove the existence of controls which insensi-
tize a functional depending on the gradient of solutions for a nonlinear Ginzburg Landau
equation with partially unknown data. This problem was solved by first writing its equi-
valence with a partial null controllability problem for a nonlinear cascade system with
second order coupling coefficients. To solve this problem we first studied a linearized sys-
tem around zero and to deal with the coupling terms, we proved a new Carleman estimate

for the adjoint state. Then, we have applied successfully an inverse mapping theorem and
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obtained a local partial null controllability result for the optimality system, and this result
is completely equivalent to the existence of insensitizing controls. We have also formula-
ted some open questions that arise naturally. They remain open at present and will be
considered in a forthcoming paper. We also indicate that the techniques of this paper can
be of help to other kinds of problems, like for multiobjective control problems or for the

controllability of systems of Schrodinger type.
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concerning this problem, the authors are in debt for his support.
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Abstract

In this paper, we prove a uniform null controllability result for a
family of coupled linear parabolic systems which one of the equations
degenerates into an elliptic one. More precisely, we extend the results
of Chaves-Silva et al. by considering parabolic systems with first order
coupling terms. The strategy is to prove a suitable observability inequa-
lity with observability constant uniformly bounded with resperct to the
degenerating parameter. As a consequence, when the parameter goes to
zero, we obtain the null controllability for the limiting system. Also, our
proof simplifies the one given in Chaves-Silva et al. for the case of zero

order coupling terms.

Keywords: Uniform controllability, Null controllability, Carleman estimates, parabolic

systems.

In many applications, it turns out to be very difficult, or even impossible, to analyze
and implement complete systems. Thus, it becomes important to seek for simplified or
approximated models that keep the main features of the problem under consideration.
From the control point of view, this leads to the so-called uniform controllability problem,
in which one aims to understand what happens with the classical control properties, such

as controllability and observability, when a system is approximated by a simplified one.

This paper deals with with the uniform null controllability problem for a family
of parabolic systems with distributed controls. More precisely, we consider systems of
two parabolic equations with first order coupling terms which one of the equations is
degenerating into an elliptic one, and we show that it is possible to drive each solution
to zero by the action of controls which are uniformly bounded with respect to the de-
generating parameter. In particular, our result extends those in [27] where the authors
solved an uniform controllability problem for coupled parabolic systems with zero order
coupling terms. Moreover, we simplify the proofs given therein. Our main strategy is the
same as that in [27], which consists in obtaining an uniform observability inequality for
the associated adjoint system, that is, the cost of observability remains bounded when
the degenerative parameter goes to zero. This will follow from suitable global Carleman

estimates combined with energy inequalities.
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As far as we know, the notion of uniform controllability emerged with Kalman
in [7] in the context of time varying systems of finite dimension. Since then, there have
been great interest in uniform controllability problems for systems of PDEs. For instance,
in [25] the authors consider the case of the heat equation being approximated by a fa-
mily of hyperbolic equations. In [21], a transport equation is approximated by a family
of parabolic equations. In [33], the authors study the controllability of the Keller-Segel
parabolic system by approximating its parabolic-elliptic counterpart. In [34], the authors
consider a family of KdV equations degenerating into a transport equation and obtain a

boundary uniform controllability result.

This work is divided as follows: In Section B, we present in more details the problem
and its difficulties. In Section B, we discuss some strategies on how to deal with first order
terms. In Section B, by energy estimates, we prove the uniform null controllability result
for the family of systems. In Section B, we give some related open questions. Finally, in

Section B, we make some conclusions.

Statement of the problem

Let @ C RY (N > 1) be a bounded connected open set with regular boundary
0f). Let T > 0 and let wy; and ws be two nonempty subsets of €2 called control domains.
We will use the notation Q7 = Qx]0, T, X7 = 02x]0,T[ and for every w C 2 we define

wr = wx]|0,T.

This paper is dedicated to the study of a uniform null controllability problem for
linear systems of parabolic equations with first order coupling terms, in which one of the
equations is degenerating into an elliptic one as a given parameter ¢, a diffusion parameter,

goes to zero.

For each ¢ > 0, consider the following system of parabolic equations

Y — Ayt =a11y°+ Arg - VY a2+ Ao - Ve + fily,,  in Qr,
€z — Az2° = a212° + A1 - V2 + anpy” + Asp - VY + filo,, in Qr, (B.1)
ye =2f= Oa on ZT, ‘

Y°li=0 = Yo, 2=0 = 20, in €,

with a; ; in L®(Qr;R) and A;; in L®(Q7;RY), for 7,5 = 1,2. Tt is well known that, for
each € > 0 fixed and (yo, 29) in [L?(2)]?, system (B.1) is null controllable in the sense that
there exists functions (ff, f5) € [L*(Qr)])* such that y*(-,T) = 2¢(-,T) = 0 (see [29,35]).
Here, we want to know whether it is possible to find controls (ff, f5) which are uniform
with respect to € in the sense that its costs is uniformly bounded with respect to this
parameter. It is important to mention that, in [27], Chaves-Silva et al. already proved the
existence of uniform controls for systems like (B.1) but for zero order couplings, that is,

assuming that Ay = Ay 9 = Ay = Ass = 0. In this work we extend their results for the
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case of first order couplings. Moreover, the proofs contained here are much simpler than

the ones in [27], which can be of use when dealing with more complex problems.

The reason to study controllability properties for system (B.1) is that, in many
applications, the it can be seen as an approximated version of the following parabolic-

elliptic system

Yt — Ay =a11Y + A1,1 . Vy + 127 -+ Al’g -Vz + fllw“ in QT
—Az =ag 12+ Asp - Vz+assy + Ass - Vy + folo,, in Qr, (B.2)
y = Z = O7 on ZT? ‘

y|t:0 = Yo, in Q?

which can be seen, for instance, as a model for aggregation phenomena or also for chemical

reactions of substances with different concentrations (see [36,37]).

The strategy of controlling a system by approximating it by a family of systems
having different properties has already been considered in past years. For instance, one can
see [25] where the authors studied the case of a damped wave equation degenerating into
a heat equation, but with controls not uniform with respect to the parameter. In [21],
the authors studied the uniform null controllability for a transport-diffusion equation
degenerating into a transport equation, with distributed and boundary controls, assuming
some geometrical conditions and sufficiently large time. More connected to the problem
considered on this paper, we have the results of Chaves-Silva et al. in [27], where they
proved the uniform null controllability for system (B.1) when only zero order coupling
coefficients are considered. See also [33], where the authors consider the case of a nonlinear

parabolic-elliptic system as a simplification of a coupled parabolic system.

It is important to remark that the controllability of a family of systems does not
imply the controllabiity for limiting system, see [38] for some examples. We also remark
that even non uniform controllability results for systems of parabolic equations are difficult
to obtain. For instance, in [39] the authors analyse the null and approximate controllability
for linear coupled parabolic equations with zero and first order coupling terms, and many
conditions for the coefficients are imposed. Moreover, it is not clear that the result in [39],

applied for system (B.1), produces uniform controls.

In this paper, we study the case where only one control force is active, that is, in
system (B.1) we have ff =0 or f§ = 0, not simultaneously. In the particular case where
$ = 0, it is standard that the null controllability of system (B.1) is equivalent to the

following observability inequality

T
1o(0) 1220y + €Oy < C. [ [ foPdet, (B.3)
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for every (p, &) solution of
—pr — Ap = (a11 —div A 1)p + (age — div Ag2)§ — A1 - Vo — Asp - VE, in Qr,
—e& — AL = (a12 — div Ay 2)p + (agq —divAs )€ — A1o - Vi — Ayq - VE, in Qr,
p=£&=0, on Y,
Oli=r = o1, &li=1 = &7, in Q.

In this way, in order to prove an uniform null controllability result, we have to prove (B.3)

in such a way that C, does not depend on e.

Analogously, if the control active is on the second equation (ff = 0), then the

observability inequality we need to prove assumes the form

T
1Oy + €O ey < O [ Iefarar (B.5)
w2
for every (p,) solution of (B.4), where C., does not depend on e.

For each ¢ > 0, one can find several works in the literature which prove estimates
(B.3) and (B.5), see for instance [22,39,40]. Nevertheless, if one follows [22,40] it is not
difficult to see that C., is of order e~ while C,, does not depend on e. On the other hand,
it is not clear if the arguments of [39] can be used to obtain an uniform bound to C..

Thus, in this paper, we consider only the case of a control in the first equation.
The main result of this paper is the following:

Theorem B.1. Let (yo,20) € [L*(Q)]?, w1 C Q an open subset and let puy be the first
eigenvalue of —A with Dirichlet boundary conditions and € > 0 sufficiently small. For
i,j=1,2, let a;; € C*(Qr;R) and A;; € C*(Qr; RY), such that
div As

2
Moreover, suppose that there is a C' > 0 such that one of the conditions hold:

(A) (suppAss)Nwi =0 and ax>C >0 in w; x[0,7T];

(B) N=1, winNdQ#0, supplass—0,A22)Nwi =0 and A >C >0

in @ % [0,T].
Then, there exists a control f{ such that the solution (y<, z¢) of (B.1) satisfies y(-,T) =
2(-,T) = 0 and having the following estimate

1/ Lan|Z2(0m) < € (I180l172(0) + el 20l 22y - (B.7)

where the constant C does not depends on €.

< . (B.6)

Q21 —

An imediate consequence of Theorem B.1 is the null controllability of the system
(B.2) with only one control f; in the first equation. Indeed, since f{ are uniformly bounded
with respect to €, it weakly converges in L*(w;x ]0,T[) to a function f;. The correspon-
ding solutions (y¢, z¢) of (B.1) are bounded in [L?*(0,T; H}(2)) N C([0,T); L*(22))]? and
converges to a solution (y, z) of (B.2), with control f; and such that y(7') = 2(T") = 0.
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Carleman Estimates

In this section, we are going to prove some Carleman estimates for the adjoint
system (B.4), which will be the main tool to prove inequality (B.3). It states that there
exists weight functions p and p;, both converging to zero when t — 0% or t — T, and a

constant C, such that

T
J[ PP+ 1eP)dedt < O [ [ pilol? dudt,
T w1

for every (¢,&) solution of (B.4). The difficulty here is that we obtain this inequality
in such a way that C, does not depend on e. In Section B, we will see that combining
this Carleman estimate with energy estimates for system (B.2) we are able to prove the

observability inequality (B.3).

As usual in this kind of approach, we define some weight functions whose existence

can be found in [29]. Let wy C wi; C € an open subset and ¢ € C?(Q) such that

Y(z)>01in Q, ¢ =0 on 02 and |Vy| > C > 0 for all z € Q\wp. (B.8)

Given a positive real number A, we define

(@) M) _ 2]l
3(t) = ming(z,1);  a(t) = mina(,1); (B.9)
e €
#(t) = max o(z, £); o (f) = maxo(z, b).
e e

For 7,5 = 1, ..., N, the following estimates for the weight functions in (B.9) holds
in Qr:
| +[&] < CTE?,
|0, ] +10:,6] < O, (B.10)
02, al + 1%, €] < OV,

these estimations will be important in the proof of the next theorem.

i

Let s, 3, o be real parameters and p = p(z,t) a function. Along this paper we will

use the notation
I7(s, Ao p) = P30T / / $FH3ems | p 2t 4 5P NP2 / / $PH1emse |V pl2dwdt
QT Qr

+8P7INP //Q PP temse (02|pt|2 + |Ap|2> dxdt.
T
(B.11)

Now we present a classical Carleman estimate for parabolic equations. For a com-

plete proof of it see [29].
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Lemma B.2. Let 3 € R, 0 < 0 <1 and let w an open subset of ). There exists a constant
Ao = Ao(Q,w) such that for every X > Ao, there exists s = so(Q,w, A) and C = C(Q,w, \)
such that, for all s > so(T + T?), the following inequality holds

I5'(s, A, 05.q)
T
<C (56)\5 // PP oq, + AqPdadt + sPTINPT // ¢ﬁ+3emso‘lq\2dmdt> , (B.12)
Qr 0Jw
for all ¢ € C*(Qr) with ¢ =0 on .

By using Lemma B.2, we prove a new Carleman estimate for the solutions of (B.4).
This will be the main tool to prove observability inequality (B.3). This estimate is given

in the next theorem.

Theorem B.3. Let wy C Q be an open subset. For i,j = 1,2, let a;; € C*Qr;R)
and A;; € C*(Qr;RY) satisfying (B.6) and one of the assumptions (A) or (B). There
exists a constant A\g = A(Q,w1) > 1 such that for all X > )Xo, there exists a constant
so = 50(Q, w1, Ag) such that for every s > so(T + T?), the solution (o, &) of system (B.4)

satisfies

T
SN [ gtere (ol + 6P dedt < C [ | pi(0)lpPdudt, (B.13)
Qr 0Juwy

3

where p(t) = s2TAZ(¢%) 22 =358 if (A) holds or pi(t) = sSA% (¢)6e2"~358 if (B)

holds and C' is a constant only depending on €2, wy and .

Remark B.4. For s and A large enough, we have that 4sa® — 3sa < 0, which implies
that both (¢*)Metse =350 and (¢*)12e45e" =350 are hounded.

Proof of Theorem 3.1. For a better understanding, we will divide the proof into three
steps. In the first step we use Lemma B.2 for ¢ and ¢, solutions of (B.4), combine both
estimates and absorb some lower order terms in the right-hand side. In this step we obtain

an estimate of the form

J[ o 2eP + 16l drdt <© [[ pr(oP + I€P) drdt (B.14)
Qr o 0Jwy L ' .

In the second step, we use energy estimates and add a global weighted norm of V& in
the left hand side of (B.14). Finally, in the third step, we combine steps one and two and
estimate the local term of £ by a local term of ¢ and other terms of small order. Only in

this last step, conditions (A) or (B) are needed.

Let w’ be a nonempty open subset of {2 such that wy CC w’ CC w; (wy appears
on the definition of the weight function ¢, see (B.8)) and let (¢, &) a solution of (B.4).
Applying Lemma B.2 for the first equation of (B.4) with m =2, § =1, 0 = 1 and for the
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second equation of (B.4), with m =2, § =1, 0 = ¢, and taking w = ', we obtain

T
s 1i) < 0 (0 [ ot
0Jw!
—I—S/\/Q pe***|(ay 1 — div A1 1)@ + (ags — div Ay 2)E
T

— A1y Vi — Ay - VEPdwdt), (B.15)

and

T
(s, )\ ;) < C <54A5 / / $re? ¢ Pddt
0Jw!
+S>\/Q ¢€28a|<a1,2 — le A1’2)<,0 —+ (CL271 — le A2’1)§
T

~ A1+ Vo — Ay - VEPdwdt) . (B.16)
By (B.15) and (B.16) we have,
Bls ML)+ B A a€) <C () [ oc(of + |6 + Vol + [V¢P)dods
FsiA /0 T/w FeZo|p2drdt + s'N3 /0 T/w ¢4625a|§|2dxdt>. (B.17)
Hence, for s and X large enough we get

T T
<C <S4A5 / / 316259 | 2dadt + s1A3 / / ¢4625a|§|2dxdt> . (B.18)
0Jw! 0Jw’
Step 2: To absorb the local term of ¢ in the right-hand side of (B.18), we will include

a global term of V¢, in the left-hand side of (B.18). Applying the time derivative on the

second equation of (B.4), we get
_G(gt)t — A(&L) = 0t[(a1,2 — div ALQ)(p + (CL271 —div AQJ)& — ALQ . VQO — A271 . Vé]

Then, we get

s / / 36350 7¢, 2dadt = —s 3\ / / “BBANE € dudt
=50\ // -3 3sa Erl€€e + Or(ar2 — div Ay 2) + (a12 — div Ay 2)pr

+ 8t(a2,1 — div Ag,l)g -+ (CL271 — div Ag}l)& — (9tA172 . VQO — Al 2" Vgot

— 6tA21 V£ Ag 1 Vft dl’dt Z Pk B 19
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Let us estimate each of the nine terms above. For the first one we have

3 -3
73)\ // -3 3sa Egtt)ftdajdt // -3 SSa |£ |2d$dt
3/\ 3 . 3 ) s
= // )&l dwdt < Ces™' A~ // e*¥|¢,[2dzdt. (B.20)

From now on ¢ represents a sufficiently small and positive real number. Using

Young’s inequality we get
_ 53\ / /Q 33589, (a1 5 — div A o) o€, dadt
,
< 1ok(ans = div A1) los™A7 [ (8Pl dads
Cs™\~ // e8| o Pdudt + 55PN // 36850 ¢, [2dwdt
Cs™3\~ // ~3 35| |2 d:)sdt+ s // 36350 7¢,[2dadt, (B.21)

and
S / / 3350 (g 5 — div Ay o) pifydudt
T
< lars — div Ay s||eos A~ // ~338) |6, | dardt

s3] 9) 33m|90!dxdt+ s [ (8) e Ve Pdrdt. (B.2)
Analogously we have

— g0 / / 33589, (ag, — div Ay, )E€,dadt

< |0z — div Ay )[oos ™A~ // 35 e] ¢ | ddt

Os™3\~ // ~3sa ¢ |2 d:z:dt+ s // ~36350|7¢, [2dwdt.  (B.23)

For the fifth term, it is easy to see that

— 573\ / / (6) %% (a9 — div Ao,y )|E |2 dxdt. (B.24)
Qr
Using again Young’s inequality we get

Py = s 3\ // 3309, A, ) - Vipbdadt
< (19 AsalloesA" // 8) e |Vl |&i|drdt

< CsA // ~3358 |y |2 da:dt+ A // 36356\ V¢, 2 dadt, (B.25)
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and
— 53\ / / B34 A ) - Vipi&ydudt
.
— A / / 3350 qiy A,y dwdt
.
F s // 338U, L Ve dudt
.
< [|div Ay o floes ™A™ // 3358, ||& | dadt
+ [[Arllses A2 // 3PV VE oy dadt
< O3 / / ) =335, [2didt + 653N / / ($)2H0|Ve |2 dudt.  (B.26)
QT Qr
For the eighth term we get
_ s / / 338 (_9, Ay ) - VEEdudt
.
<01 Az 1 lloos AT // 3P| VE|&; | dwdt
Cs73\? // ~3¢358| ¢ 2 dmdt+ s // =338 |¢, 2dedt. (B.27)
.
For the last term we have

Py =53\ / / (6) %34 (— Ay ,) - VE& dudt
— 55\ / / ~3¢Bsa <div2’42’1> &, 2dedt. (B.28)
Using (B.20)-(B.28) in (B.19), we get
573N // 3630 Vg, drdt < C <es_1)\ // ~130|¢,|ddt

sTIN // 33| + 1) + |Vl + [VELP + | )dl’dt

-3 333a
+5<1+u1> A // Ve, [2dwdt

div A
5N // g3 <a271— “’2 2’1>\§t|2dxdt. (B.29)
T

Let us estimate the first term on the right hand side of (B.29). By the second

equation of (B.4), we can write

es A // 130 ¢, 2ddt = 57N // —Le3sag, (€, ) drdt

e // —1 35a§ AE — (a172 — div ALQ)QO — (a271 + div Azl)f

+A12g0x+A21 Vﬁda:dt Zplk B30
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Let us estimate each of the five terms above. For the first one we have
Pii=s\ // ~LeBag, (L AE)dwdt
r
= 57N / / L3V, . Vedudt
r
_IA [ @ g d Ve[ dadt
_ _IA i // 1) |VePdadt
Cs™A~ // 18| VEPdadt. (B.31)
For the second and third terms we obtain
Py=s —I\- // e3¢ [~ (ar — div Ay )| dzdt
r
< |ars — div Aps||eos A // ~1e358 g || ol dadt
Cs~IA // ~1g3sa| |2 da;dt+ s // ~36350|¢, [2dwdt, (B.32)
and
Pig=s"\" // “ledsag [—(ag1 — div Ay y)]Edzdt
r
< [lag,s — div Ag||ocs A // ~3420350 ¢ ||| dipdlt
< CS)\// $)eda)e)? dxdt+ s // ¢354 Vg, [2dwdt.  (B.33)
For the fourth one we get
Pry=s"A // 1e3ag (A, - Vip)dudt
r
< Arallos™ 27 [ (8766 [Vidud
< CS)\// )e354 |V g2 dxdt+/f s //T ¢354 V¢, [2dwdt.  (B.34)
Finally, for the last term
Piy=s"\"" // “le3tE, (Ayy - VE)dadt
r
< [[Aaales ™A™ // e Ve duds
< CsIA // 134 | g2 da:dt+ s // ~3¢354| V¢, [2dwdt.  (B.35)
Combining (B.31)-(B.35) and (B.SO) we obtaln
s // ~Lgssag, |2 dasdt< O ix- // =338 g, [2dzdt
—i-C’s)\// 59 (o2 + €2 + |V|? + |VE2)2dadt. (B.36)
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Now, putting (B.36) in (B.29), we get

s / / ~3¢3%6| ¢, 2dxdt

< C's) // 3|2 + €2 +|V |2 + |VE]? + |gu|?)dadt

) 3354\ V¢ [P dadt

o div A
573N //Q O <a271— ”2 2’1>\§t\2d:cdt. (B.37)

Combining (B.37) and (B.18), we get

+
(%)
/\
—_
+
RS
~—
V)
&
>
&
—
—
~
<>

(s, 0\ L) + I2(s, M e:6) + s\~ // 36354 V¢, [2dadt

< 0( 4)\5// e |2 dxdt+s4/\5// $le e[ dadt

+sA // 3% (| o2 + €12 + |Vl + |VE]: + | )dxdt)

+5<1 ) s // ~3¢358| /¢, [2dadt
e div A
+573)73 / / (@) e <a2,1 - V2 ”) &, 2dxdt. (B.38)

Using (B.6), taking s, A sufficiently large and § sufficiently small, we get

(s, 0\ L) + I2(s, M, 6, €) + 5730 // 36354 7¢, [2dadt

T
< C<S4/\5 / / #1625 o 2dadt + s1A3 / / ¢4625a|§|2dxdt>. (B.39)
0Jw! 0Jw!

Step 3: In order to bound the local term of £, we are going to use one of the conditions
(A) or (B). In this way, this step will be divided into two steps.

Step 3.1: Assume that (A) is valid. Let w” be an open subset, such that ' CC w” CC
w; and 6 € C§°(w”) a cut-off function, such that 0 < § < 1 and # = 1 in w'. Since
(supp Ag2) Nw =0 and ags > C > 0 in Wr, we get

% / / Y2 ¢ 2dadt < Cs'A3 / / ") 16257 € (ag o6 ) drdt

= s\ //” )2 E[—pp — Ap — (a11 —div Ay q)p + Arg - Vldadt
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Now, let us estimate these four terms. For the first one, we integrate by parts in time and

use Young and Poincaré inequalities to obtain

=5\’ // )15 € (—py ) dadt
_ N /0 T/w (6(6) e, Eodudt + 5N / / Y2 € oddt

T
< OO / /w ()5 Epdadt + Cs'N / / V429" ¢ oddt

< 5( 1\ /OT/w 16256 e 2 dpdt + 573N~ // ~33sd|g, |2 dwdt)

+ C 8)\8 —4 4sa*725a dl’dt
¥

FEREPRE: // 3 4sa*73sa‘90‘ dxdt)

< o% /OT/w 1258 ¢Pddt + // “Seha|vg 2 dxdt)

+0511A13 / / et 30020, (B.A1)

For the second one we have

_ sty / / 0(87) P E(—Ap)dadt = 5" / / (@) A(6€) pdadt

_ ) / / )20 (AGE + 2V0 - VE + OAE) pdadt

< 084/\5// 4 25a
( 4)\5// )1e2sa|¢ 2 dxdt+32>\3// )26\ Ve P dadt

+)\// >5[ Ag]? da:dt) +C< 4»”’// A tent 2982 4y g

+86/\7// ~2¢dsat =254 |2 dxdt+s8)\9// JBelsat =25 12 da:dt) (B.42)

)|p|dxdt

For the third one, a simply computation shows

- 34A5// Y25 €[ (a, — div A; 1) g]dwdt
<||ar —div Ay 1“0084)\5 // Yie® Y Epdadt

< 65N / / Ve ¢ dadt + Os'N? / / (6) et =28 o 2dxdt. (B.43)
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Finally, for the fourth one we have

Qi =5\ // Vre® (A - V) dadt

< ||A11||0034)\5// 4 25a

< 087\ // ?)? 250‘]V§|2d$dt+056)\7// (¢) 265" 254 o 2dxdt.  (B.44)

|dxdt

Putting (B.41)-(B.44) together with (B.40), we get

4)\5// 4 25a

< 5( 4»’)// S)le2sa|e|? dxdt+32)\3// )24 | V¢ Rdwdt
3)\ 3
+>\// 25| AP dwdt + // ~3,35| g, |2 da:dt)

—|—C< 4)\5// —4 4sa —2504’90' dadt

2dxdt

+88/\8// A e =25 12 g
+511)\13// 11 plsa” —dsa’w’ dedt
+86)\7// -2 4”*’2”\@\ d:vdt—l—sS)\Q// 8 etse” ’25a\90| dxdt) (B.45)

Again, if s and A are large enough and ¢ is small enough, we can absorb all terms of £
and its derivatives with (B.39). We conclude that

(s, L) + I2(s, M\, e 6) + 53N~ // 3)73e34|Ve, P dudt
< OsAB // Jilptsa®=35a| 12000t (B.46)
which implies in (B.13).
Step 3.2: Assume now that (B) holds, we remind that in this case N = 1. We take again
w’ and w” open subsets such that w’ CC w” CC wy, and since w1 NIN # B, we can assume

that w’ N OQ # 0. Now, we define a cut-off function 6 € C§°(w"”) such that 0 < 6§ <1 and

6 =1 in «'. By Poincaré’s inequality we get

4>\5// He 250‘\5|2dmdt<s4)\5// Jie2sa’

< OstA3 / / Y25 (e, 2dudt < CsN? / / Je2o ¢, |2 dadt. (B.4T)
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Therefore, given the fact that supp(ass —0,A22)Nw =0 and Ay > C > 0inw; x (0,7),
it follows that

4>\5// Jesa” 4)\5// VA" € (Ay o€, )dwdt

= Cs'N //” 4 > Eul—pt — Yuw — (11 — 02 A11)p + As 19, |dadt

4
Z.B48

In this way, we need to estimate these four terms above. For the first one we have
Ry = s'\3 / / Ve ¢ (—p,)dzdt
_84)\5// 4 25a &,;QDdZL‘dt-f-SZL/\B// 4 QSagmwdl'dt

< OO\ / / )66259° ¢ odadt + CsA° / / Ve e, odadt

w//

< 5( 2)\3// )2e258| ¢, 12dxdt + s\~ // ~3e3sdle, | da:dt)

( 10310 /T/ -2 Asa” _2s°‘|g0|2dxdt
0 w//

+811)\13 //,, 3 4sa _3$a|<,0| dxdt) (B.49)

Now, for the second one

Ry = s'\3 / / Ve (—p Vdwdt = 5N / / )20 (0€,) ppdudt

< 5( 2»”// )2 23aygxydxdt+x// QSaygmydxdt>

T ~ *
+C< 6)\7// (b —2 4sa 7280[’()0:2‘ dadt
0 w//

s | / R P L dxdt) (B.50)

Before proceeding to Rz, we will estimate in (B.50) the local term of ¢, by a local term
of ¢. Let 0 e Cie (W), where w” CC w"” CC wy, a function satisfying 0 < 6 <1 and

6=1in w”, then
6)\7// 6 4sa —28a|(px| drdt

< oA / / €280, [2dadt + C's'2\1 / / 128" =650 6120t (B.51)

hence,

Ry < 5( 4)\5// 3)! 25"‘|£|dxdt+32)\3// )2e259)¢, | dwdt

+A / / 258, |2 dmdt) 4 Osi2pB / / )i2e8sa” =654 o120t (B.52)
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Now, for R; we get

Ry —54)\5//” Ve e [ (a1, — Dy Ay, )gldzdt
< ary = 0p A1 |oos™ // )t |&, || p|dwdt
< 652\ / / $)2e23|¢, [2dudt + CsCNT / / (@)8(B) e g dadt. (B.53)
Finally
Ry = s'\3 / / 0(07) P (A dadt
<C <||a A11||0054A5// )42 €, ||| dadt

+||A11||oo=94/\5/ / Jesat )
( 2/\3/ / )20 ¢, |2 dxdt+)\// 250‘|§m|2da:dt>

4 OsEN / / JBetsa’ 258|420 dr. (B.54)

Combining (B.49)-(B.54) and (B.48), we obtain

4)\5// V€2 ¢ P dadt
( 4>\5// )1e2sa|¢ 2 dwdt+52>\3// 3)2e2%¢, [2dudt
A / / 20 ¢, (2ddt
+A / / 28 o Idwdt + s\ / / “3e3g,,| 2dmdt>
+C <310A10 / / H(¢*)12(g5)_2643°‘*_286‘|<p|2dxdt
+stae [ /M(OT B)Petse” =30 o2y

+312/\13// )12 s 6504|S0|2d1,dt+86>\7// ) 2 dsa® —2sa|¢’ dedt

o | / P dxdt) (B.55)

Combining (B.55) with (B.39) and taking s and A large enough with § small enough, we

obtain
(s, 0\ L) + I2(s, M\, 6 €) + 5730 // Ve3¢, [2dwdt
< s [ / )2t 3o dpdt, (B.56)

]
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Observability Inequality

In this section we will see how to we can prove the observability inequality (B.3).
For simplicity, we make the change of variable ¢ — 7" — ¢ in system (B.4) obtaining the

following system

o — Ap = (Gl,l —div A1,1)<P + (612,2 — div A2,2)5 - A1,1 -V — A2,2 V¢, in Qr,
€ — AL = (a12 —div A1 2)p + (agn —div Az ) — A1o- Vo — Ay - VE, in Qr,
Y = 5 - 07 on ET7

©li=0 = or; im0 = &1y in Q.
(B.57)

Then, it is sufficient to prove that

T
(D) 2@y + 6@ o) < C [ [ lolduat, (B.58)

for every (¢, &) solution of (B.57), where C' does not depends on €. To do this, we multiply
the first equation of (B.57) by ¢ and the second equation of (B.57) by £ and integrate

over () obtaining

oy + IV
= [ [ = div Ao = SAs - Vo)
+o(t)[(age — div Ag2)&(t) — Aoy - VE]| dz, (B.59)
and
ey + VD ao
= [ (@2 - v Azl - 2229 e

+£<t>[(a172 — div Alyg)@@) — ALQ . Vgﬁ(t)]] dzx. (BGO)
Using Young and Poincaré inequalities, we get that
1d €ed
5 SO + 5 €D < Clo®)a, (B.61)
where C' does not depends on €. Now, by Gronwall Lemma
1 €
Sz + S1ED 2@ < C (Ile®l72@) + el lEO72(@)) - (B.62)
2 2
and again C' does not depends on e. Integrating (B.62) from ¢t = T'/4 to t = 3T /4 we get

1 3T/4
§||90(T)||%2(Q) + %HS(T)H%?(Q) < C/T/4 /Q (|<P(t)|2 + e|§(t)|2) dxdt, (B.63)

where C' also does not depends on e. Finally, using (B.13) and the fact that e%se~3sa(g*)11
is bounded from bellow in  x (7'/4,37'/4), we obtain the observability inequality (B.3).
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By the Hilbert Uniqueness Method, this inequality is equivalent to the null controllabi-
lity of system (B.1) with controls {f{}.so uniformly bounded with respect to € in the
L?(wyx]0,T[). Then, if we take fi to be the weak limit of { ff} in L?*(w;x]0,T[) as € — 0,
it is not difficult to see that f; is a control for system (B.2), therefore the uniform null

control problem given by Theorem B.1 is proved.

Comments and Open problems

In this section we make some comments and give some open questions related to

this problem.
The case where only f; is active

The problem of controlling system (B.1) with controls only on the second equation,
that is fi = 0 and f5 uniformly bounded with respect to €, is simpler to solve. Indeed,
in the proof of Theorem B.3, specifically in estimate (B.41), we made use of Poicaré
inequality combined with energy estimates in order to absorb an integral of &;. The reason
for adopting this strategy is that in the Carleman estimate for £ (see (B.17)) we have,
in the left-hand side, a global weighted norm of & multiplied by €?, meaning that we
could not absorb the & appearing in (B.41) directly. Now, if f; = 0 and f, is active, the
observability inequality we have to prove is (B.5), then we need a local norm of £ in the
right-hand side. When proceeding in a similar way as in (B.41), we would obtain an local
integral of ¢, multiplied by €? on the right hand-side but in the Carleman estimate for ¢
(see again (B.17)) we have no € multiplying the global integral of ¢;, then we can absorb

this term directly by taking e sufficiently small.
On the conditions (A) and (B)

Conditions (A) and (B) are only sufficient. The problem of controlling systems of
parabolic equations with less control forces than equations is far from being completely
understood (see [39,40]). An interesting problem is to find new conditions, different from
those in (A) or (B) such that Theorem B.1 still holds.
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Second order couplings

Inspired on the results of [22], we can formulate a problem of uniform null con-

trollability for systems of parabolic equations of the form

y; - Aye - a171y6 - Al,l ' VyE = Pl(zeel) + flelwla in QTa

€zf — Az — 912 — As 1 - V¢ = Po(y0s), in Qr,

t 2,1 2,1 5 (y°02) Qr (B.64)
yE =2f= 07 on ZT,
Y<lt=0 = Yo, z|t=0 = 20, in €2,

where a; ; are constants and 6; are smooth enough with 3| > C' > 0 in w’ C w; and P,
are differential operator of order j in the space variable. The problem here is to prove
Theorem B.1 by replacing system (B.1) by (B.64).

Insensitizing control problem

Another interesting question is concerned to the uniform insensitizing control pro-

blem for the solutions of

yte_AyE :aze+nl+f1€1w17 in QT7

€ _ Az = byt + + elw ’ : 7
Ezt z y 772 f2 2 m QT (B65)
Yy =2=0, on X,

Y=o = Yo + 7100, 2|1=0 = 20 + 7220, in Q.

Here a and b are constants, 7; € L*(Qr), Yo, 20 € L*(Q) and 71, 7> are small real numbers
and f and %, are unknown function such that |[Jo||r2(0) = [|20l|z2@) = 1. For (y, 2)

solution of (B.65) and Oy, O open subsets of 2, consider the sentinel functional

€ € a 1 €|2 5 r €2
J(y,z;Tl,Tg):§/O/O ]y|dxdt+§/0/0 |2¢|*dxdt.
1 2

These integrals can be viewed as the kinetic or also potential energy for variables y¢ or

26

The problem consists in finding controls (f£, f5), uniformly bounded with respect
to €, such that

—J(y,zm,m)| =0, (B.66)
87—1 71=0
or
0
—J(y, z; 71, T2) =0. (B.67)
87—2 T2=0

It is standard in this kind of problem that conditions (B.66) and (B.67) are equi-
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valent to the partial null controllability for the following system

p; — Ap° = aq +m + fila,, in Qr,

—u; — Auf = av® + aply,, in Qr,

eqs — Aq® = bp* + 19 + f51,,, in Qr, (B.68)
—evs — Av® = buf + B¢1,,, in Qr, '
pf=¢q =u"=0v°=0, on X,

p€|t:0 = y87U€|t:T =0, q6|t:0 = Z(E), U|t:T =0, in Q7.

More precisely, the problem is reduced to finding controls ( ff, f5) uniformly bounded with
respect to €, such that u¢(0) = v*(0) = 0 in .

Conclusion of Appendix B

In this paper we proved an uniform null controllability result for a family of
parabolic-parabolic systems with first order coupling terms, degenerating into a parabolic-
elliptic system when a diffusion parameter goes to zero. By proving an appropriated Car-
leman inequality and combining it with energy estimates we were able to prove an uniform
observability inequality, in the sense that the observability constant is uniformly bounded
with respect to the diffusion parameter. The difficulty here is that, in every computation
we had to be careful about this parameter in order to have an uniform result. A natural
strategy to solve this problem is first to follow the arguments of Chaves-Silva et al in [27].
By doing so, we found some difficulties in absorbing some global weighted norms, and we
could not prove the result in this way due to the first order coupling terms. Then, looking
carefully to the proof of [27], we realized that the proof in there could be simplified and
by doing so we could apply to case considered here. We expect that the strategy adopted

here can be of use in many other situation such as the ones presented in Section B.
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