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RESUMO

Motivados pela recente atencao dada ao estudo das equacoes que modelam MEMS
eletrostaticos, estudamos as solugoes radiais de uma classe de equacoes com nao
linearidade do tipo inverso do quadrado. De acordo com a escolha dos parametros
envolvidos no problema, o operador diferencial com o qual lidamos corresponde a forma
radial do p-laplaciano (p > 1) e k-hessiano. Provamos a existéncia de um parametro
extremal \* > 0 tal que, para A € (0, \*), existe uma solu¢ado minimal ndo singular para o
problema. Para A > \* nao hé solu¢ao de nenhum tipo considerado. Estudamos também
o comportamento do ramo de solu¢oes minimais e exibimos um método para aproximagcao
numérica destas solucoes. No que se refere ao caso A = \*, provamos unicidade de solucao
e apresentamos um resultado de regularidade. Além disso, apresentamos condigoes sobre
as quais é possivel garantir a regularidade da solugao critica (A = A*). Provamos também
que sempre que a solucao critica for regular, existe uma outra solugao do tipo passo da

montanha para A perto de \*.

Palavras-chave: Nao linearidade singular. Modelagem de MEMS. Equacao eliptica

quasilinear.



ABSTRACT

Motivated by recent works on the study of the equations that model the electrostatic
MEMS devices, we study the radial solutions of some quasilinear elliptic equations with
nonlinearity of inverse square type. According to the choice of the parameters on the
problem, the differential operator which we are dealing with corresponds to the radial
form of p-Laplacian (p > 1) and k-Hessian. We prove the existence of an extremal
parameter A* > 0 such that for A € (0, \*) there exists a minimal solution u, and for
A > \* there is no solution of any considered kind. Via Shooting Method, we prove
uniqueness of solutions for A close to 0. We also study the behavior of the minimal
branch of solutions. Concerning the case A\ = \*, we prove uniqueness of solutions and
present a regularity result. In addition, we present conditions over which we can assert
regularity for the critical solution with respect to the parameter A\ for the existence of
solutions. Moreover, we prove that whenever the critical solution is regular, there exists

other solutions of mountain pass type for A close to \*.

Keywords: Singular nonlinearity. MEMS modeling. Quasilinear elliptic equation.
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1 Introduction

This work is devoted to the study a class of radial quasilinear elliptic differential
equations involving a singular nonlinearity of an inverse square type. The discontinuity
on the nonlinearity brings a difficulty for the application of variational and topological
methods. Recently, this class of problems has received much attention due to its
applicability on the modeling of electrostatic MEMS (Micro Electro Mechanical Systems).

MEMS are micro-devices consisting of electrical and mechanical components
combining together on a chip to produce a system of miniature dimensions (between
1 and 100 micrometers, that is 0,001 and 0,1 millimeters, respectively - less than
the thickness of a human hair). They are essential components of the modern
technology that is currently driving telecommunications, commercial systems, biomedical
engineering and space exploration. For more information on the applications and
development of the fundamental partial differential equations that model those devices,
see [Pelesko e Bernstein 2003, [Esposito et al. 2010].

We are motivated by recent works on the study of the equations that model a
special MEMS component - an electrostatically controlled tunable deformable capacitor
- that can be understood as consisting of a thin and deformable microplate whose shape
we are representing by € (a bounded domain of RY), fixed along its boundary, coated
with a negligibly thin metallic conducting film and lying above one unit of a parallel rigid
grounded plate as shown in Fig. 1.

The membrane deflects towards the conducting plate when a voltage (represented
here by ) is applied. It may occur that the membrane touches the plate or gets ripped
due to the loss of stability between the forces acting on the system, thus, creating a

singularity. The modeling is then based on the equilibrium between these forces. On the
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rigid plate

[ —
1 A ( x) R

deformable plate
Figure 1.1: Deformable capacitor.

one hand, we have tension due to the stretching (given by the laplacian of the deformation
function) and rigidity (given by the bi-laplacian of the deformation function). On the other
hand, we have the electrostatic force which, according to the Coulomb’s law, is inversely
proportional to the square of the distance between the two charged plates. We can also
consider the elastic and the electric potential energies associated with the deformation.

In the stationary case, a very general model of the deformation u of the membrane is:

;

M (z) .
Ay = A —_—Y Q
al*u S(u) U+D(u)(1—u)2 in €,
0<u<1l in Q, (1.1)
\u:g—:;:o on 0,

where f is a varying dielectric permittivity profile, i is the unit outward normal to OS2,

the constant a > 0 represents the membrane width and the terms

1 1
S(u) = B/ |Vul|?de 4+~ and D(u) =1+ X/ (1d—xu)2 with 3,7, x >0
0 0 -

represent nonlocal parameters that affect the membrane’s deformation (the elastic and
the electric potentials respectively).

In the limit case of zero plate thickness, hence for a thin membrane (that is o = 0),
with zero rigidity and neglecting inertial effects as well as nonlocal effects, that is, in

dimensionless constants, we set « = f = x = 0. Then ([1.1)) reduces to the following
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semilinear elliptic problem:

Au = A=) in €,
0<u<l, in 0, (53)
ku:O, on 0,

where, for simplicity, we have set v = 1. This problem has been studied in the past
in a very general context as we can see in [Guo e Wei 2006, Ghoussoub e Guo 2006/07,
Davila 2008, [Esposito 2008, [Esposito ef al. 2007, [Guo e Wei 2008, [Guo e Wei 2008,
Mignot e Puel 1980)].

Recently D. Castorina, Esposito and Sciunzi [Castorina et al. 2009] studied, for
1 < p <2, the p-MEMS equation (the MEMS equation for the p-Laplacian operator),

that is,

(

—Apu = Mh(x)f(u) in Q,

0<u<l1 in Q, (Sxp)
u:%:() on 0f).
\ 87]

where f is a non-decreasing positive function, defined on [0, 1) with a singularity at u = 1.

They established uniqueness results for semistable solutions and stability (in a strict sense)

of minimal solutions for 1 < p < 2. In |Castorina et al. 2008, (Castorina et al. 2009,
rin . 2011 the authors also prove radial symmetry of the first eigenfunction

for the p-MEMS problem on a ball. The radial form of the p-MEMS equation on a ball
BeR"(n>2)is

’_ Tn_l u (r p—2u/ ) = Arnilf(r) r

(P ) = Gt e (0.)
0<u(r) <1, re(0,1), (1.2)
w'(0) =u(l) =0

1.1 Problem formulation

On the spirit of the pioneering work |[Crandall e Rabinowitz 1975], we study here
the following more general class of quasilinear elliptic equations which includes (1.2 as
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a particular case, since we consider a continuous variation of the exponents in (1.2),

including the radial case for non-integer-dimensional spaces, that is

(—TO‘UIT ﬁulr I /\T’yf(T) r
)y = 2L e o,
10 <u(r) <1, re (0,1), (Py)
u'(0) =wu(l) =0,

where
(H.1) «, g and + are real constants with g > —1;

(H.2) f is a measurable real function on (0, 1);

(H.3)
0< / s f(s)|ds < 400 for every r € (0,1).
0

Problems involving the quasilinear operator of the form Lu := —(r®|u’|°u’)’ have been
studied in various contexts and applications. It should be mentioned that the operator
Lu corresponds to the radial form of various operators for a convenient choice of the

parameters «, 8 and v namely, We recall that the k-Hessian operator, usually represented

Operator o) I6] v

p-Laplacian (p > 1) n—1 p—2 n—1

k-Hessian n—k k—1 n—1
Table 1.1:

by Si(D?u), is defined as the sum of all principal k x k& minors of the Hessian matrix D?u.
In particular S;(D?*u) = Au and Sy(D?u) = det D*u, the Monge-Ampere operator.

This class of differential operator has been extensively studied since the papers
of D. Joseph and T. Lundgren |Joseph e Lundgren 1972/73], J. Keener and H. Keller
[Keener e Keller 1974] and M. Crandall and P. Rabinowitz [Crandall e Rabinowitz 1973,
Crandall e Rabinowitz 1975]. In [Mignot e Puel 1980], F. Mignot and J-P. Puel studied
regularity results to certain nonlinearities, namely, g(u) = e*, g(u) = u™ with m > 1,

g(u) = 1/(1 —u)* with k > 0.
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Recently, J. Jacobsen and K. Schmitt |[Jacobsen e Schmitt 2002] studied singular
problems involving this class of operators. They determined precise existence and
multiplicity results for radial solutions of the Liouville-Bratu-Gelfand problem associated
with this class of quasilinear radial operators. In 1996, Clement, de Figueiredo and
Mitidieri [Clément ef al. 1996] studied Brezis-Nirenberg-type problems for this class of
quasilinear elliptic operators. For related problems on this subject we also refer to

[Davila 2008, [Jacobsen e Schmitt 2004] and the references therein.

1.2 Notations and terminology

Before stating our main results and in order to drive properly the approach we used
to obtain such results, we would like to introduce a function space, the notions of solution

considered and some already know results involving this entities. In our arguments, we

are always assuming the hypotheses items |[(H.1) to |(H.3)!

Let X be the set of the L1

loe Teal functions defined on (0,1) with distributional

1
loc

derivative on L; . satisfying

1 1
(|u||PF2 = /0 < u(r) P2 dr +/0 o/ (r) [P dr < oo, (1.3)

If 8 > —1, equipping X with the usual operations makes it a real vector space and (|1.3))
defines a norm on this space. Every u € X is, in particular, absolutely continuous in

(0,1). Now, consider the subspace X of the elements of X such that

limu(r) =0

r—1

and X, the completion of X with respect to the equivalent norm

1 1/(B+2)
ullx == (/ 7’°‘|u’(7“)|6”L2 dr) i (1.4)
0

It is known that @ < B8+ 1 is a sufficient condition in order to have X = X. See
A. Kufner and B. Opic [Opic e Kufner 1990, [Kufner e Opic 1984] for details concerning

the proprieties remarked in this paragraph.
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Given u € X, we also consider X, the set of all w € L*((0,1)) with distributional

derivative w’ € L?((0,1)) satisfying

/0 e (r)]? (w'(r))* dr < oo.

The set X, is a weighted Sobolev space with the usual operations, with weight w(r) =

r®|u/(r)|? and with norm given by

[wllw = (/01 rd (1) P (w' (r))? dr)

Actually, X, is a separable Hilbert space with

1/2

(v, W)y :/0 | (7)) (r)w! (r) dr.

We refer to M. K. V. Murthy and G. Stampacchia [Murthy e Stampacchia, 196§| for the
properties introduced above.
Now lets establish the concept of solution used in this work. For that consider the

general problem

—(r (7)|Pu () = h(r,u(r r
(r®|u'(r)["u' (r))" = h(r, u(r)), € (0,1), 15)

u'(0) =u(l) =0,

where h is a measurable and bounded from below function acting over a set H C R?

whose projection onto the first variable is (0,1). We stress that we have focus on the case

AV f(r) .
if =z
h(r,z) = (1—2)? 71
0 if z=1.

Hereafter, g will denote a real-valuated function of real variable given by

|t|=A/B+1t for t # 0,
pp(t) = (1.6)
0 for t = 0.

Due to hypothesis g is an homeomorphism.

Definition 1 Notions of solutions for problem (3.1)):
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Integral solution We say that u is an integral solution of problem (Py)) if

ueX (4)
LR f(r)
/0 0= u(r)? dr < oo (17)

— o/ (1) = g (/0 %) ds  forr e (0,1) (11)

We also consider integral sub and supersolutions in analogy with this definition.
For instance, u is an integral subsolution of (P, if u satisfies — with “ <7

instead of “ =" 1in ({i11)).

Weak solution We call u a weak solution of (P,|) whenever

ue X (4)
IMUT r 00 or all v 1
/0 = u(n)? (r)ydr| < forallve X (1)
lrau’rﬂulrv'r r= lmvr r  for allv i1
| e ar = [ S G v por ato e x @

If u satisfies - with the “ <” (respectively >) sign instead of “=""in

and v > 0, we say that u is a weak supersolution (respectively weak subsolution) of

(P)-

Regular and singular solution, subsolution or supersolution A solution, subsolution or
supersolution uw € X of (P)) in any sense described above is called regular if it

satisfies ||ulloo < 1, and singular otherwise.

Minimal solution We call minimal solution a positive solution (in any sense defined
above) u € X of such that for any other positive solution v € X of
one has 0 < u(r) < wv(r) for all r € (0,1).

It is clear that every classical solution (subsolution, supersolution) is also an
integral and weak solution (subsolution, supersolution respectively). Another important

fact: the definitions of weak solution and integral solution are equivalent (see Proposition

on page .
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Given u € X a regular weak solution of , we prove (c.f. Proposition that
0<u(r)<1l forallre(0,1).

Thus,

1 1
0< < for all € (0,1).

—(T=wu(r)? (T —u(r)?

So it is well defined the operator ¥ : X, — R as

U(w) = (8 + 1)/0 /1P (w')? dr — 2)\/0 —&710(331112(7“) dr.

This endows us to formulate the following definition.
Definition 2 A solution u of is semi-stable if W(w) > 0 for all w € X,,. Consider
pi(u) == inf{¥(w) : w € X, and |w||, = 1}, (1.7)

we say that a solution u of is stable if py1(u) > 0 and unstable if g (u) < 0.

1.3 OQutline

This work is divided in two chapters. In the first chapter, we prove the existence
of a constant \* such that for A € (0, \*) there exists a minimal classical solution u, and
for A > A\* there are no solutions of any kind. In addition, we provide some estimates for
A*. Via Shooting Method, we prove uniqueness of solution for A close to 0. Concerning
qualitative properties of solutions, we prove that the function A +— wu, is increasing in
the pointwise sense. Furthermore, we provide a way to compute the minimal solutions
by approximation. The main result of this chapter concerns the uniqueness for the
solution of (([P\)-problem for A = X*) for # > —1, which improves the results in
[Castorina et al. 200§| since our arguments can be also applied to the p-Laplace operator
even for p > 2 and when f(r) is a general function under suitable assumptions.

In Chapter 2, we prove the existence of semi-stable solutions. Actually, we prove
semi-stability as an additional property of the minimal solutions which existence is
guaranteed by Theorem The existence of a solution different from the minimal one
depends on the regularity of u*. By using the Mountain Pass Theorem, we become able

to ensure the existence of unstable solutions.
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2 Early Comments on the solutions

of (P))

First of all, we would like to mention that integral solutions and weak solutions

are the same (Proposition [2.1). Thence we will use just the term weak solution to denote

these functions, aware of, in fact, they satisfy both, the integral solution and the weak

solution conditions.

Proposition 2.1 Given u a weak solution then w is an integral solution and conversely.

Proof. Let u be a weak solution of (Py)), consider for each r € (0,1) and ¢ > 0 the

continuous map

ve(s) =

(

1 if
—s/e+r/e+1 if

0 if

\

0<s<mr,
r<s<r+e,

s>r+e.

Since v. € X, we can take it as a test function, obtaining:

_1 r—&-ssau/s ﬂu/s o r>\sfy—f($) ) r+e)\s'y—f(s)v . .
E/T 1 (s) ()d_/o( )2d+/r : (5)ds.  (2.1)

Observe that

—)\r’\/f(r> Ve \T r
‘(1 — U(T))Q E( )X[T,T+€]( )

1 —u(s)

S ‘

(1 —u(r))?

L—u(s))*~

ArTf(r)

Y

where X[.r1 is the characteristic function of the set [r,r + €] on (0, 1). Moreover,

(1 —u(r))?

ArY f(r)

(%5 (T)X[T,’I"HS] (T) — 0
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pointwise almost everywhere as ¢ — 0. Then we can apply the Dominated Convergence

Theorem with & — 0 in ({2.1)) obtaining

o (r)|Pu (r) = FASs) s
W) = [ s

For the converse part, first observe that, as a simple application of the Holder

inequality, one has

< oo forall u,veX.

/o | (r) [P (r)' (r) dr

Thus, if u an integral solution of (P,), we can integrate from 0 to 1 the integral solution

condition multiplied by v'(r), where v € X, obtaining

B / ( / %d) o(r) dr = / P ) dr < oo (22)

Integrating the left hand side of (2.2)) by parts we conclude that u is a weak solution of

2.

2.1  First approach on existence of integral solutions

In this first considerations, we are assuming the hypothesis [(H.1)| to |[(H.3)l In

addition, we assume
(H4) n e LYEHD((0,1))  and 7 #0,

where 1 denote the function 7 : (0,1] — R given by

nr) = / "1 (s)] ds. (2.3)

Remark 2.2 Hypothesis|(H.2) to|(H.4) are verified for instance if

v>-1, feC(0,1]) and a<y+p+2. (2.4)
In this case,
1/(B+1) (v—a+1)/(B+1) T _1 —
r =0(r and > —1.
In(r)] ( ) B+1

The assumption ([2.4)) still includes the cases on Table .
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If w is an integral solution of (P,)), then it also satisfies

u(r) :[ 05 (Sia /Os%dt) ds, (2.5)

where ¢g denote the function g : R — R given by

s|s|7A/BH)if s £ 0,
pp(s) = (N.2)
0 if s=0.
For B > —1, g is an increasing homomorphism from R to itself.
Our first approach on Problem is to study the equation (2.5) and then, we
investigate under which assumptions solutions of (2.5)) are solutions of in the classical

sense.

Theorem 2.3 Assume the hypothesis|(H.1) to|(H.4). Consider the set

B - {u e C([0,1]) : [l < @} |

B+3
Then, there exists an unique uw € B which solves ({2.5)), provided
1 N2 )
A < <5+ ) (—) . (2.6)
nll1/8+1 \ B+ 3 5+3

Moreover, u is an integral solution of with

u € C([0,1]) N CH((0,1]).
If f is continuous and v > 0, then

u € C([0,1]) N C?((0,1]).
If f is continuous, v >0 and o < v+ 5+ 2 then

u € CH[0,1]) N C2((0,1]).

Proof. For every § € (0,1), it is possible to choose A small enough with which it is well
defined the function Z : Bs — Bgs, where

Bs = {u € C([0,1]); lullo < 6}
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and
20 = [ o+ [ Y w) as

In fact, observe that
IMnly e\ /O
Izl < .

(1 = Jlullo)?
Then, Z(u) € C([0,1]). Moreover, for u € Bs, we have
Alllallygaen ) 7
|2l < (P ) 27)

Thus, we have [|Z(u)]|s < ¢ provided

1

A< A (6) ==
! I70l1/841)

61 —0)%

We can choose A smaller in order to assure that Z is a contraction on Bjs with

respect to the norm || - ||o. Indeed, for arbitrary u,v € Bs, we have

1/(8+1) 1 1
1 Z(u) — Z(v)] < (IMInllys+1) (0 — [[ullo) D~ (T + o)) 2@+ (2.8)

The real function h(z) := (1 — 2)~%/#+1) defined on [0, 6] satisfies

2
Ihz) = hz)l < g —gyEme

Taking 21 = ||ul|c and 23 = —||v||e in (2.9) and applying in (2.8), we get

2 (Al ) O
120 = 20l < 577 (THpER) = vl

|21 — 29| for every  z1,29 € [=4,4]. (2.9)

Thus, Z is a contraction on B with respect to the norm || - ||o, provided

f+1
A < Ao(8) = — (5“) (1 )P,
[7ll/seny) \ 2

The biggest A for which Z is a contraction is

No = max {min{A\(8), \a(0)}} = — (BH)BH (L)Q

4€(0,1) H?7H1//g+1 B—i-?) B—i-?)

WhiCh 18 attained fOI'
B+1
 B4+3

We conclude, by the Banach fixed-point Theorem, that Z has a fixed point provided
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Observe that the term

1 [ MVf(t
L[ e dt  is continuous for s € (0,1].
s* Jo (L —wu(t))?

Thus,
u € C([0,1]) N C((0,1]).

If f is continuous and v > 0, then the mentioned term is differentiable for s € (0, 1].
Thus,
ue C([0,1]) N C*((0,1]).

If f is continuous, v > 0 and a < v+ 3 + 2 then, applying the L’Hopital’s rule, we get

u € CH([0,1]) N C?((0,1]).

2.2  First approach on regularity of integral solutions

In this section, we are assuming the hypothesis [(H.1)| to |(H.3). In addition, we

assume
(H.5) f is positive on (0, 1).

Lets look to equation ([2.5]) rewritten as follows:

u(r) = ps(N) / o5(s™)C(u, ) ds, (2.10)
and
G(u,r) = ¢z (/0 %ds) . (2.11)

Due to [(H.5), the term G defines a monotone function on (0,1) x B with respect to

r € (0,1) and w with the pointwise order.

The following proposition, among others results, asserts that, if v is an integral

solution of ((P)), then it can not cross the value 1.
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Proposition 2.4 Suppose|(H.1) to|(H.3) and|(H.5). Then, any integral solution of

15 decreasing, precisely,

W(r) <0  for re(0,1). (2.12)
Moreover,
uwe C([0,1]), u(0)=ullc <1 and u(r) <1 forrec(0,1) (2.13)
and
1 If||ulle < 1, then u € C*((0,1]) N C([0,1]).
2. If v >a—1 and |Jul|e < 1, then u € C*((0,1]) N C**([0,1]) and «'(0) = 0.

8. Ifv>a+ B and ||ulle < 1, then we can consider u € C*([0,1]) N CY#([0,1]). In
addition, u'(0) = u”(0) = 0.

Proof. Looking at (2.10]), we can easily see that u € C'((0,1)). Since G(u,r) is positive
for r € (0,1), it follows that u/(r) < 0 for r € (0,1), that is, u is decreasing. Now, assume

the existence of 7 € (0,1) with u(7) = 1. Thus, we can consider
ro = inf{r € (0,1) : u(r) = 1}.

Observe that ro > 0 since u € X. Moreover, it follows by the continuity of u that
u(ro) = 1. Let 6 > 0 be such that [rog — d,ry + 0] C (0,1). Since u is decreasing, we have
u(r) # 0 for all r € [ro — 6,79 + 0] \ {ro}. Moreover, since 7~ and G(u,r) are bounded

for u fixed and r varying in [ro — 0,79 + 0], we have

1= u(r)] = lu(ro) —u(r)| =

70
/ ws(As™)G(u, s)ds| < C|rg — 1|,
where
C:=inf{r"f(r):r €[ro—9, 1o+ d]} > 0.

It follows that

ro+0 ~ ro+9
/ L(r)dr > C’/ %dr = 400,

o5 (L —u(r))? o—s (r—=ro)
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which is in a contradiction with the definition of integral solution once we require

SR G
A T u(r)® <>

Thus we conclude that (2.13]) holds.
To verify item 1 we just have to use (2.13) and the facts that 77 f(r)(1 — u(r)) >
is continuous for r € (0,1] and g is a diffeomorphism on (0, co).

In order to prove item 2, suppose ||t/ < 1 and denote

e
o) = | TR

By L’Hopital’s Rule, we have

lim g(r) = lim /)

14
r—0 r—0 ar“‘l (1 _ u(r)) (2 1 )

5
We can see that g is a continuous function over [0, 1] with
g(0) = f(0)/a(1 —u(0))* if y=a—-1 or g(0)=0 if y>a-1

In both cases we conclude that v € C'([0,1]). We emphasize that if 7 > a — 1, we have
u'(0) = 0.
To prove the Holder continuity of «, since ¢g is Holder continuous, it is sufficient

to prove that g is Holder continuous. Since g is differentiable in (0,1],

g(r) —g(s) = /7“ g'(t)dt forevery r,se (0,1].

Using Hélder inequality with p > 1 and 1/p + 1/q = 1, we have

T 1/q
lg(r) — g(s)] < |r— s|MP (/ |g’(t)|th> for every 7,5 € (0,1]. (2.15)

Since

R L Vi RN Vi
0= | o T

using L’Hopital’s rule we get

. / 1
iy ) =t

a+1
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that is, ¢'(r) = O(r"=%) as r — 0 and the integral in (2.15) is bounded if (y — a)q > —1

or equivalently

1 1

Thus, if v > a — 1, we can find p > 1 satisfying (2.16)) and we conclude that ' is Holder

continuous on [0, 1] with exponent

y—a+1 if —1<p<0,
vy—a+1
B+1

p<
if 5> 0.

Now we are going to verify that ' is differentiable at 0. Note that

lim £2A90) o <A9(T)) " (Alim gm) .

r—0 r r—0 rB+1 r—0 rf+1

Again by the L’'Hopital’s Rule, lim,_,o g(r)/7°*! exists when v > o + 3 and vanishes to
zero when v > a + (3. This completes the proof.

2.3  Existence of the Pull-in Voltage

Here, on the light of Proposition [2.4] we prove the existence of a critical parameter
A* for the existence and non-existence of minimal solutions of (P,)) with respect to the

parameter A. On the following, we obtain an upper bound for the set of parameters A for

which (P, possesses solution.

Proposition 2.5 Suppose ((H.1) to |(H.3) and |(H.5). If has an integral solution
u e X, then

/0 wa(r~*)G(r,0)dr < oo

A< <%%1 < /0 s (G 0) dr))

and
1



26

Proof. The assumption |(H.3)| implies that g(r) := G(r,0) is a well defined function on
(0,1). Suppose that admits an integral solution v > 0. Then, we have

12 0(0) = ¢s0) [ ealr )Gl ar

> 05(\) / o5(r)G(r,0) dr.

We used in the estimate above that G is an increasing function with respect to its second
variable and u > 0.

Remark 2.6 We emphasize that in Proposition we have proved that problem ({P)])

has no solution, even in the integral sense, if

A (%1 ( /0 (- )G(r, 0) dr))

-1

Then we can define
A= sup{\ > 0: has a classical solution}, (2.17)
where classical means that v € C?(0,1] N C([0,1]) and solves (Py). We can also define

A= sup{A > 0: has an integral solution}. (2.18)

If follows immediately

-1

M <A < (%1 ( /0 s (G 0) dr)) | (2.19)

Indeed, we prove in the next Section that

AF = A"

2.4 A Shooting Method approach

In this section, we are supposing hypothesis from |(H.1)| to |(H.5), Using the

Shooting Method, we prove existence and uniqueness for solution of (P for every A

in a neighborhood of 0. We also assert the continuous dependence of the solutions with
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respect to the parameter A\. In other words, there exists a branch of solutions passing
through 0. An immediate consequence of it is that, if the branch of solutions bifurcates
in the line A = \* then, it stops or bifurcates again before A\ = 0.

In order to study problem ([P)), consider for some 7 € (0, 1) the auxiliary problem

(1) = —ps(N)@(r)G(r,u),

(PA,T)
u(0) =,
where
N E (0, +00) — R is the extension of f given by
_ rf(r) for0<r<1
0 for r > 1.
e ©:(0,400) = R is a C'-function satisfying
3 pa(r~®) for0<r<1
o(r) = (2.21)

0 for r > 2.

e The nonlocal term G is given by

G(r,u) := @g </0T %ds) : (2.22)

Observe that assumption |(H.3)| implies

/:OO @(r)G(r,0)dr < oco. (2.23)

Proposition 2.7 Denote

C = (goﬁl (% /Om @(r)G(r,0) dr>)1 > 0.

Ifo< A< C, then problem (Pyrr|) possesses a unique classical solution u = wy , such that
u(l) =0 for some T € (0,1).



28

Observe that, for 7 € (0,1), a solution u of Problem satisfying u(1) = 0 is
automatically a solution of Problem [Py Writing

1 [ 1/ -
R e
C .= (goﬂ (5 /0 ©g (r_a /0 s”f(s)ds) dr)) ,
despite C' < C, the constant C' can be taken as much close of C' as we need for a convenient

choice of the term ¢. Then, we have the following result.

Theorem 2.8 Pmblem has a unique reqular solution provided

(o B o))

It remains to prove Proposition 2.7, In order to do that, we need the following

result.

Lemma 2.9 For any 7 € (0,1) and A > 0, problem (P\.|) possesses a unique positive
solution uy , defined on the maximal interval [0, w,), where w, € RU{+o00}. Moreover,
if w, € R then

lim u,(r) =0.
r—wr

Furthermore, the family of solutions (uxr)re(0,1) 18 strictly increasing with respect to the

parameter T, that is, given 7 < T, then w, < w= and

ur(r) <uz(r), forany re0,w,).

Proof. Part I (ezistence and uniqueness of local solutions). As in the proof of the classical
Picard’s Theorem, we can obtain by Banach Fixed Point Theorem the existence and

uniqueness of a local solution for the following nonlocal ODE problem:

(1) = —ps(N)@(r)G(r,u),

u(ro) = 7,

(2.24)

where rg € [0, +00). Moreover, the length of the interval where such solution is defined
does not depend on rg.

Ideed, fix € > 0 such that 7 + ¢ < 1 and choose a constant ¢ satisfying

£ (B4 1)(1 — (7 +¢))3/ B+
Ps(AMN’ 2Mps(2PA) } ’

0<d< min{ (2.25)
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where M, N and P are the following positive constants

—+00

M= max ¢@(r), N= max G(r,7+¢) and P:= f(r)ydr.  (2.26)

re[0,4+00) r€[0,+00) 0

Now consider for such ¢ the Banach space Cs of the continuous real valuated functions

defined over the interval [rg, 79+6] endowed with the uniform convergence norm. Consider

also the function I : B — Cj, where B := {u € Cs : ||u|| < T+ €}, given by

[umvwzv—/lm»¢méw¢mr

ro
The operator [ is well defined due to assumption ([2.23)).
Endowing Cs with the pointwise partial order, we see that G is decreasing with

respect to the variable u. Then

G(u,r) < G(r +¢e,7) forallue B.

It follows from the triangular inequality and (2.26|) that,

ro+0 5
nmmmzf+/’ (N ()G u, ) dr

T0

<74 0pg(A)MN,
which together with ([2.25) becomes
1 (u)|loo < T4+¢

Then I is a well defined application on B into itself.
Given (u,v) € B x B, consider w : [0, 1] — B given by

w(@) =0u+(1—-0)v
and £ : [0,1] x [0,1] — R given by
§(0,7) == I(w(0))(r).

It is easy to see that £ is differentiable with respect to 6 with

0 " o [ @) 2f () (u(t) — v(t))
60 = | eV (/0 W“> </0 = w00 df)“
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Observing that

9(:) = o pealls)

and using ([2.26)), we see that
0
00

52Mp5(P)[lu — o]l
G+ 11— (r+ o)/

Since, £(0,7) = I(v)(r) and &£(1,7) = I(u)(r), applying Mean Value Theorem on the

5(0,7“)‘ <

variable 6, we get

(B+ (1= (7 +<)7F

It follows from the choice made in (2.25) that I is a contraction. We conclude by the
Banach Fixed Point Theorem that problem ([2.24) admits a unique local solution defined

[1(u)(r) = I(v)(r)] <

s = o]l

on the interval [rg, 7o + d] for every rq > 0.
If rg > 0, choose § > 0 satisfying (2.25)) and such that 0 < ry — d. Observe that

the previous argument can be analogously followed if we change Cs by the set
Cs:={u:[rog — 8,79] = R : u is continuous }.

Then we conclude that in this case there exists also a unique local solution of
defined on the interval [ro — §, ro).

Part 2 (existence, uniqueness and monotonicity with respect to the parameter T of
global solutions). Given 7 > 0 and using the results in Part I, it follows from standard
continuation argument that admits a unique positive solution wu, defined on a
maximal interval of the form [0,w,). It may happen w, = 400 or w, < 400 and

Tlg}ulT u-(r) =0.

Given 0 < 7 < T, suppose that there exists o € [0,w,) such that ro & [0,ws).
It follows that wz < 400 and wr < w;. So we can consider u,(ws), which is positive.
Since u,(0) = 7 < T = u=(0) and uz is continuous, there exists ry € (0,ws) such that
ur(ro) = uz(ro), that is, the curves u, and u- intersect each other. Consider the first
intersection point and still denote it by ro. The existence of such point is in contradiction

with the possibility of applying a continuation argument on the left side of ry as it is
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asserted on Part I. Thus we conclude that w, < wz. The analogous argument can be used
to prove that

ur(r) <us(r), forany r€l0,w,).

Now we are able to prove Proposition [2.7]
Proof. [Proof of Proposition Consider the following sets

) : u, exists on [0,1) and satisfies u,.(1) > 0}

={7€(0,1
={r€(0,1

First we will prove that S is nonempty. Due to ((H.3)), we can choose 7 and ¢ satisfying

[

) twy < 1}

2/+OO 0s(N)@(r)G(r,0)ds <7< 1—¢< 1. (2.27)

Suppose that w, € (0,1). Since u,(0) = 7 and u,(w,) = 0, and using the continuity of
u,, there exists r; € (0,w,) C (0, 1) such that u,(r1) = 7/2. Observe that G is increasing

with respect to the first variable, namely, and u, > 0, we have

(1) — ur(0) = — / " s (NG u) ds > - / " os (NG G(r,0)ds,

This, together with (2.27)) carries

= = ur(r) —u(0) > 2,

which is an absurd. Thus, it follows that w,(r) > 7/2 for all r € (0, 1).

Now we prove that S is nonempty. Assume by contradiction that S = (). It
is clear that in this case, we have w, > 1. Since we are supposing that f is positive
on (0,1), it follows that f has the same property and, consequently, G is positive on
(0,400) x C([0,400)). Choose 7 > 0 sufficiently small such that

1/2 .
/o 0s(N)@(r)G(r,0)dr > 7.

In this way, we have that

1/2 R 1/2 R
ur(1/2) — u(0) = — / 5N (G uy) dr < / o5(N()C(r, 0)dr < —r.



32

Finally, we find
ur-(1/2) <7 —7=0,

which is a contradiction because u,(r) > 0 for all r € (0,w,).

We claim that 7* := inf S does not belong to S. Indeed, suppose by contradiction
that 7* € S. Thus w,- > 1 and £ := u,(1) > 0. Because of the continuous dependence of
the solutions with respect to the parameter 7, there exists 7 € (0, 7*) sufficiently close to
7* such that u,(1) > £/2. Thus, 7 € S, which is a contradiction with the definition of 7*.

We have also that 7, := sup S does not belong to S. Suppose by contradiction that

7. € S, that is, w,, < 1. Take an arbitrary § > 0 satisfying

5</ ng(A)cﬁ(T)é(r,O)drdr.

Due to the continuous dependence of u, with respect to the parameter 7, we can take
7 > 7, such that 0 < u,(7.) < 6. According to de definition of 7, we have w, > 1 and
wr(1) > 0. Thus,

wr(l) = wnlor) = [ eaNF0)G ) dr

-

<d—-06<0.

Finally we prove that sup S = infS. It follows from Lemma that if 7, € S
and 7, € S then m; < 7. So we already know that supS < infS. Suppose
7:=supS < 7 :=inf S. Since 7,7 belong neither to S nor to S, we find that w, = wr = 1,

which is a contradiction together with Lemma , whereby we have w, < w=.



3 The branch of minimal solutions

3.1 A sub- and super-solution argument

Now, we present a suitable sub- and supersolution procedure to approach problem
(Py) (Proposition [3.2)). Using such a technique we can prove that (P,) admits classical
solution whenever A\ € (0, \*) and no solution, even in the integral sense, for A > \*,

where A\* is defined in (2.17). In other words, writing
A ={1A>0: has a classical solution},

we prove that A is a nondegenerate and bounded interval.

On the following we consider the general problem

—(r ()P (1)) = h(r,u(r r
(rJu’(r) 7w/ (r))" = h(r,u(r)), € (0,1), (3.1
u'(0) =u(l) =0,

where h is a real-valued continuous function acting over a set H C R? which projection
over the first variable is (0, 1).

In this case we can also consider the following notions:

Definition 3.1 (Kind of solutions of Problem (3.1]))

Integral solution: u € X is an integral solution of problem (3.1)) provided that (r,u(r)) €
H for every r € (0,1), h(-,u) € L*((0,1)) and

— | (r)|P (r) = /OT h(s,u(s))ds a.e.in  (0,1). (3.2)

33
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Integral super-solution: We say that uw € X is an integral super-solution of problem (3.1
when (r,u(r)) € H for every r € (0,1), h(-,u) € L'((0,1)) and

—r®|@ (r)|%d (r) > /OT h(s,u(s)) ds a.e. in  (0,1).

Integral sub-solution: In the same way, a function u € X is said to be an integral sub-

solution of (B.1)) if (r,u(r)) € H for every r € (0,1), h(-,u) € L'((0,1)) and

—rd (r)|Pd (r) < /OT h(s,u(s))ds a.e.in  (0,1).

Minimal solution: We call minimal solution a positive solution (in any sense defined
above) v € X of (3.1) such that for any other positive solution v € X of (3.1)

one has 0 < u(r) <wv(r) for all € (0,1).

Before we state the sub- and supersolution method suitable for our study, we point
out some facts about the particular case when h is constant with respect to the second

variable, namely,

—(refd (r)|Pd (r)) = g(r) r
(ru'(r)["u'(r))" = g(r) r € (0,1), (33
u/'(0) = u(1) = 0,

where o and (8 are real constants and ¢ is a continuous and integrable real function over

the interval (0, 1) satisfying the following conditions. Consider

suppose 3 > —1 and let
lim g(s) = 0, (3.4)

s—0

which are hypotheses on o and ¢. In view of this, one can define a function « : [0,1] — R

1 1 s
u(r) ::/ 0B <—/ g(t) dt) ds forr e (0,1).
r 5% 0
In fact, due to (3.4), § is continuous on [0,1]. Since § > —1 then, ygz defines a

given by

homeomorphism from R into itself. Thus ¢z o g is continuous on [0, 1] and consequently

u is a well defined element of C'[0,1]. Observe that u satisfies

—r®/ ()P (r) = / g(s)ds  pointwise in (0, 1).
0
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Observe, in particular, that u is an integral solution of (P, for h(r,z) = g(r).

Now we are ready to present the method of sub- and supersolution.

Proposition 3.2 (Method of sub- and supersolution) Suppose that 5 > —1, that h
18 continuous on H and nondecreasing on the second variable, and assume that there exist

u <@, an integral subsolution and an integral supersolution, respectively, of (3.1) with

s—0 8% s—0 8%

lim = / A, u(t))dt = Tim / (e, a(e)dt = 0.

Then there ezists an integral solution uw € X of (3.1) satisfying

u<u<7u.
Moreover, u is given by
u(r) == lm wug(r),
k—o0

where (ug) C X is a sequence given recursively as follows. We set ug = u and define w1

as the unique solution of the problem

—(r®thyy () Pty (1)) = Bl ue(r)) in (0,1),

U§c+1(0) = up1(1) =0,

(3.5)

which can be explicitly written as
1 1 s
Up1(r) = / ©s (s_a/ h(t, uk(t)) dt) ds (3.6)

r 0
In particular, up — u in X.
Proof. We divide the proof into three parts.
Claim 3.3 The sequence (uy) is well defined and

u<u,<u forall keN.

Suppose that the claim is true for some k € N. Since h(r,u(r)) € L'(0,1) and

h(?“7 Q(T)) < h<T7 uk(r>> < h(T, ﬂ(?“)),
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it follows that h(r,uy(r)) € L*(0,1). Observe that,

nmi/s h(r, u(r)) dt < nmi/s h(r,uk<r))dt§nmi/sh(r,m))dt:o.

s—0 8¢ s—0 8¢ s—0 ¢

Then, taking ¢ := h(-,u) in (3.3, since such g is continuous on (0, 1), the conditions on
a, B and g in the beginning of this section are satisfied. So we conclude that u;,; given

by (3.6) is a well defined element of C'([0, 1]).

Since g is increasing for 8 > —1, we have

U1 (1) = /Tl Vs <Sia /Os h(t,u(t)) dt) ds
< /rl 03 (Sia /Osh(t,ﬂ(t)) dt) ds < u(r)

and analogously,

Whence we conclude that

Observe also that

u;€+1(r) = -

»

T
and

1 T

i) = s (i [ s nlo)) a)
1 T
> o (o [ e as) =),
that is,
— < u;chl < _/

pointwise on [0, 1]. Then

P ()7 < g ()] < e ()2
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pointwise on (0,1]. Thus we have that u,y; € X. Since the claim is automatically true
for k = 0, we conclude by an induction argument that (uy) is well defined and u < uy <u

for all £ € N.
Claim 3.4 The sequence (uy) is non-decreasing,.

We proved above that uy () > u(r) = ug(r). Taking k£ € N such that our claim is true up

U1 (1) = / 1 05 (S% /0 Al un(1)) dt) ds
> [ 05 (Sia /0 h(t, w1 (t)) dt) ds = u(r).

Then our claim is valid inductively for every k£ € N.

to k, we have

Claim 3.5 The sequence (uy) converges in X to an integral solution u of (3.1)). Moreover,

for any r € (0,1], we have

u(r) == lim wu(r). (3.7)

k—o0

Due to the arguments above, the function u : [0,1] — R given by (3.7)) is well defined. By

the monotone convergence theorem, r®/#+2)y(r) € LP+2((0,1)) and
1 1
/ rug (r)]P T2 dr —>/ < u(r) P2 dr.
0 0
Now, using the Brezis-Lieb Lemma (see [Brézis e Lieb 1983]), we have
1
/ | ug (1) — u(r) [P = 0.
0

The monotonicity of (ug) with respect to k implies a monotonicity property for

the sequence of the corresponding derivatives (u},). In fact, for every k > 1,
/ 1 "
Uy (1) = —g o h(s,ux(s)) ds
0
1 [ ,
< g5 (o [ hls.ua(s) ds ) = wi(r).

0

Thus, for almost every r € [0, 1], we can define

v(r) = Jim w(r).
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Observe that (ra|u;|5+2(r)) is a non-decreasing sequence and, as a consequence of the

monotone convergence theorem,
1 1
/ ol (r) P2 dr — / ()P dr,  as k — oco.
0 0
Furthermore, the sequence (r®/**?u/ (r)) is bounded in L#*2((0,1)), since
1 1
/ el (r) [P dr < / r@ (r) [P dr < oo.
0 0
Then, by Brezis-Lieb lemma [Brézis e Lieb 1983], we have
1
/ il (r) — v(r)]PT? = 0.
0

Thus (uy) is a Cauchy sequence in the complete space X. Since the norms defined in (|1.4)
and (1.3)) are equivalent and v(0) = limy_,o u}(0) = 0, we conclude that

For almost every r € [0, 1], we have

=l () () = = T 7 () P (7)
T

= lim h(s,ug(s)) ds
k—oo Jq
= / h(s,u(s)) ds.
0
Due to the monotonicity property of h(r, z) for z € I, it follows that

/O1 h(r, u(r)) dr < /01 h(r, () dr < oo.

Then we conclude that u is an integral solution of ((3.1)).

3.2  Describing the branch of minimal solutions

Our description of the branch of minimal solutions is given by means of the three

following results. The first result asserts that there exists a critical value A* > 0 for
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the existence of positive solutions for (Py)). More precisely, (P,)) admits classical solution

whenever A\ € (0, \*) and none, even in the integral sense, for A > A*. In other words, let
A={A>0: has a classical solution}

we have that A is a non-degenerate and bounded interval. The boundedness of set A was

proved in Section (Proposition . This result can be written as follows.
Theorem 3.6 There exists a finite pull-in voltage \* > 0 such that

1. If 0 < X < \*, there exists at least one regular solution for ;

2. If X = \*, there exists at least one integral solution for ;

3. If X > \*, there is no solution of any kind for .

Moreover, we have the lower bound

A+1 2
0<<%) (1—%) c<y<cC, (3.8)

where C' = Cla, B,7, f) is the following well defined constant:

1

oo (o ([ (2 rr0m) )

s|s|7A/BHD)gf s £ 0,

and

pp(s) =
0 if s=0.
We also prove the existence of a branch of minimal solutions. Each minimal
solution can be obtained as the limit of a recursive sequence, which enables one to make

numerical approximation.

Theorem 3.7 (Existence of the minimal branch) For each A € (0,\*), problem
(P\) admits a unique positive minimal solution, uy, which is obtained as the limit of

the following sequence: ug = 0 and u,, s the solution of

A
) = e T (01), o
n \(n

Up1(0) = up4a(1) =0
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Moreover, each minimal solution is reqular and the function A — uy s increasing in

(0, %), that is, if \y < Ag then uy, < uy, and uy, 7# uy,-

On the critical problem with respect to the variable A, we prove that problem (|Py-|)
has a unique integral solution that can be considered as the pointwise limit of the family

of solutions (uy )y, namely

u(r) = )\h/I&l ux(r), re€(0,1).

Theorem 3.8 The function u* is an integral solution of with A = \*. Moreover, if

A = X" then (P)\) has a unique integral solution, consequently u* is a minimal solution of

(Pae])-

3.2.1 Proof of Theorem item 1

First of all, we are going to prove the existence of a solution of for A near
to 0. Let v € C?([0,1]) be the unique solution of (3.3)) for g(r) = r7f, take § > 0 small

enough to ensure that @ := dv satisfies ||zl < 1, that is, 0 < § < ||lv[|}. Note that

rf(r)

_(ro‘|ﬂ/|5ﬂ/)/ _ 5ﬁ+1(ra‘vl‘/jvl)/ _ 5ﬂ+17ﬂf(7*) = 55+1(1 - HHHOO)2W

Since (1 — z)~? is increasing on (—o0,0), it follows that

a|=—|B=/\! +1 — 2 77 (T) r'yf(r)
(R 2 60 [l s 2 A

whenever

0 <A< 01— [[a]e)® = 671 = 8]lvlo0)*.

So we have found a super-solution of ([P)). Since zero is a sub-solution of (P))), we can
conclude that (P)) admits an integral solution u € X (cf. Proposition [3.2)) satisfying

0<u<mu.

This implies ||u|lc < ||@]le < 1. Then, by Proposition u is a classical solution for
(Py)). Finally, observing that

B+1 B+1\* . )
(Fromme) (1 55s) — o oo -
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we get (13.8]).
Given A € A, a classical solution @ of (Py) is a super-solution of (P for every
A € (0,)). By Proposition we assert the existence of a classical solution of (P, for

A € (0,)). Then we conclude that A is in fact an interval.

3.2.2 Proof of Theorem item 3 and proof of Theorem

First we need to establish a helpful Lemma which will be used many times in our

upcoming arguments. On the following, we denote
" STf(s)
G(u,r) = @z (/ —ds)
o (1—u(s))?
where @g(2) := |z|7#/(B+HD) 2,
Lemma 3.9 Given two continuous functions uy,us : [0,1] — R, we consider
wp = (1 —t)ug + tus.

Suppose
w(r) <1  forevery (t,r) €0,1] x (0,1)

and G(ug, 1) is well defined for the same range of values. Then we have
G(ug,r) < (1 —t)G(uy,r) + tG(ug,r)  for (t,r) € [0,1] x [0, 1].

Moreover, if uy(r) < us(r) strictly on (61, 062) C [0, 1], then there exists for each t € (0,1)

a positive constant ¢ = c(t) such that
G(ug,r) + ¢ < (1 —=1t)G(uy,r) +tG(ug,r)  for every r € (d1,1].
Proof. For t € [0, 1], consider
E(t,r) == Gug, r) —tG(ug, ) — (1 — )G (ug, ).

Observe that £(0,7) = £(1,7) = 0. Moreover, since g is differentiable for § > —1 and

the integrands in the definition of £ are continuous for every (¢,s) € [0,1] x [0,7] and
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r € (0,1) as well as its derivative with respect to ¢, it follows by Leibniz’s rule that £ is

derivable with respect to t with

iS(zf,r) = G(uy,r) — G(ug,r)

dt
2 [ () uals) — ()
*zm/o L—w@r ¢

Applying again the same argument, we can calculate

—B/(B+1)

SO
/ (s

d2
@f(i,?‘):
B 45 r Swf(S) S*(25+1)/(ﬁ+1) TS’Yf(S)(UQ(S)—?“(S)) . 2
CESE / T — (s (/ 1w () d)
6 r S’Yf(s) 8—13/(/3-"-1) r S'Yf(S) VR ) .
=l 0w () | [ (st 2) ~ () ds,
or equivalently,
) = <) (mier) - 2men). 39
where
( 2 Tf(s) —(26+1)/(B+1)
C(t.m) '_ﬁ—i-l /0 (1 —w(s))? ds )
G [T ) [T ) als) —w(s)?
mitr) / (1—ut<s>>2d/o Qw0
_ ([ £ 6 wals) —wi(s) )
= (| R o)

Observe that ((t,7) > 0 for all (¢,r) € [0,1] x [0, 1]. In fact, the term inside the parenthesis

in (3.9) is also nonnegative for all § > —1 since

26

_— > =2
f+1 ’

and, by the Cauchy-Schwarz inequality, we have
(/ s7f(s)(ua(s) —w(s)) )2
3 s
0 (1 —u(s))

-(/ (77 ()2 (7 ()2 () — () | )
o T-uls) (- wl)

TS TS ua(s) —w(s)?
S/O <1_ut<s>>2d/o Q- OO




43

That is, £” is non-negative and we conclude that £ is nonpositive.

If uy(r) < we(r) strictly on (d1,d2) C [0,1], then the terms 7, and 7, are strictly
positive on [0, 1] x (d1, 1] consequently, £” is strictly positive for (¢,7) € [0,1] x (1, 1] and
we finally conclude that, £ is strictly negative for (¢,7) € (0,1) x (61, 1].

[

The first part of Theorem is a consequence of the sub- and super-solution
method (cf. Proposition. For the second part, consider Ay, Ay € (0, \**) with A} < Ay,
and the respective minimal integral solutions u;, uy of problems (Py,) and (Py,). Observe
that us > 0, us # 0 and that us is a super-solution of (Py,). Then, (Py,) admits a non-
negative solution u # 0 satisfying u < uy. By the definition of minimal solution we must
have u; < us. We can not have u; = uy because this implies \; = As.

Now, consider
Ao = sup{\ € A : the associated minimal solution u, is regular}.

Suppose A\g < A*™* and take A\; € (0, ) and Ay € (A9, A**). Consider also the minimal
solutions u; and uy associated with (Py,) and (Py,) respectively. Choose ¢t € (0, 1) such

that
/\}/(5*‘1) < )\(1)/(54‘1) < t)&/(ﬁ'i‘l) + (1 N t))é/(ﬁ-i'l) < )\;/(54‘1)

and set

B+1
\ = (t)&/(ﬁ-i-l) + (1 _ t))é/(ﬁ-i-l)) > Ao

and v = tuy + (1 + t)ug. We see from Lemma [3.9] that

/(B t)\}/w“)G(ul) 41— t))\gﬁﬂ)g(uQ)

> VB G ()

Thus, v is a super-solution of (Py). Let u be a integral solution of , ensured by the
sub- and super-solution method. Since ||v]loo < t||t1|lco+ (1 —1)||uzlloe < 1 and 0 < u < v,
we deduce that u is a regular solution. This is in contradiction with the definition of .
Therefore, we have proved that \g = A\* = A\**, and consequently we also have proved

item 3 of Theorem [3.6
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3.23 Proof of Theorem item 2 and proof of Theorem

Here the study of the critical problem with A = A\*™:

[ (o Py = %flf;) re(0,1),
0 < u(r) <1, r e (0,1), (Px-)
u'(0) = u(l) = 0.

\

We prove that problem ({Py-)) has a unique solution for —1 < 3, as stated in Theorem .
Since for each fixed r € [0, 1], the function A — wuy(r) is nondecreasing (see Theorem |3.7))
and bounded by 1 (see Proposition 2.4), we have that the function u* : [0,1] — R given
by

u*(r) = )\h/‘rf\l* ux(r), rel0,1],

is well defined. Then, by using an argument similar to the one in the last part of the
proof of Proposition , we can conclude, that u* is an integral solution of and,
consequently, we have proved item (2) of Theorem . Now, since we have proved the
existence of solution for , consider an arbitrary solution v. Due to the monotonicity
property of the the term G, we have that v is an integral supersolution of for every
0 < A < A\ Then uy(r) < v(r) for every r € [0, 1], where uy is the minimal solution of

(Py). In the limit case, it follows that

u <o

in the pointwise sense. Therefore, u* is minimal.
For the uniqueness part, suppose that there exists a solution v of (Py«|) with v Z u*.

Since uv* is minimal and no solution has values larger than 1, we know that

u (r) <wo(r)<1 for re(0,1).

Denote by (d1,d2) C [0, 1] the open interval on which
u*(r) <wv(r) for r € (d1,09).
Consider

ut+ v
2
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and observe that

u(r)y <1 for re(0,1).

Applying Lemma with t = 1/2, we guarantee the existence of a positive constant ¢
such that
—u(r) = ps(Ar=*)G(a,r), re(0,1),

—a'(r) > pg(Nr=*)G(u,r) +c, reld, 1]
Thus,
—u(r) 2 pa(X )G, r) +§(r)  for e (0,1),

where £ is a non zero continuous function supported on [0y, 1] and satisfying
E(r)y<ec and £(1) > 0.
So w is a supersolution for the problem

—u/(r) = gOg(A*T_a)G(u7r> +&(r), e (0,1), (3.11)
u(1l) =0.

Since the zero function is a subsolution of (3.11]), we conclude via Proposition that
(3.11) has an integral solution wu, satisfying

0<wu <u<l
Considering
1
vl = [ e

it is easy to see, in particular, that u is a solution of (3.11)) if and only if u—1) is a solution
of (P3).

Denote

Since

lim ug(r) = lim /() = 0,

we can apply L’Hopital’s rule to obtain

lim7(r) = lim ug(r) _ ©3(A\)G(ug, 1) + 5(1).

r—1 r—1 w’<7") 5(1)
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Thus, 1 defines a continuous function over [0,1]. Then we can take § > 0 sufficiently
small such that

oug < 1. (3.12)
Choose ¢ > 0 sufficiently small such that

(A" +¢)

—1<é
©p(A*)

and define
ps(A" +¢)
W, = “———ug — Y.
ps(A*)
Due to (3.12)) we see that

_es(N+e)

Uy — we =P + (1 90,3()‘*)

)U0>’(/)—5U020,

that is,

wsﬁuoﬁl-

Since G is monotone on the variable u for u < 1, it follows that

(A +¢)

/ ) . 905<)‘* +5)
©s(A*)

o) =T
> (N +e)r )G (we, ).

(N )G (ug, 1) + ( - 1) Go(uo,r)

Thus, w, is a super solution of (P,)) for A = \* + . Moreover, w. > 0. Then, via
Proposition there exists a solution of (P, for A > A*, which contradicts the definition
of \*.
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4 Existence of a bifurcation point

4.1  Stability of minimal solutions

Now, in order to get additional properties of solutions of , we present a sub-
and supersolution result which enables us to obtain a weak solution of as a minimum
of a functional in an appropriate set.

Hereafter we are using the following notations. For v, u € X with v < u, we define

the interval M, , in X setting
M,, ={weX:v<w<u}

Given u < 7w, regular sub- and supersolution respectively of (P)), we also define the

functional I : M,z — R as

T(u) = 612”u||§(+2—/0 F(u,r) dr,
where
_PONE) M) ARG
F(u,r) = /u(r) (1_$>2d Tl T—ulr) (4.1)

We omitted the dependence on w and w in order to avoid overburdening the notation.
Note that [ is well defined. Indeed, since ||ullo < 1 for every u € M,z and r € (0, 1),
then F' is continuous on r. Moreover,

! ArY f(r) ! 5 -2 _
O§/0 1——11(7")dT§/0 Ar? f(r)max{l, (1 —ov(r)) “}dr < oo for v=u,u.

Proposition 4.1 Let v and uw be a regular weak subsolution and a reqular weak

supersolution respectively for (Py), satisfying u < w. Then there exists ug € M,z such
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that
I = min [(u).
(uo) = min I(u)
Moreover, ug is a weak solution of (Py)).
Proof. Given u € M, 5z, we have
1 1 U—1U U— U
0< — = <

Tl-uw l-uw (I-w)(l-w) ” (I-w)?

Multiplying the inequality above by Ar? f(r) and integrating, we get

OS/O F(u,r)drg/o %(U(T)—Q(T))dr.

Then, by the weak supersolution condition we have
1 1
0< / F(u,r)dr < / @ ()% (r) (u(r) — u(r)) dr.
0 0
Applying Holder inequality we settle
1
0< [ Plur)dr < a3 u - ulx,
0

Finally we conclude

1 ! 1
I(u) = —— u5+2—/ Flu,r)dr > ——|lu SR )| — w ,
(u) ﬁ+§|M' i (u, ) _B+y|h' @l X" llu — ullx
from which we get that [ is coercive and bounded from below.
Given w, € M,z with w, — u, since X is reflexive, u, — u almost everywhere

on (0,1) and F(uy,,r) is continuous on r € (0,1). Therefore, we have F(u,,r) — F(u,r)

almost everywhere for r € (0,1) and consequently,

1 1
/ F(up,r)dr — / F(u,r) dr.
0 0

In particular, I is lower weakly semi-continuous. The previous observations and the
weakly compactness of M,z make us to conclude that I attains its infimum on M, 5.
Now we are going to prove that minimizers of I on M, 7 are weak solutions of ((Py)).

Let u € M, 5z be a minimizer of I and consider for ¢ > 0 and v € X

ve = min{u, max{u,u + ev}} = u+ecv — b. + p.
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with b. = (u+ev—u)* and p. = (u+ev —u)~. Since v. € M,z and u+t(v. —u) € M,z

for all ¢ € [0, 1], we have that I is differentiable at u on the direction v, — w.

Given t € [0, 1] there exists t € [0,¢] such that

0<=(ut+t(we—u)—I(u) =T (u+t(v:—u))(v:—u).

SN

Then, by the continuity of I’, taking ¢ — 0, we have
0 < I'(u)(ve — u). (4.2)
Since
I'(u)(ve —u) = el'(w)v — I'(u)be + I'(u)pe,

looking at (4.2) we get
1
I'(u)v > . (I'(w)be — I'(u)pe) - (4.3)

Now, let us verify that liminf, o e '1’(u)b. > 0. Let W be a supersolution of ().
Since b. > 0, we must have

I'(w)b. > 0.
It follows that,

I'(u)be = (I'(u) = I'(w)) be :/0 r (' (n)|Pu'(r) = [ (r)|73 (r)) bi(r) dr

- [ 350 [t~ e O @

1
> / rY (W\’Bu’ — ]ﬂ’|’8E’) v.(r) dr,
0

where the last inequality is a consequence of the monotonicity of 1/(1 — s)?. Therefore,

we get
I'(u)be = /l Y ([ ()P (r) = @' () 7@ (r)) (u'(r) + ev'(r) =@ (r)) dr (4.4)

with [ ={r € [0,1] : u(r) <u(r) < wu(r)+ev(r)}.
Since the function |s|®s is increasing, given x,y € R with x > y, we have

2|7z > |y|?y. Thus,

(|’ = Jy|’y) (@ —y) > 0 for all 2,y € R.
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Using this inequality in (4.4) with x =« and y = v/, we obtain

I'(u)b > €/Z (J/ ()7 (r) = [@ (r)|7@ (r)) /() dr,

which converges to zero as € — 0, since the measure of [, goes to zero. Analogously, we
can obtain I(u)p. > 0 and consequently by we achieve I(u)v < 0. Since v € X is
arbitrary, we also must have /(u)(—v) < 0. Thus we conclude I(u)v = 0 for every v € X,
that is, u is a weak solution of .

|

The assumption [|ulloc < 1 in Proposition reveals to us that only regular
solutions can be pointed out by this result. Singular solutions may be considered by a
limiting process. On the following, we use Proposition to obtain additional properties

of the minimal solutions.

Proposition 4.2 (Existence of semi-stable solutions) For \ € (0, \*), the minimal

solution of (P))) is semi-stable.

Proof. Given A € (0, \*) and u the associated minimal weak solution (see Theorem [3.7)),
since ||u]|oo < 1, we know u € M, 3z where u = —1 is a weak subsolution of and @ = u
is, in particular, a weak supersolution of the same problem. According to Proposition [4.1],
there exists a solution v of which minimizes the functional I with v and @ chosen as

above. In particular

I
IN
<
IA
S
I
S

and
0<u<uw,
since v is minimal. Thus v = v, that is, v minimizes I on M,z where u = —1 and
u=u>0.
Consider the set
X0 ={ve X, [|v)e < o0} (4.5)

X is a dense subspace of X and v € C[0, 1] for every v € X2°. Given v € X2 with v > 0,

there exists ¢y > 0 such that ||u + tv||s < 1 for every ¢ € [—t¢,0]. Thus u + tv € M,z for
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every t € [—tg,0]. Consider function 7 : [—tp,0] — R as

1
n(E) = T(u+ t0) = ——|Ju+ o] 5% — / Flu+ to,r) dr,
0

B+2

We see by the Leibniz integral rule that 7 is twice differentiable on [—t,, 0] with

AT f(r)u(r)

T (ulr) + to(r)? "

o (t) = /O Pl (1) + 0 ()P (1) + 0 (1) 0 () dr — /0

217 f(r)v(r)
(1 = (u(r) +tv(r)))?

Since u is a solution of (P,)), we have 7’(0) = 0. Since u is an absolute minimizer of [ in

dr.

7@ =G+ [+ P

M, z, we have 1’ (0) = 0, that is, u satisfies

LAY f(r)v?(r)
(1 —u(r))?

By density argument and due to the arbitrariness of v, we conclude that u is a semi-stable

G+1) / P2l ()2 ()l — / ar > 0.

solution.

Proposition 4.3 Calling

_ Hvll\u <(5 +1) /01 Pl ()P (0 (1)) i — 22 /01 L D) dr) |

we have that

R, (v)

inf R,(v)
veX,\{0}

18 attained for some ¢1 € X,,.

Proof. Consider a minimizing sequence v,, of p;(u), that is, R(v,) — p1(u) as n — oo,
with |lv,|| = 1. Since u is regular, then the term 77 f(r)/(1 — u(r))? defines a bounded
function on [0, 1] (continuous, in fact). Moreover, the sequence (||v,||.)n is bounded since

(R(vy,))n is bounded. In fact,

Ry(v,) <C; = (ﬁ—i—l)/o o ()P (vl (r))? drr < C’+2)\/0 %vi(ﬂ dr < Oy,
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where C} and Cy are upper bounds for R, (v,) and r7 f(r)/(1 — u(r))? respectively. Then,

up to a subsequence, we get that
v, — ¢ weakly in X,.
Since X, is compactly embedding in L?, we have that
v, — ¢ strongly in L*((0,1)).

In particular,

[fa]l2 = 1.
Since,
1y 1
/ %02(7") dr < 02/ v2(r)dr,
o (1—u(r)) 0
we see that this term is continuous in L?((0,1)). We also have that || - ||, is lower semi-

continuous in X,. Then R,(¢1) = pi(u), that is, p is attained at ¢,. Moreover, due to
Riesz’s Representation Theorem, ¢; solves the problem

207 f(r)
(1 —u(r))?
#(0) = 61(1) = 0.

el |P — ¢1 = mor re(0,1),

in the weak sense.

Proposition 4.4 (Existence of stable solutions) For A € (0,\*), and 5 > 0 the
minimal solution of 1s stable.

Proof. Suppose that for some \g € (0, \*), p1(uy,) = 0. Take A € (Ao, \*) and consider
ug = uy, and u := wuy the minimal solution associated with Ay and A respectively.
Consider also ¢y, ¢ € X, the minimizers of yu(ug) and p;(u) respectively.

We know from Theorem B.7] that

It follows

AﬂMWWMMWMZAr%WW%WVM (4.6)



and
G40 [P emr e =2 [ e
<on [ T i a
<o [ S

In other hand

0 < (3+1) [ WP -2 [ TGz i

Putting together (4.7)) and (4.8) we obtain
1 1
|l ennar < [ o o)P o) ar
0 0

This is in contradiction with (4.6]).
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(4.7)

(4.8)

Now we present the main result of this section. This result is a characterization of

the minimal solutions and will be very useful in our upcoming arguments.

Theorem 4.5 The minimal solution of is semi-stable. For f > 0 and A € (0, \*)

it 1s in fact stable and any stable solution is minimal.

Proof. Let u be a semi-stable solution of (P,)) and uy be the minimal solution of the same

problem. Since uy < u, it follows

el P = [ T %d </ T (A& ds = —rul (r) Pul (r),

1 —u(s))?
for all € (0,1). Thereby we have

u < u’A
Suppose uy(r) < u(r) strictly on (d1,d2) C [0, 1] and set

u(r) :==tu(r) + (1 —t)ur(r) and wu; = %ut

According to Lemma we have, for every (¢,r) € [0,1] x (0,1],

r/ B0 (1) + G (g, ) < /U (r) + (1 = 6 G (uy, ) + tG(u)

= /By (1) — (1 = £)r/ B (1) — 2/ BHDY/ (1) =
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In addition, also from Lemma (3.9, analogously as above, we get

B (1) + Gug) (1) < 0 for every (t,7) € [0,1] x (01,1].

Therefore,

()P () > /O r%ds for every (t,7) € [0,1] x (0,1]  (4.9)
and

—ra|u2(r)|5u£(r)>/or%ds for every (1) € (0,1) x (0,,1].  (4.10)

In particular, u; is an integral supersolution of (P,)) but it is not a solution for any
t € (0,1). Thus, multiplying (4.9) by u’ — u), which is non-positive, and integrating on
[0, 1] we get, in view of (4.10)),

1r°‘u’r Bub(r) (w(r)—ux(r)) dr 1—/\r7f(r) u(r)—uy(r))dr for a
| e —neyar > [ e —ne) ar toran ve 0.1)

Consider the function ¢ : [0, 1] — R settled by

= lro‘ulrﬂu'r u(r) —uy(r)) dr — 1—)\7“”’]”(7“) u(r) —uy(r))dr
00 = [ 1P ) =) dr = [ 2 ) — )
we have
() >0 forall te(0,1) and 1(0)=1(1)=0. (4.11)
Then,
Y'(0) >0 and (1) <0. (4.12)

Observe that
¢ =041 [ P —sera— [ 2000 nerar
0 o (1—u(r))?
Since u is a semi-stable solution, we have ¢’(1) > 0. This, together with , gives
Y'(1) =0. If B > 0, then ¢/(¢) is strictly decreasing and consequently, ¢’'(t) > 0 for every
t € (0,1). This is a contradiction with (4.11).
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4.2 Regularity of the extremal solution

Let u be a weak solution of (P,)), that is, u € X satisfying

u'(r) = s Ar~*)G(r,u) for re(0,1).

w::hl(liu>. (4.13)

Let us denote

We see that

Thus, we conclude that w satisfies

w'(r) = (1 —u(r) tog(\r™*)G(r,u) for r € (0,1) (4.14)

w(l) =0.
or equivalently

a =1 (1) = -1 ; TL(S)S orr
reg (w'(r)) = Aps (1_u(r)>/0 (1—u(s))2d for & (0.1) (4.15)

w(1l) = 0.
Observe from (4.13) that w is bounded if and only if ||u|/s < 1. Thus, our task will be to
discuss about under which conditions we can ensure that w is bounded.
In our upcoming arguments we make use of an embedding result on weighted

Lebesgue spaces. Given ¢ > 1, we denote by L{([0,1]) the Banach space of Lebesgue

measurable functions u : [0, 1] — R such that
1 1/q
|wm:</ﬁwmm0 < .
0
With this notation, we invoke the following proposition.

Proposition A (One-dimensional Hardy Inequality) Given u € X then there
exists C' > 0 such that

1 1 1/(B+2)
(/ r9|u(7")\qdr) <(C (/ ra\u’(r)]ﬁ” dr)
0 0

provided that
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1.1 <p+2<qg< o0 and

B
(a)a>ﬁ+1,92q%—l, or
(b)a§6;8>_17

2.1<g< pf+2<00 and

—6-1

(a)a>ﬁ+1,0>q%—l, or

(b)) a <B,0>—1.

If B < a—1 then X is compactly embedding in L] for 1 < q < q*, where

DB+
a—fFf—-1

We refer to A. Kufner and B. Opic [Opic e Kufner 1990] for the proprieties remarked here.
Proposition 4.6 Given u € X satisfying
T"‘gp/gl(u'(r)) = /B P (p), (4.16)

if there exist constants 01,09 >0 and 7 > (84 2)/(8 + 1) such that F' € L§((0,1)) for

_ 2
:1 (51 (md q= T(ﬁ—Fz)

0 T Cr(B+1) - (B+2)

+ 09, (4.17)
then, u is bounded.

Proof. The proof follows the Moser’s iteration argument due to De Giorgi-Nash. Given ¢
satisfying (4.17)), choose # such that the pair (6, q) satisfies the conditions on Proposition
[Al Now, for k > 0, consider

o(r) = sign(u)(|u| — k) if r%9u| > k, (418)
0 it r9|u| < k
and denote
A(k) == {r € (0,1) : v%%u| > k} . (4.19)
Since v =« in A(k) and v' = 01in (0,1) \ A(k), we see that v € X'. Multiplying
by «' and integrating on (0, 1), we get

/ o (r) [P dr :/ r /R E () (r) dr. (4.20)
A(k) Alk)
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Applying the Holder inequality on the right hand side of (4.20) we obtain
/ F(r)re/ B2y (r) dr
A(k)

1/(8+2)
< CO”FHLg (/A(k) Ta‘u/(’l“)|ﬁ+2 dT) ‘A(k;)|(5+1)/(5+2)—1/Q—1/T’ (4.21)

1
Coy = (/ PO dr)
0

Observe that Cj is well defined since —07 > —1. It follows from (4.20]) and (4.21) that

where
1/7

(B+1)/(B+2)
(/ r°‘|u’(r)]6+2 dr) < C’OHFHLq|A(/<:)]('B“)/(B“)’I/q’lﬁ. (4.22)
A(k) o
Notice that for 0 < k < h

s =(] o)
SURCEN

1/q
9 lsign(u(r)) (fu(r)| - )" dr)

1/q
rlu(r) ]qdr> :

and then
|A(R)|Y9(h — k)
(4.23)

“(f
(L

We know from Proposition [A] that

1 1/q 1 1/(8+2)
( / T9|v(r)]qdr) < C( / ra|v'(r)|6+2dr> (4.24)
0 0

for some constant C' > 0. Applying (4.24) in (4.23)), we get

1 1 , q/(8+2)
|A(R)] < C’q<h myay </0 e’ (r)|PF dr) (4.25)
Now, using (4.22)), estimate (4.25) becomes
|A(h)| < Cf 0 _1 Ry HFHZ/(BH)|A(l<:)]‘1/(5”)*1/(5“)"1/7(5“), (4.26)

with
Cy = C’C’é/(ﬂH)HFHé/(BH)-
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Claim 4.7 Let n : [0,00) — [0,00) be a nonincreasing function. If there exist ¢ > 0,

p>1, ko >0 and M > 0 such that

n(h) < (h—]\—fk‘) (n(k)?  for h>k> k. (4.27)

Then there exists k* > 0 such that n(ky + k*) = 0, where k* = M2/~ (n(k))P-1)/a,

We can apply Claim 4.7\ with n(h) = |A(h)|, ko =0, M = C||F||¢1/(6+1) and

_ 9 L q
+2 B+1 7(B+1)

Observe that n(kg) = 1. Thus we conclude that there exists k£* > 0 such that n(k*) = 0

> 1.

p

namely

[ufloo < K.

To finish the proof, it remains to prove Claim [4.7]
Proof of Claim (4.7)). Consider the sequence

1

where £* is a constant to be determined. Observe that k, — ko + k*. We can prove by

induction that
U(ko)

k) <
n(kn) < o

forall neN (4.29)

where » > 1 is a constant to be properly chosen. Letting n — oo on (4.29) we get
n(ko + k*) = 0 and the claim is proved.

Now, lets us prove estimate . First, observe that is trivially valid for
n = 0. Suppose that is valid for a fixed n. We see from that

1 1 k*
kn — kn—1 = —— ko= —. 4.30
1 (2n—1 2n) 0 on ( )
It follows from (4.27)) together with (4.30]) that
M2n+l q
b < (M2) ot (4.31)

Applying the induction hypothesis (4.29)) in (4.31) we get
M2\ ko) \*
k) < (M=) (151 (432)

,rn
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Observe that
M2 (ko) \” ko) (M2 1 )
() () =5 (55 sty a9

Then, choosing r = 2¢/®~1) we get

rm k*

(ko) (M Lo/ .
olbnsn) < 20 (2] 2l
From this we see that (4.29) is valid substituting n by n + 1, provided that k* satisfies

M q
(F) 2pq/(p—1)|n(k0)|p—1 <1,

that is,

E* > MQp/(p—l)m(ko)‘(p—l)/q.

[ |
In the light of Preposition [4.6] the task of proving the regularity of the critical

solution u* comes down to prove some estimate on F.

Proposition 4.8 Given u a semi-stable solution of (P, then,

1 1 7 8+2
/0 r® (—(1 — u(r))q> dr < oo (4.34)
provided that
(0 28 ' 1
DCENICES
0<gq if B < 1.

\

Proof. Given k € (0,1), consider Tu the truncation of u on the level 1 — k, that is,

1—k ifu>1—F
Tru(r) =

u(r) fu<l-—k.

For p > 0, we set

1
T
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Observe that v € X. Then we can take v as a test function on the weak formulation of

(Py). Since |«/|Pv/ (Tiw) = |(Tpw)'|P*2, we have that
(1)

e @y M) | N
p/o " Tty _/o (1—u(r))? ((I—Tku(r))l’ 1> dro (435)

Observe also that

1 1
< .
1—Tku_1—u

Then we can see from (4.35)) that

e |@wyPr 1t () 1 )
/0 (1 = Tyu(r))p+t o= p/o (1 — u(r)? (1 = Tru(r))r?! dr +Ch, (4.36)

where

1 e
= / 1 —u)2’

does not depend on k.

Using
(a+b)* <2(a®+b%)
with
= ! 1 d b=1
S U Tawywor 0=

we get

1 ! 2 1 2

|(Thu)'|P+ 2 / ArYf(r) 1
" dr < - ~1) d
/0 " (1 — Tpu(r))ptt "= pJo (1 —u(r)® \ (1 = Thu(r)) @172 r+ Cy,
(4.37)

where

NN
C?‘“U/o 0 —u)p

is a constant which does not depend on k.

Taking

1
U0 Tty

in the semi-stability condition, we get

U ) | : B [ (TP
/o 0 u(n)? ((1—Tku<r>>q‘1) =" / " Tagryyem O (458)
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It follows, from (4.37)) and (4.38) with ¢ = (p — 1)/2, the estimate

1 | (Toa) B+2 1 -1 1 | (Toa) B+2
[ @ G g
o (1 —Thu(r))+! 2p o (1 —Thu(r))r+!
Thus, we can conclude
1 ! 2
| (Theu)' )7
dr < C 4.40
|, G < 0
for some positive constant C; uniformly on the variable k, provided that
(
1
0<p<§§7 if 8>1,
(4.41)
0<p if g < 1.
\
Observe also that
B+2

(L e
0 (1 — Tku(r))(Q+1)(5+2)

/017” (m)

Thus, for ¢ > 0 and according with (4.40) with p = (¢ + 1)(8 + 2) — 1, we see that

/01 " <m)/

dr < Cs, (4.42)
where C5 = ¢°+2C, does not depend on k, provided

(O< < 28 if 6>1
q 1 )
(B8—1)(8+2)
(4.43)
\O <q if g < 1.
Taking the supremum in k£ on the expression (4.42)) we obtain
1 1 1842
r || ———— dr < oo (4.44)
LA <U—UWﬂJ
under condition (4.43]).
[ |

Now we are ready to present the main result of this section.

Theorem 4.9 The critical solution u* 1s reqular provided that

_ 284228+ DB +2) ~ (B +1)°)
B+1)2*+(B+2)2+1 '
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Proof. Observe that w, defined in (4.13)), satisfies (4.16) for

B+1 o 7 f(s
F(T) — T—a/(ﬂ-i—?) <1 _Z(T)> /0 (1>‘_ 5((8)))2 ds (445)
and
B pr s (s
F(r) < ro/(6+2) (1 —1u(7“)) /0 % ds. (4.46)

According to Proposition [4.6] in order to prove that w is bounded, we need to find
N > 0 such that F' € L?((0,1)) for

B+2
=———+8+2+N.
P B+1 p

/;%dsé (1—u(r))/07'%d87
it is sufficient to prove that
[ (i) e

_ b+2 N
b= O‘(5+1+@+2)

Since

for

and

Br1

In view of Proposition 4.8, we intend to choose

pq=5<w+ﬂ+2+N)

() =
v(r) =
(1 —u(r))
in Proposition [A] where
—1
> +1 b

RV CES RN

for some 6 > 0. Then we need to check the conditions of Proposition [A] for

28+ 1)(B+2*+(B+1)(B+2)N
(B-1)(B+2)+5—-4

Y

where

0= |8—1/(B+2)s
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and 6 given as above.

First, observe that

B-=12+(B+2)2+1

B-1B+2)+5= > 1.

Then, the variable ¢ may assume any value

28+ 1)(B+2)*+(B+1)(B+2)N
(B-1)(B+2)+5

provided we choose a suitable IV in order to make possible the choice of such ¢g. Setting

B-1
CB+2

l<g<

we get § = 0 and
(B+1)*+(B+2)2+1

TTRRET B2 - B+ DY)
Finally, the condition

a—pF—-1
9>q5—f2‘

imposes some restriction over a;, namely

_ 28+ +H(B+2)° — (B +1)°)
B+1)2+(B+2)2+1 '

4.3  Multiplicity of solutions

In this section we prove the existence of nonminimal solutions for A close to A* when
u* is a regular solution. According with Theorem [£.5] such solutions are automatically

unstable. In the following we are assuming
(H.6) M := max,co){r"f(r)} < oo.

In order to avoid the singularity on (P,)) for v = 1, we analyze the perturbed

problem
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(

—(r |7’y = A7 f(r)ge(r,u), € (0,1),

Osul) =t re(0,1), (4.47)
u'(0) = u(1) =0,
\
where
(1
(1-2)% foru<1-—c¢,
ge(r,z) =
fl=g) "7 (1 2(1-2) 2
g2 foru>1—
\ (]- — 8)9—7 f(T) 52 p€2 + p62(1 _ E)p_lz s or u -~ €

(4.48)
is a continuous function over (0,1) x R. Moreover, g. is increasing and twice differentiable

on the second variable and satisfies
0 < ge(u) < Co(1+ 7). (4.49)

Choose 6 and p satisfying the conditions on Proposition [A]in order to have X compactly

embedding in LY and e small in order to have ||u|l < 1 —e. This way, solutions u of

(4.47) are automatically solutions of and conversely.
The proof of the existence of a branch of solutions for (4.47) apart from that
induced by , the minimal branch, relies on the following standard version of the

Mountain Pass Theorem .

Theorem A (Mountain-Pass Theorem) Let J be a C'-functional defined on a
Banach space E that satisfies the Palais-Smale condition, that is, any sequence (u,) C E
such that J(uy) is bounded and J'(u,) — 0 in E* is relatively compact in E. Assume the

following conditions:
1. There exists a neighborhood B of some u € E and a constant o > 0 such that

J(h) > J(u)+o forall hedB.

2. There exists w ¢ B such that J(w) < J(u).
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Define
['={yeC([0,1], E) : 7(0) = u,7(1) = w}

then there exists v € E such that J'(v) = 0 and J(v) = ¢, where

¢ = inf max{J(v(t))}.

~v€r' t€[0,1]

In the following, we prove that the functional J;  : X — R given by

1
J57,\(u) .

= m /1 Ta‘ul(r)’ﬁJerr B /1 )\T'yf(T)G€<T? u)dr’ (450)
0

0
with

Go(ru) = /u g (r, 5)ds

—0o0

for ¢ > 0 sufficiently small, satisfies the hypothesis of Theorem . The term in (4.50)) is
well defined due to (4.49)).

Lemma 4.10 The minimal solution uy of is a strict local minimum of Jg 5.

Proof. Since for 0 < e < 1 — [Ju,||
(J"(uy)w,w) = ¥(w) foral we X,
and wu, is a stable solution of . Thus,
(J"(uy)w,w) >0 for all w e X.

Then, u is a local minimum with respect to the topology of X.
[

Now, we prove that the functional J. ) satisfies the the Palais-Smale condition on

X.

Lemma 4.11 If the sequence (w,) C X satisfies
Jepa(wn) <C and  JL, (wy,) = 0 in X, (4.51)

for A, = X\ >0, then the sequence (w,) admits a convergent subsequence in X .
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Proof. By (4.51) we have as n — 400,
1 1
/ !, |PTRdr — )\n/ Y f(r)ge(r, wp)w, dr = o(|Jw,|| x)-
0 0
Using the subcritical growth (4.49) of ¢g. and the inequality
0G(r,u) < ug.(r,u) foru> M, (4.52)

where M. is sufficiently large and 6 = (p + 3)/2, we obtain

1

1 ' 11\ [
rawilrﬁﬂd?“—)\n/ 7 f(r)G.(r,w, dr:(———>/ro‘w;rﬁ+2dr
5+2/0 [ (r)] Gl wa) 5) | w0l

B+2

1 1
— An/ 7 f(r) (5wnga(wn)Ga(7’, wn)) dr + o(||we|)-
0
Furthermore,

1 1

(755 3) [ b=, ['56) (Junge6etrwn)) ar+offu)

1 1

1
> (m - 5) / s, (r) [P+ 2dr + of . ) — C.

[ (uns ) Gutr) )
Wy > M

Hence, sup,,cy ||wn|| < +o0.
Since p is subcritical, the compactness of the embedding X < LP™1((0,1)) provides

that, up to a subsequence, w, — w weakly in in X and strongly in LP*1((0, 1)) for some

w € X. By (4.51)
1 1
/ o/ |PH dr:)\/ Y f(r)g.(r,w)wdr,
0 0

and by (4.49)), we deduce that
1 1 1
/ rw (r) —w'(r)|PT dr = / rwl (r) [P dr — / W’ (r)|PT dr 4 o(1)
0 0 0
1 1
= )\n/ Y f(r)ge(r, wy,)w, dr — )\/ 7 f(r)g-(r,w)wdr + o(1) — 0
0 0

as n — 400, and the lemma is proved.

It remains to prove that J. y has a mountain pass geometry in X.
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Lemma 4.12 There exists w € X such that

Jen(w) < Jea(uy)

for every XA on a neighborhood of \*.
Proof. Since f # 0, fix some small interval I C (0, 1) of radius 2a, a > 0, so that

/Irvf(r) dr > 0.

Take a cutoff function x so that y = 1 on B, and y = 0 outside By,. Let w. = (1—¢)x € X.
We have that

(1-¢)?
B+2

Je,)\(ws> S

1 )\ 1
/ [P HRdr — —2/ Y f(r)dr — —o0
0 € Jo

as € — 0 and uniformly for A\ bounded away from 0. Since

1 1 Lyv f(r
Totws) = 5 [ ety ar - [ E g,

s [wympea -y [T,
0 0

1 — wu*

as A — \*, we can get for ¢ > 0 small that the inequality

Ja,)\<we) S Je,/\(u)\)

holds for A close to A\*.

We finish this section with its main result.

Theorem 4.13 If u* is reqular then there exist § > 0 such that for any A € (\* — §, \*)
there exists a classical solution Uy of (4.47)), different from wy.

Proof. The hypotheses on Theorem [A] are clearly satisfied. due to Lemmas [£.10] and
Consider

c.n = inf max J; ) (u)
’ ~vyel uey ’

where

I'={~:]0,1] = X : v is continuous and v(0) = uy, u(l) = w.}.
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We can then use Theoremto get a solution v, , of for A close to A*. By Theorem
B.7 we get the uniform convergence of v 5 as A 7 A*.

On the other hand, the convexity of g. ensures that problem has a unique
solution at A = \*, which is nothing but u*, the extremal solution of . This allows us
to deduce that v., — u* in C([0,1]) as A  A*, which also implies that v,y < 1 — ¢ for
A close to A*. Therefore, v,  is the second solution for bifurcating from u*.
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