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Abstract 

Nowadays, with the increase of computational power and the studies on usability, real-time 

systems and photo-realism, the requirements of any computer system are more complex and 

sophisticated. 

Augmented Reality systems are not an exception in their attempt for solving users‟ real life 

problems with reduced risk, time expending or learning complexity. Such systems may be 

classified as marker-based or markerless. 

The essential role of Markerless Augmented Reality is the avoiding of unnecessary and 

undesirable fiducial markers usage in applications. 

In order to answer the claim for robust and unobtrusive technologies for Augmented Reality 

this thesis proposes a pipeline as a reference for developing Markerless Augmented Reality 

applications, specially based on real-time Structure from Motion technique. 
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Resumo 

Atualmente, com o aumento do poder computacional e os estudos em usabilidade, sistemas 

de tempo real e foto-realismo, os requisitos de qualquer sistema de computador são mais 

complexos e sofisticados. 

Sistemas de Realidade Aumentada não são exceção em sua tentativa de resolver problemas 

da vida real do usuário com um nível reduzido de risco, tempo gasto ou complexidade de 

aprendizado. Tais sistemas podem ser classificados como baseados em marcadores ou livres 

de marcadores. 

O papel essencial da realidade aumentada sem marcadores é evitar o uso desnecessário e 

indesejável de marcadores nas aplicações. 

Para atender à demanda por tecnologias de realidade aumentada robustas e não-intrusivas, 

esta dissertação propõe uma cadeia de execução para o desenvolvimento de aplicações de 

realidade aumentada sem marcadores, especialmente baseadas na técnica de recuperação da 

estrutura a partir do movimento em tempo real. 

 

 

 

 

Palavras-chave: Realidade aumentada sem marcadores, definição de cadeia de execução, 

Structure from Motion, RANSAC preemptivo, Análise de complexidade no tempo. 
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1  Introduction 
 

“Masters create, pupils copy and jealous people ruin” 

Pseudo-romanian proverb 

Augmented Reality (AR) [BIMBER & RASKAR 2005] originates from Virtual Reality (VR), 

but exploring a specific range in the Mixed Reality (MR) continuum [MILGRAM & 

KISHINO 1994] that uses intensively the real environment and mixes it with some synthetic 

content. The classic figure of this continuum is presented bellow depicting this taxonomy. 

 

Figure 1.1 Representation of the “virtuality continuum” as proposed by Milgram. 
Source: [MILGRAM & KISHINO 1994] 

Since AR and VR have close but not equal purposes, it is significant to say explicitly what 

AR aims. AR tries to reduce the time on modeling synthetic worlds as well as improves 

users‟ sense of immersion and makes easy their experience when using the systems by 

exploiting their knowledge about real world and interaction skills with real objects. 

Make people adapted to technology is often hard when talking about virtuality, so a clear 

notion about the environment or a higher sense of immersion when navigating through, 

seeing and handling real world objects might facilitate such desirable adaptation.  

A research field that is increasing in complexity and sophistication of its applications is 

Markerless Augmented Reality (MAR) [TEICHRIEB et al. 2007]. MAR is a branch of 

traditional AR in which instead of fiducial markers [FIALA 2005] the world itself (or its 

objects) is used as one or multiple markers. 
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1.1 Motivation  

AR marker-based technology relies totally on the use of fiducial markers as the ones shown 

in Figure 1.2. This means that users must insert in their real world intrusive objects that may 

not be desirable and sometimes even disturbing during tasks execution. Choosing marker-

based or MAR technologies for systems development relies on achieving the balance 

between system complexity and simplicity/freedom on tasks execution.  

The following images (see Figure 1.2) present some applications based on both traditional 

AR and MAR technologies. It is very clear that different levels of sophistication and 

complexity can be available for both technologies, being their essence what distinguishes 

them. Once marker based technology is quite simple to use, it became popular for the 

development of less complex applications, what usually does not happen with MAR ones 

due to their techniques inherent complexity. 

   

A B C 

   

D E F 

Figure 1.2 Examples of MAR (A, B, C, D, E) and marker-based AR applications (F). 
All the applications are proofs of concept except by B and D that present some 
sophistication and bring solutions for real world problems. 
Sources: A) [LAGADIC RESEARCH PROJECT]; B) [HOW AUGMENTED REALITY WILL WORK]; C) and E) 
[AUGMENTED REALITY PROJECT]; D) [INFOTECH OULU ANNUAL REPORT 1999]; F) 
[COMPUTERGRAPHICA] 

When using marker-based AR the users often face problems on tasks execution. For 

instance, in some techniques the marker may only be recognized if this is entirely visible; this 

is known as marker occlusion problem. An example of such undesirable behavior is when 
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actors are playing their roles and shall be cautious for not occluding a fiducial marker placed 

on the floor (e.g. for merchandizing). 

Another common problem is the marker size one, it means, the marker size is dependent on 

how far the camera is from it. In applications like medical surgery simulation in which the 

student uses a stick with a marker as a metaphor for the scalper a traceable marker is 

significantly bigger than any scalper blade. A different kind of example is that in which 

markers are used on outdoor applications, demanding plotted markers instead of the 

common prints which makes it expensive and vulnerable to weather conditions. 

These problems can be avoided by using MAR which represents a motivation for its usage as 

well as the increasing demand for MAR systems, which are more appealing and attractive for 

certain costumers, mainly when the manipulation of fiducial markers makes difficult or even 

disallows the system task execution (e.g. medical training, inspection, maintenance). 

This market demand was not accompanied by formal proposals of pipelines with modules 

with clear responsibilities and defined scopes that support the comprehension and the 

coherent development of MAR applications. 

Pipelines are important for systems development because they work as a reference for 

analysts, engineers, architects, developers and designers which may follow the planned steps 

deciding and instantiating the techniques for each step according to their needs. It leads to 

clear and faster system development. 

Pipelines may also be useful for researchers interested in focusing their studies (e.g. 

performance evaluation, optimization, comparison between algorithms, etc.) on a specific 

module of the designed pipeline. 

This thesis was planned aiming to fill up this lack by designing reference modules and 

putting them on a pipeline sequence to simplify the understanding and implementation of 

functionalities in a MAR system. 

1.2 Context 

The essential problem in discarding the use of markers is related to the two main AR tasks, 

called tracking and registration [BIMBER & RASKAR 2005]. Tracking is the task of 

continuously following a desirable set of features or patterns in order to recover some 
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information about the environment. It can be seen as a kind of scene understanding step, 

which is used by the next task. Registration concerns to introduce the synthetic content into 

its supposed place. But the correct performing of this task depends on the scene 

understanding accuracy, since inaccurate estimation or recovery of scene features leads to 

synthetic content misplacing, incorrect content insertion or even, in a worse case, 

registration failing. 

When using markers, AR yields its fundamental tasks on a Pattern Recognition (PR) 

scenario, tracking one or more known patterns and calculating individual “model view” 

matrices for each tracked pattern. This allows the registration task to become quite simple 

since it roughly needs to insert the Virtual Content (VC) applying coordinate 

transformations given by the convenient model view. In summary, markers are traceable 

patterns that allow the correct synthetic content placement. 

On a MAR scenario, where generally no prior known patterns are stored or expected it is 

very important to work with more robust methods and technologies, assuring accurate AR 

tasks performance. This demand implies in adopting statistical models and even inference in 

order to achieve robustness and make such applications workable, leading also to a more 

complex, computationally expensive and to the possibility of adding some new error points 

during applications development. 

While the marker-based AR holds a very close relation with the PR research field, MAR 

approaches can be enclosed in Computer Vision (CV) [FAUGERAS 1993] [HARTLEY & 

ZISSERMAN 2003] [MA et al. 2003] [DAVIES 2004] [FISHER et al. 2005] what is justified 

due to previous experiences in applied statistics and robust methods for scene understanding 

developed through CV history. 

Another reason for using CV is the strong applicability in robotics, autonomous navigation 

and 3D Reconstruction (3DR) [FAUGERAS 1993] [HARTLEY & ZISSERMAN 2003] 

[MA et al. 2003] [APOLINÁRIO 2005] through the solving of the so called Structure from 

Motion (SfM) problem [POLLEFEYS 1999] [NISTÉR 2001], also known as Structure and 

Motion (SaM). SfM is a technique that aims at solving simultaneously two computational 

complex problems: camera motion estimation and scene structure recovery. SfM is 

interested in recovering or estimating information about structures (of a scene or objects) 
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through the estimation of camera motion, or cameras‟ displacement when the system works 

with more than a single camera. 

In this work, estimation and recovery are applied in different contexts. This is due to their 

main difference concerning measurement and noise presence. Estimation will be applied 

when the information along the algorithms performing is as close to the automatic 

acquisition as possible. On the other hand, recovery is related to manual measurements or 

even synthetic input in which inaccurate measurements and the presence of noise (in spite of 

their eventual existence) can be avoided or ignored. For simplicity, estimation will be applied 

also as a generalization of recovery, since if estimation is performed without noise or 

inaccurate measurements then it is equivalent to recovery. 

Rephrasing the SfM problem in the context of MAR, camera motion and scene structure 

estimation is the way of dealing with relative pose estimation. To estimate a relative pose 

means: 

1. Adopt a single coordinate system reference; 

2. Identify how far the origin of this coordinate system was translated (recovering the 

translation vector, t ); 

3. Identify which rotations were applied over each axis (recovering the rotation vectors 

xr , yr , zr ; or the rotation matrix R ). 

Therefore, a relative pose will be represented as  tR |  from this point throughout this thesis. 

Since for computing the relative pose some steps are performed in a similar manner to 

tracking tasks, dealing with this approach is very convenient for MAR systems. Furthermore, 

once the relative pose is available, it allows a MAR system to perform the registration task. 

Figure 1.3 depicts what is involved in the  tR |  estimation. It presents two optical centers 

(O  and 'O ) that correspond to two distinct coordinate systems, each one aligned with a 

camera focal axis. 
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Figure 1.3 Two optical centers displaced by a translation t  and a rotation R . 

The presence of two optical centers brings two interpretations; the first one is that the 

camera was moved from its original position centered at O  to another position 'O  by 

imposing R  and t


 and spending a slice of time  . Another interpretation leads to the 

thought that there are two cameras, one centered at O  and the other at 'O  and they work 

independently, but at the same time. 

Both interpretations are valid and they mean, in other words, that the captured scene and its 

objects are static (rigid scene) considering cameras‟ shots along the time, what is very 

convenient for CV and MAR contexts. The main difference between these interpretations is 

that when placing two cameras with known displacement, a stereo vision problem is then 

characterized, which is out of the scope of this work. 

Figure 1.4 presents three coordinate systems relative to each camera shot. In order to 

estimate pose along the sequence, it is necessary to continuously perform the tracking task; 

in this case, the cube corners are the more suitable features to be tracked. Tracking involves 

smaller steps like discovering features and finding their correspondences in a set of images. 

Each important step of the execution chain will be explained in detail in Chapter 4 - Pipeline 

Design. 
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Figure 1.4 The set of points  7,1 ppP   allows pose estimation along the sequence of 

grabbed images. 

Depending on the data corruption found or expected in the sequences, an additional post-

processing step for refinement is very desirable in which a minimization takes place 

considering  tR |  estimation and the set of available points. 

Another issue associated to pose estimation in SfM is related to the strong geometry 

background, not limited to Euclidean, including projective, affine and epipolar 

[BIRCHFIELD HOMEPAGE] [HARTLEY & ZISSERMAN 2003] [HITCHIN 

HOMEPAGE] [MOHR & TRIGGS 1996] [POLLEFEYS 1999] [PROJECTIVE VISION 

TOOLKIT]. In the general case, the interest is on estimating the structure concerning to the 

Metric stratum (also known as similarity) that counts with just seven Degrees Of Freedom 

(DOF) what are the closest possible strata to Euclidean without knowledge of the scale 

factor. Table 1.1 presents the relation among strata, indicating how many DOF each one has. 
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Table 1.1 Summary of estimation strata 

Name DOF Transformation Matrix Aspect (how a cube looks like) 

Projective 15 
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Source: [POLLEFEYS 1999] 

Since the Projective stratum can be understood as the world of things as we see them (and 

the usual cameras too), and the Euclidean stratum refers to the things as they are, the 

objective is to estimate the Euclidean structure from the perspective information given by 

cameras. 

This brings two main problems; the first one is that to achieve the Euclidean stratum it is 

necessary to know or estimate a scale factor that reduces the total DOF to 6, what generally 

is not feasible by using just geometric data, since projective projections do not preserve such 

information. This is solved using the Metric stratum that is distinct from the Euclidean one 

just due to the lack of the scale factor. The second problem is how to upgrade the projective 

information given by cameras to the Metric stratum. 



                 9 

Projective geometry defines very few constraints among its elements (only cross-ratio and 

incidence are invariants). This explains the aspect of the 44  transformation matrix PT . 

Since 3  elements are in the form  pppp wzyxp ,,,  its transformations need 44  matrices 

to solve linearly the system, but with only DOF of 15 instead of 16 due to the fact that 

projective points can be represented by any of its homogeneous coordinates. 

Applying convenient constraints over the Projective stratum leads to an upgrade to other 

strata. Depending on how many constraints are imposed the upgrade can be done for Affine 

stratum, bringing three new invariants (relative distances along directions, parallelism and 

plane at infinity) –it means that such characteristics do not chance when applying affine 

transformations– and consequently reducing the total number of DOF from 15 to 12; it also 

can be a direct upgrade to Metric stratum that, beyond the affine invariants, has others, like 

angles and shapes, and imposes a reduced total amount of DOF of 7 (one for the scale, 

three for rotation and other three for translation). 

With a reliable result of the relative pose estimation MAR-based systems are able to work. 

Eventhough  tR |  in terms of registration task is very poor by just giving the information 

about where the VC must be placed and neglecting what portion of synthetic objects should 

be shown. 

A complementary step of Depth Map (DM) extraction is desirable in order to preserve the 

sense of immersion on users. Extracting DM information allows determining which objects, 

planes or terrains are occluding or been occluded by the VC, mixing accordingly synthetic 

and non-synthetic information and just presenting the non-occluded portion of the inserted 

objects. Figure 1.5 exemplifies extracted DMs in different contexts. 
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A B C 

Figure 1.5 Examples of DM in gray scale. In this case, darker means closer. 
Sources: A) [OCPSTUDIOS]; B) [MAKING A COMPLEX LANDSCAPE]; C) [DEPTH MAPS FOR LENS BLUR 
FILTER] 

1.3 Objective 

With the purpose of taking the first step towards the development of stable and optimized 

MAR systems, this thesis proposes the research for designing an execution pipeline that 

deals with the Real-Time (RT) constraint and uses the SfM technique. SfM was chosen due 

to its promising results in the MAR context, besides the great flexibility shown in other 

scenarios, like 3DR, embedded systems, robotics and autonomous navigation. 

Together with this pipeline, from now on simply called MARRT, this thesis also brings a 

global time complexity analysis of the proposed pipeline in order to not agree sudden and 

impulsively to the movement of brute force optimization (that counts with the strong 

influence of the Massive Parallel Programming (MPP) approach [CUDA]). 

Time complexity analysis often plays an important role in helping to find the critical points 

and the execution bottlenecks of algorithms. Perhaps it allows new formulations for current 

algorithms or simply brings the needed confidence for asserting that some steps depend on 

brute force for achieving significant performance improvements. 

Until now, as far as the author knows, no work was produced in which a MAR SfM-based 

pipeline was described, designed or had some steps evaluated in terms of time complexity on 

a unified study. For these reasons, our work focuses on delivering a dual reference for MAR 

application (and related) developers due to the pipeline design and RT SfM researchers 

through time complexity analysis. 
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We may finally summarize our aim as: to design an extensible and technologically 

independent pipeline based on Real-Time SfM technique for supporting MAR systems 

development as well as the time complexity analysis of its modules. 

1.4 Outline of the Methodology 

Since no methodology for pipeline designing was found, this thesis will be conducted 

respecting the foundations created by Renné Descartes on his Discourse on the Method 

[DESCARTES 1637], a scientific method called Cartesian, in which the scientist must think 

using inductive reasoning, deductive reasoning and enumeration in order to achieve a 

trustful scientific knowledge or proposition. Beyond the Cartesian method, or more 

precisely, in addition to it, this thesis respects the empiricism that emphasizes the role of 

experience and evidence in the formation and validation of the knowledge. In other words, 

this method conducts the scientist from an a priori reasoning, through the induction to the 

revelation that just can be properly achieved performing experiments and observing the 

experimental results in order to take some conclusion about the facts. 

The experimental arrangements have an important role in this thesis, for this reason an initial 

study of existent pipelines in related fields and in time complexity analysis is a fundamental 

task in our proposal. 

A second phase of analytical study is conducted for each module of the pipeline in order to 

discover the pipeline bottlenecks and helps future researches to optimize or propose 

alternative algorithms that deal better with RT constraints. This study is carried out 

considering the general descriptions of algorithms as well as checking their implementations 

available on two free and well known CV libraries called VXL [VXL] and VW34 [VW34]. 

1.5 Outline of the Thesis 

The remainder of this thesis is organized as follows: 

Chapter 2 brings some theoretical aspects that are necessary to be understood for the main 

comprehension of this work. It counts with both MAR RT SfM-based concepts and other 

related fields ones. 

http://en.wikipedia.org/wiki/Experience
http://en.wikipedia.org/wiki/Evidence
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Chapter 3 describes briefly some prior works that are relevant and related to this thesis 

proposal. Once pipeline designing depends on the knowledge acquired on a specific area it is 

very important to point the references considered by the study. 

Chapter 4 has its focus on the pipeline design, pointing the reasons for adopting this 

proposal and justifying the choice of each element on the execution chain. 

Chapter 5 is devoted to the time complexity analysis. This chapter justifies the reasons for 

adopting the proposed pipeline by an individual and complete analysis of each element of 

the execution chain, given an approximate global time complexity expression. 

Finally, Chapter 6 concludes this work with a brief discussion, drawing the contributions, 

and listing some future work. 
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2 Related Concepts 
 

“The one who has knowledge, has four eyes.” 
 

Truly romanian proverb 

This section gives some detail about related concepts that should be clear in the mind of the 

reader in order to understand the thesis as presented. Basic knowledge about algebra and 

geometry is assumed, as well as some other specific or deeper concepts that, once are 

technique or technologic dependent, will not be approached by this study. 

2.1 Real-Time 

RT processing could be defined as: 

Data processing fast enough to keep up with an outside process. 
[THEFREEDICTIONARY.COM]  

Definition 2.1.1 

The ability to process information as it is received, provides immediate response to input. 
[TW TECH GLOSSARY]  

Definition 2.1.2 

A computer system that functions in such a way that information entered at a terminal 
must be responded to by the computer within a short period of time. 
[TEACH YOURSELF COBOL IN 21 DAYS]  

Definition 2.1.3 

The above definitions are mutually coherent, correct and complementary, although they do 

not express the sense of RT in the AR context. 

The use of RT applications in industry and commerce has a distinct appeal and they are 

frequently focused on operations; on the other hand, AR systems are focused on users‟ 

experience. This leads to define what is RT from the users‟ point of view. 

The illusion of RT is related to the perception of refresh frequency. The rate at which images 

are displayed is measured in frames per second (fps) or Hertz (Hz). The frame rate is the 

measurement of how quickly consecutive images are produced or displayed. In this work fps 

measure is used only referring to image capture and render tasks and Hz is used for the 

remaining cases. 
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In order to promote RT AR systems illusion it must achieve frame rates of at least 30 fps. 

Therefore that this is the reference value when the RT term is applied. Table 2.1 summarizes 

information available in the literature about what is the RT threshold, in particular the one 

found in [FISHER 2004-A] [FISHER 2004-B] and [UT VIDEO GUIDELINES]. Table 2.1 

even shows briefly what happens at some reference frame rates. 

Table 2.1 Impact of frame rate 

Frame Rate (fps) Time per Frame (ms) What happens 

~ 12-15 ~ 83.33-66.67 
The human eye can detect individual frames causing 
video to appear jerky. 

~ 24 ~ 41.67 It is considered the animation speed. 

≤ 30 ≥ 33.33 
RT speed implies very little time to perform other 
needed tasks. 

 

Some researchers consider frame rates above 15 fps as RT, but as can be seen in Table 2.1 it 

implies a poor user experience, what is not desirable. Frame rates around 15 fps will be 

referred as interactive, meanwhile the ones around 24 fps will be called “highly interactive”. 

2.2 Time Complexity Analysis 

In computational complexity theory, to analyze time complexity is related to investigate how 

many "basic steps" must be taken by an algorithm during its execution as a function of the 

size of its input. 

Input size is a generic term that can be defined in terms of the number of bits, nodes, 

elements or any other convenient variable in the analysis context. Besides the input size, it is 

important to consider what a step is. A step is a constant time operation )1( , such as a 

variable assignment, comparisons, a method calling, an array access, an object creation, an 

arithmetic function, and so on. 

Usually the efficiency or complexity of an algorithm is stated as a function relating the input 

length to the number of steps. Such relation is desirable in order to provide theoretical 

estimates of the resources needed (in this case, time) by any algorithm that solves a given 

computational problem. These estimates provide an insight into reasonable directions of 

search for efficient algorithms. 
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It is common to estimate algorithms complexity in asymptotic sense, in other words, 

estimate the complexity function for reasonably large input lengths. Asymptotic means “in 

the limit”, thus asymptotic complexity describes the “running time” behavior of an 

algorithm as well as the input size grows to very large (at the limit of an infinite input size). 

The main advantage of comparing algorithms through asymptotic complexity is that since 

the input size gets past a certain point (a representative large amount) it is possible to 

determine the better algorithm at almost an absolute manner. 

Another advantage is when different implementations of the same algorithm are available 

but they differ in efficiency, what occurs often due to constant multiplicative factors called 

hidden constants. 

Table 2.2 shows a simple example of the influence of input size on the analysis of an 

algorithm considering the comparison between two hypothetical algorithms which solve the 

same problem but differ in complexity as n  increases. 

Table 2.2 Comparison between to complexities of a hypothetical algorithm  

Case Complexity Steps for 

10n  

Steps for 

100n  

Steps for 

000,1n  

Steps for 

000,10n  

A 3n  1,000 1,000,000 1,000,000,000 1,000,000,000,000 

B 2000,1 n  100,000 10,000,000 1,000,000,000 100,000,000,000 

 

It is clear that for a very small size of n  the natural choice is case A and it remains the best 

solution until 000,1n  when the choice can be neglected due to the equivalent behavior. 

From this point, once the input size increases, the natural choice changes to case B. It occurs 

because 3n  may be expressed as 2nn   and thus 23 000,1000,1 nnn  . 

When using )(  notation much importance is given to the dominant term in the complexity 

expression, but once some complexity expressions are evaluated together for composing a 

global expression this leads to a cumulative and non-negligible lack of precision in the final 

expression. That is why, beyond the choice of asymptotic analysis method, constants won‟t 

be ignored (but not determined anyway). 

As can be seen in Table 2.3 )(  notation implies ignoring constant terms and only using the 

dominant one. This leads to lose that relevant information and to find only the generic 
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maximum complexity what is a poor information in the context of a pipeline global analysis. 

Jones defended this point of view in the work titled “Constant Time Factors Do Matter” 

[JONES 1993] that is recommended to be read for more details (for practical purposes not 

asymptotic ones). 

Table 2.3 Impact of using )(  notation and ignoring constant terms on the final 

global complexity 

Complexity Asymptotic Expression Dominant 
Term 

)(  

Notation 

Despised terms 

Local (A) nnn  10023   3n  )( 3n  nn  1002  

Local (B) 24 nn    4n  )( 4n  2n  

Local (C) 3n  3n  )( 3n    

Global 
(A+B+C) 

nnnn  100)()1( 234   4n  )( 4n  nn  100)2( 2  

 

In the reminder of this thesis instead the common )(  notation the asymptotic analysis will 

be preferred, because the global analysis of MARRT pipeline that must be founded over 

consecutive local analyses. 

2.3 Performance Evaluation 

Performance evaluation concerns with the comparison among systems in order to evaluate 

which one has the higher global performance or to observe their behavior regarding 

resource utilization/consumption, accuracy and efficiency. 

The principal motivation of evaluating systems performance is related to the possibility to 

find their bottlenecks and think about options for performance improvement. The way of 

achieving this increase is often avoiding unnecessary calculations and error conditions in the 

evaluation of compound expressions; or rebuilding algorithms in a more appealing manner. 

The study carried out by this thesis will apply performance evaluation concepts through an 

analytical manner (by performing a time complexity analysis). This is in accordance with the 

desired level of detail and avoids as much as possible references to particular algorithms. 
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The main reference used in such cases is the book of Jain [JAIN 2001] that describes 

methodologies for conducting analytical analysis, simulation and measurements and a 

considerable support for avoiding mistakes on the planning and execution of a performance 

evaluation.  

2.4 Markers and Pattern Recognition 

Fiducial marks can be defined as a type of knowledge associated to a given point or a 

standard position that is taken as reference for calculation or measurement. Therefore, 

fiducial markers can be defined as objects that may be used with this purpose. 

In the context of CV, fiducial markers, shorter written as markers, are objects that appear in 

the field of view of the camera and have the aim of giving some reference about relative 

positions on a scene. They allow a vision-based system to perform tasks such as tracking and 

motion capturing, simplifying the discovery and the understanding of an environment. 

An important consideration in the use of markers is how to recognize them in any unknown 

environment. In fact, some options of markers are common used on vision-based systems as 

shown in Figure 2.1, Figure 2.2, Figure 2.3 and Figure 2.4. 

 

Figure 2.1 ARToolKit Marker – a black square surrounding the kanji template is the 
principal feature detected and the kanji indicates the relative orientation. 
Source: [PASTA&VINEGAR] 

 

Figure 2.2 ARTag markers – black and white squares codes are used. 
Source: [FIALA 2004] 
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Data Matrix QR Code Visual Code 

Figure 2.3 Three marker styles with squared aspect, but without black squares 
surrounding them. 
Source: [PASTA&VINEGAR] 

   

Spot Code reacTIVision Colored axes marker 

Figure 2.4 Three marker styles with non-square aspect. 
Sources: Left - [PASTA&VINEGAR]; Middle - [BECINA & KALTENBRUNNER 2005]; Right - [TRN] 

Independently of the marker style and considering a prior knowledge about the used 

patterns, its appearance on the images gives a reference about the scale or how distant the 

camera is from the marker and how rotated the camera is relatively to a reference position of 

the pattern stored in the application patterns database. 

It is important to notice that the use of markers does not solve any computational problem 

directly; it is just makes this solving simpler. But there is a remaining question to answer: 

how to identify a marker inside an environment? 

It is necessary to apply PR techniques for solving that problem. PR concerns to identify 

patterns and, through the pattern matching process, perform a proper task. 

In the context of CV, as it was possible to see in Figure 2.1, Figure 2.2, Figure 2.3 and Figure 

2.4, markers are common patterns that differ sufficiently from the environment in order to 

avoid mismatches. 

In order to classify the patterns correctly, PR techniques are based on either a priori 

knowledge about the patterns (like a register about them) or on statistical information that is 

possible to be extracted from the patterns. 
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The intersection between PR-based systems and SfM-based ones is the feature extraction 

task. In fact, for each system, the feature extraction algorithms are significantly distinct; the 

term intersection here is applied in the context of pipeline designing, which is the interest of 

this thesis. 

Using coupled fiducial markers and PR the tracking task (a fundamental AR one) is 

simplified, but it brings the usually undesirable collateral effect of forcing the users to 

interact and manipulate intrusive markers that can make the system hard to use or even 

somewhat unworkable. MAR techniques, as said before, were developed in order to avoid 

this problem. 

The reader interested in more details about the PR field and its foundations may address the 

books of Bishop [BISHOP 2006], Theodoridis and Koutroumbas [THEODORIDIS & 

KOUTROUMBAS 2006] and Paulus and Hornegger [PAULUS & HORNEGGER 2003]. 

2.5 Structure from Motion 

SfM is a broadly applied technique in the CV field, but, in fact, the rising of SfM is dually 

related to CV and photogrammetry fields. Actually, nowadays CV researches take it as a way 

of solving related problems as autonomous navigation, 3DR, velocity and acceleration 

estimation, among others. 

Photogrammetry is a set of techniques for measuring and processing lengths and angles of a 

terrain for mapping purposes [SLAMA 1980]. In this context, SfM was applied in early days 

by some photogrammeters, and it is also currently in use, in an attempt to estimate the shape 

of terrains. 

Since photogrammetry is an older field it gives some tools for dealing with SfM task. A 

classic example is the work of Longuet-Higgens [LONGUET-HIGGENS 1981] that 

introduces the computation of an essential matrix as a way of retrieving the information 

about camera motion or a baseline between two of them and its use in the scene 

reconstruction. 

SfM is also much related to the concept of stereo vision with the main difference that in a 

stereo rig there is a fixed and known baseline, while it is not proper for SfM. This is the same 

as saying that in stereo vision the observations are taken at the same time from distinct 

points of view and in SfM the observations are taken along time. 
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Even though they both attempt to recover 3D information of static objects on the scene, i.e. 

objects that do not move along the sequence. Rephrasing the rigid scene constraint, it is to 

say that only the camera moves1. 

Basically, SfM requires a sequence of images (or a video as a discrete set of images) with a 

common object from which the correspondence among some features can be well 

determined in order to compute a map that allows the retrieving of their 3D location. 

The called Kinetic Depth Effect (KDE) [LANDY et al. 1991] that consists in perceiving the 

3D structure of an object when a movement cue is given (e.g. shadow cast by a wire frame 

or other structure in rotation) is applied in another reference, the camera position. 

In the absence of such cues (i.e. when the object is static in reference to the camera) only its 

two-dimensional projection could be perceived, but the camera movement allows us to 

identify some of the cited cues what makes feasible the understanding of 3D features of an 

object. 

An issue related to the SfM task concerns the knowledge of camera, also called camera 

calibration (this is described in detail in section 4.1.2 - Camera Calibrator (CaCal)). This 

knowledge may be explicit, as in the computation of essential matrices, or implicit, as in the 

case of fundamental matrices computation. This is necessary due to the distortions 

embedded in the camera, and knowing its calibration it is possible to rectify such distortions 

achieving more accurate estimations. 

In the context of MAR SfM techniques could be applied in order to perform the tracking 

task in a robust way and given the needed information about the camera pose, i.e. relative 

rotation and translation  tR | . 

In order to clarify the idea of SfM as it is described and accepted by the research community, 

the tasks involved in its performing are shown in general lines considering a pair of views for 

the explanation (see Table 2.4), what is actually the simplest case, but has the appropriate 

level of detail for such comprehension. 

                                                 
1 There exist some works that deal with SfM task on scenes with moving objects; for more detail the reader can address 
[HA VU LE 2004-A] [HA VU LE 2004-B] [TOLA 2005] [CHANG YUAN 2007]. 
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Table 2.4 Outline of the complete SfM task performing 

Task View 1 View 2 Result 

Grab frames 
from camera 

  

A pair of images 
to be processed 

Feature 
extraction on 
each image 

  

A set of interest 
points on each 
image 

Feature 
matching 

  

Correspondences 
among interest 
points 

Map 
computation 

- - A geometric 
transformation 
relating both 
views2 

Pose 
estimation 

- - Translation and 
rotation3 

3D structure 
recovery 

 

3D sparse 
reconstruction 

                                                 
2 It could be a homography, an essential or a fundamental matrix or even a tensor with three, four or more dimensions. 
3 A 13  vector represents the translation and a 33  matrix represents the relative rotation. 
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Other related issues and discussions that are out of the scope of this section will be 

presented and detailed in Chapter 4 - Pipeline Design. More introductory references about 

SfM are available in the works of Faugeras [FAUGERAS 1993], Dhond and Aggarwal 

[DHOND & AGGARWAL 1989], Huang and Netravali [HUANG & NETRAVALI 1994] 

and Mohr and Triggs [MOHR & TRIGGS 1996]. 

2.6 Motion Parallax 

The concept of motion parallax concerns the change of the observer position taking an 

object as reference. When a relative movement occurs it leads to distinct observations of the 

same reference object from different points of view as a consequence of the observer 

motion. 

Figure 2.5 Angular motion promotes an easy perception of motion parallax, in this 
example, the observer has moved to the left and the objects on the scene had an 
apparent right shift. 

In this sense, the perception of motion parallax is related to the apparent shift of objects 

considering the scene background as reference. It is clear that its perception is very 

dependent on the motion imposed, i.e. forward motion on strongly planar environments 

harms the motion parallax perception due to the apparent lack of shifting of objects against 
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the background, meanwhile angular movements generally promote an easy perception of 

such phenomenon. Figure 2.5 and Figure 2.6 depict this concern. 

Figure 2.6 In a forward motion the amount of movement needed to perceive the 
motion parallax is often greater than in angular motions. 

2.7 Geometry 

The so called Euclidean geometry represents the best way of understanding the world and 

their objects as they are. Concepts as parallelism and orthogonality are well defined in such 

geometric stratum. 

This stratum is the most constrained one, having just 6 DOF on 3  (3 for translation and 

other 3 for rotation). A very constrained stratum is not the expected for dealing with MAR 

and CV applications. This is due to the perspective behavior of the human vision, which 

must be preserved on such applications. 

There exists another geometric stratum with an additional DOF, which is the Similarity or 

Metric stratum, and has besides the Euclidian DOF an unknown scale factor. It is out of the 

focus of this section since it respects the principles of Euclidean geometry (what is assumed 

as tacit knowledge). 
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In the remainder of this section the geometries broadly applied in MAR and CV fields 

(projective, affine and epipolar) are described and the interested reader is addressed to more 

detailed references. 

2.7.1 Projective 

The projective geometry was developed using concepts related to the perspective view and 

was broadly applied in its early days in arts. It is a non-metrical form of geometry, what 

implies more DOF and a representation of the world and their objects appearances closer to 

the human vision in 3D spaces. 

From the perspective art it inherits the principle that two or more parallel lines meet each 

other at infinity. Actually it leads to the only two invariants of the projective space, i.e. 

straightness of lines and the cross ratio between crossing lines. 

Fortunately, there are good and didactic references for both pure and applied projective 

geometry. Our interest is just in its application in the CV field, and for this reason, the 

recommended literature for the interested reader is [HARTLEY & ZISSERMAN 2003], 

[MA et al. 2003],[BIRCHFIELD HOMEPAGE],[HITCHIN HOMEPAGE]. 

In projective geometry the concept of origin is exploited in a different way; according to its 

definition it does not exist, and the farther anything is from the observer, the closer it is to 

the inexistent origin. In other words, the infinity is the location where non-visible objects 

may stay and how big this infinity must be depends on how far an observer can see and 

objects‟ dimensions. 

Figure 2.7 extracted from [MA et al. 2003] depicts an example of projective geometry used in 

arts in which pillars look to be of different sizes even when the human knowledge is against 

that though. This occurs due to the relative placement of objects between observer and 

infinity; if an object is continuously moved nearer to the observer it looks bigger at each 

step, meanwhile in the opposite task the object looks smaller until at the limit of a supposed 

infinity (what depending on the object dimensions may still close in metric reference) it will 

interpreted as a one-dimensional artifact. 
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Figure 2.7 “The School of Athens” by Raphael (1518), example of projective 
geometry applied in arts. 
Source: [MA et al. 2003] 

The notion of one-dimensional artifacts is very clear in the Euclidean geometry and is 

named point. But in projective geometry a point is a set of information along a single 

direction to the infinity. In Figure 2.7 it is possible to see some rays that correspond each 

one to a single point in projective geometry. 

Since the comprehension of the concept point in perspective geometry is achieved, the 

concepts of lines and planes follow the common formulations, such as “two linearly 

independent points determine a line”. 

Figure 2.8 uses the prior one for depicting the concepts of points and lines in projective 

geometry. 
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Projective points Projective lines 

Figure 2.8 Notion of what are points and lines in projective geometry. 
Source: [MA et al. 2003] (with modifications) 

The requirement to understand projective geometry concepts is related to the cameras 

behavior. In outlines, cameras capture projections of scenes and the post processing over 

such projections must deal with non-Euclidean geometry, often projective and also the 

affine one sometimes. 

Figure 2.9 was extracted from the work of [SZELISKI 2006], and represents the possible 

transformations between strata (and theirs aspects on each one). 

 

Figure 2.9 Transformations between strata and their resultant aspect. 
Source: [SZELISKI 2006] 

The transformations inside the same stratum and between them are actually a very 

interesting subject for CV tasks. The motion and structure estimation, for example, use 

specially the concepts of geometric mapping. 

Projective transformations are sets of geometric mappings that allow transfering geometric 

artifacts from a source space to a target one. This is commonly done using a matrix for 

multiplying geometric artifacts coordinates and obtaining their coordinates in the target 

space. 
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In algebraic form, the previous paragraph can be written like: 

xHx '  

This brief description of projective geometry is enough to cover the most important aspects 

of this subject in this thesis. The interested reader can find more information in the vast 

literature existent beyond the references previously addressed. 

2.7.2 Affine 

Affine geometry is an additional type of non-metric geometry that differs from the 

projective one due to three additional invariants (relative distances along directions, 

parallelism and plane at infinity). The rise of these invariants occurs because this geometry 

can be understood as a special case of projective geometry. 

To work with the infinity is very often unfeasible, but to use a common plane as this infinity 

could bring some help. In this sense, it is possible to see affine geometry as a constraint 

imposed over the projective one: the constraint of a well-known plane, conventionally, a 

plane with z  coordinate equals to 1 ( 1z ). 

The arbitrary selection of 1z  makes easy to work in affine plane through homogeneous 

coordinates. Figure 2.10 shows a visual example of affine geometry through the incidence of 

two arbitrary affine lines. 

 

Figure 2.10 Example of affine plane and lines. 
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Figure 2.11 depicts how the plane at infinity allows preservation of parallelism between lines 

and of relative distance along directions. 

 

Figure 2.11 A – Grey square stands out the area analyzed in B and C; B – the 

projection of projective lines in affine plane are assigned as 1r  and 2r ; C – applying 

an affine transformation   the resultant lines 1r  and 2r  still parallel. 

If there is not a plane at infinity, parallelism may not be assured, this is due to the freely 

setting of all coordinates (i.e. do not fix the last coordinate) permits the selection of any 

representative of projective points what might give the aspect of straight lines on an object 

projection, but not assure parallel alignment between them. 

As well as in projective geometry, geometric transformations are also available for affine 

geometry. They respect the same form of projective transformations and work for the same 

purpose. 

A 

B 

C 
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2.7.3 Epipolar 

This geometry receives this name to be based on the so-called epipolar constraint. It is very 

useful for performing CV tasks, specially SfM. Actually, the epipolar constraint encloses the 

monocular CV tasks to Stereo Vision ones, but bringing a new problem to solve, the so 

called “correspondence problem”. 

Dealing with epipolar constraint means handling a set of geometric constraints between two 

image planes and a set of geometric artifacts in a 3D space. 

Some questions behind the correspondence problem are: 

 How can we extract the best set of geometric artifacts in order to search for 

correspondences? 

 How can we assert that there is a set of correspondent geometric artifacts among a set 

of images? 

 How can we find such correspondences automatically? 

 How can we avoid automatic algorithm mismatches? 

Feature Extraction and Feature Matching algorithms give the answers for these questions. 

Epipolar geometry also allows the estimation of very desirable information in CV, the depth 

estimation. This occurs due to the epipolar constraint that has the algebraic form: 

0' xHxt  

That is another way of writing a general projective transformation (and an affine one too). 

Figure 2.12 presents a geometric example of such constraint. 
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Figure 2.12 Visual representation of epipolar constraint. 

In summary, if there are enough well-known correspondences between the planes, there is a 

geometric transformation that maps them without error if the first artifact multiplied by the 

map and this result multiplied by the second artifact results in the scalar zero. 

Following it step by step, Table 2.5 shows what we have: 
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Table 2.5 The best case: the map is correctly computed 

Step Result Picture 

Hxt   
Epipolar line on the second 

image ( 'l ) 

 

'' xl   

A scalar number, zero means 
that they are linearly 

dependent and the map is 
correct 

 

 

In other words, in the absence of noise, a simple triangulation is enough for correctly 

estimate depth and even when noise is present, this is the base procedure, since it comes 

from the geometric impositions of the epipolar constraint. 

If the predicted point does not meet the measured point in the second image it means that, 

at least one of the following situations has happened: 

 Inaccuracy in points measurement; 

 Mismatch in correspondence discovery; 

 Incorrect or inaccurate map computation. 

Another desired information that can be estimated through epipolar geometry is the camera 

motion between the two available images, i.e., the estimation of camera motion is given 

implicitly by the map that computes relative translation and rotation between frames. 
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Some maps are available for epipolar geometry, but the principal ones are a set of 33  

matrices known as Homography, Essential Matrix and Fundamental Matrix. They bring 

embedded the information of relative pose and are better explained in Chapter 4 - Pipeline 

Design. 

Since epipolar constraint and geometry allow motion and structure estimations they are very 

useful to perform SfM tasks and consequently in our proposed pipeline. For more details, 

read [HARTLEY & ZISSERMAN 2003].  

2.8 Other Mathematical Tools 

This section is not planned to describe all the mathematical tools used in SfM tasks 

performing, but just to give to the interested reader some indications for further readings. 

For a good comprehension of how to perform the proposed pipeline steps, it is very 

important a solid knowledge of matrices theory (types, operations, behavior, Frobenius 

norm, etc.) and vectors (matrix notation, dot product, cross product, and so on). 

Another mathematical tool in which the reader must be skilled is the linear systems solving. 

In fact, not always the systems are purely linear, what leads to applying more appealing tools 

like Singular Value Decomposition (SVD) and factorization. 

But the origin of such systems is mainly the hypotheses generation that counts with several 

algorithms. All of these algorithms attempt to exploit embedded geometrical constraints in 

order to compute a matrix that is the best map from a vector space to another (map interest 

features on the first image into their correspondences on the second one). 

A clear explanation of these mathematical tools is available in the appendices of the 

following books: An Invitation to 3-D Vision [MA et al. 2003] and Multiple View Geometry 

[HARTLEY & ZISSERMAN 2003]. 

Finally, it is also very recommended a statistical background and mathematical foundation 

knowledge of Image Processing (IP). The first one is related to the need of robust estimation 

and error modeling, while the second has some important algorithms that allow the 

development of a SfM-based application accordingly. 
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3 Related Work 
 

“Early risers travel far away.” 

Truly romanian proverb 

This chapter presents a number of previous works which made possible the achievement of 

this thesis proposal. Once this thesis is an initiative on MAR pipeline design (which is 

actually uncommon), it was necessary to research for foundations on a related field. This 

field is the CV one which broadly uses the SfM technique for mastering the difficulties. 

This leads to studying works which describe, even in a different level of detail, their own 

pipelines. For the sake of organization, this chapter is structured chronologically and by 

order of importance. The attentive reader will note some of this works related to 3DR, due 

to the popularity of SfM in this research field. 

In these studied works the descriptions of these pipelines have often poor level of detail, 

although they provide important steps altogether. Another issue is that they do not present 

simultaneously a pipeline and its definition of how the RT constraint is handled. This 

probably occurs due to robotics and 3DR fields are commonly much focused on accuracy 

(e.g. reconstructed models or the environment understanding for avoiding undesirable 

collisions) rather than in such requirements. 

Two pipelines were studied in more detail: Marc Pollefeys [POLLEFEYS 1999] and David 

Nistér [NISTÉR 2001] [NISTÉR 2003] [NISTÉR 2005-A] [NISTÉR 2005-B]. Pollefeys‟ 

technique presents results in 3DR with quality and Nistér provides firstly similar results to 

Pollefeys and then 3DR in RT. Pollefeys works with projective reconstruction, self-

calibration and metric reconstruction without knowing camera intrinsic parameters, while 

Nistér works in a more appealing fashion with metric reconstruction previously knowing the 

camera intrinsic parameters in order to achieve RT reconstruction. These techniques and 

some others will be briefly described in the following sections. 
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This chapter ends summarizing strong and weak points of the studied works, what motivates 

the next chapter (4 - Pipeline Design). 

3.1 Mark Pollefeys (1999) 

Pollefeys developed through his PhD thesis a system capable of extracting 3D models from 

uncalibrated image sequences without any previous knowledge about the scene or the 

camera intrinsic parameters. 

Since camera parameters are needed for solving the 3DR problem, these parameters must be 

estimated by geometric properties embedded in the images. Due to this, image 

correspondences (see 2.7.3 - Epipolar) are needed for computing the correct map (in this 

case, a fundamental matrix). 

Figure 3.1 presents the pipeline proposed by Pollefeys. Following all the steps, it is possible 

to build a metric textured 3D model from an image sequence. This is a high-level pipeline 

which combines in each module some lower level steps, though it explains its designed parts 

appropriately. 

 

Figure 3.1. Pollefeys high-level pipeline and achieved results. 
Source: [POLLEFEYS 1999] 
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This pipeline just outlines the main tasks performed by Pollefeys‟ system, keeping hidden the 

further details of those steps. This is the weak point of this pipeline design, and this is very 

clear when we attempt to break a module as “projective reconstruction” in smaller pieces. 

This module contains some other important tasks like feature extraction and matching. 

In summary, Pollefeys pipeline works as described below: 

 Since an image sequence is available it is used as system input; 

 A sparse projective reconstruction is built from the image sequence; 

 Self-calibration provides estimation of both intrinsic and extrinsic camera parameters 

by calculating a fundamental matrix, allowing an upgrade from the projective stratum 

to the metric one. As a result, a sparse metric reconstruction is built; 

 3DR needs dense meshes for building realistic models; for this reason, a dense 

matching process takes place (it is fed by dense depth maps); 

 Finally, a texturing algorithm extracts textures of the objects present in the 

reconstructed scene that are applied to the metric 3D model. 

Pollefeys‟ PhD thesis has a great importance to our pipeline design because it worked a 

significant advance in 3DR and CV fields, due to this, we take it as a base work for 

attempting to understand and segment each of its described steps into tiny modules, what 

allows us the opportunity to draft our proposal. 

Pollefeys also makes use of didactic presentations about some basic theoretical subjects like 

projective geometry, transformations, stratification of 3D geometry, camera model, multiple 

view geometry and camera calibration. Although they are described didactically, this 

knowledge is suitable for people who have a strong acquaintance on geometry. 

The interested reader is addressed to [POLLEFEYS 1999] [GOMES-NETO et al. 2008] for 

further details about Pollefeys‟ pipeline (a lower level explanation of its steps). 

3.2 David Nistér (2001) 

Nistér developed an application alike Pollefeys' one (dense textured 3D reconstruction from 

uncalibrated sequences), but he dealt with video sequences which required special treatment. 
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His thesis has a different structure and his pipeline proposal has some innovations if 

compared to Pollefeys‟. 

A positive point of Nistér's PhD is the more detailed level of the presentation of his pipeline 

and the care to show relevant progresses which were achieved through his approach. 

Nistér‟s work has also some appendices where details of the pipeline modules are presented. 

Figure 3.2 and Figure 3.3 present Nistér's pipeline in both, high and detailed levels. 

 

Figure 3.2 High-level vision of Nistér’s pipeline. 
Source: [NISTÉR 2001] 

 

Figure 3.3 Detailed vision of Nistér’s pipeline. 
Source: [NISTÉR 2001] 

In Chapter 4 - Pipeline Design it will be possible to verify that we used some modules from 

Nistér‟s pipeline in our proposal, but not all of them. This is because MARRT will avoid the 

technique dependency in the proposed steps, which was not a concern in Nistér's pipeline. 

Nistér did not present results applied to the AR field, but cited it as a possible application 

area for the developed system. 
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Some years later, Nistér improved the performance of his application which made possible 

3DR in RT, though according to our classification (see 2.1 - Real-Time) it actually does not 

work in real-time, but it is highly interactive. 

In order to achieve such higher performance, some constraints were imposed in comparison 

to the previous approach (the one carried out in his PhD thesis), such as the use of 

calibrated cameras and a fixed amount of time for motion hypotheses evaluation. This 

improvement was called Preemptive RANSAC (Random Sample Consensus) [NISTÉR 

2003] [NISTÉR 2005-A] [NISTÉR 2005-B] and this is the outline of how it works: 

 If one has a set of observations and a set of hypotheses generated from this 

observations, the RANSAC [FISHER&BOLLES 1981] objective function selects the 

best hypothesis through the individual accumulation of residual error. The best 

hypothesis is the one that has lower residuals; 

 Instead of evaluating a single hypothesis against all available observations before 

testing the next hypothesis, preemption leads to evaluate the biggest possible fraction 

of hypotheses against a subset of observations (also called block size); 

 At the end of the time budget, the half best-scored hypotheses are reevaluated against 

the next subset of observations until a single hypothesis is selected or all the 

observations have been used. 

Nistér did not present AR results when presenting the Preemptive RANSAC, but this 

improvement on RANSAC algorithm allowed an expansion on MAR SfM-based frontiers 

towards real-time responses, and thus, this technique was selected for our pipeline proposal. 

Figure 3.4 illustrates a result of 3DR using the Preemptive RANSAC approach. 

 

Figure 3.4. 3DR results achieved through Preemptive RANSAC.  
Source: [NISTÉR 2003] 
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The interested reader is addressed to [NISTÉR 2001] [GOMES-NETO et al. 2008] for 

further details about Nistér‟s pipeline (an explanation of its steps) and to [NISTÉR 2003] 

[NISTÉR 2005-A] [NISTÉR 2005-B] for further details about Preemptive RANSAC. 

3.3 Engin Tola (2005) 

Tola, as well as Pollefeys and Nistér, devoted his thesis [TOLA 2005] to solve the 3DR 

problem, but improving the system for dealing with independently moving objects. 

The author presents his pipeline first describing it textually without a diagram; nevertheless it 

is in accordance with other authors‟ pipelines once it was implemented for solving the SfM 

problem as a way of reconstructing sparse scene structures. 

Figure 3.5 presents the four main steps described by the author in his thesis. The reader may 

see that this description is similar to the one given in section 2.5 - Structure from Motion (in 

Table 2.4 - Outline of the complete SfM task performing, to be precise). This supports the 

correctness of such main flow and points to the need for explaining lower level steps (e.g. 

before performing Step 1 some other smaller steps shall be done). 

Figure 3.6 depicts the outline of the reconstruction method applied by Tola in which we can 

note a step before matching for enabling its performing. 

 

Figure 3.5. Diagram containing the four steps carried out by Tola’s 3DR system 
according to the author. 
Source: [TOLA 2005] 
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Figure 3.6. Outline of  Tola’s reconstruction method. 
Source: [TOLA 2005] 

We can see (Figure 3.6) as the final result of the reconstruction a 3D sparse model (sparse 

structure) whose points are plotted using a tool called Virtual Reality Modeling Language 

(VRML) which is broadly diffused in the VR and AR fields and indirectly moves the work of 

Tola near to the portion of the virtuality spectrum we are interested. 

In his thesis Tola explored important concepts on the understanding of the camera as a 

capture device such as camera parameters, pinhole model (and its imperfections), radial 

distortion and camera calibration. But what caught our attention in his work and inspired us 

in ours is the mathematical treatment of algorithms as well as the care in proposing an 

outlier rejection algorithm which attempts to balance execution time and reconstruction 

quality, or in general words time consumption versus accuracy. 

3.4 Lourakis and Argyros (2005) 

The paper published by Lourakis and Argyros in the Computer Vision and Image 

Understanding periodic [LOURAKIS&ARGYROS 2005] showed very clear in its abstract 

that their camera tracking system took into account RT requirements, including an example 
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of see-through AR. Therefore, MARRT pipeline has an intersection of requirements (RT 

constraint) and purposes (AR applications) with this system, what reveals the importance of 

their work as a reference for our study and design. 

The authors described briefly some tracking approaches and presented theirs. In summary, 

the proposed camera tracking scheme tracks a 3D plane “through a homography „chaining‟”, 

it means, the current result depends on the previous estimation and on this effect of 

cascading until the first estimation. 

Since it works by just computing homographies which have a closed-form and only need 

four points correspondences for their computation, a considerable performance increase is 

expected. But this approach is not general and may degenerate if the scene points are non-

planar in general. 

They explain in a mathematical manner the bases of their approach and describe the 

sequence of execution through a high-level algorithm. This algorithm does not differ 

substantially from other approaches in terms of evolved steps (which is the main subject 

considered when a pipeline is designed), and it is just distinct from the others on account of 

the chosen techniques for solving each step problem. 

Finally, they tested the camera tracking system with several sequences and conclude that it 

worked properly. Figure 3.7 and Figure 3.8 bring some snapshots of the classical “LIFIA” 

house and Leuven castle sequences, but with the insertion of synthetic content. 

 

Figure 3.7. The palm tree is a synthetic content inserted for augmenting the scene. 
Source: [LOURAKIS&ARGYROS 2005] 
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Figure 3.8. The helicopter on the garden does not actually exist, being just a 3D 
model registered with the scene. 
Source: [LOURAKIS&ARGYROS 2005] 

In both results the models appearance are quite unreal, since they have no shadow effects, 

but the most important point is that they are coherently placed along the system operation. 

3.5 Davison et al. (2007) 

Davison and Murray developed a system for robot navigation performing Simultaneous 

Localization and Mapping (SLAM) task through their original work [DAVISON&MURRAY 

2002]. They used optical sensors for dealing with SLAM task, which was not common at 

that time. 

The system was lately named MonoSLAM [DAVISON et al. 2007] for assigning the use of a 

single camera to perform SLAM task. The SLAM research field has been studied for some 

years and is composed by a set of techniques that allow autonomous navigation and its 

importance has increased since MonoSLAM became a popular technique. 

SLAM was originally designed for robot navigation and thus it needs an initial system 

calibration and work in some constrained environments. For example, a domestic robot that 

only navigates in indoor environments can compute a sparse map of the entire environment. 

This is due to the presence of parallelism and orthogonality that is very common in man-
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made environments. Therein MonoSLAM is suitable for indoor environments, but is not 

natively prepared for outdoor ones. 

Working indoor, it also performs a register task, that is, a MonoSLAM-based system can 

become a MAR system through placing virtual content in the scene just using the computed 

spatial map. 

Figure 3.9 presents MonoSLAM results in the AR field through the insertion of shelves in an 

indoor environment. 

 

Figure 3.9. The shelves were virtually inserted in the scene. 
Source: [DAVISON et al. 2007] 

The MonoSLAM technique was chosen for analysis, but not for being the foundation of our 

pipeline due to its lower flexibility. But it has a great potential if used merged with SfM. It is 

actually a promising research issue, considering the advantages of accurate feature 

localization from MonoSLAM with the flexibility in indoor/outdoor environments and 

workability with a higher number of features in the environment delivered by SfM. 

3.6 Summary of Features 

To better clarify the exposition, we bring in this section a summary of how each described 

work plays an important role in our study. All of the cited works have strong and weak 

points and through understanding and classifying them we attempt to follow the good 

aspects found as well as to avoid the identified weaknesses. 

Table 3.1 is designed to review the main aspects of the prior cited works all put together. 

Firstly two rows identify respectively the purpose of the work as assigned by its author(s) 
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and the need for camera calibration for performing system tasks accordingly. The next rows 

are divided in categories related to the considered aspect and filled only when aspect and 

author match; this is why some cells are not filled. 

Table 3.1 Summary of main aspects analyzed from the cited works 

Studied Work (by author) Pollefeys Nistér Tola Lourakis 
and Argyros 

Davidson 
et al. 

Purpose 3DR 3DR 3DR Tracking SLAM 

Camera Calibration No No/Yes4 Yes  Yes 

Native Support to Outdoor 
Environments 

Yes Yes Yes No No 

Tracking 
Scheme 

Point 
tracking 

SP SP SP   

Plane 
tracking 

   WP  

Landmarks     SP 

Input Data 

Image 
sequences 

WP  WP WP  

Video 
sequences 

 SP    

Video 
streams 

    SP 

Execution 
Speed 

Real-time     SP 

Highly-
interactive 

 SP  SP  

Offline WP     

Tracking and 
Registration 

Accuracy Moderate Moderate Moderate Good SP 

Flexibility SP SP SP Moderate Moderate 

“Case Study” 

AR results No No No Yes Yes 

Mathematical 
treatment 

Geometric 
content 

Theorems 
proofs 

Description 
and 

evaluation 
of 

algorithms 

Robust 
estimation 

of 
homography 

chaining 

Employment 
of Kalman 
filter and 
robust 

statistics 

SP – Strong Point  

WP – Weak Point 

 

In view of our need for dealing with RT constraints without impairing flexibility, works 

closer to satisfy our requirements have more clear contribution to our pipeline designing. 

                                                 
4  “No” refers to Nistér‟s PhD thesis [NISTÉR 2001] and “Yes” refers to its upgrade though Preemptive RANSAC 
[NISTÉR 2003] [NISTÉR 2005-A] [NISTÉR 2005-B]. 
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Finally, we can point SfM-based works as more flexible and close enough to the 

achievement of RT responses to bet on it as the base for MARRT pipeline design as might 

be seen in next chapter. 
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4 Pipeline Design 
 

“A brick weighs lighter on your hand than on your enemy’s forehead.” 

Pseudo-romanian proverb 

As seen in the last chapter, previous works did not fill entirely the gap of developing MAR 

applications that deal with SfM and RT constraint. Beginner developers face a complex 

scenario when trying to understand the existing 3DR pipelines and adapt them to their own 

contexts. 

This chapter focuses on designing the MARRT pipeline, firstly presenting it as an outline 

view and next taking a detailed view of each module. We are here attempting to help 

developers through a rich explanation of the details of the main steps carried out when 

implementing a MAR SfM-based system. 

Note that the responsibility to instantiate the pipeline is delegated to developers, architects, 

analysts and designers who know the real purpose of their applications as well as the 

available resources in order to do the best choices. The MARRT pipeline aims to be an 

auxiliary reference to facilitate this task. 

For a correct and coherent pipeline design it is necessary to describe it and its parts with 

appropriate details. The choice of a proper level of detail is firstly related to avoid the 

problem of a deeper explanation focused on the technologies, what is in fact an instance of 

such pipeline. It is also necessary to avoid the opposite problem of abstracting an entire 

pipeline as some "do everything" or “all in one” black boxes. 

The result is the design of a middle level pipeline in which the needful components are 

available even in some instances where only a fraction of the proposed pipeline will be used. 

The MARRT pipeline is designed for dealing with MAR SfM-based applications, and how 

we saw in the last chapter (Chapter 3 - Related Work) some works use image sequences as 

input and other ones use video streams (Nistér particularly transforms such stream into an 
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image sequence). Some SfM tasks need to work with images and other with information 

extracted from them, what leads to designing a generic pipeline capable of receiving a video 

stream and transforming it into an image sequence or image sequences directly. Anyway, 

since a pipeline instance works directly with image sequences, the video-carried tasks can be 

generally put aside. 

The following scheme depicts an overview of the MARRT pipeline. 

 

Figure 4.1 High level diagram of the MARRT pipeline steps. 

These five modules can be described through the following few words: 

 Camera Setup – concerns camera selection and preparation for instantiating the 

pipeline; 

 Pre-processor – it is basically a module that delivers to the Tracker step the best 

possible input; 

 Tracker – it is responsible for accompanying features along the scene; 

 Scene Understander – this module recovers information about the scene structure and 

camera motion; 
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 Register – it is the module responsible for merging real and virtual contents. 

These five modules are detailed in the next sections, but the reader shall consider some 

aspects about the text and how the modules are described: 

 Some items may be optional, and they are remarked in order to avoid any doubt about 

the required items as well as those without a strictly determined order in the pipeline 

execution, what is the same to say that some tasks may be done in various ways and 

others have a determined order to be suitably performed; 

 The focus is not on designing software modules to be integrated, but pipeline modules 

to be integrated in some workable and desired way; 

  The proposed modules may be implemented on hardware regardless of appropriate 

instantiation choices (actually, hardware embedding would be a particular instance of 

MARRT modules), what proves that MARRT goal is achievable; 

 Details of optional placement of modules in the pipeline are given in the replaceable 

ones; 

 Further details about most designed modules are available in Appendix A. 

4.1 Camera Setup 

In MARRT, the camera setup is necessary to prepare a favorable workspace to achieve the 

RT requirement. The unification of some modules into this bigger one does not mean that it 

is the unique possibility of combination in the proposed pipeline; it is just a suggestion 

considering the current available computational resources. 

Figure 4.2 depicts the detailing of Camera Setup. 

 

Figure 4.2 Diagram of Camera Setup inner modules. 
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Camera Setup expects the next input and delivers the following output. 

 Input: Visible light spectrum. 

 Output: System parameters (camera calibration matrix, rectification parameters, scale 

factor of a reference object or plane) and video stream or image sequence. 

4.1.1 Camera 

The inclusion of the camera in the pipeline design is due to the importance that it has for the 

entire execution process and the level of abstraction intended for our work. 

In this study, camcorders are the cameras of interest, since they deliver continuous recording 

(feeding cheap and continuously a system with frames) what is necessary for the SfM task 

and allow a more flexible pipeline designing. 

Cameras have a set of parameters that characterize them. Such parameters are called intrinsic 

(principal point, focal length and pixel skew) and are commonly written as a 33  matrix. 

These parameters have an essential role in the SfM tasks performance, influencing almost 

the whole pipeline and some choices related to the instances. 

In order to estimate camera matrices an additional step is needed; this step is called camera 

calibration (or camera resectioning) and is described in the section 4.1.2 - Camera Calibrator 

(CaCal). Another additional step concerns the radial distortion (see details in section 4.1.3 - 

Radial Rectifier (RaR)), which is an embedded lens distortion due to its curvature. Such 

distortion may lead to different hypotheses generation approaches as well as the 

computation of radial tensors for wide-angle cameras. 

4.1.2 Camera Calibrator (CaCal) 

This module is responsible for estimating the K  matrix that will be used along the execution 

for working with points on the camera projection plane. It allows some easier and faster 

computations, but requires fixed parameters. 

An offline camera calibration process provides little consumption of time in the SfM tasks 

performing. Calibration is also assigned by Nistér as necessary for achieving the goal of RT 

SfM [NISTÉR 2003] [NISTÉR 2005-A]. 

Camera calibration positively impacts most of the Scene Understander module (see 4.4 - 

Scene Understander), simplifying and making some of its tasks faster. Otherwise, it brings 
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the weak point of disallowing intrinsic parameters variation (zooming function for the 

majority of cameras). 

Note that choosing self-calibration instead of offline calibration allows higher flexibility, 

although it leads to severe changes on the Scene Understander module that will be cited 

when describing the affected inner modules. This choice would probably result in breaking 

the RT constraint since this task proposed to be done offline, should be done continuously 

during system execution. 

4.1.3 Radial Rectifier (RaR) 

The presence of radial distortion on the image may lead to incorrect feature extraction and 

feature matching. In order to enforce the correct execution of these steps, the inclusion of a 

radial rectifier is necessary. 

Radial distortion may be estimated through a calibration task when a calibrated rig is 

available. If the MARRT pipeline is instantiated for working in a self-calibration scheme, the 

accuracy of the radial distortion estimation in an offline step cannot be assured. Self-

calibration systems usually estimate radial distortion iteratively, which represents more time 

consumption. 

In fact, only two possibilities of placement are available for this module in the pipeline: 

coupled with the Camera Calibration step or with the Solver in the scene understanding 

module. 

RaR assumes a model for the 2D deformations and eliminates the curved aspect rectifying 

the image (in constant time if the distortion parameters are available). This is quite simple in 

an offline calibration task (by the use of grids, for example) but not when using self-

calibration. 

4.1.4 Scale Calibrator (SCal) 

It is very difficult to meet the appropriate scale factor for accordingly inserting virtual 

content without scale calibration. 

This module is planned for establishing a fixed and well-known scale factor through a type 

of measurement inside the scene in order to make feasible the upgrade of a scene structure 

(see 2.5 - Structure from Motion) from the Metric stratum to the Euclidean one. 
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A scale calibration step is very important since it is not possible to rely on the Euclidean 

stratum having only information from the projective one. And the usage of the correct scale 

affects the register quality, since an incorrect scale leads to misplaced and/or incorrect 

dimensioned virtual content. 

The absence of such module implies performing an additional stitching step when 

performing the Origin Coordinate System Transformer (OCoST) task. This generally leads 

to more time consumption, specially in casual or additive approaches and has the drawback 

of delivering just a relative but not the Euclidean scale. 

4.2 Pre-processor 

A video stream is not always prepared or captured in a useful way for AR applications. For 

this reason, some treatment of the video sequence can be necessary for allowing the correct 

execution of further pipeline steps. 

Some modules are not designed here (e.g. interpolator, image resizer, etc.), because they only 

represent time consumption without any assurance of quality increasing. 

Figure 4.3 depicts the detailing of Pre-processor. 

 

Figure 4.3 Diagram of Pre-processor inner modules. 

Pre-processor expects the next input and delivers the following output: 

 Input: Video stream or image sequence and system parameters. 

 Output: Treated images with enough disparity for further computations. 
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4.2.1 Frame Grabber (FraGra) 

FraGra is the connector between cameras and a MAR application. The role of this element is 

to establish a conceptual connection between hardware devices (the camcorder device) and 

software ones (the application itself). 

This module has the responsibility of extracting the stored data or the live video stream and 

delivering a sequence of images in a convenient color scheme for allowing any further 

processing (e.g. histogram equalization, image gradient computation, and so on). In such 

important operation it may be needed the help of two other designed elements of our 

pipeline: Video Deinterlacer (ViDein) and Image Format Converter (IFoCo). 

The ViDein module must be used for cameras which recorder employs an interleaved 

scheme, which may ruin tasks like feature extraction, feature matching and hypotheses 

generation. Otherwise, IFoCo can be used as an easier way for dealing with tasks like 

histogram equalization, gradient computation and feature extraction. 

Since a huge variety of cameras are available as well as previously recorded videos, it is 

necessary to design a module which allows the flexible change of cameras and an easy way 

for loading stored videos. 

The impact on frame rate can vary from quite negligible when just the “stream to image 

sequence” task is carried out to hard impact considering the deinterlace of frames. 

4.2.2 Video Deinterlacer (ViDein) 

This is the module responsible for integrating the information dispersed in two or more 

consecutive frames through the use of an algorithm capable of dealing with the inverse 

operation of a given interlacing technique. ViDein can be also understood as an interlace-to-

progressive converter. 

Since many systems with both analog and digital technologies employ any kind of 

interlacing, it is important the conversion to progressive video for avoiding visual 

uncomforting and preservation/restore of image quality in order to allow the correct 

performing of further pipeline tasks.  

This module is not required when a progressive camcorder is available. Otherwise, not 

treating interlacing impairs the work of further pipeline modules, since they have to receive 

quality images (as almost all modules of Pre-processor), as well as the corruption and 
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degeneration may significantly affect key steps such as automatic feature extraction and 

matching. 

The deinterlacing process impacts the entire video sequence and frame rate since it must at 

least be applied for each pair of frames in the sequence and it demands considerable 

computation for achieving good results. 

4.2.3 Image Format Converter (IFoCo) 

An image format converter is designed for “taking a copy” of an original image in a different 

format, with the smallest losses as possible. This can be done just by transforming a colored 

image into another gray-level one or for actually performing a conversion between two 

distinct formats. 

Designers need to use IFoCo whether they are instantiating pipelines that use variable 

cameras with distinct image formats or which offer not native gray-level capture. 

This module has a positive impact, since this conversion makes feasible the image gradient 

computation with fewer number of channels to handle, what allows frame decimation and 

feature extraction (see 4.2.10 - Frame Decimator (FraDe) and 4.3.1 - Feature Extractor 

(FeEx)). 

4.2.4 Histogram Equalizer (HEqual) 

Intensity histograms of images represent a graphical tool for discovering dominant 

intensities on a given image. This IP method is commonly used for increasing the local 

contrast of images. 

The main reason for using HEqual is that equalization usually improves detection of image 

features. This is specially desirable in the feature extraction task since it has its accuracy 

depending on the discovery of high local contrast (see 4.3.1 - Feature Extractor (FeEx)). 

Basic histogram equalization works as a simple image operator and has linear complexity 

considering the image area. In spite of having a similar complexity, it cannot be designed 

coupled with the IFoCo module without extra complexity, since an image and its intensity 

histogram are expected for equalization. In this manner, the reasonable way of working is to 

design the HEqual after IFoCo. 
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4.2.5 Image Convolver (ICon) 

This module is responsible for performing image convolution through the application of a 

coherent mask. It works as the prior task for image gradient calculation (see next module 

Image Gradient Calculator (IGraC)) and might also be employed aiming to reduce noise in 

the original image. 

The main impact is related to the use of a pure 2D convolution, since we work with images, 

or make the choice for two 1D convolutions. 

The Gaussian 2D mask is generally used as convolution kernel; it has the desired property of 

being separable in two 1D masks, although if any other mask is applied this separation is not 

assured. 

4.2.6 Image Gradient Calculator (IGraC) 

This module computes the derivatives in horizontal and vertical directions at each image 

point, what corresponds to the rate of change (of luminance intensity in our context) in the 

computed direction for each pixel. 

An alternative for fast image gradient calculation is the so called Sobel operator 

[SOBEL&FELDMAN 1968], which is an inaccurate approximation of the image gradient 

that has the necessary quality for many applications. Its calculation is very simple since it 

only considers a 33  region of intensity value around each image point. 

Image gradient calculation is dually useful for further steps in our proposed pipeline. The 

first motivation concerns sharpness measurement for allowing frame decimation (see details 

in 4.2.10 - Frame Decimator (FraDe)). The second application is feature extraction and can 

be used for both corner and edge detection (see details on 4.3.1 - Feature Extractor (FeEx) 

and Appendix A). 

4.2.7 Sharpness Calculator (ShaCal) 

This module works to calculate image sharpness through filtering or other applicable 

measurement schemes like eigenvalues [WEE&PARAMESRAN 2007]. 

Sharpness is an important component for dealing with the tracking task, since images with 

deficient sharpness may cause incorrect feature extraction and matching. A simple example 

is the motion blur, which may severely impair tracking by its incapability on determining 

accurately where features exactly lay. 
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Since ShaCal performs its computation for every frame in the sequence, the more expensive 

the sharpness measurement is the more it impacts the frame rate. On the other hand, if the 

instantiated pipeline works with video sequences, this represents an additional processing for 

trying to avoid inaccuracies in the pipeline. 

In most image-based pipelines it can probably be putted aside, since such takes are more 

managed and controlled (which contributes to higher sharpness). 

4.2.8 Disparity Estimator (DiEst) 

This module has the responsibility of estimating the disparity between images as an indirect 

way of estimating motion parallax. 

For correct matching and scene understanding some assurance about disparity of images is 

needed. This is due to the fact that a few motion parallax harms motion estimation. 

Remembering the epipolar scheme (see 2.7.3 - Epipolar), when two focal points coincide or 

are very near to each other the 3D point on the top of the triangle will have greater 

coordinates magnitude when compared to the focal points ones. In such bad circumstance 

the more near focal points are, the more infinitesimal motion is and thus 3D point seems 

laying at infinity. 

Observe that DiEst is designed after the ShaCal module due to FraDe (Frame Decimator) 

can discard some frames based on ShaCal performance, decreasing the total amount of 

frames that DiEst has to work with. 

4.2.9 Shot Boundary Detector (ShoBouD) 

This module is able to identify shot boundaries for segmenting video shots considering a 

certain set of transition effects. It allows avoiding unnecessary computations related to 

tracking, scene understanding and registering tasks, since it works as input of the FraDe 

module. 

This module works on the entire video sequence and it can impair severely the frame rate 

depending on how accurate and how many transition effects are considered in boundaries 

detection. 
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4.2.10 Frame Decimator (FraDe) 

This module evaluates sharpness and parallax measures and decides if a frame is necessary 

for the motion estimation or if it can be discarded. It also handles frames classified as inner a 

shot as well as at shot boundaries to allow their correct treatment. 

Work with a reduced set of good images is much better than work with the entire sequence. 

FraDe promotes dual advantage of reducing the time needed to perform further pipeline 

steps as well as allowing the work with higher quality data. 

4.3 Tracker 

This high level module is responsible for performing one of the fundamental AR tasks. 

Specifically in this case, only two inner steps are developed and their order is not changeable 

in both internal and external module contexts. 

Figure 4.4 depicts the detailing of Tracker. 

 

Figure 4.4 Diagram of Tracker inner modules. 

Tracker expects the next input and delivers the following output: 

 Input: Treated images with enough disparity for computations. 

 Output: Set of selected features and their correspondences among frames. 

4.3.1 Feature Extractor (FeEx) 

The Feature Extractor is a module that considers the images after some prior treatments and 

some local information like gradient for discovering what are the good image characteristics 

in order to distinguish contours in a given image. 

The use of FeEx is related to the need for performing a fast and automatic feature selection 

in images with good accuracy. It allows the next module (Feature Matcher (FeaM)) to work 
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properly, since matching relates extracted features from two or more images and makes 

possible the recovery of epipolar geometry between them through those correspondences. 

In the absence of an automatic FeEx, the features of a given image have to be selected 

manually, what clearly leads to break the RT constraint. Even using an algorithm that deals 

with RT constraints it may impair the frame rate. This is caused by the need for performing 

this task for any non-decimated frame. 

4.3.2 Feature Matcher (FeaM) 

This module works with the information of extracted features to try to establish their 

relationship through a set of given images. 

The use of FeaM is motivated by the need for automatic feature matching; in the absence of 

such automatic module, manual matching must be performed, and it is well-known that 

manual intervention always breaks the RT constraint. 

4.4 Scene Understander 

In order to link the Tracker and Register (described in sequence) steps it is necessary to 

understand the scene structure. This module has the needed small steps for dealing with the 

correct computation of a scene structure. 

Figure 4.5 depicts the detailing of Scene Understander. 

 

Figure 4.5 Diagram of Scene Understander inner modules. 

Scene Understander expects the next input and delivers the following output: 

 Input: Set of selected features and their correspondences among frames. 
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 Output: Estimated pose [R|t] and the linear transformation from last estimation to 

first coordinate system (reference coordinate system). 

4.4.1 Randomizer 

A randomizer is an entity responsible for generating with low repeatability numbers which 

do not establish any clear or deterministic order of precedence among each other and the 

only way of generating the same set of numbers is using the same generation seed. 

It plays a main role in the RANSAC algorithm and consequently in the hypotheses 

generation task, since the finding of the correct hypothesis is the key issue for dealing with 

motion estimation. 

A randomizer does not imply a serious impact in terms of performance, since it is often 

called a fixed amount of times or it has a limit of callings. 

4.4.2 Sampler 

Sampler is responsible for selecting a representative set of observations which can describe 

simultaneously the behavior of these observations and all the remaining ones. It generally 

uses a randomizer for selecting observations without any deterministic order, but with the 

constraint of doing no selection of an observation more than once at the same sample. 

Since RANSAC is a consensus obtained from random sampling, a sampler that uses a 

randomizer is the kernel of this algorithm. When no sampling strategy is adopted, the whole 

set of observations needs to be used for generating and evaluating hypotheses, what 

unnecessarily increases the computational complexity. 

The absence of sampling may increase time complexity of algorithms (e.g. hypotheses 

generation and evaluation), leading to performances under the RT edge. Sampling does not 

impact performance severely, since it is often called a fixed amount of times or it has a limit 

of callings. 

4.4.3 Hypotheses Generator (HyGe) 

This module makes calls to the sampler and works together with the solver (see next 

subsection) for generating quality motion hypotheses which better describe the relation 

between images and which respect the epipolar constraint. 
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Finding the best motion hypothesis is conceptually an NP-hard problem as well as the SfM 

problem in specific scenarios (as proved by Nistér et al. [NISTÉR et al. 2007]). For this 

reason it is important to find the best possible approximation in a manageable time. 

In the absence of HyGe, motion estimation consists in a non-linear scheme for finding a 

system of linear equations through all features‟ correspondences, what also implies 

discarding HypE (see next sections), thus this means a huge amount of computations and 

vulnerability to corrupted data. 

4.4.4 Solver 

This is a module that integrates the mathematical and statistical tools which are brought 

together and need to share their data and components for supporting other modules of the 

MARRT pipeline. This is true for both software and hardware possible instantiations of 

modules and it may lead to time and/or accuracy gains (e.g. postponed division, matrices 

operations). 

Its impact is very dependent of what tools are instantiated. Whether this module is not 

instantiated in a pipeline its functionality will be dispersed among the dependent modules. 

4.4.5 Hypotheses Evaluator (HypE) 

This module has the purpose of evaluating a set of given hypotheses against the set of 

available observations. 

Choose the best motion hypothesis is essential for pose estimation as well as initial guess for 

refinement and registering tasks. 

The impact on frame rate when employing the Preemptive RANSAC algorithm as well as 

the HyGe module depends on the stipulated time budget. 

4.4.6 Pose Estimator (PosEst) 

This module is applied for decomposing the data of winner hypothesis into a more useful 

representation. It has also the responsibility of avoiding any pose ambiguity when it exists. 

Motion hypotheses are very useful for checking through a simple algebraic representation 

how near it is from the right epipolar map. But it is not appropriate when work in a 

refinement step or on a registering task, because in such cases, the decomposed information 

about the pose is in general the best choice. 
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PosEst works with a single hypothesis and impacts locally and generally not much frame 

rate. Otherwise, if it is putted aside, it will probably lead to wrong executions in the existence 

of pose ambiguity, what impairs the work of dependent modules (e.g. Solver) which have to 

change its internal representations for dealing with such algebraic ones. 

4.4.7 Origin Coordinate System Transformer (OCoST) 

This module applies iterative transformations (i.e. the employ of previous transformation to 

compute the new one), in order to estimate motion relative to the first frame what can be 

called absolute orientation. 

Work in a single coordinate system makes easy the direct transformation between first and 

current frames. 

It does not impact hardly performance during pipeline execution, since it performs its task 

iteratively step by step. Otherwise, the absence of OCoST implies to work with an 

alternative approach for consistent coordinate systems between frames. 

Finally, since SCal was previously used, there is no need for unifying scales. 

4.5 Register 

This is the last module in the execution chain and it has the responsibility of merging the 

synthetic content with the images of the captured video sequence. 

Figure 4.6 depicts the detailing of Register. 

 

Figure 4.6 Diagram of Register inner modules. 

Register expects the next input and delivers as output: 

 Input: Estimated pose [R|t] and the linear transformation from last estimation to first 

coordinate system (reference coordinate system). 

 Output: Synthetic models mixed with the real environment. 
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4.5.1 Depth Estimator (DeEst) 

This is a module designed for computing depth maps from a pair of given images. From 

these images are expected enough disparity and high sharpness (see 4.2.7 - Sharpness 

Calculator (ShaCal) and 4.2.8 - Disparity Estimator (DiEst)). 

Since we are mainly working with motion estimation for dealing with synthetic objects 

insertion, depth maps allow us to register models with occlusion effect, increasing user‟s 

sense of immersion. 

This module has a relative impact on frame rate and may be subject to optimizations. Note 

that it is dependent on FraDe results, it means, if FraDe works fine, DeEst can certainly 

perform seamlessly, and if FraDe fails or does not exist, DeEst may impair its processing 

accuracy very much. 

4.5.2 Model View Calculator (MoViC) 

This is a module that computes individual model matrices for each VC that must be 

registered with the real scene. 

Synthetic objects are modeled in its proper coordinate system and they need to have a 

transformation applied in order to deal with correct placement in the captured scene. 

It often has a low impact on frame rate, since a reduced number of models are generally 

registered. 

4.5.3 Inserter 

This module is responsible for preparing and rendering mixed real and virtual contents. 

This is the final step on pipeline performing. At this point it becomes possible to measure 

the final frame throughput (frame rate) that is the application metric of speed. Since it 

achieves at least 30 fps it will be considered a RT system in accordance with our previous 

assertion (see 2.1 - Real-Time). 
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5 Time Complexity Analysis 
 

“The old dog doesn't bark without reason.” 

Truly romanian proverb 

Since the complete designing of MARRT pipeline was detailed, it remains the analysis of 

how it could be used considering the main constraint of RT. In order to properly conduct 

the time complexity analysis and give a global asymptotic expression, it is necessary to 

express how much each pipeline item (when it is possible) contributes to the global 

expression. 

Some components are not evaluable due to their natures. It is the case of camera which has a 

time complexity that is useless since it belongs to an offline module and was putted aside for 

this reason. 

There is also the case of components very dependent of technique, which leads to analyze 

the general concept behind the task or, in the worse case, to appoint interested researchers 

to find their own such specific time complexities when instantiating their pipelines. 

Once the RT constraint cannot be put aside in any fraction of the proposed pipeline, the 

linear algorithms or the closest to linear algorithms will be more desirable for the 

demonstration in the time complexity analysis. The resting algorithms can be cited, but not 

analyzed (what would impair the focus of the thesis). 

In summary, this time complexity analysis will treat each module separately, but considering 

the influence between them and expressing their complexities on a useful level of detail. It 

means that we are interested on a correct correlation of variables that interferes in each task 

performing, but not on the deep details like how many memory accesses or vector elements 

copies are carried out. 

In fact some operations that may be performed in constant time, even this constant is high, 

as summing, derivatives, comparisons and other computations of the same kind do not 
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express perfectly what we are searching for. In such cases, variables like image height and 

width or the total of available hypotheses tells more about asymptotic behavior. 

For the sake of clarity, it is important to list the adopted notation for each element on the 

time complexity analysis. That is as follows: 

Table 5.1 Symbols common used on our time complexity analysis 

Symbol Meaning 

P  All the available pixels 

iw  Image width 

ih  Image height 

w    windows 

W  All the available windows 

TF  All the available traceable features 

H  All the available hypotheses 

iH  All the available hypotheses at the i-th step 

O  All the available observations 

a  The amount of tabulated intensities 
ps  Presence of symmetry (1 if it does not exist, 2  for 

symmetry between two image regions and so on) 

alg  Scalar which assigns the  deinterlacing algorithm 

( 2  for half-sizing,  1 otherwise) 

 

Each main section of this chapter brings their expressions of time complexity in order to 

check the viability of possible instances of the proposed pipeline. 

5.1 Camera Setup 

The RT constraint is too important and difficult to achieve that in the general case, 

considering the current computational resources, it is necessary to prepare the camera setup 

conveniently for performing each pipeline step accordingly. 

Thus, the time complexity of camera setup cannot be added to the global expression, since it 

is an offline step and, once this task is performed, will not be redone. In summary, it is just 

necessary for parameterize the system accordingly and without the need of computing such 

parameters for each execution round. 

5.2 Pre-processor 

The work with a huge amount of data and the significant number of inner modules designed 

lead it to be a bottleneck module that should not have its complexity disregarded. It may be 
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seen in the follow expressions that respectively depicts all the complexities fit together, the 

expanded expression developing the transitive complexities ( FraGrat  and FraDet ) and the same 

expression in its entirely developed form. 

FraDeIGraCIConHEqualFraGraprocessorPre tttttT   

ShoBouDDiEstShaCalFraDeIGraCIConHEqualIFoCoViDeinFraGraprocessorPre tttktttttkT 
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Finally, putting P  on evidence, taking iwPih 1  and rearranging the expression, it yields: 
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5.2.1 Frame Grabber (FraGra) 

The FraGra‟s time complexity has a quite simple calculation, since its best case is the 

continuous execution in order to transform the stored video or the video stream in image 

sequences. In such simple scenario, its complexity is linear and only depends on the constant 

time for performing the cited transformation. 

Generally, for each execution of FraGra operations it may need auxiliary modules and, in the 

worst case, it demands an execution of ViDein and another of IFoCo. If so, it is possible to 

calculate the time complexity just including the complexities of auxiliary modules coupled 

with its own one. 

The following expression presents the general complexity: 

IFoCoViDeinFraGraFraGra ttkt   

The above expression is also valid for the best case, once it can be interpreted as the general 

case if ViDeint  and IFoCot  contributions equal to zero. 
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5.2.2 Video Deinterlacer (ViDein) 

Due to the diversity of algorithms and their particular execution steps, it is difficult to 

express the ViDein time complexity on a generic manner. Even only considering the group 

classification, it is hard. 

The only way of expressing a generic time complexity is assuming particular details of 

algorithms as time constants, what is reasonable due to those execution steps which are 

carried out over a fixed amount of data. The image height is the only varying data to be 

considered on the distinct algorithms. 

Following such reasons, we can express ViDein time complexity as: 

alg

ih
kt ViDeinViDein  , 

where ViDeink  denotes the constant time (probably of high magnitude) to be analyzed 

separately per algorithm, ih  represents the image height and alg  is a scalar divisor that is 1 

for the majority of algorithms and 2  in cases like the half-sizing algorithm. 

5.2.3 Image Format Converter (IFoCo) 

The time complexity of IFoCo is dominated by the amount of pixels for converting, growing 

linearly with this quantity, the general time complexity of IFoCo is: 

Pkt IFoCoIFoCo  , 

where P  denotes the total amount of pixels on an image. 

It is also possible to face a color scheme with unequally color distribution (e.g. Bayer). Even 

in such cases, the complexity remains linear considering the amount of pixels and just the 

conversion function has some new computations. 

5.2.4 Histogram Equalizer (HEqual) 

Basic histogram equalization works as a simple image operator of the form: 

   pIpIf eq1:  

And the function f  is as follows: 
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where a  is the amount of tabulated intensities,  rn1  is the number of pixels with intensity r  

in the original image ( 1I ), and P  is the image area or total of pixels. 

Assuming non pre-computed histograms, it means, for each new image the intensity 

histogram must be computed, such computation grows linearly with P , what results: 

Pkt HistCompHistComp   

It leads clearly to linear complexity for both a  and P , resulting on the following complexity 

(adding the computation of the original image histogram): 

aPktt HEqualHistCompHEqual   

And considering HistCompt  in its developed form, we can rewrite the above expression as: 

  Pakkt HEqualHistCompHEqual   

5.2.5 Image Convolver (ICon) 

Performing 1D convolution on an image is the same of applying two separated operators (a 

horizontal and another vertical) as follows: 

      
 


iw

i

ih

j

yykyxkxx syxIsjxysxIysiyxI
0 0

112 ,),(,),(, , 

where x  and y  denote respectively the horizontal and the vertical kernels, iw  is the 

horizontal dimension of the image, ih  is the vertical dimension of the image and xs  and ys  

are the horizontal and the vertical dimensions of such defined kernels and kx  and ky  

represent the fixed coordinate on the convolution direction. 

Thus, the time complexity is constant on applying kernel and grows linearly with iw  and ih  

(or just P ) and with xs  and ys  (or simply IConW , that is the total of possible computation 

windows). For 2D convolutions, the kernel dimension has a greater impact and the 

consideration about xs  and ys  linearity cannot be supported. 

In summary, we can express ICon time complexity as: 

PWkt IConIConICon   
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For correct computation of the amount of windows, it is possible to generalize an 

expression for rectangular and squared windows as follows: 

   11  yx sihsiwW  

5.2.6 Image Gradient Calculator (IGraC) 

IGraC complexity is a simple linear expression. Actually, assuming per pixel computation as 

a constant and considering the entire image domain (even it is common to exclude image 

boundaries) its complexity is as follows: 

PWkt IGraCIGraCIGraC  , 

where IGraCk  denotes the computation constant, IGraCW  is the  amount of windows that fits 

in the image and P  is the total amount of pixels. The term IGraCW  remember us that the time 

expended on derivative computations shall be considered on both horizontal and vertical 

directions. 

Note that IGraCk  is related to derivative computations, which is an expensive task in 

computational terms; thus it will probably be a constant of high magnitude. Actually, looking 

IGraCk  in detail (developing the derivative complexity in its own expression), the IGraC 

complexity becomes non-linear, even though we consider here the linearity in terms of 

correlation between image-related characteristics (e.g. frames, pixels, features and so on). 

5.2.7 Sharpness Calculator (ShaCal) 

Consider the blur measuring expression given by Fulton on his PhD thesis [FULTON 

2007]: 
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Assuming the time spent for computing the Fast Fourier Transform (FFT) and the log  

function as constants and writing them coupled as ShaCalk , ShaCal time complexity is: 

ih
ps

iw
kt ShaCalShaCal  , 
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where ps  denotes the presence of symmetry that may allow the reduction of computations 

in the measures like the proposed by Fulton setting it to 2 , and preserve the work with all 

the image width, and setting it to 1 otherwise. 

Nistér has assigned in his PhD thesis a sharpness measure as the mean square of the 

horizontal and vertical derivatives evaluated as finite differences, which is expressed as: 
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And that is expressed in Nistér‟s work as: 
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where I  denotes the image domain except for its boundaries in both expressions. 

It is easy to see that assigned ShaCalt  is general enough to deal with Nistér‟s measure too; in 

such case the employment of finite differences plays the same role on time complexity that 

FFT, for example, been expressed joined with other constant time operations in a single 

constant ( ShaCalk ). 

5.2.8 Disparity Estimator (DiEst) 

Disparity estimation depends on the computation of how different a pair of images is. It 

may be simply given by a metric calculated as a Mean Absolute Difference (MAD), 

expressed by: 
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, , 

where R  denotes the number of pixels in the overlapped area of both images ( I  and 'I ), i  

and j  are the coordinates in the overlapped area domain and x  and y  are the relative 

horizontal and vertical shifting from original coordinates. 

It is easy to see the bigger the overlapped area is, more similar the pair of images is. It means 

that MAD value is directly proportional to the images disparity. 

Thus, it only remains the consideration about the single variable on the time complexity 

analysis R . One notes that we cannot assert its precise size, only its maximum that is the 
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entire image domain P  when both images are identical, as well as not even a pixel when the 

disparity is total. 

For the sake of clarity and correctness, we apply  PPP  '0,'  representing the set of all 

available pixels on the overlapped area. Yielding the following DiEst time complexity: 

'Pkt DiEstDiEst   

5.2.9 Shot Boundary Detector (ShoBouD) 

Nistér refers to the use of the normalized correlation between consecutive frames [NISTÉR 

2001]. This is a simple way of having a metric for the comparison with a given threshold and 

the classification of the frame as ordinary or a shot boundary. 

Even though there is not much details about what is used on the correlation, but it is 

reasonable to suppose that this kind of computation is carried out considering the available 

information of disparity between frames. If this task is postponed, it may be performed 

closely to matching task that exploits too the normalized correlation, but between features 

instead frames. 

Therefore, we may express the ShoBouD time complexity as the ShoBouDk  constant which 

only depends on the previous computations and the performance of the particular 

correlation task. 

5.2.10 Frame Decimator (FraDe) 

FraDe module has a quite simple complexity once it works with results of other modules. 

Actually, if their complexities are known, FraDe just additionally depends on a constant time 

for choosing the correct treatment (e.g. to discard or to preserve the frame) and its time 

complexity expression can be expressed as follows: 

ShoBouDDiEstShaCalFraDeFraDe tttkt   

5.3 Tracker 

Tracker has a simple expression for its time complexity, but deserves attention to the 

evolved constants with high magnitude, and even the particular complexities of FeEx and 

FeaM looks simple, they generally have an important role on the final complexity and time 

consumption. Optimization of those modules is actually open issues (see Appendix B). 
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Summing the individual modules expressions, Tracker complexity is as follows: 

  PTFwkkWkT ZMCCFeaMFeExFeExTracker  2  

5.3.1 Feature Extractor (FeEx) 

Feature extraction is a task very dependent on the algorithm (e.g. corner detection, line 

detection, invariant feature detection). Each algorithm has its own calculations and performs 

different kinds and amounts of steps (see Appendix A). 

For this reason and in respect of the independence of algorithm in our time analysis, we 

consider the influence of particular operations of algorithms as a constant time in the 

expression. It means that each particular algorithm has a particular constant which is 

independent and generally distinct from the other ones. 

Thus, FeEx is thoroughly correlated with image size, growing linearly just as the image size 

grows. It is also dependent on how abroad is its particular computations; for example, if 

features are discovered considering a squared window or a rectangular or a circular one, it 

impacts on the final complexity. 

In any case, we are disregarding how the windows fit is, just considering its appliance; what 

implies a contribution to the time complexity related to the amount of windows that fits on a 

single image. 

Considering the above reasons, the FeEx time complexity can be expressed as: 

PWkt FeExFeExFeEx  , 

where W  is the set of available windows (or the total of windows that fits on a single image) 

and may not generally be computed by dividing the image area by window area, once it shifts 

one pixel by step in a common window task. 

5.3.2 Feature Matcher (FeaM) 

When a general motion model is used, tracking must use search windows for finding 

possible correspondences of features, but it is not sufficient due to the common presence of 

more than one feature inner the search window. For solving this ambiguity and also 

considering the use of a similarity function we may correlate features through the commonly 

used Zero Mean Normalized Cross Correlation (ZMCC) that considers the cross correlation 

between features in the search neighborhood on both images. 
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Once ZMCC relates windows in pairs and it does not requires the fitting of all possible 

windows in an image, its time complexity depends on the amount of processed windows as 

well as a particular constant for its computations. Next expression shows it mathematically: 

ZMCCZMCC kwt  2 , 

where w  denotes the amount of processed windows, 2  is a multiplier denoting that 

windows are related in pairs and ZMCCk  is the constant of ZMCC particular computations. 

Considering the cited aspects and adding the consideration that FeaM tries to relate all the 

available features on the images (even some of that are expected to do not match), the FeaM 

complexity can be expressed as: 

TFtkt ZMCCFeaMFeaM  , 

where FeaMk  denotes FeaM constant, ZMCCt  is the time for the computation of the similarity 

function and TF  is the set of all available traceable features. Whether we develop the term 

ZMCCt , the above expression fits like: 

PTFwkkt ZMCCFeaMFeaM  2  

5.4 Scene Understander 

Scene understanding demands a slice of time dominated by a kernel of HyGe, Solver and 

HypE modules. It is due the fact that PosEst and OCoST modules have constant time 

complexities, and Randomizer and Sampler only demands few simple computations, 

meanwhile HyGe, Solver and HypE work with large amounts of data and have constants of 

higher magnitude. 

Summing each module contribution and considering the time expended on sampling as 

implicit inner Randomizert , Scene Understander time complexity is as follows: 

OCoSTPosEstHypESolverHyGeRandomizerstanderSceneUnder ttttttT   

5.4.1 Randomizer 

A randomizer has not its complexity related to what is being randomized, but how difficult 

this randomization is and how many samples must be done. It leads to linear complexity 

considering the amount of samples and is dependent on randomization difficulty. 
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Taking it into account and disregarding the technique, it is possible to express a preliminary 

complexity as: 

SamplerSamplesWarmUpRandomizer tnkt  , 

where WarmUpk  is the constant of expended time on warming up the randomizer and Samplesn  is 

the number of samples that can be previously be fixed or updated interactively and that 

depends on the need for new samplings. This expression also represents the complexity of a 

dummy randomizer that just calls a sampler. However it looks useless, it can be applied for 

model pre-randomized tests, proofs of concept and systems comparisons. 

Linear Congruent Methods (LGM) or LGM-based are popular on C and Fortran 

programming languages (e.g. rand, rn, random, srand, erand, drand), such methods has the 

basic form of: 

  mcaXX nn mod1  , 

where nX  is the sequence of random numbers, 0X  is the seed, m  divisor used in the 

modulus computation, a  is a given multiplier and c  is a given increment. 

Another Pseudo Random Number Generator (PRNG) created by Marsaglia is a variation of 

LGM that allows easily real number generation with long periods (somewhat 
2502 ). This 

algorithm has a similar fashion of basic LGM, but with some additional sums and 

multiplications. In any case, it remains linear and its time complexity can be expressed 

together with the LGM general complexity as follows: 

mokskmuktLGM 321  , 

where mu , s  and mo  are the amount of multiplications, summing and modulus operations 

respectively; 1k , 2k  and 3k  are individual constant times for performing a multiplication, a 

summing and a modulus operation respectively. 

But, we cannot ignore the fact that LGMt  is constant, since mu , s  and mo  do not vary, may 

been written as LGMk . It is actually, the appropriate way of composing the global randomizer 

time complexity. Therefore, the final complexity of a randomizer relies on: 

SamplerSamplesLGMWarmUpRandomizer tnkkt   
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5.4.2 Sampler 

The principal sampling schemes commonly applied are: dummy, random, weighted and 

stratified. The last one is the only that often becomes non-linear, due to the hard work of 

stratifying data on motion and structure estimation, what is also a point against it, putting it 

apart during the development of RT MAR systems. 

The other schemes have linear complexity concerning the size of sampling with small 

conceptual differences between them. All of them work selecting an amount of elements 

from the available data by a given set of indices. 

So we can assume the weighted sampling as a generalization of the other two, interpreting 

random scheme as having a single weight for all the data and the dummy as having a dummy 

random scheme. Thus, the generalized Sampler time complexity is: 

skt weightSampler  , 

where s  is the amount of samples and weightk  is the constant for weight computation. 

5.4.3 Hypotheses Generator (HyGe) 

The HyGe time complexity involves the time for a computing step and the time spent by the 

generation scheme (global or local estimation, fixed or ad-hoc number of hypotheses to gen-

erate, etc.). Thus, we can express its complexity as: 

grkkt HyGeHyGeSchemeHyGe  , 

where gr  denotes the number of generation rounds, HyGeSchemek  is the generation scheme 

constant and HyGek  is the time constant for a generation round. 

Generation rounds are used instead the number of generated hypotheses due to depending 

on the generation algorithm; it may generate more than one hypothesis on a single round. 

Note that HyGek  depends on the generation algorithm, what means that it is near to constant 

and may be linear (e.g. using 8-point algorithm) or not (e.g. using 5-point algorithm). 

Actually, local estimation is a novel concept we are trying to exploit. Details about VALEN 

(Variable Amount of Local Estimation Nodes) scheme are showed on Appendix C. 
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5.4.4 Solver 

Solver time complexity is a very delicate point, once the diversity of algorithms and 

possibility of combinations will lead this thesis to become a mathematical and statistical tools 

demonstration of complexities. It is out of our scope and we delegate this task to interested 

designers and/or researchers when instantiating and/or analyzing their own pipelines. 

However, trying to avoid the frustration of a vague section, we bring a summary of popular 

algorithms possibly contained on Solver module when instantiating this. 

Table 5.2 Summary of some popular algorithms possibly contained on Solver 

Algorithm Field Behavior Considerations 

8-point Hypotheses 
Computation 

Linear Two-view geometry only 

5-point Hypotheses 
Computation 

Non-
linear 

Resolution of th10  degree polynomials 

Inlier/Outlier 
model 

Statistical 
Estimation 

Linear The simplest cost function, easy to compute but 
ignores that data may have different error magnitudes 

Maximum 
Likelihood 

Statistical 
Estimation 

Non-
linear 

Computation of function maximum considering a PDF 

Log-
likelihood 

Statistical 
Estimation 

Non-
linear 

Similar to Maximum Likelihood, but computes ln  for 
reduce outliers contribution 

SVD Decomposition Linear Its accuracy depends on the quality of systems to solve 

Levenberg-
Marquadt 

Minimization Iterative Generally applied on non-linear minimization that 
needs fast convergence 

 

5.4.5 Hypotheses Evaluator (HypE) 

Following the scheme proposed by Nistér on Preemptive RANSAC [NISTÉR 2003] 

[NISTÉR 2005-A], it is possible to work in the following time complexity: 
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o
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1

1 , 

where   is the relative hypotheses generation time. 

Once we distribute hypotheses generation and evaluation in two distinct steps, their 

complexities are computed independently. In any case, the previous expression is needed to 

understand the used preemption function: 
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where    denotes downward truncation, iH  is the amount of available hypotheses at the i-th 

step and B  denotes the block size (the amount of tested observations in an evaluation 

round). 

Nistér mentions that this gives an execution-time of  BH  2  approximately. 

But whether BRUMA function (see the detailing on Appendix D) is chosen, some changes 

occur. At first place, BRUMA function is expressed as follows: 
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i pHif , 

where p  denotes a scalar responsible for indicating how many hypotheses must be rejected 

on a single preemption step and iB  denotes the block size at the i-th execution step. 

Using Nistér‟s expression of time consumption and discarding the hypotheses generation 

contribution, our proposal yields: 
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, 

Finally, considering BRUMA function and the previous expression, it results in a time 

complexity (in our notation) of: 





B

I

IHypEHypE HOkt
1

, 

where I  represents each discrete step (i.e. each block resizing), B  is the amount of blocks 

used and IH  is the amount of available hypotheses at each block resizing. 

5.4.6 Pose Estimator (PosEst) 

Once pose ambiguity relies on a fixed limit of possible poses, to avoid this ambiguity (i.e. 

estimate pose) implies constant time for discovering the correct one. 

In 2-view the often-cited 8-point algorithm has an ambiguity which requires simple 

computation over a fixed amount of possible poses (four precisely) as vectors triple product. 

At the end, it algebraically delivers the correct pose based on geometric enforcement that 

both cameras only captures what is in front of them and should not have any negative depth. 
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Even when decomposing pose in other representation (e.g. projection matrix or quaternion), 

the time consumed stills constant. It allows us to express both operation (avoiding ambiguity 

and decomposition) as a single constant and assign its complexity as PosEstk . 

5.4.7 Origin Coordinate System Transformer (OCoST) 

Considering the iterative behavior of OCoST module, one observes that its time is constant 

for a single performing and can be assigned as OCoSTk . 

5.5 Register 

The time complexity of this high level module is entirely linear with individual constants that 

probably are of small magnitude. Its time complexity can be seen in the next expression: 

InserterMoViCDeEstRegister tttT   

Or in its developed form: 

  nkkPkT InserterMoViCDeEstRegister  2 , 

where k  denotes individual constants and n  is the number of models to be inserted. 

5.5.1 Depth Estimator (DeEst) 

When camera parameters and pose are available, depth estimation may be expressed as: 

d

fB
zi


 , 

where iz  denotes the depth estimation of the i-th point, B  is the baseline between images 

(given by pose estimation), f  is the focal length of the camera and d  is the disparity 

measure computed previously by Disparity Estimator (DiEst) module. 

This computation has constant time per pixel and grows linearly with the amount of pixels 

of both images, what leads to the time complexity of: 

Pkt DeEstDeEst  2  

5.5.2 Model View Calculator (MoViC) 

It grows linearly with the amount of models. It leads to the following complexity: 

nkt MoViCMoViC  , 
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where n  is the number of models. 

5.5.3 Inserter 

Finally, the complexity of Inserter module just depends on the number of models to be 

inserted and a constant for mixing the virtual and real contents must be considered: 

nkt InserterInserter  , 

where n  is the number of models. 

5.6 Discussion 

Here we discuss the global aspects of pipeline complexity after the individual analysis of 

MARRT modules. 

Considering the CV and IP contexts (focusing on the work with pixels, features and filter 

windows instead of object instancing, computations or method callings) it is possible to 

summarize the complexity behavior (e.g. constant, linear, technique dependent) of each 

module on Table 5.3. 

 

Table 5.3 Summary of complexity behavior of MARRT modules 
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Frame 
Grabber IFoCoViDeinFraGraFraGra ttkt        X  

Video 
Deinterlacer alg

ih
kt ViDeinViDein     ih     X 

Image 
Format 

Converter 

Pkt IFoCoIFoCo     X     

Histogram 
Equalizer 

  Pakkt HEqualHistCompHEqual     X     

Image 
Convolver 

PWkt IConIConICon     P  IConW     

Image 
Gradient 
Calculator 

PWkt IGraCIGraCIGraC     P  IGraCW     

Sharpness 
Calculator 
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Randomizer SamplerSamplesLGMWarmUpRandomizer tnkkt     X     
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Generator 
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Depth 
Estimator 

Pkt DeEstDeEst  2    X     

Model 
View 

Calculator 

nkt MoViCMoViC     X     

Inserter nkt InserterInserter     X     

Sum 3 4 9 4 2 2 2 

 

Some modules in Table 5.3 have a dual “Behavior” entry. It was put in that form in order to 

show what portion of the complexity expression is related to each behavior. Due to this, 

when summarizing the total of modules that are related to a given behavior, we consider the 

behavior that has the greater impact and compute it once in the total. 

Figure 5.1 depicts MARRT grouped by behavior with the relative percentage of each one. It 

is easy to see that a half of modules have an offline or a linear behavior, what at first view 

leads to a more manageable problem. 

 

Figure 5.1 Percentage of modules related to a given behavior. 



                 79 

It is also important to classify the constant of each module in order to make clear what 

portions of MARRT pipeline having linear behavior may become bottlenecks. 

 

Table 5.4 Classification of magnitude of computation time of constant times in 
MARRT pipeline 

High Level 
Module Low Level Module Constant 

Magnitude of Computation Time 

Low High Variable 
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Camera Calibrator -    

Radial Rectifier -    

Scale Calibrator -    
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Frame Grabber FraGrak  X   

Video Deinterlacer ViDeink   X  

Image Format Converter IFoCok    X 

Histogram Equalizer 
HistCompk  X   

HEqualk  X   

Image Convolver IConk    X 

Image Gradient Calculator IGraCk   X  

Sharpness Calculator ShaCalk    X 

Disparity Estimator DiEstk  X   

Shot Boundary Detector ShoBouDk    X 

Frame Decimator FraDek  X   
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er

 Feature Extractor FeExk    X 

Feature Matcher 
FeaMk   X  

ZMCCk    X 
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Randomizer 
WarmUpk  X   

LGMk  X   

Sampler weightk    X 

Hypotheses Generator 
HyGeSchemek  X   

HyGek    X 

Solver -    

Hypotheses Evaluator HypEk    X 

Pose Estimator PosEstk  X   

Origin Coordinate Transformer OCoSTk  X   

R
eg

is
te

r Depth Estimator DeEstk    X 

Model View Calculator MoViCk  X   

Inserter Inserterk  X   
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Note that the constants have a variable magnitude when they depend on algorithm selection 

or the possible distinct complexities related to each particular algorithm. In other words, the 

constant is a variable in an unconstrained context that we assume constrained when 

instantiating MARRT pipeline. 

The assumption of a constrained and well known scenario is reasonable due to the fact that 

instantiation is a process that presumes choices based on expert knowledge. In this case, 

regardless of the exact choices made, the constraints imposed by algorithm selection lead 

such variable times to become constant as well as their magnitude precisely found. 

But the magnitude of some constants is quite evident previously. It happens because they 

demand few and/or simple computations (low complexity) or handle more complex or 

larger operations (high complexity). The constants that have not a prior guessable magnitude 

are named as having variable magnitude. 

Figure 5.2 depicts the relative percentage of each magnitude in MARRT. It is clear that the 

designer determines the magnitude of those constants that depend on specific algorithm(s). 

Thus the designing choices may balance the percentage of low and high magnitudes (e.g. 

52% against 48% of high and low magnitudes, respectively) as well as lead a MARRT 

instantiation to handle low magnitude constants in almost all the pipeline modules (for 

instance, 12% against 88% of high and low magnitudes, respectively). 

 

Figure 5.2 Percentage of constants related to a given magnitude. 
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Considering the analyzed topics, it is possible to point the main bottlenecks in the designed 

pipeline and, in cascade, in its instances. This information and reasons that motivate such 

classification of those modules are presented in Table 5.5. 

 

Table 5.5 Main bottlenecks in MARRT pipeline 

Module Why is it a bottleneck? 

Video 
Deinterlacer 

High magnitude of its associated constant; 
This step is often performed by dedicated hardware 

Image Convolver * 2D windows lead to non-linear complexity 

Image Format 
Converter * 

Some conversions are commonly expensive (e.g. from and to Bayer) 

Image Gradient 
Calculator 

2D windows lead to non-linear complexity; 
Derivative computation is expensive 

Sharpness 
Calculator * 

Sophisticate metrics demand computations like derivatives evaluated as finite 
differences 

Shot Boundary 
Detector 

More time consumption when evaluating great number of transition effects 

Feature Extractor 
2D windows lead to non-linear complexity; 
Work with lines or invariant features demands more time consumption 

Feature Matcher 
2D windows lead to non-linear complexity; 
Work with lines or invariant features demands more time consumption; 
More available features leads generally to more conflicts to avoid 

Hypotheses 
Generator 

Non-deterministic behavior often makes hard the achievement of linearity 

Solver 
Concentration of mathematical and statistical algorithms and tools (generally 
non-linear) leads to response lots of requests on a complete pipeline execution 
round 

Hypotheses 
Evaluation 

It depends on the amounts of hypotheses generated and observations; 
Robust cost function demands more time consumption 

* Modules that have quite simple approaches to avoid the bottlenecks 

 

Finally, we can express the global complexity of MARRT in a single expression containing all 

the online modules‟ contributions. It is: 

RegisterstanderSceneUnderTrackerprocessorPreMARRT TTTT    

In a full developed form it yields: 
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where the elements preserve their denotations. 

Reordering the elements, first the constants followed by variables and finally variables with a 

term in evidence, we take the following expression: 
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Thus, it is possible to see that a half of online modules depends on the amount of pixels, it 

means, the size of image as a parameter to determine their precise complexity and time 

consumption. 
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6 Conclusion 
 

“One can just climb a staircase until its last stair.” 

Pseudo-romanian proverb 

At last, it is possible to present some discussions and conclusions about our study, as well as 

the contribution given by this thesis and further research. 

6.1 Conclusions 

In this thesis we presented concepts related to MAR and CV that allow us to propose 

MARRT pipeline, emphasizing RT requirement and dealing with SfM technique for scene 

understanding. 

In order to design MARRT some previous works were studied, but, as shown at the end of 

Chapter 3 - Related Work (more precisely on 3.6 - Summary of Features), they do not cover 

entirely our demands; thus we concentrate on designing MARRT taking advantage of their 

strong points and trying to avoid their weaknesses. 

MARRT pipeline was designed aiming to hope MAR applications designers, developers and 

researchers; therefore we described its modules as well as analyzed the time complexity of 

using such designed modules. 

Through our research it was possible to detect some important aspects concerning to the 

pipeline bottlenecks. They are: 

 In general terms, analyzed algorithms usually do not have a time complexity so high to 

making unfeasible the achievement of RT constraint by themselves, but some of 

them have constants of high magnitude, what makes RT goal hard to achieve; 

 Camera Setup and Register modules do not represent a preoccupation in terms of time 

consumption. The first one is an offline task and the second one has linear 

complexity; 
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 Pre-processor, Scene Understander and Tracker modules have higher time 

consumption and some more constants involved (often of high magnitude). 

 Those three modules would gain a lot with optimizations, which may be done by brute 

force or by alternative schemes as we propose on Appendix C (VALEN) and 

Appendix D (BRUMA). 

 It is possible to assert that brute force is not the only available way for the optimization 

of the pipeline; even in some cases it is the most appealing one. 

 The tuning on the instantiation of our proposed pipeline as well as the decrease of 

constant times are the correct steps to construct an application based on MAR SfM 

technique that respects the RT constraint. 

6.2 Contribution 

We highlight our main contributions with this work in the following paragraphs: 

The proposition of MARRT pipeline in Chapther 4 - Pipeline Design is a contribution in the 

sense it may be understood as an attempt to fill up the lack of MAR SfM-based and MAR 

pipeline references for both beginner and expert researchers. 

We dedicated the Chapter 5 - Time Complexity Analysis entirely to analyze individual time 

complexities for almost all the designed modules as well as discussed their impact, what are 

the main bottlenecks and presented the pipeline global complexity. It would be very useful 

for designers when considering how much time is available in their own pipelines and the 

plausible choices to deal with such scenarios. 

Finally, in our effort for avoiding brute force optimizations as first option we conceive two 

alternative schemes: the first one is a novel hypotheses generation scheme called VALEN 

(see details in Appendix C) and the last is a generic and parametric preemption function 

called BRUMA (see details in Appendix D) that allows several adjustments in order to 

achieve a desired purpose. The expectation is safe a considerable amount of time by 

employing VALEN and BRUMA coupled once VALEN focuses on generating hypotheses 

faster and better it is reasonable to presume that work with BRUMA will not associate too 

higher error magnitude than Nistér‟s scheme. 
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6.3 Future Work 

We developed this work regarding its scope, what means that some other issues remain open 

and are subject of future works. We present some of the in the following paragraphs without 

any presumed ordering. 

Our work focused the functional aspect of a MAR SfM-based pipeline, but beyond this 

scope it is possible to extend the pipeline aiming to employ photo-realistic rendering, what 

implicates to design specific modules after Register. 

Other work that demands several precision experiments with microscopes, lasers and 

microtopographic methodology is the proof of Appendix C conjectures. Once such 

experimentations are done, the conjectures would be refused or confirmed empirically, 

giving the necessary scientific foundations to the assertion of the reasonable assumption 

about image formation for the task of hypotheses generation. 

It is also desirable to compare VALEN scheme with the current one. It may be done before 

the laboratory experiments in order to give some clues about the correctness of conjectures 

as well as after such experimentations as a way to confirm their results. In both cases the 

comparison will indicate the best scheme given a set of parameters and how better it is. 

Compare BRUMA with standard Preemptive RANSAC preemption function is also 

attractive and is independent of VALEN experiments (we suppose best results employing 

they together). 

Finally, a work that needs some time to be done is the evaluation of different combinations 

of modules on pipeline instantiation. Actually, we expect the natural flow of market demand 

supply the needed pipeline instances in order to perform a valid comparison. 
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Appendix A 
This appendix brings some additional information about content related to the designed 

modules for interested readers. 

Camera 

Cameras are devices that capture and store the information of electromagnetic visible spec-

trum by using sensors or by chemical processes. 

Cameras might be classified in two main models: pinhole [POLLEFEYS 1999] and 

panoramic or wide-angle [FORSYTH&PONCE 2002]. In fact, these models are generic 

enough to lead the analysis of cameras remarks, but they are imprecise in the context of 

cameras and lenses studies. This imprecision could be neglected here because the interest is 

in the general behavior and each specific lens model has no influence on the pipeline 

modules. Nevertheless such model imprecision shall be considered by designers when 

instantiating their own pipelines. 

For both models (pinhole and panoramic), the general concepts of lenses were considered, 

but each one has its own behavior. This is the case of the focal length, which has an 

important role in pinhole or panoramic classification. The concept of focal length concerns 

the distance behind the lens where the optical rays from a source distant enough (tending to 

infinity) converge in focus. It can be also defined as the distance between the center of 

projection and the retinal plane. 

The pinhole model is an idealization of the thin lens model in which the aperture shrinks to 

zero; it means that the scene is imaged on an image plane relatively far behind the lens. This 

behavior is due to incoming rays which are quite parallel in such model, leading to a 

relatively far focal length. 

The wide-angle model, also called panoramic in our work, has a different behavior. Due to 

the lens surface, the focal length is substantially shorter in comparison to the pinhole model. 

In panoramic model the imaged scene has a wider coverage, but with a radial aspect, what is 

a drawback in terms of appearance. 
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A calibration matrix, an upper triangular matrix that has the intrinsic parameters embedded, 

is written as: 
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where the third column is the principal point vector   1yx ccc , s  is the pixel skew and 

xf  and yf  are the ratios of focal length by height and width of the pixels. 

The camera quality leads to distinct impacts on a MAR system, such as: 

 Video sequence – a video sequence would be as long as the camcorder allows. Record 

time is related to the amount of available memory, how fast it can get new shots and 

the chosen resolution; 

 Frame rate – this is surely the highest impact possible on the system, since it 

determines a top reference of system speed. A pipeline is as fast as its slowest 

module, for example, assuming just an imperceptible delay; if camera frame rate is 

under RT reference the experience will be certainly damaged. The higher a frame rate, 

the higher the demand for storage. A possible problem lays on the fact that cameras 

are not generally prepared to work in RT and since it is not feasible to perform all the 

remaining pipeline tasks at the same time, RT constraint would not be generally 

achieved; 

 Optimization – since the main remark in our work is related to RT constraint, the 

impact of optimization concerns the increase of frame rates without affecting 

substantially the storage demand. 

Camera Calibrator (CaCal) 

Three-dimensional information about the world is mapped onto a lower dimensional 

projection when captured by cameras. This projection differs for each camera due to 

particular physical properties that can be expressed by a set called intrinsic parameters. 

Having an image sequence (even if it was converted from a video stream) taken by the same 

camera and knowing its intrinsic parameters (if they are still fix) it is possible to estimate 

easily and quickly the motion and structure of such available image sequence. 
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Actually, the K  matrix can be available through other means like users‟ manual or the 

similarity between cameras, but it is not usual. For this reason, some methods for estimating 

camera intrinsic parameters have been proposed, computing such parameters and usually the 

radial distortion parameters through the use of a known calibration pattern. 

The key points on estimating the K  matrix are to find the plane at infinity and the absolute 

conic, but this will not be detailed here because the precise calibration process is not our 

focus; the interested reader is addressed to [HARTLEY & ZISSERMAN 2003] for further 

details. 

Calibration is also useful for comparison with estimated parameters when employing self-

calibration. There are some applications developed for the purpose of calibrating cameras; 

for example, in the AR field the application that is distributed with the ARToolKit library 

[ARTOOLKIT] is very popular. 

Radial Rectifier (RaR) 

Cameras present very often captures with curved surfaces and lines even when they are 

actually straight ones. Such curved aspect occurs due to the embedded lens curvature, and 

besides the farther points are from the projection center, the more intense the distortion. 

This kind of distortion is called radial distortion and can be seen even in cameras similar to 

the pinhole model, because small apertures are not directly related to lenses curvatures. 

Scale Calibrator (SCal) 

It is possible to measure projections of objects in a set of images and relate such 

measurements with the metric reference of those objects. Since those measures are available, 

new projections of the same objects on different poses can be compared to the reference 

measurements. The ratio between new and old measurements gives the scale of 

transformation, what allows an upgrade from the Metric stratum to the Euclidean one. 

Scale calibration can also work by 3D planes measurements; in this case, it needs firstly to 

discover a reliable plane on the scene and follow it. It is possible to compute the scale by the 

plane growth ratio relative to the reference plane if the relative pose is known. 

If no notice about scale is taken, it is not possible to assert if a two times taller object 

projection represents the same object closer or another object as far as the first, but with 

double of height. 
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If there is a reference set of scales for a reference set of projections, the solution of the scale 

problem becomes just a pattern matching and ratio problem. 

Frame Grabber (FraGra) 

No additional comments. 

Video Deinterlacer (ViDein) 

Video streams are commonly interlaced in order to create the sensation of higher frame 

rates; even it is achieved with half of the resolution. The simplest interlacing process works 

just switching between odd and even lines (odd and even fields) in two consecutive times. 

Three popular interlacing techniques usually applied in television systems are PAL, SECAM 

and NTSC. NTSC works in 30 fps, what means 60 fields per second, and the other two 

systems work in 25 fps and the double frequency for field capture or display. 

Some visual defects may appear when interlaced scanning is used; they are called interlace 

artifacts and generally are a result of the capture of moving objects. Such undesired artifacts 

are often detectable by naked eye on LCD and plasma displays since, instead the CRT-based 

displays, scan lines do not overlap nor have afterglow. 

Therein, deinterlacing is the opposite process and consists of converting an interlaced video 

into a non-interlaced one. The successor of interlaced video is the progressive one that 

consists in full frames. The exhibition of full frames avoids problems with interlace artifacts. 

Work with PAL, SECAM or NTSC implies on breaking RT constraints. The higher frame 

rate between them is 30 fps, and it is not possible to perform all the pipeline tasks without 

impairing the output frame rate. 

There are various methods to work with video deinterlacing, and each one produces 

different artifacts. Some methods produce fewer artifacts and are cleaner than others. In 

despite of the plurality of available methods, it is possible to classify them in three distinct 

groups: 

 Field Combination Deinterlacers – the methods of this group take even and odd fields 

and combine them into a single image. Examples of methods in this group are: 

weaving, bleding, selective blending and inverse telecine. 
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 Field Extension Deinterlacers – this group includes the methods that take each field 

(i.e. a frame with half of its lines) and extend it to the full size of the frame. Examples 

of methods of this group are: half-sizing and line doubling. 

 Motion Compensation – this group includes methods that combine former cases. 

Image Format Converter (IFoCo) 

When developing CV applications it is very common to use the YUV image format due to 

the simplicity of separating the luminance channel and work with a gray-level image. But it is 

not rare the need for conversion between image formats. 

Gray-level images are more suitable for performing computations, since they have a 

restricted but sufficient range of luminance information, what allows good results without 

unnecessary consumption of time. 

Work with other images formats (e.g. RGB) implies perform some steps a greater number of 

times, since the computations must be done for each available image channel. 

Histogram Equalizer (HEqual) 

Histogram equalization aims to achieve a better distribution of intensities on the intensity 

histogram. Thus, the areas with lower local contrast have a gain and the global contrast is 

not affected. Images with simultaneously bright or dark fore and background are the perfect 

example of applicability of histogram equalization. 

It is a simple and effective method, but indiscrimination is its weak point, because the 

performance of such equalization can increase the contrast of fore and/or background noise 

and decrease the amount of usable signal. It may also produce the visible image gradient 

effect when applied to low color depth images. 

Image Convolver (ICon) 

The convolution concept concerns a mathematical operator. In the field of image 

processing, it concerns a filtering task, generally for fusing two signals (the original image 

and a mask) in order to produce a modified image based on the original one. 

A 2D image convolution is an image operator of the form: 
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assuming an odd-sized    1212  yx rr  kernel,  . 

But it is common to opt for separating the kernel and performing two 1D convolutions 

which are computed faster than its 2D equivalent. Kernels with uniform rectangular regions 

or Gaussians may be applied and are separable; thus, instead 2D convolution masks, 1D 

ones are preferred always it is possible. 

Image Gradient Calculator (IGraC) 

In the field of IP, the term gradient concerns the gradual blend of colors (generally grayscale) 

that can be considered as a non-smooth transition between low and high color intensity 

values. 

Considering the need of light cues for estimating object boundaries, the gradient information 

is very useful, since it allows us to perceive abrupt changes between dark and bright 

intensities. 

Sharpness Calculator (ShaCal) 

Image sharpness in the CV context (and broadly in IP too) is a measure of how “clear” and 

useful an image is. Filtering can be used to detect common image degeneracies from capture 

process (e.g. the classic case of motion blur) which decreases the sharpness and leads to 

deficient score (low value in the measurement). 

In his PhD, thesis Fulton [FULTON 2007] assigned an easy way to compute blur metrics; it 

basically consists in working with a Fast Fourier Transform (FFT) to scale the power 

spectrum of the image between 0  and 1. After this, the pixel spectrum information is 

considered in a summing if it is greater than or equal to a given threshold. 

The original expressions of power spectrum and blur metrics as presented in his thesis are 

respectively reproduced bellow: 
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where  F  denotes the 2D FFT of the image. 

Disparity Estimator (DiEst) 

Disparity between images is their relative positional difference and in the motion estimation 

context it expresses how much parallax exists between them. 
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Shot Boundary Detector (ShoBouD) 

In video capturing it is somewhat common the recording of shots with distinct duration, but 

all serially placed on recording time. The shot boundary detection process is related to the 

discovery of where shots begin and end. 

Frame Decimator (FraDe) 

Decimation is the process of discarding useless frames for motion estimation and related 

tasks. A frame basically can be discarded if it has low sharpness, if it has not enough parallax, 

or it can be classified as a shot boundary and be treated in a different manner. 

Feature Extractor (FeEx) 

In the context of CV algorithms, features are embedded information in an image that allows 

the work through an automatic and accurate manner. Generally, such kinds of information 

are lines, corners or other geometric artifacts which are detectable through an adequate 

algorithm. 

So, the use of an automatic FeEx implies the choice of a feature extraction algorithm based 

on one of four options: 

 Corner detection: this is the more used algorithm in RT applications due to its fast 

computation with enough accuracy and the amount of features it can select per 

image. The Harris corner detector [HARRIS&STEPHENS 1988] is the most 

commonly used algorithm of this family. 

 Line detection: this algorithm is commonly used in the 3DR field, since lines are 2D 

artifacts; the relationship between lines better represents the geometry between 

images. Otherwise, it has lower performance and generally extracts fewer amounts of 

features than corner detection.  

 Edge detection: this algorithm works with the objects boundaries information and, 

consequently, for working properly it needs an initialization, what implies prior 

knowledge and lower flexibility. 

 Invariant features detection: this is the best family of algorithms in terms of accuracy, 

but it seriously impairs the RT constraint. It basically works discovering features 

which have some invariability (e.g. orientation, scale). SIFT (Scale-Invariant Feature 

Transform) [LOWE 2004] is one of the major representatives of this family. 
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Feature Matcher (FeaM) 

Since features were detected, it is possible to assume small camera movements in order to 

compute automatically the correspondences between features. This stands to the discovery 

of a set of points that appears on the set of evaluated images through the solution of the so 

called correspondence problem. 

The matching task mainly depends on three variables: feature extraction quality, assumed 

camera motion model and needed matching accuracy. 

One observes that features with very high quality do not assure needed matching accuracy. 

This is due to local small areas with considerable number of near features that can lead to 

mismatches. Thus, the use of a robust matcher which considers, for example, the features 

cross-correlation, provides a bigger chance of avoiding mismatches. On the other hand, 

robust matchers have higher time consumption. 

In the simplest scenario, when a pure translational motion model is assumed, it is possible to 

work with a simpler matcher which just performs a search for features in a given window 

neighborhood. This kind of matcher can also be applied in the presence of very small 

rotations, since rotation is centered on an axis, and the far a feature is from this axis the 

more it is far from its prior location. 

For the simplest case of pure translational motion the matching task may be carried out 

through a simple one dimensional search along the image scanlines. Even though, pure 

translational motion is a very restrict motion model that only occurs rarely in real-life 

scenarios. For this reason, a more general motion model must be used as the general rigid 

body motion with rotational and translational components. 

There is a popular algorithm for feature extraction and matching called KLT, which takes 

into account the optical flow motion scheme and works in a robust and flexible manner. 

Randomizer 

Randomizers generally follow some Probability Density Function (PDF) during generation, 

but this is not a law. A full random generation can be also seen as using a linear PDF that 

has the same probability for all the elements. 

It can be also used for generating a set of random numbers in order to validate a novel 

algorithm which needs to compare its results with the original one and follow some PDF 
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that inserts noise in synthetic data and makes it closer the real data. 

For RANSAC purposes, a randomizer handles observations, which can be selected by mi-

nimal sets, less than minimal or higher than minimal. In addition, it is possible to fix how 

many samplings would be done as well as sampling on demand. 

Sampler 

Sampling implies to make more manageable some problem, since a representative sample is 

sufficient for describing with desirable confidence the behavior of an entire set of 

observations or even the population. 

There are also other types of sampling like stratified, but considering the solving of SfM task, 

it may be hard to determine how to stratify the observations and consequently the 

performance of a stratified sampling. 

The use of a robust and simple sampler implies selecting the smallest set of observations 

needed for computing a possible solution to motion estimation. The minimal set of required 

observations for computing a hypothesis depends on the map. 

Hypotheses Generator (HyGe) 

Motion estimation depends on the generation of some motion hypotheses which respect the 

epipolar constraint. The quality of observations may affect the hypotheses quality, thus, it is 

important to generate a representative set of hypotheses for further evaluation or to generate 

on demand alternatively. 

The hypothesis will work as the epipolar map and has one of the algebraic representations: 

 Homography: this type of hypothesis is generated linearly when at least four coplanar 

point correspondences are known. It is a 33  matrix that is simple to compute, but 

very dependent on coplanarity constraint between points, what implies cautious 

usage. 

 Fundamental matrix: this is a 33  matrix that brings embedded both motion 

parameters and camera intrinsic ones mixed on its entries. Due to this behavior it 

becomes very flexible to work with varying camera parameters, but it demands more 

computation for performing self-calibration. 
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 Essential matrix: this is another 33  matrix that is very similar to the fundamental 

one. Essential matrices have the same structure and purpose of fundamental matrices, 

but on their computation the camera parameters are previously known. It simplifies 

the computation and leads to work with fixed camera parameters5. 

 Focal tensor: this is a tensor computed from more the two focal points (camera views) 

what means a generalization of the prior representations. In terms of computation it 

delivers more robust and constrained estimations with higher time consumption than 

any other cited representation. It has a closed form for three and four views, while 

five or more views are only computable through iterative methods. 

Once essential matrices have the best balance between computation time and robustness, 

this method is preferable. Each representation has its own algorithms for computation, and 

in the case of essential matrix the 8-point and 5-point algorithms are the most popular. 

RANSAC is a popular statistical method used in SfM context for seeking the best possible 

approximation of true motion, but in constrained scenarios such as RT systems it may lead 

to incorrect results if carried in its standard behavior. In RT constrained scenarios the 

Preemptive RANSAC demonstrated better performance and its adoption is strongly 

recommended for the HyGe module, performing the generation of a fixed amount of 

hypotheses at the limit of available time budget. 

It has a benefic impact on the SfM problem since it reduces the complexity to a manageable 

time. In the presence of RT constraint its fixed slice on the time budget can be used to 

measure the impact on frame rate. 

Solver  

For scene understanding, a set of mathematical and statistical tools is applied to perform 

lower level operations as the truly computation of hypotheses (e.g. 8-point, 5-point, 3-point 

plus epipole algorithms), robust estimation (e.g. maximum likelihood, log-likelihood), 

decomposition (e.g. SVD, QR), factorization (e.g. Cholesky), minimization, etc., and they 

have to be placed in an integrated site in the proposed pipeline. 

                                                 
5 Actually, camera intrinsic parameters can vary freely, but essential matrices computation is incapable of dealing with 
such desired variations. For correct computation of varying camera parameters, it demands an alternative scheme like 
the camera saves its parameters at each frame for further use. This occurs due to essential matrices computation does 
not require, and consequently, does not consider some geometric cues used for fundamental matrices computation. 
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Hypotheses Evaluator (HypE) 

Since not all the generated hypotheses are useful, it is necessary to seek the best hypothesis 

using a scoring scheme that allows one to distinguish which are good or bad motion 

hypotheses. 

The standard on SfM is to work with reprojection error (i.e. the error vector magnitude 

when using a hypothesis to project an observation from an image into the other). This error 

has a contribution to the final score that can apply a simple inlier/outlier classification or 

employ a PDF for modeling the error on a robust scheme that considers different outliers 

contribution on the scoring. 

The use of reprojection error is related to the need for hypotheses to respect the epipolar 

constraint. Thus, the less a hypothesis cumulates errors, the more it is near to the true 

motion estimation.  

In the attempt of RT rules, it is basic to employ a preemption scheme that works together 

with an evaluation one. They can be depth-first (standard RANSAC), breadth-first, hybrid 

with emphasis on depth or hybrid with emphasis on breadth (Preemptive RANSAC). A 

given time budget may result in very different qualities of selected hypothesis, accordingly to 

the selected evaluation scheme. 

Pose Estimator (PosEst) 

After hypotheses generation and evaluation, a single motion hypothesis is the winner. 

Assuming it is a matrix or a tensor that brings mixed both translation and rotation data, we 

must decompose those data, generally in a translation vector and a rotation matrix (work 

with projection matrices is also common). 

It is also possible to work on pose disambiguation, as seen in the classic 8-point algorithm 

that needs post processing for discovering the true pose through geometric constraints 

imposed by cameras behavior (roughly, cameras only capture what is in its front). 

Origin Coordinate System Transformer (OCoST) 

Motion hypotheses are computed relatively between a set of frames (two, three or some). 

Considering the first frame as the reference one and considering it is placed in the origin of 

the world, all consecutive frames can have their own coordinate systems transformed to this 

origin. 
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Depth Estimator (DeEst) 

Depth estimation in our study concerns the calculation of depth maps using a pair of images 

and the information about disparity between them. 

Model View Calculator (MoViC) 

Model view is a per model matrix that represents a coherent transformation for synthetic 

object insertion. 

Inserter 

For correct virtual models insertion in the real scene, it is necessary to load such models and 

mix them with the originally captured frame. Depending on how sophisticated the rendering 

has to be, it may need some more processing (e.g. photo-realistic rendering, shading, physics, 

etc.). 
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Appendix B 
In order to complement the information given on Chapter 4 - Pipeline Design and avoid the 

mistake of losing the focus, we deliver additional considerations about issues related to some 

module designed on MARRT as can be seen on Table B.1. 

Table B.1 Summary of issues related to designed modules 

High 
Level 

Module 

Low Level 
Module 

Issue 

C
am

er
a 

S
et

u
p

 

Camera 

The main questions are how to simplify calibration process and the 
investment on hardware integration (e.g. systems embedded on 
camcorders capable of performing tasks like that described in 4.1 - 
Camera Setup and 4.2 - Pre-processor). 

Camera 
Calibrator 

The choice for self-calibration implies computing hypotheses of motion 
which deal with the recovery of intrinsic camera parameters. 

Radial 
Rectifier 

The rectification on windows instead of each pixel or from the wider 
radius to the tighter at the same time a preemption scheme works may 
probably degenerate the quality. 

Scale 
Calibrator 

A calibrator which works with a set of patterns as a database for reducing 
human interference would be very useful.  
It can be designed for automatically inference and match of patterns, 
allowing reliable estimation or at least a good initial guess. 

P
re

-p
ro

ce
ss

o
r 

Frame 
Grabber 

Sampling or preemption on this module may ruin the execution of SfM 
tasks; it remains the appeal of embedded systems optimization. 

Video 
Deinterlacer 

The conversion to progressive video is computationally expensive and it 
is usually done in an offline step and/or aided by hardware. The choice 
for cameras with native progressive capture mode may increase 
significantly the performance. 

Image 
Format 

Converter 

It can also be put aside in pipeline instances which work directly with 
favorable formats (e.g. gray-level or YUV). 

Histogram 
Equalizer 

Alternatives that use multiple histograms and emphasize more local 
contrast, rather than overall contrast may be found looking for adaptive 
histogram equalization [PIZER et al. 1987] and Contrast Limited 
Adaptive Histogram Equalization (CLAHE) [ZUIDERVELD 1994]. 

Image 
Convolver 

 

Image 
Gradient 
Calculator 

 

Sharpness 
Calculator 

Fulton [FULTON 2007] proposed new blur metrics as well as Shaked and 
Taltl [SHAKED&TASTL 2005] proposed an efficient computation for 
blur measurement. 

Disparity 
Estimator 
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Shot 
Boundary 
Detector 

The task of detect shot boundaries is expensive in computational terms 
and the optimizations are generally related to GPU (Graphics Processing 
Unit) programming or dedicated hardware. 

Frame 
Decimator 

 

T
ra

ck
er

 Feature 
Extractor 

In spite of some works were carried out for dealing with RT constraint by 
using shader and/or massive parallel programming, the main tradeoff 
between accuracy and velocity remains. 

Feature 
Matcher 

The researches on optimization are still open, trying to achieve the best 
balance between accuracy and performance.  

S
ce

n
e 

U
n

d
er

st
an

d
er

 

Randomizer 
Simple randomizers may repeat generated numbers early. We recommend 
robust randomizers, preferably that which generates numbers between 
zero and one (that have a wider range than integers for generation). 

Sampler  

Hypotheses 
Generator 

HyGe optimizations were previously carried out by using heuristic 
method as in Nistér‟s efficient 5-point algorithm [NISTÉR 2004], but 

massive hypotheses generation through CUDA [CUDA] is also 

promising for significant performance gains. 

Solver 
Optimization directs to reduce the time expended with hidden constants 
as the more feasible way of achieving this goal, since it is easier to do that 
optimize the mathematical and statistical tools belonging in this module. 

Hypotheses 
Evaluator 

Nistér has used MMX instructions for increasing RANSAC performance 
[NISTÉR 2003] [NISTÉR 2005-A] [NISTÉR 2005-B] through  brute 
force, but there is another potential way of speeding up Preemptive 
RANSAC. The reported preemption function has a lack of variables for 
adjusting block size and its increment. It can save considerable amount of 
tests if tuned up to exploit an acceptable range of error reported on the 
cited work (see Appendix D for further details about this alternative). 

Pose 
Estimator 

 

Origin 
Coordinate 

Transformer 

 

R
eg

is
te

r 

Depth 
Estimator 

 

Model View 
Calculator 

As the number of models increase a higher number of computations are 
necessary, and it may demand some optimizations. 
The computation of model view matrices is quite simple, what makes 
optimization harder through other manner then brute force. 

Inserter 
This module may be improved through extra features as photo-realistic 
rendering, shading and physics. 
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Appendix C 
In hypotheses generation the right correspondences between features and the respect to 

epipolar constraint are assumed, but it is not exactly what occurs in presence of noise and 

inaccuracies. In other words, the winner hypothesis is the best consensus achieved, but not 

the precise map. 

We introduce now three conjectures for proposing a novel generation scheme. They are: 

 

Conjecture 1 – noise and inaccuracies do not affect all the image regions precisely on the 

same fashion. 

Conjecture 2 – local information may allow more accurate estimation. 

Conjecture 3 – local estimation may allow quicker discovering of winner hypothesis. 

 

Conjecture 1 is reasonable once each camera sensor captures light independently, thus, the 

presence of radial distortion, the sensitivity, precision and non-flat surface of each sensor, 

probably leads to distinct amounts of noise and inaccuracies. 

The environment may also interfere in the accuracy of measurements, for instance, images 

with high brightness or darkness segments.  

 

Figure C.1 Picture with radial distortion and bright and dark areas. 

Source: [NOBEL PRIZE HOMEPAGE] 
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Figure C.1 presents an image with possible noise sources. Figure C.2 emphasize the possible 

noise regions. 

 

Figure C.2 A – Radial distortion; B and C – Brighter region; D – Area with lower 

effects of radial distortion and with balanced brightness; E – Darker region. 

Source: [NOBEL PRIZE HOMEPAGE] (with modifications) 

Region A require radial correction meanwhile region D might neglect it. Regions B and C 

may be understood as laying on plane at infinity and region E needs to improve local 

contrast in order to enrich detectability. 

Conjecture 2 can be exemplified by the case of scenes in which there are both planar and 

non-planar objects and/or surfaces, where a single estimation may prejudice the accuracy if 

the features used to generate the winner hypothesis lay only on one of them. 

If we compute a single hypothesis as winner in Figure C.1 (and in several other cases) it will 

hardly work as the best one to the entire image domain. Segmenting the image we have the 

chance of generating hypotheses through distinct methods (5-point, 8-point, homograph, 

etc) and lately the scoring task will determine the best generated hypothesis independently of 

the generation method. 

Surely computing hypotheses through distinct generation methods using the same set of 

observations leads to different levels of accuracy depending on the matching of generation 

method constraints. In other words, it is expected that homographies are selected as winner 

hypotheses when handling planar scenes and the other methods will generate the best 
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hypotheses in accordance with their own behaviors, but at the end we anticipate the 

achievement of best approximations. 

Conjecture 3 comes from the higher enforcement of geometric relation that near features 

have among each other than far ones, what probably allows to achieve a good local 

estimation with fewer demanding of generation steps. 

Critical areas in Figure C.2 (and in several other images) like B and C will not demand 

hypotheses computation because we can assume they lay at infinity. Region A (after 

histogram equalization) may compute linearly a homography using four coplanar points. The 

perimeter of D is probably the less affected by multiple noise and E is a zone with several 

data that are difficult to distinguish due to low contrast. 

Eliminating the unnecessary computations it is expected that consumed time decreases. In 

addition, assuming Conjecture 2 the increasing in quality probably allows the reduction in 

the number of hypotheses we must generate to achieve good approximations. 

Note that a considerable amount of experiments are needed in order to confirm or to refute 

our conjectures, this is actually the reason why they are named conjectures. They are related 

to the physics of devices that may probably present features dependent on the manufacturer. 

In other words, it demands more than a few empirical experimentations that allow a 

scientific conclusion about facts. It also will surely employ precision laboratory tools like 

electronic microscopes, lasers and microtopographic measurement tools as well as the 

development of software prototypes to automate the experiments. 

Considering true our conjectures, it is possible to segment a pair of images in cells that we 

name Local Estimation Nodes (LEN). Such segmentation may be done on a pyramidal 

scheme, but it would probably impair the results when a LEN has no features inner it or, on 

the opposite, has a huge agglomeration of them. 

In order to avoid problems with the use of pyramidal scheme, we propose a Variable 

Amount of LEN scheme or, in a short form, simply VALEN scheme. That consists in 

segmenting the image in nodes with independent sizes. 

Figure C.3 portrays this concept. 
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 A B 

Figure C.3 Examples of a pyramidal segmentation scheme (A) and a possible 

segmentation carried out applying VALEN scheme (B). 

The aim of this proposal is register this novel scheme, but the proofs of our conjectures and 

results of applying VALEN scheme are subject of further works. 
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Appendix D 
A preemption scheme determines how to conduct hypotheses evaluation. We can basically 

name the following schemes: 

Depth-first – the emphasis is on the test of a single hypothesis against all the available 

observations; the preemption occurs when the hypothesis cumulates a very high amount of 

errors or, just the opposite, it achieves the desired confidence. Its scoring is mathematically 

expressed as: 
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where ih  denotes the i-th hypothesis under evaluation, jo  the j-th observation considered on 

scoring, m  is the number of available observations and   is the scoring function that 

returns a scalar value as contribution for the final hypothesis score. 

In the next schemes the similar elements are presented representing the same information. 

Breadth-first – a purely breadth-first preemption scheme has to reject very early a portion of 

available hypotheses; it may impair the final result due to the risk of discarding good 

hypotheses that occasionally faced bad observations. In any case, here is how scoring works 

through the following expression: 
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where n  denotes the number of available hypotheses. 

Hybrid – finally, when the two previous schemes are mixed it becomes a hybrid scheme that 

may emphasize depth or breadth evaluation. In Preemptive RANSAC [NISTÉR 2003] 

[NISTÉR 2005-A] the emphasis was given to breadth, once it allows more coherent 

hypotheses rejection. In a hybrid scheme scoring works on the following manner: 
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The following figure depicts scoring, hypotheses evaluation and choice for the winner 

hypothesis scheme on Preemptive RANSAC. 

 

Figure D.1 Preemptive RANSAC with a set of hypotheses been tested given a fixed 
block size of observations by each step. 
Source: [NISTÉR 2003] [NISTÉR 2005-A] 

Our modification on preemption scheme is related to an upgrade or a generalization of the 

preemption function proposed by Nistér: 
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where    denotes downward truncation, M  is the amount of hypotheses and B  denotes a 

fixed block size (the amount of tested observations on a single evaluation step). 

This function may perform fewer tests than expected when the number of generated 

hypotheses (that is previously fixed) is greater than half of observations. It can be easily 

shown through the following table that relates number of steps, amount of tested 

observations and amount of remaining hypotheses given a fixed block size of a hundred 

observations (number suggested by Nistér). 
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Table D.1 Number of untested observations and total of tests on Preemptive 
RANSAC using fixed block size and fixed number of generated hypotheses 

Step Consumed Observations Remaining 
Hypotheses 

Total amount 
of tests 

0 500N  000,1N  000,2N  500M  0  

1 100 100 100 500 50,000 

2 200 200 200 250 25,000 

3 300 300 300 125 12,500 

4 400 400 400 62 6,200 

5 500 500 500 31 3,100 

6  600 600 15 1,500 

7  700 700 7 700 

8  800 800 3 300 

9  900 900 1 100 

Untested 
Observations 

0 100 1,100   

Sum of tests     99,400 

N denotes the initial number of available observations; M  denotes the initial number of available hypotheses 

 

This scheme may clearly select the best hypothesis among 31 available ones when 500N , 

when the number of hypotheses is around a half the number of observations, it relies on a 

equilibrium range, but when the proportion hypotheses per observations decreases, it 

performs fewer tests than are expected to cover a significant amount of observations. 

The number of observations is closely related to the scene, varying from few units until 

thousands of them accordingly to the selected feature extractor. In practice, it is generally 

possible to limit the maximum amount of observations, but not force a minimum for any 

scene. 

Thus, two solutions are available: adapting the number of hypotheses to generate 

accordingly to the number of available observations (what may possibly leads to a restricted 

number of hypotheses with doubtful confidence) or expressing the preemption function in 

an adaptable manner. Our proposition, which relies on the second way, was called BRUMA 

function (Block Resizing for Under-Manned Amount of Assays Avoidance) and has the 

following form: 
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where p  denotes a scalar responsible for indicate how many hypotheses must be reject on a 

single preemption step and iB  denotes the block size at the i-th execution step. Through this 

function, it is possible to represent, for example, the depth-first scheme setting iB  fixed and 

equals to the number of available observations. 

It does not change the fixed number for hypotheses generation, once this feature is 

important to deal with RT constraint. But the block resizing allows tuning the size for 

covering all observations (see Table D.2 and Table D.3) or even for reducing the amount of 

tests. 

Table D.2 Number of untested observations and total of tests on Preemptive 
RANSAC using resized but fixed block and fixed number of generated hypotheses 

Step Block Size Consumed 
Observations 

Remaining 
Hypotheses 

Total amount 
of tests 

0 222  000,2N  500M  0  

1 222 222 500 111,000 

2 222 444 250 55,500 

3 222 666 125 27,750 

4 222 888 62 13,764 

5 222 1,110 31 6,882 

6 222 1,332 15 3,330 

7 222 1,554 7 1,554 

8 222 1,776 3 666 

9 222 1,998 1 222 

Untested 
Observations 

 2   

Sum of tests    220,668 

N denotes the initial number of available observations; M  denotes the initial number of available hypotheses 

 

It is simply to see that just resizing the block, almost the entire set of available observations 

are consumed, but in this example the total amount of tests increases on 22.2  times. In 

order to avoid this problem it is possible to use multiple block sizes performing dually a total 

coverage with fewer tests. This operation is shown in Table D.3, where a set of arbitrary 

sizes where chosen what leads to a reduction around %25  on the amount of tests. 
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Table D.3 Number of untested observations and total of tests on Preemptive 
RANSAC using resized blocks and fixed number of generated hypotheses 

Step Block Size Consumed 
Observations 

Remaining 
Hypotheses 

Total amount 
of tests 

0 64  000,2N  500M  0  

1 64 64 500 32,000 

2 64 + 2 + 4 = 70 134 250 17,500 

3 64 + 8 = 72 206 125 9,000 

4 64 +16= 80 286 62 4,960 

5 64 + 32 = 96 382 31 2,976 

6 64 + 128 =192 474 15 2,880 

7 64 + 256 = 320 794 7 2,240 

8 2,000 – 794 = 1,106 2,000 3 3,318 

Untested 
Observations 

 0   

Sum of tests    74,874 

N denotes the initial number of available observations; M  denotes the initial number of available hypotheses 
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