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Abstract
Financial markets have been attracting over the past years an increasing attention amongst
physicists, computer scientists, and other researchers devoted to studies of complex systems,
due to their intricate phenomenological behavior which makes cause-effect prediction
extremely difficult. Complementing traditional statistical and econometric methods, an
interdisciplinary field of research named "econophysics" has emerged, advancing techniques
that originate from statistical physics in order to shed new light on the phenomenological
observations. The success of these methods is reflected upon the discovery of universal
laws that prevail in diverse markets. For example, the presence of power laws in the
unconditional distribution of asset returns revolutionized the way we perceive rare events
in the market. Likewise, correlations in the absolute value of returns (volatility) suggest the
desirable property of long term memory. Formally, econophysics encompasses the collection
of these empirical laws and their respective methods. One of the most studied topics in
econophysics is the nature of price fluctuations in financial markets, because they are
fundamental for many real-life applications such as risk and portfolio management (besides
the evident theoretical value of their better understanding). Among the econophysics tools,
entropy represents an important concept for quantifying the disorder and uncertainty
in dynamical systems. In particular, the concept of entropy (in many different existing
formulations) has been extensively used in finance to quantify the diversity and regularity
of movements in price across a variety of markets (i.e. stock, currency, future, commodity).
The goal of the current work is to explore ways entropy can be useful in the study of
financial markets through a strictly empirical approach. Our contributions focus on the
application of entropy on the foreign exchange (FX) market and take the form of two
articles. The first paper studies the impact of financial crises in the FX market using
Shannon entropy, and the second introduces a novel algorithm (based on the concept of
Approximate entropy) for analyzing the global behavior of the FX.

Keywords: financial markets. foreign exchange rates. entropy. econophysics.





Resumo
Nos últimos anos, mercados financeiros têm cada vez atraído mais atenção entre físicos,
cientistas da computação e outros pesquisadores dedicados a estudos de sistemas comple-
xos, devido ao seu comportamento fenomenológico que torna a previsão de causa-efeito
extremamente difícil. Como resultado, uma área interdisciplinar de pesquisa, chamada
"econofísica", surgiu para complementar métodos tradicionais da estatística e econometria,
desenvolvendo técnicas com origem na física estatística, e lançar uma nova luz sobre
observações fenomenológicas. O sucesso destes métodos é refletido pela descoberta de
leis universais que prevalecem em diversos mercados. Por exemplo, a presença de leis de
potência na distribuição de retornos financeiros revolucionou a maneira como percebemos
eventos raros no mercado. Da mesma forma, correlações no valor absoluto dos retornos
(volatilidade) sugerem a propriedade desejável de memória de longo termo. Formalmente,
econofísica engloba a coleção destas leis empíricas e seus respectivos métodos. A natureza
das flutuações de preços no mercado é um dos temas mais estudados na econofísica por
causa da sua importância em várias aplicações reais, como o risco e gestão de portfolios.
Entre as ferramentas utilizadas na econofísica, a entropia representa um conceito impor-
tante para a determinar o degrau de desordem e incerteza em sistemas dinâmicos. Em
particular, o conceito de entropia tem sido amplamente usado em finanças para quantificar
a diversidade e regularidade dos movimentos de preço em vários mercados (i.e. ações,
câmbio, futuro, mercadoria). O objetivo do presente trabalho é explorar maneiras que
entropia pode ser útil no estudo de mercados financeiros através de uma abordagem
puramente empírica. Nossas contribuições se concentram na aplicação de entropia no
mercado de câmbio (FX) e assumem a forma de dois artigos. O primeiro artigo estuda
o impacto das crises financeiras no mercado de câmbio usando a entropia Shannon, e o
segundo introduz um novo algoritimo (baseado na entropia Approximate) para analisar o
comportamento global do mesmo mercado.

Palavras-chave: mercados financeiros. taxas de câmbio. entropias. econofísica.
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1 Introduction

Financial markets play an important role in the health and growth of world
economies. Markets regulate the exchange of funds (capital, savings, investments) between
traders (investors, firms, banks) in a competitive trading environment driven by transparent
pricing, strict regulations, and external forces. Participants in the market seek to maximize
their returns by selling and buying financial assets (stocks, bonds, derivatives, currencies)
according to the laws of supply and demand. The large liquidity of financial markets
provides traders with ample trading opportunities through a wide array of products, with
varying risks and pricing structures. Funds arising from these transactions facilitate the
redistribution of capital towards growing sectors of the economy, such as emerging ventures
and firms, and the production of goods and services. Financial markets thus provide the
basis for continuous restructuring of the economy, upholding its long-term growth potential.
Fluctuations in the market, however, can have adverse effects on the economy, instigating
phenomena such as market crashes, currency devaluation, and bank failures. In economic
turmoil, the market’s capability to reallocate resources efficiently plays a major role in
absorbing its impact on the economy, i.e. liquidity shocks. Economists have found that
the stability and growth of financial markets, whether stock, foreign exchange or future
markets, serve as prime indicators of economic well-being. Evidently, understanding the
underlying market dynamics is important to determine its effects on world economies, and
has emerged as an important field of research.

In physics, financial markets are described as complex dynamical systems governed
by many interacting elements (1). Members of the system represent financial traders, with
diverging interests and ambitions, whose interactions lead to transactions mediated by the
market exchange. Driven by prospects of wealth, investors seek to find properties in the
market that can help them profit in an otherwise extremely competitive and unforgiving
environment. The diversity of financial products and their valuations, however, disrupt
such efforts as they render the internal structure of the market complex and difficult
to model. The fundamental question then arises on whether prices in the market can
be predicted, and if so, to what extent. Physicists have devoted considerable effort to
answer such questions by searching for a collection of ’universal laws’ that can effectively
describe financial markets and their dynamics. Amongst the most important findings
are the presence of scale-invariance and long-term memory in asset prices (2), previously
unrecognized in both in finance and economics. Statistical physics provides novel ideas
and powerful methods to study such problems. Its application into financial domains led
to the creation of an interdisciplinary field formally known as econophysics (3).

With deep roots in classical thermodynamics, entropy measures the uncertainty or
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disorder present in a dynamical system. It has often been used in finance to quantify the
diversity (richness) and regularity of market fluctuations, i.e. variations in price returns.
Perhaps its most attractive property is the ability to extract information that is otherwise
obscured by the complex structure of the market (4). For example, researchers frequently
use entropy to study the behavior of patterns in financial markets. Periods that are
subject to many repeated patterns will tend to have a lower entropy than those with fewer
occurrences. This is of particular interest for investors, who search for trends that can
help them predict future prices in the market. Other applications involve the hedging of
portfolios where entropy (analogously to variance) serves to quantify the overall risk of
the market. With recent advances in scientific computing, a variety of algorithms have
been proposed to analyze the properties of financial markets using entropy. These methods
often only require some prior knowledge of the series’ distribution, making them flexible to
any problem with a well-defined probability distribution function (pdf). In the following
chapters we will review some of these methods and show that they contribute to better
our understanding of financial markets.

The main objective of this dissertation is to highlight the importance of entropy
in the study of financial markets. Focus is emphasized on the application of two entropy
measures (Shannon and Approximate entropy) on the extensive foreign exchange market.
This is demonstrated in the form of two articles submitted for publication in an international
peer-reviewed journal. The remainder of this work is organized as follows: Chapter 2
reviews the interdisciplinary field of econophysics and lists some of its most important
contributions. Chapter 3 introduces the most popular entropy methods used in finance,
and their respective literature review. Chapter 4 presents an overview of our contributions
(articles) in this work. Final remarks and future works are summarized in Chapter 5.
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2 Econophysics

In the mid-1990s, the name econophysics was coined for a new interdisciplinary
field of research (3), which has emerged to tackle problems in finance and economics using
methods from statistical mechanics. While economics defines the broader study of the
management of goods and services, including their production and consumption, in the
economy, finance is often considered as its subset and focuses on the distribution of funds
in financial markets. Popularity in the field grew from the sudden availability of previously
unprecedented quantity of financial data, starting with the world’s first electronic stock
market NASDAQ in 1971. Physicists became motivated to use their understanding of
complex systems to analyze and model financial markets, for both academic and financial
purposes. Ever since, econophysics has emerged as an integral component in understanding
the complex dynamics of financial markets. Formally, econophysics encompasses the
study of ’stylized facts’ (empirically observed universal generalizations) that describe
elementary behavior in financial markets. Researchers seek to find new instances of such
facts across a variety of markets (stock, foreign exchange, commodity, future) and to
establish a theoretical basis for explaining them. Perhaps the most notable aspect of
the field, is its emphasis on an empirical methodology, ’data first, then model’, that
is often overlooked in mathematical finance. Physicists claim that models formed from
observations in financial data, rather than theoretical conceptions, are more ’realistic’ and
more accurately represent underlying phenomena (5). This way, econophysics serves as
a complementary tool for capturing universal properties in financial systems, to more
traditional methods used in economics and econometrics. In this chapter, we summarize
’stylized facts’ from two important concepts, power laws and correlations, and their
contribution to better understanding financial markets.

2.1 Power Laws

The nature of the distribution of price fluctuations in financial markets is one of
the most studied problems in finance. Over the last century, scientists have searched for
universal laws that describe the behavior of the market and, in turn, its characteristic
phenomena. In 1900, Bachelier proposed the first model for the stochastic process of returns
(6), the Brownian motion model. Bachelier believed that logarithmic changes in price arose
from many independent "shocks", which then lead, by the central limit theorem, to an
uncorrelated random walk of independent, identically distributed (i.d.d.) Gaussian random
variables. The Brownian motion model became widely recognized in theoretical finance
and a key assumption for the renown, nobel prize winning Black Scholes option pricing
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formula (7, 8, 9, 10). However, various empirical studies (11, 12, 13, 14, 15, 16, 17) show
that the distribution of returns is instead driven by pronounced tail effects, in contrast to
the Gaussian assumption. The existence of power laws in price changes made a significant
impact in the financial sphere, and has since become a major topic of research. Several
distributions have been proposed to model the distribution of asset returns in financial
markets, including the Lévy (18, 19), Student (20, 21), hyperbolic (22, 23), and normal
inverse Gaussian (24). In this section we present the formalism for the two most well
established distributions: the Lévy distribution and its truncated counterpart.

2.1.1 Lévy Distribution

The first manifestation of power laws in finance is found in Mandelbrot’s seminal
work Variation of Certain Speculative Prices (18). In 1963 Mandelbrot observed that the
distribution of cotton prices follows a power law behavior, in contrast to the more traditional
assumption of a Gaussian random walk. Motivated by the presence of (i) pronounced tails,
and (ii) stable functional form for different time scales, Mandelbrot then proposed the so-
called Paretian or Lévy stable distribution as an alternative statistical model for financial
returns. Eugene Fama, founder of the efficient-market hypothesis (EMH), elaborated on
Mandelbrot’s theory (19, 25) and confirmed the existence of "leptokurtic" properties, i.e.
high peaks and fat tails, in stock price returns. Subsequent research on wheat prices (26),
interest rates and railroad stocks (27) led to the speculation of a universal scale-free law
involving the prices of different commodities. Naturally, studies have since contributed
new evidence in favor and against this model, but the overall consensus remains that
the distribution of asset returns has fatter tails than the normal distribution. Beyond
doubt, Mandelbrot and Fama set the stage for perhaps the most pervasive breakthrough
in econophysics.

The theoretical appeal of Lévy stable distributions in finance arises from their ability
to model heavy-tail behavior in return distributions. This is particularly important in the
pricing and hedging of financial investments, where the magnitude and frequency of large
price movements drive various prediction strategies. For example, rare events (i.e. market
crash, bank failure, currency crisis) that materialize from fat tails are more probable than
those in the favored normal distributions. This means methods that assume movements
in price follow a biased random walk can severely underestimate the risk observed in the
market, i.e. events greater than 3σ are less than 1% probable of occurring in Gaussian
models. In addition, located in the power-law regime, such events are characterized by
scaling properties, i.e. one-in-decade events are proportional to one-in-year events, an
important property for risk modeling where there are limited observations of rare events.
Significant effort has been made to better understand the nature of these distributions
and, more importantly, their asymptotic behavior where rare events take place. In the
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Figure 1 – Stable distributions.

(a) Probability density function (pdf) of sym-
metric α-stable distribution for various val-
ues of α.

(b) Log-log plot of symmetric centered stable
distribution showing power law behavior for
large x.

Source: created by author.

following a brief formalism of the Lévy stable distributions is presented in an attempt to
summarize these findings.

Lévy distributions belong to a wider family of stable distributions, that arise from
the generalization of the central limit theorem (28). They have the unique property of
being stable, i.e. shape-invariance under scale transformations, and constitute a domain
of attraction for i.d.d. random variables. That is, the sum of random variables (with
undefined variance) converges to a limit distribution that belongs to the stable family.
These properties guarantee that the same distribution can be applied to daily, weekly
and monthly returns, a desirable effect for studying financial data. The complete class
of stable distributions can be fully described by four parameters: an index of stability
α ∈ (0, 2] also called the tail index, tail exponent or characteristic exponent, a skewness
parameter β ∈ [−1, 1], a scale parameter γ > 0 and a location parameter µ ∈ <. The tail
exponent α is the most important of these parameters and determines the rate at which
tails of the distribution decay. Scale, location, and skewness parameters represent the
distribution’s width, position of mode (peak), and asymmetry about mean, respectively,
and are typically independent of the exponent selected. Special parametric families of
distributions can be formed at different exponents, such as the Gaussian (α = 2), Cauchy
(α = 1), and Lévy (α = 1/2) distributions, shown in the left panel of Figure 1. It is
important to note that the tails in the Lévy distribution decay at a much slower rate than
the Gaussian. This characterizes a unique property of the asymptotic behavior observed
in the distribution of financial returns. Formally, Lévy (29) was able to show that the
family of stable distributions features a Pareto-like (power-law) tail behavior when α < 2.
Specifically, if x is a standardized random variable with skewness β the tail F̄ (x) of the
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stable distribution behaves like (30, 31)

F̄ (x) ∼ (1 + β)Cαx−α (2.1)

Cα = (2
∫
x−α sin x dx)−1 = 1

π
Γ(α) sin (απ2 ) (2.2)

as x→∞. The convergence to a power-law tail varies as a function of α and is slower for
larger values of the tail index, as seen in the right panel of Figure 1. For α = 2, the tail
becomes an exponential, characteristic of the Gaussian distribution, and experiences a
transition from a power-law decay with exponent α < 2 to an exponential decay for α > 2
(32). Empirical estimates (18, 19) based upon the Lévy model typically find that α ≈ 1.7
for asset returns.

2.1.2 Truncated-Lévy Distribution

While the universality of power-laws is well established, researchers have raised
serious questions regarding the validity of stable distributions in statistical modeling (33).
Most importantly, the lack of closed form solutions (infinite mean at α ≤ 1 and variance
at α < 2) restricts such distributions from being applied to a variety of real physical
systems (18). For example, in statistical mechanics the second moment is often related
to the system temperature, where an infinite variance indicates a boundless or undefined
temperature (3). Such assumptions invalidate the basic laws of thermodynamics, as the
change in entropy (and transfer of heat) would always be zero. Similarly, for financial
systems the absence of finite moments complicates the important task of risk estimation
and management, as it is incompatible to real-world databases, i.e. finite data implies
finite variance. Since the modeling of real systems (i.e. exchange markets) is paramount in
finance, alternate distributions, whose second moments are finite, must be utilized.

Recent studies on high-frequency financial data (11, 12, 13, 14, 15, 16, 17) have
found that the tail behavior of return distributions is more complicated than predicted
by Mandelbrot and Fama. A group at Boston University, led by professor H.E. Stanley,
studied the intraday movements for approximately 1 million records of the S&P 500 index
(15, 34). They found that the central part of the distribution of S&P 500 returns resembles
a Lévy distribution, but its asymptotic behavior decays faster than predicted by the
distribution, as shown in the left panel of Figure 2.. The group proposed the truncated
Lévy distribution as a better model for the distribution of price returns (15), and later
established the renown "inverse cubic law" (11, 12, 35) as the leading tail exponent in
financial markets. Its distribution P (x) is formally expressed as
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P (x) =


0 x > l

cPl(x) −l ≤ x ≤ l

0 x < l

(2.3)

where c is a normalizing constant, Pl is the standard Lévy distribution, and l the cutoff.
The central idea is to maintain the Lévy distribution for −l ≤ x ≤ l, where it represents a
good statistical approximation, and replace it with some other distribution (i.e. power-law)
for extreme values of x where it fails, i.e. where tails decay faster than a pure Lévy. The
exponential truncation ensures the existence of a finite second moment, as required by
various statistical methods, but renders the distribution unstable (36). This means that
the probability density changes with time scales, and daily returns can be statistically
distinguished, for example, from monthly returns (see right panel of Figure 2) . In fact, the
absence of scale invariance produces a crossover effect in the time index ∆t = n that splits
the distribution into two regimes. For n < nc the distribution P (xn) behaves like a pure
Lévy Pl(xn), where tails feature a power-law behavior with exponent α, whereas at n > nc

it converges progressively to a Gaussian distribution Pg(xn). This is expressed formally as

P (xn) ≈

Pl(xn) n < nc

Pg(xn) n > nc
(2.4)

Figure 2 – Return distributions of S&P 500 price index.

(a) Comparison between S&P 500 returns at
time scale ∆t = 1min (circles) and symmet-
ric Lévy stable distribution of index α = 1.4
(solid line). Gaussian distribution is also
shown in dotted line.

(b) Scaled plot of probability distributions of
S&P 500 returns for various time scales.

Source: retrieved from (15).
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where nc is the cutoff that separates the regimes. Mantegna and Stanley (37) observed
that the convergence to the Gaussian regime is generally very slow and requires a huge
number (n ≥ 104) of independent events (or time intervals). This explains Mandelbrot
and Fama’s inability to detect such behavior with a limited amount (n ≈ 103) of financial
data. However, various studies object that the traditional exponential truncation is rather
sharp and might not be very sensible for empirical data, i.e. tail behavior changes from a
pure Lévy to a Gaussian between adjacent time scales ∆t = nx − 1, nx + 1. To account for
a gradual transformation, Koponen (36) extended the approach to a smooth exponential
truncation, and further derived an analytic expression for it. Similar to its counterpart, the
smooth truncated Lévy distribution also presents finite moments, but does not abruptly
divide the distribution into two regimes.

2.1.3 Final Remarks

In summary, the Lévy distribution and its truncated counterpart have been funda-
mental to our understanding of how price movements in financial markets are distributed.
Naturally, with the lack of sufficient observations of large movements in price (rare events),
these distributions become increasingly important towards correctly modeling the overall
risk in the market. One of the most basic empirical features found in financial data, is
that the unconditional distribution of asset returns is not Gaussian. For relatively high
frequencies (i.e. daily, weekly returns) distributions follow a power law tail, abiding to the
properties of scale invariance. For longer horizons (i.e. annual returns) the distributions
slowly converge to a Gaussian behavior, resembling the features of the random walk.
Researchers have since proposed a variety of possible exponents α to characterize the tail
behavior in financial markets. Perhaps the most prominent and ubiquitous finding is the
observance of an approximately "inverse cubic law" characterizing the distribution of large
returns. Although details on the underlying power-law behavior are somewhat disputed,
this empirical property is well established in both physical and financial domains and is
often treated as an ’universal law’, or ’stylized fact’, of financial markets.

2.2 Correlations
The study of correlations in financial markets is arguably the most highlighted

topic in the literature on technical trading. Financial markets compose a variety of
financial products, and are spread across multiple geographical locations around the
globe. Price changes of assets often respond to the same economic announcements and
market news (38, 39, 40), despite the diversity of markets and the disparate nature of
products traded within them. This fact implies a strong coupling behavior between asset
prices which takes the form of positive and negative correlations. One of the primary
concerns of market practitioners is to estimate the strength of such correlations (41).
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Systematic patterns arising from correlated assets grant individuals predictive power over
the market, and a possibility to boost their private investments. However, the presence
of temporal dependence in successive price changes contradicts the basis of the efficient
market hypothesis (EMH) (42), which assumes that prices follow a random walk, i.e. zero
correlation. Recent efforts have been made to alleviate such constraints, which permit
some mild form of positive correlations, in the form of a weak efficient market hypothesis.
Researchers have since searched for patterns in price fluctuations, typically short-term, or
their associated volatility in order to answer the question whether long memory is present
in financial time series. The following paragraphs review the main findings in literature
and the basic tools used to study them.

2.2.1 Auto-correlations

Auto-correlations are popular mathematical tools for finding repeated temporal
patterns, i.e. periodic signals obscured by noise, in financial time series. They have been
frequently used in detecting the presence of short and long memory across a variety of
markets. Perhaps their largest allure is the ability to aid investors in predicting future
prices, i.e. correlated assets have distinctive trends, in the market exchange. However,
correlations are rather sensitive to the type of market observable being considered. For
instance, logarithmic price returns are well-known to have auto-correlations only at short
intervals (a few minutes), whereas their absolute values, volatility, are correlated for much
longer scales (monthly, quarterly). This implies that investors can benefit the market by
selecting the proper set of observables in their models. Since extensive research has been
done on the topic, in this section we will only summarize the main properties found in the
auto-correlations of financial returns and volatility.

In finance, it was long established that price movements in liquid markets do not
exhibit any significant linear dependencies. This was in line with existing ’random walk’
models, i.e. Brownian motion, of prices in which returns are considered to be independent
random variables. With the arrival of high-frequency (tick) data, however, empirical results
(43, 44, 45, 46, 47) began to reveal that temporal correlations are in fact prevalent in very
short time intervals, where the market takes time to respond, i.e. react to new information.
In particular, the auto-correlation function decays exponentially for scales up to 20min,
and pertains to noise levels at longer scales (see left panel of Figure 3). Additionally,
the magnitude and sign of these correlations (positive (48, 49) or negative (50)) vary
distinctively with the market being observed. The most intuitive explanation for this
phenomenon is that markets constantly adapt to new financial strategies, termed statistical
arbitrage (51), and thus remove any prevalent long correlations. Since the weak form of the
efficient market hypothesis permits short-term correlations, these empirical observations
are widely recognized in both finance and economics.
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Figure 3 – Auto-correlation function for returns and volatility of S&P 500 index.

(a) Correlation function of returns for 1 million
records, spaced at 1min intervals, for the
period 1984-1996.

(b) Correlation function of volatility for 8686
daily records for the 35-year period 1962-
1996.

Source: retrieved from (34).

The absence of significant linear correlations beyond short intervals is quite paradox-
ical. In the previous section we have seen that the distribution of returns, in spite of being a
non-stable distribution, preserves its functional form for long time scales. Hence, there must
be some sort of correlations or dependencies that prevent the central limit theorem from
taking over sooner and retain the scaling behavior. In addition, this absence does not nec-
essarily imply that returns are sampled from an i.d.d., since higher-order correlations (i.e.
second, third moments) could take place. Recent studies (47, 52, 53, 54, 55, 56, 57, 58, 59)
have found that the auto-correlations of the absolute price returns, also known as volatility,
persist up to several months and decay asymptotically with a power-law behavior, as
shown in the right panel of Figure 3. This leads to large price movements followed by large
variations (and vice-versa), a phenomenon known as volatility clustering. Such properties
are particularly important in finance, where volatility plays a central role in applications
such as option pricing and risk evaluation, as they suggest long term memory is prevalent
in certain financial markets.

2.2.2 Cross-correlations

While the correlations described above are applied on one asset at a time, most
practical problems in finance (i.e. risk management) deal with portfolios containing a large
number of assets. Cross-correlations are the primary tool used to analyze the relationships
between these assets, and can reveal details on the internal behavior of the market. In
particular, interactions between pairs of assets give rise to linear dependencies that reflect
the movement of prices in the market. Financial products that belong to the same, or
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affiliated, economic sectors (i.e. manufacturing, agriculture, banking, technology) typically
demonstrate correlated price variations guided by mutual external factors, i.e. market
news. Investors rely on such information to capture the interactive nature of financial
markets and use it for their personal benefit. For example, investors often diversify their
portfolios, by selecting assets with a large range of correlations, to reduce the risk of losing
all their capital in the event of an economic crisis. The interactive nature of the market,
however, remains largely unknown, making it difficult to use for predictive purposes.
In recent years, various methods (minimal spanning trees (60, 61, 62, 63), detrended
cross-correlations (64), random matrix theory (65, 66, 67), principal component analysis
(68), and correlation matrices (69, 70)) have been proposed to overcome such limitations.
Random matrix theory (RMT) is perhaps the most popular of these methods for studying
correlations in financial markets. It originates from the work of German physicist Eugene
Wigner (71) to explain the statistics of energy levels in complex quantum systems. The
standard financial application of RMT is to determine whether correlations of asset
returns deviate from the universal predictions of real symmetric random matrices. Early
studies (41, 72, 73, 74, 75) in econophysics have found that most of the eigenvalues λi
of market correlation matrices lie within the bounds predicted by the RMT (λmin, λmax).
This indicates that, to a large extent, the correlation matrix is random and dominated by
noise. In addition, the smallest eigenvalues were found to be most sensitive to noise in
the estimation of the correlation coefficients (41). Since the Markowitz portfolio theory
(76) uses the eigenvectors corresponding to the smallest eigenvalues to determine the least
risky portfolios, this result has important implications for risk management (77).



3 Entropy

Entropy is a mathematically-defined quantity that is generally used to measure
the disorder and uncertainty present in a dynamic system. It was originally introduced
by Rudolf Clausius (78), in the context of classical thermodynamics, to estimate the
ratio of heat transferred, from one body to another, through a reversible process in
an isolated system. According to Clausius, entropy tends to increase within a closed
system (i.e. the entropy of the universe tends to a maximum), forming the basis to
the principle of dissipation, or rather the generalized second law of thermodynamics.
Boltzmann and Gibbs extended the notion of entropy into statistical mechanics with a
microscopic approach, linking it to molecular disorder and chaos (79, 80). Formally, the
Boltzmann-Gibbs (BG) entropy measures the degree of probability that a system spans
over different microstates. The derivation is key to the foundation of statistical mechanics
and marks the first mathematical relation between entropy and probability (81). There is
an important application of entropy in information theory as well. Shannon generalized
the concept of entropy as the average amount of information encoded in a message (82).
The more unpredictable (uncertain) the message that is provided by the system, the
greater the expected value of the information contained in the message. Such formulation
allows entropy to represent the maximum compression ratio that can be applied in a
message without losing information. Several other works have also contributed to the
development of entropy, including Neumann’s generalization on quantum mechanics (83)
and Kolmogorov’s application to dynamical systems (84). In what follows, a list of the
most popular entropy measures is presented along with a brief formulation and literature
review on their applications in finance. Meanwhile, the reader is referred to (85, 86) for a
more extensive historical review on entropy.

3.1 Shannon entropy

In 1948 C.E. Shannon proposed a measure of uncertainty, subsequently termed
Shannon entropy, to mathematically quantify the degree of "lost information" in phone-line
signals. The measure was introduced in his famous work A Mathematical Theory of
Communication (82), based on papers by Nyquist (87, 88) and Hartley (89), and served as
a cornerstone in the formulation of information theory - the first coherent mathematical
theory of communication. Shannon’s grand contribution lies in proving that entropy could
be generalized for any series where probabilities exist, a significant progress from previous
works by Clausius and Boltzmann valid only for thermodynamic systems. Shannon formally
defined entropy as the average amount of "information, choice, and uncertainty" encoded
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in patterns drawn from a signal, or message. Other interpretations refer to entropy as
a measure of disorder and unpredictability in a system. Generalization of Shannon’s
entropy to any series with a well-defined probability distribution was early recognized and
widely exploited, particularly in finance. Applications involve financial forecasting (90, 91),
market efficiency (92, 93, 94), and foreign exchange rates (95). A classical formulation of
Shannon entropy is described as follows. Let X be a discrete random variable of finite
range x1, ..., xn, and pi the probability of X assuming the value xi. The probabilities obey
pi ≥ 0 (i = 1, ..., n) and ∑n

i=1 pi = 1. Shannon’s entropy is then defined with an arbitrary
base (i.e 2, e, 10) as

S (X) = −
n∑
i=1

pilogpi (3.1)

where S denotes the entropy. Entropy reaches a minimum S = 0 when X is constant and
characterized by a fully localized probability distribution p (x0) = 1 and p (x) = 0 for all
x 6= x0. In contrast, entropy is maximum S = logn for uniform distributions, where all
instances xi are equally probable. Shannon entropy can also be defined for a continuous
random variable Z as follows. Let f (z) be the probability density function (pdf) of Z,
where f (z) ≥ 0 and

∫
f (z) = 1. The entropy is then defined as

S (Z) = −
∫
f (z) logf (z) dz (3.2)

and follows similar rules to the discrete case. The choice of base for the logarithm is
arbitrary and only serves as a scaling factor for entropy. Conventionally log-base 2 is used,
in which case entropy defines the minimum number of bits required to store a message
without loss of information - also known as a measure of compressibility.

3.2 Approximate entropy
Pincus (96) introduced approximate entropy (ApEn) to quantify the regularity and

complexity of relatively short and noisy time-series. Its development was motivated by
length constraints encountered using standard entropy measures on biological data, i.e. heat
rate, EEG, hormone secretion (97), where long (≥ 1000), continuous readings are difficult
to acquire. Derived from the Kolmogorov-Sinai entropy, ApEn estimates the likelihood
that patterns will remain ’similar’ at larger scales, or trends. Series with high entropy
approximate random processes and contain fewer repetitive patterns than those with low
entropy. Scale invariant and model independent, approximate entropy can distinguish
many classes of systems (98) (deterministic and stochastic) and is complementary to other
statistical methods, such as spectral and auto-correlation analysis (99). Although initially
developed to measure the regularity of complex and non-linear systems, approximate
entropy has been gradually introduced into the finance literature: market efficiency (100,
100, 101, 102), foreign exchange rates (103, 104, 105), commodity futures (106, 107), crude
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oil markets (108, 109), and stock prices (110, 111, 112, 113). An algorithm for calculating
ApEn can be described as follows. Given a time series Z of finite range z1, ..., zN , define
two m-dimensional sequence vectors, xi = zi, . . . , zi+m−1 and yj = zj, . . . , zj+m−1 for
1 ≤ i, j ≤ N −m+ 1, whose distance is expressed as

dx,yi,j = max
k=0,...,m−1

{|xi+k − yj+k|} (3.3)

The sequence vectors xi and yj are called similar if dx,yi,j is smaller than a specified tolerance
r, also known as the filtering level. For each of the N −m+ 1 elements, ni is calculated
as the total number of vectors yj similar to xi. The relative frequency of finding similar
vectors can then be expressed as fi (r) = ni

N−m+1 , where N −m+ 1 denotes the number of
possible vectors. Next, one calculates the average value of the logarithm of fi (r), i.e. the
average regularity

φm (r) = 1
N −m+ 1

N−m+1∑
i=1

ln fi (r) (3.4)

from which the approximate entropy can be estimated by

ApEn (m, r,N) = φm (r)− φm+1 (r) (3.5)

where m and r are variable parameters. Notice that ApEn compares the average regularity
of neighboring dimensions m and m+ 1; it represents the tendency that two patterns of
fluctuations will retain their similarity at larger scales. In other words, lower values of
ApEn reflect more regular time series, while higher values correspond to less predictable
(more complex) patterns (100). ApEn represents a family of statistics, with different
measures of regularity over a range of r and m parameters. According to theoretical and
numerical analysis (114), values of r between 0.1σ and 0.25σ produce good statistical
validity for m = 1, 2 and 50 ≤ N ≤ 1000. The approximate entropy remains insensitive
to noise of magnitude below the tolerance r, and robust to artifacts and outliers. An
alternative method, sample entropy (SampEn) was later introduced by Richman and
Mooran (115) to eliminate some of ApEn’s short-comings (i.e. bias towards regularity).
The algorithm remains identical, except that it excludes self-matching vectors when
computing the relative frequency. In finance, SampEn has been used extensively for
studying stock markets (116, 117, 118), foreign exchange rates (119, 120, 121), market
efficiency (122, 123), commodities (124), and financial forecasting (125).

3.3 Permutation entropy
Shannon’s seminal work (82) has been fundamental in quantifying uncertainty and

disorder in a variety of problems, particularly where classical methods like Fourier transform
fail. However, the renown method presents several drawbacks: fails to capture temporal
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relationships, requires some prior knowledge about the system, and poorly describes
nonlinear chaotic regimes. Bandt and Pompe (126) proposed permutation entropy (PE)
as a new technique to overcome these problems. Formed by merging the concepts of
entropy and symbolic dynamics, permutation entropy measures the disorder for any time
series (i.e. regular, chaotic, noisy, or reality-based) without losing its temporal information.
The robustness and simplicity of the algorithm popularized its use in various fields,
particularly biomedicine and econophysics (127). However, recent works have focused
on more technical aspects: Riedl et al. (128) presented a guide on selecting appropriate
parameters for different applications of PE, complemented by an extensive literature
review; Lim (129) optimized the permutation hashing step on GPUs for high-frequency
financial time series; and Unakafova et al. (130) performed a detailed comparison between
permutation and Kolmogorov-Sinai entropy. The mathematical algorithm for computing
permutation entropy is presented as follows. Given a time series X = {xt : t = 1, ...n}, an
L-dimensional vector is constructed at each time s:

s 7→
(
xs, xs+1, ..., xs+(m−2), xs+(m−1)

)
(3.6)

The embedding dimension m determines how much information is contained in the vector,
which is in turn encoded into a sequence zs of symbols expressed as

zs = (π0π1...πm−2πm−1) (3.7)

where πt indicates the rank (in ascending order) of successive elements xt. For example,
the pattern x = (4, 2, 5) would be converted into its symbolic representation as π = (102).
Relative frequencies of the symbolic patterns π are then defined as p (π), naturally obeying
p (πi) ≥ 0 (i = 1, ..., n) and ∑n

i=1 p (πi) = 1. Finally, the permutation entropy of order m
is expressed as the Shannon entropy for m! distinct symbolic sequences:

H (X)m = −
m!∑
i=1

pilogpi (3.8)

where pi = p (πi) denotes the probability of each symbolic sequence (pattern). The smallest
value for Hm is zero, and occurs for an increasing or decreasing sequence of values. In
contrast, the maximum value is log(m!) when all symbols occur with the same probability
pi = 1/m!, characteristic to completely random systems (i.i.d. sequences). Most interesting
dynamics occur in the regime between the entropy’s lower and upper bounds. In summary,
the strength and widespread popularity of the described algorithm arise from its two key
features: i) it incorporates a symbolization scheme to generate a probability function of
the associated time series, thus removing prerequisites for prior information, and ii) it
captures time causality by comparing adjacent values in a time series, rather than directly
using their relative magnitudes.
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3.4 Tsallis entropy
Boltzmann-Gibbs (BG) statistics is one of the cornerstones in contemporary physics.

It establishes a unique relationship between statistical mechanics and classical thermody-
namics by extending Clausius’ concept of uncertainty to microscopic states in a system
(131). However, the BG theory is not universal, but has a rather delimited domain of
applicability. Tsallis postulated that Boltzmann-Gibbs statistics is only valid for extensive
regimes, where systems lack long-range interactions and strong correlations (between
microstates). More generally, extensivity defines a property, like volume or mass, whose
value is proportional to the size of a system. Standard BG entropy of coherent sentences
in the English language, for instance, are non-extensive as grammar produces strong corre-
lations, or "rules", between certain words that reduce the number of allowed possibilities
(132). Tsallis believed, however, that entropy must always be extensive as mandated by
the basic laws of thermodynamics. In 1988 Tsallis proposed (133) a generalization of
the Boltzmann-Gibbs entropy, which he coined non-additive entropy but others called
Tsallis entropy, to address the problem of non-extensivity where BG entropy fails. The
non-additive entropy uses a parameter q to measure the amount of non-extensivity in
the system and guarantees a connection to microscopic information for scale-invariant
systems. For q < 1 rare events are emphasized, q > 1 frequent events take precedence,
and in the limit q → 1 the non-additive entropy reduces to the usual Botlzmann-Gibbs
entropy. Tsallis entropy takes the following form:

Sq = 1
q − 1

(
1−

∑
pqi
)

(3.9)

Although met by some criticism, Tsallis’ generalization of Boltzmann-Gibbs statistics
received widespread recognition in many fields (134, 135, 136, 137). Recent works have
used the concept of non-extensivity to study financial systems at domains where other
entropies fail: Rak et al. studied non-extensive statistical features of price fluctuations in
the Polish stock market (138); Matsuba and Takahashi did the same on the Nikkei (NKY)
market index (139); Vošvrda quantified capital market efficiency with Tsallis entropy
(140); Namaki et al. compared emerging and mature markets during financial crises (141);
and Senapati proposed a theoretical framework based on Tsallis entropy to explain the
tail behavior of intra-day stock returns (142). Several other applications of non-extensive
statistics in finance are also found in literature (143, 144).

3.5 Rényi entropy
In 1960 Alfred Rényi (145) proposed a mathematical generalization of Shannon

entropy, termed Rényi entropy, which depends on a parameter q. Rényi’s original motivation
was to introduce a theoretical proof for the Central Limit Theorem (146), but never
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concluded it. In later years, Rényi sought to find the most general class of information
measures that preserve additivity of statistically independent systems and are compatible
with Kolmogorov’s probability axioms (147). However, Rényi’s entropy, in contrast to
Shannon entropy, lacks a deep relation to thermodynamics and thus was never completely
integrated into statistical mechanics. So far, the most popular uses of Rényi entropy involve
the limiting cases S0 = limq→0 Sq (max-entropy) and S∞ = limq→∞ Sq (min-entropy), where
Sq is a decreasing function of q. Rényi’s quantity also found a natural role in physics
through its relation to free energy (148). Such interpretation considers the probability
distribution as a Gibbs state and the parameter q as a ratio of temperatures. The Rényi
entropy is formally defined as

Sq = 1
1− q ln

∑
i

pqi (3.10)

where 0 < q <∞. The q parameter forms a parametric family of information measures that
weighs rare and frequent events differently. Small values of q consider all possible events
equally, regardless of their probabilities, whereas large values give preference to events of
higher probabilities. In the limit q → 1 Rényi entropy approaches Shannon entropy S1, for
q = 0 it reduces to the logarithm of the size of the series, and for q = 2 it becomes the
quadratic entropy S2. Known for its additive property, the entropy became widely used
in a number of applications (149, 150, 151, 152, 153, 154). In finance, Rényi entropy has
been used in option prices (155), information transfer (156), and stock volatility (157).

3.6 Time-dependent entropy
Stationarity is a common assumption in many statistical methods. It guarantees

that the mean, variance, and auto-correlation structure of processes remain invariant
under time translations. This is particularly important for modeling and forecasting
financial systems. In finance, however, series are typically nonstationary - unpredictable
models characterized by drifts and trends - where statistical properties change with
time. Mathematical transformations, such as logarithms and first differences, can render
time-series nearly stationary and thus eligible for standard statistical methods. When
transformations to stationary processes are not possible or viable, time-dependent methods
emerge as good alternatives. For instance, in information theory time-dependent entropy
(TDE) methods have been introduced to yield a temporal evolution of entropy. TDE
captures local irregularity changes (158) in a signal that can give important insight into
its nonstationary dynamics. Applications include various disciplines, such as biomedicine
(159, 160, 161, 162, 163, 164, 165), physics (166, 167, 168), and finance (100, 109, 169).
A formal definition of the time-dependent entropy method is given as follows. Consider
a nonstationary time-series Z = z1, . . . , zN whose statistical properties vary with time t.
Standard entropy methods will fail to capture proper (time-varying) information in such
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series. A sliding window Zt = z1+t∆, . . . , zw+t∆ of size w ≤ N is defined at each time step
t = 0, 1, . . . ,

[
N
w

]
+ (w −∆ − 1) with a sliding step of ∆ ≤ w. The operator [.] denotes

casting the argument into an integer. Values of the time series in each window Zt are used
to calculate the desired entropy at a given time t, thus yielding a temporal evolution of
entropy. Parameters such as the window size and time lag are known to affect results,
some experiments on EEG signals are shown in (170).

3.7 Multiscale entropy
Multiscale entropy (MSE) analysis was introduced in 2002 (171) to evaluate the

complexity of finite signals over a range of temporal scales. In contrast to standard
entropy methods, MSE captures both short and long-range correlations, yielding a more
accurate representation of the signal’s "structural richness" (172), or rather, complexity.
MSE analysis of simulated uncorrelated (white) and long-range correlated (1/f) noise are
common examples. Entropy decreases monotonically with scale for white noise and remains
relatively constant for 1/f noise (171). This implies that 1/f noise is considerably more
complex than white noise, as it contains correlations over a wide spectrum of scales. As a
prevailing measure of complexity, the MSE algorithm has been successful in various fields,
including biomedicine (173, 174, 175, 176, 177), geophysics (178), hydrology (179, 180),
climate (181), engineering (182, 183), and finance (100, 104, 109, 117, 118, 122, 184). The
standard MSE method relies on a "coarse-graining" algorithm that smoothens (attenuates)
fluctuations in a signal at different scales. In short, the algorithm divides a time series into
non-overlapping windows of length τ and averages data points inside each window. The
coarse-grained series is then used to compute uncertainty at corresponding time scales τ . A
formal definition of the method is presented as follows. Given a time series X = x1, ..., xN ,
the coarse-grained series Yτ = yτ1 , ..., y

τ
N/τ can be constructed at scale factor τ according

to the following equation:

yτi = 1
τ

iτ∑
j=(i−1)τ+1

xj (3.11)

where the coarse-grained series Yτ has a length of N/τ and corresponds to the original
signal at τ = 1. This procedure attenuates frequencies smaller than f = 1/τ and passes
those higher, effectively reducing the complexity of the signal. Once coarse-grained series
Yτ are obtained for a range of time scales, entropy methods (such as the ones listed
thus far) can be applied on them. The original MSE algorithm, however, presents several
drawbacks. In short time series, the variance of the entropy estimator grows directly with
the scale factor τ (185, 186), rendering unreliable results for large scales. This restricts
practical applications where long recordings are difficult to obtain (i.e. biomedicine). The
coarse-graining procedure also does not prevent aliasing, leading it to produce spurious
oscillations that bias the complexity measured in the signal (187). In consequence, various
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methods have been proposed to overcome the shortcomings of MSE. An extensive list of
the most popular methods and their applications is found in (188).



4 Contribution

Financial markets have attracted a lot of attention amongst physicists in recent years.
Their resemblance to complex physical systems allows researchers to study market dynamics
using techniques from statistical mechanics. Since the introduction of econophysics, a
variety of markets (i.e. stock, future, currency, commodity) have been analyzed in search
for universal properties. The foreign exchange (FX) market emerges as the most prevalent
of these markets, with direct influence on all other financial markets. Its complex and
highly nonlinear nature, however, makes the FX market difficult to model and analyze.
Entropy has been recently introduced to quantify the diversity (richness) and regularity
of price movements in the market. Its main attraction in finance is its ability to extract
information that is otherwise obscured by the nonlinear structure of market fluctuations.
The main objective of this dissertation is to study the dynamics of the FX market with
entropy-based methods listed in Chapter 3 and report any empirical observations. This is
manifested through the assembly of two articles (189, 190) that have been submitted for
publication at international peer-reviewed journals. We refer the reader to the appendix for
a complete copy of both articles. In the following paragraphs we provide a brief overview
of the work done on each article.

Appendix A presents a study on the impact of financial crises in the FX market
using Shannon entropy. It examines the temporal evolution of entropy for 18 different
exchange rates over the period 1971 to 2015. Perhaps the most important contribution
of this work is the usage of a multiple symbol discretization scheme for computing the
probability distribution of currency returns. This allows it to capture a wider range of
trends than the more traditional dual-symbol (positive vs. negative returns) approach (191),
and thus better represent the regularity of the market. Several important observations are
drawn from using this technique. More precisely, empirical results suggest that financial
crises are associated with an increase of exchange rate entropy, reflecting instability in FX
market dynamics. In addition, ’entropic bubbles’ (entropy analogous of financial bubbles)
are found in these crisis periods that help determine the recovery rate of the market.
FX markets with larger liquidity and trading volume (sharp peaks) recover faster from
a crisis than those with lower ones (flattened peaks). Such properties are in accordance
with phenomenological expectations in finance. The results listed above are important for
interpreting the dynamics of the FX market and may serve as a basis for anticipating the
onset of financial crises.

Appendix A introduces a novel algorithm for analyzing the regularity of price
movements in the FX market. The proposed method employs a multiscale time-dependent
approximate entropy (ApE) approach on 33 exchange rates for the period 1971 − 2015
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across daily to near-yearly time scales. This allows it to characterize both short and
long-term financial trends, while retaining the temporal locality of the market. In order to
account for intercurrency relationships, the method also constructs a correlation matrix of
the entropy of logarithmic returns and analyzes how the distribution and eigenspectrum
of its coefficients change over different scales. This approach represents an extensive and
novel description of the global behavior of the FX market. For instance, empirical results
suggest a weakly-correlated market with pronounced collective behavior at bi-weekly
trends. Entropic correlations also seem to stabilize at higher time scales, transitioning to
more left-tailed distributions. The above results indicate that the proposed method may
serve as a powerful tool for extracting information from the market that is otherwise not
visible by standard statistical methods.



5 Conclusion

The literature on econophysics has grown significantly over the last two decades.
Physicists are becoming increasingly interested in adapting methods from statistical
physics for economic and financial applications. This perhaps reflects the field’s success in
uncovering a collection of universal properties that are fundamental for our understanding
of financial markets. The goal of this dissertation is to present how entropy can be
a useful tool for discovering such properties. Our contribution takes the form of two
articles (one published, and the other in an advanced stage of the review process). In
particular, we analyze the temporal evolution of regularity in the FX market for a number
of exchange rates. The first article focuses solely on the impact financial crises have on
the market, i.e. elevated disorder and presence of entropic bubbles. Results obtained
suggest that entropy can serve as a tool for predicting currency crises. The second article
proposes a new algorithm for studying the global behavior of the FX market using entropic
correlations, which distinguishes from other statistical measures in its ability to extract
unique information from the market. Our findings lead us to believe that this dissertation
provides a meaningful contribution to the field and can be used in various economic and
financial settings.

For completion, we also briefly discuss what kind of future studies can follow from
this work. An interesting topic involves studying the regularity of different types of markets
(i.e. stock, future, commodity). These markets might provide information not visible in
the FX and be more suitable for problems related to risk and portfolio management.
Naturally this is only possible to the extent financial data is available. Another alternative
is to utilize other measures to quantify correlations in the FX market. This relates to the
second article, where a Pearson correlation matrix was constructed to analyze the global
behavior of the market. However, Kenett et al. (74) suggest alternate measures (i.e. affinity
and pairwise correlations) that can better capture the relationship between groups (i.e.
demographic, political, business, etc) in the market. In fact, many of the studies found in
literature can be replicated using the entropy of returns instead of standard returns, in
the expectation that new (hidden) information could be extracted. The considerations
presented above indicate that the topic presented in this dissertation is quite extensive,
with numerous applications in finance and economics.
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Abstract

The regularity of price fluctuations in exchange rates plays a crucial role in FX market dynamics. Distinct variations in regularity
arise from economic, social, and political events (i.e. interday trading and financial crisis). Correlation matrices are in turn used to
describe the global behavior of the market. This paper applies a multiscale time-dependent entropy method on 33 exchange rates to
analyze price fluctuations in the FOREX. Empirical results suggest a weakly correlated market with pronounced collective behavior
at bi-weekly trends. Correlations arise from cycles of low and high regularity in long-term trends. Eigenvalues of the correlation
matrix also indicate a dominant European market, followed by shifting American, Asian, African, and Pacific influences. As a
result, entropy proves a powerful tool for extracting information from the FX market.

Keywords: foreign exchange rates, multiscale entropy, time-dependent entropy, correlations,

1. Introduction

The foreign exchange market (FOREX, FX) has a huge im-
pact on world economy, affecting the personal fortunes of bil-
lions. It manages the trading of currencies, which amounts to
trillions of dollars being exchanged every day, and has direct
influence on all other financial markets, since any price can be
expressed in terms of a currency [1]. However, large volumes
and decentralization (transactions take place all over the world)
make it extremely difficult to control relative values between
different currencies, i.e. exchange rates. The complex nature of
FX market dynamics arises from the absence of an independent
frame of reference for currency pricing, i.e. any currency must
be expressed in terms of a base currency, and from its sensitiv-
ity to interactions with all other financial markets. An important
area of research involves understanding the behavior and inter-
actions of currencies which lead to such market dynamics.

Exchange rates can be typically expressed in terms of cur-
rency fluctuations, characterized by short and long-term trends.
Such fluctuations often have complex and nonlinear interac-
tions, and result in highly nontrivial structures, which makes
it hard to extract any useful information. As a measure of disor-
der, entropy has become a powerful tool for quantifying the di-
versity (richness) and irregularity of exchange rate fluctuations.
Its ability to extract information that is otherwise obscured by
the complex nature of financial series [2, 3], distinguishes en-
tropy from many other forms of statistical measures. In par-
ticular, entropic analysis has been extensively used to describe
phenomena arising in foreign exchange rates [4, 5, 6, 7, 8].

While entropy allows us to study disorder in currency fluctu-
ations, it has no mechanism for comparing the unpredictability
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(or even complexity) between different exchange rates. How-
ever, such relations could provide valuable insights for under-
standing FX market dynamics. Correlation seems the ideal
measure to tackle this problem because it can identify linear
relationships between currencies. In particular, correlation ma-
trices are very useful for comparing and analyzing pairwise in-
teractions in the system.

In this paper we analyze currency fluctuations using a mul-
tiscale time-dependent entropy scheme which captures all the
possible patterns on different time scales, and permits the char-
acterization of both short and long-term financial trends. Cor-
relations are used to study the market dynamics arising from in-
teractions between different exchange rates, by quantifying the
linear relationships of their entropic fluctuations. The evolution
of entropy is measured for thirty three foreign exchange rates
in a period ranging from 1971 to 2014. Entropic correlations
are investigated at different time scales and compared between
different geopolitical landscapes.

The rest of this paper is organized as follows. Section 2 in-
troduces the methodology related to entropy and correlation.
Section 3 describes the experimental data and presents the em-
pirical results. Section 4 draws the conclusions.

2. Methodology

2.1. Approximate entropy

A direct application of entropy assumes the data series is in-
finitely long with infinite accuracy and resolution [12]. Pincus
[13] introduced approximate entropy to alleviate such demands
by modifying the Kolmogorov-Sinai entropy, an exact regular-
ity statistic. Approximate entropy quantifies the unpredictabil-
ity (irregularity) within a time series of finite length, that is,
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series with high entropy are characterized by higher frequen-
cies of irregular fluctuations than series with low entropy. Scale
invariant and model independent, the measure is also comple-
mentary to other statistical methods such as spectral and auto-
correlation analysis [14].

For a given financial series, the idea of using approximate
entropy is to analyze the underlying fluctuations responsible
for market dynamics. This measure represents the irregular-
ity of prices in financial systems, where values of low entropy
indicate ordered price fluctuations and random behavior is ap-
proximated for high entropy values. Approximate entropy has
already proven successful in an array of applications includ-
ing [9, 10, 11] market stability and efficiency [12, 15], foreign
exchange rates [8], commodity futures [16], crude oil markets
[17], and stock prices [18].

An algorithm for calculating approximate entropy can be
described as follows. Given a time series Z = z1, . . . , zN ,
two m-dimensional sequence vectors, xi = zi, . . . , zi+m−1 and
y j = z j, . . . , z j+m−1 for 1 ≤ i, j ≤ N − m + 1, are selected and
their distance is calculated as

dx,y
i, j = max

k=0,...,m−1

{∣∣∣xi+k − y j+k

∣∣∣
}

(1)

where xi and y j are called similar if dx,y
i, j is smaller than a speci-

fied tolerance r. For each of the N −m + 1 elements, ni is calcu-
lated as the total number of vectors y j similar to xi. The relative
frequency (regularity) of finding similar vectors can then be ex-
pressed as fi (r) = ni

N−m+1 , where N −m + 1 denotes the number
of possible vectors. Next, one calculates the average value of
the logarithm of fi (r), i.e. the average regularity

φm (r) =
1

N − m + 1

N−m+1∑

i=1

ln fi (r) (2)

from which the approximate entropy can be estimated by

ApEn (m, r,N) = φm (r) − φm+1 (r) (3)

where m and r are variable parameters. Notice that ApEn com-
pares the average regularity of neighboring dimensions m and
m+1; it represents the tendency that two patterns of fluctuations
will retain their similarity at larger scales. In other words, lower
values of ApEn reflect more regular time series, while higher
values correspond to less predictable (more complex) fluctua-
tions [12].

2.2. Multiscale entropy
Entropy is well known to be scale-dependent, a pattern can

appear more regular or less regular (more complex) depending
on the time scale. In financial applications, this scale depen-
dence manifests itself as short and long-term trends – fluctu-
ations are more complex at smaller time scales due to unpre-
dictability of the market, while larger time scales are charac-
terized by more regular fluctuations because of long periodic
market behavior. Since approximate entropy can only be ap-
plied at small time scales, multiscale entropy is often used to
represent variability over a wider range of scales.

An important step in multiscale entropy consists of applying
a low-pass filter to remove high frequency components [19],
i.e. short-term trends, from the time series. Different low-pass
filters have been proposed in image and signal processing, the
most popular ones include Butterworth, Chebyshev, and Bessel
filters. A particular niche of filters have emerged in finance,
such as Hodrick-Prescott [20] and Baxter-King [21], to isolate
economic trends from irregular and periodic components that
might appear in the time series. In this work, low-pass filtering
is applied with moving-average filters of the form

LP(τ) · X =
1
τ

τ−1∑

j=0

xi+ j (4)

where X is the original signal LP(τ) represents the moving-
average filter for the time scale τ.

Our approach to multiscale entropy involves the following:
i) representing fluctuations of the time series at different scales,
and ii) calculating approximate entropy on the filtered series.
Given a time series X = x1, . . . , xN , the low-pass filter LP(τ) is
applied at each time scale τ (trading day) to obtain the filtered
series as Yτ = LP(τ) · X, where Yτ = yτ1 , . . . , yτN . Notice that
Yτ retains values of X for time scales higher than τ, or frequen-
cies smaller than f = 1/τ, and has attenuated values for smaller
time scales (higher frequencies). In other words, low-pass fil-
ters remove short-term fluctuations at higher values of τ, which
effectively reduces the complexity of the time series. Figure 1
illustrates this concept with filtered series Yτ of daily logarith-
mic differences of the Australian dollar (AUD) from 1971 to
2014. The figure shows that higher frequency components are
removed as we increase the time scale, creating more regular
time series that are easier to interpret with statistical measures.
Next, the approximate entropy method is applied for each time
series Yτ to quantify the degree of irregularity of X at different
time scales.

2.3. Time-dependent entropy

Since entropy describes the average uncertainty of a se-
quence, it is not always useful for analyzing nonstationarities
[3], and thus different information measures can be applied to
nonstationary time series. Time-dependent entropy measures
have been introduced [7, 22, 23, 24] using the sliding window
technique to yield a temporal evolution of entropy. Given a
time series Z = z1, . . . , zN , the sliding window is defined as
Zt = z1+t∆, . . . , zw+t∆, t = 0, 1, . . . ,

[
N
w

]
+ (w − ∆ − 1) where

w ≤ N is the window size, ∆ ≤ w is the sliding step, and op-
erator [.] denotes taking integer part of the argument. Values
of the time series in each window Zt are used to calculate the
multiscale entropy ApEnt,τ (m, r,w) at a given time t and scale
τ. The time-dependent entropy method corresponds to a quan-
tification of irregularity in the series at different scales and as
a function of time; entropy is visualized using two dimensional
colored heat maps with time t on the horizontal axis and scale τ
on the vertical axis.
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Figure 1: Filtered series Yτ of daily logarithmic returns for the Australian dollar
(AUD) at various time scales τ, using the United States dollar (USD) as base
currency; time series have been normalized using the standard deviation.

Figure 2: Time-dependent entropy ApEnt,τ=1 of Australian dollar (AUD) at
time scale τ = 1 trading days for different window sizes w. Notice that the
entropy function converges to a certain shape, and most of the noise is removed,
as the window size increases. Since the entropy is not normalized, it grows with
the window size.

2.4. Entropic correlations

Entropy quantifies the degree of unpredictability in currency
fluctuations, but lacks the mechanism for comparing between
different exchange rates. As a result, correlations have emerged
as the preferred measure for describing intercurrency (or intra-
market) interactions because they can provide linear relation-
ships between exchange rates. Many works have employed cor-
relations to foreign exchange rates using methods such as min-
imal spanning trees [1, 25, 26, 27], detrended cross-correlation

[28], random matrix theory [29, 30, 31], and correlation ma-
trices [32, 33]. However, currencies often have much more ir-
regular fluctuations than other financial time series, resulting in
variable correlations that can be hard to interpret. Instead, we
propose using entropic correlations (i.e. correlations of entropy
values) for quantifying intercurrency interactions, since entropy
can “filter” the time series into more ordered fluctuations that
better represent market dynamics.

Correlation matrices are ideal for identifying linear depen-
dencies between currencies in the FX market. Given that the
time series X = {x1, x2, . . . , xN} and Y = {y1, y2, . . . , yN} repre-
sent two temporal evolutions of multiscale entropy, their Pear-
son correlation coefficient is defined as

ρXY =
〈XY〉 − 〈X〉 〈Y〉

σXσY
(5)

where 〈·〉 represents an average over the entire series and σ is
the standard deviation. The coefficient ρXY takes values be-
tween −1 and +1 inclusive, where +1 is totally correlated, 0
denotes no correlation, and −1 is completely anticorrelated. Ex-
panding this concept to a set of M time series, e.g. entropic
fluctuations from different exchange rates, we can construct an
M × M (symmetric) correlation matrix where each entry cor-
responds to the pairwise correlation between two series. Co-
efficients of the correlation matrix can then be used to acquire
a better understanding of market dynamics and its underlying
interactions. For example, the off-diagonal coefficients pro-
vide information on which currencies are highly correlated and
whether these correlations arise from geopolitical landscapes.
More examples can be found when we discuss the empirical
results in Section 3.

The global behavior of the FX market can also be analyzed
using the eigenspectrum of the correlation matrix. In financial
applications, this approach has already been well explored for
stocks [34, 35, 36] and foreign exchange rates [29, 30, 31], but
only using the original values (not entropy) of the time series.
An eigenspectrum is typically compared to the eigenvalue dis-
tribution of a random matrix, which determines whether corre-
lations are significant or simply random. Random matrix theory
states that eigenvalues of a random matrix fall within an inter-
val [λ−, λ+], while eigenvalues outside this interval will deviate
from random behavior [37, 38]. In other words, gaps between
the largest eigenvalues should reveal the amount of nonrandom
correlations present in the market.

3. Empirical results

In this section we describe the experimental data and con-
duct numerical experiments for analyzing FX market dynam-
ics. The retrieved data consists of daily closing prices for 33
foreign exchange rates, expressed in terms of the US dollar
(USD), between the years 1971 and 2014 [39, 40]. As com-
monly done in literature, price is replaced with the logarithmic
return, Ri(t) = ln Pi(t + ∆t) − ln Pi(t), where Pi(t) is the daily
closing price at time t. Exchange rates are also grouped into ge-
ographical regions according to the statistical annex drafted by
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Table 1: Description of foreign exchange rates.

Region Currency Symbol Period (dd/mm/yyyy)
Pacific Australian Dollar AUD 04/01/1971 − 02/01/2015

New Zealand Dollar NZD 04/01/1971 − 02/01/2015
Europe Austrian Schilling ATS 04/01/1971 − 31/12/1998

Belgian Franc BEF 04/01/1971 − 31/12/1998
French Franc FF 04/01/1971 − 31/12/1998
German Mark DM 04/01/1971 − 31/12/1998
Dutch Guilder NLG 04/01/1971 − 31/12/1998
Swiss Franc CHF 04/01/1971 − 02/01/2015
Danish Krone DKK 04/01/1971 − 02/01/2015
Finnish Markka FIM 04/01/1971 − 31/12/1998
Irish Pound IEP 04/01/1971 − 31/12/1998
Norwegian Krone NOK 04/01/1971 − 02/01/2015
Swedish Krona SEK 04/01/1971 − 02/01/2015
British Pound GBP 04/01/1971 − 02/01/2015
Greek Drachma GD 13/04/1981 − 29/12/2000
Italian Lira ITL 04/01/1971 − 31/12/1998
Portuguese Escudo PTE 02/01/1973 − 31/12/1998
Spanish Peseta ESP 02/01/1973 − 31/12/1998
Euro EUR 04/01/1999 − 02/01/2015

Asia Chinese Yuan CNY 02/01/1981 − 02/01/2015
Hong Kong Dollar HKD 02/01/1981 − 02/01/2015
Japanese Yen JPY 04/01/1971 − 02/01/2015
South Korean Won KRW 13/04/1981 − 02/01/2015
Taiwan Dollar TWD 03/10/1983 − 02/01/2015
Malaysian Ringgit MYR 04/01/1971 − 02/01/2015
Singapore Dollar SGD 02/01/1981 − 02/01/2015
Thai Baht THB 02/01/1981 − 02/01/2015
Indian Rupee INR 02/01/1973 − 02/01/2015
Sri Lankan Rupee LKR 02/01/1973 − 02/01/2015

America Brazilian Real BRL 02/01/1995 − 02/01/2015
Mexican Peso MXN 08/11/1993 − 02/01/2015
Canadian Dollar CAD 04/01/1971 − 02/01/2015

Africa South African Rand ZAR 04/01/1971 − 02/01/2015

the Department of Economics and Social Affairs of the United
Nations Secretariat (UN/DESA) [41, 42]. Table 1 lists the
name, symbol, period, and group for each of the selected cur-
rencies.

Multiscale time-dependent entropy is applied to logarithmic
returns of the foreign exchange rates listed in Table 1. Simu-
lations are conducted using windows of w = 500 trading days,
to capture locality and avoid unnecessary noise, and fixing the
sliding step to ∆ = 1. The reader is referred to Figure 2 to
see the algorithm’s sensitivity to the window size. Other pa-
rameters are set to m = 2 and r = 0.15σ, as commonly found
in literature [13, 43], where the standard deviation σ is com-
puted on each time window t. Apart from quantifying disorder,
we analyze intramarket interactions using correlation matrices
based on entropy. Probability distributions, statistical moments,
and eigenspectrum of nondiagonal correlation coefficients are
also examined in detail. The subsections that follow present our
findings for the data and numerical techniques just described.

3.1. Multiscale time-dependent entropy
A multiscale approach of entropy allows one to capture in-

formation on the irregularity of time series, e.g. exchange rate
fluctuations, over different time scales. In financial markets,
this can provide valuable insight on the economic, social, and

political effects for short and long-term trends. Figure 3 plots
the entropy of Australian dollar (AUD) on a colored heat map,
by varying the time t and scale τ parameters. The figure shows
that entropy has significant variability over time, but also dis-
plays characteristic behavior at certain time scales, e.g. fluc-
tuations are very irregular at small scales but more ordered for
higher scales. Thus, our findings can be summarized in the fol-
lowing observations:

• FX market dynamics is (on average) more complex and ir-
regular for short time scales than long ones. High entropy
values (ApEn ≥ 1) dominate market behavior in the short
run, with scales between 1 and 20 days, because many
events such as press speculation, investment shocks, and
natural disasters affect interday trading. On the other hand,
long-term trends of twenty days or longer usually exhibit
more ordered fluctuations (lower entropy), since these are
influenced by structural factors which include government
policies, macroeconomic/political environments, and sta-
ble currencies.

• Entropy values always drop before a financial crisis, for
time scales greater than 20 days, which suggests that en-
tropy could serve as a potential precursor to future crises.
Long-term fluctuations become more predictable as in-
vestors search for directionality in the market during pe-
riods of crises [44], while short-term trends remain disor-
dered due to the irregularity in daily transactions. From
1971 to 2014, the Latin American debt crisis in 1980s and
the global financial crisis of 2008 are excellent examples
where entropy of AUD falls before a crisis.

• Long-term trends lasting more than 100 days display
cyclic behavior where nonregular fluctuations alternate be-
tween low and high entropy values. Since these cycles
only appear at larger time scales, the behavior most likely
results from long lasting phenomena including macroeco-
nomic developments and intrinsic market dynamics, in-
stead of fleeting effects such as supply/demand shocks and
speculative trading [19]. Hence, understanding the driving
mechanisms behind such cycles is important for mapping
economic, social, and political events to irregularities in
the FOREX.

From the observations above, we can conclude that the FX
market is a complex system, giving rise to an intricate dynam-
ics where currency fluctuations are highly susceptible to social,
political, and economic events. Although we make several at-
tempts (conjectures) at describing such dynamics, global be-
havior of the market is driven by interactions between different
exchange rates, and cannot be reduced to fluctuations arising
from a single currency. Hence, we must proceed with a corre-
lation analysis in order to determine the significance of inter-
currency interactions occuring inside the FX market. It is also
worth noting that our observations are based on AUD, but re-
main valid for most of the exchange rates listed in Table 1.
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Figure 3: Multiscale time-dependent entropy ApEnt,τ of Australian dollar
(AUD) for time scales between τ = 1 and τ = 200 trading days. High en-
tropy values (ApEnt,τ = 1.4) are colored in dark red and low entropy values
(ApEnt,τ = 0) are colored in dark blue. Cyclic behavior of entropy is also
shown as a function of time for long term trends (τ = 140).

3.2. Correlation matrices
FX market dynamics relies heavily on the underlying in-

teractions between its foreign exchange rates. However, high
transaction volume and frequency make it difficult to establish
a meaningful relationship between such interactions. To solve
this problem, we calculate entropic correlations of the exchange
rates listed in Table 1, amounting to a correlation matrix. Co-
efficients of this matrix correspond to pairwise correlations be-
tween each pair of exchange rates for a given time scale τ. Fig-
ure 4 plots correlation matrices on heat maps, for scales be-
tween 1 and 200 days, where individual coefficients (i.e. cor-
relations) are color coded from red to blue in decreasing order
of magnitude. The figure shows that correlation matrices have
distinct structures at different time scales, which prompts us to
investigate the patterns that arise in each matrix. Listed below
are some observations derived using this technique.

• European block harbors the strongest correlations in the
FX market for all time scales, which is hardly surprising
given its aligned social and economic policies, and po-
litical resolutions promoting regional stability. However,
its internal structure changes over different scales, exhibit-
ing denser forms at weekly and quarterly trends (i.e. high
correlations between all European currencies), but sparser
structures for daily or near yearly trends (i.e. a mix of
high and low correlations). For example, some exchange
rates (CHF, FIM, SEK, ESP) shift towards uncorrelated
regimes in trends larger than bi-quarterly cycles, while
most currencies (ATS, BEF, FF, DM, NLG, DKK, IEP,
NOK, GBP, ITL, PTE) remain strongly correlated at all

time scales. Exceptions to the norm include (near) collaps-
ing economies such as the Greek Drachma (GD) which be-
comes uncorrelated above daily cycles, and the Portuguese
Escudo (PTE) or Spanish Peseta (ESP) which exhibit pos-
itive correlations only for trends lasting more than 3 days.

• Entropic correlations between the European block and
other geographical regions differ significantly at small and
large time scales. The Pacific block (namely AUD and
NZD) is strongly correlated with European exchange rates
for trends lasting less than 140 days, but becomes uncor-
related at higher time scales. On the other hand, correla-
tions between the Japanese Yen (JPY) and European block
are consistently smaller for trends exceeding bi-monthly
cycles (τ = 40). Certain exchange rates also experience
all three entropy regimes; for example, the Asian block
(KRW, TWD, MYR) is anitcorrelated with European cur-
rencies for trends shorter than quarterly cycles, positively
correlated for trends longer than bi-quarterly cycles, and
has no correlations for time scales in between. However,
there are yet other currencies (SGD, LKR, CAD, ZAR)
which exhibit small correlations with the European block
for all time scales.

• European block is the dominant structure in the corre-
lation matrix, but there are many interactions between
other geographical regions worth mentioning. For exam-
ple, the Asian block (HKD, JPY, KRW, TWD, SGD, THB,
LKR) is weakly correlated with the Pacific block for scales
longer than one week (τ = 5), while African and American
blocks (MXN, CAD, ZAR) exhibit positive entropic cor-
relations with the Pacific block for nearly all time scales.
On the other hand, some Asian exchange rates (JPY, KRW,
TWD, SGD, THB, LKR) have both weak and strong cor-
relations with African and American blocks. Lastly, the
Asian, African, and American blocks exhibit strong au-
tocorrelations, i.e. currencies within each geographical
block are highly correlated, for trends lasting more than
5 trading days.

It is important to emphasize that Pearson coefficients are only
calculated on regions of overlap between currency pairs, since
we want to guarantee that the time series have equal lengths
and starting positions. In particular, exchange rates with no
overlap, such as former European currencies and the Euro, will
have zero correlations between them (see Figure 4). The figure
can then be viewed as an individual snapshot of all correlations
found from 1971 to 2015. This gives us some insight on how
the regularity of price variations is distributed in the FX mar-
ket throughout the specified period, subject to different external
factors. One way to take temporal dependencies into account
would be to compute the correlations over different time frames
using a sliding window. Since the focus of our work is on how
regularity of the FX market changes over different scales rather
than time, we believe this could be an interesting topic for fu-
ture work.
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3.3. Correlation statistics
Distinct patterns emerge in the correlation matrix, suggesting

a collective behavior in FX market dynamics. Our observations
above indicate a strongly correlated European market, followed
by shifting Pacific, Asian, American, and African influences.
The correlation matrix, however, contains too much informa-
tion to obtain a sufficiently accurate description of global mar-
ket behavior. As an alternative, we analyze the distribution
of nondiagonal Pearson coefficients for different values of τ.
Figure 5 shows the probability distribution undergoes several
changes as the time scale increases, including a) shifting to-
wards more positive correlations for sufficiently low time scales
(τ < 100), b) transitioning from bimodal to unimodal distribu-
tions, and c) consisting of narrower distributions with higher
amplitudes. Such observations indicate that entropic correla-
tions are very complex at small time scales (τ < 10), arising
from irregular intraday fluctuations, while at larger scales the
correlations follow a more structured distribution. Also, ex-
change rates have lowest correlations (in entropy values) for
trends between 20 and 80 trading days.

Higher order moments such as mean, variance, skewness,
and kurtosis can also provide valuable information regarding
market dynamics. Figure 6 shows that the mean, which quan-
tifies overall correlation strength of the FX market, increases
drastically for small time scales, peaks at bi-weekly trends,
and decreases steadily for larger time scales. Variance mea-
sures the stability of correlations between different exchange
rates, exhibiting similar behavior as the mean, except for a short
jump at quarterly trends. On the other hand, skewness deter-
mines the degree of asymmetric (tail effects) in the probabil-
ity distribution. The figure shows that distributions shift from
having weak to stronger skewness at quarterly cycles. Kurto-
sis, which measures heavy tails, drops in magnitude for trends
shorter than a week, followed by near constant values between

Figure 4: Correlation matrix of multiscale time-dependent entropy for the ex-
change rates listed in Table 1 using daily (τ = 1), weekly (τ = 5), quarterly
(τ = 60), and near yearly (τ = 200) trends.

Figure 5: Probability distribution P of correlation coefficients ρik as a function
of time scale τ.

weekly and bi-quarterly cycles while steady increase for larger
time scales. Observations above indicate the following conclu-
sions: a) FX market is weakly correlated with pronounced col-
lective behavior (i.e. high correlations) at bi-weekly trends; b)
entropic correlations stabilize at higher time scales, transition-
ing to more left-tailed distributions; and c) correlations become
more heavy-tailed for time scales exceeding bi-quarterly trad-
ing days.

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6: Higher order moments (mean, variance, skewness, kurtosis) of corre-
lation coefficients as a function of time scale τ.
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3.4. Correlation eigenspectrum

FX market behavior can also be analyzed using the eigen-
spectrum of the correlation matrix. Figure 7 shows the eigen-
spectrum when using matrices with a) all exchange rates, b)
only the European block, c) all currencies other than the Eu-
ropean block, and d) uniformly random values. From the fig-
ure we find that eigenvalue magnitudes change considerably for
different groups of exchange rates. For example, the European
block has the biggest gap between its largest eigenvalue and the
remaining bulk of eigenvalues, which suggests that its distri-
bution does not correspond to the eigenspectrum of a random
matrix. However, removing only the European block from the
correlation matrix results in eigenvalues that have smaller vari-
ations in magnitude, thus approaching the behavior of random
matrices. Similar observations can be drawn for the entire FX
market, since its correlations are dominated by influences from
African, American, Asian, and Pacific blocks. Our observations
conclude that exchange rates in the European block account for
most of the correlations present in the FX market, and the cor-
relation coefficients do not correspond to random values.

 Figure 7: Eigenspectrum, as a function of time-scale τ, of correlation matrices
with (a) all exchange rates, (b) only the European block, (c) all currencies ex-
cluding the European block, and (d) uniformly random values. The eigenvalues
have been normalized and only the 10 largest ones are plotted.

4. Conclusion

In this work we used entropy methods to quantify the di-
versity of currency fluctuations for small and long term trends.
Multiscale time-dependent entropy was applied to logarithmic
returns of 33 foreign exchange rates as a function of time t
and scale τ. Our results indicate that FX market dynamics
changes drastically for different scales: small time scales are
driven by interday trading and exhibit highly disordered fluctu-
ations, while larger scales are influenced by long term factors
and have periodic cycles of regular and irregular fluctuations.
Correlation matrices showed that the FX market is weakly cor-
related, but has pronounced correlations at bi-weekly scales.
More specifically, the eigenspectrum concluded that the Euro-
pean block represents most of these entropic correlations. The
multiscale entropy has thus shown effective in extracting im-
portant information from the underlying structure behind FX
market dynamics.
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[27] Gworek, S., Kwapień, J., & Drożdż, S. (2010). Sign and Amplitude Rep-
resentation of the Forex Networks. Acta Physica Polonica A, 117(4), 681-
687.

[28] Wang, G. J., Xie, C., Chen, Y. J., & Chen, S. (2013). Statistical prop-
erties of the foreign exchange network at different time scales: evidence
from detrended cross-correlation coefficient and minimum spanning tree.
Entropy, 15(5), 1643-1662.

[29] Drożdż, S., Górski, A. Z., & Kwapień, J. (2007). World currency ex-
change rate cross-correlations. The European Physical Journal B, 58(4),
499-502.

[30] Kwapień, J., Gworek, S., Drożdż, S., & Górski, A. (2009). Analysis of
a network structure of the foreign currency exchange market. Journal of
economic interaction and coordination, 4(1), 55-72.

[31] Wang, G. J., Xie, C., Chen, S., Yang, J. J., & Yang, M. Y. (2013). Ran-
dom matrix theory analysis of cross-correlations in the US stock mar-
ket: Evidence from Pearsons correlation coefficient and detrended cross-
correlation coefficient. Physica A: Statistical Mechanics and its Applica-
tions, 392(17), 3715-3730.

[32] Sharif, S., Yusoff, N. S., & Djauhari, M. A. (2012). Network topology of
foreign exchange rate. Modern Applied Science, 6(11), p35.

[33] Preis, T., Kenett, D. Y., Stanley, H. E., Helbing, D., & Ben-Jacob,
E. (2012). Quantifying the behavior of stock correlations under market
stress. Scientific reports, 2.

[34] Laloux, L., Cizeau, P., Potters, M., & Bouchaud, J. P. (2000). Random
matrix theory and financial correlations. International Journal of Theoret-
ical and Applied Finance, 3(03), 391-397.

[35] Plerou, V., Gopikrishnan, P., Rosenow, B., Amaral, L. A. N., & Stanley,
H. E. (1999). Universal and nonuniversal properties of cross correlations
in financial time series. Physical Review Letters, 83(7), 1471.
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Abstract

This paper examines the effects of financial crises on foreign exchange (FX) markets, where entropy evolution is
measured for different exchange rates, using the time-dependent block entropy method. Empirical results suggest that
financial crises are associated with significant increase of exchange rate entropy, reflecting instability in FX market
dynamics. In accordance with phenomenological expectations, it is found that FX markets with large liquidity and
large trading volume are more inert - they recover quicker from a crisis than markets with small liquidity and small
trading volume. Moreover, our numerical analysis shows that periods of economic uncertainty are preceded by periods
of low entropy values, which may serve as a tool for anticipating the onset of financial crises.

Keywords: foreign exchange rates, financial crisis, Shannon entropy, time-dependent entropy

1. Introduction

Foreign exchange rates play a crucial role in the world’s largest and most liquid financial market: the foreign
exchange (FX) market. Currency fluctuations have far-reaching effects on economic activity such as imports and
exports, on price inflation, and on economic growth [1, 2]. Besides small fluctuations at all times, exchange rates
exhibit drastic movements during periods of financial crisis [3, 4, 5], which can be partly explained by flows to and
from safe haven currencies as investors seek more reliable assets [5]. Understanding the dynamics of such movements
in FX markets can be crucial for anticipating global effects of future financial crises.

Bachelier [6] proposed a Brownian motion model for stock prices suggesting that differences in prices can be
described by random processes. As a result, a market theory evolved from Bachelier’s work which showed that if
a market is efficient then prices will exhibit random walk behavior. The efficient market hypothesis (EMH) for FX
markets claims that all information relevant to the exchange rate is already incorporated into the present value of a
currency [7, 8]. However, various studies [9, 10, 11, 12] show that financial markets can become inefficient and deviate
from a random walk behavior. Many statistical methods have been proposed to measure market efficiency [9, 13, 14,
15, 16], recently more attention has been focused on entropy based methods such as approximate entropy [17, 18],
mutliscale entropy [19], permutation entropy [20], Shannon entropy, Renyi entropy, and Tsallis entropy [21, 22].
The present paper uses Shannon entropy which was shown to be a successful quantitative tool in studies of different
phenomena such as in data fusion [23], communication [24], physiology [25, 26], geophysics [27], astrophysics [28],
hydrology [29], engineering [30], and finance [31].

The concept of entropy has been extensively used in finance [32, 33, 34, 35, 36, 37]. Derived from the standard
Boltzmann-Gibbs (BG) statistical mechanics, Shannon entropy measures the amount of disorder in a system. Shannon
[38] postulated that entropy could be applied to any series where probabilities exist, which resulted in many works
[21, 34, 39, 40] measuring entropy in financial time series. Entropic analysis has also drawn much attention in
finance because it can extract information otherwise obscured by the chaotic structure of the series [21, 36]. Since
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standard entropy measures do not work well with nonstationary time series, time-dependent entropy measures have
been introduced [35, 41, 42, 43], which produce temporal evolution of entropy.

In this paper, we analyze the effects of financial crises on FX markets using a multiple symbol discretization
scheme which captures all the possible trends on a daily temporal scale, together with local window amplitude scaling
that permits simultaneous analysis of both small and large exchange rate fluctuations. The evolution of entropy is
measured for eighteen different foreign exchange rates in a period from 1971 to 2014. Entropy changes are investi-
gated during different financial crises, such as the 1973 oil crisis and the global financial crisis of 2007, and compared
between different FX markets.

The rest of this paper is organized as follows. Section 2 introduces Shannon entropy and the time-dependent
entropy method. In Section 3 we describe the data and present the experimental results. Finally, conclusions are
drawn in Section 4.

2. Time-dependent block entropy

Entropy is a measure of disorder in the system. In information theory, Shannon entropy can be viewed as the
average amount of information encoded in a pattern drawn from a probability distribution [38]. The classical Shannon
entropy is given by

S (Z) = −
m∑

i=1

pi log pi (1)

where Z is a discrete random variable with possible values z1, . . . , zm and pi is the probability of Z assuming the value
zi. Note that the entropy is maximum S (Z) = log m when all values zi,i = 1, . . . ,M, are equally probable, or more
precisely p1 = p2 = . . . = pm = 1/m. However, the entropy is minimum S (Z) = 0 when a single value zi accumulates
all the probability and is certain to occur. For financial time series, entropy approaching log m suggests the series is
nearly random and can be interpreted as high market efficiency [44].

Since entropy describes the average uncertainty of a sequence, it is not always useful for analyzing nonstationari-
ties [36], thus different information measures can be applied to nonstationary time series. The time-dependent entropy
measure is based on the sliding window technique and yields a temporal evolution of entropy. Given a time series
Z = z1, . . . , zN , the sliding window is defined as Xn = z1+n∆, . . . , zw+n∆, n = 0, 1, . . . ,

[
N
∆

]
+ (w − ∆ − 1) where w ≤ N

is the window size, ∆ ≤ w is the sliding step, and operator [.] denotes taking integer part of the argument. The values
of the time series in each window Xn are now divided into a set of M disjoint intervals I1, . . . , IM , and each interval is
assigned a distinct symbol. The original windows Xn are transformed into a symbolic representation X

′
n by substituting

each of the values zi, i = 1 + n∆, . . . , i = w + n∆ by the symbol corresponding to the interval to which that value zi

belongs. The entropy of the window Xn is finally determined by analyzing w−L+1 consecutive overlapping symbolic
sequences (blocks) of length L in the symbolic window X

′
n:

S (X
′
n) = −

ML∑

i=1

pn(Yi) log pn(Yi) (2)

where Yi, i = 1, . . . ,ML are all possible symbolic sequences of length L that can be constructed using M symbols. The
probability pn(Yi) is calculated as the ratio between the number of sequences Yi and the total number of sequences in
the window w − L + 1.

3. Data and results

We analyze daily fluctuations of 18 different foreign currency exchange rates ranging from 1971 to 2014 [45, 46].
Currency names, alphabetic symbols, market strength, and periods analyzed are listed in Tab. 1. The strength of
an FX market is determined by its liquidity and trading volume: a strong market has large liquidity and large trading
volume, while a weak market has small liquidity and small trading volume. Trading volume and liquidity are measured
using the exchange rate turnover (aggregated cost of all trading deals) found in [47]. We also use nominal GDP and
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Table 1: Description of foreign exchange rates.

Currency Symbol Market Strength Period (dd/mm/yyyy)
Australian Dollar AUD Strong 04/01/1971 − 02/01/2015
Canadian Dollar CAD Strong 04/01/1971 − 02/01/2015
Danish Krone DKK Strong 04/01/1971 − 02/01/2015
Japanese Yen JPY Strong 04/01/1971 − 02/01/2015
New Zealand Dollar NZD Strong 04/01/1971 − 02/01/2015
Norwegian Krone NOK Strong 04/01/1971 − 02/01/2015
Swedish Krona SEK Strong 04/01/1971 − 02/01/2015
Swiss Franc CHF Strong 04/01/1971 − 02/01/2015
New Taiwan Dollar TWD Strong 03/10/1983 − 02/01/2015
British Pound GBP Strong 04/01/1971 − 02/01/2015
South Korean Won KRW Strong 13/04/1981 − 02/01/2015
Singapore Dollar SGD Strong 02/01/1981 − 02/01/2015
Brazilian Real BRL Weak 02/01/1995 − 02/01/2015
Indian Rupee INR Weak 02/01/1973 − 02/01/2015
Malaysian Ringgit MYR Weak 04/01/1971 − 02/01/2015
Mexico Peso MXN Weak 08/11/1993 − 02/01/2015
South African Rand ZAR Weak 04/01/1971 − 02/01/2015
Thai Baht THB Weak 02/01/1981 − 02/01/2015

purchasing power parity (PPP) [48] as alternate measures of market strength. For each currency we calculate the
logarithmic returns Ri(t) = ln Pi(t + ∆t) − ln Pi(t), where Pi(t) is the daily closing exchange rate at time t. The time
series is transformed into a symbolic representation of discrete values, as described in Section 2, and the entropy is
calculated at different time intervals based on a sequence of L symbolic values.

The time-dependent entropy is applied to daily logarithmic returns of foreign exchange rates and periods listed
in Tab. 1. Simulations are conducted using windows of w = 1000 days (4 years as suggested in [14] because it
reflects political cycles in most countries), to capture locality and avoid unnecessary noise, and fixing the sliding step
to ∆ = 1 days. Each window is divided into M = 10 disjoint intervals for symbolization (coarse graining), where
symbols correspond to positive and negative returns of different magnitudes. This multi-symbol approach allows
capturing information of large and small changes in the series (e.g. increasing and decreasing trends), unlike other
works [22, 35, 44] which use binary symbolization to distinguish only between positive and negative returns. The
Shannon entropy is then calculated for each window using sequences (blocks) of L = 6 daily logarithmic returns.

On Fig. 1 it is seen that exchange rate entropy assumes high values during periods of financial crisis. This high
entropy indicates that there is confusion in FX markets caused by disordered fluctuations in foreign exchange rates.
The 1973 oil crisis (1973 − 74) [49], arising from the oil embargo put in place by OPEC, caused confusion among
major FX markets in Europe including Denmark, United Kingdom, Norway, Sweden, and Switzerland. The Debt
Crisis of the 1980s [50] affected highly indebted developing countries such as New Zealand, South Africa, Australia,
and Malaysia. Following a housing bubble, the Swedish banking crisis (1990−94) [51] doubled the uncertainty of the
Swedish Krona, while the East Asian crisis (1997 − 98) destabilized FX markets in South Korea, Malaysia, Thailand,
and Singapore. More recently, the global financial crisis (2007 − 09) [5] affected all financial markets and resulted
in large fluctuations of foreign exchange rates. These empirical findings confirm previous results [3, 4, 33, 35] that
financial crises are associated with significant movements in exchange rates and thus increase instability in FX market
dynamics.

The rest of this paper focuses on entropy changes associated with the global financial crisis (2007−09). Originating
from the U.S. housing bubble, this latest financial crisis is unparalleled, as it is the only crisis to affect all global
financial markets. Fig. 1 shows that all the FX markets were destabilized, indicated by the formation of bubbles
starting with upward entropy trends, and ending with downward trends in entropy. These entropy bubbles reflect
increased disorder in exchange rate fluctuations. We quantify a bubble as the region between two troughs in entropy
(see Fig. 2), where the amplitude A is given by the local maximum and the period P by the duration of trends. Tab. 2
lists the amplitudes and periods of bubbles formed for each FX market during the global financial crisis. Entropy
bubbles in Malaysian Ringgit and the Swedish Krona have the largest amplitudes, followed by exchange rate bubbles
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Figure 1: Time-dependent entropy on daily logarithmic returns of foreign exchange rates. Circles indicate minimum entropy values between crisis
periods.

in Australia, Canada, Taiwan, Brazil, and Mexico, while the remaining currency rates have bubbles with the smallest
amplitudes. All FX markets analyzed have similar periods of increased disorder ranging between 1000 and 2000 days.
From Fig. 1, we also find that each bubble is always preceded by a dip in entropy values (indicated by colored circles),
which could serve as precursors to financial crises.

Although the bubbles analyzed have similar amplitudes and periods, they are characterized by different peaks.
Bubbles with sharp peaks are caused by short bursts in entropy, while bubbles with flat peaks result from prolonged
periods of high entropy values. Increasing and decreasing trends in entropy can be interpreted as the FX market
transitioning from a less or a more disordered state, respectively. The bubble’s peak corresponds to a steady state of
elevated entropy in the system. As a result, we compare peaks found in entropy bubbles of different foreign exchange
rates. We calculate the relative difference between the maximum entropy S max and the entropy value S i of every other
point in the bubble, dS i = (S max − S i)/A, i = 1, . . . , P. The length of an entropy peak is here identified with the
number of consecutive entropy values whose relative difference dS i are less than pr = 20% the magnitude of A, as
illustrated in Fig. 3. Tab. 3 shows that different FX markets have entropy peaks with different lengths. Strong markets
(large liquidity and large trading volume) are characterized by short peaks, while weak markets (small liquidity and
small trading volume) have longer peaks. This suggests that FX markets with large liquidity and large trading volume
recover quicker from financial crises (states of disordered fluctuations in foreign exchange rates), than markets with
small liquidity and small trading volume. The average peak length of strong FX markets is 497 days and of weak
FX markets is 677 days. Thus weak FX markets take on average 180 days longer (approximately 8 months taking
into account holidays and weekends not included in the series) to recover from the global financial crisis than strong
FX markets. Outliers in this average are Japan, a strong market with a long peak, and Mexico, a weak market with
a short peak. To determine the robustness of pr, entropy peak lengths are computed for values between [0, 1], as
shown in Fig. 4. Weak markets exhibit sharp rises in peak length for low values of pr and converge at higher values.
Entropy peaks in strong markets, however, tend to continuously grow with pr. This indicates that weak economies are
characterized by uniformly broad peaks whose length is insensitive to pr at higher values, whereas strong economies
display sharp, slanted peaks that erroneously include tail effects at large values of pr. Through simple observation, we
conclude values of pr between 15% − 40% to be optimal for detecting entropy peaks in bubbles.
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Figure 2: Entropy bubble for New Zealand Dollar during the global financial crisis (2007 − 09). The amplitude is calculated as the difference
between the local maximum (blue circle) and local miminum (red circle), while the period is given by the distance between two local minima (red
circles).

Table 2: Amplitudes and periods of entropy bubbles during the global financial crisis (2007 − 09).

FX Market Amplitude (A) Period (P) FX Market Amplitude (A) Period (P)
Australia 2.67 1607 United Kingdom 2.12 1605
Canada 2.44 1749 South Korea 1.90 1793

Denmark 1.49 1615 Singapore 1.58 1606
Japan 0.93 1887 Brazil 2.59 1741

New Zealand 2.15 1582 India 0.35 1232
Norway 1.83 1704 Malaysia 3.12 2171
Sweden 3.18 1613 Mexico 2.62 1605

Switzerland 2.08 1597 South Africa 1.60 1633
Taiwan 2.40 1166 Thailand 1.52 1581

Table 3: Peak lengths of entropy bubbles during the global financial crisis (2007 − 09).

FX Market (strong) Peak Length FX Market (weak) Peak Length
Australia 536 Brazil 839
Canada 648 India 870

Denmark 391 Malaysia 998
Japan 749 Mexico 303

New Zealand 684 South Africa 779
Norway 444 Thailand 770
Sweden 439

Switzerland 369
Taiwan 393

United Kingdom 559
South Korea 471
Singapore 281
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Figure 3: Entropy bubble for British Pound during the global financial crisis (2007 − 09). Length of an entropy peak is given by the number of
consecutive entropy values (red dots) whose relative difference dS i are less than 20% the magnitude of A.
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Figure 4: Entropy peak lengths as a function of pr . Length of an entropy peak is computed as the number of consecutive entropy values whose
relative difference dS i are less than pr × A, where A is the amplitude of the bubble. Weak markets are indicated with dotted lines, and strong
economies with straight lines.

4. Conclusion

In this work we investigate the effects of financial crises on different FX markets. The time-dependent block
entropy method is applied to daily logarithmic returns of 18 foreign exchange rates. We find that financial crises
are associated with high entropy values, which arise from significant movements in foreign exchange rates. During
periods of crises, bubbles are formed from increasing and decreasing trends in entropy. These bubbles have similar
amplitudes and periods across different exchange rates, but their peaks differ significantly. FX markets with large
liquidity and large trading volume are characterized by sharp peaks (shorter recovery rates), while weak FX markets
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with small liquidity and small trading volume have flattened peaks (longer recovery rates). The time-dependent
entropy approach has thus shown useful in identifying and quantifying important characteristics of FX market behavior
during financial crises.
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