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Prefácio

Visando contribuir com os estudos biológicos, esta Tese apresenta os modelos 
biofísicos que foram desenvolvidos durante a realização do meu doutoramento. 
Ela está organizada em quatro partes, e os modelos são apresentados em seis 
capítulos. Cada um dos seis capítulos representa uma contribuição original para 
a Biologia. 

A Parte I é uma introdução aos modelos biofísicos, e apresenta informações 
consideradas relevantes para uma melhor compreensão dos seis modelos que 
desenvolvemos, os quais são apresentados nas Partes II e III. O tema central 
desta Tese é a modelagem biofísica. Devido ao caráter interdisciplinar deste tema, 
ela precisou ser estruturada de modo que cada capítulo abordasse diferente 
tópico da Biologia e, por este motivo, optamos por realizar a revisão da literatura 
na introdução de cada um dos seis capítulos. 

A Parte II, composta pelos Capítulos 1 e 2, apresenta os modelos experimentais 
que desenvolvemos, os quais representam contribuições para o estudo biológico 
sob o ponto de vista molecular. O Capítulo 1 tem como tema “A busca de 
memória em canais iônicos utilizando uma membrana de bicamada lipídica 
plana”. Este capítulo está publicado no livro intitulado “Planar Lipid Bilayers and 
their Applications”, da Elsevier Science, editado por H. T. Tien & A. Ottova-
Leitmannova. O Capítulo 2 tem como tema “Uma superfície amassada contendo 
interações atrativas transversas como um modelo simplificado com importância 
biológica”, o qual será submetido para publicação no Journal of Theoretical 
Biology.

A Parte III, composta por quatro capítulos, apresenta os modelos teóricos que 
desenvolvemos, os quais representam contribuições para o estudo do 
funcionamento cardíaco e neuronal, bem como para o diagnóstico e tratamento 
de doenças. O Capítulo 3 tem como tema “Formação de grupamentos e padrões 
numa rede neuronal de Hindmarsh-Rose em duas dimensões”, o qual será 
submetido para publicação em Neuroscience. O Capítulo 4 tem como tema “Efeito 
da heterogeneidade na dinâmica de ondas espirais em tecido cardíaco simulado”, 
o qual está publicado no International Journal of Bifurcation and Chaos (2004), 
Vol. 14, No. 9, pp. 1-13. O Capítulo 5 tem como tema “Mais uma aplicação do 
método de Monte Carlo para modelagem no campo da Biomedicina”, o qual foi 
submetido para publicação em Computer Methods and Programs in Biomedicine. O 
Capítulo 6 tem como tema “Melhorando as estimativas da densidade mineral 
óssea com o uso da modelagem de fita volumétrica local”, o qual foi submetido 
para publicação no Physical Review E.

Finalmente, as conclusões desta Tese são apresentadas na Parte IV. 

Cássia Moura 
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Resumo

Um modelo biofísico é uma representação simplificada e/ou abstrata de 
processos ou sistemas biológicos. Objetivando ampliar o conhecimento 
sobre a modelagem biofísica, esta Tese enfoca prioritariamente os modelos 
que desenvolvemos, visando contribuir com os estudos biológicos. 
Proteínas transportadoras do tipo canal iônico encontram-se presentes na 
membrana plasmática de todos os seres vivos e o primeiro modelo biofísico 
é uma membrana plasmática artificial, na qual há um controle da 
memória em canais iônicos voltagem-dependentes. No segundo modelo, em 
uma estrutura que apresenta superfície com circunvoluções e contendo em 
seu interior sítios de ligação, é simulada a estrutura molecular de 
proteínas. No terceiro modelo é simulado um processo de formação de 
padrões elétricos de ocorrência em redes neuronais que tenham 
conectividade lateral, os quais são similares aos padrões registrados em 
diferentes áreas do córtex cerebral. No quarto modelo é simulado o efeito 
da heterogeneidade na reentrada de ondas espirais em tecido cardíaco. 
Ondas espirais de atividade elétrica são relacionadas com arritmias 
cardíacas reentrantes, tais como a taquicardia ventricular e a fibrilação 
ventricular, sendo esta última a principal causa de morte súbita cardíaca. 
No quinto modelo foram feitas simulações com o método de Monte Carlo, 
possibilitando a análise de seqüências de números aleatórios em métodos 
terapêuticos e diagnósticos, bem como em estudos que simulam o 
funcionamento de sistemas biológicos, já que na área biomédica há 
inúmeros experimentos que não podem ser repetidos com acurácia, 
mesmo em condições supostamente idênticas. A osteoporose é um 
problema mundial de saúde pública, sendo caracterizada por uma redução 
na densidade mineral óssea e, através da computação gráfica, no sexto 
modelo é estimada a densidade mineral óssea do corpo humano, com o 
uso de uma função matemática interpolante. Pode-se concluir que a 
presente Tese traz contribuições pioneiras para os estudos biológicos. 

Palavras-chave: arritmia cardíaca, canais iônicos, dados espalhados, 
dinâmica molecular, dinâmica não linear, FitzHugh-Nagumo, formação de 
padrões, Hindmarsh-Rose, membrana plasmática, modelagem 
experimental, modelo teórico, osteoporose, simulação de Monte Carlo. 
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Abstract

A biophysical model is a simplified and/or abstract representation of 
biological processes or systems. For the purpose of increasing knowledge 
on biophysical modeling, the present Thesis focuses primarily on the 
models we developed with the aim of contributing to biological studies. Ion 
channels are transport proteins that are invariably present in the plasma 
membrane of all living organisms and the first biophysical model is an 
artificial plasma membrane, in which it is possible to induce memory 
control of the voltage-gated ion channels. In the second model, the 
molecular structure of proteins is simulated by using a crumpled surface 
having transverse attractive interactions. In the third model, an electrical 
pattern formation process occurring in a neuronal network with local 
lateral connectivity has been simulated, which appears to replicate those 
obtained in different cortical areas of the brain. The effect of heterogeneity 
on spiral wave dynamics in simulated cardiac tissue was made in the 
fourth model. Spiral waves of electrical activity are related to reentrant 
cardiac arrhythmias as ventricular tachycardia and ventricular fibrillation, 
the latter being the leading cause of sudden cardiac death. In the fifth 
model, Monte Carlo simulations were made, permitting the analysis of 
sequences of random numbers in therapeutic and diagnostic methods, as 
well as studies simulating the functioning of biological systems, since 
there are countless studies in the area of biomedicine that cannot be 
reproduced accurately, even in supposedly identical conditions. 
Osteoporosis is a worldwide public health problem, which is characterized 
by low bone mineral density and, in the sixth model, using computer 
graphics, the bone mineral density of the human body is estimated with 
the use of an interpolant mathematical function. It may be concluded that 
the present Thesis makes pioneering contributions to biological studies. 

Keywords: cardiac arrhythmia, experimental modeling, FitzHugh-Nagumo, 
Hindmarsh-Rose, ion channels, molecular dynamics, Monte Carlo 
simulation, nonlinear dynamics, osteoporosis, pattern formation, plasma 
membrane, scattered data, theoretical model. 
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Parte I - Introdução aos Modelos Biofísicos



Introdução aos modelos biof́ısicos

Em estudos biológicos, os modelos biof́ısicos refletem um encontro entre a arte
e a ciência, já que por vezes é necessário um alto grau de abstração para que um
modelo possa representar um evento biológico real. Como um modelo omite
os detalhes não essenciais, sua manipulação é menos complexa do que a do
processo ou sistema biof́ısico original. Um modelo que contenha detalhes em
excesso desvia a atenção dos problemas reais, não havendo um único modelo
que seja o correto; há apenas modelos adequados e inadequados. O modelo
pode ser teórico ou experimental, de modo que um bom modelo incorpora os
aspectos fundamentais de um problema e omite os demais.

Biologia é a ciência da vida. E quando os conhecimentos da F́ısica tornam-se
um instrumento para o entendimento da vida, isto é a Biof́ısica. Os limites
da ciência são sempre dif́ıceis de serem determinados e ao longo dos anos as
delimitações dos estudos biof́ısicos têm variado significativamente. De maneira
hierárquica, os estudos biof́ısicos podem ter um enfoque molecular, celular,
no indiv́ıduo ou numa população, podendo ser considerado o normal ou o
patológico. Um modelo biof́ısico é uma representação simplificada e/ou abs-
trata de processos ou sistemas biológicos, onde os processos são sistemas que
evoluem ao longo do tempo, e o sistema biof́ısico pode ser o indiv́ıduo ou uma
disposição de suas partes ou elementos, ou algo que com ele se relacione. O
sistema pode ser abstrato ou concreto, e pode ter tamanho desde a escala
sub-atômica até o infinito.

De um modo geral um modelo biof́ısico incorpora um conjunto de conhe-
cimentos com caráter interdisciplinar. Tais conhecimentos apresentam graus
diversos de sistematização, e se propõem a explicar, interpretar ou unificar os
processos e os sistemas biof́ısicos. O modelo pode ser uma representação de
relações entre variáveis biológicas, em geral sob a forma de equações matemá-
ticas, e que, com o uso de técnicas estat́ısticas, fornece previsões para o pro-
cesso ou o sistema biof́ısico em estudo. O modelo possibilita que processos e/ou
sistemas biof́ısicos sejam caracterizados por um conjunto finito de variáveis as-
sociadas a grandezas f́ısicas que os identificam univocamente. Ou ainda, um
modelo pode ser uma réplica de processos ou de sistemas biof́ısicos, sendo
constrúıdo em escala normal, reduzida, ou ampliada, e pode vir a ser adotado
para fins didáticos, filmagens, entre outros.
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Modelagem em biof́ısica teórica é particularmente importante na área mole-
cular. Modelos moleculares podem ser usados para prever as propriedades e
usos de uma determinada molécula antes que um experimento em tubos de
ensaio seja realizado e, assim, pode-se economizar tempo e reduzir gastos adi-
cionais. Num passado não muito distante, modelos de estruturas moleculares
eram constrúıdos macroscópicamente com o uso de poĺımeros. Nos dias atuais,
modelagem molecular é feita essencialmente de maneira teórica, com o uso de
computadores. Inclusive, em todas as áreas da Biologia os modelos biof́ısicos
teóricos contribuem com complexos estudos em que o processo e/ou o sistema
biof́ısico não pode ser submetido a experimentação direta.

É inquestionável a importância do uso de modelos teóricos e experimentais na
resolução de problemas em Biologia e em Medicina. Na área biomédica, uma
avalanche de dados experimentais tem desafiado cientistas a desenvolverem
soluções matemáticas para a análise e a organização destes dados, de modo
que modelos biof́ısicos têm sido desenvolvidos para a solução de problemas
fundamentais. Inclusive, o modelo biof́ısico pode possibilitar a visualização do
processo e/ou sistema, já que um modelo viabiliza a transformação de con-
ceitos abstratos em imagem real. Assim, o modelo torna algo viśıvel, mediante
manobra ou procedimento espećıfico. Baseado em uma descrição formal de es-
truturas, relações e processos, o modelo biof́ısico permite que sejam variados
parâmetros e que, deste modo, sejam simulados os efeitos de mudanças no
sistema biof́ısico que representa. Os estudos teóricos e experimentais com o
uso de modelos biof́ısicos têm aplicabilidade e importância em toda a Biologia,
conforme será evidenciado nos caṕıtulos seguintes.
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1 Introduction

All living organisms are dependent on information from the past. Memory
is the process of storing and retrieving this information, such that a lack of
memory is incompatible with life. The aim of this chapter is to present the
deployment of a membrane model in which it is possible to induce memory
control. Many ion channels formed by colicin Ia incorporated into a planar
bilayer lipid membrane (BLM) are investigated by the voltage clamp technique
using different step voltage stimuli. Each artificial membrane demonstrates a
critical resting interval, �tc, between two successive voltage pulses, in which
a predictable current response is produced when the second pulse is applied
within this �tc and an unpredictable current response is produced when the
second pulse is applied after the �tc. The behaviour of the voltage-gated ion
channels may be interpreted as a transient gain, loss or resetting of memory,
as revealed by a specific sequence of electrical pulses used for stimulation. In
this sense, it is possible to induce memory control of the artificial membrane
in accordance with the experimental conditions imposed on it.

This chapter is organised as follows: Section 1 is the introduction; Section 2
describes the structure and functions of the plasma membrane and some trans-



port processes across it; Section 3 describes the structure of the ion channel
and some physiological implications of its functions and properties; Section 4
describes the structure and function of colicin Ia; Section 5 focuses on the arti-
ficial membrane as a plasma membrane model and the experimental procedure
of the planar BLM incorporated by colicin Ia is described; Section 6 presents
the ion channel kinetics as a process with memory and the manner in which
the colicin Ia interacts with a planar BLM, revealing the memory control of
the artificial membrane; Section 7 consists of the concluding remarks.

2 Plasma Membrane

The cell is the smallest unit of life that can exist independently and is the basic
structure capable of fundamental vital processes, such as reproducing, taking
in nutrients and expelling waste. All living systems are composed of cells. Some
microscopic organisms consist of a single cell; the others are multicellular, that
is, they are composed of many cells working in concert. Even the smallest cells
are fantastically complicated at the physical and chemical level. Despite the
apparent diversity of cell size, function, morphology and shape, several of them
are amazingly similar in their basic structural characteristics. Moreover, one
of these similarities is that all cells present a membrane. The membrane is the
interface that isolates a system from its environment, delimiting processes that
could be compromised by the surroundings; separately, the process achieves
a greater efficiency than if it existed in a noncompartmentalised form and,
at the same time, the membrane should selectively allow a constant exchange
of information between its interfaces. A number of fundamental membrane
functions such as conversion, transfer and storage of energy and information
in living organisms make the membrane a component essential to life.

All living organisms may be classified into two major groups, the unicellular
prokaryotes and the eukaryotes, which may be either unicellular or multicel-
lular. Prokaryotes have no membrane-bound internal organelles. In the eu-
karyotes, the cell interior is separated into discrete compartments such as the
nucleus and various organelles, and membranes play a central role in the func-
tional and structural organisation of eukaryotic cells. However, membranes
are not static inert boundaries of the cellular and intracellular compartments;
they are dynamic structures intimately involved in many, if not most of the
physical and chemical processes of all cells, including the ability of a cell to
grow and to divide.

Every cell contains at least one membrane, known as plasma membrane, which
defines its area, causing it to be self-contained and to a certain extent self-
sufficient. The plasma membrane is a universal entity, which separates the cell
from its surroundings and protects it from fluctuating or adverse conditions
in the physicochemical environment. There are cells that exhibit a continuous
change of shape, a fact that signifies a considerable plasticity of the edge of
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the plasma membrane, while in others the rigidity of the membrane is due to
its interaction with cytoskeletal proteins. In an ordinary diagram of a cell or
when it is examined under a microscope, the plasma membrane appears as a
line, indicating the periphery of the cell. Surprisingly, however, we are dealing
here with a structure organised in an extremely complex way and it should be
emphasised that only a few cell activities could exist in its absence.

Membrane fusion is a very important phenomenon in all cells, where life may
start with the sperm-egg fusion or death may be the result of a virus-cell fusion.
In multicellular organisms, the activities of individual cells may be controlled
both by their respective surroundings and by remotely located cells, a process
that includes a communication between cells with the fundamental participa-
tion of the plasma membrane. The plasma membrane holds the cells together
and contains sites that recognise other cells of the same kind, which can pro-
mote their association during the orderly development of tissue structure and
limit cell growth in an organ. Cells in aggregates can carry out their desig-
nated functions only if the plasma membrane is polarised, i.e. organised into at
least two regions, each of them specialised for very different tasks. The plasma
membrane expresses the genetic individuality of the cell, which is used by the
immune system to distinguish between self and non-self. All these manifold
functions show the high level of organisation in the plasma membrane, which
is only 7.5 ± 2.0nm thick!

Although plasma membranes exhibit a great diversity of functions and a
plasma membrane of a single cell may present regions with different func-
tions and morphologies, a number of general features appear to be similar in
all cells. All membranes have an invariant molecular general pattern, namely
an arrangement of proteins distributed in a fluid mosaic comprising one bilayer
of lipids. Such a structure is tightly packed and held together in an aqueous
medium by a non-covalent hydrophobic interaction, a fact that permits its
high degree of flexibility and fluidity, influencing even the lipid-protein inter-
actions. In the water-excluding mosaic, the surfaces exposed to the aqueous
phases must be predominantly polar, while the nonpolar region of proteins
and lipids can interact in the core of the membrane. No other option is open if
the orientation is to be stable and energetically feasible. In mammalian cells,
small amounts of carbohydrates are associated either with proteins or with
lipids, an association that has been implicated in important cellular events
such as cell-cell recognition. Lipid and protein compositions are extremely
variable from one membrane to another and the composition of one face of
the membrane differs from that of the other. In addition, some proteins are
immobile but most of them and all lipids are astonishingly mobile. Individ-
ual components are free to move about in the plane of the membrane, being
continually renewed at different rates, and a transfer of components occurs
from one membrane to another within a single eukaryotic cell. Lipids rotate
on their axis, wiggle their fatty acid chains and change their lipid neighbours
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several million times a second [1]. Thus, we can describe only a time-averaged
plasma membrane structure.

A large number of different kinds of lipids are found in membranes, in a com-
position that is constant and peculiar to each cell type. For structural purposes
almost all of them may be treated as a class since they are amphipathic: one
end of the rod is hydrophilic and the remainder is hydrophobic. The hydropho-
bic nonpolar tails tend to align themselves in such a way as to minimise their
contacts with water, while the hydrophilic polar head interacts favourably with
water, and they therefore spontaneously form bilayers in aqueous solution. The
most abundant membrane lipids are phospholipids (e.g. phosphatidylcholine
and phosphatidylethanolamine) and the phospholipid composition of the two
leaflets may differ in a single membrane. Cholesterol is a major membrane
component in animal cells. The lipid bilayer has two important properties:
fluidity and impermeability to ions and to polar compounds [2]. Membrane
fluidity plays an essential role in several life processes such as intercellular
and intracellular communications, membrane elasticity, secretory processes
and membrane-bound enzyme activities. Some disease states may be accompa-
nied by altered membrane fluidity, which may be due to fusion with the virus
membrane, the use of certain drugs or nutritional changes. Thus, a question of
importance to molecular biology concerns the basic interaction of drugs with
the cell membrane, enabling the drugs to exert their effects.

While lipids determine the basic structure of the plasma membrane, there
does not appear to be any type of protein involved in the maintenance of its
structure nor is there any evidence of the existence of a structural protein
common to all membranes. On the other hand, proteins constitute the ma-
jor component of most functional membranes and the specific activities of a
given membrane vary in accordance with the quantity and type of proteins
it contains, a fact that results in the radically different metabolic functions
presented by the various membranes. Even a membrane patch owes much of
its individuality to the properties of its proteins. Among their other attribu-
tions, proteins may function as a structural link between the cytoskeleton and
the extracellular matrix; they may form assemblies which join neighbouring
cells in a tissue; they may function as enzymes that catalyse reactions in spe-
cialised membranes; they may transport specific molecules into or out of the
cell or organelle; and they may also function as receptors that receive and
transduce information from the cell environment or organelle. The membrane
lipid ordering influences the structure and function of the membrane proteins
and an optimum level of membrane lipid ordering is necessary for the normal
functioning of the cell. There are lipid-protein interactions that play a direct
part in a variety of membrane functions. Some proteins require specific phos-
pholipids for the expression of their enzymatic activity. In addition, the nature
of fatty acid incorporated into the phospholipid in some cases also affects the
protein function.
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The protein molecules exhibit a more complex structure than the lipids and,
in accordance with their amino acid sequence, come to be associated in sev-
eral ways with the lipid bilayer. By the ease with which the membrane protein
may be removed, despite the fact that this property varies continuously, some
proteins are peripheral, but most are integral proteins. Peripheral proteins
are weakly bound to the membrane surface, primarily if not exclusively, by
protein-protein interaction. Integral proteins are amphipathic and interact di-
rectly with the phospholipid bilayer. All molecules of a single kind of integral
protein lie in the same direction of the lipid matrix and are asymmetrically
embedded in the structure.

A thorough knowledge of membranes is of crucial importance for our under-
standing of normal and abnormal physiology. Many of the major activities of
living cells involve reactions associated with membranes. Among these func-
tions we may mention the cell-cell interaction, nervous excitation, production
of ATP and the conversion of energy into photosynthesis. In addition, the
membranes are involved in many of the biochemical processes of the cell.

2.1 Transport through the plasma membrane

In a living organism, the different composition of its various liquid compart-
ments is largely due to the nature of the barrier separating them, i.e. the
structure of the membrane delimiting them. The plasma membrane is a selec-
tively permeable continuous barrier around the cell, which ensures that essen-
tial molecules enter the cell and waste compounds leave it. Besides regulating
the components that will cross the membrane, this property also regulates
those that will be kept inside or outside the cell, thereby generating different
compositions between the cytoplasm on the one hand and the extracellular en-
vironment on the other. Thus this selectivity is responsible for preserving the
essential differences between the cell content and its surroundings, maintaining
a steady state constancy of the cell’s internal medium. In virtually all cells, the
intracellular pH must be kept at around 7, the intracellular potassium ion con-
centration must be much higher than that of sodium ion and the extracellular
sodium ion concentration must be much higher than that of potassium ion.
Because of membrane selectivity and an asymmetrical ion distribution into
both sides of the membrane, all cells maintain a significant transmembrane
voltage. This difference in the electrical transmembrane potential between the
cytoplasm and the external fluid is called resting membrane potential. It is es-
sential for driving a variety of cellular functions such as signalling, movement,
regulation, development and energy balance.

Living cells exchange many different kinds of components with their environ-
ment and two forces govern the movement of components across the plasma
membrane: the membrane voltage and the chemical gradient. Chemical gra-
dient is the result of the difference in the component concentration on the
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two sides of the membrane, and the direction of flow is from the higher con-
centration site to the lower. All charged molecules generate an electric field
and if the component has a net charge like an ion, then both its chemical
gradient and the membrane voltage, i.e. the electrochemical gradient, deter-
mine the direction of transport. These forces may act in opposite directions
or in the same direction. The spontaneous movement of component down its
gradient is a passive transport, in which no metabolic energy is expended.
However, the maintenance of the unequal compositions of the cell and its en-
vironment signifies the existence of active transport, in which a component
crosses the plasma membrane against its gradient. Active transport is divided
into primary active transport, which utilises metabolic energy, and secondary
active transport, which utilises energy provided by the gradient for another
component.

Macromolecules such as proteins, or particles as large as a few micrometers
such as broken cell parts or bacteria, may cross the plasma membrane by
a membrane fusion process, such as endocytosis, in which the component is
surrounded by a small plasma membrane region that internalises it to form
intracellular vesicles, or exocytosis, in which a storage vesicle inside the cell
fuses with the plasma membrane and expels its contents. Small uncharged
molecules and gases such as urea, oxygen and carbon dioxide may cross the
plasma membrane by direct passage through the lipid bilayer. On the other
hand, the lipid bilayer of the membrane is an effective dielectric shield prevent-
ing the passage of most polar and charged molecules, and this transmembrane
charge transport is the key to several processes that play an important role in
the survival of the cell. Ion transport underlies many essential physiological
processes, such as the regulation of cell volume, excitation and propagation
of electrical signals in nerve and muscle cells, the secretion of fluids by organs
such as the intestine and kidney, and the electrolyte levels in the blood. De-
fects in transport systems severely affect the metabolism of the cell, usually
with pathological consequences.

Small polar and charged molecules, such as amino acids, sugars and ions, may
cross the plasma membrane by means of transport proteins. Multiple forms
of membrane transport proteins coexist in the different cells of the various
organisms, so that each region of the membrane has its own mixture, differ-
ently regulated and with distinct functions. Some act as carriers and the others
form ion channels. Both types are invariably present in all plasma membranes,
each of which is responsible for transferring only a specific group of closely
related molecules that do not come into direct contact with the hydrophobic
core of the lipid bilayer. During the twentieth century, major cellular roles
have been discovered for most ions of body fluids, such as Na+, K+, Ca2+,
H+, Mg2+, Cl−, HCO3

− and PO4
2−, so the list of ions and their uses will con-

tinue to lengthen [1]. Each has been assigned at least one special regulatory,
transport or metabolic task. None is just passively distributed across the cell
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membrane and each has at least one carrier-like device coupling its movement
to the movement of another ion. The Na+-K+ pump, the Ca2+ pump, Na+-
Ca2+ exchange, Cl−-HCO3

− exchange, glucose transport, the Na+-coupled
co- and countertransporters are some of the important carrier transports, in
which small motions within the protein leave the macromolecule fixed in the
membrane while exposing the transport binding site(s) alternately to the in-
tracellular and extracellular media. Carrier proteins have the characteristics of
membrane-bound enzymes, while proteins that form channels are macromolec-
ular water-filled pores in cell membranes; not surprisingly, transport through
ion channels can occur at a much faster rate than transport mediated by
carriers [1, 3].

In the human body, the control of the flow of components through the plasma
membrane is of fundamental importance for homeostasis as the plasma mem-
brane influences the pH of the environments separated by it and participates
effectively in several metabolic functions. An improved understanding of selec-
tive ion transport across the plasma membrane clearly informs a large variety
of fundamental problems in biology and medicine, which will certainly have
repercussions for the treatment and diagnosis of a variety of diseases.

3 Ion Channels

Ion transport through biological channels is a phenomenon that has attracted
the attention of biophysicists and biologists for many years [1]. The main
reason for this profound interest is that ion channels, abundant in most, if not
all, eukaryotic cells, are involved in many physiological processes [1, 4]. Within
our body, ion channels detect the sounds of chamber music or guide the artist’s
paintbrush, by producing the flickers of electrical activity that stir neurones
and muscle cells; even cells not connected to the brain, such as those in the
blood, immune system, liver and other organs, use ion channels for signalling
processes; the transmission of signals within and between cells is also mediated
by ion channels [1]. Ion channels contribute to gating the flow of messenger
Ca2+ ions, establishing a resting membrane potential, controlling cell volume,
regulating the net flow of ions across epithelial cells of secretory and resorptive
tissues, and cell-to-cell coupling through gap junctions. Ion channels have also
been identified on intracellular organelles but for most of them no role has yet
been determined.

The electrical currents arising from the ion flows at a macroscopic level have
been studied since the 1950s, when Alan Hodgkin and Andrew Huxley invoked
[5] the concept of ion channels in their classic analysis of currents through nerve
membranes. They used the giant nerve axon of the Loligo squid to demonstrate
that action potentials are due to increases in membrane permeability to Na+

and K+ ions and recognised three different components of current, which they
called leakage, sodium and potassium. Today, the names sodium channel and
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potassium channel are universally accepted for the corresponding ion channels
in axons. The sodium and potassium channels were the first two channels to be
recognised and described in detail: both have voltage-dependent kinetics, to-
gether accounting for the action potential of the axon, and are distinguished by
their ionic selectivity and clearly separable kinetics [1]. In the Hodgkin-Huxley
theory [5] voltage clamp data was used as a basis for a set of differential equa-
tions capable of predicting all the major excitation phenomena concerned with
the initiation and propagation of the nerve action potentials; the membrane
conductance changes are described in terms of time- and voltage-dependence
of the channels that underlie the nerve impulse.

The above membrane ionic theory of excitation was transformed from untested
hypotheses to established fact when the voltage clamp offered for the first
time a quantitative measure of the ion currents flowing across an excitable
membrane. Voltage clamp analysis [6] was introduced by Kenneth Cole in
1949, a technique which “tames the axon” by controlling the desired potential
across the cell membrane, and the resulting membrane currents can then be
measured and interpreted. By using the voltage clamp method, the dynamic
behaviour of the membrane conductance is determined from the membrane
current responses to a series of constant voltage steps. If current is applied as a
stimulus, typically it flows locally across the membrane both as ion current and
as capacity current, and also spreads laterally to distant patches of membrane;
the ensuing changes in potential are measured. The voltage clamp may reverse
this process [1]: simplifying conditions are used to minimise capacity currents
and the spread of local circuit currents so that the observed current may be a
direct measure of ion movements across a known membrane area at a known
uniform membrane potential; by applying a voltage, the current is measured.

Only since the 1970s, however, have single ion channels on cell membranes been
studied by the patch clamp technique [7], a very simple and powerful technique
developed by Erwin Neher and Bert Sakmann, in which a thin glass pipette
of suitable shape is tightly sealed against a cell membrane, thereby isolating a
small patch of the membrane and ion channels it contains. These channels can
then be manipulated and their properties deduced by applying voltage clamps
to small cells; it is possible to study signalling mechanisms at a cellular level,
and also to probe how ion channels affect membrane voltage and cell processes.
Before the patch clamp technique, we knew more about the action potential
in the famous squid giant axon than the nerve impulses of the human brain,
because the voltage clamp technique requires that at least two microelectrodes
be inserted into a cell, and mammalian cells can barely tolerate impalement
with a single standard microelectrode. However, the refinement of the patch
clamp technique took several years, making possible detailed observations of
the behaviour of single molecules, in the form of ion currents in their natural
environment and in real time.
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One of the great advances since the 1980s has been the cloning and sequenc-
ing of DNA and hence the determination of the primary sequence of amino
acids in ion channels by methods of molecular genetics. These have had an
enormous impact on the way we view single ion channels and have led to
an extraordinary corpus of information on their functional diversity, gene or-
ganisation, tissue-specific expression and structure-function relationship. The
relationships between the primary, secondary, tertiary and quaternary struc-
ture of the protein and channel properties have been elucidated by several
approaches, from site-selected mutagesis to modelling. By locating and chang-
ing critical sequences of amino acids in the channel protein, it is possible to
study the effect of the alterations on the function of the channel. In addition,
high-resolution electron microscopy and x-ray and electron diffraction make
it possible to determine the physical conformation of the ion channel. The
last 15 years have witnessed an amazing increase in our understanding of the
cellular and molecular diversity of ion channels.

Ion channels are transmembrane proteins, some of them consisting of 1, 800−
4, 000 amino acids arranged in one or several polypeptide chains with some
hundreds of sugar residues covalently linked to amino acids on the outer face
[1]. Analysis of the primary amino acid sequences of several channels has led to
proposals concerning the folding of the channel proteins based on the number
of multiple hydrophobic membrane spanning segments. Moreover, the pore
wall is lined by hydrophilic amino acids and, if the channel opens, these form a
water-filled pore extending fully across the plasma membrane when organised
into the native three-dimensional structure. The predicted three-dimensional
structure and function of amino acids that form one channel may reveal strong
structural similarities among groups of channels. They all come in various
isoforms coded by different genes that may be selectively expressed in certain
cell types or in certain periods of development and growth of the organism
[1]. Multiple forms of ion channels with different functions and regulation may
coexist in each cell to suit its special purposes, and at least two classes of closely
related channels are activated in the same membrane patch. In some cells a
particular channel protein is synthesised, in others it is not, a regulation that
occurs at many different levels, beginning with the control of gene expression.
Like other membrane proteins, it will then be subject to turnover through
degradation and replacement, a rate of turnover that can be adjusted and is
highly variable. Typically, a channel protein survives for several days in the
membrane before being internalised by endocytosis and degraded by lysosomal
enzyme [3].

There is a great diversity of ion channels. Their structure and functions are
only partly understood but in all of them solute movement across the channel
is passive. Solutes of appropriate size and charge cross their continuous hy-
drophilic pathway by simple diffusion or by interacting with internal binding
sites through the pore. In either case, movement through an open channel is
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influenced by the electric and chemical gradients across the plasma membrane.
The rate of passage of ions through one open channel - often more than 106
ions per second - is far too high for any mechanism other than a pore [1]. For
our purposes it is sufficient to note that the size of an outer shell of water
molecules, with which the metal ion such as Li+, Na+ and K+ forms a bound
complex and which moves with the ion through the aqueous channel, deter-
mines ion mobility - the smaller the metal atomic diameter, the lower the ion
velocity, because it attracts water molecules more strongly.

It is well established that multi-occupancy exists in some ion channels. The
permeation of different ions across cell membranes is not independent: in ex-
citable membranes, the flow of Na+ ions in sodium channels influences the
flow of K+ ions in potassium channels and vice versa, a kind of interaction
that may be removed by using the voltage-clamp technique to control the
membrane potential. Ion channel permeability is the property of allowing ions
to pass into or out of the cell. The conductance of an ion channel for a single
ion species depends on the intrinsic ionic permeability of the channel and on
the concentration of the ion in the region of the channel. The driving force
for the movement of ions through the ion channels is the difference between
the resting membrane potential and the equilibrium potential (which is the
electrical potential that reduces to exactly zero the net flux of ions across ion
channels due to a chemical gradient).

Ion channels vary considerably in their selectivity. The pore is much wider
than an ion over most of its length and may narrow to atomic dimensions
only in a short stretch, the selectivity filter, where ionic selectivity is estab-
lished [1]. For electrical excitability of neurone and muscle, it is essential that
different ion channels select ions that will pass easily while retarding or reject-
ing others. Individual channels are selective for either cations or anions. Some
cation channels are selective for a single ion species - some allow only Na+

almost exclusively, K+ or Ca2+ to pass; still others are less selective. However,
no channel is perfectly selective, such as the sodium channel of axons is highly
permeable to Na+and Li+, fairly permeable to NH4+ ions and even slightly
permeable to K+ ions. Voltage-gated channels have high ionic selectivity and
non-voltage-sensitive channels have a low one. Anion channels are relatively
nonselective for smaller anions and are referred to as chloride channels be-
cause Cl− is the major permeant anion in biological solutions. Several types
of chloride channels have been observed in a variety of tissues including spinal
neurones, epithelial cells, Schwann cells and skeletal and cardiac muscle, whose
roles are not determined.

Because of their thermal energy all large molecules are inherently dynamic
(e.g., chemical bonds that stretch and relax, and twist and wave around their
equilibrium positions). Molecular transitions in ion channels occur between
open and closed states. During the resting membrane potential some ion chan-
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nels open frequently and may be deactivated by an appropriate stimulus; the
others are predominantly in the closed state and may be activated by an ap-
propriate stimulus. Activation or deactivation of an ion channel means an
increase or decrease in the probability of channel opening. The probability of
channel opening is controlled in a variety of modes. Some of these modes of
activation are physical, such as changes in membrane potential (voltage-gated
channels) or membrane tension (stretch-gated channels); others are chemical,
involving the binding of molecules to sites on the channel protein (ligand-gated
channels). Ligand-gated channels are further divided into two subgroups, de-
pending on whether the binding sites are extracellular or intracellular.

The mechanism whereby an ion channel is opened and closed is called gate.
Gating requires a conformational change of the protein that moves a gate
into and out of an occluding position. The probability of opening and closing
of an ion channel is controlled by a sensor. Thus, the stimulus is detected
by sensors, which in turn instruct the channels to open or to close. In some
channels, the stimulus acts directly on the intrinsic sensor on the channel
to affect the gating function; in others, the sensor is a physically separate
molecule that communicates with the channel through intracellular second
messenger molecules. The second messenger diffuses through the cytoplasm,
carrying signals from the cell surface to its interior, and influences the ion
channel and vice versa. There be a direct mutual interaction between the
second messenger and the ion channel or the interaction may require other
molecules, such as kinases (which are enzymes that add phosphate groups to
molecules) and G proteins (which couple receptors to enzymes that catalyse
the formation of many second messengers).

The nomenclature of the great diversity of ion channels has not been sys-
tematic and classifications are not rigid. Channels have been named on the
basis of the most permeant ion, but if there is no major ion or if the ions
involved are not adequately known, this situation has led to names such as
qr, si and x1 in cardiac Purkinje fibres; channels have also been named af-
ter anatomical regions, as in the endplate channel; after inhibitors, as in the
amiloride-sensitive sodium channel; after neurotransmitters, as in glutamate
channels; or on the basis of the amino acid sequence, such as brain-type-I (-II
or -III) sodium channels [1]. Owing to space limitations, only few types of
ion channels will be considered below. Many comprehensive reviews on ion
channels are available (see Ref. 1 for detailed citations).

All ion channels produce electrical signals in living cells because ion flows are
electric currents across the membrane and therefore the flows have an immedi-
ate effect on the membrane voltage. Voltage-sensitive ion permeability is found
in virtually all eukaryotic cells. Voltage-gated channels are abundant in neu-
rones and muscles and are present at a relatively low density in non-excitable
cells. They open in response to, and then cause, changes in membrane voltage.
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Voltage-dependent gating requires intrachannel dipole reorientation or charge
movement in response to changes in membrane voltage. If the voltage-gated
channel enters a conformational state in which activation no longer occurs,
even though the activating stimulus is still present, this condition is known
inactivation. Inactivation of voltage-gated channels probably never involves
their total closure and some ion flow persists; incomplete inactivation may be
observed when large enough pulses are applied. Inactivated channels cannot
be activated to the conducting state until their inactivation is removed. Neu-
rones use inactivating potassium channels to modulate their firing frequency.
Some toxins, phosphorylation, mutation, ions in the medium and chemical
treatments may alter voltage sensor and gates. There are several subtypes for
each type of voltage-gated channel, with different gating properties or different
conductance that form a channel family. Voltage-gated potassium, sodium and
calcium channels are cation selective channels and structurally homologous.

Potassium channels are the largest and most diverse known family of ion
channels and the most amazing diversification has occurred among voltage-
gated potassium channels. Potassium channels may exhibit complex kinetics,
indicating the existence of many states and transition rates, some opening
rapidly and some slowly; some which are voltage-dependent open only after
the membrane is depolarised and some only after it is hyperpolarised; and some
are only weakly coupled to the membrane voltage or completely indifferent to
it. Potassium channels are ubiquitous in cellular membranes and play a vital
role in the functioning of diverse cell types because the important part they
play in stabilising the resting membrane potential. Each excitable membrane
uses a different mix of the several potassium channels to fulfil its need, the
heterogeneity of which extends to the single-cell level. The Shaker channel is
an archetypal potassium channel and the gene encoded by the Shaker locus in
the fruitfly Drosophila melanogaster was isolated using genetic techniques in
combination with molecular strategies.

Less functional diversification has been noticed among sodium channels in ex-
citable cells and not all excitable cells use sodium channels, but where they
do exist (e.g. in axons, neurone cell bodies, vertebrate skeletal and cardiac
muscles, and many endocrine glands), one is impressed more with the sim-
ilarity of function than with the differences. Voltage-gated sodium channels
have been classified on the basis of species and tissue source and may be dis-
tinguished by their sensitivities to various toxins and by certain functional
differences. Based on sequence comparisons between the channels of rats and
humans, there is a greater similarity among the channels from the same tissue
than from the same species, suggesting that each sodium channel type may
be optimised either for subcellular localisation in the tissue of origin or for
specialised function. Voltage-gated sodium channels are responsible for the
rapid membrane depolarisation that occurs during the initial upstroke phase
of the action potential in neurones and muscles. Only the binding of ligands,
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some of which also activate the voltage-gated sodium channels, can activate
some sodium channels. The most informative probes for the sodium channel
have been tetrodotoxin and saxitoxin, which are known to block the pore of
the channel.

The message that ion channels convey to cells very often involves a change in
intracellular Ca2+ concentration as an internal messenger. Ca2+ ions are indis-
pensable for membrane excitability, by acting both inside and outside the cell.
The Ca2+ that flows into the cytoplasm is altered because the membrane volt-
age change opens or closes calcium channels, either on the surface membrane
or on an internal membrane, causing a change in the concentration of the Ca2+

ions in the cytoplasm that may control the gating of some channels, gene ex-
pression and the activities of many enzymes. This may be how the nervous
system controls the contraction of a muscle fibre or the neurotransmitters re-
lease, neurohormones, digestive enzymes, and so on [1]. Calcium channel types
differ in voltage dependence, inactivation rate, ionic selectivity and pharmacol-
ogy. They show extreme diversity of function, having major roles in triggering
secretory vesicular release and muscle contraction. They have been recognised
as ubiquitous and essential for a host of important biological responses.

Extracellular ligand-gated channels may have several extracellular binding
sites for chemical transmitters. They receive extracellular chemical stimulus
and spread electrical messages over the entire cytoplasm surface. The mainte-
nance of the open state of the channel depends on the continuous interaction
between the chemical transmitter and its receptor, thus giving the open state
different durations. On the other hand, the ion current decreases in the main-
tained presence of the transmitter. When the ligand-gated channel enters a
conformational state in which activation no longer occurs, even though the
activating stimulus is still present, the condition is known as desensitisation.
Most of extracellular ligand-gated ion channels have little voltage sensitivity.

The superfamily of extracellular ligand-gated ion channels includes nicotinic
acetylcholine-gated receptor (AChR)-channels, extracellular 5−hydroxytrypt-
amine (5−HT)-gated receptor channels, inhibitory receptor-channels gated
by extracellular γ-aminobutyric acid (GABA), inhibitory receptor-channels
gated by extracellular glycine, extracellular ATP-gated receptor-channels and
ionotropic glutamate-gated receptor (iGluR)-channels. Glutamate is the na-
tive neurotransmitter for iGluR-channels, which have been classified into α-
amino-3-hydroxy-5-methyl-4-isoxazole propionate (AMPA)-selective glutamate
receptor channels, N-methyl-D-aspartate (NMDA)-selective glutamate recep-
tor channels and high-affinity kainate glutamate receptor channels. These
three cation channel types have distinct functional properties and are dis-
tinguished experimentally by their different sensitivities to glutamate ana-
logues. In the brain of vertebrates, glutamate is the major excitatory neu-
rotransmitter, iGluR channels mediate most of the fast excitatory synaptic
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transmission, and nicotinic AChR channels are present in smaller amounts.
In the peripheral nervous system and skeletal muscle, AChRs are the pri-
mary excitatory ligand-gated cation channel. The 5-HT3 receptor appears to
be distributed ubiquitously in the peripheral nervous system and its excita-
tion may evoke neurotransmitter release, give rise to a sensation of pain or
trigger reflex hypotension and bradycardia. GABA and glycine are the pre-
dominant inhibitory neurotransmitters in the brain, both acting by increasing
the flow of Cl− ions into the postsynaptic neurones. GABA acts mainly via
GABAA receptors, whose alterations may result in a number of neurologi-
cal and psychiatric disorders. GABAA receptors ligands include a number of
clinically useful neuroactive pharmacological agents such as benzodiazepines,
barbiturates, anaesthetics and convulsants.

Ligand-gated channels responding to intracellular stimuli include channels
that are sensitive to cyclic nucleotides or to local changes in the concentration
of specific ions. Calcium channels sensitive to inositol 1, 3, 4, 5-tetrakisphosphate,
intracellular sodium-activated potassium channels, calcium channels gated by
the arachidonic acid metabolite and cyclic nucleotide-gated channels are intra-
cellular ligand-gated channels. Cyclic nucleotide-gated channels require cyclic
nucleotide binding and the direct gating of ion channels by cyclic nucleotides
invariably involves kinases and phosphorylation of effector proteins. Receptors
in the retina and olfactory epithelium are activated by intracellular cyclic AMP
or cyclic GMP. Certain extracellular ligand-gated channels and voltage-gated
channels may be sensitive to intracellular ligands.

Gap junction couples most cells of most multicellular animal tissues. Gap
junction is a region of contact between two cells and is formed by a collection
of connexons. Connexons form aqueous channels that connect the cytoplasm
of adjacent cells, allowing the movement of small ions and molecules from cell
to cell, without leakage to the extracellular space. In response to physiological
variations, gap junctions change the extent of coupling between cells, but few
of them have a steep voltage-dependence. Transfer of electrical signal from
one cell to the next requires gap junctions.

Transducers may serve as our sensory receptors, namely the senses of taste,
sight, smell, touch and hearing; some may transduce temperature, position,
heat radiation or electric sense; still others may serve in the regulation of
osmotic balance, pH and circulating metabolites. Each transducer is respon-
sible for a specific aspect of the environment or a particular type of event,
such as light, temperature, a specific chemical, or a mechanical force or dis-
placement [3]. A common feature of nearly all transduction processes is that
stimulus absorption results in a change in the probability of a specific type
of ion channel being open. However, the mechanisms employed to change this
open probability are quite varied. In the simplest cases the stimulus appears to
be absorbed directly by the ion channel structure. In some transducers, an ap-
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propriate stimulus causes local depolarisation of the plasma membrane, mak-
ing the membrane potential less negative; in others, an appropriate stimulus
causes local hyperpolarisation, making the membrane potential more negative.
Many questions are open with respect to the cellular transduction mechanism.

During the past decade, mutations in genes encoding ion channels have been
shown to cause inherited diseases. There are many diseases related to ion chan-
nels, and the channelopathies (inherited ion channel disorders) can affect any
tissue, but the majority affect skeletal muscle or the central nervous system.
These disorders include muscular dystrophy, linked to the nifedipine-binding
calcium channels, while epilepsy, Alzheimer’s disease, Parkinson’s disease and
schizophrenia may result from dysfunction of voltage-gated potassium, sodium
and calcium channels, or acetylcholine- and glycine-gated channels. Cystic fi-
brosis, the most common lethal genetic disease in Caucasian people, is char-
acterised by abnormal ion transport in the lung, an unusual saltiness of sweat
and a deficit of pancreatic digestive juices, all due to a defective regulation of
the chloride channels.

4 Colicin Ia

Bacterial toxins are secreted as soluble proteins and have to interact with a
plasma membrane either to permeabilise the cell (pore formation) or to enter
the cytoplasm to express their enzymatic activity. Pore-forming colicins are
produced by Escherichia coli and related bacteria and share a common strat-
egy: they are inserted into the plasma membrane of the target cells, punching
huge holes in them. In vivo these holes allow the entry of foreign particles
and the exit of intracellular components. This dramatic exchange of charged
particles results in the loss of the vital electrochemical potential stored in the
plasma membrane and cellular death. Colicins are unusual bacterial toxins
because they are directed against close relatives of the producing strain, i.e.
colicins are capable of killing E. coli cells along with cells of closely related
species such as Shigella and Salmonella. They are classified into groups based
on the cell surface receptor to which they bind.

Colicins provide a useful means of studying questions such as toxin action,
polypeptide translocation across and into membranes, voltage-gated channels
and receptor function. Colicin Ia may be obtained as a purified protein in
copious amounts. It forms voltage-gated ion channels both in the inner mem-
brane of target bacteria and in BLMs [8-10]. It demonstrates rapid turn-on
and turn-off kinetics, making it possible to clearly identify the incorporation
of channels into the lipid matrix, and the opening and closing of channels
already in the membrane. Colicin Ia is a valuable system for studying voltage-
dependent conductance phenomena.
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The action of colicin Ia is initiated by adsorption of each toxin to a spe-
cific outer membrane receptor, the presence or absence of which is a critical
factor in defining the activity of a particular colicin against members of the
Enterobacteriacae [10]. Its structure reveals several domains that primarily
encode receptor attachment, translocation across the outer membrane, move-
ment across the periplasmic space, and insertion into the bilayer membrane
[11]. Colicin Ia is a protein of 626 amino acid rich in charged residues im-
parting hydrophilicity to it, except for a hydrophobic segment of 40 residues
near the carboxyl terminus [9, 12]. The amino acid sequence rich in charged
residues may be necessary in the earlier stage of attachment of the colicin
Ia molecule to the membrane, whose external surfaces are also hydrophilic.
Colicin Ia then binds with the hydrophobic segment parallel to the membrane
and this portion is inserted into a transmembrane orientation [9]. Colicin Ia
translocates a large hydrophilic part of itself completely across the lipid bi-
layer in conjunction with the formation of an ion-conducting channel [13].
Channel-forming colicin makes contact with the inner and outer membranes
simultaneously during its functioning and at least 68 residues flip back and
forth across the membrane in association with channel opening and closing,
and several open channel structures can exist [14]. Thus, a remarkable series
of conformations may be adopted by colicin Ia during translocation across the
outer membrane and spanning of the periplasmic space.

5 Artificial Membranes

Many attempts have been made to get a clearer picture of biological mem-
branes. Because of the high level of complexity involved in biological mem-
branes, their study is a vast and complicated area. Today, membrane bio-
physics is a mature field of research, as a result of the applications of many
disciplines and techniques, including interfacial chemistry, electrochemistry,
voltage- and patch-clamp techniques, spectroscopy and microelectronics [2].

Membranes may be broadly classified into biological or natural and artificial
or man-made. Artificial membranes may be required for performing the sep-
aration of the constituents of biological fluids using an artificial kidney or
may form the basis for developing advanced materials that serve as chemical
or biological sensors, having controlled interfacial properties such as adhesion
and lubrication. In many cases, they may be used in technological areas as
diverse as molecular electronics and optical switch applications. In biomedi-
cal applications, such as in tissue engineering, artificial membranes may pro-
vide a replacement for tissues lost as a result of disease, deformity or aging.
The reconstitution of the functions of natural membranes is currently making
amazing progress.

In the membrane phenomena investigation normally inaccessible to experi-
ments on plasma membrane, whether for technical reasons or simply biological
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complexity, since the 1960s wide use has been made of artificial membranes,
which are assembled from bilayer lipid membranes (BLMs) in vitro. Two types
of BLMs are valuable models in experimental studies: bilayers made in the
form of spherical vesicles called liposomes [15] or as a planar BLM [16]. The
two models complement each other and each has its own advantages and short-
comings. They have been adopted to elucidate the molecular mechanisms of
biomembrane function such as ion selectivity, signal transduction and mem-
brane reconstitution. BLMs have been used as a model for the mitochondria
membranes, light sensitive-membranes and visual receptor membranes [2].

Although the BLM is an extremely simple model, many of its physicochemical
properties are strikingly similar to those of biological membranes, a fact that
makes it an experimental model without much loss of generality. Its proper-
ties closely resembling the plasma membrane are flexibility, fluidity, membrane
thickness, electrical capacitance, and its surface tension substantially matches
that of the plasma membrane. All plasma membranes that have been studied
are organised into bilayers and the BLM is an in vitro self-assembling sys-
tem that constitutes this fundamental spatial structure. Lipids in water form
a spontaneous bimolecular leaflet, which is a system of two monolayers. The
lipid bilayer is probably the most stable arrangement for the kinds of phospho-
lipids normally found in biological membranes, when present in an aqueous
environment. It is of special interest that mixtures of phosphatidylcholine,
phosphatidylethanolamine and different anionic lipids are able to form BLMs,
since these lipids occur very often in the membrane of both eukaryotes and
prokaryotes.

The functional properties of the individual components in BLMs can be exam-
ined without ambiguity. Membrane transport proteins can be extracted from
biological membranes, purified and re-incorporated into a BLM, by making the
artificial membrane composition quite similar to that of the plasma membrane,
which is composed primarily of two types of molecules - lipids and proteins.
Several transport proteins have been shown to aggregate and form ion chan-
nels or carriers in BLMs. Many compounds have been embedded into BLMs,
such as pigments, electron acceptors, donors, mediators, redox proteins, met-
alloproteins, substances partaking in ligand-receptor contact interactions and
a wide range of antibiotic substances (such as valinomycin, nigericin, nonactin,
gramicidin A, amphotericin B, alamethicin, monazomycin and colicin).

The BLM has been extensively used and is particularly suitable for studying
the plasma membrane’s electrical properties and the nature of gated channel
formation, since it is ideally suited to performing electrical measurements with
the sensitivity and time resolution necessary to record the opening and closing
of individual channels [17]. The effect of lipid composition on channel function
may be studied by the incorporation of ion channels into a BLM. The method
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allows the asymmetric distribution of the proteins with respect to the bilayer.
BLMs may also be useful for voltage clamp ion channels of tiny organelles.

When a solution of phospholipid is pipetted onto an aqueous solution, the
lipid molecules spontaneously orient themselves at the interface between the
air and water - the hydrophilic part is oriented in the aqueous medium and
the hydrophobic part is lifted into the air. When phospholipid molecules are
surrounded on all sides by an aqueous environment, they tend to aggregate
to bury their hydrophobic tails and leave their hydrophilic heads exposed to
water [3]. They do this in one of two ways: they can form spherical micelles, in
which polar head groups are surrounded by water and hydrocarbon tails are
sequestered inside, facing one another; or they can form liposomes, which are
bilayers with the hydrophobic tails sandwiched between the hydrophilic head
groups.

Liposomes can vary in size depending on how they are produced. The develop-
ment of different types of unilamellar or multilamellar vesicles with controlled
size may permit them to perform some functions such as binding, biocom-
patibility, controlled permeability and solute release, due to their similarities
to real cells and their encapsulation properties for drugs and gene delivery
vehicles. Liposomes may fuse with the plasma membrane of many kinds of
cells for introducing a variety of substances into cells. Somatic gene therapy
depends on the successful transfer and expression of extracellular DNA to the
nucleus of eukaryotic cells, with the aim of replacing a defective gene or adding
a missing gene at the corrective molecular level, and liposomes may be used
as a carrier of recombinant DNA molecules for gene therapy. Such a synthetic
membrane opens a new perspective of topical delivery for the treatment of
skin diseases and some metabolic disorders.

Planar BLM is a planar bimolecular structure formed across a hole in a par-
tition between two aqueous environments. The use of a planar BLM allows
the preparation of a lipid matrix with higher electrical resistance than most
plasma membranes, which makes it possible to measure small ion currents.
The lipid composition of each monolayer may be controlled, making possi-
ble free access to the solutions bathing the matrix, and both sides of the
membrane can be easily altered and probed by electrodes. By the addition
of transporter proteins that are inserted into the planar BLM from the water
phase and increase the ionic permeability by several orders of magnitude, the
artificial membrane resistance can be brought into the physiological range.
Although BLM is an electrical insulator, after transport protein incorporation
it becomes an electrical conductor.

Planar BLM is an extremely delicate structure, rarely lasting more than 8 h.
But for long-term stability, it may be supported (s-BLM) on metallic wires,
conducting glasses or hydrogel substrates, as well as on microchips, permitting
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the preparation of an ultra-thin, high-resistance film with a well-defined orien-
tation on metals or semiconductors, which is useful for practical applications
and for mimicking biomembranes. The compound in question is immobilised
in a rigid, solid-like structure, whereas in the BLM it is embedded.

BLMs have been widely used for investigations into a variety of physical,
chemical and biological phenomena, including biotechnology, biomedical re-
search, catalysis, solar energy transduction, electrochemistry, microelectronics
and membrane biophysics studies, such as charge transfer experiment, redox
reaction, antigen-antibody reaction, sensor development, evaluation of apop-
tosis and DNA investigation. The versatility of the BLMs is discussed and
their uses are presented in an elegant paper published by Tien and Ottova [2].

5.1 Planar BLM preparation

According to the method developed by Montal and Mueller [18], bimolecular
membranes are formed from two lipid monolayers at an air-water interface by
the apposition of their hydrocarbon chains in a Teflon partition separating two
aqueous phases. Formation of the planar BLM is monitored by an increase in
electrical capacity, as measured with a voltage clamp. In a simplified version of
this method, a thin Teflon film with one hole is clamped between two halves of
a device and kept stationary. The artificial membrane is formed by filling the
two compartments with saline to below the hole and then spreading a lipid
monolayer on each side, raising first one then the other saline level slowly
above the hole.

The lipid matrix is formed by opposing two monolayers across a small central
hole (diameter: 180−200µm) in a Teflon (tetrafluoroethylene, 25µm thick) ver-
tical partition separating two compartments containing an aqueous solution.
An electrically heated platinum wire forms the hole in the Teflon. The parti-
tion is sealed with silicone grease to the walls of the device and insulates the
two water compartments electrically. In order to increase the stability of the
bilayer, the partition is precoated with a 2% Vaseline (ICN Pharmaceuticals
Inc.) solution in pentene (Merck) before membrane formation. Experiments
are performed at room temperature, i.e. at 25 ± 2oC.

An equal amount of aqueous solution consisting of 500 mM KCl+5 mM
CaCl2 + 5 mM HEPES (N-2-hydroxyethylpiperazine-N − 2-ethane sulfonic
acid)+1 mM EDTA (ethylenediaminetetraacetate), final pH 7.00, is placed
in each compartment of the device, to a level below the hole in the wall.
Both solutions are connected to the equipment by Ag/AgCl electrodes via
salt bridge (2.5% agar in the chamber medium, electrodes immersed in 3 M
KCl). Deionised water, double distilled in glassware, is used for the preparation
of all solutions. All chemicals are of analytical grade.
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Monolayers are made using 1% phosphatidylcholine in hexane (L - α - phos-
phatidylcholine type II, Sigma Chemical Co.) with no additional preparation.
After 10µl of this lipid solution has been deposited on the surface of the aque-
ous solutions, it is necessary to wait approximately 20 minutes for the solvent
evaporation and the spontaneous formation of the monolayers on the surface
of the aqueous solution in each compartment of the device. With the aid of a
syringe connected to the base of one compartment, the level of the aqueous
solution is carefully raised to slightly above the hole to enable the monolayer
to be deposited on the latter; with the aid of another syringe connected to
the base of the other compartment, the aqueous solution is raised to exactly
the same level as in the first compartment, thus enabling the second mono-
layer to be likewise deposited on the hole, thereby forming the planar BLM.
The formation of the bilayer is monitored continuously by rapid and repeated
measurements of the membrane capacity by the application of constant volt-
age pulses (amplitude: ±10mV; duration: 2 − 4ms; frequency: 500 Hz ), and
displays the capacitative current on a storage oscilloscope.

Colicin Ia is added directly to the aqueous solution in just one compartment
of the device, attaining a final concentration of 1 − 5µg/ml. The duration of
the interaction between the colicin Ia and the planar BLM is 1 minute at the
most for the artificial membrane to reach a steady state. Bearing in mind that
the durability of each artificial membrane is approximately 3 hours, on the
occasions when the membrane breaks following the addition of colicin, the
experiment is terminated with all the reagents being discarded.

A pulse generator with DC voltage of ±200mV is connected to the side of the
membrane containing colicin Ia. The ion current flowing through the artificial
membrane is measured under conventional voltage-clamp conditions using an
operational amplifier (Burr-Brown model OPA111) in the current-to-voltage
converter configuration. The converter input is connected to the colicin-free
side of the membrane, and the output to a digital oscilloscope (Nicolet Instru-
ment Corporation, model 201).

6 Evidence of Ion Channel Memory

All ion channels generate an electrical signal due to the ion flows across them
and much of what we know about ion channels was deduced from electrical
measurements. Electricity, life and the relation between them have long been
the subject of intense curiosity. Investigations of living cells based on electrical
concepts and using electrical techniques have been amazingly successful and
significant advances in this field have been achieved over the last 50 years.
Electrical pulses may also be used to gate some ion channels and even to
demonstrate the ion channel memory.
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The analysis of ion current recordings has been a tremendous challenge for
many theoreticians [4] and over the past few years many attempts have been
made to get a clear picture of ion channel kinetics. As applied to ion channels,
kinetics is often used in order to find some specific mechanism channels un-
dergo when changing from one state to another. Ion channel kinetics has been
treated as either a deterministic process or a stochastic one. Here we shall
not describe each process rigorously. Rather, we shall present some experi-
mental and simulated data that indicate that ion channel kinetics may be a
process with memory. Memory is usually considered a diffusely stored associa-
tive mechanism that puts together information from many different sources.
It is the process of storing and retrieving information, reproducing what has
been retained.

The molecular nature of ion channels may be revealed by unitary current steps
seen with the patch-clamp method [7] or by using BLMs [15, 16]. The com-
bination of these two endeavours has generated a wealth of phenomenological
information on ion channel kinetics at the level of single molecular events.
By recording the noise from each ion current through the ion channel, the
sequence of its open and closed states may be measured. When the best avail-
able time resolution is used, individual channels appear to pop open and close
suddenly without any evidence of gradualness in the transition [1]. Thus, noise
measurements provide important information on the structure and function of
the ion channel protein. The analysis of ion currents recorded through a single
ion channel may provide the mechanism by which channels gate their pores
and explain the phenomena of jumps, bursts, ligand interactions, etc. The
transition kinetics between different conformational states of the ion channel
may also be studied in the macroscopic noise from the ion current passing
through many ion channels.

In cell membranes, the ion channels make repeated transitions between open
and closed states during their activity. Ion channels have no threshold for
opening and, at any membrane potential, there are several types of channel
open [1]. The distribution of ion channels between the open and closed states
determines the transmembrane voltage rather than the total number of chan-
nels. When a channel opens, the ion current appears abruptly, and when it
closes, the current shuts off abruptly [1], but in almost all the ion channels a
closer look reveals that the elementary event is not a single current but dis-
plays bursts of opening, i.e. a series of transient steps separated by brief gaps.
The tiny, picoampere current through an individual ion channel clamped at
constant voltage does not lead to a constant signal but presents a peak-valley
landscape pattern of high and low current values, with millisecond time res-
olution [4]. The randomness of the length of time for which the ion channel
stays open and closed reflects the probabilistic nature of the interaction be-
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tween the stimulus and the gating. Both the jump magnitude and the number
of discrete current levels of a single channel may vary among the several kinds
of ion channels.

At the single-channel level, the gating transitions may be predicted only in
terms of probability, since each trial with the same depolarising step shows
a new pattern of openings of the individual ion channel. Information on the
number of states and the transitional pathway between them can be obtained
from the durations of open and closed intervals of different mean open time
around which durations of opening fluctuate [19]. Identification of the mini-
mum number of ways in which open and closed states communicate is a crucial
step in defining the gating kinetics of multistate channel [17]. Widely varying
durations of open and closed intervals suggest multiple open and closed states
of the ion channel: if there is only one open conformation or state, then the
duration of open intervals would be independent of the durations of adjacent
closed intervals; but if a channel has two or more open states with different
mean durations, and if each open state is entered directly from a different
closed state with a different mean duration, then the open intervals should be
related to the adjacent closed intervals [19].

The ion channel may behave as if it has forgotten all information prior to the
last stimulus, so that the probability of interconversion at any given moment
depends only on the state in which the channel is at that moment, and not on
its history up to that moment, i.e. the probability of transition from one state
to another is a constant, independent of time [20, 21]. On the other hand, the
ion channel may behave as if it has [22, 23] memory due to different kinetic
processes, some of which may be slow and some rapid, and which are not
independent but interrelated; once the channel closes, the rate of re-opening
is dependent on the time it remained closed, such that the rate of re-opening
declines as the time of closure increases. Using the patch-clamp technique,
single-channel currents through both a chloride channel and a large conduc-
tance calcium-activated potassium channel in skeletal muscle show that the
durations of adjacent open and closed intervals are inversely related: shorter
open intervals are adjacent to longer closed intervals [19]. Our previous studies
[8, 24] have shown that colicin Ia channels incorporated into a planar BLM
may also behave as if they have memory. It is possible to induce memory con-
trol of the artificial membrane in accordance with the experimental conditions
imposed on it and on the basis of theoretical modelling [24]. The memory here
must be interpreted in a general sense: if the current state of a system depends
on its previous states, then this system is endowed with memory.

Short-term correlation may indicate that ion channel kinetics is a process with
short-term memory [17, 19]. Autocorrelation analysis provides a simple and
general strategy to extract information on channel gating kinetics, providing
information concerning the identification of the open and closed states and
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on the pathways connecting them, considering transition dependencies be-
tween successive events at single channel currents [17]. Using a planar BLM
containing a single channel from the electric organ of Torpedo californica,
the autocorrelation analysis shows that for the acetylcholine receptor channel
there are at least two entry/exit states through which the open and closed
aggregates communicate; the chloride channel fluctuates between three con-
ductance substates, identified as closed, intermediate and high conductance,
and correlation analysis shows that although there are at least two distinct
entry/exit states in the intermediate aggregates, there is no evidence for the
existence of more than one entry/exit state in the closed or high conductance
aggregates [17].

Ion current fluctuations occurring within open and closed states of a large-
conductance locust potassium channel (BK channel), from cell-attached patches
of adult locust (Schistocerca gregaria) extensor tibiae fibres, reveal [4] that the
memory effect is present not only between successive conducting states of the
channel, but also independently within the open and closed states themselves.
Autocorrelation, Hurst (rescaled range) [25] and detrended fluctuation (DFA)
[26] analyses showed the existence of correlation between successive duration
of closed and open states and, thus, the existence of long-range memory ef-
fects in the BK channel [4, 27]. As the ion current fluctuations give information
about the dynamics of the channel protein, this result points to the correlated
character of the protein movement regardless of whether the channel is in its
open or closed state [4].

Types II and IIA voltage-gated sodium channels are the most abundant voltage-
gated channels in the mammalian brain. Sodium channels may be efficiently
expressed in oocytes, allowing one to record macroscopic currents in a de-
tached patch of membrane. The expression of proteins by messenger RNA in
oocytes, as well as in other host cells, has been a valuable tool for examining
the properties of ion channels. Using patch-clamp and voltage-clamp tech-
niques, currents measured from the membrane of Xenopus oocytes, injected
with cRNA coding for rat brain channel types NaII or NaIIA, have shown
direct experimental evidence for the existence of memory in the functioning of
the ion channels: the longer the voltage-gated sodium channel is held at a given
voltage, the longer it takes to recover from inactivation, as a power law scaling
between activity and availability [28]. Ion channels in the plasma membrane of
the hippocampal neurones, fibroblasts and gramicidin channels in BLM have
open and closed durations that can also be adjusted, all or in part, by power
law distributions [23]. However, the scaling relationship exhibited by some ion
channels is not a universal property of such channels. Power law scaling can
act as a molecular memory mechanism that preserves traces of the previous
activity, over a wide range of time scales, in the form of modulated reaction
rates, owing to the fact that the scaling of recovery time course is intrinsic to
the channel protein [28]. The channel exists in a large number of energy states
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and the transitions among these states are determined by rate constants that
change continuously in time [23]. Analysis of patch clamp recordings from
rabbit corneal endothelium also shows [22] that the ion channel behaves as if
it has memory.

In a variety of brain locations, repetitive activity can produce change in synap-
tic efficacy. Glutamate-gated channels are essential elements in synaptic func-
tion and plasticity. There is a general agreement that long-term potentiation
(LTP) is produced by an increase in calcium concentration in the postsynaptic
cell. In the brain of vertebrates, NMDA-selective glutamate receptor-channels
are involved in memory processing by mediating the induction of LTP, a long
lasting and activity-dependent enhancement of synaptic efficacy. These chan-
nels are characterised by high single channel conductance and high calcium
permeability, and are blocked by magnesium ions in a voltage-dependent man-
ner. NMDA receptor-dependent synaptic plasticity at pyramidal cells in area
CA1 of the hippocampus is required for both the acquisition of spatial memory
and the formation of normal CA1 place fields [29]. This relationship suggests
that robust place fields may be essential for spatial memory [29].

Hippocampal theta (4 − 10 Hz ) oscillation represents a well-known brain
rhythm implicated in spatial cognition and memory processes. Experimental
data indicate that GABAergic cells in the medial septum play a pacemaker
role for the theta rhythm and a biophysical model predicts that theta oscil-
lations of septal GABAergic cells depend critically on a low-threshold, slowly
inactivating potassium current [30]. Simulations show that theta oscillations
are not coherent in an isolated population of pacemaker cells and robust syn-
chronization emerges with the addition of a second GABAergic cell population
[30].

Modulation of threshold potential by changes in the availability of conduc-
tance is a powerful memory mechanism that depends solely on the intrinsic
properties of a neurone, since the neurone has a memory capacity that is em-
bedded in the machinery of excitability and that is not delimited by particular
time scales [28]. In mammals, the brain is one of the organs containing the
highest proportion of membranes and, despite the significant biological role
of brain membranes, knowledge of its protein and lipid content is incomplete
but important in the understanding of the functioning of the nervous system.
Moreover, little is known about the physiology of memory storage in the brain.

6.1 Ion channel memory control using a planar BLM

Using macroscopic measurements of the total ion current flow through a large
number of voltage-gated channels, we demonstrated [8, 24] a critical resting
interval (�tc) on the artificial membrane prepared as described in Section
5.1. The �tc value is shorter than 120 seconds and specific to each particular
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artificial membrane, by means of which it is possible to show the memory
effect and its control by applying square voltage pulses of at least 20 seconds
duration from a holding potential. The BLM’s behaviour seems to be robust
and general. Since the observed memory effect is mainly due to the applied
field, it can be concluded that external voltage influences the ion channel
action on an amazingly broad time scale [4].

We focus on the dynamic behaviour of the colicin Ia incorporated into a pla-
nar BLM in response to sequences of stimuli with various amplitudes and
resting intervals. Before colicin incorporation into a planar BLM, the artificial
membrane does not respond because there is no ion current across the BLM.
After the incorporation of many colicin Ia channels into the BLM, the artificial
membrane also does not respond to negative pulses. The artificial membrane
response performs inconsistently to positive pulses smaller than 50mV. In ad-
dition, positive pulses greater than 90 mV lead to a brief response and an
irreversible membrane breakdown. When the artificial membrane is stimu-
lated by positive P pulses, between 50 mV and 90 mV, the recording of the
ion current versus time shows a sudden exponential rise that, on a first ap-
proximation, may be expressed as: I(t) = (a + bt)[1 − exp(ct)], where a and
b are positive constants and c is negative [24]. The constants a, b and c might
differ, since the ion current may vary in both amplitude and time course for a
given P pulse (Fig.1.1). In a trial, successive identical P pulses may generate
a systematic variability. In addition, a long-time interval between pulses or
between trials generates an unpredictable variability.

By applying two successive P pulses interposed by a resting interval (∆t), if the
second pulse is applied within the �tc value, it generates a deterministic ion
current response across the artificial membrane, so that an ion current shows a
smaller amplitude when the resting period between P pulses is greater or vice
versa, as shown in Fig. 1.2a. With the growing increase in the rest intervals
(∆t1, ∆t2, ∆t3) between the application of the two consecutive pulses, the R2

response is shorter than the R1 response and the R3 response is shorter than
the R2 response. Thus, when the length of time between the end of the first
stimulus and the beginning of the second, interposed by a rest period, falls
within the ∆tc value, the diminution or enhancement of the response to the
second pulse can be attributed to the “memory” of the artificial membrane
because the current state of the system depends on its previous state. On the
other hand, it is clear from Fig. 1.2b that if this length of time between the
end of the first stimulus and the beginning of the second, interposed by a
rest period, increases and becomes greater than the ∆tc value, the ion current
response across the artificial membrane can no longer be reliably predicted, so
that R4, R5, R6 or any other response may be triggered. This being the case,
for certain parametric values the experimental system response is independent
of the previous state, while for other parametric values the response depends
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on the previous state. Thus, the behaviour of the voltage-gated channels may
be interpreted as a transient gain, loss or resetting of memory, as revealed by
a specific sequence of electrical pulses used for stimulation [24].

It is possible to have a memory proof of the artificial membrane by apply-
ing four successive P pulses, interposed by resting intervals. Moreover, in this
sense, it is possible to induce memory control of the artificial membrane in
accordance with the experimental conditions imposed on it. The first and the
second pulses should be interposed by a resting period shorter than the ∆tc

value, such that the response to the second pulse is predictable. The resting
period between the end of the second pulse and the beginning of the third
should be greater than the ∆tc value, such that the third pulse will thus gen-
erate an unpredictable response. The response to the third pulse may be a
random one identical to that obtained from the first pulse, even if the third
pulse is different from the first one; in this case, when a fourth pulse identi-
cal the second one is applied, provided that both occur after identical resting
intervals, the fourth response will necessarily be predictable again and iden-
tical to the second response, as shown in Fig. 1.3. The artificial membrane is
thus “remembering” the previous state installed after the P1 action; moreover,
different P pulses may induce this state. A phenomenological model devised
using explicit mathematical formulation captures many dynamic features of
this experimental result, suggesting that the system’s intrinsic parameters and
dynamic rules do not change after an unpredictable response. In this sense,
memory is disrupted only transiently [24].

In spite of the simplicity of the above model, the phenomenon is, however,
widespread and may have important implications for the functioning of voltage-
gated channels in a variety of situations, since periodic rhythms underlie bio-
logical processes as diverse and fundamental as secretion, muscle contraction
and neuronal firing. It is important to note that our biophysical model is pro-
posed to explain specific observations in a simplified qualitative form and the
pulses applied were continuous and optimised for characterization of ion chan-
nel kinetics rather than for physiological compatibility. Thus, our biophysical
model cannot point directly to a physiological significance, despite showing a
phase dependence of the effect of brief current pulses.

7 Concluding Remarks

Molecular research on ion channels is one of the essential topics in understand-
ing the functions of living cells. Although a thorough knowledge of biological
membranes is still a long way off, we hope that the deployment of a membrane
model, in which it is possible to induce memory control, will be our contribu-
tion to the store of increasing information on the functioning of ion channels,
helping to unlock cellular secrets. Despite the difference in interaction between
the ion channels and a natural membrane or a planar BLM, we feel that the
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properties exhibited by the experimental model examined in Section 6.1 of this
chapter may be applied to a greater or lesser extent to plasma membranes in
vivo. We do not yet know how much our picture of just one kind of ion channel
affects the understanding at the molecular level of current-voltage behaviour
as a function of time of many types of ion channels, measured under many con-
ditions, or whether our interpretation will have implications for multicellular
organisms. Since time dominates life, we hope that the ideas introduced here
may serve as a step towards a rigorous investigation of the memory effect phe-
nomenon associated with the critical resting interval of a plasma membrane
patch, but obtaining rigorous proof of this in vivo is no easy task. Knowledge
gained in the past 15 years about the ways in which ion channels work calls
for re-evaluation of the role played by intrinsic neural excitability properties
in memory acquisition and learning. Undoubtedly, we can expect to witness
major advances in knowledge of the memory effect on ion channels over the
next few years, developments that will be of both fundamental biological and
clinical significance.
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Fig. 1.1. If the artificial membrane is stimulated by –80 mV, the ion current is 
practically zero. If it is stimulated by +80 mV, the ion current response as a 
function of time may not be reliably predicted. Such a response may vary in 
amplitude and time course as shown by the curves A, B, C or many other 
responses. The time and vertical scales apply to all curves. (From Cassia-Moura, 
1993.)
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Fig. 1.2. Stimulation of the artificial membrane by two successive pulses of +80 mV,
so that the second stimulus of each pair of stimuli is applied after four different 
resting intervals ( t1, t2, t3 and t4). Three superimposed trials of the ion current
response are shown as a function of time. (A) When the tc value is greater than the 
resting interval between pulses, the second pulse always produces a predictable
response, such that if t1< t2 < t3 < tc, then responses decrease in the order R1,
R2 and R3. (B) When the resting interval between pulses is greater than tc value,
the response to the second pulse is not predictable, such that if tc < t4, then the
response may be R4, R5, R6 or any other. The time and vertical scales apply to all
curves. (From Cassia-Moura et al., 2000.)
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Fig. 1.3. Stimulation of the artificial membrane by four successive P pulses, 
interposed by resting intervals ( t1-2, t2-3 and t3-4). P3 may be any value within the 
P3 min range, which is equal to +50 mV and P3 max, which is equal to +90 mV; P1, P2

and P3 should have a fixed value within the same range. Since t2-3 tc, the 
artificial membrane responds stochastically to P3 and R3 may show different 
patterns. When by chance the bold R3 is identical to R1, the P3 value for predicting 
the response R4 does not matter, because if t1-2 is identical to t3-4, and if P4 is 
applied and is identical to P2, the response R4 can be predicted and will be identical 
to R2. (From Cassia-Moura et al., 2000.) 
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Abstract – Using extensive analogical simulations with square sheets of paper
of several lengths we investigate the influence of short-range attractive interactions
on the packing properties of a two-dimensional crumpled surface (CS). These inter-
actions are due to transverse connections or local bridges associated with a given
number of binding sites distributed in several patterns in the three-dimensional
physical space. V is a measure of the strength of the short-range transverse attrac-
tive interactions within the CS. The introduction and variation of V is unable to
change the average value of both fractal dimension D and prefactor A. However,
these transverse attractive interactions within the CS affect strongly the fluctuations
in D as well as those associated with A. Our model suggests that the existence of
short-range interactions, as exemplified by van der Waals forces in biomolecules are
compatible with the geometric plasticity or fluidity of biological molecules, which in
turn is important for biological function. The fractal dimension D and the prefactor
A tend to increase (although lightly) with relaxation of the CS. As the attractive
interaction strength increases, the average relaxed diameter of the CS decays with
V , and the surface roughness decays exponentially to zero with V . The relevance of
our results to the study of molecular conformation of biological structures such as
proteins and membranes is discussed.

Keywords: attractive interactions, membrane model, molecular dynamics, plasma
membrane, protein folding.
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1 Introduction

One of the major challenges in biophysics today is to understand the proper-
ties and behaviors of surfaces and membranes, being the geometry of them a
subject of great theoretical and practical interest in physics, chemistry and bi-
ology (Nelson et al., 2004). In these disciplines, a large number of processes are
dependent on surface phenomena associated with a wide variety of structures
and patterns. The most conspicuous feature in these cases is the existence of a
surface separating the system from the outside or separating the system in dis-
tinct subsystems. As examples we can cite adsorption, aggregation of colloidal
particles, fracture and fragmentation of porous and non-porous systems under
divers circumstances, embryonic development in morphogenesis, and antibody
specificity and recognition in biomolecular interactions (Family and Landau,
1984; Grady et al., 1996; Lewis and Rees, 1985; Pfeifer et al., 1989). One way
to develop a better understanding of such non-equilibrium phenomena is to
study the geometrical properties of the surface.

In this work we deal in particular with crumpled surfaces (CS), i.e. with a
class of surfaces exhibiting complex cascades of folds. The prototype of such
systems is a non-equilibrium fractal structure obtained from random, irre-
versible and ill-defined compaction of two-dimensional manifolds (Garcia et
al., 1992). A random structure can be assigned a fractal dimension D on the
basis of a statistical self-similarity (i.e., invariance under scale change) (Colvin
and Stapleton, 1985; Mandelbrot, 1977). CS are self-avoiding surfaces with the
topology of the plane and with the shape of a spheroid. The area L2 of the
uncrumpled manifold scales with the average caliper crumpled diameter, ϕ,
in three-dimensional physical space, as L2 ∼ ϕD, with D = 2.5 within typical
statistical fluctuations of 8% (Gomes, 1987). D for CS is unaffected by the
way of crumpling (Gomes, 1987). It still remains intriguing and unexplained
why such an uncontrolled mechanical operation should lead to this kind of
regularity. The robustness of the exponent D associated with the crumpling
processes is correlated to the existence of strong topological constraints (i.e.
surface connectivity implies in a limited number of crumpling configurations
which in turn lead to an almost invariant value of D). The study of the ge-
ometric properties of CS can be of interest in specific problems in chemistry
and biology and as examples we can cite the study of active surface in hetero-
geneous catalysis (Nascimento, 2001), as well as the study of other problems
involving interfaces whose central feature is the maximization of the surface
area, as in the surface defined by the mantle of gray matter of mammalian
brains (Majundar and Prasad, 1988), the internal surface of the gut (De Felice
et al., 2003) or the inner mitochondrial membrane (Paumgartner and Weibel,
1981).

A CS can be used to simulate the configurations of polymers and membranes
containing in their interiors e.g. many tightly packed non-polar groups shielded
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from an exterior solvent. In real systems, this would be analogous to the stabi-
lizing role of the hydrophobic interactions, which are a major driving force in
the binding of substrates to enzymes, the formation of biological membranes,
and contribute to maintain the folding structure of proteins (Matsumura et
al., 1988; Stryer, 1995). Proteins are long-chain polymers that are neither self-
similar nor strictly random, but they are self-avoiding and can be characterized
by an average fractal dimension (Colvin and Stapleton, 1985). On large scales,
polymers are crumpled (i.e., highly convoluted) as a result of thermal fluctua-
tions (Lipowsky and Baumgartner, 1989). They then form random coils with a
crumpled diameter ϕ, which grows as ϕD ∼ LV , with the total length L of the
polymer chain (or the number of monomers) and D is the fractal dimension
(De Gennes, 1979). Proteins can be considered as one-manifold with D varying
typically from 1.1 to 2.2 in the three-dimensional physical space (Colvin and
Stapleton, 1985). Proteins of homologous tertiary structure and catalytic func-
tion are characterized by similar values of D; the converse is not necessarily
true, however (Colvin and Stapleton, 1985). Thermally excited crumpling can
also occur for two-dimensional sheets of molecules such as fluid membranes,
which are always crumpled at sufficiently long length scales (Kantor et al.,
1987; Kroll and Gompper, 1992). Every cell contains at least one membrane,
known as plasma membrane, which is a component essential to life (Cassia
Moura, 2003). All membranes have an invariant molecular general pattern,
namely an arrangement of proteins distributed in a fluid mosaic comprising
one bilayer of lipids (Cassia Moura, 2003). Membranes appear in both a bio-
logical context and in a materials context, and for two-dimensional membranes
embedded into the three-dimensional physical space, D = 2.5 (Kantor et al.,
1987; Wen et al., 1992).

Our interest in the present work is to investigate the effects of short-range
transverse attractive interactions on the geometry of the CS. Due to the great
difficulties involved in the study of CS, much insight and a lot of information
on the behavior of crumpled structures in general in the last years has been
obtained with analogical simulations using wires and sheets of paper manually
crumpled (Donato et al., 2002; Garcia et al., 1992). A complete analysis of
this problem seems difficult from the point of view of theory and computer
simulations. In order to do this we resort to CS of paper and we simulate the
short-range attractive forces by distributing on the paper sheets a variable
number of binding sites (BS) containing adhesive as explained in the next
section. Thus, with the crumpling of the sheets some bonds and bridges are
formed and distributed at random in the three-dimensional physical space.
The BS may develop here the role of many types of transverse interactions
(e.g. hydrogen bonds, electrostatic bonds, hydrophobic interactions and van
der Waals forces). Transverse interactions are needed to stabilize the complex
folded surface of biological structures, such as membranes and polymers.
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The structure of this work is as follows: in Section 2, the experimental details
are described, in Section 3 are reported our observations concerning the influ-
ence of the BS on the geometry of CS and their biological significance, and in
Section 4 we conclude with a brief summary of our findings.

2 Materials and Methods

The CS were obtained from random and irreversible manual compaction of
square sheets of paper of size LxL (L = 2.2; 4.4; 8.8; 17.6; 35.2; and 66.0cm).
The length L varies by a factor of 30, which represents in fact a practical
limit on this kind of simulation. An ensemble of 780 CS was divided in 26
groups: one control group, G0, of CS without BS; one control group, G1, with
the maximum concentration of BS, i.e. with adhesive extending continuously
on one of the faces of the paper sheets; and 24 groups, G(n, α), each one
containing five equivalent families with the six aforementioned values of L,
and each sheet with n2 BS. Each binding site was formed by a homogeneous
thin layer of synthetic resin adhesive (poly (vinyl acetate) [PVAc] + starch)
distributed uniformly over squares of area λ2. This adhesive was chosen due
to its flexibility and simplicity of application. The distance δ between the BS
and between the BS and the edges of the sheet was given by δ = αλ, and
L = nλ+(n+1)δ = (n+nα+α)l, as indicated in Fig. 2.1. Using the variables
n and α, we can introduce an average normalized interaction density, V (n, α),
defined as the ratio of the total area of the BS, n2λ2, to the total area, L2,
of the sheet, i.e. V (n, α) ≡ n2λ2/L2 = (1 + α + [α/n])−2. Thus, V (n, α) is a
measure of the strength of the short-range transverse attractive interactions
within the CS. In the simulation, six values for n and four values for α were
used, namely n = 2; 3; 4; 5; 6; and 7; and α = 0.5; 1; 2; and 5. Then V (n, α)
varies in the interval 0 ≤ V ≤ 0.41, where V = 0, and V = 0.41 refer to
the groups G0 and G(7; 0.5), respectively, and obviously V = 1 for G1. The
density of transverse attractive interactions V increases with decreasing α for
n fixed. An increase of V favors the formation of stronger lateral interactions
between different regions of the manifold and consequently favors the more
compact configurations of the CS.

We have measured the average caliper diameter, ϕ0, of the CS immediately
after the crumpling. Soon after the compaction of the CS, the stress relax-
ation starts, and the caliper diameter of the CS increases. After relaxation,
the influence of the several types of distribution of BS on the conformation
of the CS can, in principle, be more clearly observed due to the irreversible
binding of different regions in the CS. Thus, eight days after crumpling, the
average caliper diameter, ϕ, of the CS were measured. This adopted time in-
terval is limited by the long time duration (5 − 7 days) needed for complete
stabilization of the used adhesive. During these measurements the surfaces
were maintained free of manipulation and mechanical vibrations; and room
temperature and humidity were kept constant. Any one of these factors can
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alter the relaxation rate of the CS. Both quantities, ϕ0 and ϕ, refer to the mea-
surements along five independent directions, i = 1, 2, . . . , 5, chosen at random.
The determination of the five randomly chosen radii leads to uncertainty and,
thus, there is a variation from one identically prepared sample to the next.
The experimental data was stored in two four-dimensional matrices, {ϕ0} and
{ϕ}, dependent on the indices G, F, L and i, where G, F and L stand, respec-
tively, for group, family and linear size. Each matrix of measurements is an
ordered array of 26x5x6x5 = 3,900 numbers. The statistical analysis discussed
in the next section follows entirely from {ϕ0} and {ϕ}. However, the effects
of the short-range transverse attractive interactions within the CS are more
clearly obtained from {ϕ} and hence the data stored in this matrix will be
discussed in Section 3 with greater detail.

3 Results and Discussion

Using the matrix of measurements {ϕ}, introduced in the previous section, we
can obtain for each group G(n, α) the mass-size fractal dimension D = Dnα,
and the amplitude prefactor A = Anα, appearing in the power-law fit

〈ϕ〉 = A × L(2 D) (1)

to the experimental data, where 〈·〉 denote average of the diameter ϕ〈L〉 on
25 values: 5 equivalent CS of α fixed size L (each one associated with an
equivalent family) × 5 measurements of the diameter for each CS. Both A
and D depend in principle on the group of CS considered. Also from the
experimental plots of logϕ × logL for each group, we obtain the dependence
of the statistical uncertainties ∆D in the fractal dimension, and ∆A in the
prefactor by examining the straight lines of maximum and minimum slope
describing the data. For illustration, we show in Fig. 2.2 a typical plot of ϕ
versus L (for G(n = 7, α = 0.5)), with the averages 〈ϕ〉, the corresponding
statistical fluctuations, and the straight lines of maximum and minimum slope.
Average values X and corresponding statistical fluctuations ∆X(X = A or
D) are defined, respectively, as (X> + X<)/2, and |∆X> −∆X<|/2, with the
index > (<) referring to the straight line of higher (lower) slope.

The experimental data show that after eight days, the fractal dimension D
and the prefactor A for relaxed CS increased in average by 3.8% ± 2.3%, and
28%±13%, respectively, relative to the corresponding quantities for unrelaxed
CS, i.e. Drelax/Dunrelaxed = 1.038± 0.023, and Arelax/Aunrelaxed = 1.28± 0.13.
Recent studies have examined the complex relaxation of CS: the stress relax-
ation of CS made of aluminum foil maintained at a fixed compressive strain
apparently follow an anomalous stretched exponential decay with exponent
β = 0.28± 0.03 along (at least) six decades in time, and for a wide interval of
strain (Albuquerque and Gomes, 2002). On the other hand, when CS of Mylar
are placed under a fixed compressive force, their size decreases logarithmically
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in time for periods up to three weeks (Matan et al., 2002). A simple analysis
indicates that the rate of variation of the diameter of CS, ∆〈ϕ〉/∆t, after the
relaxation period aforementioned can be easily obtained from eq. (1) as

∆〈ϕ〉/∆t = [(1/A)(∆A/∆t) − ((4lnL)/D3)(∆D/∆t)]〈ϕ〉

It is a positive quantity for all sizes L used in our experiment as a consequence
of the typical magnitude of A and D, and the numerical values of the statistical
fluctuations are

∆A/A = Arelax/Aunrelaxed − 1,

and

∆D/D = Drelax/Dunrelaxed − 1.

In the Fig. 2.3 we show the measured fractal dimension D plus statistical fluc-
tuations obtained in our analogical simulation as a function of the density of
transverse attractive interactions V defined in Section 2. The variability of the
average value of D for a particular group of CS lies in the interval 2.30 to 2.70,
for 0 ≤ V ≤ 0.41, with D presenting strong fluctuations around the trend-line
D = 2.47− 0.04 V , which represents a best fit linear regression on the experi-
mental data with a very low coefficient of correlation between the variables V
and D of 8%. In the extreme situation represented by G1(V = 1), the experi-
mental value obtained for the fractal dimension is D = 2.42± 0.36. Thus, the
overall conclusion obtained from Fig. 2.3 is that the fractal dimension is robust
and essentially independent of the density of transverse attractive interactions
within the statistical fluctuations. We noticed that the average relative fluc-
tuation in the fractal dimension, 〈∆D/D〉, is close to 0.19 ± 0.05, and the
inclusion of short-range attractive interactions implies in a significantly larger
value of this quantity as compared with CS without BS (〈∆D/D〉 = 0.08)
[9]. On the other hand, as the attractive interaction strength increases, the
average relaxed diameter 〈ϕ(L)〉 of the CS decays with V , independently of L
(for all values of L examined in the experiment). This is illustrated in Fig. 2.4,
for the largest surfaces (L = 66cm). In this case, the experimental data can
be described by the linear fit 〈ϕ(L = 66cm)〉 = (10.2−3.39 V )cm (continuous
line) with a coefficient of correlation of 75%.

It is interesting to compare our experimental results concerning the role of
short-range attractive interactions on the fractal dimension D of CS with
those obtained for other class of fractal structures. The study of short-range
perturbations on irreversible processes as diffusion-limited-aggregation (DLA)
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model and CS are specially interesting for us here because they can mimic van
der Waals forces - a type of interaction commonly present in biomolecules and
that is strongly decreasing with interparticle distance. Meakin (1983) used
Monte Carlo simulation to study the effects of short-range attractive and re-
pulsive interactions on the irreversible DLA in the two-dimensional physical
space. He found that if the stick probability of the monomers with the DLA
cluster increased from 0.1 to 1, the fractal dimension D of the DLA clusters
presented a small decrease of 3%, from 1.78 to 1.72 (i.e., an increasing stick
probability is equivalent to an increasing attractive monomer-cluster interac-
tion). Moreover, when the distance of particle capture by the cluster varied
from 1 to 4, the cluster fractal dimension D remained essentially constant. An
increase in the distance of particle capture is equivalent to the introduction
of an effective attractive interaction monomer-aggregate. The overall conclu-
sion of these computational simulations with the DLA is that the inclusion of
short-range attractive or repulsive interactions does not modify (or, at last, in-
troduce a marginal difference) the fractal dimension of these non-equilibrium
structures, albeit large sticking probability (i.e., capture distance) leads to
considerably rarefied clusters.

On the other hand, if it is added non-short-range internal forces within non-
equilibrium fractal structures, a measurable difference in the fractal dimension
D can be detected. This is the case, for example, of the influence of interparti-
cle dipole interactions (decaying with 1/(distance)3 ) on the fractal dimension
D of clusters obtained in irreversible cluster-cluster aggregation (CCA). Nu-
merical simulation of CCA in the physical space suggests that the fractal
dimension D of the clusters decreases from 1.75 ± 0.08 to 1.35 ± 0.08 (i.e.,
a decrease of (22 ± 5)%) when the dipole interaction is switched on (Mors
et al. (1987). Numerical simulation with a modified irreversible DLA growth
model with attractive non-short-range cluster-monomer forces proportional to
1/(distance) α showed a decrease of 28% of the fractal dimension D of the ag-
gregate from 1.70 to 1.22, when the exponent a varied from 2 to 6 (Block et
al., 1991). In particular, for a = 3, the modified DLA model of Block et al.
(1991) gives a fractal dimension (1.49 ± 0.02) consistently close to that ob-
tained by Mors et al. (1987). However, extrapolation of the data of Mors et al.
(1987), indicates that the fractal dimension of the cluster goes to the unit as
α → ∞, i.e. for attractive short-range interaction - a result at variance with
those obtained by Meakin (1983).

In Fig. 2.5 we show the prefactor A as a function of V . As found in Fig.
2.3, the overall conclusion obtained from Fig. 2.5 is that also the prefactor A
is essentially independent of the density of transverse attractive interactions
within the statistical fluctuations. The measured average relative statistical
fluctuation in A is given by 〈∆A/A〉 = 0.40 ± 0.10, which is two times the
corresponding fluctuation in D. Thus, the introduction and variation of trans-
verse attractive short-range interaction is unable to change the average value
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of both A and D. However, transverse interactions affect strongly the fluc-
tuations in the fractal dimension of the surface as well as those associated
with the prefactor A. These results suggest that the existence of short-range
interaction is compatible with the geometric plasticity of biological molecules.
Why indeed should CS exhibit large fluctuations in A and D when short-range
attractive interactions are present? A possible answer, though, is that the BS
work only statistically, in the sense that a single binding site has on average a
finite probability, say p = 1/2, to contribute to a tight transverse connection
between two different regions of the CS, and a probability 1− p to fail in such
intent. As a consequence, there are a great number of patterns of contacts that
can exist when BS are introduced: the high degree of plasticity exhibited by
CS are compatible with the existence of weak short-range transverse attractive
interactions. Equivalently we can say that the existence of BS may preclude
the fluidization of the CS.

The surface roughness, s(L), is a very important quantity for a random surface
(Feder, 1988). Here we estimate this quantity by calculating the standard
deviation obtained from each set of 25 measurements (one control group G0

and 24 groups G(n, α)) of the relaxed diameter for CS with length L and group
fixed (i.e. from 5 measurements of diameter taken from each one of the 5 CS
with a same L in a given group). The surface roughness obeys the power-law
scaling relation s(L) = klm, with a correlation coefficient 0.99. The statistical
analysis shows that both k and m have an effective exponential decay with
V for n fixed. More complete information on the irregularities of the CS is
given by the ratio s/ϕ. This quantity as a function of V is shown in Fig. 2.6,
for the ensemble of the largest CS (L = 66cm), and it decays exponentially
to zero with increasing the density of transverse attractive interactions, as
s/ϕ = 0.13exp(−0.96 V ), with a coefficient of correlation of 70%, as indicated
by the broken line in Fig. 2.6. Similar exponential decays are observed for all
values of L examined in this work.

3.1 Why an analogical simulation is suggested for studying the
molecular structure of proteins?

Almost a half-century ago, Linus Pauling discovered two quite simple, regular
arrangements of amino acids - the α helix and the β sheet - that are found in
almost every protein. And in the early 1960s, Christian Anfinsen showed that
the proteins actually tie themselves: if proteins become unfolded, they can fold
back into proper shape of their own accord, and no shaper or folder is needed.
Despite the importance of protein folding has been recognized for many years,
this is among the most challenging problems of the past ten years in biophysics
and molecular biology (Salvi and De Los Rios, 2003). And it may be the most
important unanswered question in the life sciences. When the answer to the
protein-folding question is complete - and if it is right - the solution will have
practical consequences in medicine, drug development and agriculture. Its real
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significance, however, will lie elsewhere. In order to understand this, one has
to investigate the molecular dynamics of proteins. This paper is an attempt to
partially fill this shortcoming by modeling the molecular structure of proteins.
In the next paragraphs we will discuss some reasons for using an analogical
simulation such as a crumpled paper experiment to approach this problem.

Protein folding is an intriguing problem for theoreticians and experimental-
ists, a problem that consists of predicting the three-dimensional structure of a
protein from its amino acid sequence. There is a pressing need for theoretical
methods that can be used to predict protein structure from sequence, since
only computational simulation provides possibilities to analyze the process of
protein folding (Fan and Mark, 2004; Klonowski, 2001). Ideally, one would like
to numerically simulate the process of folding itself under reversible conditions.
However, given current computational resources, this is only possible for sys-
tems containing a very small number of amino acids (Rao and Caflisch, 2003).
Alternative approaches involve generating a population of possible structures
(i.e., by threading) and attempting to select the best solution based on some
free energy function (Feig and Brooks, 2002). Such approaches have proved ef-
fective in certain cases, in particular for predicting the packing within the core
of the protein. However, normally only part of the protein can be correctly
modeled, with other regions remaining grossly misfolded. As it is not possible
to reliably predict protein structure from sequence by taking a truly ab initio
approach, the structures of unknown proteins are generally modeled based
on the fact that sequence homology often implies structural similarity (Fan
and Mark, 2004). The difficulty is that unless the sequence similarity between
the target and the template is very high, a homology model will, by defini-
tion, contain errors (Schonbrun et al., 2002). It is clear that the refinement of
the initial structural models to experimental resolution remains of fundamen-
tal importance (Kolinski et al., 1999). The fact that proteins readily adopt
metastable partially folded states is not just a problem for the prediction and
refinement of protein structural models. It is also of critical importance in vivo
to the overall viability of living cells (Fan and Mark, 2004).

The methodology and modeling aspects of protein folding, as studied both in
vitro and in vivo, have been vastly discussed in the literature (for excellent
brief surveys of methods as well as their limitations, see Banavar and Maritan
(2001), and Friesner and Gunn (1996)). The basis of the understanding is the
observation that the energy landscape is complex: proteins can assume a large
number of nearly isoenergetic conformations (i.e., conformational sub states)
(Frauenfelder et al., 1991). In the unfolded state proteins can attain a gigantic
number of conformations, e.g., roughly 10100 for a 100-residue protein (Nölting,
1999). To reduce the experimental effort for the resolution of protein folding
and structure, it is desirable to be able to perform computer simulations of
folding processes. Since it is impossible to calculate the energies of 10100 confor-
mations, one has to find clever approaches to speed up the simulation (Nölting
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et al., 1999). In order to characterize the existing computational approaches
to this problem, one may distinguish two underlying principles. The so-called
ab initio protein folding simulations attempt to reproduce the actual physical
folding process using the thermodynamical hypothesis, first introduced by An-
finsen (Anfinsen, 1973). The unique three-dimensional structure of a protein
is postulated to correspond to the global minimum of the free energy function.
Thus, the search for the native conformation entails the solution of a global
optimization problem. The protein recognition approach, in turn, relies on the
fact that a large number of protein folds are already determined. Given an
appropriate scoring function, which can be thought of as a simplified folding
potential, these methods find the best template from the library of known
folds. In other words, the search for the native conformation is restricted to
the set of known structures, as opposed to an expensive search in the space of
all possible conformations. The scoring functions for protein recognition can
be based on amino acid sequence similarity or they may incorporate measures
of sequence to structure fitness. The latter approach, known as threading,
allows finding distant homologs that share the same fold without detectable
sequence similarity (Bowie et al., 1991). In both ab initio folding and pro-
tein recognition we are faced with the problem of finding (i.e., designing) an
appropriate expression for the free energy or scoring function, respectively.

Before proteins can carry out their biological function, they remarkably as-
semble themselves. It is amazing that not only do proteins self-assemble (i.e.,
fold) but they do so amazingly quick: some as fast as a millionth of a second.
The determinant of the biological activity of a protein is its conformation,
which is the arrangement of the atoms of a molecule in the three-dimensional
physical space. The specific function of a protein is determined by its confor-
mation and the ability of the structure to evolve with time. Many proteins,
such as ion channels, enzymes and gene regulatory proteins, have at least
two conformational states in which the protein exists, and the transition of
protein conformations between these states is tightly coupled to the protein
function. These proteins undergo major structural rearrangements on change
in their functional state. While it is accepted that protein flexibility plays a
role in protein folding, catalysis, and molecular recognition, few techniques are
capable of the rigorous measurement of protein motions required to quantify
flexibility. And since protein flexibility has been difficult to quantify, studies of
molecular recognition have not focused directly on flexibility, but instead have
searched for manifestations of it, such as changes in on or off rates, varying
binding entropies, and structural rearrangements (Jimenez et al., 2004).

The recognition between a ligand and its receptor plays a determinant role
in virtually all biological processes. Nowhere is molecular recognition more
important than in the immune system, where a finite number of receptors
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(antibodies and T cell receptors) must bind a virtually infinite range of for-
eign molecules and peptides (Jimenez et al., 2004). The ability of a given
receptor to bind multiple ligands requires that the binding sites possess suf-
ficient flexibility to adopt the multiple conformations suited to the different
ligands. However, the immune response requires that clonally expanded an-
tibodies be highly specific to preclude self-recognition; thus these receptors
must be sufficiently rigid to prevent population of the conformations suitable
for binding self-antigens. This apparent contradiction may be resolved if flex-
ible induced-fit like receptors may be evolved by affinity maturation (during
clonal expansion) into rigid lock-and-key-like receptors (Jimenez et al., 2004).
The immune system is capable of systematically manipulating protein dy-
namics within a given combining site by means of specific somatic mutations
during affinity maturation (Jimenez et al., 2004). This controlled rigidification
may play central role in adaptive immunity by allowing for the rapid evolu-
tion of highly specific rigid lock-and-key-like receptors from a finite set of
polyspecific flexible induced-fit-like receptors (Jimenez et al., 2004). The type
of protein rigidification may be important for other biological interactions,
such as protein-protein, protein-ligand or protein-drug, and enzyme-substrate
recognition (Jimenez et al., 2004). On the other hand, due to the formidable
combinatorial complexity of modeling of the interaction between a flexible
protein and a flexible ligand, most current docking methods limit their search
by approximating the receptor as a rigid structure. This approximation lim-
its their applicability since it does not allow the receptor to adapt to the
ligand in an induced fit model. Most current docking methods to identify
possible ligands and putative binding sites on a receptor molecule, assume a
rigid receptor structure to allow virtual screening of large ligand databases
(Zacharias, 2004). However, binding of a ligand can lead to changes in the
receptor protein conformation that are sterically necessary to accommodate a
bound ligand (Zacharias, 2004).

In principle, given a sufficiently accurate inter-atomic force field, simulation
techniques of classical molecular dynamics, performed in an appropriate envi-
ronment, would be the method of choice for the refinement of protein models
with several groups having reported promising results (Flohil et al., 2002; Sim-
merling et al., 2000). Although simulations of 10 to 100ns may be useful for the
refinement of structures close to their native conformation, it is not possible to
refine structures in which, for example, the global fold is incorrect (Lee et al.,
2001). The reason for this is that although the native structure of a protein
may correspond to the global minimum in free energy at a given temperature
in a specific environment, alternative partially folded states often correspond
to local minima on the free energy surface and can remain metastable for
extended periods. To address this problem, many investigators have turned
to advanced sampling techniques such as replica exchange methods, multi-
ple copy simulations, and/or the use of implicit representations of the solvent
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(Fan and Mark, 2004). However, these approaches have also met with only
limited success. For example, although the use of an implicit solvent may ex-
tend the accessible timescale, it is not possible to correctly model short-range
interactions with water by using a continuum electrostatic approach such as
a generalized Born model. This means that such approaches stabilize existing
elements of secondary structure and thus inhibit large-scale structural rear-
rangements (Fan and Mark, 2004). Understanding protein stability requires
characterization of structural determinants of the folded and unfolded states,
since many proteins are capable of populating partially folded states (i.e.,
intermediate conformations and multi-state equilibrium un/folding for a pro-
tein) under specific solution conditions (Ding et al., 2004).

Our understanding of how protein fold, recognize other molecules and catalyze
chemical reactions has been greatly enriched by crystallography and spectro-
scopic techniques, which can reveal the precise three-dimensional positions
of most of the atoms in a protein molecule (Stryer, 1995). Intense experi-
mental effort has been devoted to determining the kinetics of protein folding,
revealing that the early kinetics events on the folding pathway are of central
importance. Unfortunately, the earliest events occur in milliseconds or faster,
and are difficult to access experimentally. Conventional structure determina-
tion techniques only provide a time-averaged picture of the protein, and are
unsuitable to study protein conformational changes occurring on time scales
anywhere from picoseconds to seconds. Three-pulse photon echo shift spec-
troscopy can be used to measure the time scale of protein motions (Jimenez
et al., 2004). Occasionally, coexistence of the folded and an unfolded state
under non- or mildly denaturing conditions can be observed by nuclear mag-
netic resonance (NMR), allowing us to structurally probe these states under
identical conditions (Ding et al., 2004). NMR and laser detection techniques,
coupled with fast initiation of the folding reaction, may probe those events
in great detail. As major structural changes occur on a timescale of several
milliseconds, optical fluorescence microscopy and near-field microscopy meth-
ods may be suited to follow such motion in real-time. Predominantly, single-
molecule fluorescence microscopy is employed to elucidate structural changes
on the protein scale. Further, the combination with techniques allowing for
a direct observation of the proteins functional state (e.g. electrophysiology),
permit a direct approach to understand structure-function relationships on
a true molecular scale. Temperature-jump reaction initiation methods and
time-resolved infrared spectroscopy techniques may also reveal some of the
earliest, most fundamental steps along the folding pathway, which may be
used to study the formation of helices in model peptides. Most companies
and academic institutions interested in protein structures still prefer the ex-
perimental approach, e.g., x-ray crystallographic analysis, NMR, and φ-value
analysis. Unfortunately, these experimental approaches are very expensive and
time-consuming: NMR requires a significant solubility of the protein of interest
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and still cannot be applied on large proteins. x-ray crystallographic analysis
requires well-diffracting protein crystals that often, even after years of exper-
iments, cannot be obtained (Nölting, 2003). φ-value analysis can only resolve
the transient structures (intermediate and transition state) of proteins if the
native structure is known (Nölting, 1999).

A new generation of computer algorithms has now been developed that allows
routine comparison of a protein structure with the database of all known struc-
tures. Most computer programs for protein structure prediction use experimen-
tal information stored in protein structure databases, such as the Brookhaven
National Laboratory Protein Data Bank (Abola et al., 1997). A common ap-
proach is based on sequence alignment with structurally known proteins (Web-
ster, 2000). For a given protein, it is possible to extract, from existing protein
databases, a set of specific (i.e., belonging to the investigated protein) effec-
tive amino acid interactions able to stabilize the native state (Murzin et al.,
1995; Salvi and De Los Rios, 2003). In 1960 just one protein structure was
known in atomic detail (Kendrew et al, 1960), but by now the rate at which
new structures are being published exceeds one a day. Unfortunately, for most
proteins, currently the computational prediction is not precise and reliable
enough for application in the pharmaceutical industry. Even though static
structures are now available for hundreds of proteins molecules, it remains a
mystery of nature how proteins carry out their functions through dynamic
motions and conformational changes. Biologists know about the general func-
tion of thousands of proteins, but that does not mean they know precisely
how the molecules work. The problem is that very little - and often nothing
- is known about such proteins. Knowing what they look like in molecular
detail will go a long way toward making sense of them. That is because once
a protein’s structure is known, it is often possible to deduce its function, or
at least guess at it. Three-dimensional information about proteins, however,
is hard to come by. Getting it usually requires months of work, as well as spe-
cialized skills and equipment. Despite large efforts, the prediction probability
has only slightly improved within the last ten years. Consequently, there is
a significant demand in innovative approaches of protein structure resolution
using little or no experimental data on the protein of interest and which are
able to determine the structures of proteins that do not have sequence simi-
larities with other, already resolved, proteins. Modern experiments, advances
in theory, and analogies to other complex systems such as glasses and spin
glasses yield insight into protein dynamics (Frauenfelder et al., 1991). Our
hope is that a simplified model such as a crumpled paper having transverse
attractive interactions will provide scientists with additional insights into the
molecular structure of proteins. And the present analogical simulation is a
novel approach towards easily accessible, cheaper and faster structure model
in protein science.
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3.2 Could a simplified experiment such as a crumpled paper having
transverse attractive interactions be used to simulate the configu-
ration of proteins?

The structures of myoglobin in the three-dimensional physical space and the
α and β chains of human hemoglobin are strikingly similar. The eight helices
in each chain of hemoglobin are virtually superposable on those of myoglobin.
This close resemblance in the folding of their main chains was unexpected be-
cause their amino acid sequences are rather different. In fact, these three chains
are identical at only 24 of 141 positions. Hence, quite different amino acid se-
quences can specify very similar structures in the three-dimensional physical
space. More and more frequently, a newly determined structure is similar in
fold to a known one, even when no sequence similarity is detectable (Holm and
Sander, 1994). Since common molecular patterns and principles underlie the
diverse expressions of life, we believe that the analogical simulation discussed
here can be used as a simplified model for studying the molecular configuration
of proteins, as an inspiring dialogue between theory and experiment.

The rupture modulus of the paper sheets used in our experiment, Yr, is of
the order of 107Pa, while the measured rupture modulus for detachment of
regions of the paper sheets glued with the adhesive (i.e., detachment perpen-
dicular to the surface, eight days after gluing), Yd, is of the order of 105Pa.
Thus, the relative strength, Yd/Yr = 10−2, is, in fact, of the same order of
the relative strength of short-range van der Waals forces (1kcal/mol) to co-
valent forces (100kcal/mol) commonly found in nature, including biological
molecules and condensed matter systems. This fact is in conformity with the
plausibility to use CS of paper endowed with BS of adhesive to simulate con-
formational properties of polymers whose monomers are connected with cova-
lent chemical bonds along the sheet and are simultaneously interacting in the
three-dimensional physical space with transverse short-range van der Waals
forces.

We may hypothesize that the large variation observed in the fractal dimension
of proteins (as showed in the Section 1) is a consequence of the diversity of pat-
terns of attractive interactions between the side chain groups. In an analogous
way, it is important to examine a possible relationship between the geometry of
the CS and the strength of the short-range transverse attractive interactions
on these systems. In fact, we know that transverse intra-molecular interac-
tions are important in stabilizing the folded structure of proteins. A num-
ber of attractive bonding forces between side chain groups, such as hydrogen
bonds, electrostatic bonds and hydrophobic interactions, stabilize the molec-
ular structure of proteins (i.e., tertiary structure) in the three-dimensional
physical space. However, this stabilizing effect is dynamic because the corre-
sponding “bonds” due to these interactions are always breaking and reforming,
i.e. proteins in the cell oscillate from the most stable (i.e., native) form to forms
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just slightly less favorable. This fluctuating motion is called protein breathing.
For one-dimensional chain-like proteins, the geometric constraints due to the
topology are not severe and we can accept, in principle, large amplitude for
the breathing modes. On the other hand, more severe topological constraints
are obviously present in the case of CS due to the higher connectivity of the
two-dimensional manifold. Surprisingly, in spite of this fact, our analogical
simulation shows that the folded structure of CS presents very high relative
fluctuations in their geometric parameters when weak short-range transverse
attractive interactions are present. In other words, our results suggest that
large-amplitude breathing modes are also expected in polymers stabilized by
weak short-range attractive interactions.

The structure-function of water-soluble proteins is relatively well character-
ized, and advances are continuously being made. However, our knowledge of
membrane protein structure is still at a primitive stage (Stryer, 1995). How the
transmembrane domains acquire their structure in the three-dimensional phys-
ical space and how multispanning membrane proteins fold within the mem-
brane are interesting problems that are being addressed in several systems.
Many membrane proteins are particularly large with multisubunit structure,
which span the lipid bilayer, and having both hydrophilic and hydrophobic
regions, they are not soluble in water and can denature in organic solvents.
This makes crystallization and determination of their structure in the three-
dimensional physical space, using x-ray crystallography, very difficult. And
NMR spectroscopy cannot be easily applied to study the structure of mem-
brane proteins in their lipid matrix because of the non-isotropic nature of
the motion of the protein in this lipid environment (Stryer, 1995). Another
factor contributing to the problem of determining membrane protein struc-
ture is that many membrane proteins such as ion channels are available from
natural sources only in minute quantities. Biophysical techniques, however,
often require at least several milligrams of pure protein to carry out structural
studies. Unlike water-soluble proteins that can be over-expressed relatively
easily by recombinant DNA techniques in bacterial or eukaryotic expression
system, attempts to express membrane proteins has proved to be much more
difficult (Stryer, 1995). Since models of membrane protein such as ion chan-
nels have been constructed based on comparative modeling and simulations
of the molecular dynamics (Biswas, 2004), the simplified model discussed here
may be particularly useful for the study of membrane protein structure. This
remains a challenge for the future.

Perhaps not surprisingly, when proteins do not fold correctly (i.e., misfold),
there can be serious effects including many well-known diseases, such as cystic
fibrosis and even many cancers. And abnormal protein-protein interactions
are common neuropathological features of many, albeit diverse, neurodegener-
ative disorders, such as sporadic and familial Alzheimer’s disease, Parkinson’s
disease, amyotrophic lateral sclerosis, and prion encephalopathies. All these
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apparently unrelated diseases result from protein folding gone wrong. When
proteins misfold, then can clump together (i.e., aggregate) and these clumps
can often gather in the brain, where it is believed to cause the symptoms a va-
riety of neurodegenerative diseases. Indeed, increasing evidences suggest that
abnormal protein-protein interactions and/or the lesions that result from the
aggregation of pathological protein fibrils could play a mechanistic role in the
dysfunction and death of neurons or glial cells in neurodegenerative diseases.
Trojanowski and Lee (2000) suggest that the abnormal interaction between
normal brain proteins alters their conformation and promotes the assembly of
these pathological conformers into filaments that progressively accumulate as
intracellular or extracellular aggregates of proteinacious fibrils in the central
nervous system. These “fatal attractions” between brain proteins may be the
key pathological events underlying Alzheimer’s disease and a large number
of other seemingly diverse neurodegenerative disorders. Protein-protein asso-
ciation processes have been studied by several theoretical and experimental
methods (for general reviews, see Camacho and Vajda, 2002; Elcock et al.,
2001; Mathews et al., 2000; Schreiber, 2002). The studies can typically be
categorized (Miyashita et al., 2003) as calculation of binding affinities, pre-
diction of unknown bound structures, or modeling the kinetics of the binding
process. Proteins can be characterized as fast binders or slow binders. Long-
range electrostatic steering controls the binding process of the fast binders and
the slow binders are controlled by short-range interactions (Miyashita et al.,
2003). Since short-range interactions such as van der Waals interactions are
important for such binding process (Miyashita et al., 2003), it is interesting to
mention the advantages of using a crumpled paper having transverse attractive
interactions as a simplified model for studying abnormal interactions between
proteins. Despite differences in the molecular composition of the filamentous
lesions in neurodegenerative disorders, growing evidence suggests that similar
pathological mechanisms may underlie all of them (Trojanowski and Mattson,
2003). Insight into the pathogenesis of any of these disorders may have impli-
cations for understanding the mechanisms that underlie all these diseases as
well as for the discovery of better strategies to treat them (Trojanowski and
Lee, 2002).

The recent unveiling of the human genome marked the transition in the bio-
logical sciences towards the post-genomic era, in which the understanding of
protein structure and function becomes a crucial extension of the sequencing
efforts. How proteins fold into three-dimensional structures is one of the great
challenges in science today. However, despite recent progress in high through-
put techniques, the experimental determination of protein structure remains a
bottleneck in structural genomic and a general solution to this problem is still
lacking. What scientists now know is that any process that is so fundamental
to life as protein folding will have to be of the utmost practical importance.
We stress that the result presented here, although promising and encouraging,
is very much a preliminary study on molecular structure. We make no claim
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that this approach will assist in the folding of all proteins, and even though
the method is not able to determine and to calculate the structure of a protein
with precision, since it is clear that the final structures are still far from ex-
perimental resolution, it yielded improvements towards finding the influence
of short-range transverse attractive interactions within a protein. Our results
may be of general use for studying molecular structure of proteins, since they
support the claim that biologically relevant results may be obtained using a
crumpled paper having transverse attractive interactions. Further calculations
are necessary to improve upon this simple model for characterizing protein
folding and in the refinement of structural models of proteins. The current ap-
proach is clearly not optimal. And the process of protein folding, while critical
and fundamental to virtually all of biology, remains a mystery.

The experimental results reported in the present work illustrate how the ge-
ometry of the CS can be controlled by modifying the short-range transverse
attractive interactions in crumpled two-manifolds embedded in the three-
dimensional physical space. In other real systems, such as proteins and mem-
branes, this could be achieved by changing the electrolyte strength of the
solvent, or by the intercalation of specific chemical groups in the manifold,
in order to provide specific transverse interactions (e.g. hydrogen bonds, elec-
trostatic bonds, hydrophobic interactions and van der Waals forces) for the
system in the crumpled state. The study of the geometry and of the dynamics
of complex configurations as well as the sequence of patterns explored and the
pattern(s) ultimately selected represents one of the most daunting challenges
facing non-linear science. Besides representing an interesting problem in sur-
face statistics on its own, CS may display novel critical phenomena that are
at this point poorly understood. We feel that the CS model examined in this
work will prove to be helpful in the study of the configurational properties of
other real systems and that the characteristics exhibited by our simplified CS
will appear to a greater or lesser degree in many physical systems.

4 Concluding Remarks

Using extensive analogical simulations with square sheets of paper of sev-
eral lengths we investigated basic statistical properties of crumpled surfaces
submitted to short-range transverse attractive interactions and the results are
compared to other non-equilibrium fractal structures of interest. The crumpled
surface model examined here has an interesting behavior and can be helpful
in the general study of the conformational properties of biological structures
as proteins and membranes. Geometrical relations and effective critical ex-
ponents describing the statistical properties of these surfaces are examined
as a function of the strength of the attractive interactions. We have shown
that the existence of short-range transverse attractive interactions of variable
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strength have a large effectiveness in maintaining a high level of the statis-
tical fluctuations of important geometric parameters describing ensembles of
CS. This experimental study suggests that the introduction of transverse at-
tractive interactions as exemplified by van der Waals forces in biomolecules
are compatible with the plasticity or fluidity of molecules, which in turn is
important for biological function.

Acknowledgements

Gomes acknowledges financial support from CNPq, FINEP and PRONEX
(Brazilian government agencies). Cassia Moura wishes to thank Prof. Lu-
ana Coelho (Biochemistry Department/UFPE), Prof. Silvio Melo (Matemat-
ics Department/UFPE) and Prof. Francisco Cribari-Neto (Statistics Depart-
ment/UFPE) for helpful discussions. This work was partially supported by the
Abdus Salam International Centre for Theoretical Physics, during the visit of
Cassia-Moura under the Associate Scheme.

52



References

Abola, E. E., Sussman, J. L., Prilusky, J., Manning, N. O., 1997. Protein
data bank archives of three-dimensional macromolecular structures. Methods
Enzymol. 277, pp. 556-571.

Albuquerque, R. F., Gomes, M. A. F., 2002. Stress relaxation in crumpled
surfaces. Physica A 310, pp. 377-383.

Anfinsen, C. B., 1973. Principles that govern the folding of protein chains.
Science 181, pp. 223-230.

Banavar, J. R., Maritan, A., 2001. Computational approach to the protein-
folding problem. Proteins: Struct. Funct. Genet. 42, pp. 433-435.

Biswas, S., 2004. Functional properties of soybean nodulin 26 from a compar-
ative three-dimensional model. FEBS Lett. 558, pp. 39-44.

Block, A., von Bloh, W., Schellnhuber, H. J., 1991. Aggregation by attractive
particle-cluster interaction. J. Phys. A: Math. Gen. 24, pp. L1037-L1044.

Bowie, J. U., Luthy, R., Eisenberg, D., 1991. A method to identify protein
sequences that fold into a known three-dimensional structure. Science 253,
pp. 164-170.

Camacho, C. J., Vajda, S., 2002. Protein-protein association kinetics and pro-
tein docking. Curr. Opin. Struct. Biol. 12, pp. 36-40.

Cassia Moura, R., 2003. The quest for ion channel memory using a planar
BLM. In: Tien, H. T. and Ottova-Leitmannova, A., Editors. Planar Lipid
Bilayers (BLMs) and their Applications, Elsevier, The Netherlands, pp. 539-
568.

Colvin, J. T., Stapleton, H. J. 1985. Fractal and spectral dimensions of biopoly-
mer chains: solvent studies of electron spin relaxation rates in myoglobin azide.
J. Chem. Phys. 82, pp. 4699-4706.

De Felice, C., Latini, G., Bianciardi, G., Parrini, S., Fadda, G. M., Marini,
M., Laurini, R. N., Kopotic, R. J., 2003. Abnormal vascular network complex-
ity: a new phenotypic marker in hereditary non-polyposis colorectal cancer
syndrome. Gut. 52, pp. 1764-1777.

De Gennes, P. G. 1979. Scaling Concepts in Polymer Physics, Cornell Univer-
sity Press, New York.

53



Ding, K., Louis, J. M., Gronenborn, A. M., 2004. Insights into conformation
and dynamics of protein GB1 during folding and unfolding by NMR. J. Mol.
Biol. 335, pp. 1299-1307.

Donato, C. C., Gomes, M. A. F., Souza, R. E., 2002. Crumpled wires in two
dimensions. Phys. Rev. E 66, 015102.

Elcock, A. H., Sept, D., McCammon, J. A., 2001. Computer simulation of
protein-protein interactions, J. Phys. Chem. B 105, pp. 1504-1518.

Family, F., Landau, D. P., Editors, 1984. Kinetics of Aggregation and Gelation,
North-Holland, Amsterdam.

Fan, H., Mark, A. E., 2004. Mimicking the action of folding chaperones in
molecular dynamics simulations: Application to the refinement of homology-
based protein structures. Protein Science 13, pp. 1-8.

Feder, J., 1988. Fractals, Plenum, New York.

Feig, M., Brooks III, C. L., 2002. Evaluating CASP4 predictions with physical
energy functions. Proteins 49, pp. 232-245.

Flohil, J. A., Vriend, G., Berendsen, H. J. C., 2002. Completion and refine-
ment of 3-D homology models with restricted molecular dynamics: Application
to targets 47, 58 and 111 in the CASP modeling competition and posterior
analysis. Proteins 48, pp. 593-604.

Frauenfelder, H., Sligar, S. G., Wolynes, P. G., 1991. The energy landscapes
and motions of proteins. Science 254, pp. 1598-1603.

Friesner, R. A., Gunn, J. R., 1996. Computational studies of protein folding.
Annu. Rev. Biomol. Struct. 25, pp. 315-342.

Garcia, J. B. C., Gomes, M. A. F., Jyh, T. I., Ren, T. I., 1992. Critical prop-
erties of non-equilibrium crumpled systems. J. Phys. A: Math. Gen. 25, pp.
L353-L357.

Gomes, M. A. F., 1987. Paper crushes fractally. J. Phys. A: Math. Gen. 20,
pp. L283-L284.

Grady, D. E., Davison, L. W., Shahinpoor, M., Editors, 1996. High Pressure
Shock Compression of Solids II, Springer, Berlin.

Holm, L., Sander, C., 1994. Searching protein structure databases has come
of age. Proteins: Struct. Funct. Genet. 19, pp. 165-173.

54



Jimenez, R., Salazar, G., Yin, J., Joo, T., Romesberg, F. E., 2004. Protein
dynamics and the immunological evolution of molecular recognition. PNAS
101, pp. 3803-3808.

Kantor, Y., Kardar, M., Nelson, D. R., 1987. Tethered surfaces: Statics and
dynamics. Phys. Rev. A 35, pp. 3056-3071.

Kendrew, J. C., Strandberg, B. E., Hart, R. G., Davies, D. R., Phillips, D. C.,
Shore, V. C., 1960. Structure of myoglobin. Nature 185, pp. 422-427.

Klonowski, W., 2001. Non-equilibrium proteins. Comput. Chem. 25, pp.349-
368.

Kolinski, A., Rotkiewicz, P., Ilkowski, B., Skolnick, J., 1999. A method for the
improvement of threading-based protein models. Proteins 37, pp. 592-610.

Kroll, D. M., Gompper, G., 1992. The conformation of fluid membranes: Monte
Carlo simulations. Science 255, pp. 968-971.

Lee, M. R., Tsai, J., Baker, D., Kollman, P.A., 2001. Molecular dynamics in
the endgame of protein structure prediction. J. Mol. Biol. 313, pp. 417-430.

Lewis, M., Rees, D. C., 1985. Fractal surfaces of proteins. Science 230, pp.
1163-1165.

Lipowsky, R., Baumgartner, A., 1989. Adsorption transitions of polymers and
crumpled membranes. Phys. Rev. A 40, pp. 2078-2081.

Majundar, S., Prasad, R. R., 1988. The fractal dimension of cerebral surfaces
using magnetic resonance images. Comp. Phys. 2, pp. 69-73.

Mandelbrot, B. B., 1977. Fractals: Form, Chance, and Dimension, Freeman,
San Francisco.

Matan, K., Williams, R., Witten, T. A., Nagel, S. R., 2002. Crumpling a thin
sheet. Phys. Rev. Lett. 88, pp. 076101.

Mathews, F. S., Mauk, A. G., Moore, G. R., 2000. In: Kleanthous, C. (Editor),
Protein-protein recognition, Oxford University Press, New York, pp 60-101.

Matsumura, M., Beckel, W. J., Matthews, B. W., 1988. Hydrophobic stabi-
lization in T4 lysozyme determined directly by multiple substitutions of Ile 3.
Nature 334, pp. 406-410.

Meakin, P., 1983. Diffusion-controlled flocculation: The effects of attractive
and repulsive interactions. J. Chem. Phys. 79, pp. 2426-2429.

55



Miyashita, O., Onuchic, J. N., Okamura, M. Y., 2003. Continuum electrostatic
model for the binding of cytochrome c2 to the photosynthetic reaction center
from rhodobacter sphaeroides. Biochemistry 42, pp. 11651-11660.

Mors, P. M., Botet, R., Jullien, R. 1987. Cluster-cluster aggregation with dipo-
lar interactions. J. Phys. A: Math. Gen. 20, pp. L975-L980.

Murzin, A. G., Brenner, S. E., Hubbard, T., Chothia, C. 1995. SCOP: a struc-
tural classification of proteins database for the investigation of sequences and
structures. J. Mol. Biol. 247, pp. 536-540.

Nascimento, M. A. C., Editor, 2001. Theoretical Aspects of Heterogeneous
Catalysis, Kluwer, Dordrecht.

Nelson, D., Piran,T., Weinberg, S., Editors, 2004. Statistical Mechanics of
Membranes and Surfaces, World Scientific, Singapore.

Nölting, B., 1999. Protein Folding Kinetics, Springer, Heidelberg.

Nölting, B., 2003. Methods in Modern Biophysics, Springer, Heidelberg.

Paumgartner, D., Losa, G., Weibel, E. R., 1981. Resolution effect on the stere-
ological estimation of surface and volume and its interpretation in terms of
fractal dimensions. J. Microscopy 121, pp. 51-63.

Pfeifer, P., Wu, Y. J., Cole, M. W., Krim, J., 1989. Multilayer adsorption on
a fractally rough surface. Phys. Rev. Lett. 62, pp. 1997-2000.

Rao, F., Caflisch, A., 2003. Replica exchange molecular dynamics simulations
of reversible folding. J. Chem. Phys. 119, pp. 4035-4042.

Salvi, G., De Los Rios, P., 2003. Effective interactions cannot replace solvent
effects in a lattice model of proteins. Phys Rev Lett. 91, pp. 258102.

Schonbrun, J., Wedemeyer, W. J., Baker, D., 2002. Protein structure predic-
tion in 2002. Curr. Opin. Struct. Biol. 12, pp. 348-354.

Schreiber, G., 2002. Kinetic studies of protein-protein interactions. Curr. Opin.
Struct. Biol. 12, pp. 41-47.

Simmerling, C., Lee, M. R., Ortiz, A. R., Kolinski, A., Skolnick, J., Kollman, P.
A., 2000. Combining MONSSTER and LES/PME to predict protein structure
from amino acid sequence: Application to the small protein CMTI-1. J. Am.
Chem. Soc. 122, pp. 8392-8402.

56



Stryer, L., 1995. Biochemistry, W. H. Freeman and Company, New York.

Trojanowski, J. Q., Lee, V. M., 2000. “Fatal attractions” of proteins. A com-
prehensive hypothetical mechanism underlying Alzheimer’s disease and other
neurodegenerative disorders. Ann. N. Y. Acad. Sci. 924, pp. 62-67.

Trojanowski, J. Q., Lee, V. M., 2002. The role of tau in Alzheimer’s disease.
Med. Clin. North Am. 86, pp. 615-627.

Trojanowski, J. Q., Mattson, M. P., 2003. Overview of protein aggregation in
single, double, and triple neurodegenerative brain myloidoses. NeuroMolecular
Medicine 4, 1-6.

Webster, D.M., 2000. Protein Structure Prediction: Methods and Protocols,
Humana Press, Towota, NJ.

Wen, X., Garland, C. W., Hwa, T., Kardar, M., Kokufuta, E., Li, Y., Orkicz,
M., Tanaka, T., 1992. Crumpled and collapsed conformations in graphite oxide
membranes. Nature 355, 426-428.

Zacharias, M., 2004. Rapid protein-ligand docking using soft modes from
molecular dynamics simulations to account for protein deformability: bind-
ing of FK506 to FKBP. Proteins 54, 759-767.

57



Fig. 2.1. Model of two-manifold (size L L) with n2 binding sites (BS) of area 2

(hatched regions) studied in this work. The distances between the nearest-
neighbors BS and between the outer BS and the edges of the manifold is  = , and
L = n  + (n+1) = (n + n  + ) . At all 144 types of these manifolds were examined 
corresponding to six values of L (L = 2.2; 4.4; 8.8; 17.6; 35.2; and 66.0 cm), six 
values of n (n = 2; 3; 4; 5; 6; and 7), and four values for ( = 0.5; 1; 2; and 5).
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Fig. 2.2. The average relaxed diameter versus the length (L) of the square sheets 
of paper (for G (n = 7, = 0.5)), with the corresponding statistical fluctuations, and 
the straight lines of maximum and minimum slope.  
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Fig. 2.3. Effective experimental dependence of the area-size exponent D with the 
strength of the short-range transverse attractive interactions (V) for the 26 groups of 
CS studied in this work (two control groups (G0 and G1), and 24 groups G (n, )). The 
continuous line represents the best fit to the experimental data. 
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Fig. 2.4. The average relaxed diameter as a function of the density of the short-
range transverse attractive interactions (V) for the ensemble of the largest surface 
(L= 66 cm) studied in this work. of the CS decays with V, independently of L (for 
all values of L examined in the experiment). The continuous line represents the best 
fit to the experimental data. 

61

0,0 0,1 0,2 0,3 0,4 0,5
0

8

9

10

11

12

V



Fig. 2.5. The prefactor A as a function of the density of the short-range transverse 
attractive interactions (V) for 25 groups of CS studied in this work (one control 
group G0 and 24 groups G (n, )). The continuous line represents the best fit to the 
experimental data. 
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Fig. 2.6. The relaxed surface roughness (s/ ) as a function of the density of the 
short-range transverse attractive interactions (V) for the ensemble of the largest CS 
(L = 66 cm) studied in this work. Similar exponential decays are observed for all 
values of L. The continuous line represents the best fit to the experimental data. 
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Abstract – A pattern formation process occurring in a neuronal network with local
lateral connectivity has been simulated. The neuronal activity of a two-dimensional
network is modeled by the Hindmarsh-Rose equations that describe the time course
of each neuron’s membrane potential, while the interconnections between neurons
are described by a “mexican hat” function. The activity of neurons is clustered in
firing patterns that depend on the range of lateral interaction, the eccentricity of
synaptic interconnections and the applied external stimuli. Under long-range inter-
connections, these patterns are well separated while under short-range connectivity
they have a noise-like appearance. This effect is accompanied by cross-correlation
diagrams plotted against the lateral distance between neurons for both cases. The
simulated patterns appear to replicate those obtained by imaging tools in different
areas of the cortex. The model neuron employed in our simulations operates in the
physiological frequency range (i.e., 20 − 75 Hz ), which is encountered in the brain
of humans, where the activity patterns of the neuronal groups display correlated
firing in space and time. A post lesion development of patterned neuronal activity
is illustrated for several percentages of damaged neurons. Finally, we discuss the
model and its applicability for a large class of neuronal systems.

Keywords: Hindmarsh-Rose equations, membrane model, neuron model, neuronal
activity, neuronal pattern formation.
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1 Introduction

The brain of humans exhibits a rich spatial and temporal segregation of neu-
ronal activity that is primarily concerned with the detection and processing of
complex stimuli such as visual scenes, textures, colors, sounds, odors, motion
etc. [Kaas et al 1981; Kaas 1982]. External stimuli are encoded and segregated
in cortical maps [Kaas et al 1981; Kaas 1982]. Among the most investigated
cortical maps, it can be mentioned the somatotopic maps in somatosensory
cortex, the retinotopic maps in visual cortex, and the fonotopic maps in au-
ditory cortex. Anatomical and physiological findings indicate that functional
groups of neuronal activity are organized in spatial clusters [Vaadia et al 1995]
at different cortical and subcortical levels [Kaas et al 1981; Kaas 1982; LeVay
et al 1985; Blasdel 1992a; Blasdel 1992b; Nicolelis and Chapin 1994; Nicolelis
et al 1994; Steriade 1993]. The most common types of patterns occurring in
visual cortex are the ocular dominance stripes [LeVay et al 1985] and the
orientation selectivity columns [Blasdel 1992a; Blasdel 1992b]. Other types of
neural patterns are spirals, rings, lattices and honeycombs, occurring during
visual hallucinations [Cowan 1982]. Visual hallucinations are defined as per-
ceptions in the absence of external stimuli [Cowan 1982 and Fohlmeister et al
1995].

As revealed by experiments, the pattern formation is a dynamic process, basi-
cally due to the synaptic plasticity generated by the temporal changes in con-
nections or by the long-range lateral connectivity [Gilbert and Wiesel 1983;
Gilbert 1992; Das and Gilbert 1983]. The later is the issue of this paper.
Among the neural phenomena that stir a special scientific interest, there are
processes involving receptive field lesions and damaged interconnections, as
well as the propagation of patterned activity from one relay to another. Such
processes, occurring in both receptive fields and cortical maps, have been ev-
idenced in visual cortex [Gilbert 1992], somatosensory cortex [Kaas 1992],
other cortical areas and thalamus [Nicolelis et al 1993]. Although the under-
lying mechanisms [Gilbert 1992; Das and Gilbert 1995; Kaas 1992] are under
investigation, a “local” intracortical process taking into account the relatively
long-range, horizontal, inhomogeneous and anisotropic connections has been
suggested [Gilbert 1992; Das and Gilbert 1995]. Such lateral connections pro-
vide the cortical network with means for communication between neurons over
long distances and facilitate neuronal cooperative activity within a cortical do-
main. Lateral interactions can be of either excitatory or inhibitory type and
may modify the responses of individual neurons to afferent stimuli. A spe-
cial role is played by the lateral inhibition. The importance of cortical lateral
inhibition in cooperative effects is given by the following reasons:

- it is an essential factor for the generation of clustering and pattern formation
in neuronal ensembles [Xing and Gerstein 1996a];

- it can control some instability in the network, if a balanced ratio between
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excitation and inhibition has been set [Xing and Gerstein 1996c];
- it can generate and preserve some dynamic properties of a cortical network

without the need of synaptic plasticity [Xing and Gerstein 1996b].

Lateral inhibition occurs in almost all sensory and motor systems [Mason and
Kandel 1991; Kandel and Jessel 1991]. Here are some functional aspects that
may be mediated by lateral inhibition:

- two-point fine tactile discrimination [Kandel and Jessel 1991; Mountcastle
1984];

- contrast phenomena in stereoscopic vision [Mitchison 1993];
- enhanced discrimination of different olfactory stimuli [Yokoi et al 1995];
- ability to perceive auditory signals in a noisy background [Rhode and Green-

berg 1994];
- highly synchronized activity in the hippocampal normal dentate gyrus [Sloviter

and Brisman 1995];
- learning activity from “the knowledge of the results of actions” [Wickens

1993].

The neural activity is a cooperative process of neurons and synchronization
plays a vital role in information processing in the brain, for example, in pro-
cessing information from different sensory systems to form a coherent and
unified perception of the external world [Dhamala et al 2004]. On the ba-
sis of experimental evidence and neuronal network simulations, it has been
suggested that lateral inhibition could be responsible for clustering and pat-
tern formation in various cortical areas, as well as, for the synchronization of
neuronal activity [Nischwitz and Glunder 1995]. In fact, the neuronal activity
from the inhibitory surroundings, sharpens the excitation [Xing and Gerstein
1996a,b,c; Kandel and Jessel 1991; Mountcastle 1984] generating the desired
activity pattern. The following mechanisms may underlie the basic pattern
formation processes:

- local fluctuation amplification of neuronal activity [Usher et al 1994];
- spontaneous symmetry breaking in which the emergence of the correlated

patterns is due to the weak connectivity between neighboring cortical cells
[Cowan 1982];

- unsupervised learning in which the cortical cells are strongly connected in
order to generate the emergence of spatial patterns [Obermeyer et al 1992;
Kohonen 1988, 1990].

The dynamics of neuronal activity patterns play an essential role in infor-
mation processing and coding in all cortical areas [Xing and Gerstein 1996b;
Destexhe 1994; Deadwyler and Hampson 1995]. Modeling has been attempted
to increase our understanding of pattern formation, mainly because it allows
us to operate with all the pixels (neurons) in the picture (network), giving us a
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dynamic representation of the whole population of neurons [Xing and Gerstein
1996a, b, c; Deadwyler and Hampson 1995]. An important step in modeling
neural networks based upon experimental evidence has been accomplished
through the Kohonen model [Kohonen 1988, 1990]. This model is based on
local lateral interactions of excitatory and inhibitory type that mimic synaptic
efficacy.

In this paper we examine the clustering and pattern formation phenomena in
a neuronal network model of Hindmarsh-Rose neurons locally interconnected
[Hindmarsh and Rose 1984,1985]. Our model consists of a two-dimensional
(2-D) sheet of up to 100x100 neurons, each of them being connected up to its
15-th order nearest neighbors. The neural network model used here accounts
for the self-organization phenomena in form of clusters of activity and complex
patterns, as observed in different cortical areas of the brain [Nicolelis and
Chapin 1994]. We have defined here the pattern formation process and its
generic mechanisms based on some neurophysiological evidence [Nicolelis et al
1995]. In the next section we introduce the model, whilst the long and short-
term behavior of the network, for both short and long-range lateral connection.
Also, we show an effect of damage of neuronal activity patterns following the
receptive field lesions.

2 The Model

The Hindmarsh-Rose model describes essentially the dynamic behavior of the
neuron, which appears to be quite complex. We have selected the Hindmarsh-
Rose neuron model [Hindmarsh and Rose 1984,1985] mainly because it is
simple and tractable, at the same time being a more realistic extension of the
FitzHugh-Nagumo model [Fitzhugh 1961]. It preserves the basic properties of
the “integrate and fire” models and adds the essential biophysical features of
Hodgkin Huxley model [Hodgkin and Huxley 1952], such as bursting activity,
refractory period and variable interspike intervals encountered in real neurons.
However, this model does not specify the ionic current and the ionic conduc-
tance for comparison with intracellular recording experiments, but provide a
fairly good description for the firing process we are interested in order to un-
derstand the cooperative behavior. The Hindmarsh-Rose model may be used
as the basis for building electronic neurons, which could then be integrated
into the biological circuitry [Selverston et al 2000].

2.1 Neuronal network

Networks of such neurons have been analyzed under the assumption of global
[Wang et al 1993] and local connection [Usher et al 1994; Destexhe 1994].
To the original Hindmarsh-Rose equations, written for each neuron indexed
ij(i = 1, . . . , N, j = 1, . . . , N) of the NxN network, we have added a noise
term (ξ(t))and a connection term (

∑
k �=i

∑
l �=j JijklSkl), which reflects the con-
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nectivity of the network, resulting the following equations:

dXij

dt
= Yij − aX2

ij − Zij + Iij(t) + ξ(t) +
∑
k �=i

∑
l �=j

JijklSkl

dYij

dt
= c − dXij − Yij (2)

dZij

dt
= r[s(Xij − X0) − Zij]

where the Xij variable corresponds to the neuron’s membrane potential; Yij

and Zij are “internal” variables, which are associated to the recovery of the
membrane potential and to a slow adaptation of the neuron to the input
stimulus, respectively. The stimulus (the input of the neuron) is taken into
account in the form of an externally injected current, Iij(t), which is space
and time dependent. The parameters a, b, c, d, r, s, and X0 take the values
for which the Hindmarsh-Rose model fairly describes the behavior of a real
neuron, as given in Hindmarsh and Rose (1984): a = 1.0, b = 3.0, c = 1.0, d =
5.0, s = 4.0, r = 0.006, and X0 = −1.6. In the original model, both the time
and membrane potential (Xij) have arbitrary units. In order to obtain results
having a physiological meaning, we have rescaled the time and the membrane
potential using simple formulas: t′ = 0.01 · t and X ′

ij = 0.027 ·Xij − 0.027. We
will further refer only to the rescaled quantities.

The finite size of the network, requires boundary conditions to be established.
Two types of boundary conditions are usual: cyclic and zero-flux conditions.
For relatively large networks and when applying a stimulus having a uniform
spatial distribution, we found out that it makes little difference what kind of
boundary conditions are chosen. This feature is preserved also when a localized
stimulus is applied, but its influence does not propagate up to the boundaries
of the network. For simplicity in the simulations we have chosen cyclic-type
boundary conditions.

2.2 Lateral interconnections

The short-range interactions between neurons might be the driving force for
complex spatial and temporal behavior [Destexhe 1994; Usher et al 1995;
Thompson et al 1995; Wang 1995; Goodhill and Willshaw 1994]. The nearest-
neighbors connection range and its inhibition radius may vary from a region of
the brain to another. The overall inhibitory action of the surrounding neurons
is always less than the excitatory one, typically we have the inhibition 25%
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and excitation 75% in the cerebral cortex [Breitenberg 1986]. In most of our
calculations, we have chosen a 1/3 for the inhibitory/excitatory ratio. We
have introduced a connection density parameter varying from 0 to 1 having
inhibition radius of up to the 15-th order neighbor [Wickens 1993].

As in other approaches [Usher et al 1994, 1995], we took into account a stochas-
tic interaction between neurons by adding a noise term in the equations de-
scribing the model [Thompson et al 1995; Goodhill and Willshaw 1994]. This
noise is a general feature of neural systems generated by the ionic channels
from the neuronal membrane. The additive noise was chosen in most of the
simulations being delta-correlated, i.e.

〈ξ(t)ξ(t′)〉 = δ(t − t′) (3)

Likely to appear in neuronal systems is a colored-type noise, whose spectral
amplitude decreases with frequency. The generation of a colored noise with a
given spectral distribution is not a simple issue [Fox et al 1988]. Therefore, for
a large network, the choice of a colored noise generator would be unacceptable
from the point of view of the computing time. However, we have tested the
influence of the noise spectral characteristics on smaller (10x10) networks, and
have observed relatively small differences in the behavior of such network. In
our analysis a low level of noise amplitude is required to provide the neurons
with slightly different stimuli at different locations and time moments. Since
under identical stimuli and initial conditions, the development of complex
spatial and temporal patterns is obviously impossible, the introduction of
the additive noise term can be regarded the spread of the characteristics of
different neurons in the network. This approach is similar, up to a certain level,
to taking into account a stochastic connection between neurons, as in previous
analyses [Usher et al 1994]. It seems that at relatively low levels of noise (in
our simulations Na = 0.5), the tricky problem of the spectral characteristic of
the noise is not determinant to our analysis.

The local lateral interactions between the inter-neurons are of excitatory type
(short-range nearest neighbor interactions) and of inhibitory type for the pro-
jection neurons (long-range interactions). The function describing this lateral
interaction is commonly named “mexican hat” function (see e.g. Kohonen
(1988) p. 123), and it is presented in Fig. 3.1. In a 2-D form, the “mexican
hat” function will be described analytically by an expression slightly modified
from the one used by other authors (see e.g. Thompson et al 1995), in order
to insure the appropriate inhibitory/excitatory ratio:
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J(x, y) = m · e−
(

x2

2p2
x

+ y2

2p2
y

)
+

n⎛
⎝1 + e

(
x2

2q2
x

+ y2

2q2
y

)⎞
⎠

(4)

where m is the magnitude of the excitatory connection, n the magnitude of the
inhibitory one, and px, py, qx, qy are constants characterizing the lateral range
of the connection. Given that neuronal activity spreads in a rather non-uniform
manner, we have chosen both the short and the long-range of interconnections.
The short-range connection is of excitatory type going up to the second order
neighbors and inhibitory one up to the 4-th order (in eq. (4), m = 5.0, n =
8.0, px = py = 1.9, qx = qy = 1.8). The long-range connection, on the other
hand, assumes a larger excitatory range, up to 7-th order neighbors while
the inhibitory one is up to 15-th order (in eq. (4), m = 5.0, n = 8.0, px =
py = 6.0, qx = qy = 5.7). We obtain an anisotropic connection by choosing
px 	= py and/or qx 	= qy. The interconnection of the neurons is described by
the connection term ∑

k �=i

∑
l �=j

JijklSkl,

while the connection constants Jijkl are obtained discretizing the “mexican
hat” function. The neurons that are close to one another, have an excitatory
type connection, with positive normalized values and the neurons at higher
lateral distance have an inhibitory action, the connection constants being neg-
ative. The connections that are out of the lateral interaction range, are set to
zero. The Jijkl constants are defined as:

Jijkl = J(xi − xk, yj − yl) (5)

where, (xi, yi) and (xj, yj) are the coordinates of the i− th and j − th neuron,
respectively.

The activation function of the neuron is defined as:

Skl = θ(Xkl(t) − Xth) (6)

where, θ(x) is the step function, θ(x) = 1 if x ≥ 1 and θ(x) = 0 if x < 0, and
X the activation threshold.

2.3 Computational algorithms

To integrate the resulting system of 3xNxN differential equations that de-
scribes a rectangular network of NxN neurons, we used a 4-th order Runge-
Kutta (R-K) algorithm. In order to check the stability of the algorithm, we
have also used, in sample calculations, a 8-th order R-K algorithm, as well as
small time steps of 0.01ms. The latter proved that a 4-th order R-K algorithm
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and a time step of 0.1ms is a choice that insures both stability and computing
speed to our simulations.

Special care was paid to the stochastic term (additive noise ξ), which was
added to the input in form of a time-dependent separate function, stored in
memory in form of an array that contains the samples at successive time
moments. Therefore, successive evaluations of the noise function, which are
performed in the R-K routine, at the same value of the time coordinate, do
not yield different values, like any stochastic equation does. This avoids the
complications in the R-K algorithm induced by the presence of a stochastic
additive term [Honeycutt 1992a,b].

The application of a steady stimulus has been extensively studied [Wang et
al 1993]. From this point of view, our approach is different from the analysis
of globally connected neural networks [Wang et al 1993], where the intensity
and stability of the network activity was tested against the value of a constant
stimulus. In those cases, for reasons of stability analysis, the transients were
ignored. Conversely, we do not wait a long time for the system to settle in its
final state (which can be chaotic or of periodic type), but focus our attention
precisely on the transient regime following the application of different time
and space dependent stimuli. The long-term evolution proved to be the same,
no matter what stimulus was applied. It depends only on the value of the
parameters characterizing the neuron model and on the connection. Usually,
in biological neural systems, the stimulus is not constant, but have a rather
transient character.

2.4 Simulated stimuli

We have chosen several stimuli that are time and space-dependent. The time
dependence widely used in our simulations was that of a rectangular pulse of
finite duration. Besides that, we have used other time-dependence of the stim-
ulus, as periodic (sine-type). The typical peak-to-peak amplitude we used is
10ms, whilst the offset is 2.5a.u.. Since the Hindmarsh-Rose model is integrat-
ing the input [Hindmarsh and Rose 1984], this relatively slow time-dependent
stimulus can be regarded as the mean value of an input signal consisting of
pulses [Usher et al 1994] whose repetition rate is much higher than the char-
acteristic integration time-constant. We may use various spatial distributions
of stimuli to generate inputs that mimic biological neuronal systems, such as
uniform, gaussian, linear, circular, etc.

3 Results

Our results have been organized, based upon the length of the investigation
time (short-term and long-term behavior) and the change of activity patterns.
In the case of long-term behavior we dealt with times, as long as, few hundreds
of the unit times, and for the short-term case only with times of few tens
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of unit times. A unit time here is the required time for the generation of
a single action potential, i.e. 1 − 2ms. Basically, we have investigated the
behavior of the system under the influence of three factors: a) the range of the
connection (short-range if the lateral connection is extended only among the
first four nearest neighbors or long-range if the connections reach up to the
15-th neighbor); b) the isotropy or anisotropy of synaptic connections and c)
the type and spread of stimuli.

3.1 Long-term behavior

The long-term behavior of the network with short-range connections is sub-
stantially different from that with long-range connections, and each cluster of
activity has its size close to that of the excitatory range of the “mexican hat”
function (Fig. 3.2 and Fig. 3.3). For these figures, the value of the membrane
potential (Xij) is represented in a color map. The light colors for the whole
rectangular neuronal network of 100x100 neurons correspond to higher values
of Xij, in which the neuron is firing, while dark colors correspond to low values
of Xij, in which the neuron is quiescent. Apparently, the spatial range of in-
hibition sets the bounds on the shape and size of clusters, suggesting that the
formation of activity structures is controlled by an inhibition mechanism that
breaks the initially large firing structures into smaller ones, having sizes within
the range of the excitatory connection. Depending on the connection type, we
get circular clusters for isotropic interconnections (Fig. 3.2b) and stripes in
the anisotropic case (Fig. 3.3). The typical anisotropy we have chosen is 1.5,
i.e. in eq. (4) we had px

py
= qx

qy
= 1.5. These clusters are randomly distributed

and the time course of the averaged activity for each cluster is similar in ac-
tivity to the single Hindmarsh-Rose neuron, characterized by the same set
of parameters (a, b, c, d, r, s, X0, I(t)). In the case of short-range connections,
the activity was clustered and spread quite randomly (Fig. 3.2a), which means
that the interplay between the excitatory and inhibitory connections has a low
degree of cooperation. As our simulations have shown, it makes little difference
whether the connection is isotropic or anisotropic, as long as the connection
is short-range. Small clusters of a few neurons are forming in both cases, with
no long-range ordering.

As the range of the lateral connection increases, more neurons are attracted
into functional units of synchronized activity (“clusters”). The shape of those
clusters closely follows the projection of the “mexican hat” function in the
x − y plane. The size of the clusters matches the positive (excitatory) lobe of
the “mexican hat” function, whilst the typical distance between them is ruled
by the extent of the inhibitory lobe. When the connection is anisotropic in the
x − y plane, the cluster size increases significantly in the preferential direc-
tion of the excitatory lobe. The clusters may group on parallel lines, leading
to a striate appearance as in Fig. 3.3. This resembles the orientation-selective
cell network from visual cortex, ocular dominance stripes or hallucination pat-
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terns [LeVay et al 1985; Blasdel 1992a,b; Cowan 1982; Fohlmeister et al. 1995;
Obermeyer et al 1992; McDonald and Burkhalter 1993; Blasdel and Salama
1986; Gorelova and Bures 1983]. The activity patterns in large-scale inhibitory
networks propagate under two distinct modes, smoothly or discontinuously
[Rinzel et al 1998]. As revealed by our simulations, the stripes are continuous
or interrupted depending on the degree of inhibition in the preferred direction
[Rinzel et al 1998], being smaller or greater, respectively. However, one should
note that our model has good qualitative agreement with the more elaborate
model for orientation selectivity [Somers and Nelson 1995]. In both models the
local excitation may provide the dominant source of orientation selectivity.

The long-term mean activity of the network, obtained by averaging the mem-
brane potential (Xij) of all neurons in the network, and plotted in Fig. 3.4a,
is relatively low and looks quasi-chaotic, due to the limited interplay of indi-
vidual clusters. The Fourier spectrum of mean activity, presented in Fig. 3.4b,
confirms this quasi-chaotic character, by a relatively broad spectrum, with
no significant peaks and in agreement with the negative values of Lyapunov
exponents [Hansel and Sompolinsky 1992]. In order to evidence the formation
of independent clusters, we have plotted in Fig. 3.4c the time course of the
average activity of a network that was initially synchronized. The whole net-
work acts in the beginning as a single Hindmarsh-Rose neuron, presenting a
quite regular spiking. While individual clusters having a relative independent
activity are formed, the synchronous spiking quenches finally into a constant
value, which statistically averages the activities of a large number of clusters.
This is a characteristic of both long-range and short-range connection. For size
limited networks (100x100) the effect is better evidenced in the case of short-
range connection, where the development of a large number of small clusters
leads to a better statistical averaging.

The correlation between neurons’ activity is expected to give more information
regarding the clustering of activity. The normalized cross-correlation function
between the membrane potential X of two neurons indexed ij and kl can be
written as:

Cijkl(τ) =

∫
(Xij(t) − 〈Xij〉)(Xkl(t + τ) − 〈Xkl〉)dt

(
∫
(Xij(t) − 〈Xij〉)2dt)1/2(

∫
(Xkl(t) − 〈Xkl〉)2dt)1/2

(7)

We have calculated the cross-correlation of the neuronal membrane potential
in the network as a function of the distance between them. We have averaged
the values obtained for individual neurons placed at the same distance d among

them, i.e. d =
√

(i − j)2 + (k − l)2, and have plotted these averaged values as
a function of d. The results of the calculations performed on 100x100 network
exhibiting long-term behavior in the cases of short and long-range connection
at time lag τ = 0 are presented in Fig. 3.5. It can be seen that the clustering

74



of correlated activity occurs in a region within the range of the excitatory con-
nection, whilst the activity at higher distances is not correlated. The position
of the peaks for the non-vanishing time lag (τ 	= 0) of the cross-correlation
function (as well as of the peaks for mutual information function, see Vastano
and Swinney (1988)) can be used to estimate the lateral information transport
[Destexhe 1994]. Such an analysis is beyond the aim of this paper.

We have also investigated the important effect of the damaged connections
of neuronal activity following the receptive field lesions or aging [Kaas et
al 1981; Damasio 1997]. We have chosen several ratios of damaged neurons
and connections in order to better emphasize the differences among different
stages of aging, for example. We present here the long-term results for the
case where these neurons were randomly distributed in the network. As can
be seen in Fig. 3.6, the clustering is suppressed by a large ratio of damaged
neurons. This means that the damaged pattern of activity that contains its
information in a distributed code has a poor functional usefulness, losing its
essential functions if the percentage of damaged neurons is higher than 50%.
More detailed plasticity mechanisms and their role in the interconnections
have not been considered.

3.2 Short-term behavior

The case of the investigation time that is of the order of tens of ms is very
important for neurophysiological experiments. The response of the cortical
sensory neurons to an external stimulus, called latency, occurs during this
time range. The properties of various stimuli have been shown to be encoded
not only by the rate code or labeled line code [Mountcastle 1984], but also
by a population code, in which the sensory information is encoded by en-
sembles of neurons [Feng and Cassia-Moura 1999; Deadwyler and Hampson
1995; Nicolelis et al 1995; Georgopoulos et al 1986]. Here, the activity pat-
tern spanned over many neurons may encode a given feature of the stimulus.
There are also other dynamical changes such as modulation, synchronization,
filtering, etc, within this time range. These processes have a transient or no
stationary character, as opposed to the steady one in the previous subpara-
graph.

First, we have studied the case in which all the neurons are initially synchro-
nized due, for instance, to the application a large stimulus with uniform spa-
tial distribution. The interplay between nonlinear properties and noise cause
neurons at different locations to act differently. They start to organize into
structures of different shapes, likely due to the lateral interconnections. Like
in other studies [Destexhe 1994], spiral-type structures (Fig. 3.7) have been
obtained for quite large values (assuming nonlinear effects of conductance in-
creasing) of the connection constants (Jmax

ijkl = 2.0) and short-range connection
around a “defective neuron”. The “defect” was created into the network by
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“pinning” a cluster of neurons to zero values of the membrane potential (Xij),
i.e. quiescent neurons. For lower values of the connection (Jmax

ijkl = 0.5), the
forming patterns are quite complex. Sample results are presented in Fig. 3.7g
in form of a snapshot of the network activity at t = 500ms after the application
of an external stimulus that synchronized all the neurons.

For the particular simulations in Fig. 3.7 (a)-(f), the defect size is among only
four neurons. The development of the spiral patterns are consistent in terms
of the values of the development time with the spirals observed in spreading
depression [Dahlem and Muller 1997; Korelova and Bures 1980; Gorelova and
Bures 1983]. Although the underlying mechanism for spreading depression is
different, one has to note the similarity of the patterns. Large circular struc-
tures of inhibition are evidenced by the dark color in Fig. 3.7g. In fact, they
represent large depolarized regions. At their boundaries, depolarizing waves
are propagating outwards, gradually extending the size of the depolarized re-
gions. At larger time moments, these regions fire again, a typical “bursty”
behavior of the Hindmarsh-Rose neuron. The structures become more and
more fragmented, with each successive firing (burst), due to the depolarizing
waves, until they end in structures as large as the range of the excitatory
lateral coupling (see the long-term behavior in Fig. 3.2).

The primates brain likely deals with specific input activity patterns, rather
than with uniformly distributed stimuli. In this regard, the case in which a
localized stimulus is applied to the network is worth to be studied. From
the unlimited choice of the 2-D stimuli shapes, we have chosen the sine-type
stimulus, localized at the center of the network, the frequency of the excitation
being 100/π Hz. A relatively low peak value of the stimulus was chosen, of
A = 1a.u. This small stimulus is not expected to increase significantly the
overall activity of the network, on the applied sites, but rather to cause only
a local “disturbance” of the spontaneous patterns that are forming in the
absence of any stimulus. Sample results are presented in Fig. 3.8. We show
two snapshots of the network activity, starting at 40ms after the offset of
the localized stimulus and going as far as 160ms. Although the stimulus is
applied for a relatively large time range ∼ 1000ms, it does not propagate across
the whole network, but remains confined in the central region, in which its
value exceeds a certain threshold. In the stimulated region, a higher activity is
observed, as compared with other regions. Its boundaries are quite neat. When
applying larger amplitude stimulus, having a peak value of A = 10.0a.u., the
picture of the network behavior is quite different (Fig. 3.9). After the stimulus
cease, in the central regions corresponding to the higher values of the stimulus
the neurons are synchronized (Fig. 3.9a), and circular depolarizing waves are
propagating from center to periphery. In time, the synchronization is lost even
in the central region and expands progressively (Fig. 3.9c).
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4 Discussion

Our results show the behavior of a neural network of Hindmarsh-Rose neurons
interconnected by lateral connectivity. This neural system is entrained by two
different types of stimuli: rectangular and sine wave, which are either localized
or distributed among many neurons. The lateral connections, typically 25%
inhibitory and 75% excitatory, are either isotropic or anisotropic with short or
long-range interactions. Such connections produce and maintain the dynamic
properties of a cortical network [Xing and Gerstein 1996c], being a key fac-
tor for the generation of clustering activity in neuronal ensembles [Xing and
Gerstein 1996b].

Abstractly, both the selectivities of individual cells generated by their synap-
tic inputs, and the manner in which these cells are laid out over cortex can be
characterised in terms of patterns [Dayan 2003]. Cortical cells with similar se-
lectivities tend to be nearby, and, conversely, nearby cortical cells have similar
selectivities. However, making this absolutely true is impossible, since cells are
arranged on an essentially two-dimensional cortical sheet, but are selective in
many more dimensions [Dayan 2003]. Actual cortical maps show regularities
as to how these two general rules are violated, and it is these regularities that
models of the selectivity maps must capture. We have outlined here some of
the cooperative phenomena involved in the clustering and pattern formation of
neural activity. The mechanisms for the emergence of patterns seem to have
a twofold source: a) the spontaneous symmetry breaking, in which the for-
mation of the correlated patterns is due to the weak connection between the
distant cells [Cowan 1982] and b) some unsupervised learning, assumed by the
“mexican hat” function describing the distribution of interconnections [Koho-
nen 1988, 1990; and Obermayer et al 1992]. The cortical cells are strongly
connected through excitatory synapses that discharge neurotransmitters in
order to maintain the spatial firing pattern. The functional interconnection
involves not only a learning rule that we have omitted, but also an ensemble
neural code, further relevant for the emergence of brain functions [Nicolelis et
al 1995; Georgopoulos et al 1986]. The activity pattern spanned over groups
of neurons may encode a given feature of the stimulus.

Our results have been organized based upon the length of the investigation
time (short-term and long-term behavior) and the neuronal activity following
the receptive field lesions. During long-term behavior (Figs. 3.2, 3.3, 3.4, 3.6),
the system dealt with times as long as few seconds, underlying more stable
activity that complements the short-term transients (Figs. 3.7, 3.8, 3.9) of
only few hundreds of ms. In addition, the system activity has been character-
ized by a Fourier spectrum (Fig. 3.4b) and cross-correlation functions (Fig.
3.5), usual tools in experimental neurophysiology. The physiological frequency
range 20 − 70 Hz and the coincident firing of the network’s neurons seem
to be realistic features shared with the sensory systems [Mason and Kandel
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1991; Kandel and Jessel 1991]. A tremendous experimental evidence of pat-
tern formation and interaction processes occurring for both receptive fields
and cortical maps at different cortical and subcortical levels: a) visual cortex
and retina [LeVay et al1985; Blasdel 1992a,b; Cowan 1982; Fohlmeister et al
1995; Obermayer et al 1992; McDonald and Burkhalter 1993; Korelova and
Bures 1980; Gorelova and Bures 1983]; b) somatosensory cortex [Kaas et al
1981; Kaas 1982; Nicolelis and Chapin 1994; Nicolelis et al 1995]; c) auditory
cortex [Rhode and Greenberg 1994; Calford and Semple 1995]; d) olfactory
bulb [Yokoi et al 1995]; e) basal ganglia (striatum) [Wickens 1993], f) thala-
mus [Nicolelis et al 1993; Nicolelis and Chapin 1993]; g) hippocampus [Sloviter
and Brisman 1995] etc., seem to be in qualitative agreement with the results
displayed in our figures (see Figs. 3.3, 3.5, 3.7(g)). The inter-burst intervals
(IBI) of the stochastic bursting caused by the effect of coherence resonance
in Hindmarsh-Rose model exhibits multiple mode and are approximately in-
teger multiples of a basic IBI [Gu et al 2002]. A similar bursting pattern may
be found on an experimental neural pacemaker perfused with solution whose
extracellular calcium concentration is lower than the normal level [Gu et al
2002].

Our network model gives a global view over the behavior of the entire network
[Wang et al 1993; Hansel and Sompolinsky 1992] and accounts not only for
the formation of simple patterns of activity (circular and striate stripes), but
also for very complex ones (spirals, damaged patterns after lesions) [Kaas et
al 1981; Kaas 1982; Cowan 1982; Fohlmeister et al 1995; Usher et al 1994;
Damasio 1997; Dahlem and Muller 1997]. For more detailed tasks, the neuronal
architecture and synaptic neurotransmitter dynamics need to be implemented
in the model.

Acknowledgements

We would like to thank Dr. Marius Usher and Dr. Mikhail Lebedev for useful
comments. Cassia-Moura is grateful to Professor Luana Coelho and Professor
Marcelo Valença for many constructive comments.

78



References

Blasdel GG, Salama G (1986) Voltage-sensitive dyes reveal a modular organi-
zation in monkey striate cortex. Nature 321: 579-585.

Blasdel GG (1992a) Differential imaging of ocular dominance and orientation
selectivity in monkey striate cortex. J. Neurosci. 12: 3115-3138.

Blasdel GG (1992b) Orientation selectivity, preference, and continuity in mon-
key striate cortex. J. Neurosci. 12: 3139-3161.

Braitenberg V (1986) Two views of the cerebral cortex. In Palm G and Aertsen
A (ed) Brain Theory, Springer-Verlag, Berlin-Heidelberg, pp 81-96.

Calford MB and Semple MN (1995) Monaural inhibition in cat auditory-
cortex. J. Neurophysiol. 73: 1876-1891.

Cowan JD (1982) Spontaneous Symmetry Breaking in Large Scale Nervous
Activity. Int. J. Quant. Chem. XXII: 1059-1082.

Dahlem MA, Muller SC (1997) Self-induced splitting of spiral-shaped spread-
ing depression waves in chicken retina. Exp. Brain Res. 115: 319-324.

Dhamala M, Jirsa VK, Ding M (2004) Enhancement of neural synchrony by
time delay. Phys. Rev. Lett. 92:074104(1-4).

Damasio, AR (1997) Towards a neuropathology of emotion end mood. Nature
386: 769-770.

Das A, Gilbert CD (1995) Long-range horizontal connections and their role
in cortical reorganization revealed by optical-recording of cat primary visual-
cortex. Nature 375: 780-784.

Dayan P (2003) Pattern formation and cortical maps. J. Physiol. 97:475-489.

Deadwyler SA, Hampson RE (1995) Ensemble activity and behaviour - what’s
the code. Science 270: 1316-1318.

Destexhe A (1994) Oscillations, complex spatiotemporal behavior and infor-
mation transport in networks of excitatory and inhibitory neurons. Phys. Rev.
E 50: 1594-1606.

Feng J, Cassia-Moura R (1999) Output of a neuronal population code. Phys.
Rev. E 59: 7246-7249.

Fitzhugh R (1961) Impulses and physiological states in theoretical models of
nerve membrane. Biophys. J. 1: 445-466.

79



Fohlmeister C, Gerstner W, Ritz R, van Hemmen JL (1995) Spontaneous
excitations in the visual-cortex - stripes, spirals, rings, and collective bursts.
Neural Computation 7: 905-914.

Fox RF, Gatland IR, Roy R, Vemuri G (1988) Fast, accurate algorithm for
numerical simulation of exponentially correlated colored noise. Phys Rev. A
38: 5938-5940.

Georgopoulos AP, Schwartz AB, Kettner RE (1986) Neuronal population cod-
ing of movement direction. Science 233: 1416-1419.

Gilbert CD, Wiesel TN (1983) Clustered intrinsic connections in cat visual
cortex. J. Neuroscience 3: 1116-1133.

Gilbert CD (1992) Horizontal integration and cortical dynamics. Neuron 9:
1-13.

Goodhill GJ, Willshaw DJ (1994) Elastic net model of ocular dominance -
overall stripe pattern and monocular deprivation. Neural Computation 6: 615-
621.

Gorelova NA, Bures J (1983) Spiral waves of spreading depression in the iso-
lated chicken retina. J. Neurobiology 14: 353-363.

Gu H, Yang M, Li L, Liu Z, Ren W (2002) Experimental observation of the
stochastic bursting caused by coherence resonance in a neural pacemaker.
Neuroreport. 13: 1657-1660.

Hansel D, Sompolinsky H (1992) Solvable model of spatiotemporal chaos.
Phys. Rev. Lett. 71: 2710-2713.

Hindmarsh JL, Rose RM (1984) A model of neuronal bursting using three
coupled first order differential equations. Proc. R. Soc. Lond. B 221: 87-102.

Hindmarsh JL, Rose RM (1985) A model of thalamic neuron. Proc. R. Soc.
Lond. B 225: 161-193.

Hodgkin AL, Huxley AF (1952) A quantitative description of membrane cur-
rent and its application to conduction and excitation in nerve. J. Physiol.
(London) 117: 500-544.

Honeycutt RL (1992a) Stochastic Runge-Kutta algorithms. I. White noise.
Phys. Rev. A 45: 600-603.

Honeycutt RL (1992b) Stochastic Runge-Kutta algorithms. II. Colored noise.
Phys. Rev. A 45: 604-610.

80



Kaas JH, Nelson RJ, Sur M, Merzenich MM (1981) Organization of So-
matosensory Cortex in Primates. In Schmidt FO, Worden FG, Adelman G,
and Dennis SG (ed) The Organization of Cerebral Cortex. MIT Press, Cam-
bridge, Massachussetts, pp 237-261.

Kaas JH (1982) The Segregation of Function in the Nervous System. Contri-
butions to Sensory Physiology 7: 201-240.

Kaas JH (1992) The Reorganization of Sensory and Motor Maps in Adult
Mammals. In Gazzaniga MS (ed) The Cognitive Neurosciences. Cambridge,
Massachussetts: MIT Press, p. 51-70.

Kandel ER, Jessell TM (1991) Touch. In Kandel ER, Schwartz JH, Jessell TM
(ed) Principles of Neural Science (3rd edition). Elsevier, New York, chapter
26, pp 367-384.

Kohonen T (1988) Self Organization and Associative Memory, 2-nd edition.
Springer-Verlag, Berlin.

Kohonen T (1990) The self-organizing map. Proc. IEEE 78: 1464-1480.

Korelova VI, Bures J (1980) Blockade of cortical spreading depression in elec-
trically and chemically stimulated areas of cerebral cortex. Electroencephalog-
raphy and Clinical Neurophysiology 48: 1-15.

LeVay S, Connolly M, Houde J, Van Essen DC (1985) The complete pattern of
ocular dominance stripes in the striate cortex and visual field of the macaque
monkey. J. Neurosci. 5: 486-501.

Mason C, Kandel ER (1991) Central visual pathways. In Kandel ER, Schwartz
JH, Jessel TM (ed) Principles of Neural Science (3rd edition). Elsevier, New
York, chapter 29, pp 420-439.

McDonald CT, Burkhalter A (1993) Organization of long-range inhibitory
connections within rat visual-cortex. J. Neurosci. 13: 768-781.

Mitchison G (1993) The neural representation of stereoscopic depth contrast.
Perception (England), 22: 1415-1426.

Mountcastle VB (1984) Central nervous mechanisms in mecanoreceptive sen-
sibility. In Darian-Smith I (ed) Handbook of Physiology. Md American Phys-
iological Society, Bethesda. Section 1: The Nervous System, Vol. III, Sensory
Processes, pp 789-878.

Nicolelis MAL, Chapin JK (1993) Dynamic and Distributed Properties of
Many-Neuron Ensembles in the Ventral Posterior Medial Thalamus of Awake
Rats. Proc. Natl. Acad. Sci. U. S. A., 90: 2212-2216.

81



Nicolelis MAL, Lin RCS, Woodward DJ, Chapin JK (1993) Induction of im-
mediate spatiotemporal changes in thalamic networks by peripheral block of
ascending cutaneous information. Nature 361: 533-536.

Nicolelis MAL, Chapin JK (1994) Spatiotemporal structure of somatosensory
responses of many-neuron ensembles in the rat ventral posterior medial nucleus
of the thalamus. J. Neurosci. 14: 3511-3532.

Nicolelis MAL, Bacalla LA, Lin RCS, Chapin JK (1995) Sensorimotor En-
coding by Synchronous Neural Ensemble Activity at Multiple Levels of the
Somatosensory System. Science 268: 1353-1358.

Nischwitz A, Glunder H (1995) Local lateral inhibition - a key to spike syn-
chronization. Biol. Cybern. 73: 389-400.

Obermayer K, Blasdel GG, Schulten K (1992) Statistical-mechanical analysis
of self-organization and pattern formation during the development of visual
maps. Phys. Rev. A 45: 7568-7589.

Rhode WS, Greenberg S (1994) Lateral suppression and inhibition in the
cochlear nucleus of the cat. J. Neurophysiol. 71: 493-514.

Rinzel J, Terman D, Wang X, Ermentrout B (1998) Propagating activity pat-
terns in large-scale inhibitory neuronal networks. Science 279: 1351-1355.

Selverston AI, Rabinovich MI, Abarbanel HD, Elson R, Szucs A, Pinto RD,
Huerta R, Varona P (2000) Reliable circuits from irregular neurons: a dy-
namical approach to understanding central pattern generators. J. Physiol.
94:357-374.

Sloviter RS, Brisman JL (1995) Lateral Inhibition and Granule Cell Synchrony
in the Rat Hippocampal Dentate Gyrus. J. Neurosci. 15: 811-820.

Somers DC, Nelson SB, Sur M (1995). An emergent model of orientation
selectivity in cat visual cortical simple cells. J. Neurosci. 15: 5448-5465.

Steriade M (1993) Central core modulation of spontaneous oscillations and
sensory transmission in thalamo-cortical systems. Curr. Opin. Neurobiol. (Eng-
land) 3: 619-625.

Thomson JR, Cowan WM, Elder KR, Daviet PH, Soga G, Zhang Z, Grant
M, Zuckermann MJ (1995) Modelling Pattern Formation on Primate Visual
Cortex. In Mosekilde E and Mouritsen OG (ed) Modelling the Dynamics of
Biological Systems, Nonlinear Phenomena and Pattern Formation. Springer
Series in Synergetics, Springer-Verlag, Berlin - Heidelberg, pp 101-127.

82



Usher M, Stemmler M, Koch C, Olami Z (1994) Network amplification of
local fluctuations causes high spike rate variability, fractal firing patterns and
oscillatory local-field potentials. Neural Computation 6: 795-836.

Usher M, Stemmler M, Olami Z (1995) Dynamic pattern formation leads to
1/f noise in neural populations. Phys. Rev. Lett. 74: 326-329.

Vaadia E, Haalman I, Abeles M, Bergman H, Prout Y, Slovin H, Aertsen
A (1995) Dynamics of neuronal interactions in monkey cortex in relation to
behavioral events. Nature 373: 515-518.

Vastano JA, Swinney HL (1988) Information transport in spatiotemporal sys-
tems. Phys. Rev. Lett. 60: 1773-1776.

Wang DL (1995) Emergent synchrony in locally coupled neural oscillators.
IEEE Trans. Neur. Networks 6: 941-948.

Wang W, Perez G, Cerdeira HA (1993) Dynamic behaviour of the firings in a
coupled neuronal system. Phys. Rev. E 47: 2893-1898.

Wickens J (1993). A Theory of the Striatum, New York, Pergamon Press, New
York, chapter 3, p 41 and chapter 7, p 122.

Xing J, Gerstein GL (1996a) Networks with Lateral Connectivity. I. Dynamic
Properties Mediated by the Balance of Intrinsic Excitation and Inhibition. J.
Neurophysiol. 75: 184-199.

Xing J, Gerstein GL (1996b) Networks with Lateral Connectivity. II. Devel-
opment of Neuronal Grouping and Corresponding Receptive Field Changes.
J. Neurophysiol. 75: 200-216.

Xing J, Gerstein GL (1996c) Networks with Lateral Connectivity. III. Plastic-
ity and Reorganization of Somatosensory Cortex. J. Neurophysiol. 75: 217-232.

Yokoi M, Mori K, Nakanishi S (1995) Refinement of odor molecule tuning by
dendrodendritic synaptic inhibition in the olfactory bulb. Proc. Natl. Acad.
Sci. U. S. A. 92: 3371-3375.

83



Fig. 3.1. The typical shape of the "mexican hat" function, describing the lateral 
interaction between neurons. 
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Fig. 3.2. The long-term behavior of a network of 100x100 neurons in the case of 
isotropic short-range (a) and long-range connection (b). The short-range 
connection that goes up to the 4-th neighbor (i.e., it is of excitatory type going up 
to the second order neighbors and inhibitory one is up to the 4-th order), while 
the long-range one goes up to the 15-th order neighbors (i.e., it is of excitatory 
type going up to 7-th order neighbors and inhibitory one is up to 15-th order). 
This pattern is stable after 1500 ms from the offset of stimulus. 
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Fig. 3.3. The long-term behavior of a network of 100x100 neurons in the case of 
anisotropic (eccentricity = 1.5) and long-range connection. This pattern again 
becomes stable after 1500 ms from the offset of any stimulus. 
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Fig. 3.4. The long-term average activity of a 100x100 the neural network (a) and its 
Fourier spectrum (b). The connection is long-range, anisotropic (eccentricity=1.5) 
and has a peak value of Jijkl

max =0.3. The loss of global synchronization in a 100x100 

network illustrated by the decay of the average activity versus time (c). The 
connection parameters are the same as in Fig. 3.3. 
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Fig. 3.5. The cross-correlation function Cijkl (0) vs. lateral distance (in # of neurons) 
averaged over the neurons of a 100x100 network exhibiting long-term behavior in 
the cases of short-range (a) and long-range connection (b). 
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Fig. 3.6. The long-term behavior of a network of 100x100 neurons in the case of 
anisotropic (eccentricity = 1.5) and long-range connection, with various proportions 
of damaged neurons: a) 0% (reference), b) 10%, c) 25%, and d) 50%. The color map 
and connection parameters are the same as in Fig.3.3. 
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Fig. 3.7. The short-term behavior of a network of 40x40 neurons. (a)-(f) Spiral-type 
patterns developing around a cluster of four "pinned" neurons in the case of strong 
( Jijkl

max  = 2.0) short-range connection. The snapshots were taken every t = 10ms

starting at t = 260 ms. (g) For lower values of the isotropic connection ( Jijkl

max =0.5),

the pattern is quite complex, after t = 500 ms from the offset of a stimulus that 
synchronized all the neurons. 
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Fig. 3.8. The short-term behavior of a network of 100x100 neurons when a 
localized ( = 10 neurons) sine-type stimulus and a peak-to-peak amplitude 
A=1a.u. is applied. The snapshots are taken after t = 40 ms (a) and t = 160 ms (b) 
from the end of the stimulus, which was applied for t = 1,000 ms, and had a 
frequency of 100/ Hz. The connection is isotropic and short-range. The color map 
is the same as in Fig. 3.2. 
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Fig. 3.9. The short-term behavior of a network of 100x100 neurons when a 
localized ( = 10 neurons) sine-type stimulus and a peak-to-peak amplitude 
A=10a.u. is applied. The snapshots are taken after t = 0 ms (a), t = 200 ms (b) and 
t= 700 ms (c) from the end of the stimulus, which was applied for t = 200 ms, and 
had a frequency of 100/ Hz. The connection is isotropic and short-range. 

92



Capítulo Quatro 



International Journal of Bifurcation and Chaos (2004), Vol. 14, No. 9, pp.1-13.

This work is protected under copyright by
World Scientific Publishing Company. All rights reserved.

Effect of heterogeneity on spiral wave
dynamics in simulated cardiac tissue

R. Cassia-Moura a,b, F. Xie c and H. A. Cerdeira a

a International Centre for Theoretical Physics, Trieste 34100 Italy
b Permanent address: Instituto de Ciências Biológicas, DCF - Biof́ısica,
Universidade de Pernambuco, Caixa Postal 7817, Recife 50670-000 Brazil
c Research Department, Kaiser Permanente, 100, S. Los Robles,
Pasadena CA 91101 U.S.A.

Abstract – There is considerable spatial heterogeneity in the electrical properties
of the heart muscle and there are indications that anisotropic conduction may play
an important role in the pathogenesis of clinical cardiac arrhythmias. Spiral waves
of electrical activity are related to reentrant cardiac arrhythmias as ventricular
tachycardia and ventricular fibrillation, and the generation of a wave breakup is
hypothesized to underlie the transition from ventricular tachycardia to ventricular
fibrillation - the leading cause of sudden cardiac death. Here we investigate the effect
of heterogeneity on spiral wave reentry in a two-dimensional modified FitzHugh-
Nagumo membrane model. Spiral wave breakup induced by the heterogeneity is
found. The spiral wave dynamics is invariant under translational and rotational
transformations in homogenous tissue, but for heterogeneous tissue, this symmetry
is broken due to the heterogeneity. The reentry dynamics depends on the degree
of heterogeneity and the point where the reentry is initiated within the simulated
tissue. This study may open potentially exciting new diagnostic and therapeutic
possibilities in a clinical context.

Keywords: cardiac properties, heterogeneity simulation, membrane model, nonlin-
ear dynamics, pattern formation, reentrant arrhythmia, spiral wave.
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1 Introduction

The bright red human heart ordinarily beats with a regular rhythm and the
spontaneously beating heart fascinated early scientists. The earliest attempts
to understand this pump performance are probably lost in antiquity and by
now, our knowledge concerning the normal and abnormal changes that oc-
cur in the heart has increased considerably. A question that comes to mind
is whether this knowledge has improved our methods of treatment in actual
practice. There are now patients suffering from certain heart affections who
are treated effectively. On the other hand, ventricular fibrillation (VF) and
reentrant ventricular tachycardia (VT) continue being the leading cause of
sudden cardiac death. Yet, in spite of the efforts in understanding their be-
haviour, their spontaneous initiation has not been mapped, neither the manner
in which VT converts into VF, or vice versa. Understanding the arrhythmia
mechanisms is essential, as a better knowledge of these mechanisms will allow
offering targeted curative treatments to a greater number of patients.

At present, from combined theoretical and computer studies as well as experi-
mental evidence, it is firmly established [Garfinkel et al., 2000; Gray & Jalife,
1996] that spiral waves of electrical activity are related to reentrant cardiac
arrhythmias as VT and VF. Nowadays reentry is believed to be the major
mechanism underlying most lethal cardiac arrhythmias [Samie & Jalife, 2001]
even though, focal and non-reentrant mechanisms do play a role in arrhyth-
mogenesis. It is considered that the transition from VT (high - up to 10 Hz
- frequency activity, believed to be due to simple reentry in the ventricle) to
VF (irregular, high-frequency activity due to multiple reentrant sources) may
be caused by the breakdown of reentrant propagating waves of excitation into
multiple reentrant sources [Biktashev et al., 2002; Qu et al., 1999; Xie et al.,
2001a]. VF is not random, but rather a complicated sequence of ventricular ex-
citation that is organised in space and time [Gray et al., 1998]. It is believed to
be produced by one or many reentrant propagating waves of excitation in the
ventricular wall, which may be modelled as spiral waves in two-dimensional
excitable media, and scroll waves in three-dimensions [Biktashev et al., 2002].
There are two major classes of reentry - anatomical and functional. The func-
tional reentry depends on heterogeneity of the electrophysiological properties
of the cardiac fibres caused by local differences in the transmembrane cur-
rents, action potentials, resting potentials, time course of repolarisation and
recovery of excitability [Allessie et al., 1977; Wit et al., 1990].

The anatomy of the cardiac muscle may participate in determining its func-
tional properties. The structural characteristics of the heart muscle, which
include the orientation of the myocardial fibres and the way the fibres or bun-
dles of fibres are connected to each other, can influence both conduction and
refractoriness. Variations in velocity and in patterns of conduction of myocar-
dial electrical activity can affect cardiac rhythm as well as the coordination
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of contraction; abnormal electrical coupling between cardiomyocytes through
gap junctions is, therefore, considered an important factor in various patho-
physiologic conditions [van der Velden & Jongsma, 2002; Clerc, 1976; Osaka
et al., 1987]. In auricles and ventricular muscle, fibres are arranged parallel
to each other while the cells comprising the fibre bundles have a relatively
high density of cell junctions arranged longitudinally, connecting the end of
one cell to the end of another; the cells in the transverse direction may also
be tightly coupled, but they are sparsely connected since the fibres are subdi-
vided into groups [Sommer & Dolber, 1982]. An increase in connective tissue
can result from fibrosis associated with a number of pathological states; af-
ter myocardial infarction the degree of anisotropy is enhanced by collagenous
septa dividing the myocardial fibres. The effects of the presence of uniform or
non-uniform anisotropy on the characteristics of reentry have been the topic
of intense research. Anisotropic tissue structure of cardiac muscle on conduc-
tion may confer the heterogeneity of functional properties necessary to cause
reentry as an arrhythmogenic mechanism. Experimental studies indicate [Al-
lessie et al., 1990] that anisotropic conduction may play an important role in
the occurrence of spiral waves in auricles and ventricular muscle, and in the
pathogenesis of clinical cardiac arrhythmias.

In spite of the fact that the human heart is a complex organ, both anatom-
ically and electrically, it may seem surprising that simplified mathematical
models may show a qualitative correspondence with experimental and clinical
data in the intact heart. By utilising a mathematical model of cardiac elec-
trical activity to study the transition from regular to irregular dynamics, new
insights may be gained into the origin of the erratic, sometimes fatal arrhyth-
mias observed in the clinical context. Very extensive work has been dedicated
to the development of models in an effort to achieve the ionic mechanism re-
sponsible for the cardiac cell excitation and rhythmic activity, such as the Luo
and Rudy (LR) action potential model of ventricular muscle [Luo & Rudy,
1991] and sinoatrial node model [Yanagihara et al., 1980]. In this work we
simulate the cardiac tissue by a two-dimensional modified FitzHugh-Nagumo
membrane model (a more detailed discussion can be found in Ref. FitzHugh,
1961; FitzHugh, 1969; Guttman et al., 1980). We focus our studies on the
effect of heterogeneity on the stability of an initiated spiral wave within the
cardiac tissue.

In section 2 we present a rather detailed discussion of the physiology of the
cardiac tissue, which will lead to the presentation of the model in section 3.
Results and discussion are developed in section 4, while in section 5 we present
our conclusions.
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2 Physiological Heterogeneity in the Cardiac Tissue

2.1 Spatial heterogeneity in action potential duration (APD)

Cardiac muscle has local nonlinear properties due to the membrane’s electrical
properties. It also has a diffusive interaction owed to electrical current flow in
and between cells that form an electrical syncytium. Its response to a localised
subthreshold perturbation is localised and decremental, whereas the response
to a localised suprathreshold perturbation is the so called action potential (i.e.
the sequence of depolarisation and repolarisation of the plasma membrane,
which separates the cell from its surroundings). The action potential of an
excitable cell is generated by several ionic membrane currents associated with
the ion channels and pumps. Knowledge of the intrinsic membrane properties is
required for a complete understanding of how the heart works, given that heart
rhythm is controlled by the ion channel activity in the constituent cells as well
as the global nature of a network system. In healthy hearts, the heterogeneous
distribution of ion channels produces spatial variations in APD [Baker et al.,
2000]. Recently, several studies addressed VF-to-VT transitions by studying
the role of APD on fibrillatory dynamics. Some of them suggest [Dorian &
Newman, 1997; Qi et al., 1999] that it is possible to alter the arrhythmia
dynamics by altering the APD.

The cardiac muscle is unique among the excitable tissues of the human body:
the muscle cells in the heart must coordinate their contraction. This mecha-
nism of coordination includes the electrical interaction between cells by the
spatiotemporal behaviour of the action potential. Conduction in the heart
muscle occurs by local circuits that are controlled by the inward current, the
transmembrane voltage and the geometry of the muscle to be excited. Propa-
gation of the cardiac action potential from one point to the remainder of the
cell and to the heart as a whole depends additionally on the characteristics
of the entire cell and its neighbours. Excitation of one fibre results in a prop-
agating wave of excitation that spreads to all fibres and to the entire heart,
activating an effective contraction in an all-or-none fashion.

Several studies have suggested [Garfinkel et al., 2000; Riccio et al., 1999] that
the manifestation of the VF and VT is determined by the property of resti-
tution of the cardiac APD. Restitution refers to the fact that APD and the
conduction velocity both depend on the previous diastolic interval, which is the
rest period between repolarisation and the next depolarisation of the plasma
membrane [Garfinkel et al., 2000]. Meanwhile, in the LR model, APD restitu-
tion is the major determinant of spiral wave behaviour and instabilities arising
from APD restitution are the main determinants of spiral wave breakup [Qu
et al., 2000]. The major effect of fibre rotation is to maintain twist in a spi-
ral wave, producing filament bending and spiral breakup; fibre rotation also
induces curvature changes in the spiral wave, which weakens conduction and
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further facilitates wave break [Qu et al., 2000]. Combined experimental and
theoretical work has shown [Weiss et al., 2002] that the APD restitution and
conduction velocity contribute to breakup of reentrant wave fronts during car-
diac fibrillation independent of pre-existing electrophysiological heterogeneity
in the tissue.

Recently Xie et al. [2001a] investigated how dynamic factors and fixed elec-
trophysiological heterogeneity interact to promote wave break in simulated
two-dimensional cardiac tissue, using the LR model. The degree of dynamic
instability was controlled by varying the maximal amplitude of the slow inward
calcium current to produce spiral waves in homogeneous tissue that were either
nearly stable, meandering, hypermeandering, or in breakup regimes; fixed elec-
trophysiological heterogeneity was modelled by randomly varying APD over
different spatial scales to create dispersion of refractoriness. They found that
the degree of dispersion of refractoriness required for inducing wave break de-
creased markedly as dynamic instability of the cardiac model increased. These
findings suggest [Xie et al., 2001a] that reducing the dynamic instability of
cardiac cells by interventions, such as decreasing the steepness of APD resti-
tution, may still have some merit as an antifibrillatory strategy. Ten Tusscher
& Panfilov [2003] emphasized recently the importance to study the hetero-
geneity of cardiac tissue as a factor determining the initiation and dynamics
of cardiac arrhythmias. They showed that a gradient of APD resulted in spiral
wave drift, which consisted of the following two components: the longitudinal
(along the gradient) component was always directed toward regions of longer
spiral wave period; the transverse (perpendicular to the gradient) component
had a direction dependent on the direction of rotation of the spiral wave.

2.2 Structural sites for heterogeneity in the heart

Recently, using spectral analysis of optical epicardial and endocardial signals
from sheep ventricular slabs, Zaitsev et al. [2000] concluded that ventricular
fibrillation may be the result of a sustained high frequency three-dimensional
intramural spiral wave, which creates a highly complex pattern of activation
when wave fronts emanating from it fragment, as a result of interaction with
the heterogeneity present in the cardiac tissue.

The peculiar electrical properties of the heart determine most of its special
mechanical properties, whose primary function is to pump blood to all parts
of the body. The main function of the blood circulation is the distribution of
essential constituents to the tissues throughout the body and the elimination
of noxious products, mainly through the lungs and kidneys; the heart propels
unoxygenated blood to the lungs and delivers oxygenated blood to the periph-
eral tissues. The heart beat rate under different circumstances and in different
persons varies a lot, even so under normal conditions the heart action is auto-
matic, which means that it does not depend upon external impulses to initiate
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its contraction at the rate of about 70 − 80 times per minute. Although each
cardiac cell is surrounded by high-resistance membrane, the cardiac muscle,
because of the low-resistance pathways allowing for current flow between cells,
behaves electrically as a continuous medium on a macroscopic-size scale. The
pattern of spread of excitation in the heart determines the complex sequence
of mechanical events that contribute to the proper functioning of this muscle
as an effective pump for producing a unidirectional flow of blood. For pump-
ing, the heart must both contract and relax synchronously, and normally the
electrical impulse that initiates the heart beat arises at the plasma membrane
of the sinoatrial (SA) node - the natural pacemaker of the heart, located in
the upper region of the right auricle.

The SA node responds to a variety of external stimuli, including activity of the
vagus nerve, whose brief bursts of activity cause the release of acetylcholine
(ACh) in the vicinity of SA cells. The Ach then interacts with membrane re-
ceptors, resulting in an increase in conductance of the plasma membrane to
potassium ions, leading to hyperpolarisation of the membrane of the SA cells.
In tissue preparations and in mathematical models, this membrane effect can
either prolong or shorten the cycle length of the sinus pacemaker, depending
upon the phase of the cycle at which it occurs and the magnitude of the in-
trinsic cycle length [Jalife et al., 1983; Michaels et al., 1984]. Under conditions
where the heart rate is normal and higher (and the intrinsic cycle length is
short), vagal pulses can produce a delay in the next spontaneous discharge,
and the delay increases in magnitude as the pulse occurs later in the cycle;
when the cycle length is long (i.e. at a slow heart rate), vagal pulses accelerate
the next spontaneous discharge. It was shown by Winfree [1980] that the most
important factor underlying the dynamics of the response of a pacemaker to
external perturbations is the phase dependence of the effect, which should
include that of the Ach. Such phase dependence means that the degree to
which the pacemaker will be speeded up or slowed down depends upon the
time during the pacemaker cycle at which the perturbation occurs.

The heart is a multicellular muscle. The SA node is a system of oscillators
comprised of thousands of electrically coupled cells, each of which is a bio-
logical pacemaker capable of generating spontaneous action potentials, but
they communicate with each other and synchronise their activity to generate
a propagated impulse. The rate of the heart beat is regulated by the firing
rate of this spontaneous electrical activity, and it is thus clear that the cell
membrane exerts tight control over the contractile machinery. From the SA
node the impulse spreads rapidly over the auricles and causes both auricles
to contract simultaneously. Normally the atrioventricular (AV) node, which is
located in the lower region of the right auricle, is the sole egress for the prop-
agation of auricles impulse to ventricles. The AV node delays the impulse and
the AV nodal activation is followed by rapid depolarisation of the specialised
conduction fibres that make up the ramifying His-Purkinje network. Purkinje
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fibres distribute the impulse from the ends of the bundles to the ventricular
muscle. There are many anatomical and electrophysiological differences be-
tween the Purkinje cells of the conducting system and the ventricular muscle
cells of the ventricular wall, since the junctional process between Purkinje and
ventricular muscle tissue is spatially discontinuous; the transmission process
occurs only at some discrete sites of the endocardial wall, but the arrangement
is such that both ventricles are stimulated to contract simultaneously.

2.3 Anisotropic electrical conduction

Cardiac impulse propagation is heterogeneous by nature. In addition, the
anatomical and biophysical properties of the normal auricle and ventricular
muscle fibres depend on the direction in the cardiac syncytium in which they
are measured, thus these properties are anisotropic [Wit et al., 1990]. Simula-
tions of heterogeneity along one-dimensional cable due to geometrical change
or to altered cell coupling have shown conduction delays with the possibility
of block or reflection; such irregularities in conduction have been considered
relevant to cardiac reentry phenomena [Rinzel, 1990]. The velocity of propa-
gation of electrical impulses is an anisotropic property of cardiac tissue, since
it is faster in the direction along the long axis of the myocardial fibres than in
the direction perpendicular to this axis; the impulse propagates about three
to five times faster in the direction parallel to the long axis of the myocardial
fibres than in the transverse direction [Clerc, 1976]. The shape of the upstroke
of the action potential across the plasma membrane depends on the direction
of the impulse: fast action potential upstrokes are associated with slow propa-
gation velocities transverse to the longitudinal fibre axis, and slower upstrokes
are associated with higher velocities in the longitudinal direction [Spach et al.,
1981; Spach, 1983].

An important feature of the geometry of the ventricles is that the cardiac fibres
are oriented parallel to each other and conduction of the cardiac impulse is
strongly influenced by the microarchitecture of the myocardium [Allessie et
al., 1990]. The impulse propagation by the main branches and Purkinje fibres
is very fast; the conduction rate of the AV node is slow, which allows the
auricles sufficient time to finish their contraction before the contraction of the
ventricles, which is necessary for a properly coordinated heart action. Thus, the
AV node is a key element of the specialised conduction system of the heart.
Normally the various muscle fibres of each ventricle contract in an orderly,
coordinated manner, so that by their united action the pressure in the cavity
is increased and the blood expelled.

The normal heart beats normally at a fairly regular rate, but under abnormal
condition, it may beat irregularly, at fast rates, leading quickly to death [Gray
& Jalife, 1996]. The perturbations in blood gases, electrolytes, drugs and heart
structural integrity can change the cardiac rhythms. When the fibres no longer
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act in coordination, some contracting before others and relaxing while the
latter are in contraction, the cardiac muscle contracts asynchronously, and this
is known as fibrillation. Atrial fibrillation is the commonest clinical arrhythmia
and is associated with substantial morbidity and mortality; VF is the main
mechanism of sudden cardiac death [Hassaguerre et al., 2002; Peters et al.,
2002]. Because of the lack of harmonious action, electrical impulses traverse
the ventricles so rapidly that a disordered and ineffective contraction occurs,
with the result that the heart actually stops beating and fails to eject blood
into the circulation system. In human beings, VF is usually irreversible, and
since it causes the coronary circulation through the heart muscle to fail, it is
fatal. An interruption in coronary circulation results in an insufficient supply
of oxygen to the heart muscle, because the cardiac tissue is supplied with
blood by the coronary arteries.

VF has been shown to be induced repeatedly in normal ventricles by a single,
critically-timed electrical stimulus of appropriate strength [Chen et al., 1988;
Karagueuzian & Chen, 2001]. Three-dimensional studies in intact canine ven-
tricles have shown that shock-induced VF in the normal ventricles is initiated
by the immediate formation of a single functional reentrant wave front of ex-
citation, which breaks down into multiple reentrant sources that signal the
onset of VF [Chen et al., 1988; Karagueuzian & Chen, 2001]. The timing of
the electrical shock plays a crucial role in restoring normal rhythmicity [Krin-
sky et al., 1990]; successful defibrillation results when an electrical stimulus
fails to induce reentry and, conversely, failed defibrillation is analogous to suc-
cessful formation of reentry [Efimov et al., 1998; Karagueuzian & Chen, 2001].
It has been shown by Karagueuzian & Chen [2001] that a relationship exists
between a shock that fails to defibrillate a fibrillating ventricle and a shock
that induces reentry and VF during a regular rhythm.

By using potentiometric dye and video imaging to record the dynamics of
transmembrane potentials from a large region of the heart, Gray et al. [1998]
showed that there is a spatiotemporal organisation underlying cardiac fibril-
lation in the whole heart. Analysis of optically recorded irregular electrical
wave activity on the surface of the heart during experimentally induced fib-
rillation revealed local temporal periodicity [Biktashev et al., 2002]. There is
some determinism during fibrillation and stroboscopic phase maps reveal the
sources of fibrillation to be topological defects around which spiral waves ro-
tate; transmembrane signals at each site exhibit a strong periodic component
centred near 8 Hz [Gray et al., 1998]. The size and dynamics of the core around
which reentrant waves rotate is an important factor that determines whether
the arrhythmia is VF or VT [Samie et al., 2000]. A mechanism for wave break
developed by Fenton & Karma [1998] focuses on the fact that propagation
within the three-dimensional myocardium is highly anisotropic, owing to the
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intramural rotation of the fibres, producing instability of the organising cen-
tre, which results in its multiplication after repeated collisions with the heart
boundaries.

Some forms of fibrillation depend on the uninterrupted periodic activity of
discrete reentrant circuits. It has been suggested by several authors that VF
is the result of a high frequency stable source [Gray et al., 1998; Jalife et
al., 1998; Samie et al., 2000; Zaitsev et al., 2000]; the complex patterns of
activation are the result of the fragmentation of emanating electrical activity
from that source within the ventricular wall, which has a laminar structure.
During the course of fibrillation, the number of reentrant sources increases with
time, to fluctuate about some mean [Biktashev et al., 2002]. The connections
between neighbouring sheets of ventricular tissue might form the anatomical
sites for the heterogeneity that produces the n-furcations of the initial source
impulse [Biktashev et al., 2002]. VF usually begins with a more orderly state,
consisting of just one or a pair of spiral waves, which then breakdown into the
multispiral disordered state that is VF [Chen et al., 1988]. Individual waves
in VF have short lifetimes, such as less than half a second [Cha et al., 1994].
Thus, the breakdown into VF and the continued maintenance of VF require
a continual formation of new waves, through the process of wave break, in
which a single wave splits into two [Garfinkel et al., 2000].

As said before, there has been substantial experimental evidence suggesting
that the electrophysiological and anatomical heterogeneity is the cause of wave
break. On the other hand, the dynamic heterogeneity resulting from the prop-
erty of restitution of the cardiac APD may be more critical for the production
of VF than the fixed electrophysiological and anatomical heterogeneity, even
if it is not always true [Garfinkel et al., 2000; Qu et al., 1999; Weiss et al.,
1999].

2.4 Effect of ischaemia on the spatial cardiac heterogeneity

The factors that increase the initial spatial heterogeneity in the electrical prop-
erties of heart muscle all make it easier to induce certain cardiac arrhythmias.
For instance, myocardial ischaemia greatly increases the electrical heterogene-
ity of ventricular tissue and often triggers life-threatening cardiac arrhythmias
such as VT and VF [Xu & Guevara, 1998]. Regional ischaemia can be simu-
lated by raising the external potassium concentration (hyperkalemia) from its
nominal value of 5.4 mM in ventricular muscle, thus creating a localised het-
erogeneity [Xie et al., 2001b; Xu & Guevara, 1998]. The cardiac signs of plasma
hyperkalemia are bradycardia, followed by peripheral vascular collapse, and
heart arrest.

When the hyperkalemia is sufficiently high (e.g. 20 mM) in the abnormal
region, there is a complete block of propagation of the action potential into
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that region, resulting in a free end or wave break as the activation wave front
encounters the abnormal region; with lower hyperkalemia (e.g. 10.5 mM) in
the abnormal region, there is partial propagation in and out of the abnormal
region [Xu & Guevara, 1998]. In this case, a different kind of spiral wave can
be evoked, implying backward propagation of the action potential through the
abnormal region, where the number of turns made by the wave depends on
the level of external potassium concentration within the abnormal region and
its physical size [Xu & Guevara, 1998].

In two-dimensional simulations with a central ischaemic region, reentry, once
initiated, was destabilised by the heterogeneity; in general the possibility to
reentry increased as the heterogeneity of the fibre increased, although under
some conditions it decreased below the level for uniform tissue [Clayton et
al., 2002]. The hyperkalemic ischaemic region produces wave break in the sur-
rounding normal tissue by accelerating the rate of spiral wave reentry, even
after the depolarised ischaemic tissue itself has become unexcitable and re-
gional hyperkalemia during acute myocardial ischaemia is a major cause of
electrophysiological abnormalities leading to VF [Xie et al., 2001b].

3 The Model

It is clear from the Section 2 that is very important to model the effect of het-
erogeneity on the complex dynamics of the heart. Thus, we simulate the effect
of heterogeneity on the stability of an initiated spiral wave within the cardiac
tissue, by using the two-dimensional modified FitzHugh-Nagumo membrane
model, which describes the interaction of an activator field u(t, x, y) with an
inhibitor field v(t, x, y) via the following partial differential equations:

∂u

∂t
= D∇2u +

1

ε
u(1 − u)(u − v + b

a
),

∂v

∂t
= f(u) − v, (8)

where D = 0.5, a = 0.84, b = 0.07 and the function f(u) has the form

f(u) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, 0 ≤ u < 1/3,

1 − 6.75u(u − 1)2, 1/3 ≤ u ≤ 1,

1, 1 < u.
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In order to reflect the heterogeneity of the tissue, we set the parameter ε as a
function of the tissue as follows:

ε(x, y) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ε1, r ≤ r1,

ε1 + ∆ε(r − r1), r1 < r ≤ r2,

ε2, r > r2,

where r =
√

(x − Lx/2)2 + y2, ε2 = ε1 + ∆ε(r2 − r1) and r1, r2, ε1 and ∆ε

are fixed parameters. Lx is the tissue size in the x-direction. The Eq. (8)
is integrated by an explicit scheme with time step ∆t = 0.01 and spatial
grid size ∆x = ∆y = 0.25. The tissue size (Lx × Ly) is fixed at 50 × 62.5
(200×250). No-flux boundary conditions are used in all simulations. We apply
this procedure to study the reentry dynamics in the homogeneous tissue and
in the heterogeneous one. The surface patterns of this “numerical fibrillation”
demonstrate the same qualitative features as the patterns observed in optical
mapping experiments [Biktashev et al., 2002].

4 Results and Discussion

Here we show that the reentry dynamics in heterogeneous tissue is very com-
plex and this makes it more interesting. The reentry activity depends on the
strength as well as the position of the heterogeneity and on the place where
the reentry is initiated. When the heterogeneity is strong enough and the spi-
ral reentry is initiated in the short cycle length region, spiral wave breakup
induced by the heterogeneity occurs even if the parameters in the whole hetero-
geneous tissue are in a non-breakup regime of a homogenous tissue. Although
this type of spiral wave breakup is found based on a two-dimensional mod-
ified FitzHugh-Nagumo membrane model and a heterogeneity function, it is
independent of the specific model and the heterogeneity function. Thus, our
results are generic in heterogeneous media and can be applied to excitable me-
dia such as autocatalytic chemical reactions such as the Belousov-Zhabotinsky
reaction [Winfree, 1972] and aggregates of slime-mold [Siegert & Weijer, 1991].
Cardiac fibrillation is obviously a more complex process than the numerical
mechanisms considered above. On the other hand, some qualitative results
can be obtained for simpler models, which caricature the electrophysiological
and anatomical heterogeneity in the cardiac tissue. Our investigation focuses
on a model that we believe provides a useful way to understand the cause of
abnormal cardiac rhythms in spite of its simplicity.

4.1 Reentry dynamics in homogeneous tissue

Several interesting features of spiral waves such as stable spiral waves, mean-
dering spiral waves and spiral wave breakup, and their transition mechanisms
have been extensively studied in homogeneous media, based on various simple
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and complex models [Bar & Eiswirth, 1993; Strain & Greenside, 1998; Win-
free, 1994]. The spiral wave reentry dynamics in homogenous systems present a
complicated and interesting problem [Bar & Eiswirth, 1993; Strain & Green-
side, 1998]. When ∆ε = 0 or r1 = r2, Eq. (8) represents the homogenous
tissue. As ε is continuously varied from zero, several transitions of the reen-
try activities occur. For ε ≤ 0.054, the reentry is a stable spiral wave; for
0.054 < ε ≤ 0.069, the reentry behaviour displays meandering spiral waves;
and for ε > 0.069, the spiral wave is broken into multiple wavelets producing
complicated spatiotemporal disorder reentry activities. Spiral wave activities
for ε = 0.035, 0.047, 0.065, 0.080 are shown in Figures 4.1(a)-(d), respectively.
The corresponding trajectories of the tip of the wave or tip (wavelet) number
are shown in Figures 4.1(e)-(h), while the Poincáre plots of cycle length (or
period of the reentry) are presented in Figures 4.1(i)-(l). It is clearly observed
that these reentry activities are essentially different. The motion of the tip of
the spiral wave in Figures 4.1(e) and (f) is a complete circle, and their corre-
sponding circle length Poincáre plots in Figures 4.1(i) and (j) are fixed points,
which characterise the reentry as a stable spiral wave. The tip trajectory in
Fig. 4.1(g) traces an epicycloidal-shaped flower petal, and the corresponding
cycle length Poincáre plot in Fig. 4.1(k) displays a perfect ring-like structure.
This reentry is known as a meandering spiral wave. For ε = 0.080, the initial
spiral wave was quickly broken up into very complicated multiple wavelets,
which are shown in Fig. 4.1(d) after several rotations. The tip number first in-
creases linearly, and then it fluctuates around 45 in a complicated fashion. This
averaged tip number depends on the simulated tissue size. The correspond-
ing Poincáre plot in Fig. 4.1(l) is completely disordered. These characteristics
show that the reentry activity is fully spatiotemporally chaotic.

4.2 Reentry dynamics in heterogeneous tissue

As ∆ε 	= 0 and r1 	= r2, Eq. (8) represents the heterogeneous tissue. Some
studies [Lee, 1997; Vinson, 1998] have shown that this heterogeneity signifi-
cantly influences the behaviour of spiral wave reentry. We fixed ε1 = 0.02, ∆ε =
0.0006, and r1 = 60 throughout this paper. Thus, the strength of the hetero-
geneity depends on the parameter r2, and so does ε2. When r2 increases con-
tinuously starting from r1, the spiral wave reentry dynamics displays a more
complex structure and becomes more interesting than that in homogenous
tissue. In the latter, the spiral wave dynamics is invariant under translational
and rotational transformations. But for heterogeneous tissue, this symmetry
is broken owing to the heterogeneity. In fact, the reentry dynamics strongly
depends on the actual location where the spiral wave initiates. Figures 4.2(a)-
(d) show four sets of snapshots of the reentry activities initiating at the lower
part of the tissue (region with ε = ε1) and the corresponding cycle lengths for
r2 = 20, 45, 75, 100, i.e. ε2 = 0.032, 0.047, 0.065, 0.080, respectively. The cycle
lengths represented by the square, solid circle, and solid triangle in the corre-
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sponding right-hand graphs, are measured from the lower (ε = ε1), middle (ε
linear increasing region), and upper (ε = ε2) regions, respectively.

The following characteristics are worth commenting on. First, the spiral wave
reentry in Fig. 4.2(a) always keeps a single stable spiral wave. The correspond-
ing cycle lengths in the three different regions are quickly asymptotic to the
unique cycle length 2.84 in the lower region, where the tip of the spiral wave
is located. But it is very surprising that, although all values of ε of the tis-
sue are within the values of ε where the spiral waves do not breakup for a
homogeneous tissue, the wave front of the spiral wave initiated in the middle
region in Figures 4.2(b)-(c) was broken up into multiple spiral waves, which
creates complicated spatiotemporal reentry activities. The part of the spiral
wave in the lower region is still stable, which produced the small constant cy-
cle length 2.84 after a short transient time, as shown in the cycle length plots
in Figures 4.2(b)-(c). However, in the middle region, the cycle length of the
electric wave is irregular owing to the irregular multiple wavelet interactions
(the solid circles in Figures 4.2(b)-(c)).

The most striking new result is that the wavefronts in the upper region fi-
nally arrive at a stable propagation with large constant cycle lengths 4.06,
4.26, for Figures 4.2(b) and (c), respectively, showing self-organisation after
the transient period. Thus, after the spiral wave was broken up, the system
displayed a non-uniform cycle length distribution. As r2 increases, and ε2 also
becomes large enough, the wavefront of spiral wave in the upper region is also
broken up and produces complete disordered reentry activity in both middle
and upper regions. However, the reentry dynamics in the lower region still
remains that of a stable spiral wave. The snapshots of this disorder reentry
activity are shown in Fig. 4.1(d) for r2 = 100, ε2 = 0.080. It is very clear that
the reentry behaviours and cycle lengths in the upper and middle regions are
complicated and irregular, but the cycle length in the lower region stays at
the same constant value 2.84 as in Figures 4.2(a)-(c).

When the spiral wave starts at the upper border of the tissue, we find a
startling result: the reentry dynamics is essentially different from that shown
in Figures 4.2. These reentry activities with the initiated location at the upper
region are shown in Figures 4.3, where all the respective parameters are exactly
the same as those of Figures 4.2. In Fig. 4.3(a), although the reentry is also
a single stable spiral wave, the unique cycle length 3.59 of the spiral wave is
selected by the core of spiral wave in the upper region (ε2), and is larger than
the value 2.84 in Fig. 4.2(a). Instead of the breakup of the waves in the middle
region, as shown in Figures 4.2(b) and (c), the reentry dynamics in Figures
4.3(b) and (c) always keeps a single spiral wave. The cycle length of the spiral
wave in Fig. 4.3(b) is also constant 4.06, and different from that in Fig. 4.2(b).
Thus, the spiral wave is still stable. On the other hand, in Fig. 4.3(c), since the
value of ε2 is in the meandering region of a homogeneous tissue and the cycle
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lengths in the three regions are the same, it oscillates as a function of the beat
number. Thus the spiral wave is still meandering. Fig. 4.3(d) corresponds to
the breakup region of a homogenous tissue since ε2 = 0.080 and the initiated
spiral wave is quickly broken into very complicated state of multiple spiral
waves. It is interesting to note that two spiral waves are stabilised near the
left and right boundaries of the lower region after a long time. The regular
motion in the lower region is also clear in the cycle length plots (square) on the
right of Fig. 4.3(d), where it has arrived at a constant value after the transient
time. Therefore, when the spiral wave is initiated in the upper region of the
tissue, the heterogeneity cannot cause its breakdown in spite of the strength
of the heterogeneity.

4.3 Lyapunov exponent

The Lyapunov exponent can be used to distinguish periodicity, quasiperiod-
icity and chaos [Wolf et al., 1985]. The maximum Lyapunov exponents versus
ε2 are shown in Fig. 4.4. The solid circles represent the exponents for ho-
mogenous tissue (ε = ε1 = ε2), open circles those of a heterogeneous tissue
with spiral waves initiated at the lower region, while triangles correspond to
heterogeneous tissue with spiral waves starting in the upper region. Two im-
portant characteristics are clearly observed in Fig. 4.4. First, the transition of
the Lyapunov exponent from zero to a positive value, i.e. from a single spiral
wave to spiral wave breakup, for a homogeneous tissue is equal to that of a
heterogeneous tissue with a spiral wave initiated in the upper region, and it
occurs at ε2 ≈ 0.069. Second, as the spiral wave is initiated in the lower region
in a heterogeneous tissue, the transition is near ε2 ≈ 0.0422, earlier than that
in the other two cases. The first transition is originated by the core instability
of the spiral wave. For the latter, the transition to a spiral wave breakup is
completely induced by the heterogeneity.

The mechanism of the spiral wave breakup as the one above can be explained
as follows. In a homogenous tissue, for each fixed parameter ε, each wave
has a minimum cycle length (CLmin). The wave can successfully propagate
in the excitable tissue only up to CLmin, otherwise it will fail. The CLmin

versus ε measured from one-dimensional ring simulation is shown in Fig. 4.5.
It increases linearly with ε. In a heterogeneous tissue, the wave propagation in
different regions has different CLmin. In Figures 4.2 and 4.3, the parameter ε
in the lower region is equal to 0.02, and smaller than those in the other regions.
As the spiral wave starts in the lower region, the cycle length of the spiral wave
is 2.84. Under this cycle length, the maximum value of ε in the tissue where
the wave can propagate is near 0.0422 or r2 = 37, as shown in Fig. 4.5. As ε2 is
beyond 0.0422, the wave in that region cannot propagate, so it must be broken
up into multiple wavelets after the transient propagation time. This critical
value for ε2 for this transition is exactly the same as that in Fig. 4.4. When the
spiral wave initiates at a high ε region (upper region in Figures 4.3), the cycle
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length selected by the initiated spiral wave is greater than all CLmin of the
low ε region. Thus, the wave can always propagate through the whole tissue.
In this situation, the heterogeneity cannot induce spiral wave breakup. The
spiral wave breakup also originates from the core instability. The transition
point is therefore exactly the same as that in a homogenous tissue.

5 Concluding Remarks

We studied the effect of heterogeneity on spiral wave propagation based on a
two-dimensional modified FitzHugh-Nagumo membrane model in an attempt
to model the complex dynamics of the heart. The heart is a three-dimensional
anisotropic medium, whose electrical activity changes with time and cardiac
impulse propagation is heterogeneous by nature. There has been substantial
experimental evidence favouring theoretical predictions of the propagation
of spiral waves in cardiac muscle and the generation of wave breakup may
play an important role in cardiac arrhythmias. We show that the reentry
activity depends on the strength as well as the position of the heterogeneity
and on the place where the reentry is initiated. When the heterogeneity is
strong enough and the spiral reentry is initiated in the short cycle length
region, spiral wave breakup induced by the heterogeneity occurs even if the
parameters in the whole heterogeneous tissue are in a non-breakup regime
of a homogenous tissue. Owing to the complexity of the cardiac muscle, our
result is an oversimplification of the real situation; even the model seems to
reproduce some important features that are associated with the initiation of
the VF. In practice, however, life is more complicated and an understanding
of detailed mechanisms underlying complex dynamics in experimental and
clinical situations requires an analysis of more realistic theoretical models.
Our results are generic in heterogeneous media.
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Fig. 4.1. Reentry dynamics in homogeneous tissue: (a)-(d) Snapshots of the 
reentry activities with density, u (x, y), values (1-0) (values decreasing from 
white to black) for = 0.035, 0.047, 0.065, 0.080, respectively. (e)-(h) The tip 
trajectory or tip number versus time corresponding to (a)-(d), respectively. (i)-
(l) Cycle length return maps corresponding to (a)-(d), respectively. 
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Fig. 4.2. Reentry dynamics in heterogeneous tissue. Different time snapshots 
of reentry activities with density, u (x, y), and the corresponding cycle length 
plots versus beat number for various 2. (a) 2 = 0.032; (b) 2 = 0.047; 
(c) 2=0.065; (d) 2 = 0.080. The spiral wave is initiated at the lower region of 
the heterogeneous tissue. The square, dot, triangle represent the cycle length 
measured from the lower, middle, and upper areas of the heterogeneous 
tissue, respectively. 
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Fig. 4.3. The same as Fig. 4.2 except that the spiral wave is initiated in the 
upper region of the heterogeneous tissue. It is clear that the reentry activities 
are essentially different from those in Fig. 4.2. 
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Fig. 4.4. The Lyapunov exponents versus 2 for homogeneous tissue (solid circle), 
heterogeneous tissue with spiral wave initiated in the lower region of the tissue 
(open circle) and in the upper region of the tissue (triangle). 

116 



Fig. 4.5. The minimum cycle length of the propagated wave in one-dimensional ring 
tissue versus .
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Abstract – By means of Monte Carlo simulations performed in the C program-
ming language, an example of scientific programming for the generation of pseudo-
random numbers relevant to both teaching and research in the field of biomedicine
is presented. The relatively simple algorithm proposed makes possible the statisti-
cal analysis of sequences of pseudorandom numbers. The following three generators
of pseudorandom numbers were used: the rand function contained in the stdlib.h
library of the C programming language, Marsaglia’s generator and a chaotic func-
tion. The statistical properties of the sequences generated were compared, identical
parameter values being adopted for this purpose. The properties of two estimators
in finite samples of the pseudorandom numbers were also evaluated and, in suitable
conditions, both the maximum-likelihood and method of moments proved to be
good estimators. The findings demonstrated that the proposed algorithm appears
to be suitable for the analysis of data from random experiments, indicating that it
has a large variety of possible applications in the field of biomedicine.

Keywords: biomedical applications, C programming language, modeling, Monte
Carlo simulation, random number generators, statistical analysis.
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1 Introduction

The wide range of use of computer programs with medical applications is evi-
denced by the huge variety of scientific articles that employ such programs in
both biomedical research and clinical practice [1-6]. Many of these programs
with medical applications produce random situations, including simulations
that model random processes and studies that require the addition of ran-
dom noises in more structured data, applications that depend on generators
of random numbers. Simulations with random numbers have even permitted
the calculation of the statistical variability of different parameters with suffi-
cient reliability for clinical purposes. Among the latter, the pharmacokinetic
parameters are indispensable for the development and evaluation of drugs, so
that they are required by international drug agencies and may influence major
decisions [1].

Every time we employ mathematics to study some phenomenon of interest,
we should begin essentially by constructing a model for that phenomenon.
Even though the solution to a mathematical problem may be correct, it can
nonetheless be greatly at variance with the data observed in an experiment,
simply because the basic hypotheses made in relation to the model are not
eventually confirmed. The term experiment denotes doing or observing some-
thing that occurs under specific circumstances in different contexts, generating
a result; the experiment may be conducted in different contexts, whether in a
laboratory or even in the course of daily life. The mathematical model to be
adopted may be deterministic or probabilistic and should ineluctably simplify
the understanding of the phenomenon in question. While, in a deterministic
model, the result of an experiment is determined by the conditions in which
it is carried out, in a probabilistic model the experimental conditions deter-
mine only the probabilistic behavior of the result observed. Although in a
deterministic model we make use of considerations to predict the result, in a
probabilistic model the same kinds of consideration are employed for the pur-
pose of allowing the probability of occurrence of the result to be calculated.
The construction of probabilistic models has been widely used in the field of
biomedicine as a result of the innumerable experiments that are not repeated
accurately, even in supposedly identical conditions, the result of which can-
not be predicted with certainty, for factors exist in fact that influence such a
result, factors that are unknown to the observer and/or which are not under
the observer’s control.

To state that a particular biological phenomenon is a random variable implies
that the measurement of the phenomenon occurs in a context of incertitude,
the numerical variable being dependent upon the result of a random experi-
ment, the representative model of which is probabilistic. A random experiment
may be repeated indefinitely under essentially unchanged conditions and, even
though its result cannot be stated in advance, it is possible to describe the
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set of all its possible results; the specific results occur in a random fashion,
but when the experiment is repeated an enormous number of times, a definite
pattern emerges. It is this behavior that makes it possible to construct a re-
liable probabilistic mathematical model with which the most varied random
experiments in the field of biomedicine may be analyzed.

The use of samples of random numbers in statistical simulations is commonly
referred to as the Monte Carlo method. Although the essential characteristic
of this model is the use of random sampling techniques for solving a prob-
lem, there are applications of the Monte Carlo method with no overt random
context, such as the inversion of a linear system of equations. The method is
a powerful technique that has permitted the solving of mathematical equa-
tions and thereby led to significant advances in the understanding of countless
complex phenomena. In a Monte Carlo simulation multiple replications will
be performed and the desired result is interpreted as a mean of the number of
observations. The result of these random samplings should be accumulated in
an appropriate manner with a view to performing the calculations of interest.
In many practical applications, the statistical error of the samples should be
determined. The concept of estimating parameters, adopting an implicit de-
fined statistical model merely by simulation, affords the Monte Carlo method
potential applications in various areas, so that it appears inevitable that in
the future its applicability will tend to be even greater than it is at present,
the area of biomedicine included.

Monte Carlo simulation has recently been used [2] to perform the decision
analysis to compare the possible outcomes of the two treatment strategies
and to assess the impact of varying levels of effectiveness. For each analy-
sis, 25, 000 Monte Carlo simulations were performed, showing the cumulative
number of deaths from tuberculosis per 100, 000 persons over ten years. These
simulations indicated that fewer deaths from tuberculosis would occur if one
of the treatment strategies is implemented [2].

Recently, the optimization of laser pulse duration and radiant exposure in
combination with cryogen spray cooling on the thermal response of skin has
been studied by using a Monte Carlo-based optical-thermal model [3]. Laser
therapy for cutaneous hypervascular malformations such as port-wine stain
birthmarks is currently not feasible for dark-skinned individuals, but since
this model predicts optimum pulse durations at which minimal damage to
the epidermis and significant injury within the targeted vasculature occur, it
may be employed to plan the treatment of cutaneous lesions in dark-skinned
individuals [3].

Monte Carlo simulations have also been used [4] to optimize the construction of
peptide pools that could identify responses to individual peptides using fewer
assays and less patient material than currently needed. Pools of overlapping
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peptides corresponding to specific antigens are frequently used to identify T
cell immune responses to vaccines or pathogens. While the response to the
entire pool of peptides provides important information, it is often desirable
to know at which individual peptides within the pool the immune responses
are directed. The Monte Carlo simulation may help in the design of clinical
trials in which the extent of the response is being measured, by permitting a
calculation of the minimum amount of blood that needs to be collected, and
it may inform the design and implementation of experiments to deconvolute
the responses to individual peptide epitopes [4].

Intravascular brachytherapy has been recognized as the preferred treatment
for coronary in-stent restenosis in routine practice and the Monte Carlo codes
have been used to calculate the dose distributions for the 90Sr, 32P , and 192Ir
sources with and without a metallic stent in place [5]. Calculations show that
dose enhancement of 5% to 20% occurs inside the stent in the region close to
the luminal side for all three sources; in the region outside the stent, a dose
reduction of 5% to 20% is observed for a beta source, whereas the dose effect
is negligible for a gamma source. The data presented are experimentally useful
in considering the dose effects of stents in dose evaluation/treatment planning
when using intravascular brachytherapy to treat coronary in-stent restenosis
[5].

Use has been made of an algorithm based on the Monte Carlo method in
stereotaxic radiosurgery treatment planning [6], which is another application
of the method in clinical practice. The method permits a simulation procedure
with 10, 000, 000 events and 1% maximum variance can be run in 43seconds,
including the obtaining of images by CT, delineation of the target organ to
be treated, and the calculation of the dose of irradiation on every transverse,
sagittal or coronal planes on the anatomical representation of the body [6].

In many applications of the Monte Carlo method the process is simulated
directly with no need for the writing of differential equations in order to de-
scribe the functioning of the phenomenon under observation. It is a general
computational technique of numerical integration that is able to recreate the
functioning process of an actual phenomenon within a theoretical model. The
main problem with the use of this method for analyzing data is the need
to write a specific computer program for each of its applications. And the
ability to efficiently generate sequences of random numbers with good statis-
tical properties is crucial for solving many complex problems using the Monte
Carlo method. As a result of the vital importance of the use of random num-
bers in computer simulations currently employed in the field of biomedicine,
the present study will examine the statistical properties of the sequences gen-
erated by three generators of pseudorandom numbers by means of Monte
Carlo simulations constructed in the C programming language. Indeed, the
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proposed algorithm makes it possible to analyze experimental data obtained
from biomedical research and clinical practice.

2 Random Number Generators

The term random variable may be used to represent the numerical quantity
being observed, a value that cannot be predicted from a knowledge of the
experimental conditions. A sequence of n + 1 numbers X1, X2, . . . , Xn+1 is
random when the number n − th plus 1 (Xn+1) cannot be predicted through
the observation of the first n numbers. In other words, the information on
a given number in any sequence of numbers does not help predict the next
number in that particular sequence. A random variable is an example of the
mathematical idea of function, although the domain of this function is much
broader than it is in the general usage of the term.

In a computer simulation the generator of random variables is a mathematical
algorithm that produces a series of numbers. Thus random numbers generated
by any specific algorithm are systematic and therefore are neither truly inde-
pendent nor truly random [7]. Hence, the knowledge of one of the numbers of
the sequence and the knowledge of the algorithm behind the code makes it
possible to predict the number following the known number. However these
pseudorandom numbers are sufficiently random for most computational pur-
poses, bearing in mind that they have good statistical properties. This being
so, we shall henceforth refer to them as random numbers.

The method by which the random variables are generated is fundamental
for any modeling, even for the implementation of an algorithm in the differ-
ent computer environments embedded in the innumerable methodologies em-
ployed for diagnosis and treatment. The generation of random variables with
a specified distribution is a key issue in virtually any simulation study and,
depending upon the distribution, there are often several generating methods
that can be used to produce a random number sequence [7]. It should be noted
that two good distinct generators of random numbers should produce statisti-
cally the same result when included in a particular program. A set of criteria
is desirable [7] for selecting and comparing random number generators, such
as period length, computing efficiency, portability, theoretical justification of
randomness, and empirical performance.

In a random number generator the first number in the sequence is termed the
seed. A given seed will always generate exactly the same sequence of numbers
when the program is compiled and executed at different moments, since the
process of random number generation is actually random in the generation
of the next number in a sequence, but it is totally reproducible. Thus each
different seed leads to a different sequence of random numbers. These methods
are mainly based on the generation of independent variables from the uniform
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distribution U(0, 1) and thus the uniform random number generation is the
foundation for all computer simulation studies [7].

Unfortunately, some random number generators display imperfections, such
as a loss of uniformity in the sequence of numbers generated and a serial rela-
tionship within such a sequence. And if the random sequences are predictable,
they are inadequate for many Monte Carlo calculations [8]. It follows that
adopting random number generators with a good uniformity over a long pe-
riod length is thus very important for this purpose, seeing that the suitable
quality of such generators determines both the absence of systematic errors in
the simulation and the reduction in computer time for achieving the desired
accuracy of the study.

Many random number generators have been proposed in the literature. In the
present study random numbers were generated by means of the rand function,
Marsaglia’s generator and the chaotic function recently proposed by González
& Pino [8]. The rand function forms part of the stdlib.h library of the C
programming language. It can generate a sequence of random integers in the
interval between 0 and any integer. In the rand generator the seed is usually
obtained from a list of data and, on the first occasion on which the function
is run in the simulation program, the value of its argument is the seed of that
particular sequence. The generator proposed by George Marsaglia is a good
generator of uniform random numbers between 0 and 1, is relatively fast, has
a period approximately equal to 260, and passes stringent randomness tests
[9].

The idea of applying chaos theory to randomness has produced important
results, such as the logit transformation applied [8] to the logistic map variable
for producing a sequence with a near Gaussian distribution, in which the
particular case of the logistic map used is

Xn+1 = 4Xn(1 − Xn),

which has the following general solution

Xn = sin2(kπ2n).

For k irrational, this sequence is chaotic [8]. Recently González & Pino [8]
generalized this function, so that its argument (kπ2n) became kπzn, where
z will be a real number. When z is integer, the generalized function is the
general solution to other one-valued maps. But if z is fractional, the func-
tion produces multivalued maps. Moreover, for z irrational, the return map
produces a scatter of points without apparent order. However, the most im-
portant result is that for z > 1 fractional, since the chaotic function is in
principle unpredictable and this leads to better random number generators.
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Using the transformation

Yn =
2

π
arcsin(

√
Xn),

one may obtain random numbers uniformly distributed on the interval [0, 1].
For most fractional z > 1, the function is not only chaotic but its next value
is impossible to predict from the previous values (as shown in Fig.5.1). When
z is not integer, the initial condition X0 defines univocally the value k. If z
is fractional this is not so. There exist an infinite number of values of k that
satisfy the initial conditions. The time-series produced by different values of
k satisfying the initial conditions is different in most cases. The geometrical
place of the return map for z irrational is the whole square 0 ≤ Xn ≤ 1; 0 ≤
Xn+1 < 1; and any point on this square is also possible for any n (as shown
in Fig.5.2). Thus, any random number produced on the return map is always
a hit, never a miss. González & Pino presented a method for producing truly
unpredictable sequences of random numbers [8], which was applied successfully
in the present study.

3 Numerical Procedure

By means of Monte Carlo simulations an evaluation was made of the statistical
properties of the sequences of random numbers using the following generators:
the rand generator contained in the stdlib.h library of the C programming lan-
guage, Marsaglia’s generator and the chaotic function proposed by González
& Pino [8]. For each generator a program was written, compiled and run that
was codified using the C programming language, gcc compiler, on a PC with
a 1 GHz Pentium III processor, 96 Mb RAM, using the Linux platform. The
program is presented in section 3.1 and does the following:

1. Generates n values of samples of random numbers, in a finite quantity
of replications R for Monte Carlo simulation, within a maximum possible
value of q (to be used by the generator as the maximum limit of the random
values generated by it). These variables will be supplied by the user during
the process of running the program. In our simulations the following values
for n were adopted: n = 5, 10, 20, 50, 100 and 1, 000, R = 100, 000 and q = 1, 5
and 10.

2. Calculates the following items:

- arithmetical mean of the values of the samples in each Monte Carlo replica-
tion, followed by the mean of these sample means in 100, 000 replications;

- median of the values of the samples in each Monte Carlo replication, followed
by the median of these sample medians in 100, 000 replications;

- minimum value among the random numbers generated in a population of
100, 000 replications;
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- maximum value of the random numbers generated in a population of 100, 000
replications;

- variance of the values of the samples in each Monte Carlo replication, fol-
lowed by the variance of these sample variances in 100, 000 replications;

- standard deviation of the values of the samples in each Monte Carlo repli-
cation and the standard deviation of the population of 100, 000 replications;

- moment of kurtosis coefficient centered on the sample mean in each Monte
Carlo replication and the distribution of these moments;

- maximum-likelihood estimation (MLE) of the samples of each Monte Carlo
replication, followed by the estimation of these sample estimations in 100, 000
replications;

- method of moments estimation (MME) of the samples in each Monte Carlo
replication, followed by the estimation of these sample estimations in 100, 000
replications;

- arithmetical mean of the MLEs after 100, 000 replications;
- arithmetical mean of the MMEs after 100, 000 replications; variance of the

MLEs after 100, 000 replications;
- variance of the MMEs after 100, 000 replications;
- mean squared error for the MLEs after 100, 000 replications;
- mean squared error for the MMEs after 100, 000 replications;
- bias for the MLEs after 100, 000 replications;
- bias for the MMEs after 100, 000 replications.

3.1 Algorithm for data analyzes by the Monte Carlo method

Life-science researchers, clinicians, and health scientists often need to write
programs that implement estimation and testing methods that they may de-
cide to use. MATLAB, GAUSS, MAPLE, MATHEMATICA, R and S-PLUS
make programming accessible to the vast majority of such professionals. The
existence of pre-packaged routines in statistical software that is otherwise best
suited to perform data analyses does not make the need for statistical comput-
ing any less urgent [10]. Programming forces one to reflect on the problem at
hand and there are many programming languages that are well suited to sci-
entific computing. Fortran has been and continues to be the standard dialect
of the scientific community [9]. Nevertheless, other languages have also proven
to be well suited for number crunching as well [9], and C provides researchers
and clinicians with an appealing alternative.

C has a number of high points, three of them being flexibility, portability and
speed; in some cases, well-written and efficiently compiled C programs can run
over ten times faster than when efficiently coded in higher level languages [9].
Programmers write C programs and then use a compiler to translate their code
into instructions the computer understands, and a list of freeware compilers
is available at http://www.idiom.com/free-compilers/. A tutorial on C can
be found at http://www.lysator.liu.se/c/bwk-tutor.html. The example that
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follows, quite useful for teaching, illustrates how the Monte Carlo simulation
performed in the C programming language was used in this study.

/*******************************************************************

* Program: Monte Carlo.c

* Usage: To generate pseudorandom numbers; the statistical properties of

* the sequences generated is compared, identical parameter values being

* adopted for this purpose.

* Compiler: gcc

***********************************************************************/

// Monte Carlo.c //

# include <stdio.h> # include <time.h> # include <math.h> #

include <string.h> # include <stdlib.h>

# define Pi (3.14159265359)

// George Marsaglia’s uniform random number generator //

# define s1new ((s1=36969*(s1&65535)+(s1>>16))<<16) # define s2new

((s2=18000*(s2&65535)+(s2>>16))&65535) # define UNI

((s1new+s2new)*2.32830643708e-10)

static unsigned long s1=362436069, s2=521288629;

# define setseed(seed1,seed2) {s1=seed1;s2=seed2;}

// Calculation of square of the function //

double quadrado(double f(double),double l) {

double k;

k=0.0;

k=f(l)*f(l);

return k;

}

// Redistributes a numerical vector in ascending order. //

double ordem (double *temp1,int ta_pop) {

int bolha,j;

double aux;

while(ta_pop>0)

{

bolha=0;

for(j=0;j<ta_pop;j++)

{

if(temp1[j]>temp1[j+1])

{

aux=temp1[j];
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temp1[j]=temp1[j+1];

temp1[j+1]=aux;

bolha=j;

}

}

ta_pop=bolha;

}

}

int main (void) {

// Declaration of variables used in the program. //

FILE *nome;

int i,inter,val_inter,ta_pop,theta,cma,cme,ci;

double med,sum,Maior,menor,v_menor[99999],temp1[999],med1,EMM;

double var_p,desv_pa,mediana_f,mm,v_mm;

double EMV[99999],s_EMV,m_EMV,EMV_t,Var_EMM,Var_EMV;

double EQM_EMV,vies_EMM,media_p,mediana[99999];

double menor_p,curtose,vies_EMV,EQM_EMM,var,var_f[99999];

double s_var,m_var,var_qua,med2,momento4[99999],momento4_f;

char arq[20];

clock_t inicio, fim;

// Keyboard input of data //

printf("\n\n Please type in name and extension you wish to give file

\\containing the data: \n\n");

scanf("%20s",arq);

printf("\n Please type in maximum possible value of theta parameter,

\\to be used by the generator as the maximum limit of the random

values generated by it: \n");

scanf("%d",&theta);

printf("\n Please type in quantity of replications for Monte Carlo

\\simulation: \n");

scanf("%d",&val_inter); // Quantity of replications for Monte Carlo

\\simulation.

printf("\n Please type in quantity of n values of samples of random

\\numbers: \n");

scanf("%d",&ta_pop);

nome=fopen(arq,"a");

// Inicialization of variables. //

inter=0;

med1=0.0;

mm=0.0;

EMV_t=0.0;
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menor_p=theta;

med=0.0;

ci=0;

cma=0;

cme=0;

// Start of Monte Carlo replication. //

while(inter<val_inter)

{

inicio=clock(); // Start the clock (to time the execution

of the program). //

sum=0.0;

Maior=0.0;

menor=theta;

med2=0.0;

var=0.0;

inter=inter++;

for(i=0;i<ta_pop;i++)

{

temp1[i]=0.0;

temp1[i]=UNI*theta; // Generation of pseudorandom numbers.//

// Rand generator //

temp1[i]=((rand()%1000000)/1000000.0)*theta;

// Chaotic generator //

temp1[i]=quadrado(sin,(sqrt(2)*(Pi)*pow((double)INC_PI,(double)n)))*theta;

// Generation of pseudorandom numbers.//

temp1[i]=(2/Pi)*asin(sqrt(temp1[i]));

sum+=temp1[i];

if(temp1[i]>Maior)

{

Maior=temp1[i];

EMV[inter-1]=Maior; // Saves the MLE of each sample. //

}

if(temp1[i]< menor)

{

menor=temp1[i];

v_menor[inter-1]=menor;

\\// Saves the smallest value of random variables
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\\//of each sample.

}

}

ordem(temp1,ta_pop); // Calls ordering function. //

mediana[inter-1]=0.0;

// Calculation of median if there is even number of random variables

\\in the sample.

if((ta_pop%2)==0)

{

mediana[inter-1]

=(double)(temp1[((ta_pop)/2)-1]+temp1[(ta_pop)/2])/2;

}

// Calculation of median if there is odd number of random variables

\\in the sample.

if((ta_pop%2)!=0)

{

mediana[inter-1]=(double)temp1[(ta_pop-1)/2]/2;

}

// Saves the greatest MLE of samples after Monte Carlo simulation. //

if(EMV[inter-1]>EMV_t)

{

EMV_t=EMV[inter-1];

}

if(v_menor[inter-1]< menor_p)

{

menor_p= v_menor[inter-1];

}

INC_PI=INC_PI+0.00000001;

med2=(double)(sum/ta_pop); // Arithmetical mean of the values of

the samples in each Monte Carlo replication.

med+=(double)(sum/ta_pop); // Sum of arithmetical mean of the

//values of the samples in each Monte Carlo replication.

momento4[inter-1]=0.0;

var=0.0;

for(i=0;i<ta_pop;i++)

{

var+=(double)(temp1[i]-med2)*(temp1[i]-med2);

momento4[inter-1]+=

(double)(temp1[i]-med2)*(temp1[i]-med2)*(temp1[i]-med2)

*(temp1[i]-med2);

}
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momento4_f=0.0;

var_f[inter-1]=0.0;

curtose=0.0;

var_f[inter-1]=(double)(var/(ta_pop-1)); // Variance of the

//values of the samples in each Monte Carlo replication.

momento4_f=(double)(momento4[inter-1])/(ta_pop-1); // Fourth sample

//moment in each Monte Carlo replication.

curtose=momento4_f/((var_f[inter-1])*(var_f[inter-1])); // moment of

// kurtosis coefficient centered on the sample mean in each

// Monte Carlo replication.

med1+=(double)(2*(sum/ta_pop)); //Saves sum of MME of each sample.

mm+=(double)(2*(sum/ta_pop))-theta; // Saves sum of differences between

// moments and parameter theta.

// Conditional tests of moment of kurtosis coefficient. //

if(curtose==3.0)

{

ci=ci++;

}

if(curtose>3.0)

{

cma=cma++;

}

if(curtose<3.0)

{

cme=cme++;

}

} // End of Monte Carlo replication. //

ordem(mediana,val_inter);

// Calculation of median of the population of Monte Carlo replications, //

//if there is even number of random variables in the sample.//

if((val_inter%2)==0)

{

mediana_f=(mediana[((val_inter)/2)-1]+mediana[(val_inter)/2])/2;

}

// Calculation of median of the population of Monte Carlo replications, //

//if there is odd number of random variables in the sample. //

if((val_inter%2)!=0)

{

mediana_f=mediana[((val_inter-1)/2)]/2;

}
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s_var=0.0;

m_var=0.0;

var_qua=0.0;

desv_pa=0.0;

media_p=0.0;

media_p= (double)(med/val_inter); // Arithmetical mean of the

//population of Monte Carlo replications.

// Sum of variances in each Monte Carlo replication. //

for(i=0;i<val_inter;i++)

{

s_var+=var_f[i];

}

m_var=(double)(s_var/val_inter);

for(i=0;i<val_inter;i++)

{

var_qua+=(var_f[i]-m_var)*(var_f[i]-m_var);

}

var_p=(double)(var_qua/val_inter); // Variance of the

// population of Monte Carlo replications.

desv_pa=sqrt(var_p); // Standard deviation of the population

// of Monte Carlo replications.

s_EMV=0.0;

EMM=(double) med1/val_inter; // Arithmetical mean of the MMEs. //

Var_EMM=(double) (theta*theta)/(3*ta_pop); // Variance of the MMEs. //

Var_EMV=

(double) ((theta*theta)*ta_pop)/(((ta_pop+1)*(ta_pop+1))*(ta_pop+2));

// Variance of the MLEs. //

vies_EMM=(double)mm/val_inter; // Bias for the MMEs. //

EQM_EMV=(double) (2*(theta*theta))/((ta_pop+1)*(ta_pop+2));

// Mean squared error for the MLEs.

EQM_EMM=(vies_EMM*vies_EMM)+Var_EMM;

// Mean squared error for the MMEs.

v_mm=0.0;

for(i=0;i<val_inter;i++)

{

s_EMV+=EMV[i];

v_mm+=EMV[i]-theta;

}

m_EMV=(s_EMV/val_inter); // Arithmetical mean of the MLEs. //

vies_EMV=v_mm/val_inter; // Bias for the MLEs. //

fim=clock(); // End the clock. //

// Output of data. //

fprintf(nome,"\n =================================================\n");
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fprintf(nome,"\n Total processing time was %.15f seg \n\n",

((double)(fim-inicio))/CLOCKS_PER_SEC);

fprintf(nome,"\n Median of the population of Monte Carlo replications:

%.25f \n\n",mediana_f);

fprintf(nome,"\n Arithmetical mean of the population of Monte Carlo

replications: %.25f \n\n",media_p);

fprintf(nome,"\n Quantity of moment of kurtosis coefficient equal to 3:

%d \n\n",ci);

fprintf(nome,"\n Quantity of moment of kurtosis coefficient greater

than 3: %d \n\n",cma);

fprintf(nome,"\n Quantity of moment of kurtosis coefficient lower

than 3: %d \n\n",cme);

fprintf(nome,"\n Variance of the population of Monte Carlo

replications: %.25f \n\n",var_p);

fprintf(nome,"\n Standard deviation of the population of Monte Carlo

replications: %.25f \n\n",desv_pa);

fprintf(nome,"\n The greatest value of the maximum-likelihood

estimation (MLE): %.25f \n\n",EMV_t);

fprintf(nome,"\n The smallest value of the method of moments

estimation (MME): %.25f \n\n",menor_p);

fprintf(nome,"\n Arithmetical mean of the MLEs: %.25f \n\n",m_EMV);

fprintf(nome,"\n Arithmetical mean of the MMEs: %.25f \n\n",EMM);

fprintf(nome,"\n Variance of the MLEs: %.25f \n\n",Var_EMV);

fprintf(nome,"\n Variance of the MMEs: %.25f \n\n",Var_EMM);

fprintf(nome,"\n Mean squared error for the MLEs: %.25f \n\n",EQM_EMV);

fprintf(nome,"\n Mean squared error for the MMEs: %.25f \n\n",EQM_EMM);

fprintf(nome,"\n Bias for the MLEs: %.25f \n\n",vies_EMV);

fprintf(nome,"\n Bias for the MMEs: %.25f\n\n",vies_EMM);

fprintf(nome,"\n Quantity of n values of samples of random numrers: %d

\n\n",ta_pop);

fprintf(nome,"\n Quantity of replications for Monte Carlo

simulation: %d \n\n",val_inter);

fprintf(nome,"\n Value of theta to be used by the generator as the

maximum limit of the random values generated

by it: %d \n\n",theta);

fprintf(nome,"\n ===============================================\n");

fclose(nome);

return 0;

}

4 Numerical Results and Discussion

Statistics provide tools for analyzing phenomena occurring in a context of
incertitude, as evidenced in random experiments in the field of biomedicine.
A statistical test may therefore be based on data obtained from probabilistic
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experiments, so that the essence of the test is a law that informs the observer
whether the collected data make it possible to accept or reject the hypotheses
formulated, even allowing one to test the veracity of a proposed probabilistic
model. Hence one great advantage of the use of statistical tests is that they
furnish both qualitative and quantitative results. In the present study the
statistical tests were conducted for an equal quantity of n values of samples of
random numbers, quantity of replications R for Monte Carlo simulation, and
value of θ to be used by the generator as the maximum limit of the random
values generated by it.

Once the 100, 000 Monte Carlo replications for each sample size with 5, 10, 20,
50, 100 and 1, 000 random numbers had been performed, and three distinct
methods used for the generation of these numbers, an analysis of the data of
this study made it possible to check the stability of the results and confirm
the consistency of the algorithm developed. Indeed, any work using the Monte
Carlo method should use a minimum of two different methods of generating
random numbers, not only in order to check the stability of the results but
also to avoid surprises arising from the existence of unsuspected imperfections
in the algorithm of the generator.

Very often it becomes necessary for data to be summarized by means of a value
representing the complete series. Through central position measurements, such
as median and mean, a drastic reduction in the data may be obtained. Median
is a value in an ordered set of values below and above which there is an equal
number of values, or which is the arithmetic mean of the two middle values
if there is no one middle number. The arithmetical mean (X̄) of the sample
represents the sum of the observations divided by the number of them, which
is expressed as follows:

X̄ =

∑n
i=1 Xi

n

A measurement may be regarded as resistant when it little affected by changes
in a small part of the data. This being so, the median is a resistant measure-
ment, which is not the case with the mean.

When θ = 1, with the use of Marsaglia’s generator, for samples with the sizes
10, 20, 50, 100 and 1, 000, it was seen that both the mean and the median of the
values of the random numbers generated presented a value of 0.5000; with the
rand generator, for a similar, previously considered number of samples, it was
seen that both the mean and the median of the values of the random numbers
generated presented a value of 0.499. Such equality between the values of the
mean and the median, found in the sequence of random numbers generated
by Marsaglia’s generator and by the rand generator implied that there is a
symmetrical frequency distribution of the values that were randomly generated

134



in the interval between 0 and 1. Indeed, this symmetry can be confirmed
through the moment of kurtosis coefficient centered on the sample mean, seeing
that there was an incidence of at least 97% of these samples presenting this
coefficient with a value below 3.0.

On the other hand, when the random numbers were generated with the use
of the chaos generator, for a similar previously considered n and θ, it was
found that the mean and median values of the random numbers generated
were not identical (Table 1), although the variance was 10−4 and the value of
the moment of kurtosis coefficient centered on the sample mean in 100% of
all the samples was under 3.0. As a result, the sequences of random numbers
generated by the three generators may be considered to be a symmetrical
distribution, whose frequency curve presents a flattening that is greater than
the normal curve.

In samples generated by the three generators with five values of random num-
bers (n = 5) distributed in the interval between 0 and 1, the value of the
median was approximately 50% of the value of the mean. In this case, there
is a positive deformation in the frequency distribution, such that it presents a
wider tail to the right of the maximum ordinate than to the left. This being so,
we may consider that if the size of the sample is small, there is an asymmetry
in the distribution of the random numbers generated by the three generators.

At each simulation the value of θ, n and R were set. With the use of Marsaglia’s
generator, the rand generator and the chaos generator, for samples of 20, 50, 100
and 1, 000 random numbers, the minimum value of the numbers generated was
shown to be 0.0000 and the maximum value 0.9999, if θ = 1. The three gen-
erators were used with different θ values. In this study the following algebraic
demonstration was confirmed for values equal to 5 and 10, values that made
possible the generation of random numbers that ranged between 0 and 5 and
between 0 and 10, respectively:
Let Xi ∈ (0, 1) and Yi(0, θ) be random variables. If Xi ∈ (0, 1) and Yi(0, θ),
then Yi is a variable of the form Yi = Xiθ. Let Xi ∈ (Xi, . . . , Xn) and
Yi ∈ (Yi, . . . , Yn), then their respective mean (X̄), variance (Var) and stan-
dard deviation (SD) have the following relationships:

X̄ =

∑n
i=1 Xi

n
,

Ȳ = θX̄,
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V arX =
(
∑n

i=1 Xi − X̄)
2

n − 1
,

V arY = θ2V arX,

DP (X) =
√

V arX,

DP (Y ) = θDP (X).

In the event of an estimation problem, the purpose is to seek, in accordance
with some specified criterion, values that adequately represent some unknown
parameter θ. If θ̂ is an estimator of the parameter θ, we understand that θ̂ is
a non-tendentious estimator of θ if, for any θ,

E[θ̂] = θ,

where E denotes the expected value. The principle of maximum-likelihood
states that one should choose the value of the parameter θ that maximizes the
probability of obtaining the observed sample in the particular order in which
its elements appear. In this method the estimations are obtained from the
maximization of the function of likelihood of θ corresponding to the random
sample observed, expressed by

L(θ, x) =
n∏

i=1

f(xi|θ).

Thus, the sample X1, . . . , Xn was used to obtain information on the parameter
θ. Considering θ = 1 for the three generators adopted, in the analysis of the
maximum-likelihood estimation (MLE) it was found that as the size of the
samples increases (n = 5, 10, 20, 50, 100 and 1, 000), the value of the mean of
the estimation θ̂ tends to the value of θ, as shown in Table 2.

MLE may be regarded as being an estimation that has an asymptotically
unbiased behavior, seeing that the estimated mean value tends to approach
the true value of the parameter. With the increased size of the sample the
MLE becomes coherent, so that under usual conditions, if the sample is large,
such estimation will be close to the parameter to be estimated (i.e. when n
is sufficiently large, θ̂ will be close to θ). And this increase in the size of the
sample leads to a reduction in the value of the variance of the estimation.
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Considering that the variance of a random variable measures the variability of
that variable around the expected value, when the variance of the estimation
is small, it means that the estimation is, as a rule, close to the value of the
true parameter (i.e. the θ value).

On the other hand, considering θ = 1 for the three generators, in the analysis
of the method of moments estimation (MME) it was found that its behavior
does not appear to be influenced by the size of the sample, as can be seen in
Table 3. However, as the size of the sample increases, the variance of MME
decreases. In this method the estimations are obtained by matching the sample
moments to the corresponding population moments.

One of the commonly used procedures for assessing the performance of an
estimator is the mean squared error (MSE). Let θ̂1 and θ̂2 be estimators for
parameter θ. θ̂1 may be considered better than θ̂2 if

MSE[θ̂1]≤MSE[θ̂2],

for any θ, with ≤ replaced by < at least for one value of θ. The MSE of an
estimator θ̂ of the parameter θ may be expressed by

MSE[θ̂] = E[(θ̂ − θ)2].

In the event of θ̂ being an unbiased estimator for θ, it is shown that

MSE[θ̂] = V ar[θ̂].

In other words, the mean quadratic error of θ̂ is reduced to its variance. On
the other hand, if θ̂ is a biased estimator for θ, it is shown that

MSE[θ̂] = V ar[θ̂] + B2(θ̂),

where B2(θ̂) = E(θ̂) − θ is the bias of the estimator θ̂, expressed by its ex-
pected value minus the true value of the parameter. With the increase in size
of the sample it was found in this study that the MSE of the MLEs and
MMEs decreases. The value of MSE tends to approach the variances of both
estimations, which implies that the MSE tends to be asymptotically unbiased
inasmuch as there is an increase in the size of the sample. After analyzing
the three generators by means of a comparison between the calculation of the
MSE of the MLEs and the MMEs, it was concluded that the MLE is a better
estimator than the MME, as shown in Tables 4 and 5.

Although the cases considered here were adapted for general modeling, the
proposed algorithm may indicate whether a model is suitable for the repre-

137



sentation of a particular biological phenomenon. If so, it may be employed
to compare data obtained from a random experiment with data obtained us-
ing theoretical probabilistic model, designed for that experiment, in order to
ascertain the reliability or not of such a model. Bearing in mind that, in
the algorithm proposed here, a uniform distribution of random numbers was
adopted, in accordance with the distribution of the sequence of random num-
bers to be adopted, an adjustment to the algorithm should be made with the
aim of adapting it to the distribution of each probabilistic model being stud-
ied, thereby requiring, in this case, an adjustment to the calculations of the
methods of estimation.

Over the past few years the development of new methods for generating ran-
dom numbers has aroused considerable interest in the scientific community,
and this fact is probably the result of the immense number of calculations
that can be performed using the Monte Carlo method. The results of the
present study demonstrated that the proposed algorithm appears to be suited
to a great variety of applications in a wide range of theoretical and clinical
biomedical specialties, including biophysics, molecular biology, pharmacology,
physiology, clinical engineering, hospital information systems, medical imag-
ing and ambulatory monitoring. Indeed, the proposed algorithm is suitable
for both teaching and research, making it possible to analyze data obtained
in experiments of randomness.
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Fig. 5.1. First-return map produced by the chaotic function, for z rational  
(z = 8/3).
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Fig. 5.2. First-return map produced by the chaotic function, for z = .
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Table 1 - For  = 1, quantity of n values of samples, and mean, median and 
variance of the random numbers, obtained from the chaos generator. 

n Mean Median Variance

5 0.4824 0.2259 <  10
-4 

10 0.4295 0.4514 <  10
-4

20 0.5204 0.4732 <  10
-4

50 0.4984 0.4792 <  10
-4

100 0.4998 0.4864 <  10
-4

1000 0.5000 0.4987 0.0015 
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Table 2 - Quantity of n values of samples of random numbers, and mean of the 
maximum-likelihood estimation (MLE) in the 100,000 replications, where M 
represents the Marsaglia's generator, R the RAND generator and C the chaos 
generator. 

n M-MLE R-MLE C-MLE 

5 0.8338 0.8333 0.9495 

10 0.9092 0.9091 0.9495 

20 0.9524 0.9522 0.9804 

50 0.9805 0.9803 0.9873 

100 0.9901 0.9901 0.9919 

1000 0.9990 0.9990 0.9990 
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Table 3 - Quantity of n values of samples of random numbers, and mean of the 
method of moments estimation (MME) in the 100,000 replications, where M 
represents the Marsaglia's generator, R the RAND generator and C the chaos 
generator. 

n M-MME R-MME C-MME 

5 1.0010 1.0000 0.9647 

10 1.0003 0.9994 0.9850 

20 1.0002 0.9998 1.0409 

50 1.0001 0.9999 0.9968 

100 1.0000 0.9999 0.9996 

1000 1.0001 0.9998 0.9999 
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Table 4 - Mean squared error (MSE) obtained from the maximum-likelihood 
estimation for the three generators, where M represents the Marsaglia's generator, 
R the RAND generator and C the chaos generator.

n M-MSE R-MSE C-MSE 

5 0.0476 0.0476 0.0476 

10 0.0152 0.0152 0.0152 

20 0.0043 0.0043 0.0043 

50 0.0008 0.0008 0.0008 

100 0.0002 0.0002 0.0002 

1000 0.0000 0.0000 0.0000 
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Table 5 - Mean squared error (MSE) obtained from the method of moments 
estimation for the three generators, where M represents the Marsaglia's generator, 
R the RAND generator and C the chaos generator.

n M-MSE R-MSE C-MSE 

5 0.0667 0.0667 0.0679 

10 0.0333 0.0333 0.0336 

20 0.0167 0.0167 0.0183 

50 0.0067 0.0067 0.0067 

100 0.0033 0.0033 0.0033 

1000 0.0003 0.0003 0.0003 
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Abstract – Osteoporosis is a global problem that is expected to rise in significance
as the population of the world both increases and ages. It is characterized by low
bone mineral density that can result in an increase in the risk of bone fractures.
The purpose of this paper is to model the bone mineral density estimated through
dual-energy x-ray absorptiometry, by using local volume spline interpolants. Inter-
polating the values means the construction of a function F (x, y, z), which mimics the
relationship implied by the data (xi, yi, zi; fi), in such a way that F (xi, yi, zi) = fi,
i = 1, 2, . . . , n, where x, y and z represent, respectively, age, weight and size. This
strategy greatly enhances the ability of accurately communicate the patient’s bone
density measurements, with the potential to become a framework for bone densit-
ometry in the clinical practice.

Keywords: bone densitometry, bone mineral density, local volume splines, osteo-
porosis, scattered data modeling.
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1 Introduction

Over the past 10 years, osteoporosis has emerged as a major clinical chal-
lenge for physicians, health care professionals and patients, related both to its
prevalence and the morbidity and mortality of associated fractures. Moreover,
resultant fractures in the proximal femur are associated with a greater num-
ber of deaths and disabilities, increasing socioeconomic costs that are expected
to rise in the future as the population of the world both increases and ages.
Thus, osteoporosis is a global problem. It is defined as a progressive systemic
skeletal disease characterized by low bone mineral density (BMD), microar-
chitectural deterioration of bone tissue or both, with a consequent increase in
bone fragility and susceptibility to fracture [1, 2]. Many studies have shown a
strong inverse relation between BMD and osteoporotic fracture, with a dou-
bling in the fracture incidence for each standard deviation (SD) reduction in
BMD [?]. Despite osteoporosis may affect the entire skeleton, fractures con-
stitute the only important adverse health consequence of this disorder, often
from minor falls or spills that would not normally result in bone fracture.
However, the medical and social consequences of these age-related fractures
make osteoporosis a significant public health problem [2, 4]. It is one of the
most debilitating diseases particularly in women of peri- or post-menopausal
age. But this disease is not limited only to female patient and there are many
other diseases (not related to sex, age or hereditary) that can cause this condi-
tion, e.g. hypogonadism, hyperparathyroidism, hyperthyroidism, rheumatoid
arthritis, diabetes, chronic illness or debilitation, renal failure, to mention just
a few.

A variety of bone mass measurement techniques is predictive of fracture, in-
cluding dual-energy x-ray absorptiometry (Dexa) and quantitative ultrasound.
Measurement of BMD with Dexa is the current “gold standard” for diagnos-
ing osteoporosis and for monitoring patients. The principle of Dexa involves
the attenuation of a dual energy x-ray beam as it passes through the human
body. The detectors then compare the amount of x-rays absorbed by the bone
to the amount absorbed by the non-bony tissues of the body. Thus, the bone
densitometer measures the BMD and it also compares this measurement to a
reference population based on age, weight, size, sex and ethnic background.
Bone densitometry is a simple, non-invasive and painless procedure that ex-
amines the hip (i.e., proximal femur), lumbar spine (L2−L4) and occasionally
the wrist, because these are the sites where osteoporosis first occurs.

The scattered nature and complexity of biological images present a unique
set of challenges in data analysis and interpretation. Scattered data is a term
used to convey the idea of data that does not have any special configuration
as opposed to some types of data that lie on a regular Cartesian grid. Scat-
tered data are of practical importance in many fields, where data are often
generated at sparse and irregular positions, which can be found in a number
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of problems in fields such as earth sciences, engineering and biomedicine. In
the image processing community, scattered data interpolation is necessary to
perform reconstruction among no uniform samples [?]. It requires scattered
data interpolation to determine values at arbitrary positions, not just those at
which the data are available. This facilitates many useful operations for visu-
alizing scattered multidimensional data. Interpolation means finding a curve
or surface that satisfies some imposed constraints exactly [?]. In medical imag-
ing, scattered data interpolation is essential to construct a closed surface of
human organs from CT scans, MRI, SPECT and some ultrasound techniques.

This paper describes one method for solving variants of the following problem:
given a finite set of n scattered density data points in the three-dimensional
physical space, find a surface that interpolates a given set of points. By using
local volume cubic spline interpolants, a major component of this study is to
model the BMD generated with Dexa measurements. A manifold interpolation
is proposed for comparing the patient’s BMD to a reference population based
on age, weight, size, sex and ethnic background.

2 The Raw Report

At present, the raw report obtained with the highly computed modern Dexa
is often difficult to quick assess, and its interpretation depends on a statistical
understanding. For bone density at any age, the shape of the distribution is
Gaussian, but the absolute values fall after the peak bone density is reached
in early adulthood. In most reports, the number of SD away from the mean is
represented as two scores (Simple Calculated Osteoporosis Risk Estimation),
the T-score and the Z-score, which are used to compare the subject’s BMD
value to others of same weight, size, sex and ethnic background. T-score is
compared with young normal that relates more closely to fracture risk, and
Z-score is expressed relative to normal people of the same age.

The T-score is a measure of how a subject’s BMD value being compared to the
mean peak bone density of a typical young normal subject, defined in terms
of the SD of young normal subjects:

T−score =
(subject′s BMD value) − (young reference′s BMD mean value)

(young reference′s BMD standard deviation)

But if osteoporosis is just diagnosed on the basis of the young normal distri-
bution, then about 45% of 50 years of age will have at least one site (hip, spine
or wrist) affected, and virtually 100% of the very elderly will be osteoporotic.
Thus, the Z-score compares a subject’s BMD value with the mean peak bone
density of normal people (age-matched population), defined as the number of
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SD below age-matched subjects:

Z − score =
(subject′s BMD value) − (age − matched BMD mean value)

(age − matched BMD standard deviation)

Although there is no true “fracture threshold” (i.e., a value of bone density
above which fractures do not occur, since sufficient trauma will break any
bone), the fracture risk increases considerably at bone densities that are less
than 2 SD below the young normal mean. For comparative purposes, fracture
risk approximately doubles for every SD reduction in bone density, so the
fracture risk at -3 SD (i.e., T-score = -3) is about 8 times greater (i.e., 2 ×
2× 2) than the young normal. Despite the T-score is an industry standard to
interpret Dexa results, in 1994, using the young adult women as the referent
group, the World Health Organization (WHO) Osteoporosis Study Group has
classified patients with a T-score above -1 as normal; those with a T-score of -1
to -2.5 are classified as low BMD (i.e., osteopenic); and subjects with T-scores
below -2.5 are considered to have an abnormally low BMD (i.e., osteoporotic)
[?]. The WHO Study Group considered other approaches to the definition of
osteoporosis, including the use of different normative groups.

2.1 BMD estimates: magnitude of the problem

Real annual BMD changes occur at the time of the menopause (bone loss at
the lumbar spine associated with the menopause is typically 2− 3% per year;
five years after the menopause, it is reducing to approximately 1% per year).
Therefore in the individual, there is little point in repeating the study in less
than 12 months. This limitation of course may not apply in research studies,
where averaging from many patients allows meaningful results from shorter
follow-up periods. On the other hand, there is incomplete agreement between
measurements at different sites, partly due to machine errors in measurements,
and selection of the normal ranges, but also due to real biological variation.
Measurements at each site may predict fracture to a similar extent. It is prob-
ably prudent to use only a predetermined site or sites for measurements.

Moreover, the calibration of densitometers differs, resulting in different BMD
values, and therefore preventing direct numerical comparison of results; the
normal ranges on these instruments have also been defined from different pop-
ulations. For a given bone densitometry technique such as Dexa, different
manufacturers’ systems perform the same fundamental measurement but of-
ten adopt slightly different techniques. This means that small variations may
occur if a subject was measured on different manufacturer’s systems. When
performing follow-up studies on a patient, it is strongly recommended that
the same brand of densitometer and for preference the same machine be used
to ensure the most valid comparisons. A smaller variation would occur if the
subject were measured on different systems from the same manufacturer. An
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even smaller variation would occur if the subject was measured on the same
system. Typical reproducibility of bone density estimations is 1%, which is
one of the most precise measurements in medicine.

Different densitometers express the results using different units of the amount
of bone present. The BMD, from which the T- and Z-score are usually derived,
is used almost exclusively in hip and spine densitometry for both diagnosis
and follow-up. In the analysis of a study the operator will exclude vertebrae
that appear crushed or have an excessive amount of sclerosis relating to de-
generative change. This is probably a poor overall strategy because the user
guidance brings with it the bias of the user and his/her perception of the
object. Errors in demographic information, improper patient positioning, in-
correct scan analysis, and mistakes in interpretation can all lead to a wrong
clinical decision or action.

When the WHO criteria were established in 1994 [?], they were primarily in-
tended to investigate the prevalence of subjects suffering from osteoporosis
in different countries of the World, rather than as a clinical tool to diagnose
osteoporosis in an individual. The definitions were based upon early forearm
BMD data, and assumed that the T-score threshold values could also be im-
plemented for other BMD measurements, for example, the lumbar spine and
hip. We now know that different parts of the skeleton behave differently within
any particular subject; they may lose differing amounts of bone at the spine,
hip, wrist and calcaneus; and hence may have distinct BMD T-score values at
different measurement sites. A direct consequence of this is that a particular
subject may be, for example, “osteoporotic” at their wrist, “normal” at their
hip and “osteopenic” at his/her lumbar spine. It is widely agreed, however,
that the WHO definitions for normal, osteopenic and osteoporotic results may
be applied to Dexa measurements of the lumbar spine and hip. However, the
WHO definitions should not be applied to the calcaneus. And opinions differ
as to which site should be used to aid in the initial clinical assessment [?].

Considerable effort is currently being made worldwide to provide a means of
comparing all bone densitometry results, from all techniques and all commer-
cial systems, for all measurement sites, in both men and women subjects of all
ethnic background. Its use as a clinical tool in the diagnosis and management
of osteoporosis is now established, but the choice of technique, interpretation
of results, decision to institute therapy and time to repeat the examination,
are all subject to debate. Universal screening is not recommended, and indi-
vidualized assessment should be performed. As a result of the lack of accepted
practice guidelines recommend measuring BMD for the diagnosis of osteoporo-
sis, clinicians either ignore the potential problem of osteoporotic fracture, or
must resort to the use of non-validated clinical factors to determine which sub-
jects are at increased risk of osteoporosis [?]. At present, no clear consensus
exists as to which factors should be used to guide this decision [?].
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Recently Gnudi and Malavolta [?] showed that the T-score leads to diag-
nostic inconsistencies among different skeletal sites and low concordance with
fragility fracture based on diagnosis of osteoporosis. Measurements undertaken
at different sites or at the same site with different technologies in the same
individual are not well correlated, both as a result of errors of measurement
accuracy and of biological variability in the composition of bone, and onset
and rate of bone loss with age. Accordingly, a universal T-score cut-off for the
diagnosis of osteoporosis is inappropriate, since the proportion of individuals
classified as having osteoporosis (a T score below -2.5) will vary substantially
depending on the site and method of measurement. While numerical error
statistics are very useful nowadays for comparing scattered data interpolants,
they do not allow subjective visual evaluation of the results obtained with the
bone densitometry. In addition, error statistics do not convey much informa-
tion about the local behavior of an approximating model; they only provide
an overall error estimate.

3 The Model

Modeling may be the process of finding the parameters necessary to infer
values at other locations from the relationship embedded in the data. Conse-
quently, a model can be effective and efficient for a wide variety of data sets
rather than to take into account the underlying phenomenon of the physical
system that has produced the data. Modeling methods can vary considerably
in the level of modeling that takes place. In general there is no single best
method for modeling all applications. Each of the various methods can have
varying levels of success in different situations. The main application of the
model is to provide a means of graphing or visualizing the data. For many
scientific visualization systems, it is desirable to have the input data defined
over a regular grid, but this is usually not the case. This is where the modeling
of data comes in. The mathematical model can be evaluated over a uniform
grid and this sampled data are used as input to a visualization tool. The visu-
alization system can then use interpolation schemes to generate uniform grid
data in cases where scattered data need to be displayed. The reader should
note that other names for scattered data are offered in the literature, including
random, non-uniform, unstructured, irregular, and arbitrarily located.

Several interpolation models have been proposed, such as Shepard’s method,
Modified Quadratic Shepard method (MQS), Volume Spline method, Multi-
quadric method, volumetric generalization of the Minimum Norm Network
(MNN) method and Localized Volume Spline method [11-14]. The goal of in-
terpolation is to reconstruct an underlying function (e.g., surface) that may be
evaluated at any desired set of positions [?]. Scattered data interpolation refers
to the problem of fitting a smooth function through a scattered distribution
of data samples. The subject of scattered data interpolation is extensive and
the vast literature devoted to it documents various approaches, many of which
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suffer from limitations in smoothness, time complexity, or allowable data dis-
tributions. The reader is referred to Nielson, 1993 [?] for numerous tests and
comparison of some methods for scattered data interpolation.

Normally the interpolant is a linear combination of some basis functions. This
is due to some basic assumptions, such as continuity and smoothness, a scaling
requirement and the preservation of linear combinations. For instance, if we
scale up the values Fi, i = 1, 2, ..., n by a factor of k, then we expect the
produced interpolant to be equivalent to the previous interpolant scaled up by
k. Additionally, if we decompose the values Fi as Gi+Hi, then we expect being
able to decompose the interpolant F as a sum of G and H, the interpolants
corresponding to Gi and Hi, i = 1, 2, ..., n, respectively. We can say that the
modeling process is a search for adequate basis functions.

A modeling function defined over the entire domain is determined so that it
may interpolates or approximates the given scattered data. The previous sec-
tion suggests that we may rely more in the precision of the function values,
pointing towards interpolant models as opposed to the approximating ones. In
this case, we propose one modeling function F (x, y, z), which in some sense fits
the scattered density data. By using the BMD data set generated by Dexa, x, y
and z represent, respectively, age, weight, and size. Interpolating the values
means the construction of a function F (x, y, z), which mimics the relation-
ship implied by the data (xi, yi, zi; fi), in such a way that F (xi, yi, zi) = fi,
i = 1, 2, ..., n. Our aim is to obtain F applied to an arbitrary point, not neces-
sarily coincident with any of the given data points. The data points represent
clinical information obtained from a population during a given period of time,
restricted to a site of the bone. The arbitrary point represents what should
be expected from one patient, who is being examined by the physician at a
particular time. The actual measured BMD is then compared to the model’s
result to help the diagnosis.

In order to make a particular method usable and apply it to very large data
sets, one can use the idea of localizing the method. This requires localizing
functions, which are smooth and have a small region of support. In general
any method may be used to obtain the local interpolants. A local method that
produces smoother interpolants is the localized volume spline method. It is the
generalization of the localized cubic splines interpolation, which by itself is a
modification of the piecewise cubic splines C2. This univariate interpolant is
the solution to the following problem: given the data (xi, fi), i = 1, 2, ..., n,
a < x1 < x2 < ... < xn < b, find, among all piecewise functions defined
over [a, b], a function that minimizes

∫ b
a (F ′′(x))2dx, subject to the interpo-

lation conditions F (xi) = fi, i = 1, 2, ..., n. The piecewise polynomials are
the simplest functions, and the cubic ones are those with the lowest degree
that have enough freedom to allow continuity in the second derivative at the
junctions x′

is. The resulting function is called the natural cubic spline, which
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can be characterized by the following conditions: (i)F, F ′, F ′′ continuous over
[a, b]; (ii)F (xi) = fi, i = 1, 2, ..., n; (iii) F is piecewise cubic, i.e., F is a cubic
polynomial on each interval [xi, xi+1], i = 1, 2, ..., n − 1; (iv) F is linear on
[a, x1] and [xn, b], which means F ′′(x1) = F ′′(xn) = 0. The interpolant can be
expressed as:

F (x) = c0 + cxx +
n∑

i=1

ci|x − xi|3

The basis is {1, x, |x − x1|3, |x − x2|3, ..., |x − xn|3}, and all of its components
satisfy (i). It is straightforward to verify that this is so even for the junctions
xi, i = 1, ..., n. By adding conditions (ii) and (iv), and doing some algebraic
manipulations, we end up obtaining the following linear system of equations:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 x1 0 |x1 − x2|3 ... |x1 − xn|3

1 x2 |x2 − x1|3 0 ... |x2 − xn|3
...

...
...

...
. . .

...

1 xn |xn − x1|3 |xn − x2|3 ... 0

0 0 1 1 ... 1

0 0 x1 x2 ... xn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c0

cx

c1

c2

...

cn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f1

f2

...

fn

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

To generalize this idea to volumetric data points, we start by letting F : IR3 →
IR be defined as follows:

F (x, y, z) = c0 + cxx + cyy + czz +
n∑

i=1

ci||(x − xi, y − yi, z − zi)||3

and, by imposing the corresponding conditions for the trivariate case, and if
we let vij = (xi − xj, yi − yj, zi − zj), we get:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 x1 y1 z1 0 ||v12||3 ... ||v1n||3

1 x2 y2 z2 ||v21||3 0 ... ||v2n||3
...

...
...

...
...

...
. . .

...

1 xn yn zn ||vn1||3 ||vn2||3 ... 0

0 0 0 0 1 1 ... 1

0 0 0 0 x1 x2 ... xn

0 0 0 0 y1 y2 ... yn

0 0 0 0 z1 z2 ... zn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c0

cx

cy

cz

c1

c2

...

cn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f1

f2

...

fn

0

0

0

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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In order to localize this interpolant, we first subdivide the domain in regions,
with non-empty intersections, each region with roughly the same number of
data points. We then define smooth functions wk : IR3 → [0, 1], whose sup-
port is the kth region. In addition, they satisfy the unity partition property:∑

wk(x, y, z) = 1 for any (x, y, z) ∈ IR3. We then compute the localized in-
terpolants Fk such that Fk(xi, yi, zi) = fi for all data points in the support
of wk, by solving linear systems of equations like the one above, one for each
region. We then take F (x, y, z) =

∑
wk(x, y, z)Fk(x, y, z) as our interpolant,

since F (xi, yi, zi) = fi, i = 1, 2, ..., n, provided that w′
ks regions of support

cover F ′s entire domain. As for the wk functions, it is not hard to build them
through piecewise tricubics.

The localized volume spline method ranks favorable against others because it
is relatively easy to implement, it is local, very smooth, and can be applied
to very large databases. The detail that calls for attention is the choice of the
covering regions of support. The application should pick regions in such a way
that their number of data points is approximately constant. Alternatively,
it may let the user to make this choice, but it should be robust enough to
handle regions with too few data points. Sometimes the local convex hull of
the data points is degenerate, and does not present the form of a solid, which
is necessary for building a volumetric interpolation.

4 Discussion

While the results of interpolation are encouraging for clean data, problems
remain with modeling noisy real-world data, since objects are typically ir-
regularly sampled, exhibit varying sampling densities and may contain large
regions with few or no measurements. Scattered density data can be difficult
to visualize, particularly when the data do not lie on a regular grid and contain
regions of sparse measurements. This often occurs in biophysical data. Fitting
a functional model to the density data can help visualize otherwise hidden
structure in the data. Understanding the overall behavior of the functional
values is important to decide between finding an approximating or an inter-
polating model. Another closely related factor is whether the given functional
values depend only on the data points that are variables. Uncontrolled external
factors may force unrealistic patterns on the final interpolant. In this case, an
approximating model might be more suitable. Highly changing function values
for neighboring data points might yield a considerable more complex interpo-
lating manifold. Imprecision in the data acquisition also suggests a scenario
more adequate for applying an approximating model.

In the particular case of bone densitometry, the BMD at a given point is al-
ready an average of values acquired over a site, which by itself filters out most
of the undesirable high frequency effects. The statistical approach is equivalent
to finding an approximating model, whose graphics is an hyperplane ortog-
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onal to the density axis. Then it follows a SD-normalization of the distance
between the individual measured BMD and the corresponding linear value
obtained from the approximating model. Therefore, only global information is
used to estimate the BMD at a particular point, ignoring relevant neighboring
BMD data. This approach is more suitable for noisy data points, which is not
the case of BMD data from a particular densitometer brand. Furthermore, we
do not expect sudden changes in bone density as we measure it continuously
over a period of time, taking into consideration variables such as age, size,
weight, from populations classified by ethnic background and sex, with the
data separated by selected sites of the bone. So, instead of averaging BMD
from patients of the same age, in number of years, to confront with the indi-
vidual measured data, here we construct a pool of BMD data from patients,
in different ages, measured in number of days, crossed with different weights
and sizes, for a particular site of the bone. In this way we are able to build
a database with the evolution of a normal population’s BMD, as the popu-
lation ages. From these data, a smooth interpolating function is constructed,
and the individual clinical BMD is compared to the corresponding evaluated
density from the function. In this sense, the manifold we proposed here can
greatly enhance the ability of accurately communicate the patient’s bone den-
sity measurements.

Scattered data sets that contain noise or unwanted detail can be smoothed
at low cost by the appropriate choice of the basis function. Implicit modeling
of surfaces with basis function offers the ability to interpolate across large,
irregular holes in incomplete surface data without constraining the topology
of an object or relying on a priori knowledge of its shape. A single func-
tion from surface data can be considered as a volume function. This spatial
function represents a signed “distance” from the object’s surface and is an
explicit function of position. The object’s surface is defined implicitly as the
zero set of this function. Points inside the object may have a negative “dis-
tance” while points outside may be positive. Thus, the data are evaluated
on a regular three-dimensional grid, which is useful for multi-planar re-slicing
or for extracting isosurfaces that can be combined for visualization systems.
Multiple surfaces can be visualized at once with appropriate choices of color
and transparency for the different surfaces. Only regions inside the isosurface
(i.e. data values greater the isosurface threshold) may be depicted. Multiple
isosurface thresholds may be displayed in consecutive thick slices through the
data. The isosurface may be shaded by the magnitude of the gradient at each
point, which may show how fast the density is changing on the isosurface.

For clinical usage of the calculated function in the previous section, it can be
provided a rendering of BMD function over bone models, which allows the
user to navigate through the models. The standard coloring can use shades
of red when the observed patient BMD value falls under the corresponding
interpolated function value, and shades of green when the opposite occurs.
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Since the database is supposed to hold BMD of normal patients for an entire
lifetime, with a time spacing of few days, it is possible to make more frequent
observations, and to monitor the evolution of the reddish regions in the bone
over a year, or several months. Additionally, an index can be formulated, which
may use absolute differences between the actual patient BMD in a certain
bone site, and the estimated one from the interpolating function, in order
to evaluate the patient’s possible abnormality. A table can be established,
with the reference values in each case, sorted by age, weight, size, sex and
ethnic background, which might be a valuable tool for helping the process of
diagnosis of osteopenia and osteoporosis. A calibration factor may be necessary
to minimize brand differences. We will address these issues in an upcoming
paper.

As software and hardware innovations become more available and less expen-
sive, industries may rapidly adapt the model that was presented here to a
better visualization of the bone densitometry results, which is commercially
available and economical. The advantages include earlier detection of the os-
teoporosis, more precise determination of the disease stage and better therapy
planning. The analysis, approximation and interpolation of scattered data
sets are an active area of research and development in Biophysical modeling.
Despite a flurry of activity in this area, scattered data modeling remains a
difficult and computationally expensive problem.

5 Concluding Remarks

In this work, our focus is the ever growing in importance disease that affects
the bone structure, osteoporosis. We have proposed a model that is able to take
advantage of the precision and dependability of BMD readings, producing an
interpolating function of the naturally scattered data points, since they do not
form a regular grid. The function is based upon the local natural volume spline
method, a model that has an easy implementation, which produces smooth
functions, defined locally, and that is able to handle very large databases.
The interpolant may be rendered in a way to facilitate clinical interpretation
and standardization, as well as supporting a clinical treatment that is able to
monitor the BMD’s evolution of a given patient’s site for a shorter period of
time, consequently monitoring the patient’s progressive loss of bone tissue.
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Parte IV - Conclusões



Conclusões

Nesta Tese foram desenvolvidos quatro modelos biof́ısicos teóricos e dois ex-
perimentais, os quais visaram contribuir com o estudo biológico sob o ponto
de vista molecular, com o estudo do funcionamento card́ıaco e neuronal, bem
como com o diagnóstico e tratamento de doenças. Os modelos teóricos empre-
garam ferramentas matemáticas, de modo que elas possibilitaram a realização
de experimentos em ambiente computacional.

No primeiro modelo, em uma membrana plasmática artificial, há o controle
da memória em protéınas transportadoras do tipo canal iônico. Com o uso
da técnica voltage clamp, analisamos a cinética de ativação do canal iônico,
incorporado numa bicamada liṕıdica plana. Foi evidenciado um ganho ou uma
perda na memória da protéına, revelada por uma espećıfica seqüência de pulsos
elétricos utilizados para estimulação.

Enquanto o primeiro modelo experimental contribuiu com estudos sobre o
funcionamento protéico, o segundo modelo experimental contribuiu com es-
tudos sobre a estrutura de protéınas. No segundo modelo experimental, com
o uso de modelos fractais, em uma estrutura que apresenta superf́ıcie com
circunvoluções e contendo em seu interior śıtios de ligação, é simulada a estru-
tura molecular de protéınas globulares. Evidenciamos que interações de curta
distância estão relacionadas com a plasticidade geométrica de protéınas.

Os demais modelos foram teóricos. No terceiro modelo foi simulado um pro-
cesso de formação de padrões elétricos de ocorrência em redes neuronais que
tenham conectividade lateral, os quais são similares aos padrões registrados
em diferentes áreas do córtex cerebral. Evidenciamos que a atividade neuronal
é agrupada em padrões de disparo, de modo que em conectividades de longa
distância, os padrões registrados são distintos e bem definidos; por outro lado,
em conectividades de curta distância, o padrão registrado tem a aparência de
rúıdo.

No quarto modelo é simulado o efeito da heterogeneidade na reentrada de
ondas espirais na membrana plasmática do tecido card́ıaco. Ondas espirais de
atividade elétrica são relacionadas com arritmias card́ıacas reentrantes, tais
como a taquicardia ventricular e a fibrilação ventricular, sendo esta última a
principal causa de morte súbita card́ıaca. Evidenciamos a quebra da onda
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espiral em decorrência da heterogeneidade na membrana plasmática. Evi-
denciamos também que num tecido homogêneo a dinâmica da onda espiral
é invariante sob transformações rotacionais e translacionais; por outro lado,
num tecido heterogêneo esta simetria é quebrada devido a heterogeneidade.
A dinâmica de reentrada depende do grau de heterogeneidade e do ponto em
que a reentrada é iniciada dentro do tecido simulado. Os resultados do quinto
modelo abrem novas possibilidades terapêuticas e diagnósticas num contexto
cĺınico.

No quinto modelo foram feitas simulações com o método de Monte Carlo, as
quais possibilitam a análise de seqüências de números aleatórios. Evidenciamos
que o modelo probabiĺıstico proposto pode ser usado para fins didáticos e
em métodos terapêuticos e diagnósticos, bem como em estudos que simulam
o funcionamento de sistemas biológicos. Simulações com números aleatórios
possibilitam o cálculo da variabilidade estat́ıstica de diferentes parâmetros
com suficiente confiabilidade para propósitos cĺınicos.

E finalmente, através da computação gráfica, no sexto modelo é estimada a
densidade mineral óssea do corpo humano, com o uso de uma função matemá-
tica interpolante. De acordo com a Organização Mundial de Saúde, a osteo-
porose é caracterizada por uma redução na densidade mineral óssea. Eviden-
ciamos que o método de fita volumétrica local aumenta a acurácia da densi-
tometria óssea, técnica esta que é empregada no diagnóstico da osteoporose. A
computação gráfica tem trazido um qualitativo salto na área de diagnósticos
por imagem, revolucionando a medicina, de modo que atualmente as imagens
do corpo de um individuo podem decorrer de técnicas quantitativas que via-
bilizam a análise da estrutura e da dinâmica molecular. Já que a osteoporose
é um grave problema mundial de saúde pública, o sexto modelo tem uma
imediata aplicabilidade na prática cĺınica.

Esta Tese traz contribuições pioneiras para os estudos biológicos. Inclusive,
além dos resultados acima descritos, nesta Tese sugerimos temas que podem
ser alvo de estudos posteriores. Os modelos que propusemos podem ser usados
para explicar as propriedades e prever usos de um determinado processo ou
sistema biof́ısico, sem que haja a manipulação destes últimos em laboratório
de pesquisa experimental. Deste modo, foi posśıvel ser economizado tempo e
outros gastos adicionais. Considerando que um modelo omite os detalhes não
essenciais, sua manipulação foi menos complexa do que a do processo ou do
sistema biof́ısico original. Já que os modelos biof́ısicos apresentam uma vasta
extensão de aplicações em F́ısica, Qúımica e na Biologia, os seus futuros usos
são provavelmente apenas limitados pela criatividade humana.
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“Ainda que eu tenha o dom de profetizar e conheça 
todos os mistérios e toda a ciência,  

se não tiver amor, nada 
serei. O amor é paciente, é benigno, alegra-se 

com a verdade, e jamais se acaba.” 
(I Corintios 12) 
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Authors are encouraged to submit to Journal of Theoretical Biology by e-mail. For first submissions, please 

send a single file containing the entire manuscript in either PDF, Word or PostScript format. For revised 

submissions, please send a single file containing the entire manuscript in either PDF, Word or PostScript 

format, in addition to separate text, table and figure files in their original file format. 

All manuscripts should be e-mailed to jtb@elsevier.com.

Submission of a manuscript implies that the work described has not been published previously (except in the 

form of an abstract or as part of a published lecture or academic thesis), that it is not under consideration for 

publication elsewhere, that its publication is approved by all authors and tacitly or explicitly by the 

responsible authorities where the work was carried out, and that, if accepted, it will not be published 

elsewhere in the same form, in English or in any other language, without the written consent of the Publisher. 

Papers will be published in English. The American or the British forms of spelling may be used, but this 

usage must be consistent throughout the manuscript. 

Great importance is attached to conciseness of presentation, so far as is consistent with clarity. 

Supplementary Data: Deposition of large quantities of data is inappropriate in the context of printed journal 

articles. Such data may be held and made available by (one of) the authors or can be submitted to a specific 

database. For details please contact the Editor. It should then be clearly stated in the article, at an appropriate 

point in the text or in a separate section before Acknowledgements, which data are available and exactly how 

they can be obtained. Although it is unnecessary to supply full sets of such data along with the manuscript for 

refereeing, you may wish to submit or mention any material considered to aid the refereeing process. Such 

material should be clearly marked as not for publication. 

Referees: Authors are invited to submit the names of five individuals who may, if necessary, be used as 

referees for their paper. 

Presentation of Manuscript

General Presentation: Compose the entire manuscript on one side of the paper only, using double spacing 

and wide (3 cm) margins. (Avoid full justification, i.e., do not use a constant right-hand margin.) Ensure that 

each new paragraph is clearly indicated. Present tables and figure legends on separate pages at the end of the 

manuscript. If possible, consult a recent issue of the journal to become familiar with layout and conventions. 

Number all pages consecutively. 

Title Page: provide the following data: 

Title. Concise and informative. Titles are often used in information-retrieval systems. Avoid abbreviations 

and formulae where possible. 

Author names and affiliations. Where the family name may be ambiguous (e.g., a double name), please 

indicate this clearly. Present the authors' affiliation addresses (where the actual work was done) below the 

names. Indicate all affiliations with a lower-case superscript letter immediately after the author's name and in 

front of the appropriate address. Provide the full postal address of each affiliation, including the country 

name, and, if available, the e-mail address of each author.                
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Corresponding author. Clearly indicate who is willing to handle correspondence at all stages of refereeing 

and publication, also post-publication. Ensure that telephone and fax numbers (with country and area 

code) are provided in addition to the e-mail address and the complete postal address.

Present/permanent address. If an author has moved since the work described in the article was done, or was 

visiting at the time, a 'Present address' (or 'Permanent address') may be indicated as a footnote to that author's 

name. The address at which the author actually did the work must be retained as the main, affiliation address. 

Superscript Arabic numerals are used for such footnotes. 

Abstract. A concise and factual abstract (not exceeding 300 words) is required for all manuscripts except 

letters. The abstract should state briefly the purpose of the research, the principal results and major 

conclusions. An abstract is often presented separate from the article, so it must be able to stand-alone. 

References should therefore be avoided, but if essential, they must be cited in full, without reference to the 

reference list. Non-standard or uncommon abbreviations should be avoided, but if essential they must be 

defined at their first mention in the abstract itself. 

Keywords. Immediately after the abstract, provide a maximum of 5 keywords, avoiding general and plural 

terms and multiple concepts (avoid, for example, 'and', 'of'). Be sparing with abbreviations: only abbreviations 

firmly established in the field may be eligible. These keywords will be used for indexing purposes. 

Acknowledgements: Collate acknowledgements including information on grants received, in a separate 

section at the end of the article before the references. Do not, include them on the title page at all. 

References: References should be arranged first alphabetically and then further sorted chronologically if 

necessary. More than one reference from the same author(s) in the same year must be identified by the letters 

"a", "b", "c", etc., placed after the year of publication. . Citations may be made directly (or parenthetically). 

Groups of references should be listed first alphabetically, then chronologically. Examples: "as demonstrated 

(Allan, 1996a, 1996b, 1999; Allan and Jones, 1995). Kramer et al. (2000) have recently shown. 

Figure legends, figures, tables, and schemes: Present these, in this order, at the end of the article. High-

resolution graphics files must always be provided separate from the main text file. See Preparation of 

Illustrations

Tables: Number tables consecutively in accordance with their appearance in the text. Place footnotes to tables 

below the table body and indicate them with superscript lowercase letters. Avoid vertical rules. Be sparing in 

the use of tables and ensure that the data presented in tables do not duplicate results described elsewhere in 

the article. 

Appendices: If there is more than one appendix, they should be identified as A, B, etc. Formulae and 

equations in appendices should be given separate numbering: (Eq. A.1), (Eq. A.2), etc.; in a subsequent 

appendix, (Eq. B.1) and so forth. 

Footnotes: Footnotes should be used sparingly. Number them consecutively throughout the article, using 

superscript Arabic numbers. Many word processors build footnotes into the text, and this feature may be used. 

Should this not be the case, indicate the position of footnotes in the text and present the footnotes themselves 

on a separate sheet at the end of the article. Do not include footnotes in the Reference list. Table footnotes.

Indicate each footnote in a table with a superscript lowercase letter. 

Units, Symbols and Abbreviations: All measurements should be expressed in accordance with the Systeme 

International d'Unites (S.I. units, International Metric System) With the exception of those used for units of 

measurement no abbreviation should be used without being spelt out when first introduced. Abbreviations 

consisting of groups of initials (such as CNS, IVP) should be written in capitals without full stops.  
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Neuroscience 

SUBMISSION OF MANUSCRIPTS 

Submission of any form of paper to Neuroscience implies that it represents original research not previously 

published, in whole or in part (except in the form of an abstract) and that it is not being considered for 

publication elsewhere. Each manuscript should be accompanied by a signed cover letter in which the 

corresponding author states: "The work described has not been submitted elsewhere for publication, in whole 

or in part, and all the authors listed have approved the manuscript that is enclosed". 

All submissions to Neuroscience must contain experiments that conform to the ethical standards printed 

below. To confirm your agreement with this, you are required to include the following statement in your 

cover letter indicating your agreement with these standards: "I have read and have abided by the statement of 

ethical standards for manuscripts submitted to Neuroscience." 

ETHICAL STANDARDS: 

The authors declare that all experiments on human subjects were conducted in accordance with the 

Declaration of Helsinki http://www.wma.net and that all procedures were carried out with the adequate 

understanding and written consent of the subjects. 

The authors also certify that formal approval to conduct the experiments described has been obtained from the 

human subjects review board of their institution and could be provided upon request. 

If the studies deal with animal experiments, the authors certify that they were carried out in accordance with 

the National Institute of Health Guide for the Care and Use of Laboratory Animals (NIH Publications No. 80-

23) revised 1996 or the UK Animals (Scientific Procedures) Act 1986 and associated guidelines, or the 

European Communities Council Directive of 24 November 1986 (86/609/EEC). 

The authors also certify that formal approval to conduct the experiments described has been obtained from the 

animal subjects review board of their institution and could be provided upon request. 

The authors further attest that all efforts were made to minimize the number of animals used and their 

suffering. 

If the ethical standard governing the reported research is different from those guidelines indicated above, the 

authors must provide information in the submission cover letter about which guidelines and oversight 

procedures were followed. 

The Editors reserve the right to return manuscripts in which there is any question as to the appropriate and 

ethical use of human or animal subjects. 

All papers must be prepared according to the instructions given in Section III. All manuscripts should be 

submitted through our web based submission system, Editorial Manager (http://nsc.editorialmanager.com/). 

Authors are strongly encouraged to use this web submission system. However, for those who are unable to 

submit via the web, please contact the Neuroscience Editorial Office at neuroscience@journal-office.com 525 

B Street, San Diego, CA 92101. FAX: 619-699-6855. 

PREPARATION OF MANUSCRIPTS 

1. Organization 

(a) All manuscripts must be typewritten with double-spacing throughout and with margins at least 2.5 cm 

wide. Pages should be numbered in succession, the title page being no. 1. 

(b) The title page should include the title, the authors' names and affiliations, full contact details (address, 

telephone and fax numbers, and e-mail address) of the corresponding author, any necessary footnotes, and the 

appropriate Section Editor to whom the manuscript should be sent for handling. 
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(c) A comprehensive list of abbreviations used in the main text should be put on a separate page that follows 

the title page. 

(d) Each paper must begin with a brief Abstract of no more than 300 words. The abstract should summarize 

the goals of the research and the results obtained. The abstract should conclude with a final statement 

summarizing the major conclusions in such a way that the implications of the work to the field would be clear 

to a general neuroscience reader. Abbreviations must be kept to a minimum in the abstract. 

(e) Authors are asked to include a maximum of six key words (not used in the title) at the foot of the abstract. 

(f) Preparation of Research Papers: 

Research papers should be organized in the following four main sections: 

(i) Introduction. This should provide the scientific rationale for the research that is reported. The heading 

"Introduction" should be omitted and no results should be presented. 

(ii) Experimental procedures. Procedures used in the research should be described in sufficient detail to 

permit the replication of the work by others. Previously published procedures should be referenced and briefly 

summarized. The source of all materials, including animals and human tissue, must be provided. The location 

of each supplier should be detailed on first use in the text. 

(iii) Results. This section presents findings without discussion of their significance. Subsections should be 

used in order to present results in an organized fashion. 

(iv) Discussion. This section presents the authors' interpretations of their findings and an assessment of their 

significance in relation to previous work. Avoid repetition of material presented in the Results section. 

(g) Preparation of Rapid Reports: 

Rapid Reports are short reports of original research focused on an outstanding finding whose importance 

means that it will be of interest to scientists in all areas of neuroscience. They do not normally exceed 3 pages 

of Neuroscience, and have no more than 30 references. They begin with a fully referenced paragraph of not 

more than 180 words, aimed at a broad audience of neuroscientists. This paragraph contains a summary of the 

background and rationale for the work, followed by a one-sentence statement of the main conclusions starting 

"We have found that ?" or equivalent phrase. The rest of the text is typically about 1,500 words long, starting 

with a further brief paragraph of introductory material if the author requires it, not repeating information in 

the summary paragraph. Any discussion at the end of the text should be as succinct as possible. Letters 

typically have 3 or 4 small figures. Word counts refer to the text of the paper. References, title, author list and 

acknowledgements are not included in total word counts. 

(h) Preparation of Reviews: 

Reviews should have an introductory section, followed by several information presentation sections and then 

end with a conclusion section. Section headings should be used to organize the presentation of information. 

(i) Other features of manuscript preparation i. Personal Communications may be used only when written 

authorization from the communicator is submitted with the original manuscript; they may be mentioned only 

in the text and in the following form: (G. H Orwell, Department of Psychiatry, University of Washington, 

personal communication) 

ii. Unpublished or submitted experiments by one of the authors may be mentioned only in the text, not in the 

References. Initials, as well as surnames, must be given for authors whose unpublished experiments are 

quoted: (M.L. King, unpublished observations) 

iii. Acknowledgements. It is the corresponding author's responsibility to insure that individuals who are 

acknowledged for assistance or for providing comments on the manuscript are agreeable to being 

acknowledged in this way. 

iv. References. The reference list should be included at the end of the main text. A paper which has been 

accepted for publication but which has not appeared may be cited in the reference list with the abbreviated 

name of the journal followed by the words "in press". 

v. Tables and figures should be included on separate pages placed at the end of the manuscript. Their desired 

approximate locations should be indicated in the text. Each figure must be accompanied by an explanatory 

legend in a separate section entitled Figure Legends. In general, tables and figures should be constructed so 

that they, together with their captions and legends, will be intelligible with minimal reference to the main text. 
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Physical Review E 

General 

The web-based submission and resubmission, including via eprint servers, for all manuscripts to The 

American Physical Society (APS) is preferred over other methods. Editorial processing of an electronic 

submission cannot begin until at least review-quality copies of the figures are received. A resubmission may 

consist of no more than a response to a referee's report. For Physical Review Special Topics: Accelerators and 

Beams (PRST-AB), only web-based submissions are accepted; there are no publication charges for this 

journal.  

For the other journals, prior to acceptance, submission in some electronic formats, qualifies for a publication 

charge discount (Physical Review Letters) or waiver (Physical Review A, B, C, D, E). Acceptable formats for 

the discount or waiver are currently REVTeX (preferred), LaTeX, Harvmac, Plain TeX, or MSWord; with 

any figures provided as PostScript files (for MSWord, this means figures must be submitted twice, once as 

part of the MSWord file containing the entire manuscript, and once as separate PostScript files for each 

figure). Such submissions can make a greater contribution to the speed and efficiency of our editorial-review 

process by, for example, the automatic extraction of metadata about the manuscript for our database.  

Manuscripts submitted to the journals must contain original work which has not been previously published in 

a peer-reviewed journal, and which is not currently being considered for publication elsewhere. Specific 

guidelines on the types of work considered for publication for each journal and their current editorial 

procedures are available here for Physical Review A, B, C, D, E, Letters, and ST-AB.

Authors should consult the Physical Review Style and Notation Guide for detailed information on standards 

for presentation of material for publication. The individual journals may also have specific information on 

their requirements where they differ from the general style guide - see the "Information for Contributors" here 

for Physical Review A, B, C, D, E, Letters, and ST-AB.

You may wish to consult the list of older web browsers and platforms that do not fully support the file upload 

feature we use for web submissions. If your browser is on the list it is still possible to send a web-based 

submission via the Los Alamos eprint server (www.arxiv.org). If your web browser is recent or not on this 

list, all web submissions should work for you. Please note that direct web submissions also face a limit on the 

size of accepted files or packages (currently 30 MB) - please use compression when transmitting your files.  

Register (Sign me up!) 

Since the information on the web submissions server is confidential, it is necessary for us to maintain a certain 

level of security which we do by means of a register and login process. In addition, we encourage you to 

logout whenever you have completed your current task or are likely to leave your browser session unattended 

for any length of time. A "Logout link" is presented at the foot of every web page.  

Registering is a one-time action. Once you have registered, you have access to the web submission server and 

you may login as frequently as you like to submit or resubmit manuscripts.  

Please note that if you use characters other than letters or numbers, or enter a space, in your user name, it will 

fail.  

Registering is a three-part process.  

1. If you have never registered, please follow the "Sign me up!" button and you will be prompted to 

enter a user name, to provide your email address, and to click on the "SendPassword" button.       
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2. Once you click on the "SendPassword" button, simultaneously we send you by email a randomly-

assigned password and lead you to another web page where you will be prompted to enter your 

randomly-assigned password and click on the "Login" button.  

3. This will result in another web page where you have the opportunity to change the randomly-

assigned password to something perhaps more convenient, and where we require you to supply 

certain contributor information: your first and last name, your address and telephone number. Once 

you click on the "Make the changes" button at the end of the page, you are fully registered and, 

indeed, have logged in for the very first time and will be taken to what is known as the Login page.  

Login page 

Once you are registered, you can access the web submission server whenever you like by logging in. This is 

easily done by entering your user name and password and, as a result, you will always be taken to the Login 

page. On this page your existing contributor information is displayed and you are:  

1. Given the option to update or change your contact (contributor) information;  

2. Given the option to change your password;

3. Asked to give an answer as to what specifically you would like to do:

o Review and/or continue attempted submission;

o Resubmit a manuscript and/or Transfer from PRL to PR;

o Submit a new manuscript; or

o View a PDF of your submitted manuscript(s).

What would you like to do?

It is important that we know what you would like to do. This is so that we may lead you through the correct 

process. There are 4 choices.  

1. Submit a new manuscript;  

2. Resubmit a manuscript and/or Transfer from PRL to PR;

3. Review and/or continue attempted submission; or  

4. View a PDF of your submitted manuscript(s).

Submitting a new manuscript means that you have never submitted your manuscript before to the APS.  

Resubmission applies to any manuscript where you have completed the new (first-time) submission process. 

A resubmission includes a response to editor or referee comments, new files to resolve technical issues, 

transfers from one APS journal to another, or any other changes. When resubmitting, send the complete file 

for the text if there have been any changes. For further details see the section on resubmissions.

It is best if you complete the submission process for a manuscript in one session. However, this may not 

always be possible and you can leave the process at any stage and come back to complete, or remove, the 

submission at a later time. It is important to realize though that until you click on the "Submit this 

manuscript" at the end of the submission process your manuscript will not receive attention at the Editorial 

Offices.  

If you are submitting a new manuscript for the first time, select the "Submit a new manuscript" button and 

this will lead you to the next page where you will first be prompted to select which journal you wish to submit 

to.  
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You may view the PDF of your submitted manuscript that will be used for review purposes only after you 

have received an accession code (e.g., LA1234) from us.  

New (first-time) submissions 

�  Selecting the correct journal

�  Selecting the number and type of files, or the eprint 

number

�  Identifying and uploading the files

�  Adding/Deleting any files; Describing the files

�  Completing manuscript/journal details

�  Color figure authorization

Copyright transfer

Checking the length of your manuscript

Checking the references of your 

manuscript

Cover letter

Submission!

It is important to realize that your manuscript has NOT been submitted to the Editorial Offices and thus will 

not receive any editorial attention until you have completed all the required information, clicked on the 

"Submit this manuscript" button at the end of the cover letter, and you have received (immediately) by email 

a confirmation of submission message from us. The process for new submissions is detailed but not 

complicated. For your manuscript to receive efficient attention and be sent out for review as quickly as 

possible, it is essential for the Editorial Offices to gather at least minimal information. You will find, 

therefore, that responses to some items are required while others are optional. When information is required, 

you will receive an error message if it has not been supplied or if it is incorrect and you will be unable to 

proceed with the submission process. Much of the information you supply is fed directly into our database so 

it is important that it be as accurate as possible to maintain an acceptable level of efficiency.  

Selecting the correct journal

For a new submission, the first page requires you to select the journal you want to submit to; and either to 

specify the type and number of files you will be uploading, or enter the eprint number.  

You can select one of seven journals: Physical Review A, B, C, D, E, Letters, or Physical Review Special 

Topics: Accelerators and Beams (PRST-AB). Since the practices differ among the journals, it is not only 

required that you select a journal, but it is also important that you select the correct one otherwise you might 

encounter an "error" later in the process.  

Selecting the number and type of files, or the eprint number

By the end of your submission, it is critical for us to have established an accurate map of all your manuscript 

files. A file map typically consists of the name of each file comprising the manuscript, its description, format, 

whether it is color, its size, and a timestamp. The file map is only used internally, you will never see it, but as 

an aid to understanding the process a typical file map looks similar to this:  

file name="myfile.tex" desc="text" fmt="tex" color="N" size="23979" timestamp="10 Jan 2001" 

Completing manuscript/journal details This page allows us to capture necessary information for our 

manuscript database. Certain information is required and you will be unable to proceed with the submission 

until it has been gathered. If your manuscript is formatted using REVTeX or LaTeX, we are able to extract 

certain information and display it already so you need only verify it. However, from some files we are unable 

to extract any information, in this case you must complete the necessary information yourself. Other 

information we have gathered earlier in the submission process and it is displayed again here for verification 

purposes. The importance of verification cannot be over-estimated. It is surprising how often, for instance, the 

incorrect journal has been selected at the very beginning of the process. You have the opportunity to correct it 

here. Any changes that you make here do not affect your files at all, only our database.  
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Computer Methods and Programs in Biomedicine 

Submission of Articles 

Manuscripts are accepted on the understanding that they report unpublished work, that is not under 

consideration elsewhere, that all authors have agreed to its submission and that, if accepted, it will not be 

published again in the same form, in any language, without the prior consent of the publisher. Authors 

who wish to submit papers for publication are requested to send their manuscripts in duplicate to the relevant 

Editor: 

Editor :Dr. T. Groth, Unit of Biomedical Informatics and Systems Analysis (BMSA), University Hospital 

Uppsala (entrance 17), S-75185 Uppsala, Sweden. Tel. +46 18 471 2843, Fax: +46 18 531202, e-mail: 

torgny.groth@bmsa.uu.se. 

Manuscript preparation 

The manuscript 

Manuscripts should be typed in English with double spacing and wide margins and submitted in 

duplicate with two sets of original figures. Words and symbols to be printed in italics should be 

underlined; those to be printed in bold face should be double underlined. Greek letters and mathematical 

symbols should be defined initially in the margin. 

Title page 

A separate sheet should include the title, the names and full addresses of the authors, a concise but 

complete abstract of about 150 words, 3–6 key words for indexing purposes, and the name, full postal 

address and telephone number of the author for correspondence. 

Non-text material 

All material for direct reproduction should be carefully prepared in order to allow reduction in size to 

fit into one column (7.5×20 cm. max.) or two columns (16×20 cm. max.). In particular, lettering should 

be of sufficient size and quality to be clearly legible after reduction. 

Figures, structograms and flowcharts. For line drawings, black ink should be used on white or 

transparent unlined paper. Original drawings or high-quality glossy prints may be submitted. Half-tone 

figures should be presented in the form of glossy black-and-white prints with high contrast and sharp 

detail. The costs of colour reproduction must be borne by the author. All such material should be given 

consecutive Arabic figure numbers in the order of appearance in the text. Figures wlll be located as close 

as possible to their first mention in the text unless otherwise indicated. Fig. legends should be typed on 

separate sheets to the figures themselves and the rest of the text. 

Sample runs. Input parameters should be clearly defined. If test-run printouts are to be directly 

reproduced, it is advisable to use a new (black) printing ribbon and unlined white paper. New runs, 

different phases of the program and continuations on following pages should be indicated to aid page 

make-up. 

Data input forms (optimal mark sheets, etc ). If notations are not in the English language, a translation 

of terms should be given. 

Tables

Each table should be typed, double spaced, on a separate sheet, and be designed to fit in one or two 

column(s). Vertical lines should not be used: Tables should be given a separate Arabic numbering system 

to the figures, and have concise headings, clearly defined subheadings and, where necessary, detailed 

footnotes (indicated by superscript letters). 

Hardware and software specifications 

A brief but complete description, including the language used, the computer specifications and special 

equipment, the amount of computer time and memory required by the program, etc., should be given. 

References

Citations should be allocated Arabic numerals in order of appearance in the text. The number should 

be enclosed in square brackets in the text and in the reference list at the end of the text, where it should 

be followed by the full details according to the following examples (the ‘Harvard’ system is not used): 

[1] F.T. de Dombal, Transporting databanks of medical information from one location to another, 

Effective Health Care 1 (1983) 155–162. 
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[2] P.F. Lemkin and L.E. Lipkin, Database techniques for two-dimensional electrophoretic gel analysis, 

in Computing in Biomedical Science, eds. M.J. Geisow and AJ. Barrett, pp. 181–234 (Elsevier, 

Amsterdam, New York NY, 1983). 

[3] J.A. Roels, Relevance of the relaxation times concept to the modeling of bio-engineering systems, in 

Energetics and Kinetics in Bio-technology, pp. 217–220 (Elsevier, Amsterdam, New York NY, 1983). 

[4] R.B. Barlow, Linefitting by least-squares: Expressions solved by iteration, in Biodata Handling with 

Micro-computers, Chap. 4 (Elsevier-Biosoft, Cambridge UK, 1983). 

Proofs

Proof reading will in general be done at the publisher’s office. Proofs will be supplied for authors to check 

for typesetting accuracy only. No changes to the accepted manuscript will be allowed at this stage. The 

author is required to return the corrected proofs to the publisher within 48 hours of receipt. 

Reprints and page charge 

Twenty five reprints will be supplied to the first author listed unless otherwise specified. With the proof 

the author will receive an order form for reprints, which should be completed and returned to the publisher 

without delay. Reprint order charges are appreciably higher after publication. 

Computer Methods and Programs in Biomedicine has no page charges 

Publisher

Computer Methods and Programs in Biomedicine is published by Elsevier Science Ireland Ltd., Elsevier 

House, Brookvale Plaza, East Park, Shannon, Co. Clare, Ireland. All correspondence concerning 

manuscripts accepted for publication should bear the journal name, the editorial code and/or manuscript 

number, the title of the article and the name of the first author. 

Author Services 

For enquiries relating to the submission of articles, please visit the Author Gateway from Elsevier Science 

at _http://authors.elsevier.com_ The Author Gateway also provides the facility to track accepted articles 

and set-up email alerts to inform you of when an article’s status has changed, as well as detailed artwork 

guidelines, copyright information, frequently asked questions and more. 

Queries relating to the general submission of manuscripts (including electronic text and artwork) and the 

status of accepted manuscripts, can also be sent to email authors@elsevier.co.uk, Fax: +44 (0) 1865 843905. 

For full and complete Instructions to Authors, please refer to the journal homepage at 

http://www.elsevier.com/

locate/cmpb

161i 


