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Resumo

O presente trabalho é baseada em dois aspectos fundamentais: (i) o estudo de procedimentos
de normalização para sistemas de provas, especialmente para a lógica clássica com dedução
natural; e (ii) a investigação de técnicas da perspectiva geométrica aplicadas em propriedades
da teoria da prova. Com isso, a motivação específica deste trabalho reside principalmente na
análise daqueles trabalhos que estão voltados à definição de técnicas da normalização através
de mecanismos da perspectiva geométrica. Destaca-se que técnicas da perspectiva geométrica
trazem o uso de arcabouços gráficos e/ou topológicos com a finalidade de representar sistemas
formais de provas e suas propriedades. Dessa forma, a primeira parte do documento apresenta
o uso de técnicas e arcabouços topológicos para estabelecer algumas propriedades, como, por
exemplo, o critério de corretude e a normalização de sistemas de prova. Ao passo que a se-
gunda parte do documento é inicialmente direcionada à descrição de algumas abordagens de
normalização (principalmente) para a lógica clássica com dedução natural. E o complemento
da segunda parte é dedicado à definição do principal objetivo do trabalho, i.e., desenvolver um
procedimento de normalização para o conjunto completo de operadores dos N-Grafos, através
do auxílio de algumas técnicas de perspectiva geométrica. (Destaca-se que as técnicas de per-
spectiva geométrica, aplicadas à normalização dos N-Grafos, não fazem uso de arcabouços
topológicos). N-Grafos é um sistema de prova com múltipla conclusão definido para lógica
clássica proposicional com dedução natural. Ademais, os N-Grafos possuem tanto regras lóg-
icas como estruturais, estruturas cíclicas são permitidas e além disso as derivações são rep-
resentadas como grafos direcionados. De fato, a princpal característica do procedimento de
normalização aqui apresentado é fornecer um tratamento completo para as estruturas cíclicas.
Ou seja, são definidas classes de ciclos válidos, critério de corretude, propriedades e ainda
um algoritmo específico para normalizar os ciclos nos N-Grafos. Destaca-se que esses ele-
mentos são construídos através do auxílio de arcabouços gráficos. Além disso, o mecanismo
de normalização é capaz de lidar com os diferentes papéis executados pelos operadores ⊥/>.
Adicionalmente, apresenta-se uma prova direta da normalização fraca para os N-Grafos, bem
como, a determinação das propriedades da subfórmula e da separação.

Palavras-chave: teoria da prova, dedução natural, grafos-de-prova, teoria topológica de
grafos, normalização, múltipla conclusão, ciclos
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Abstract

Our work has a two-fold ground: (i) inspect normalization procedures for proof systems, mainly
for classical ND logic; and (ii) study the use of geometric perspective techniques applied to-
wards proof-theoretic properties. Specifically we are mainly concerned in analyzing those
works which are devised to define normalization via geometric perspective techniques. Here
geometric perspective techniques bring the use of graphical and/or topological frameworks in
order to represent proof system and its related properties. With this in mind, in the first part
of our work we present the use of topological techniques and frameworks in the establishment
of some properties, like soundness and normalization of proof systems. The second part of
the document is initially devoted to describe some normalization approaches (mainly) towards
classical ND logic. The remainder of second part is devised to tackle our major goal, i.e.,
develop a normalization procedure for the full set of N-Graphs operators through the use of
some geometric perspective techniques. (We should mention that our geometric perspective
techniques, applied in normalization for N-Graphs, do not use topological frameworks). N-
Graphs is a multiple conclusion proof system for classical propositional ND logic. It has both:
logical and structural rules, cycle structures are admissible and derivations are represented as
digraphs. Indeed the principal feature of our normalization procedure is to give a full treatment
for cycle structures. That is, we define classes of valid N-Graphs cycles, soundness, properties
and also a specific algorithm to normalize N-Graphs cycles. We remark that these definitions
are conceived by means of abstract graphical framework. Yet our normalization mechanism is
capable to handle the different roles of ⊥/> operators. Furthermore, we present a direct and
weak normalization proof together with a proof of subformula and separation properties.

Keywords: proof theory, natural deduction, proof-graphs, topological graph theory, normal-
ization, multiple conclusion, cycles
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CHAPTER 1

Introduction

Here we present our work, which is a two-fold investigation towards: (i) normalization pro-
cedures for proof systems, mainly for classical natural deduction (ND) logic; and (ii) study of
proof-theoretic properties via topological (or graphical) frameworks.

Our major result (and contribution) is the establishment of a normalization procedure for
proof-graphs. In addition to this, we have also investigate topological graph theory and re-
lated works, which define correspondences among topology, proof systems and proof-theoretic
properties. The normalization mechanism has been conceived for N-Graphs, which is a proof
system devised by de Oliveira in her doctoral thesis ([dO01], [dOdQ03]), as a suitable solution
to the lack of symmetry in classical ND logic. Mainly because N-Graphs uses a multiple con-
clusion proof structure. Yet de Oliveira has created not only logical rules, but also structural
ones. The structural rules together with the propositional constants (⊥, >) have a key role in
building proof-graphs (in N-Graphs derivations are drawn as digraphs), since these elements
can be used to construct proof-graphs with cycle structures. Therefore, a normalization proce-
dure for N-Graphs must have two main stages to handle detours: one for N-Graphs represented
as acyclic graphs, and a second one for N-Graphs represented as cycle structures.

Now we move forth to illustrate the proof-theory scenarios in terms of proof systems built
in light of graphical and topological frameworks, as well as, the developments of normalization
mechanisms in classical ND logic.

1.1 Geometric perspective

We start describing the use of graphical frameworks in proof systems with the objective of ex-
tracting proof-theory properties. We must emphasize that graphical frameworks use the tech-
nique so-called geometric perspective, which is used to denote a particular way of abstracting
from syntactic manipulation by turning explicit certain implicit symmetries in proof calculi via
the extraction of formula occurrence flow graphs.

We remark that if we use a graphical framework to represent proofs, the geometric perspec-
tive technique is applied. But, if we use a graph-topological framework (or simply topological
framework), the so-called real geometric perspective is applied. Notice that by using topo-
logical elements we shall obtain a more abstract layer to represent proofs. The real geometric
perspective shall be capable of reaching general results for proof-theory, e.g. generalization of
a normalization procedure for different sorts of proof systems. With this in mind, we define an
abstract graphical framework, as an abstract representation of proofs, proof objects (i.e., formu-
las, rules, operators, etc) and related properties (e.g., soundness and normalization) by means of

1
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graphical resources, where the graphical resources are determined via graph-theoretic and/or
graph-topological concepts and mechanisms.

Specifically we highlight five kinds of abstract graphical frameworks: tree, graph, flow
graph, circuit and topological framework. The tree-like framework corresponds to a graphical
representation from a ND calculus like Gentzen’s calculus. A graph representation is an exten-
sion of a tree framework. In Statman’s pioneer work we see the use of graphs as an abstract
graphical framework defined to analyze the mechanisms of assumption discharging in classical
ND calculus [Sta74]. We also cite Girard’s work [Gir86], who has used geometric perspective
ideas towards the creation of proof-nets, the linear logic counterpart for ND. Yet we mention the
works of Robinson [Rob03] and Geuvers-Loeb [GL06]. The former uses graphs to represent a
classical sequent calculus with the aim of translating the sequent calculus into proof-nets. The
latter uses graphs to represent ND derivations which are described via Fitch style.

The third kind of representation corresponds to the logical flow graphs, which have been
defined by S. Buss [Bus91]. The flow graph formalism traces the flow of formula-occurrences
in proofs of the sequent calculus. Initially, we cite Carbone’s work [Car99], where flow graphs
are used to analyze the cut-elimination procedure of a classical sequent calculus. Besides, N-
Graphs are based on flow graphs to determine the connection among formulas. Moreover, we
mention Alessio-Gundersen work [GG08], where a kind of flow graph is used to determine a
graphical framework capable of representing the calculus of structures in deep inference logic.

The fourth kind of abstract graphical framework is the circuit representation, which is used
in the work of Blue et. al. The authors [BCST96] draw proof-nets as circuits in order to give
correspondences with categories. This circuit proof-nets has formulas represented as edges and
operators represented as nodes in the corresponding graph.

The last sort of abstract representation is named topological and it is used in the following
works. Yetter’s proof as drawings [Yet90] is responsible for defining a topological interpreta-
tion for linear logic sequent calculus together with a cut-elimination procedure. Fleury’s ap-
proach [Fle03] gives a topological representation for proof-nets and normalization reductions
in two kinds of surfaces: planar and 3D. And Melliï¿½s’ work [Mel04] presents a soundness
criterion for proof-nets by means of topological elements.

1.2 Normalization

Now we trace the scenario corresponding to normalization for classical ND logic. Normaliza-
tion for ND has been defined by Prawitz [Pra65]. Prawitz established normalization for the
fragment {∧,→,∀,⊥}. As it follows, we see Statman’s work defining normalization for the
full set of operators. Statman has used graph-theoretic mechanisms (homomorphism) in order
to reduce a classical logic system into an intuitionistic system, thus an indirect normalization
proof is given. Next, we cite five works: Massi-Pereira ([PM88], [Mas90]), Stålmarck [Stå91],
Andou [And95], Seldin [Sel89] and von Plato [vP88]. These authors present normalization
procedures for the full set of operators together with a directed normalization proof. These
achievements comprehend normalization for a single conclusion ND calculus.

Beyond the above references we can find several additional works which are defined for giv-
ing normalization for a single conclusion ND calculus. Nonetheless, there are few works which
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are devised for establishing a normalization procedure for a ND proof system augmented with a
multiple conclusion proof structure. Initially, we have Ungar’s work [Ung92] in which normal-
ization for a multiple conclusion system is established. Ungar defines proofs as graphs, but no
graphical framework is used. Yet we mention Cellucci’s work [Cel92], which gives normaliza-
tion for a proof system where the conclusion is a sequence of formulas. Here, proofs are seen
as trees and no graphical schema is shown. Additionally, we highlight the work of Blute et al.
(previously cited), in which we do not have a normalization strictly defined for a traditional ND
system. Instead we have normalization for a (graphical) version of Girard’s proof-nets. But,
somehow this work may be seen as an extension of Prawitz normalization techniques, since
it uses some traditional normalization mechanisms devised for classical ND logic augmented
with some multiple conclusion features, like the use of cycles and ⊥/> operators. We still
remark that reduction rules (also called surgical rules) are conceived by means of the graph-
ical representation of proof-nets defined by Blute et al. Furthermore, we highlight the work
of Alessio-Gundersen [GG08], which has neither an extension of ND system nor a multiple
conclusion framework. However, the authors use cycle structures, which indeed are a keystone
feature of N-Graphs normalization. Alessio-Gundersen defines a normalization procedure by
means of flow graphs.

By tracing both scenarios; abstract graphical framework and normalization for classical
ND logic, we realize that on the one hand, some works are devised to merge both scenarios.
That is, they define a normalization procedure guided by an abstract graphical framework.
On the other hand, some works do not merge the scenarios. Instead, they use an abstract
graphical framework to represent the system and its rules, but do not represent transformations
among derivations. Or yet we have normalization procedures which do not use any graphical
representation.

Now we remark those works which are devised to define a normalization mechanism by
means of some abstract graphical framework. Firstly, we mention Statman’s work, where the
homomorphism concept is used to establish a correspondence among two proof systems: X and
Y , in which normalization is defined for Y , but not for X . As a result, X is reduced into Y and
normalization for X is indirectly given. Secondly, we have the work of Blute et al., where the
graphical framework of proof-nets is used to describe the reduction rules and cycles. However,
cycle structures are not normalized. Thirdly, we mention Carbone’s work, in which flow graphs
are used to analyze the process of cut-elimination in classical sequent calculus. Fourthly, we
remark the work of Alessio-Gundersen, where the authors use an abstract graphical frame-
work to represent a proof system and the corresponding normalization procedure. Notice that
Alessio-Gundersen admit and handle cycle structures, but there is no specific procedure capa-
ble of determining whether or not a given cycle is redundant. Additionally, we cite Yetter’s
work, which uses a topological framework for defining the cut-elimination procedure for a lin-
ear sequent calculus. Moreover, Fleury’s work shows a topological framework responsible for
defining reductions which correspond to proof-nets.

Taking this into account, we realize that only the first two works aforementioned are devised
to define a normalization towards classical ND logic. Besides, only Blute et. al. and Alessio-
Gundersen admit cycles. However, they do not present a normalization mechanism for cycles,
i.e., there is a lack of a specific mechanism capable of checking whether or not a given (valid)
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cycle has a detour. Consequently, we realize the lack of a normalization procedure defined by
means of an abstract graphical framework for classical ND logic, which is subtle to establish a
thorough treatment of cycle structures, including its corresponding normalization.

1.3 Objectives and further developments

Above (at the end of 1.2) we have mentioned the lack of a direct normalization mechanism for
multiple conclusion classical ND calculus which uses some geometric perspective technique
and also gives a thorough treatment for cycle structures, including the handling of cycles at
normalization stage. With this in mind, we intend to use geometric perspective techniques in
order to fulfill these two gaps. As a result, our major goal brings normalization for N-Graphs.
As a matter of fact, in a previous work [Alv05], we have defined normalization for a fragment
{∧,∨,⊥,>} of N-Graphs. Here we move forth and establish normalization for the complete
set of operators {¬,∧,∨,→,⊥,>}, together with a specific algorithm used to check whether
or not a cycle structure is redundant.

In this extension of normalization we shall face two main challenges: (i) handle ⊥ and
> operators; and (ii) define an accurate treatment for N-Graphs cycles. In order to handle ⊥
and > we need to capture the different roles that these operators can play. In N-Graphs they
can be used in different manners, where they can assume a logical and/or a structural role.
The second challenge requires a classification of cycles into classes. This, together with the
construction of a specific algorithm to determine whether or not a given cycle is redundant.
We remark that even in normalization for multiple conclusion proof systems, cycles are rarely
allowed and treated. For instance, in Ungar’s work derivations are seen as graphs. However,
Ungar does not represent cycles. We also mention Blute and colleagues work, in which cycles
are allowed and treated, but only for soundness purposes. Moreover, we cite Melliï¿½s’ work,
where cycles structures are cleverly used to determine the soundness criterion of proof-nets. Yet
Statman uses cycles to graphically represent the discharging of assumptions. Besides, we have
Alessio-Gundersen work which allows cycle structures and defines specific concepts for cycles.
However, cycles are not normalized. Instead, the authors define a mechanism to remove cycles
from a particular fragment of the system in order to avoid the creation of a non-terminating
reduction chain. With this, we realize the lack of an approach where cycles are handled not
only for soundness, but also for normalization purposes. This gap is fulfilled by normalization
for N-Graphs, where cycles are treated and a specific mechanism is established for determining
whether or not a given cycle is redundant.

Besides, our work intends to enjoy the own graphical flavour of N-Graphs together with ad-
ditional geometric perspective techniques. And apply them to create the normalization proce-
dure for N-Graphs by means of an abstract graphical framework. With this, we can summarize
the major achievements of normalization for N-Graphs as follows: (i) normalization for the full
set of N-Graphs operators; (ii) reductions for ⊥/>; (iii) thorough treatment of cycle structures,
including classification, soundness, extraction of properties and normalization (via a specific
algorithm); (iv) establishment of the computation complexity for the cycles normalization al-
gorithm; (v) use of an abstract graphical framework; (vi) construction of normalization proof;
and (vii) determination of subformula and separation properties.
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Furthermore, we investigate the extraction of proof-theoretic properties from proof sys-
tem represented via topological frameworks. Specifically, we study the topological approaches
given by Statman, Fleury, Melliï¿½s and Yetter. Therefore, the main contributions of topologi-
cal investigations are the following: (i) the study of properties like soundness and normalization
by means of topological frameworks; (ii) the comprehension of Statman’s and Blute et al. nor-
malization mechanisms; and (iii) the development of forthcoming ideas towards the use of
topological frameworks for N-Graphs normalization(which shall be presented in Chapter 9).

In addition to this, we can foresee one forthcoming goal, which is defining normalization
for N-Graphs by means of an abstract graphical framework, where the graphical resources do
not only use graph concepts, but also topological graph-theoretic mechanisms.

Additionally, we cite a few computational applications of normalization. We should men-
tion the creation and refinement of proof strategies in automatic theorem provers ([Pra60],
[PPV60], [Pau01]). Besides, normalization has a key role in order to extract the computational
content of proofs, since one can extract contents of a normal proof. Thus, it is possible to
compare the contents from a proof with the contents from a normal proof ([BBLS06], [Sch93],
[Sch77], [BS94]).

Moreover, normalization helps to establish the connection among logics and concurrent pro-
cesses, which is based on the Curry-Howard isomorphism, as suggested by Abramsky [Abr94].
Abramsky’s goal traces a correspondence among linear logic and concurrent processes. Thus,
the paradigm Proofs-as-Processes has been developed as an extension of Propositions-as-
Types, which presents correspondences among λ -calculus and intuitionistic logic described
by the following connections:

• Formulas↔ Types

• Proofs↔ Programs

• Normalization of proofs↔ Computation

Yet Abramsky emphasizes that a calculus which has symmetrical rules could provide a
subtle correspondence between proofs and processes [Abr94], because such calculus would be
able to represent the multiple inputs/outputs of concurrent processes. With this in mind, we
foresee the use of N-Graphs to establish correspondences between N-Graphs and processes,
where we shall enjoy the symmetrical rules of N-Graphs.

1.4 Organization

This document is mainly divided into two parts. Part I brings the investigation of topological
graph theory concepts and topological frameworks used to extract proof-theoretic properties.
Next, in Part II, we present the normalization for proof-graphs. Specifically, Part II is di-
vided into two stages. Firstly, in Chapter 4, we present related works where a normalization
mechanism for classical ND logic is given. And the second stage is devised to determine the
normalization for N-Graphs.
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In Fig. 1.1 we illustrate the contents of this document. At the top left of the figure, we
show the works which compose Part I (this part is tagged in figure as topological framework).
At the top right we show those works which give normalization for classical ND logic. These
works are described in Chapter 4. Finally, at the bottom of the same figure we illustrate the
main features of our normalization for N-Graphs, that is the second stage of Part II. Notice
that Statman’s work is presented into two distinct parts: the topological elements are described
in Part I, while the normalization technique in Part II. Yet we mention that Blute et al. have
some inspirations on the topological works of Joyal-Street and Fleury. At last, in Chapter 9 we
present the conclusion of our proposal.

Figure 1.1 Document general structure
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CHAPTER 2

Topological graph theory

In this Chapter we describe concepts and techniques of topological graph theory. In Section 2.1
we introduce topological graph theory, where we specially describe the concepts of surfaces,
embeddings and topological deformations. Next, in Section 2.2 we describe the topological
concept of bands. Section 2.3 brings a brief discussion concerning braid theory and ribbons.
At last, Section 2.4 presents the summary of this Chapter.

We remark that the concepts described in this Chapter are chiefly based on the works of
Gross and Tucker [GT87], Arnold [Arn62] and G. Flegg [Fle74]. Yet in Appendix A we present
some related definitions of graph theory, which indeed may be useful in this Chapter.

2.1 An introduction to topological graph theory

In this Section, we intend to give an introduction towards topological graph theory. One of
the major targets of topological graph theory is the placement of graphs on surfaces. Ordi-
narily, such surfaces are closed, that is, compact and without boundary. The plane surface is
not closed, while the sphere is a closed surface. And, as we shall see through this Section,
the sphere (and similar surfaces) are a suitable place to embedding graphs. In the remainder
of this Section we are mainly concerned about describing the different kinds of surfaces and
embedding techniques, as well as the operations so-called topological deformations.

2.1.1 Closed surfaces

Initially, we bring the first ideas towards closed surfaces. And, as it follows, we specifically
discuss two sorts of closed surfaces. Through the text we shall see the following surfaces:
circle, sphere, annulus and torus. A sphere with one handle is said to be a torus, a sphere with
two handles is named as a double torus, if there are three handles we have a triple torus, and so
forth. In Figures 2.1 and 2.2 we have a torus and a sphere with handles, respectively [GT87].

Figure 2.1 A torus

9



10 CHAPTER 2 TOPOLOGICAL GRAPH THEORY

Figure 2.2 A Sphere with handles

An open disk is the portion of a plane which is enclosed within some circle, but it does
not include the circle, while a closed disk is the portion of a plane which is inside or on some
circle, that is, all the points of the circle are included in the closed disk. Note that both open
and closed disks are surfaces on a plane. Indeed, a closed disk is an open disk together with the
circle whose interior is that open disk. Next, we see the analogous definitions, but now dealing
with surfaces in an sphere.

An open ball is the portion of three-dimensional space which is enclosed within some
sphere, but not including the sphere. A closed ball is the portion of three-dimensional space
which is inside or on some sphere; that is, all points of the sphere are included in the closed
ball. We realize that both open and closed balls are solids in three dimensions. As a matter of
fact, a closed ball is an open ball together with the sphere whose interior is that open ball.

A surface is bounded iff (if and only if) the entire surface is part of some open ball. A
torus is a bounded surface, while a plane is not a bounded surface. If we consider a particular
piece of a surface, the boundary of that piece is defined to be the curve which separates that
piece from the rest of the surface. For example, consider a disk as a portion of a plane: the
boundary of the disk is the circle which encloses it. Note that a boundary is determined when
an edge is reached. The words bounded and boundary are quite similar, although the concepts
are not the same. The following examples are used to highlight the differences. Both a sphere
and a disk are bounded surfaces, but a sphere has no boundary, while the boundary of a disk is
a circle. A plane is an unbounded surface which has no boundary. A thin strip of a plane is also
unbounded, although it has boundary consisting of two parallel lines.

According to this, we now state that a surface is said to be a closed surface: iff it is bounded
and it has no boundary. Thus, we say a sphere is an example of a closed surface, while an open
disk and a closed disk are not closed surfaces, since both surfaces have boundaries designed by
the circles which enclose the disks. One may wonder about the advantage of having a closed
surface, instead of a not closed surface. Roughly speaking, one says the advantage lays on
the fact that in a closed surface one can freely move along a compact (i.e., bounded) surface
without meeting an edge (i.e., a boundary).

2.1.2 Orientable surfaces

There are two kinds of surfaces: orientable and non-orientable. In this work we only describe
the former surface. The sphere, the torus, the double torus, the triple torus, and so on, are
examples of orientable (and closed) surfaces. They are usually denoted by S0,S1,S2,S3, . . . . In
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Figure 2.3 we picture out these surfaces.

Figure 2.3 The generation of tori surfaces

Another characterization of the closed orientable surfaces is that each one can be obtained
by adding some handles to a sphere in three-dimensional space. Adding one handle yields S1,
adding two yields S2, and so forth. From this characterization, it is easily seen that every (finite)
graph can be drawn without edge-crossings on some closed surface, as follows. First, draw the
graph on the sphere, possibly with crossings. Now suppose that the edge e crosses the edge e′,
as we see in Figure 2.4. Just like a surgical operation, cut a hole in the surface on each side of
e′, near the crossing by e, and small enough so that it touches no edge. Next attach a handle
from one hole to the other. Then, reroute edge e in a way that it traverses the handle, instead of
crossing edge e′. This procedure can be repeated until all crossings have been eliminated.

Figure 2.4 The uncrossing of edges operation

2.1.3 Planarity, embedding and genus

Initially we give the notion of planarity for graphs. A graph is named planar if it can be drawn
(or embedded) in a planar surface in such a way that no edge intersection (or we may say
crossing of edges) occurs .

In order to further formalize the notion of a drawing without crossings, we define an em-
bedding of a graph in a surface to be a continuous one-to-one function from a topological
representation of the graph into the surface. For most purposes, it is natural to abuse the termi-
nology by referring to the image of the topological representation as “the graph".

If a connected graph is embedded in a sphere, then the complement of its image is a family
of regions (or faces), each homeomorphic to an open disk. In more complicated surfaces, the
regions need not be open disks. If it happens that they are all open disks, then the embedding
is called a 2-cell (or cellular embedding).

In an orientable surface, we say its genus is defined to be the number of handles one must
add to the sphere in order to obtain its homeomorphic graph. The genus of the orientable
surface Sg is denoted g. The (orientable) genus of a graph G, denoted γ(G) (or simply γ if G
is the only graph in the context), is defined to be the smallest number g such that the graph G
embeds in the orientable surface Sg.
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2.1.4 Edge sliding

This Subsection briefly shows a distinct kind of embedding which is simple, since it changes
only the embedded graph, not the surface. It is called edge sliding. Let f be a face of an
embedding G→ S, let d and e be consecutive edges in the boundary walk of f with common
vertex v, and let u and w be the other endpoints of d and e, respectively. To slide d along e, one
adds a new edge d′ from u to w and places its image across face f so that it is adjacent to d in
the rotation at u and adjacent to e in the rotation at w, and one then removes edge d from the
graph. This process is presented in Figure 2.5.

Figure 2.5 Example of an edge sliding

2.1.5 Annulus and torus

Here we present two surfaces: the annulus and the torus. An Annulus is the portion of a plane
bounded by two concentric circles and topologically equivalent to a cylinder, see Fig. 2.6.

Figure 2.6 Annulus

In Fig. 2.7 we see a different kind of annulus, one with three holes, [Fle74].

Figure 2.7 Annulus with three holes

Now we describe how someone can obtain a torus from a drawing in a (rectangle) piece of
a paper, where this piece of paper is cut open and flattened. With this, it is allowed to draw
embeddings on a flat piece of paper. To obtain the torus from a rectangle we have the following
steps presented in Figure 2.8. First, it is necessary to pass the top of the rectangle to the bottom,
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in order to obtain a tube. Next, paste the right end of the tube to the left end, then a torus is
generated.

In order to show an embedding of a graph on a torus, it is possible to draw some of the
edges of the graph “through" the sides of a rectangle, but it is necessary to take care in each
instance to keep the corresponding position on the opposite side. In Figure 2.9 we show the
embeddings of K5 and K3,3. Both K5 and K3,3 have orientable genus 1.

We remark that K5 and K3,3 (Kuratowski’s graphs) are described in Section A.6 from Ap-
pendix A (see also Fig. A.8), where we also mention Theorem A.1. This theorem highlights
the key feature of Kuratowski’s graphs in graph embeddings. Because Theorem A.1 establishes
a restriction in order to embed a graph into a sphere. As a matter of fact, K5 and K3,3 can be
used as “pattern graphs". That is, if a given graph G is homeomorphic to K5 or K3,3, then G can
not be embedded into a sphere. As a consequence, we see the use of torus surface in order to
(successfully) embed the Kuratowski’s graphs.

We highlight the torus embedding via a rectangle technique is a subtle solution for pure
topological graph theory. However, if we intend to apply embeddings to graphs which may
represent proofs, then we may search for another embedding technique. And we found a dif-
ferent technique in Statman’s work [Sta74]. The author gives an embedding for K3,3, where the
handle is clearly illustrated. Therefore, in Figure 2.10 we have the embeddings of K5 and K3,3
with explicitly handles. Note that nodes in Figures 2.9 and 2.10 are labelled (according to the
labels used in Fig. A.8) to clarify the correspondences between the different representations.

2.1.6 Topological deformations

In [Fle74], G. Flegg shows an interesting feature of topology, where one can consider equiva-
lence classes of shapes which at first sight (let’s say a geometrical sight) seem different. This is
a strong resource of topology in order to consider properties which are invariant under topolog-
ical transformations. That is, the shapes suffer modifications but still keep certain properties.

Flegg allows the following transformations, which are called elastic deformations, stretch-
ing, bending and twisting. It is necessary to notice that in these transformations those points
which are near remain near, that is neighborhoods are preserved.

The cutting deformation is not allowed, unless the cut is subsequently “repaired" in such
a way that the nearness of original points is restored. And joins may not be made, since they
could bring together points which were originally separated.

Fig. 2.11 depicts some plane shapes which all belong to the same topological equivalence
class. Each may be transformed into any of the others by allowing transformations.

Fig. 2.12 illustrates what is meant by preserving neighborhood under topological trans-
formations (i.e., neighborhood should be an invariant property). The plane closed curve C is
deformed into the plane closed curve C′. P and Q are two points inside C, and R is a point
outside C. Under the transformation, P, Q and R are respectively mapped to P′, Q′, R′. But
even though P′, Q′, R′ are further apart than P, Q, R. What really matters is the fact that P′

and Q′ are inside C′ and R′ is outside. Indeed, distance apart is irrelevant to the question of
nearness in topological sense, and has no bearing on the preservation of topological invariant
under elastic deformations.

In Fig. 2.13, we have another example where neighborhood is preserved under deformation.
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The circular hole in the center of the disk is deformed into a narrow slit. However, P′ and Q′

maintain the original relationship of P and Q, where they are separate by the boundary of the
hole. The only transformation has occurred in the shape of the hole.

We highlight that topological equivalence classes include within one and the same class
many shapes with widely differing geometric properties. Some properties, invariant under the
rigid transformations of ordinary geometry, are still preserved under topological transforma-
tions.

These topological transformations have a two-fold contribution: (i) in one way they define
the equivalence classes among different shapes that in a non-topological view would be given
as not equivalent shapes; (ii) in other way the deformations may guide the analysis of properties
which are still invariant under these kinds of operations.

Ambient isotopy:
The concept of Ambient isotopy, or simply isotopy, defines one equivalence class of shapes

where topological deformations are applied. As a matter of fact, an isotopy is established by a
continuous deformation of a shape (or figure), where the same operations given above can be
applied: bending, stretching, twisting. And the same restrictions are applied also.

Any group of shapes or figures is considered ambiently isotopic (or simply isotopic) if there
exists an Ambient isotopy between these shapes. Such a group is called an isotopic class. All
members of an isotopic class are considered to be the same shape or figure. In Fig. 2.11, an
isotopic class is illustrated [Pro07].

2.2 Band decompositions and graph embeddings

In this Section we describe a topological graph technique, where we begin with a graph and
add some combinatorial structure that implicitly describes the surface and the embedding. This
topological representation is named band decomposition. Before, we need to introduce the
concept of topological spaces.

2.2.1 Topological spaces and Hausdorff spaces

In [Fle74], we have the following definition of a topological space.

Definition 2.1 (Topological space). If X is any non-empty set and T is a collection of subsets
of X including the empty set /0 and the set X itself, then the collection T is named a topology
on X provided that which satisfies each of the following conditions:

1. The union of any number of the subsets of X which are in T must also be in T ;

2. The intersection of any two of the subsets of X which are in T must also be in T .

The various members of collection T are said to be T -open (or simply open). The set X
together with the collection T comprises a topological space [Fle74].

We cite two examples of topological spaces:
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Example 2.1. The first one is provided by the set:

X = {a,b,c,d},

together with the collection of subsets of X ,

T = { /0,{a},{a,b},{a,b,d},X}.

The union of any number of these subsets belongs to T . This is ensured in this instance by
the hierarchical relationship:

/0⊂ {a} ⊂ {a,b} ⊂ {a,b,d} ⊂ X ,

which also ensures that the intersection of any number of these subsets (and hence of any
two of them) belongs to T . However, the collection of subsets:

{ /0,{a},{a,b},{b,c,d},X},

is not a topology on X since the intersection {a,b} ∩ {b,c,d} = {b} gives a subset not
belonging to the collection.

Example 2.2. A second example is given by powerset of the above set X .

P(X) = { /0,{a},{b},{c},{d},{a,b},{a,c},{a,d},{b,c},{b,d},{c,d},{a,b,c},{a,b,d},
{a,c,d},{b,c,d},{a,b,c,d}}.

The intersection of any number of topologies on a given set X is also a topology on X , since
it is easily seen that the intersection of any two topologies on X satisfies the two aforementioned
conditions.

We still give an alternative definition of a topological space in terms of T -closed subsets.

Proposition 2.1. A subset A⊆ X is T -closed (or simply closed) if its relative complement in
X , namely X−A, is T -open.

Definition 2.2 (Topological space via T -closed subsets). A collection K of subsets A of X
which includes X and /0 is a topology on X if it satisfies the two conditions:

1. The intersection of any number of subsets of X which are in K must also be in K ;

2. The union of two of the subsets of X which are in K must also be in K .

Having X = {a,b,c,d}, the relative complement in X of the members of the topology on X
consist of the open subsets:

/0,{a},{a,b},{a,b,d},X ,

and respectively the closed subsets:
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X ,{b,c,d},{c,d},{c}, /0

In Subsection 2.1.6 we have informally mentioned the idea of neighborhood. Now, we
state it in a topological context. If X is a set which, together with some topology T on X , is a
topological space, then any subset N of X is a neighborhood of an element x ∈ X if it includes
an open set containing x.

At last, we have the Hausdorff spaces, which are an important class of topological spaces.
Hausdorff spaces are topological spaces satisfying the condition for each pair of distinct points
x, y of a set X with topology T , in which there are neighborhoods Nx and Ny of x and y
respectively, so that their intersection is empty.

2.2.2 Band decomposition for surfaces

Let G→ S be a 2-cell embedding (or cellular embedding) of a graph G in a surface S. (Recalling
that at the beginning of Subsection 2.1.3 we have mentioned that a 2-cell embedding occurs
when each region from the resulting embedded graph is homeomorphic to an open disk). One
can surround each vertex of the graph G by a small disk in the surface S and each edge of
G by a thin band so that the union of all disks and bands is a neighborhood of G in S whose
shape preserves that of the graph itself. The complement in S of this neighborhood consists of a
family of disks, one just inside each face of the embedding. This decomposition of the surface
into bands and (two kinds of) disks is now described.

Define a 1-band to be a topological space b together with a homeomorphism (see Def. A.31
in Appendix A) h : I× I→ b, where I denotes the unit interval [0,1]. The arcs h(I×{ j}) for
j = 0,1 are called the ends of the 1-band b, and the arcs h({ j}× I) for j = 0,1 are called the
sides of b. A 0-band is simply homeomorphic to the unit disk, as the 2-band. We remark that a
0-band would be like a vertex of a graph, a 1-band like an edge and a 2-band like two parallel
edges.

A band decomposition of the surface S is a collection B of 0-bands, 1-bands, and 2-bands
satisfying these conditions:

1. Different bands intersect only along arcs in their boundaries.

2. The union of all the bands is S.

3. Each end of a 1-band is contained in a 0-band.

4. Each side of a 1-band is contained in a 2-band.

5. The 0-bands are pairwise disjoint and the 2-bands are pairwise disjoint.

The corresponding reduced band decomposition B omits the 2-bands.

Example 2.3. Figure 2.14 shows a graph embedding and the associated reduced band decom-
position. The 0-bands assume the names of their respective vertices and the 1-bands assume
the names of their respective edges.
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2.2.3 Orientability

A band decomposition is called locally oriented if for each 0-band an orientation is assigned.
Then a 1-band is called orientation-preserving if the directions induced on its ends by adjoining
0-bands are the same as those induced by one of the two possible orientations of the 1-band;
otherwise, the 1-band is called orientation-reversing. These two possibilities are illustrated in
Figure 2.15.

An edge e in the graph embedding associated with a locally oriented band decomposition is
said to have (orientation) type 0 if its corresponding 1-band is orientation-preserving, and (ori-
entation) type 1 if its corresponding 1-band is orientation-reversing. A walk in the associated
graph has type-1 if it has an odd number of type 1 edges and has type-0 if it has an even number
of type 1 edges. Why does an odd number determine the type 1 for a walk? Because an odd
number of type 1 edges shall guarantee that the walk has yet an orientation-reversing, while an
even number of type 1 edges would inverted the walk orientation to a preserving one.

Remark. The designation of orientation reversing for a 1-band depends only in the orien-
tations chosen for its adjoining 0-bands and does not necessarily imply non-orientability of the
associated surface. For instance, the cycle e2, e3 in Figure 2.14 has type-1, no matter what the
choice of local orientations is.

In searching for type-1 cycles, it is often advantageous first to reverse the orientation of
some 0-bands. This obviously does not change the surface. However, when the orientation
of a 0-band is reversed, this changes the orientation type of every proper edge incident on the
corresponding vertex (the orientation type of a loop does not change).

Example 2.4. Consider the reduced band decomposition shown on the left in Figure 2.16.
First, reverse the orientation of the 0-band labeled u. Then reverse the orientation of the 0-band
labeled v. The resulting decomposition has no orientation reversing 1-bands. So the underlying
surface is orientable, despite all the twisted 1-bands in the leftmost drawing. Notice that the
center and rightmost drawings present the replacement of two straight bands by curved bands,
specifically we are mentioning the walk which goes from u to v. These curved bands are added
on purpose in order to not change the orientation of the edges, since if we kept the same straight
bands we would not obtain our desirable result: free of orientation reversing 1-bands.

Orientability Algorithm. To determine whether the surface S corresponds to a given band
decomposition is orientable or not, first choose a spanning tree T for the associated graph G.
Next, choose a root vertex u for T and an orientation for the 0-band of u. Then for each vertex v
adjacent to u in the tree T , choose the orientation for the 0-band of v so that the edge of T from
u to v has type 0. Continue this process on the tree T until every 0-band has an orientation.
That is, if v and w are adjacent in T and if the orientation at v has already been determined,
then choose whichever orientation at w makes the edge from v to w has type 0. No conflicts in
choice of orientation arise since T is a tree. The result is band decomposition such that every
edge in the tree T has type 0. Any type 1 edge in G−T forms a closed walk (or cycle) with
a path in T joining its endpoints. Since every walk in T has type 0, such a closed walk would
have type 1. Thus, the surface S is non-orientable iff some edge in the complement G−T has
type-1.
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2.3 Algebraic topology

In this Chapter we have focused our attention into topological graph theory. Nonetheless, we
are aware that topology enlarges different areas, for instance, algebraic topology. As a matter
of fact, we are also interested in two related concepts of algebraic topology: braid theory and
ribbons. These concepts shall be described in the next Chapter. But, here we may trace the
following comparison to give a graphical intuitive hint concerning the meaning of ribbons.

• Ribbons: resemble the band decomposition, where the edges are represented by the
bands. But there is a graphical distinction. In a band, the vertices have a specific rep-
resentation which differs from the edges. In a ribbon, edges and vertices are all equally
represented. They are both surrounded by a sort of a band.

2.4 Summary

Through this Chapter we have seen topological graph theory concepts and techniques, which
indeed are used in those works described in Chapter 3. With this, we shall develop our first
major goal, i.e., the extraction of proof-theoretic properties by means of topological approaches.
Furthermore, these topological concepts can also be used to inspire our forthcoming goal, i.e.,
use of geometrical/topological techniques towards normalization for N-Graphs.

Specifically, in the works described in the next Chapter we shall notice the use of the fol-
lowing concepts:

• Statman [Sta74]: the author presents the use of genus, torus surface and embedding
techniques;

• Joyal-Street [SJ91]: the authors show invariant properties under deformation of dia-
grams, braids and ribbons;

• Yetter [Yet90]: the author uses surfaces like disk, annulus and planar embedding;

• Fleury [Fle03]: the author uses surfaces like disk, annulus, ball, planar and non-planar
embedding, braids and ribbons and also isotopy;

• Melliès [Mel04]: the author uses planar embedding and also ribbons.
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Figure 2.8 Construction of a torus via rectangle technique

Figure 2.9 K5 and K3,3 embedded in Torus via rectangle technique

Figure 2.10 K5 and K3,3 in Torus with handles

Figure 2.11 Shapes of a same class

Figure 2.12 Example of neighborhood preserving during deformation

Figure 2.13 Additional example of neighborhood preserving during deformation
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Figure 2.14 Band decomposition example

Figure 2.15 Band decomposition orientations

Figure 2.16 Example of a band decomposition with orientations



CHAPTER 3

Proofs as geometrical objects via topological
frameworks

In this Chapter we present one of our research tracks. That is, the extraction of proof-theoretic
properties by means of abstract graphical frameworks. Specifically, we shall present in Sec-
tion 3.1 Statman’s work [Sta74], where ND proofs are seen as graphs (or geometrical objects).
Statman uses the following topological techniques: genus, surfaces and embeddings. More-
over, in Section 3.2 we describe the works of Joyal-Street [SJ91] and Fleury [Fle03]. These
two works use braids and ribbons, as well as additional topological concepts. Yet in Section 3.3,
we show Melliès’ work [Mel04], where we see the use of ribbons in order to define a soundness
criterion for proof-nets. Additionally, in Section 3.4 we bring Yetter’s work [Yet90], which is
devised to give a topological representation of linear sequent calculus. At last, Section 3.5
describes a comparison among the works presented in this Chapter together with a discussion
concerning the geometrical and topological techniques which can be used in our forthcoming
goal, i.e., define normalization for N-Graphs by means of a geometrical and/or topological
framework.

We remark that the works presented throughout this Chapter are all devised somehow to
represent proofs, of a given proof system, as geometrical objects. With this in mind, we quote
Statman [Sta74], who summarizes the main idea captured by each work in this Chapter:

‘ One way to proceed from the study of the validity of proofs which
occupies most of current proof theory, to the study of their structure is to

view them as geometric objects. Differences between proofs previously
judged only by aesthetic criteria of elegance or convenience become now

principal objects of study.
—‘

3.1 ND proofs seen as geometrical objects

In this Section we present a structural analysis of ND proofs by means of a topological ap-
proach, as given by Statman in his thesis [Sta74]. We still remark that Statman presents a
normalization procedure in [Sta74], this normalization technique is presented later in Chap-
ter 4.

We may trace a brief comparison between Statman’s approach and Gentzen’s ND system,
specifically concerning the proof structure and its representation. On the one hand, Gentzen

21
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uses trees to represent ND derivations. On the other hand, Statman uses graphs to describe
ND derivations. Notice that both authors deal with ND systems with a single conclusion proof
structure. Even though we note different graphical representations used by them, the difference
occurs because Statman decides to give a graphical representation for the assumptions (or the
mechanism of discharging assumptions), while Gentzen does not include this mechanism by a
graphical representation; instead, labels are used.

The remainder of this Section brings in Subsection 3.1.1 some basic concepts concern-
ing the system, proofs, graphs and language. Next, in Subsection 3.1.2 we define rules and
inferences. Subsection 3.1.3 shows the system of rules, derived rule and transformation. In
Subsection 3.1.4 we give an analysis of assumptions discharging. And in Subsection 3.1.5 we
highlight some additional remarks of Statman’s work.

3.1.1 Basic definitions: system, proofs, graphs and language

Here we describe some concepts concerning the system, proofs, graphs and language defined
in Statman’s work. Initially, we give a general view of the System I, the system of rules defined
by Statman in his thesis [Sta74].

In Figure 4.1 we present the elements of the System I. Basically, we have the ND rules
stated in the usual way. And then we have the translation of these rules into geometric objects,
or graphs. In the remainder of this Section we shall see how this translation is established.

Figure 3.1 General view of System I

In Statman’s approach, proofs are regarded as certain formulas configuration. Proofs
are built up by ND rules. Specifically, the places in a configuration where we have formulas
occurrence have two kinds of relations:

1. The relation between premise and conclusion of the inference;

2. An assumption occurrence with the conclusion which cancels it.

This configuration is represented as a geometric object, that is a graph. The relations (1)
and (2) are represented by the incidence relations of the graph (Actually, we have a mapping
from the configurations towards the graph). The geometric object (or graph) gives the global
structure of such configurations, i.e., determines how the individuals inferences are connected.
Each inference has solely a basic structure given by relations: (1) or (2). The several formula
occurrences are related to its (single) conclusion. Notice that when Statman establishes these
two relations, it is clear that the implication and assumption cancelled shall be handled.
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The configuration (of a proof) is built by identifying formula occurrences in different infer-
ences. In other words, the configuration is established by connecting formulas. In Statman’s
terminology, the term configuration may be seen as derivation, or proof structure. We summa-
rize the idea by saying that we trace a configuration of a proof by joining inferences. Next, with
the configuration established we may draw the correspondent geometric object.

In Fig. 3.2, we see two examples of configuration in Statman’s notation. We notice that such
notation is unusual. That is (the reason) why, in Fig. 3.3, we give two possible interpretations
from the configurations presented in Fig. 3.2. Notice that the C2 configuration shown at right of
Fig. 3.3 has a connection from assumption A to formula A∨B∨C, where we have the discharge
of assumption A.

Figure 3.2 Configuration examples

Figure 3.3 A suggested interpretation of configuration

According to Statman, the above representation of configurations is analogous to the con-
struction of two dimensional surfaces using the identification of the boundary edges of several
polygons. Moreover, with this analogy it is possible to devise the use of the genus as a measure
of a proof, that is the least genus of an oriented surface where the resulting graph can be em-
bedded. So far, we have taken the very first moves towards the use of geometrical/topological
elements in Statman’s work. As it follows, we further discuss the following concepts: genus,
proofs and graphs (or geometrical objects).

The genus seems to be the right choice in terms of a geometrical measure which accu-
rately captures the essence of the derivations handled by Statman. Specially, those inferences
which represent the relation (2). Therefore, the genus of a proof may establish interesting
distinctions among a given derivation and its reduced form. That is, highlighting the differ-
ences between a derivation with assumption cancelled and a derivation without of assumption
cancelled. Roughly speaking, we say there are two “levels": a graph-theoretical level and a
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topological level. And the main difference among these two “levels" is that in the topological
level we consider the embedding of graphs into surfaces. The measures, such as the length of a
proof, the number of edges/nodes, etc, are suitable to establish the complexity of a derivation at
the graph-theoretical level. And the genus shall be the suitable measure to give the complexity
of a derivation at the topological level. As we see in this Section, Statman presents derivations
with assumption cancelled which leads to crossing of edges. In order to remove the crossing of
edges it is need to embed the graph into a surface like the torus. As a result, the genus shall be
useful to extract the complexity of such derivations.

As Statman says in his thesis, most of the proof theory investigations are directed to the
validity of proofs. So, the author has been the pioneer in devising an investigation of proof
structure analysis with a geometrical approach. Recently, we have seen other works where a
proof structure analysis has been defined. One of them belongs to Carbone[Car99], who has
based on Buss’ work to develop a geometrical proof structure analysis. Specifically, she has
investigated the exponential blow up which occurs in a cut-elimination process.

As a consequence, the key feature of Statman’s work is to analyze the proof structure in
such a way that proofs are seen as geometrical objects. As a matter of fact, this new approach
becomes the main target of investigation.

Gentzen originally represents NJ1 derivations (Statman named it as abstract relational struc-
tures) by trees which are planar figures. However, this representation is incomplete, since the
incidence relation2 of the figures does not present some of the relations among formula occur-
rences, which determine when a given figure is a derivation (by the rules of NJ).

Gentzen represented solely this relation:

• (1) The relation between premise and conclusion of the inference.

However, he does not include the following relation:

• (2) An assumption occurrence with the conclusion which cancels it.

With the second relation, the mapping of geometric objects in Statman’s approach is com-
plete in the sense that all desirable relations are now represented.

We notice the tree representation of a proof given by Gentzen does not include the rep-
resentation of assumptions. Instead, the mechanism of discharging assumption is represented
by labels (numbers). Nonetheless, Statman shows a complete graphical representation, where
edges are used to represent the discharging of hypotheses. This different representation of a
proof may be seen as an innocuous change. In fact, it results in a completely different proof
structure analysis, where we obtain a topological representation. So, now we may have non-
planar figures, see an example in Figure 3.4. A further example has been presented in previous
Chapter 2, that is the Kuratowski’s graphs embedded in a torus surface (see Fig. 2.10).

Therefore, we need to know how to capture the measure of these non-planar figures. To
obtain this result is used the notion of genus γ(G) of a graph G defined as follows3.

1NJ stands for the intuitionistic natural deduction calculus of Gentzen.
2Incidence relation represents that the derivation has a mapping from its structure to a tree or a graph, for

instance. That is, it determines the representation of a given derivation.
3In Chapter 2 we have given a genus definition. But, for the sake of clarity we commit this abuse and restate

the concept.



3.1 ND PROOFS SEEN AS GEOMETRICAL OBJECTS 25

Figure 3.4 A non-planar figure

Definition 3.1 (Genus). Say that G is embeddable in a closed orientable surface M, if G can
be drawn on M in such a way that lines representing edges of G intersect only at points of M
representing vertices of G, i.e., edges should not cross each other. γ(G) is the minimum genus
of a surface in which it is embeddable, or equivalently the minimum number of handles which
must be added to the sphere, so that G is embeddable in the resulting surface.

If D is a derivation, then γ(D) establishes the complexity of the second relation on D.
For each number n there is a derivation D, so that, γ(D) = n. Conversely, the measures

of graph-theoretic complexity, like the chromatic number, connectivity, arborieity, etc, which
are not topological invariants tend to be absolutely bounded on derivations. With this, Stat-
man establishes a sort of a division between the measures of graph-theoretic complexity and
geometrical/topological complexity. Examples of the former have just been given, while an
example of the latter is the genus. The main difference between these two sorts of complexity
measures lays on the fact that the graph-theoretic measures shall always change according to
the transformation of derivations. On the other hand, the topological measures are not strictly
bounded on derivations. This means derivation changes but the genus may remain the same, or
the genus changes and derivation might still remain unchanged.

As we have discussed the notions of genus, proofs, graphs and geometrical objects, we
now move further to formalize the language and the concept of a direct graph, as given by
Statman. Moreover, we have a second taste of the use of geometric techniques in Statman’s
approach (recalling the first taste has been given with genus concept). That is, we see the use
of isomorphism among derivations.

A propositional language L consists of:

• propositional variables: Var = {p,q,r, . . .};

• propositional constants: Cte = {C1, . . . ,Cm};

• and connective constants: Oper = {◦1, . . . ,◦m}.

Formulas are built up by the operations:

F1, . . . ,Fki −→ ◦iF1, . . . ,Fki.
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The set of formula is denoted by Form and formula occurrences are members of N×Form.

Definition 3.2 (Substitution). A substitution θ is a function θ : Var−→ Form, so that domθ =
{p ∈Var : θ p 6= p} is finite. If F ∈ Form, θF has its usual meaning (i.e., the mapping from a
variable to a formula) and θ(n,F) = (n,θF).

This substitution function does a sort of a transformation from variables to formula. More-
over, we say that n represents a given index of a formula. And N represents the set of indexes.

Definition 3.3 (Directed graph D). Let L be a finite set of labels. A directed graph D with
labels from L is a pair (V,E), where:

• The set of vertices of D, V ⊆ N×Form, is a finite set;

• E is a subset of V ×V ×L and represents the edges of D.

Fix L and let D be the set of all digraphs (V,E) with labels from L, and V ⊆ N×Form.

• V ⊆ N×Form: it means that a vertex of D is formed by a pair with an index and a
formula occurrence.

Then, if D ∈ D the following notation is given:

1. D =
D
x , if x ∈V (D) and x is not the initial vertex of any member of E(D). In terms of

ND systems (with single conclusion) x represents the conclusion of the derivation. Once
the ND system has only one conclusion and the outdegree of x is zero, i.e., it is not a
premise of any rule;

2. D =
[H]
D , if [H]⊆V (D) and y ∈ [H] implies that y is not the final vertex of any member

of E(D). Clearly, [H] represents the set of hypotheses of a given derivation;

3. D =
〈[Hi] : 1≤ i≤ t〉

D of D =
[Hi]
D for 1≤ i≤ t and i 6= j→ [Hi]∩ [H j] = /0.

In Figure 3.5 we show a graphical representation of x and y in the directed graph D.
So far, the notation given by Statman describes the basic concepts of a propositional lan-

guage and establishes the first moves towards the mapping of a proof to a graph. Mainly, by
means of directed graph definition.

Besides, we present the following notation which shall be used to determine isomorphism
among proofs.

l
−→
x y

is used to represent: (x,y, l), where x and y stands for vertices and l represents a label.
If D0, D1 ∈ D, it is possible to say that D0 is isomorphic to D1 if there is a bijection

b : V (D0)→V (D1) and b : E(D0)→ E(D1), satisfying:
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Figure 3.5 Derivations with conclusion and assumption

b(
l
−→
x y

) =

l
−→

b(x) b(y)

Then, notation D0 ≈ D1 is used. If b also satisfies, b(x) is an occurrence of the same
formulas as x. Thus, the notation D0 ≡ D1 is used.

Before moving to the next subject we shall give some remarks concerning the above defini-
tions. Firstly, we mention that the two bijections b are responsible to represent, respectively, the
mapping of vertices and edges from the graph D0 to the graph D1. Secondly, we say the equiv-
alence (given above) brings a comparison among two applications of bijections. The left one
being one single application in both formulas. And the application at right being two separated
applications to formula x and y. In a simple example with numbers we have the following.

Having the function:

f (x) = x,

we obtain,

f (a+b) = f (a)+ f (b)
f (13+5) = f (13)+ f (5)

Thirdly, we discuss the equivalence relations: D0 ≈ D1 and D0 ≡ D1. Naturally, we are
aware that the former equivalence is weaker than the latter one. This may be shown in Fig-
ure 3.6, where we have two sorts of isomorphisms among graphs. In both pairs of figures we
have a clear equivalence correspondence. But notice that in the second isomorphism (at right)
the equivalence is stronger, since the formulas are identical.

3.1.2 Rules, inferences and graphs

Here we describe a general framework responsible for establishing rules and inferences in
Statman’s system.

Suppose we have the given formulas C; Pi; Ai
j, 1≤ i≤ p and 1≤ j ≤ ai (the notation used

in these formulas is explained next at Table 3.1); with the following provisos:
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Figure 3.6 Two examples of isomorphisms

• 1≤ p,

• 0≤ ai.

Thus, it is possible to construct the inference figure schema, with parameters p and a. An
inference figure schema is a rule.

R =

〈[Ai
j] : 1≤ j ≤ ai〉

( Pi : 1≤ i≤ p )

C
And it is also possible to construct the inference figures, which simply means inferences.

θR =

〈[θAi
j] : 1≤ j ≤ ai〉

( θPi : 1≤ i≤ p )

θC
R

θ stands for a substitution.
The edges of graphs representing proofs, as proposed by Statman, are labelled according to

the following set.

Definition 3.4 (Set of labels). The set of labels L is defined as follows:

L = {(i,R) : 1≤ i≤ pR, R ∈ N}
⋃
{(i, j,R) : 1≤ i≤ pR, 1≤ j ≤ aR

i , R ∈ N}

where:

• N is a finite set of rules R with parameters pR, aR;

• pR is the number of premises of the rule R;

• aR is the number of assumptions of the rule R;

• the index i refers to the premisses while j to the assumptions of the rules.

With this, the inferences θR; for R∈N, allow us to construct new members of D as follows.

Di =

〈[θAi
j] : 1≤ j ≤ aR

i 〉
Di

(ni,θPi)
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for 1≤ i≤ pR, such that i 6= j⇒ Di∩D j = /0
Finally, we give the following notation which represents an inference and is used to draw a

graph D.

〈[θAi
j] : 1≤ j ≤ aR

i 〉
Di

( (ni,Pi) : 1≤ i≤ pR )

(n,θC)
R

The definition and notation given above are used to determine a general schema of in-
ference figures, i.e., rules. And by means of this schema it is possible to obtain inference
figures (i.e., inferences) in Statman’s system. As a matter of fact, this general framework shall
be used together with an additional framework given in next Subsection with the objective of
constructing the rules of System I.

Next, we still remark some elements concerning the notation given above. We have shown
four notations which are responsible for representing rules and inferences. With this, we have
seen formulas, indexes, parameters and labels. We summarize the principal elements of these
notations in Table 3.1.

assumption premise conclusion
formula A P C
indexes i, j i
parameters a p
labels (i, j,R) (i,R)

Table 3.1 Basic notation terms

Notice that in the first column we have the terms related to the assumption, in the second
column we see the terms related to the premise and in the last column we only have the single
conclusion.

We have seen Def. 3.4 which formalizes the labels used in the edges of a graph. Here we
emphasize the role of each label.

• the triple label := (i, j,R)

• the pair label := (i,R)

– i, j: are the indexes used to keep track of the formulas used in each inference rule.
i stands for the premisses, j stands for the cancelled assumptions.

– R: stands for the inference rules (→-I,→-E).

As expected, the pair label refers to the use of→-I rule, while the triple label indicates the
use of→-E rule.

And to enclose the discussion concerning the notation used by Statman, we present Fig. 3.7,
which shows the general schema used to generate a graph (or a geometrical object). Firstly, we
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have the configurations, which together with the rules shall generate inferences. Next, we
transform the inferences into a geometrical object, basically through the use of mappings from
formulas into vertices, connecting formulas with edges and labelling the vertices and edges.

Figure 3.7 General schema to obtain a geometrical object

And now we give an example of a derivation. Firstly, we have the example in the usual
notation. Next, we show the example as a graph, or a geometrical object.

Example 3.1. The following derivation corresponds to the graph of Fig. 3.8.

(4,q→ r)
(2, p→ q) (1, p)

(3,q)
→ E

(5,r)
(6, p→ r)

1→ I

(7,(p→ q)→ (p→ r))
2→ I

(8,(q→ r)→ ((p→ q)→ (p→ r)))
4→ I

→ E

Figure 3.8 A graph or a geometrical object



3.1 ND PROOFS SEEN AS GEOMETRICAL OBJECTS 31

3.1.3 Constructing the system of rules

In this Subsection we shall describe some fundamental concepts related to the establishment
of system of rules, which is the initial part of the System I. We present the notions of derived
rules, transformation and elimination procedure. We also give some examples to illustrate these
concepts. Roughly speaking, the concepts of derived rule and transformation are used to define
the correctness of the system of rules. Thus, Statman uses them in order to establish the System
I. In Fig. 3.9, we have a general view concerning the process used by Statman. From a derived
rule (DR) a construction of a derivation via transformations is obtained. Next, an elimination
procedure is used in order to obtain the respective system rule. According to this, we realize that
we shall use the framework presented here together with the (general) framework previously
described in Subsection 3.1.2 in order to construct the system of rules.

Figure 3.9 Derived rule, transformation and elimination procedure

Now we shall give the definitions, followed by an example and an additional proposition.

Definition 3.5 (Transformation of a derived rule). Given a rule R, a finite set N of R rules. Then
an N transformation of R is a triple (D,ν ,λ ), which satisfies the following:

1. D ∈ DerN and for some n, we have D =
D

(n,C)
, where DerN is the set of derivations

from set N and C stands as a conclusion of a derivation;

2. ν is a bijection of [1, pR] onto the assumptions occurrences of D, so that ν(i) is an occur-
rence of Pi and,

ν : {(i, j) : 1≤ i≤ pR,1≤ j ≤ aR
i } −→V (D)−ν ′′[1, pR].

V (D) is the set of vertices of D;

3. λ : {(i, j) : 1≤ i≤ pR,1≤ j ≤ aR
i } −→ L(N).

L(N) is the set of labels of N;

4. For each inference occurrence,

〈[γBk
e] : 1≤ e≤ aR′

k 〉

( (mk,γQk) : 1≤ k ≤ pR′ )

(m,γD)
R′

with substitution γ , there is a substitution δ , so that:
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δ |Var(D)
⋃ ⋃

Var(Qk)
⋃ ⋃

Var(Bk
e) = γ

with the conditions:

1≤ k ≤ pR′; 1≤ e≤ aR′
k ; and [γBk

e] = /0.

We observe this last item uses two substitution operations to describe the transformation
of a derived rule. Notice Def. 3.5 is established in such a way to transform the derived rule
according to direct graph definition. That’s why we have the bijections pointed out in items (2)
and (3), which are responsible for, respectively, mapping the vertices of graph D and the labels
of R rules of N.

Moreover, if there is an N transformation of R (or if R ∈ N), we say that R is a derived rule
of N.

W.l.o.g (without loss of generality) suppose (n,F), (n,G) ∈V (D). So we have F = G, then

(θD,
i
θ
◦ν ,λ ) is an N transformation of the following rule:

〈[θAi
j] : 1≤ j ≤ aR

i 〉

( θPi : 1≤ i≤ pR )

θC
and an N transformation of the inference θR is induced.
Yet, we give an example presented in Statman’s thesis and a related proposition.

Example 3.2. Initially, we have a derived rule.

[p] [q]
rR = p∧q→ r

Next, we have the definition of an M transformation of R, via the following bijections:

νR : νR(1) = (10,r)
νR(1,2) = (11,q→ r)

νR(1,1) = (12, p→ (q→ r))

λR : λR(1,1) = λR(1,2) = (1,1,→ I)

And we obtain the following derivation from the given derived rule.
DR =

(3, p→ (q→ r))
(1, p∧q)

∧E
(2, p)

→ E
(4,q→ r)

(5, p∧q)
∧E

(6,q)
→ E

(7,r)
→ I - 1

(8, p∧q→ r)
→ I - 3

(9,(p→ (q→ r))→ (p∧q→ r))

(10,r)
→ I

(11,q→ r)
→ I

(12, p→ (q→ r)
→ E

(13, p∧q→ r)
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The example 3.2 is devised to obtain a derivation DR from a given derived rule R, in order
to demonstrate that R is indeed a valid rule. Thus, we construct the derivation DR (presented
above) which yields the conclusion p∧q→ r. That is, the conclusion of R. Moreover, we have
four bijections given in M transformation. These bijections are responsible for mapping the
formulas r, q→ r and p→ (q→ r) and also the rule→ I. Specifically, the bijections are used
to map the elements of R into the respective right branch of derivation DR, as shown bellow:

[p]a [q]b
r → I - bq→ r

→ I - a
p→ (q→ r)

Proposition 3.1. Suppose L1 ⊇ L2, N1 ⊇M and m is a non constant uniform translation of L1
into L2, so that each rule of mN1 is a derived rule of M, then for each rule of F ∈ FormL2 we
have M ` F ↔ mF .

We describe the first part from the proof of this proposition in order to exemplify the main
ideas discussed at the beginning of this Section.

Proposition 3.1 has a general schema given in Fig. 3.10. This figure represents the cor-
respondences among languages: L1 and L2; and also between system of rules: N1 and M.
Additionally, the given proposition describes a direct connection from M to N1 (since each rule
of N1 is obtained by means of a derived rule of M). And a relation from L2 to M, where the
formulas of L2 are used to describe the rule of the system M.

Figure 3.10 General schema of proposition 3.1

Next, Fig. 3.11 brings the description of the steps taken in order to show that a given rule
belongs to a system of rules. The steps are defined as follows:

1. Obtain formula from L2;

2. Describe a rule of M according with the formula of L2;

3. Given derived rules of M;
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4. Through transformation we obtain derivations from the derived rules;

5. Apply the elimination procedure to the derivation resulting of the above step;

6. Finally, we obtain the rules described at the second step. With this, we show that a given
rule belongs to a given system of rules.

Figure 3.11 Derived rule: steps of transformation

Having described the general steps taken in the first part of the proof of proposition 3.1, we
shall now present the process used to obtain some rules.

Firstly, we have the three rules of M obtained from a formula of L2.

M ` (p→ q)↔ m(p→ q)
M ` (p∧q)↔ m(p∧q)
M ` (p∨q)↔ m(p∨q)

For conjunction and disjunction, we have the following derived rules of M (see Table 3.2):

p q
m(p∧q)

m(p∧q)
p

m(p∧q)
q

p
m(p∨q)

q
m(p∨q) m(p∨q)

[p]
r

[q]
r

r

Table 3.2 Conjunction and disjunction rules

Using the derived rules of disjunction and through transformation we obtain the following
derivation:

(3,m(p∨q))
(1, p)

(5, p∨q)
(2,q)

(6, p∨q)
(4, p∨q)

And applying the elimination procedure we have:
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[p]
q

m(p→ q)

m(p→ q) p
q

Table 3.3 Implication rules

M ` (p∨q)↔ m(p∨q)

Now we handle implication case. Initially, we have two derived rules of M (see Table 3.3):
Using the derived rules of implication and through transformation we obtain the following

derivation:

(1, p→ q) (2, p)
(3,q)

(4,m(p→ q))

And the application of the elimination procedure results in the following:

M ` (p→ q)↔ m(p→ q)

With the establishment of this process, Statman now states the implication rules of System
I (see Table 3.4):

[p]
q

→ Ip→ q

p→ q p
→ Eq

Table 3.4 Rules of System I

3.1.4 Discharging of assumptions

Statman presents some analyses concerning the assumption cancellations (or the discharging
of assumptions). Specifically, Statman intends to determine a way to capture the complexity
of assumptions used with implication rules and its relations with the genus of a derivation. As
a matter of fact, the idea is to establish correspondences among some elements, such as the
implication rules, the amount of assumptions, the discharging of assumptions, the crossing of
edges, the genus and also the embedding of graphs into surfaces. In order to tackle this goal,
Statman gives some proof examples with embedded graphs, as well as a related proposition.

Given the language L and a system of rules N on L, we say D ∈ D(L,N) is embedded in a
closed orientable surface M; if D is isomorphic to a diagram with labels from L(L,N) drawn
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on M, such that, no two edges intersect, i.e., out of crossing of edges4. Notice, the graph D
and the given diagram shall be isomorphic to each other and also share the same language and
system of rules. The genus of D, represented as γ(D), is the minimum number of handles which
must be added to the surface, so that D can be embedded in the resulting surface.

Example 3.3. We present an example of a proof given in the System I. And in Fig. 3.12 we
have the correspondent embedding of this proof on a torus. We remark that only labels are
represented in the graph, while directions are dismissed.

(13, p→ (p→ (p→ q)))

(1, p)
(7,q→ p) (4,q)

(10, p)
(14, p→ (p→ q))

(2, p)
(8,q→ p) (5,q)

(11, p)
(15, p→ q)

(3, p)
(9,q→ p) (6,q)

(12,q)
(16,q)

1,2,3
(17, p→ q)

4,5,6
(18,q→ (p→ q))

13
(19, p→ (p→ (p→ q)))→ (q→ (p→ q)))

Figure 3.12 A proof embedding on torus

Suppose D′ is a subderivation of D, so we have n as defined bellow.
4This concept has been presented in Chapter 2 in the purely context of topological graph theory. Here Statman

recasts this idea in terms of proof systems.
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n =

 l
−→
x y

: x ∈V (D′), y /∈V (D′),
l
−→
x y

∈ E(D)


Additionally, we have the conditions:

l = (i, j,R) for some R ∈ N, and 1≤ i≤ pR,1≤ j ≤ aR
i

We remark the value n stands for the length of the edge formed by the vertices x and y, and
labelled by l. With these definitions the following proposition is given:

Proposition 3.2. γ(D)≤ γ(D′)+ γ(D−D′)+n. In particular if n = 0, then equality holds.

Observe that γ(D) and γ(D′) stand, respectively, for the genus of derivations D and D′. And
γ(D−D′) stands for the difference between the genus of D and D′. For instance, if γ(D) = 1
and γ(D′) = 2 the γ(D−D′) shall capture the distinction between the number of handles used in
D and D′. But, if they have the same number of handles there would be no difference between
D and D′.

According to this proposition, we may say the value of n is used to capture the difference
between graphs D and D′. That is, the length of edges, those edges which represent the dis-
charging of assumptions. Thus, if n is equal to zero, then we may say that there is no distinction
between the genus of D and D′.

Suppose that →∈ L and I ⊆ N. Prawitz[Pra65] defined a reducibility relation >I for I
derivations/ ≡. And Statman uses >I to denote the reducibility relation for N derivations/ ≡
generated by Prawitz reductions of I ”cuts“.

Proof. Suppose D ∈ DerI and D =
[H]
D . It is defined a λ [H]D ∈ DerI by recursion on the

length of D. Next, we show the basis step and the inductive steps.
In the basis step D consists of a single assumption (n,F).

• Case 1: (n,F) ∈ [H], then λ [H] D=
df

(n,F)

(n+1,F → F)

• Case 2: (n,F) /∈ [H], then λ [H] D=
df

(n+1,F)

(n+2,H→ F)
n+1

(n+3,F → (H→ F)) (n,F)

(n+4,H→ F)
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Figure 3.13 Graph representations of basis cases 1 and 2

In Fig. 3.13, we show two graphs. The one at left corresponds to case 1 above, while the
graph at right draws the correspondence with derivation given in case 2. Notice we have only
represented the labels, and dismissed the vertices.

Now, we describe the inductive steps. In the first case, the implication introduction rule is
handled. While the second case deals with the implication elimination rule.

• Case 1: Initially we define D as follows:

[F ]

D0
(n,G)

(m,F → G)

Suppose w.l.o.g that k1, . . . ,k10 are numbers, so that (k1,K) /∈ V (λ [H]D0) for any K ∈
Form. Then, we have λ [H]D defined as

(k1,F → (H→ G)) (k2,F)

(k3,H→ G) (k4,H)

(k5,G)
k2

(k6,F → G)
k4

(k7,H→ (F → G))
k1

(k8,(F → (H→ G))→ (H→ (F → G)))

[F ]

λ [H]D0

(k9,F → (H→ G))

(k10,H→ (F → G))

The above derivation is represented in a graph format, illustrated in Fig. 3.14.

• Case 2: Initially we define D as follows:

D0 D1
F → G F

G

Find D∗0 and D∗1, so that
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Figure 3.14 Case 1 of the inductive step

D∗i ≡ λ [H]∪V (Di)Di,

if (n,K) is an uncancelled assumption occurrence of Di, then

b−1
i (n,K) = (n,K) and D∗0∩D∗1 = /0.

Let k1, . . . ,k12 be numbers, so that (ki,K) /∈V (D∗0)∪V (D∗1) for any K ∈ Form. Then we
have λ [H]D defined as:

(k1,H→ (F → G)) (k2,H)

(k3,F → G))

(k4,H→ F) (k5,H)

(k6,F))

(k7,G))
k2,k5

(k8,H→ G)
k4

(k9,(H→ F)→ (H→ G))

(k10,(H→ (F → G))→ ((H→ F)→ (H→ G))) D∗0
(k11,(H→ F)→ (H→ G)) D∗1

(k12,H→ G)

The above derivation is represented in a graph format, illustrated in Fig. 3.15.

We recall that Statman has defined a notion of reducibility relation according to Prawitz.
Therefore, in the last two derivations which are represented in the inductive steps, we have the
existence of redundancies. Specifically, we have redundancies like introduction followed by
elimination of an implication connective (i.e., β -reductions).

In this Subsection, we have shown an analysis of discharging of assumptions, in which
we have described some kinds of derivations with implication rules that generate a crossing of
edges. And consequently, there is a genus≥ 1 and it demands an embedding on a torus surface.
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Figure 3.15 Case 2 of the inductive step

3.1.5 Additional remarks

Through this Section we have presented the first part of the Statman’s work, which is devised
to interpret ND proofs as geometrical objects together with a structural analysis of ND proofs
by means of topological techniques.

Statman traces a distinction between a graphical level and a topological one. Each level
has its own elements and operations. In the graphical level we may have length of proofs and
number of nodes/edges as elements, while in the topological level we have the genus as an
element. But what do all these features share? They share the analysis of elements which
are invariant or not under transformations. We may have application of rules, normalization,
or even topological operations as transformations. As a result, by identifying graphical and
topological elements we shall check which ones are invariant, and which ones are not invariant
under the chosen transformation. For example, elements of the graphical level such as length
of proof, formulas and edges are not invariant properties under topological transformations.

In spite of the hard notation and concepts we have tried to highlight, the main ideas and is-
sues of Statman’s work may be helpful to develop our own goals. Here we cite these chief ideas.
We start with the study of ND proofs, specifically derivations with introduction of implication
and assumption discharging, where Statman has enhanced Gentzen’s proof representation in
order to deal with the assumptions discharging. While Gentzen’s proof trees identify the mech-
anism of assumption discharging by labels, Statman has used graphs and so represented this
mechanism in a graphical way (by using edges). As a consequence, this representation where
graphs are used becomes a suitable framework to investigate the effect of assumption discharg-
ing, because these graphs can be embedded into surfaces. Thus, we may classify derivations
(with assumption discharging) between those which are embedded in a sphere and those which
are embedded in a torus. The former derivations do have crossing of edges, while the latter
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derivations do not have any case of crossing of edges. The arising of crossing of edges obli-
gates the use of a torus surface to embed the derivation. And how do we know that a derivation
shall be embedded in a sphere or in a torus? Statman has used the genus of a graph as the
accurate measure. Thus, a genus equal to zero determines a spherical embedding. And genus
equal or greater than one gives a toroidal embedding.

Roughly speaking, we may summarize the procedure used to embed a proof. Firstly, we
simply draw the graph which corresponds to the proof. If we do not have any crossing of edges,
the genus is zero and the proof is (directly) embedded in a sphere. If we have some crossing
of edges, then we try to redraw the graph in order to remove it. If we succeed in this task,
the genus is equal to zero and t,he proof is embedded in a sphere. If we do not succeed, then
we shall determine the least number of handles necessary to embed the graph. This minimum
number determines the genus (which naturally is equal or greater than one). Thus, the proof is
embedded in a n-torus (double torus, triple torus and so on), where n is given by the number
of handles.

3.2 Topology, diagrams and proof-nets

This Section and the next two Sections ( 3.3 and 3.4) bring abstract graphical frameworks
which are devised for categories, linear logic, proof-nets and linear sequent calculus. We shall
see the use of two fields of topology: topological graph theory and algebraic topology, which
have been shown in Chapter 2. The former via topological surfaces (disks, circles, balls, an-
nulus), topological operations (deformations), embeddings, topological spaces, isotopy among
other related concepts, while the latter shall be seen through the concepts of braids and ribbons.

Specifically, in this Section we briefly present the work of Joyal-Street [SJ91] and also
Fleury’s work [Fle03], which is devised for proof-nets. Later, in Section 3.3 we bring Mel-
liès’ work [Mel04], which defines a topological criterion for proof-nets. And in Section 3.4
we describe Yetter’s work [Yet90] devised for a topological representation of linear sequent
calculus.

Before describing Joyal-Street and Fleury’s works, we mention the Theory of Braids.

3.2.1 Theory of braids

From the four aforementioned works only Yetter’s one neither uses braids nor ribbons. Braids
and ribbons are mathematical concepts related with algebraic structures which have been de-
vised via topological diagrams. Here we are not concerned with specific investigations of these
theories. We have the target of presenting applications of these theories. Nonetheless, we cite
the seminal work of Artin [Art47], who has described the Theory of Braids (Theorie der Zöpfe,
originally in German). Artin defines braids by means of algebraic structures, but following a
geometric nature, where Artin shows graphical representation of braids (which shall be seen in
this Section). Moreover, Artin reinforces the discussion: whether two braids are isotopic.
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3.2.2 Categories and diagrams

This Subsection briefly describes the work of Joyal-Street [SJ91]. Roughly speaking, we may
summarize this work by means of correspondences among categories and diagrams, where
the diagrams are built from topological elements and techniques. The contributions are in two-
ways, i.e., the diagrams which give a clear representation of categories and the categories which
strict formalize the diagrams. Notice, we are using diagram term, since it has been employed by
Joyal-Street. But, we remark that these diagrams are indeed graphs, and not category diagrams.

We present how a diagram (graph) is obtained from the mapping and objects of a cate-
gory. Considering a category with two operations for constructing new arrows from old ones:
composing f ◦ g and tensor product f ⊗ g. Using ordinary algebraic notation, the following
expressions for w1 and w2 are obtained:

(B⊗ c⊗d)◦ (B⊗B⊗b⊗C)◦ (a⊗B⊗C) = w1
(B⊗C⊗d)◦ (B⊗ c⊗D⊗C)◦ (a⊗b⊗C) = w2

Sometimes it is difficult to show that two words, like w1 and w2 are equivalent. The graphi-
cal notation given by Joyal-Street makes it easier to stress such equality. And also provides
a convenient technique for computation in a tensor category. The following diagrams, in
Fig. 3.16, describe the graphical notation. This figure represents the corresponding diagrams of
w1 and w2. Notice the inner nodes represent the maps (given bellow) and the edges represent
the objects.

a : A→ B⊗B, b : B→C⊗D, c : B⊗C→C, d : D⊗C→ D

Figure 3.16 Example: words w1 and w2

The above diagrams represent the correspondence between a category and graphical nota-
tion. In order to clear out this representation we can retake one map function cited above:

a : A→ B⊗B

This map function describes an arrow a which maps an object A towards an operation of
two objects (B⊗B). Now we extract the graph notation. The arrow becomes a node and the
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three objects become edges. So, we have three edges (A, B and B) connected to one single node
a.

Now we depict the construction steps of the graphical notation of w2 (w1 follows the same
steps).

• Firstly, we apply the respective (four) maps (indicated by lowercase letters), so we obtain:

(B⊗C⊗d)◦ (B⊗ c⊗D⊗C)◦ (a⊗b⊗C) = w2

(B⊗C⊗ (D⊗C→ D))◦ (B⊗ (B⊗C→C)⊗D⊗C)◦
((A→ B⊗B)⊗ (B→C⊗D)⊗C) = w2

• Next, we build the graphs corresponding to the four maps which have been defined in the
first step (see top of Fig. 3.17). Thus, we have four (sub)graphs which are built accord-
ing to the correspondence among category and graphical notation previously described.
We remark that we only need to draw the graph of the four map functions, since they
represent a graph with nodes and edges, while the “isolated" objects represent “isolated"
edges which are redundant in the graphical notation, since these objects are already cap-
tured in the map functions. So, we discharge these “isolated" objects.

• Thirdly, we join the four subgraphs by identifying connection objects, i.e., same object
occurrence.

The second and third steps are represented in Fig. 3.17. Notice that we shall do three
connections in order to obtain the graph of w2.

– Subgraphs i.a and ii.
– Subgraphs ii and i.b.

– Subgraphs i.b and iii.

Finally, we may retake the discussion concerning the equivalence of the diagrams of Fig. 3.16
by remarking that the diagrams are deformations of one into another. This enables to deduce
the equality among the words w1 = w2.

Above we have presented a simple kind of diagram used to represent some categories. Ad-
ditionally, Joyal-Street define other diagrams (graphs) used to represent additional categories.
Here, we present two additional diagrams. At left of Fig. 3.18 we illustrate an example of a
braided diagram. And at right of Fig. 3.18 we show a ribbon braided diagram.

3.2.3 Proof-nets via ribbon braided representation

Here we present Fleury’s work [Fle03] devised for an abstract graphical framework of proof-
nets. Fleury was inspired by Girard’s proof-nets, the theory of braids (Artin) and category
theory.

Initially, Fleury gives the definition of a linear sequent calculus. Next, a translation from
the sequent calculus to planar proof-nets is presented. And a 3D proof-nets representation via
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Figure 3.17 Construction steps of w2 graphical notation

Figure 3.18 Diagram examples: braided and ribbon braided

ribbon graphs is also devised. Still, we remark that Fleury uses the multiplicative fragment
of linear logic5. Besides, Fleury uses only the exchange structural rule, dismissing contraction
and thinning structural rules.

The sequent calculus used by Fleury has the set of rules given in Table 3.5. We remark the
rule pA,B is called permutation and the rule θA torsion.

As it follows, we have the concept of proof structure as given by Fleury.

Definition 3.6 (Proof-structure). A proof-structure R is a disjoint union of 0-cells or vertices,
of 1-cells or open lines and of 2-cells or open disks isomorphic to the oriented closed disk D2.

The next step is to determine the translation from sequents into proof-structures (or planar
proof-nets). In Fig. 3.19 we show the translation of four sequent rules: torsion, permutation,
par and tensor.

5The multiplicative linear logic (or MLL) is a fragment where only the multiplicative connectives (℘ and ⊗)
plus the units are allowed.
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Axiom: ` A,A⊥ cut: ` Γ,A ` A⊥,∆
` Γ,∆

pA,B: ` A,B,Γ
` B,A,Γ

θA: ` A,Γ
` A,Γ

par: ` A,BΓ

` A℘B,Γ
tensor: ` Γ,A ` B,∆

` Γ,A⊗B,∆

Table 3.5 Linear sequent calculus rules - Fleury

Figure 3.19 Planar proof-nets

Furthermore, we present normalization rules defined by Fleury, that is a cut-elimination rule
and a η-rule. In a proof-net, when the two ends of a cut edge are connective links, it is a mul-
tiplicative cut. In Fig. 3.20, we present the η-expand rule and the elimination of multiplicative
cuts.

Moreover, we have the 3D proof-nets representation by means of a topological approach.
This topological framework is created from the translation of sequent calculus to planar proof-
structures. With the addition of a thickness to the proof-structures, the edges are turning into
ribbons, by acquiring a certain width. Fleury defines the border of planar proof-structure as
the equator of a sphere border from a ball B3, where the graph (a surface) shall be embedded.
Note the distinction, when planar nets were used we had a disk (that is embedded in a circle).
Now we have 3D nets and a ball is used instead, recalling a ball is embedded in a sphere (as
presented in Section 2.1). Bellow, in Fig. 3.21 we show the representation of permutation and
torsion:
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Figure 3.20 η-expand and multiplicative cuts

Figure 3.21 3D proof-nets via ribbon braided

In the case of permutation the left premise passes over the right premise. In the case of
torsion the ribbon corresponding to the principal edge does a complete turn on itself in the
clockwise sense, that is we have a braid. It is possible for checking that the equivalences of
rules preserve ambient isotopy class. This means that it is possible to move from a shape to
another by a continuous deformation of the ball B3 (and then of the included ribbon). As a
consequence, Fleury intends to improve this result by means of the following theorem:

Theorem 3.1. Two cut-free proof-nets with only atomic axioms are equal iff they are isotope
as proof-nets in B3.

3.3 Topological soundness criterion for proof-nets

In this Section we present Melliès’ work, which has as major goal the definition of a topological
interpretation for the soundness criterion of proof-nets. Melliès uses ribbon graphs to represent
the proof-nets.

Specifically, Melliès intends to define the soundness criterion for MNL (multiplicative non-
commutative logic) fragment via topological techniques. However, before defining a topolog-
ical criterion for MNL it is necessary to establish two soundness criteria by means of abstract
graphical frameworks: the first criterion devised for MLL (multiplicative linear logic) fragment
and the second one for McyLL (multiplicative cyclic linear logic) fragment. That is, by estab-
lishing criteria for MLL and McyLL we obtain the respective criterion for MNL. Consequently,
a criterion for a non-commutative logic (MNL) has been obtained from a commutative logic
(MLL) and a non-commutative logic (McyLL).
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As a matter of fact, this extension from commutative logic to non-commutative logic has
been originally introduced by Paul Ruet. As given in [Mel04], the NL (non-commutative logic)
has been introduced by Paul Ruet in his PhD thesis and also developed with collaborators. NL
is a conservative extension of both commutative linear logic (LL) and cyclic linear logic (cyLL).
The idea is to equip every sequent ` A0, . . . ,Ak−1 with additional information on the relative
positions of the conclusions.

As it follows, we bring some definitions concerning the proof-nets used by Melliès. Next,
we describe the three topological interpretations for soundness criteria, respectively for MLL,
McyLL and MNL. And we close this Section with some examples of ribbon proof-nets.

3.3.1 MLL: sequent rules, links, proof-structure and switching positions

Here we give some basic definitions concerning the MLL fragment. The sequent rules used by
Melliès are similar with the rules previously used by Fleury (see Subsection 3.2.3). Melliès
uses all rules which have been presented in Table 3.5, except the torsion rule. From the sequent
rules are obtained the MLL links, where an MLL link is a graph whose vertices are labelled with
MLL formulas. The MLL links are presented in Fig. 3.22.

Figure 3.22 MLL links

With this, we define the MLL proof-structure.

Definition 3.7 (MLL proof-structure). A proof-structure Θ is a graph constructed with links so
that every (occurrence of a) formula is the conclusion of one link, and the premise of at most
one link. A conclusion of Θ is a formula which is not the premise of any link. A link of Θ is
terminal when its conclusion is a conclusion of Θ.

Every derivation tree defines a proof-structure, but conversely, not every proof-structure
is deduced from a derivation tree. Thus, the long trip criterion should be defined to establish
which proof-structures can be deduced from a derivation tree. We remark the long trip criterion
was originally defined by Girard in [Gir86] to determine the soundness for proof-nets.

Now, we establish the notion of decorated formula and the respective switching positions
for MLL links.

Definition 3.8 (Decorated formula). A decorated formula is a couple (A,↑) or (A,↓) where A
is an MLL formula and ↑ or ↓ is a tag. It is written A↑ and A↓ for the decorated formulas (A,↑)
and (A,↓). Now, for each axiom, cut, ⊗ or ℘ link l, two sets of decorated formulas lin and lout

are defined, as follows:

• lin is the set of all decorated formulas A↓, where A is a premise of l, and all decorated
formulas A↑, where A is a conclusion of l;
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• lout is the set of all decorated formulas A↑, where A is a premise of l, and all decorated
formulas A↓, where A is a conclusion of l.

For every link l, a set S (l) of functions from lin to lout is defined, called the switching
positions of l:

• if l is an axiom link [A⊥,A], then S (l) = {ax}, where

ax : (A⊥)↑ 7→ A↓, A↑ 7→ (A⊥)↓;

• if l is a cut link [A⊥,A], then S (l) = {cut}, where

cut : (A⊥)↓ 7→ A↑, A↓ 7→ (A⊥)↑;

• if l is a ⊗-link [A,A⊗B,B], then S (l) = {⊗R,⊗L}, where

⊗R : A↓ 7→ B↑, B↓ 7→ (A⊗B)↓, (A⊗B)↑ 7→ A↑,

⊗L : A↓ 7→ (A⊗B)↓, B↓ 7→ A↑, (A⊗B)↑ 7→ B↑;

• if l is a ℘-link [A,A℘B,B], then S (l) = {℘R,℘L}, where

℘R : A↓ 7→ A↑, B↓ 7→ (A℘B)↓, (A℘B)↑ 7→ B↑,

℘L : A↓ 7→ (A℘B)↓, B↓ 7→ B↑, (A℘B)↑ 7→ A↑.

In Fig. 3.23 we have the switching positions for ⊗ and ℘.

Figure 3.23 Switching positions for ⊗ and ℘

With these notions we can give the long trip criterion defined by Girard.
Long trip criterion: A switching s of an MLL proof-structure θ is a function which asso-

ciates a switching position s(l) ∈ S(l) to every link l of θ .

Definition 3.9 (Switched proof-structure trip(θ ,s)). The switched proof-structure trip(θ ,s) is
the oriented graph with vertices as the decorated formulas labelling θ , and with an edge from
Ax to By iff By = s(l)Ax, for some link l in θ , or Ax =C↓ and By =C↑, for some conclusion C
of θ .
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Definition 3.10 (Girard proof-net). A Girard proof-net is a proof-structure θ so that every
switched proof-structure trip(θ ,s) contains a unique cycle. This unique cycle is called the
long trip.

Roughly speaking, every switching s defines a trajectory for a particle visiting the proof.
Each ⊗ and ℘ link is visited according to one switching position of Fig. 3.23; the particle
rebounces on axioms, cuts and conclusions. A proof-structure is a proof-net when the particle
visits every part without being captured into a cycle. This should be valid for every switching.

As it follows, the long trip criterion shall be recast by means of topological frameworks.

3.3.2 Topological criterion for MLL

In Girard’s criterion, long trips are oriented. But, Melliès says that orientation may be dis-
missed by using ribbons, instead of oriented edges. As a result, the switching positions of ⊗
and ℘ are replaced by ribbon diagrams presented in Fig. 3.24. Additionally, this same figure
presents axiom, cut and conclusion via ribbons. Notice that now every proof-structure Θ and
every switching s induces a surface ribbon(Θ,s) obtained by replacing every switched link and
conclusion of Θ by its ribbon diagram.

Figure 3.24 Ribbon diagrams: switching position of⊗ and ℘ plus axiom, cut and conclusion represen-
tations

According to this, the notion of a topological proof-net is given.

Definition 3.11 (Topological proof-net). A topological proof-net is a proof-structure Θ so that
the surface ribbon(Θ,s) is homeomorphic to the disk, for every switching s.

According to Melliès, the example of Fig. 3.25 is given by Abrusci and Ruet (see p. 9 in
[Mel04]). By switching every ⊗-link as ⊗R it is shown that θ is not a topological proof-
net, since the induced switching surface is not planar. With this, it is possible to remark
the advantage of the topological criterion over the long trip criterion, because the topological
criterion identifies the planarity and genus of the proof-net, while the long trip needs to count
the respective number of borders of ribbon(Θ,s). We still emphasize that this process of
counting borders in long trip criterion is used when Melliès establishes an equivalence among
topological proof-net and Girard proof-net.

3.3.3 Topological criterion for McyLL

Cyclic linear logic was suggested by Girard and stated by Yetter. Next, in Section 3.4, we bring
further details of Yetter’s work. In this Subsection we emphasize some features of cyclic logic.
A cyclic linear logic is defined as a variant of linear logic, which is obtained by restricting the
exchange rule to cyclic permutation, as the following definition shows. Observe cyclic logic is
indeed non-commutative:
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Figure 3.25 Example: topological criterion × long trip criterion

` A0, . . . ,Ak−1(CYEXCH) ` Aξ (0), . . . ,Aξ (k−1)

where ξ is a cyclic permutation.
Specifically, in McyLL, the following notation is used:

• � stands for next, and it is used to distinguish the commutative counterpart connective
⊗;

• 5 stands for sequential, and it is used to distinguish the commutative counterpart con-
nective ℘.

The rules and proof-structure of McyLL are based on those rules and definitions given for
MLL in Subsection 3.3.2. The differences among McyLL and MLL lays on the use of connec-
tives: � and5 and the cyclic permutation rule in the McyLL.

Now, we can define the topological criterion for McyLL. The alternative chosen by Melliès
is to extend the topological criterion given for MLL towards McyLL, since McyLL is an extension
of MLL. As a consequence, the first part of the criterion establishes a translation from an McyLL
proof-net Θ into an MLL proof-net Θ∗.

Definition 3.12 (Commutative translation). The commutative translation Θ∗ of an McyLL proof-
structure Θ is the MLL proof-structure obtained as the result of replacing every � and 5 link
by ⊗ and ℘, respectively.

The second part of the criterion determines that every {�,5,axiom,cut}-link and con-
clusion shall be replaced by the associated ribbon diagram. When the ribbon diagrams are
obtained, Melliès realizes that the planarity criterion used for MLL is not capable of recogniz-
ing McyLL proofs among McyLL proof-structures. As a result, Melliès should give additional
definitions to create a topological criterion capable of determining soundness for McyLL.

Definition 3.13 (Index, internal and external borders). Given a McyLL proof-structure Θ, and
a border σ of ribbon(Θ), it is necessary to count the number of 5-links visited by the border
σ on its thick side, as Fig. 3.26 shows. This number is called the index of σ . And a border of
index 0 is called external, and a border of index more than 1 is called internal.
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Figure 3.26 Borders, the thick side

By means of these additional topological concepts it is possible to determine an McyLL
proof-net.

Definition 3.14 (McyLL proof-net). An McyLL proof-net is an McyLL proof-structure Θ so that:

1. its commutative translation Θ∗ is an MLL proof-net,

2. its surface ribbon(Θ) is planar with a unique external border σ ,

3. σ contains all conclusions.

The criterion rejects the proof-structure ` (A⊥5B⊥),(A�B), as Fig. 3.27 shows. Notice
that one of its conclusions lies on an internal border:

Figure 3.27 Example of a non McyLL proof-net

The criterion implies that every internal border has an index exactly one in ribbon(Θ),
when Θ is an McyLL proof-net. Indeed, the first condition of Def. 3.14 gives that the surface
ribbon(Θ) defines a surface homeomorphic to the disk, when every 5-link is replaced by a
switching position ℘L or ℘R. Consequently, the planar surface ribbon(Θ) has n+ 1 border,
where n is the number of 5-links appearing in Θ. Since there exists only one external border,
each of the remaining n internal borders of ribbon(Θ) visits exactly one5-link. In other words,
we say that for each internal border exists one 5-link. As we shall discuss later, this border
identification is an interesting technique in order to check the existent cycles in a proof-net.

3.3.4 Topological criterion for MNL

Now we describe the major goal of Melliès’ work, who, i.e., defines a topological soundness
criterion for MNL. Indeed this topological criterion is defined according to the respective topo-
logical criteria presented in Subsections 3.3.2 and 3.3.3.

The criterion for MNL is established by means of the following definitions:
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Definition 3.15 (Topological switching). A topological switching of an MNL proof-structure Θ

is simply defined as a {5L,5R}-free MNL switching of Θ. Alternatively, it is the data of

• a switching position in {⊗L,⊗R} for every ⊗-link of Θ,

• a switching position in {℘L,℘R} for every ℘-link of Θ.

Definition 3.16 (Switched surface). To every MNL proof-structure Θ and topological switching
s, the surface ribbon(Θ,s) is associated by replacing every⊗ and℘-link by the ribbon diagram
corresponding to its MNL switching (as already seen at left of Fig. 3.24) and every � or 5 or
axiom or cut-link and conclusion by the ribbon diagram as seen in Fig. 3.28.

Figure 3.28 Ribbon diagrams for �,5, axiom, cut-link and conclusion

Furthermore, the planarity criterion for MNL is determined. The criterion is defined in
accordance with the previous criterion established for McyLL. Consequently, the same notions
of index of a border, index 0 and 1 are used for MNL. Indeed, Melliès gives a “conservative"
extension to MNL according to Def. 3.14, which has been defined for McyLL.

Definition 3.17 (Topological MNL proof-net). A topological MNL proof-net is an MNL proof-
structure Θ,

1. whose commutative translation Θ∗ is an MLL proof-net,

and so that, for every topological switching s:

2. the switched surface ribbon(Θ,s) is planar and has an unique external border σ ,

3. σ contains all conclusions.

Yet, in Fig. 3.29 we show an example, in which the criterion rejects the proof-structure,
because its unique conclusion lies on an internal border when ℘ is switched in position ℘R.

3.3.5 Example and additional remarks

The last Subsection brings an example and some additional remarks considering Melliès’ work.
Considering the derivation in linear sequent calculus given in Table 3.6: respectively, at left

of Fig. 3.30 we show a sound proof-net, while at right of the same figure we have an unsound
proof-net. Both are different representations of the same proof. The distinction is that to build
the unsound net, the switching positions ℘ 7→℘R and ⊗ 7→ ⊗L have been chosen. Notice the
unsound graph is indeed non-planar.
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Figure 3.29 Proof-structure example rejected by the topological criterion of MNL

` A⊥,A ` B,B⊥ ⊗
` A⊥,A⊗B,B⊥

℘
` A⊥,(A⊗B)℘B⊥

5
` A⊥5 ((A⊗B)℘B⊥)

Table 3.6 Linear sequent calculus example

Melliès’ work brings the use of topological techniques to extract proof-theoretic proper-
ties. We stress that Melliès has used topology in a somehow restricted manner, since neither
the proof is seen as a topological object nor the embedding of proofs is allowed. Thus the
switchings are expressed as topological objects, since there is no need to represent the proof as
a topological object. Indeed, the embedding of proofs may give an unwanted “flexibility", spe-
cially for the non-commutative linear logic. That is, if Melliès had used embedding of proofs
into surfaces (e.g, sphere) like Statman. Then, the example previously shown in Fig. 3.25 might
be embedded into a sphere, for instance. However, this could change the position of some for-
mulas. And this would not be advisable in a non-commutative logic. As a result, Melliès simply
uses topological proof-nets drawing in a planar surface.

Moreover, we remark the use of ribbons to give the topological representation. Therefore,
there is no need to orient the edges. As a matter of fact, it is defined that the topological

Figure 3.30 Sound and unsound proof-nets
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proof-net is homeomorphic to the disk. Therefore, the ribbon-graph inherits the (necessary)
orientation from the disk. Besides, the topological representation provides a clear distinction
over the kinds of cycles in a proof-net. That is, the (unique) external cycle (external border)
and the internal cycles (internal borders).

3.4 Proofs seen as drawings

In this Section we present Yetter’s work [Yet90], which aims at making explicit the connection
between linear logic and certain models for the logic of quantum mechanics, namely Mulvey’s
quantales. This work shows a topological approach for a linear sequent calculus. Specifically,
Yetter constructs a rule system where proofs are seen as drawings and the cut-elimination is
given by means of an abstract graphical framework.

The author remarks that “the logic of quantum mechanics" does not mean the lattice theo-
retic quantum logics of Birkhoff and von Neumann, but rather a logic involving an associative
operation and then. The logical validity of A&B (in Mulvey’s notation) is to be regarded
as we have verified A, and then we have verified B. This is precisely the interpretation of the
multiplicative conjunction ⊗, in linear logic.

Yetter defines a version of non-commutative linear logic, called by him as cyclic linear logic.
For the cyclic linear logic, Yetter proves cut-elimination and normalization theorems using a
geometrization of proofs.

W.r.t quantales we only give the following general definition. Further details can be found
at Yetter’s work [Yet90].

Definition 3.18. A quantale (Q,
∨
,⊗) is a complete lattice (Q,

∨
) equipped with an associative

product ⊗ which distributes on both sides over arbitrary
∨

’s.

The remainder of this Section presents the linear sequent calculus used by Yetter. Next, we
bring the translation from sequent calculus rules towards topological drawings and we mention
the respective cut-elimination procedure.

3.4.1 The linear sequent calculus

Initially, Yetter defines a commutative linear sequent calculus, as given in Table 3.7 and de-
scribed in Def. 3.19. Notice that a prefix notation is used, instead of the usual infix notation.

Definition 3.19. The commutative linear sequent calculus is given by the rules of Table 3.7,
respecting the following provisos:

• Exchange: Ψ is obtained permuting the formulas of Φ

• ⊥: Φ is a non-empty list

•
∨

: x is not free in Φ
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Axiom 1 ⇒ A,⊥A Axiom 2 ⇒ 1,Φ

Axiom 3 I Cut ⇒Φ,A ⇒⊥ A,Ψ
⇒Φ,Ψ

Exchange ⇒Φ

⇒Ψ
∧ ⇒ A,Φ ⇒ B,Φ

⇒∧AB,Φ

∨1
⇒ A,Φ
⇒∨AB,Φ

∨2
⇒ A,Φ
⇒∨BA,Φ

℘
⇒ A,B,Φ
⇒℘AB,Φ

⊗ ⇒ A,Φ ⇒ B,Ψ
⇒⊗AB,Ψ,Φ

⊥ ⇒Φ

⇒⊥,Φ !
⇒ A,?Φ

⇒!A,?Φ

∨ ⇒ A[t | x],Φ
⇒
∨

xA,Φ
∧ ⇒ A,Φ

⇒
∧

xA,Φ

Weakening ⇒Φ

⇒?A,Φ Contraction
⇒?A,?AΦ

⇒?A,Φ

Dereliction
⇒ A,Φ
⇒?A,Φ

Table 3.7 Commutative linear sequent calculus rules

Based on Def. 3.19, Yetter spreads the commutative linear sequent calculus into the cyclic
linear sequent calculus, as described in Def. 3.20.

Definition 3.20. The cyclic linear sequent calculus is given by all instances of rules from 3.19,
except exchange and dereliction, together with all instances of the following Table 3.8. And
respecting the proviso:

• Cycling: Ψ is obtained from Φ by a cyclic permutation.

Moreover, in Table 3.9 we show an example to highlight the difference between the rules
of exchange and cyclic permutation.

3.4.2 Proofs as topological drawings

Now we present the topological framework responsible for describing the sequent rules as
drawings. We emphasize Yetter defines a natural and intuitive abstract graphical framework to
represent sequent rules, mainly because the translation from sequents to drawings retains the
flavour of sequent rules.
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Cycling ⇒Φ

⇒Ψ
?-exchange

⇒ A,?B,Φ
⇒?B,A,Φ

κ-exchange
⇒ A,κB,Φ
⇒ κB,A,Φ

κ-deriliction
⇒ A,Φ
⇒ κA,Φ

κ?-deriliction
⇒ κA,Φ
⇒?A,Φ

k
⇒ A,kΦ

⇒ kA,kΦ

Table 3.8 Cyclic linear sequent calculus rules

Cyclic Exchange

A1,A2,A3,A4
A2,A3,A4,A1
A3,A4,A1,A2
A4,A1,A2,A3
A1,A2,A3,A4

A1,A2,A3,A4
A2,A1,A3,A4
A2,A3,A1,A4
A2,A3,A4,A1
A3,A2,A4,A1
A3,A4,A2,A1
A3,A4,A1,A2

· · ·

Table 3.9 Cyclic × Exchange

The graphical approach is suggested by the cyclic rule of sequent calculus, since validity
of sequents is invariant under cyclic permutations of formulas of a sequent. Thus, the general
idea of Yetter is to represent the (left-hand side of a) sequent as an arrangement of formulas
on a circle, obeying the clockwise orientation, or yet, give the formula a “duration" as an
arrangement of radial lines (labelled by formulas) on an annulus (as we see at leftmost picture
of Fig. 3.31).

Figure 3.31 Arrangement of formulas on an annulus and Axioms: 1, 2 and 3

Specifically, Yetter creates four general kinds of drawings, which are designed according to
different sorts of representations.
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• Axiom representation: a drawing on a disk, see Fig. 3.31;

• Rules where a sequent is replaced with another: a drawing on an annulus, see Fig. 3.32;

• Cut rule and ⊗-rule: a drawing on a disk with two holes, see Fig. 3.33;

• ∧-rule: here a singular surface is obtained by identifying the outer half of each of two
annuli, see Fig. 3.34.

Figure 3.32 Rules: ∨−1, ℘, ?-contraction, ?-exchange

Figure 3.33 Rules: cut and ⊗

We give an intuitive explanation concerning the drawings created by Yetter. We start with
the disks which represent the axioms of sequent calculus. In these axioms we solely have one
conclusion. Thus, all formulas are connected to the unique border of the disk. Every formula
connected to the disk border is a conclusion of a sequent. The next step in drawing construction
is to obtain a shape capable of admitting not only conclusions, but also sequent hypotheses.
This is possible by adding a concentric circle into the disk. As a result, an annulus is created.
Consequently, the formulas connected to the annulus (the concentric circle just added) are
regarded as sequent hypotheses. This shape seems subtle to give a natural representation for
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Figure 3.34 ∧ rule

the contexts of a sequent (in Yetter’s representation: Ψ and Φ), since they are both sequent
hypotheses and conclusions. By means of a band, they are crafty connected on the annulus,
connecting the circle and its corresponding concentric circle. Thirdly, we have the drawings
of cut rule and ⊗-rule. Both rules require a different surface because they have two different
contexts (Ψ and Φ), and not only one. As a consequence, a distinct shape is used to represent
these sequent rules. The drawing is generated in two steps: (i) the disk surface is stretched;
and (ii) two concentric circles are added into the disk, resulting in a disk with two holes. Why
two holes? Each one represents one context, Ψ and Φ, and the two separate branches of the
sequent derivation. The previous representation with one hole is used to represent single branch
of sequent derivation. Fourthly, there is the specific drawing of ∧-rule. This rule also has two
contexts, although they are the same context. We see how the respective drawing is built.
Considering we have the annulus obtained in the second step. The technique employed is to
add one more concentric circle. So, now we have the circle (external border) and two concentric
circles in such a way that results in a shape with two annuli. And each annulus represents one
of the contexts.

A proof in sequent calculus can be translated as a drawing on a singular surface obtained by
identifying disks along outer annuli. This can be done by using the rules described by Yetter. In
Fig. 3.35, we give an example of such translation. This drawing is obtained from the following
derivation:

⇒ H1,Φ
⇒ F1,Φ

⇒ H2Ψ

⇒ F2,Ψ
⇒C,Φ,Ψ

Figure 3.35 Translation: sequent calculus to drawing

Next, Yetter determines the cut-elimination procedure by means of a system of rewriting
rules according to the proofs as drawings. Ten rewriting rules are defined. We show one of
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them in Fig. 3.36. Observe, we have three different contexts in this sequent. As a result, a disk
with three holes is used.

Figure 3.36 Cut-elimination

The rewriting system is used to prove the following:

Theorem 3.2. Any sequent provable in the cyclic linear sequent calculus has a cut-free proof.

Proof. Since any drawing involving the cut rule has one of ten rules of the rewriting system
applicable to it, this is implied by the well-foundness of the rewriting system (The complete
set of rewriting rules is found in [Yet90]). In order to complete the proof it is still necessary
to determine a measure on drawings which shall be decreased by all of the rules. The measure
could be an ordinal-valued complexity. Yetter leaves to the reader this task and the completion
of the proof.

3.5 Outcome

Through Chapters 2 and 3 we have studied topological graph theory concepts together with
different topological approaches, mainly devised for extracting proof-theoretic properties from
proof systems. That is, we have tackled one of our research tracks.

In this Section we present an overview and comparison among the works described in this
Chapter. Furthermore, we trace some additional remarks in order to identify some abstract
graphical frameworks and techniques which indeed may be used in our forthcoming goal, i.e.,
determine normalization for N-Graphs by means of an abstract graphical framework. The N-
Graphs system is defined later at Chapter 5.

3.5.1 Overview and comparison

In this Chapter we have described the following works: Joyal-Street, Fleury, Melliès and Yetter.
We start by depicting an overview of these works, where we stress the elements used by each
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author: see Fig. 3.37.

Figure 3.37 Overview

Besides, we shall emphasize the main goal of each work:

• Statman: embedding of proofs to handle crossed edges;

• Joyal-Stret: correspondence among categories and diagrams;

• Fleury: planar proof-nets and 3D proof-nets;

• Melliès: topological correctness criterion of proof-nets;

• Yetter: topological representation of linear sequent calculus.

We recall that Fleury, Yetter and Melliès use topological frameworks with borders. Thus,
we emphasize why borders are used in such representations. Fleury and Yetter use borders for
the same reason, i.e.: to distinguish hypothesis from conclusions in the disks and annuli sur-
faces, while Melliès uses borders in ribbons in order to identify cycle structures and determine
the soundness criterion. This is a key aspect which shows how a topological element represents
a logical content or a property from a proof.
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Furthermore, we stress which kinds of topological objects have been used by the authors.
In Statman’s approach we have the definition of a proof-graph. With this, the proof is seen
as a topological object. Joyal-Street have a category as a topological object, while Yetter and
Fleury also have a proof as a topological object. Only Melliès’ uses a different approach, that
is, a switching is seen as a topological object.

And we still emphasize the major contributions of each work seen in this Chapter, con-
sidering that these contributions might somehow guide our own developments with N-Graphs
normalization. Firstly, Statman has a clear contribution with the treatment for discharging of
assumptions (in→-I rule) and the embedding of proof-graphs. Secondly, we cite Joyal-Street
who determine equivalence of categories via diagrams (graphs). Thirdly, in Fleury’s work we
remark the identity of 3D proof-nets, which is given by allowing topological deformations and
embedding of proof-nets. Fourthly, we stress Melliès’ work, which uses ribbons in order to
determine a sort of a classification of cycles in proof-nets. At last, we examine Yetter’s work.
The proof as drawing approach gives a natural and intuitive translation from sequent calcu-
lus to a topological representation. where the sequent calculus mechanism is preserved in the
topological translation.

3.5.2 Additional remarks

Through this Chapter we have studied proof-theoretic properties via topological frameworks.
Considering this investigation we now extract a general schema used to trace correspondences
among proof systems and topological frameworks. With this, we intend to shed some light
towards our forthcoming goal, i.e. defining normalization for N-Graphs by means of a topo-
logical framework and technique.

The general schema is defined through the so-called topological environment. That is, a
general structure which embraces a topological framework and a topological technique. As a
result, we shall be able to translate a proof system in terms of topological elements; and extract
a proof-theoretic property via the topological environment, as we see in Fig. 3.38.

Specifically, we notice that a proof system is translated into a topological framework, so that
a given derivation D is transformed into a correspondent topological derivation T . Moreover,
from the proof system we extract via a technique δ a proof-theoretic property (e.g., sound-
ness, normalization, or equivalence among derivations). As a consequence, in the topological
environment we shall have a correspondent topological technique γ which is responsible for
extracting the same proof-theoretic property, but now by topological means.

Considering the following diagram (in Fig. 3.38), we retake some of the previous works
defined in this Chapter and highlight some features. We cite that Statman has defined a topo-
logical environment by means of a torus surface (as topological framework) with the topologi-
cal techniques of embedding graphs into surfaces and the genus of a graph. With this, Statman
has handled the discharging of assumptions. Additionally, we cite Melliès, who has defined a
topological environment by using ribbons (as topological framework) to represent proof-nets
and use borders as a topological technique to establish a soundness criterion for proof-nets.

Having described the general schema with topological frameworks and techniques, we now
choose some of the topological frameworks and techniques investigated throughout Chapters 2
and 3, in order to enlight our own further developments towards normalization for N-Graphs
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Figure 3.38 Topological environment

with the use of some topological technique. The chosen frameworks and techniques are de-
scribed in Table 3.10.

topological framework topological technique
shape topological deformations

torus/sphere embedding and genus

bands orientations

ribbons borders

Table 3.10 Topological elements: candidates to represent proof-graphs

Firstly, we have shapes and topological deformations, which have been presented in Sub-
section 2.1.6. This technique and framework might be useful to determine equivalences among
graphs, as we have seen at Joyal-Street work (in Subsection 3.2.2). Given two graphs A and B
which have different shapes, we may apply some topological deformation and obtain graph B
from graph A, or vice-versa.

Secondly, we cite the use of sphere or torus surface with the embedding and the genus
of graphs. This alternative is inspired on Statman’s work. We emphasize that in N-Graphs
we shall also handle the application of →-I rule. In fact, the →-I rule defined in N-Graphs
is based on Statman’s work. Consequently, we may use embedding techniques to determine
which derivations with→-I rule generates crossing of edges. And from those derivations with
crossing of edges we should identify which one’s can be embedded in a planar surface, and
which one’s must be embedded in a non-planar surface.
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The third and fourth alternatives have indeed similar frameworks. Bands and orientations
have been defined in Section 2.2. While ribbons in Section 2.3. Besides, ribbons have been
used in the following works: Joyal-Street, Fleury and Melliès. We remark the use of ribbons
in Melliès’ work, where the author identifies the borders of ribbons to guide the soundness
criterion of proof-nets. Yet, the borders are useful to highlight the cycle structures in the proof-
nets used by Melliès. With this in mind, we wonder to use ribbons (or perhaps bands) in order
to identify cycle structures in N-Graphs normalization, since N-Graphs allow the construction
of cycle structures. Later at Chapter 9, we shall retake these alternatives given in Table 3.10.
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CHAPTER 4

Normalization for proof systems

In Part II we shall tackle our second major goal, i.e., defining a normalization procedure for
N-Graphs. As a consequence, we initially should describe some normalization procedures de-
vised for proof systems, mainly for classical ND logic. Specifically, in this Chapter we present
traditional normalization procedures, found in literature, for single conclusion ND logic calcu-
lus, as well as some extensions of these traditional approaches mainly devised for a multiple
conclusion calculus. Moreover, we also describe a normalization approach which indeed is
defined for a different formalism, the calculus of structures of deep inference logic. In spite of
the distinct formalism, this normalization technique brings the use of cycle structures, which is
one of the principal elements of N-Graphs normalization.

The remainder of this Chapter is defined as follows. Section 4.1 brings some remarks con-
sidering notation and terminology used in this part. In Section 4.2 we discuss some aspects
of traditional normalization for single ND logic. Section 4.3 presents normalization techniques
where the excluded middle rule plays a center role. Next, in Section 4.4, we present the sec-
ond part of Statman’s work towards normalization for classical logic. Section 4.5 brings the
normalization procedure defined by Ungar. After, in Section 4.6, we show the normalization
mechanism defined by Cellucci. Section 4.7 defines the work of Blute et al. In Section 4.8
the normalization technique defined by Alessio-Gundersen is presented. At last Section 4.9,
summarizes the contents of this Chapter.

4.1 Notation and terminology

Here we present some terminology and notation used in Part II, specially in this Chapter.

• The symbols ;,⇒ are used to represent one (single) reduction step of a derivation;

• Assumption formula and hypothesis formula are equivalent terms;

• Discharging of assumption, cancelled hypothesis and cancelled assumption are equiva-
lent terms;

• Premiss and uncancelled assumption are equivalent terms;

• Formula occurrence and formula are equivalent terms;

• Transformations are used in normalization procedure. One creates a set of transforma-
tions among proofs to eliminate redundant structures (or detours) and obtain a derivation

67
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free of redundant structures. Here we found the following terms to represent transforma-
tions: reductions, cuts, expansions and surgical rules;

– We still observe that when we use only the term rule, it does represent a rule of the
proof system, while a rule of the normalization procedure (i.e., a transformation)
should be used together with a specific term, e.g., a reduction rule, or a cut rule.

• Redundant structure and cut are both defined as redundancies (or detours) which shall
be removed from derivations by means of transformations. We observe that the term
cut alone is used to represent a redundant structure, while the term cut rule denotes a
transformation;

• Proper and β identify the same kind of reduction rules, which is responsible for removing
those redundant structures which arise when we have an introduction rule followed by an
elimination rule of the same connective;

• Both terms Weakening and Thinning are used to represent the same kind of structural
reductions;

• The symbols ⊥ and/or > can be used as: operators, units, constants and formulas.

4.2 Normalization: treatment of ⊥ constant and theorems

This Section presents some issues concerning traditional mechanisms of classical ND logic
normalization. Firstly, we describe some different treatments of ⊥ constant in normalization.
Secondly, we show the general mechanism of normalization proofs in a classical single conclu-
sion ND logic. Thirdly, we discuss weak and strong normalization theorems.

Before describing these issues we remark some basic concepts related to normalization.

Definition 4.1 (Formula degree). A given formula α has its degree assigned by the number of
connectives of α .

Definition 4.2 (Major/Minor premiss). In an inference by an application of an elimination rule,
the premiss in which the connective that is being eliminated is called the major premiss of the
inference and the other premisses, if any, are called the minor premisses [Pra71].

Definition 4.3 (Maximum formula). When a derivation has an introduction rule of a given con-
nective δ followed by an elimination rule of δ , we have a redundant element named maximum
formula. The maximum formula is that formula which is at the same time conclusion for the
introduction rule and premiss for the elimination rule.

4.2.1 Normalization mechanisms for ⊥ constant

Here we are specially concerned about investigating the normalization mechanisms of ⊥ con-
stant, when they are used in ⊥C (or absurd) rule and also in ⊥F (or the falsum) rule. Both rules
are shown in Table 4.1.
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(⊥F ) ⊥
A

(⊥C)
[¬A]
⊥
A

Table 4.1 Rules: ⊥F and ⊥C

We bring the normalization mechanism defined by Prawitz [Pra65], van Dalen [vD04],
Stålmarck [Stå91], Andou [And95] and Massi-Pereira ([PM88], [Mas90]). Yet we shall present
Statman’s mechanism in the next Section. Consequently, here we are target at single conclusion
calculus.

Prawitz has chosen to restrict the use of ⊥C rule for atomic formulas. In [Pra65], Prawitz
defines two fragments of classical logic: C ? and C ′. Both have the same operators: ∧,→, ∀,⊥.
The difference between these two fragments lays on the treatment of⊥C. C ? defines the atomic
restriction directly in the system of rules, avoiding non-atomic conclusion for ⊥C rule, while
C ′ defines specific reductions in order to assure that⊥C rule has only atomic conclusions. As a
result, the normalization procedure for C ′ has an application order. That is, first the reductions
for ⊥C are applied. Next, the proper reductions are used. Bellow, we present the specific
reductions for ⊥C rule given by Prawitz.

Given the following derivation Π, where Π stands for trees and Σ for sequences of tree.

[¬F ]

Σ

⊥
(F)

D1

where F has one of the shapes B∧C, B→ C, or ∀xB. This redundant application of the
⊥c rule is removed by transforming Π as follows, according to its specific case, see Table 4.2.
Note that in the reduction for ∀, a is a new parameter that does not occur in Π.

Next, we have van Dalen reductions for redundant applications of ⊥F rule. Observe that
van Dalen follows the same restriction used by Prawitz, i.e., ⊥F rule should yield only atomic
formulas. As it follows, we present the reductions which are responsible for transforming non-
atomic ⊥F conclusion into atomic formulas. In Table 4.3 we have the reductions for ∧ and→
operators.

Additionally, we have the approaches defined by Stålmarck, Andou and Massi-Pereira.
These three works share the same use of ⊥C rule. That is, a derivation is normal when there is
not a ⊥C followed by an elimination rule. When we have such redundant structure we say ⊥C
rule is playing the role of an introduction rule.

Firstly, we present Stålmarck’s proper ⊥C reduction for ∧ and→ (see Table 4.4). Note that
Stålmarck uses the following operators in his system: {∧,∨,→,∀,∃,⊥}.

Stålmarck remarks that these proper⊥C reductions may give rise to new maximum formulas
with a higher degree than the original derivation. In Table 4.5, we give an example. Notice the
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[¬(B∧C)]

Σ

⊥
(B∧C)

D1

;

[B∧C1]

B [¬B2]

⊥ (1)
[¬(B∧C)]

Σ

⊥ (2)
B

[B∧C3]

C [¬C4]

⊥ (3)
[¬(B∧C)]

Σ

⊥ (4)
C

B∧C
D1

[¬(B→C)]

Σ

⊥
(B→C)

D1

;

[B1] [B→C2]

C [¬C3]

⊥ (2)
[¬(B→C)]

Σ

⊥ (3)
C (1)

(B→C)

D1

[¬(∀xB)]
Σ

⊥
(∀xB)
D1

;

[∀xB1]

Bx
a [¬Bx 2

a ]

⊥ (1)
[¬(∀xB)]

Σ

⊥ (2)
Bx

a

(∀xB)
D1

Table 4.2 ⊥c reductions - Prawitz

proper⊥C reductions given in Table 4.4 are constructed by means of switching some inferences.
The last rule (an elimination rule) of the derivation is pushed up and becomes the first rule.
This brings (in case of the example) P→ Q as a new assumption, which must be discharged
by ¬(P→ Q). But the formula ¬(P→ Q) is a major premiss of ¬-E rule and at the same time
conclusion of ¬-I rule. As a result, a new maximum formula arises with a higher degree than
the original (redundant) derivation. In this example, the original derivation has degree 1, and
the new derivation has degree 2.

In order to solve this problem, Stålmarck has created the so-called Assumption contrac-
tions. In Table 4.6, we have the corresponding assumption contraction reductions for ∧ and→.

D
⊥

A∧B
;

D
⊥
A

D
⊥
B ∧-IA∧B

D
⊥

A→ B
;

D
⊥
B →−I

A→ B

Table 4.3 ⊥F reductions - van Dalen
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[¬(A1∧A2)]

D
⊥

A1∧A2
Ai

;

¬Ai

[A1∧A2]

Ai

⊥
[¬(A1∧A2)]

D
⊥
Ai

[¬(A→ B)]
D1

⊥
A→ B

D2

A
B

;

¬B
[A→ B]

D2

A
B

⊥
[¬(A→ B)]

D1

⊥
B

Table 4.4 proper ⊥C reductions for ∧ and→ - Stålmarck

[¬(P→ Q)]
D?

P→ Q
⊥

P→ Q
D2

P
Q

;

¬Q
[P→ Q]

D2

P
Q

⊥
[¬(P→ Q)]

D?

P→ Q
⊥
Q

Table 4.5 Example using proper ⊥C reduction for→

We remark the key aspect in this new reduction lays on the discharging of a formula α (using
¬-I rule) via a formula ¬α that is no longer necessary, because now formula α is a premiss
and not anymore a cancelled assumption (here α is a non-atomic formula). We recall that ¬α

has caused the advent of a higher degree in the new derivation. As we have seen in example of
Table 4.5, where α = P→ Q, the assumption contractions demand a new normalization stage.
That is, Stålmarck defines its normalization procedure in such a way that firstly the assumption
contractions should be applied, then the remaining reductions can be used.

Secondly, we bring the approach given by Andou. In his proof system, Andou uses negation
as primitive operator. The following set of operators is used in Andou’s system: {¬,∧,∨,→
,∀,∃,⊥}, because negation rules are used to define the concept of regular proof (as we shall
see ahead). And such concept has a major role in normalization procedure, since the regular
proof determines the proper way of using ⊥c rule in Andou’s system.

Definition 4.4 (Regular proof). In a proof, an assumption-formula discharged by ⊥c rule is
regular if and only if it is the major premiss of an ¬-E rule. A proof is regular if and only if any
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[¬(A1∧A2)]

D1

A1∧A2

⊥
D2

⊥
A1∧A2

Ai

;

[¬Ai]

[¬Ai]

D1

A1∧A2
Ai

⊥
D2

⊥
A1∧A2

Ai

⊥
Ai

[¬(A→ B)]
D1

A→ B
⊥
D2

⊥
A→ B

D3

A
B

;

[¬B]

[¬B]

D1

A→ B
D3

A
B

⊥
D2

⊥
A→ B

D3

A
B

⊥
B

Table 4.6 Assumptions contractions for ∧ and→

assumption-formula discharged by any ⊥c rule in the proof is regular.

The concept of regular proof is illustrated in Table 4.7, where¬A is a non regular assumption-
formula in Π. Then, Π is transformed into Π′ by replacing ¬A as follows:

Π Π′

¬A
π

7→
¬A1 A2

¬-E⊥ ¬-I (2)¬A
π

Table 4.7 Regular proof transformation

Notice that A is discharged by the ¬− I rule, while ¬A is discharged by ⊥C rule, which
corresponds with the ⊥C discharging the ¬A in Π.

Now, Andou establishes the proper ⊥C reduction. The author gives an interesting explana-
tion of how his reduction is defined by means of a step-by-step construction process.

Initially, we have K1, . . . ,Kn as all ¬-E rules, whose major premisses are discharged by ⊥c
rule, if they exist. This is represented below:
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¬A

... LiA Ki⊥
...
⊥ ⊥cA Σ1 Σ2 EB

...
where Σ1 and Σ2 are the proofs of the minor premisses of E (E stands for an elimination

rule), if they exist. The reduction is defined as follows:

1. For all i, replace the inferences Ki by the following subproof.

¬B

... LiA Σ1 Σ2 EB
⊥

2. Concatenate the premiss of ⊥c rule with the conclusion of E by a ⊥c rule where the
formulas ¬B arised by the above replacement are discharged.

Notice in above derivations, formula B has a lower degree than formula A, because A is a
major premiss of the elimination rule E and B is the conclusion of E.

Andou remarks that there is no assumption formula discharged by ¬-I rule, except the
major premiss of K1, . . . ,Kn. This occurs because the proof is regular. Consequently, the need
of discharging a formula like A is avoided, thus we shall not have an application of ¬-I rule
(discharging A and yielding ¬A) followed by an elimination rule. Such sequence of inferences
has brought the problem described in Stålmarck’s approach, where the new derivation generated
by the application of the rule had a higher degree than the original derivation. In Table 4.8, we
present the proper ⊥C reduction given by Andou.

¬A

... LiA Ki⊥
...
⊥ ⊥cA Σ1 Σ2 EB

;

[¬B1]

... LiA Σ1 Σ2 EB
⊥
...
⊥ (1)
B

Table 4.8 proper ⊥C reduction - Andou

Thirdly, we present Massi-Pereira’s approach. The proper ⊥C reduction is shown in Ta-
ble 4.9. The authors use the following set of operators: {∧,∨,→,∀,∃,⊥}.

Notice this reduction has the following additional remarks:
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[¬A]
D0

⊥
A D1 RB

;

[A1] D1
RB [¬B2]

⊥ (1)
[¬A]
D?

0

⊥ (2)
B

Table 4.9 proper ⊥C reduction - Massi and Pereira

• A is a major premiss of an elimination rule;

• D1 can occur at left of A;

• D?
0 is obtained from D0 by the replacement shown in Table 4.10.

D2
A ¬A
⊥

;

D2
A D1

B ¬B
⊥

Table 4.10 Additional remark to proper ⊥C reduction of Table 4.9

4.2.2 Traditional weak normalization proofs

Through the investigation of traditional normalization mechanisms for single ND logic, like
the ones defined by Stålmarck, Andou and Massi-Pereira. We realize how weak normalization
proofs can be constructed. That is, it is necessary to establish a normalization measure with
values such as degree of formulas, length of derivations and number of redundant formulas.
Thus, the normalization measure is used to demonstrate that during the normalization proce-
dure, at each step, we obtain a lower measure, until we reach the normal derivation in a finite
reduction sequence. Indeed, this is the basic weak normalization proof mechanism described
by Prawitz.

4.2.3 Normal form and normalization theorems

This Subsection traces some details concerning normal form and normalization theorems ac-
cording to the terminology used in proof theory.
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A normal form theorem states that exists a normal form for a given derivation. And the
normalization theorem is responsible for defining a reduction strategy which shall lead a given
derivation to its normal form, which is established by the normal form theorem.

Moreover, we describe some details of normalization procedures. We can construct a nor-
malization procedure by means of using ∃-strategy (where we shall obtain a weak normal-
ization theorem) or a ∀-strategy (where we shall obtain a strong normalization theorem). As
a consequence, these procedures present different features. As expected, the proof of strong
normalization theorem is more difficult than the proof of a weak normalization theorem.

An additional difference between normalization procedures is that an ∃-strategy usually
has a predefined order in the application of reductions, while the ∀-strategy should not have
an order, since all possible strategies must work. And when an order is placed, we have the
obligation to follow a specific strategy.

Finally, we highlight the strengthening of strong normalization theorem. So far, we have de-
scribed the ∀-strategy as one feature of a strong normalization theorem. Moreover, the theorem
could be strengthened by proving termination and unicity properties.

4.3 Normalization and the law of excluded middle

Usually classical ND proof systems are obtained from intuitionistic logic by means of adding
the double-negation rule or the rule of the law of excluded middle. In this Section, we men-
tion the works of Seldin [Sel89] and von Plato [vP88], who determine alternative mechanisms
where classical logic is obtained from intuitionistic logic. In both works, we note different
formulations for the rule of the law of excluded middle. Moreover, Seldin and von Plato define
normalization for the respective systems, where these systems enlarge the full set of logical
operators and have a single conclusion proof structure.

4.3.1 Plato’s approach

As we have aforementioned, a classical ND system is usually obtained from intuitionistic logic
by adding, for example, the rule for the law of excluded middle. But, in sequent calculus,
we have the opposite, i.e., intuitionistic logic is obtained as a special case of classical logic.
Nonetheless, von Plato has decided to use the mechanism of ND for sequent calculus. Thus, a
classical sequent calculus system is obtained from intuitionistic logic by adding a left-rule of
excluded middle for atomic formulas (see left of Table 4.11).

P,Γ ` ¬P `C
Γ `C

[A]1

C
[¬A]2

C
(1,2)C

Table 4.11 Plato’s rules for the law of excluded middle
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The author establishes a translation from his classical single-succedent calculus to the clas-
sical ND formulation, where the left rules of sequent calculus are translated into elimination
rules of ND and the right rules are translated into introduction rules. And the rule for the law
of excluded middle is translated as shown in Table 4.11 [vP88].

4.3.2 Seldin’s normalization technique

The major goal of Seldin’s work is to define a different normalization procedure for classical
logic, where the following rules are used (see Table 4.12) [Sel89].

¬-D rule

[¬A]
...
A
A

→-K rule

[A→ B]
...
A
A

Table 4.12 Rules: ¬-D and→-K

Note that→-K rule is Peirce’s law. And ¬-D rule is in fact a special case of→-K rule. As
cited by Seldin, ¬-D rule was proposed by Curry (see p.194 in [Sel89]).

The motivation of Seldin’s work lays on the fact that by using ¬-D and→-K rules, one can
obtain a mechanism which is strong enough for determining classical logic from intuitionistic
logic, while when one chooses the usual formulation of excluded middle rule, then it is obtained
a mechanism which is stronger than necessary. Here, we shall discuss the proof systems used
by Seldin, the respective reductions and describe the normalization strategy.

Seldin describes several proof systems, which are listed in Table 4.13.

System Description Rules
TA positive absolute logic ∧-I, ∧-E, ∨-I, ∨-E,→-I,→-E

without negation
TM minimal logic, ⊥ is an atomic formula TA rules plus ¬-I and ¬-E

¬A≡ A→⊥
TJ intuitionistic logic TM rules plus ¬-J
TC positive classical logic TA rules plus→-K
TE TM rules plus→-K
TD TM rules plus ¬-D
TK full classical system TJ rules plus ¬-D

Table 4.13 Seldin’s proof systems

In Table 4.14 we present some rules cited above in Table 4.13.
As stated by Seldin, the systems TA, TM and TJ can be normalized by using the traditional

normalization procedure given by Prawitz [Pra65], where proper and permutative reductions are
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¬-I ¬-E ¬-J
[A]
⊥
¬A

¬A A
⊥

⊥
A

Table 4.14 Rules: ¬-I, ¬-E and ¬-J

used. However, this normalization procedure does not work for TC, TD, TE and TK. As a result,
Seldin creates a normalization procedure for the aforementioned systems. This normalization
procedure enlarges reduction rules for ¬-D and→-K rules. The reductions for→-K are cited
bellow.

1. →-K reductions;

2. →-KRi reductions;

3. →-K¬-J reductions;

4. →-K→-K reductions.

Here we only show the→-K and→-K→-K reductions (see Table 4.15) [Sel89]. Note that
the A→-K reduction has the following condition: no assumption of D1 can be discharged in
D2. And the B→-K reduction is a special case of the first reduction.

The reductions for ¬-D are basically obtained from the corresponding reductions defined
for→-K. In order to generate the reductions for ¬-D it is necessary to replace B by ⊥, except
for ¬-D¬-D reduction where ⊥ replaces B, C and B∧C. Consequently, a simpler reduction
is obtained, as we can see by comparing the C→-K→-K reduction (previously shown in Ta-
ble 4.15) to D→-K→-K reduction presented bellow in Table 4.16.

The normalization reduction strategy conceived by Seldin has three major stages:

1. Apply all reductions for→-K and ¬-D (except→-K and ¬-D reductions) in such a way
that inferences with→-K and/or ¬-D rules are pushed down to the end of deduction;

2. Normalize the proof by removing all maximum segments;

3. Apply all possible→-K and ¬-D reductions.

We notice that Seldin uses, in his normalization procedure, Prawitz’s reductions, as well as
the reductions for→-K and ¬-D. As a consequence, it is necessary to determine the order in
which these two groups of reductions should be applied. Seldin says that the establishment of
this order is rather complicated and requires several specific definitions (as described in [Sel89],
see pages 200-201). With this, normalization results are obtained, e.g., normalization theorem,
subformula and separation property.
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A.→-K reduction

[A→ B]1

[A→ B]1

D1

A
→-EB

D2

A →-K1
A
D3

;

[A→ B]1

D1

A →-K1
A
D3

B.→-K reduction

[A→ B]1
D1

A
→-EB

D2

A →-K1
A
D3

;

D1

A
D3

C.→-K→-K reduction

[A→ B]1, [A→C]2

D1

A →-K1
A →-K2
A
D2

;

[A→ B∧C]3 [A]1
→-EB∧C ∧-EB →-I1

A→ B ,

[A→ B∧C]3 [A]2
→-EB∧C ∧-EC →-I2

A→C
D1

A →-K3
A
D2

Table 4.15 →-K and→-K→-K reductions

4.4 Full normalization via homomorphism

In this Section, we present Statman’s work [Sta74], where a strong normalization procedure
is determined for classical ND logic in terms of a homomorphism. More specifically, Statman
reduces the normalization of classical logic into a normalization of intuitionistic logic by means
of a mapping (a homomorphism).

As it follows, we present, in Subsection 4.4.1, an introduction to Statman’s normalization
technique and related ideas, as well as describe some notation and definitions. After, in Subsec-
tion 4.4.2, we mention the normalization theorems. In Subsection 4.4.3, we bring the reduction
rules. In Subsection 4.4.4, we introduce the normalization mechanism done via homomor-
phism. And Subsection 4.4.5 describes the subformula property. In this Section, we describe
some proofs, which have been all defined by Statman and are presented in his work [Sta74].
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D. ¬-D¬-D reduction

[¬A]1, [¬A]2

D1

A ¬-D1
A ¬-D2
A
D2

;

[¬A]1, [¬A]1

D1

A ¬-D1
A
D2

Table 4.16 ¬-D¬-D reduction

4.4.1 Introduction

Statman stresses the importance of strong normalization theorems, which allows the generaliza-
tion of structural properties of normal proofs to all proofs. With this and having an appropriate
notion of isomorphism between derivations, it is possible to obtain the following results:

• Length and the property of being normal are determined by isomorphism types;

• The normalization procedure is well defined w.r.t isomorphism types. Indeed, the iso-
morphism types can determine the absence of cuts.

Yet Statman cites a brief comparison by stating that his normalization procedure is defined
via the form of derivations, while, the normalization procedure of Kreisel and Takeuti is done
by the content of a derivation, where one can interpret content as inspecting formulas of a
derivation. And form as capturing the shape of a derivation.

Now we describe the system A and the language L , as defined by Statman. Statman’s
work is devised to prove a strong normalization theorem for a natural formulation of classical
analysis together with the axiom of choice. Classical analysis stands for a system which joins
ND logic and set theory elements.

The natural formulation is denoted as A , the classical analysis as K and the axiom of choice
as AC. Besides, we have >A standing as a reducibility relation for derivations in A . K and
AC are subsystems of A . And (DerK,>K), (DerAC,>AC) are substructures of (DerA ,>A ).
(Where Der stands for a derivation of a given system, e.g., DerA represents a derivation of
system A ).

The proof of normalization theorem is basically done throughout four stages (which are
described in Subsection 4.4.4). Each stage is responsible for dealing with one kind of transfor-
mation, where the chief goal is to transform the natural formulation A into different systems
until we obtain an intuitionistic system, denoted as I.

The language L of A is defined by the following elements (notice that L comprehends
first and second order logic elements):

• first order parametric variables: a,b,c, . . .

• second order parametric variables: Pn,Qm, . . .
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• first order universal variables: η ,µ,ν , . . .

• second order universal variables: αn,β n, . . .

• first order bound variables: x,y,z, . . .

• second order bound variables: Xn,Y m, . . .

• individual constants: c1, . . .ci, . . .

• functions constants: f1, . . . f j, . . .

• propositional constants: ⊥

• connectives: ∧,∨,→

• quantifiers: ∀(1),∃(1),∀(2),∃(2)

4.4.2 Normalization theorems

Statman remarks the distinction between normalization and normal form theorems found in
literature. In previous Subsection 4.2.3 we have mentioned Prawitz considerations w.r.t weak
and strong normalization theorems. Here we cite Statman’s observations concerning these
concepts. As it follows, we have:

• A normal form theorem asserts the existence of a normalization procedure which pre-
serves the end-formula;

• A normalization theorem asserts, explicitly or tacitly, the existence of a normalization
procedure which is well defined for a given isomorphism relation.

Notice the above concepts differ somehow from Prawitz’s definitions. One may even say
that Statman’s notions are a “sugared version" of normalization theorems. Moreover, the end-
formula preservation stated by the normal form theorem reveals a property spread out to each
derivation. That’s exactly the kind of generalization of structural properties devised by Statman
at beginning of previous Subsection 4.4.1.

4.4.3 Reduction rules

Having introduced the basic definitions, now we move directly to the reduction rules. The
system A has the traditional rules of classical ND system (like Prawitz’s introduction and
elimination rules for connectives: ∧, ∨, →) together with rules for the quantifiers of second
order logic and also a rule for the axiom of choice.

Besides, we highlight the use of ⊥C rule, which in turn is seen as an introduction rule. This
approach towards ⊥C rule is chosen in order not to disturb the ND pattern of introduction and
elimination rules.
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Statman defines different reductions, like proper and permutative reduction rules. Here, we
solely show ∨-E and proper ⊥C reductions (Table 4.17). We remark that Statman allows ⊥C
conclusion as a non-atomic formula. But when we have a ⊥C, followed by an elimination rule,
we have a cut (or redundancy), then we shall apply the proper ⊥C reduction, which yields the
conclusion of ⊥C as atomic. See in Table 4.17 that in proper ⊥C reduction application, the
formula G (the new conclusion of ⊥) is atomic. And the formula F is a major premiss of an
elimination rule. The ∨-E reduction is responsible for assuring that the conclusion of ∨-E rule
is atomic. Notice that switching the R rule above we transform the conclusion of ∨-E from G
(non-atomic) into H (atomic formula). Still, we observe that, in Table 4.17, R represents an
elimination rule.

[¬F ]

D0
⊥
F D RG

;

F1 D RG ¬G2

⊥ (1)
[¬F ]

D0
⊥ (2)
G

D
F0∨F1

[F0]

D0
G

[F1]

D1
G

G D RH

; D
F0∨F1

[F0]

D0
G D RH

[F1]

D1
G D RH

H

Table 4.17 Proper ⊥C and ∨-E reductions - Statman

REMARK 4.1. Statman makes the following suggestions in terms of terminology (see p. 108
in [Sta74]):

• cut free for normal;

• critical and critical co- for main cut and main branch, respectively;

• cutting center and cutting periphery for major premiss and minor premiss, respectively.

4.4.4 Normalization via homomorphism

In this Subsection, we describe the normalization stages established by Statman. We have four
stages, each one responsible for a specific task, as we see in Fig. 4.1. At the first stage, the
axiom of choice is removed from A . At the second stage, the system K is translated into a
simpler system named C (the system C has only propositional elements). Next, the third stage
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A (AC)(K)
t1
. A (K)

t2
. C

t3
. C−

t4
. I

Figure 4.1 Sequence of translations

reduces C into C−. Finally, the fourth stage reduces C− into I, an intuitionistic propositional
second order logic system. As it follows, we describe the normalization stages.

Before describing the first stages of normalization, we give the following definition:

Definition 4.5 (Directed graph). To each D ∈ DerA it is assigned a labeled, directed graph
(V,E). Where V stands for the vertices of D and represents the set of formula occurrences of
D. E stands for the edges of D and represents the union over the inferences occurrences A in
D of the following sets:

1. Edges directed from the premisses of A to the conclusions of A labeled which rule was
used, which premiss the initial vertex is: (rule, premiss);

2. Edges directed from the cancelled assumption occurrences to the conclusion of A la-
beled which rule as used and to which cancelled assumption class the initial vertex be-
longs: (rule, class).

REMARK 4.2. In Section 3.1.2 (Part I) we have shown Def. 3.3 of Directed graph. Here
Statman gives a slight different concept. Basically both definitions are the same, since we have
the graph defined with a set of vertices and a set of edges. The difference lays on the labels.

The first three stages of normalization:
The first stage is responsible to remove the axiom of choice AC from A . Statman has

defined A with a specific rule to the axiom of choice, which shall be used to handle derivations
using the quantifiers of second order logic. Thus, AC is removed in order to show that is
possible to build derivations without rule of the axiom of choice.

The second stage executes the translation from K to C, i.e., we have the translation from
a predicative first and second order system into a propositional second order system. Such
translation is done by the following proposition [Sta74].

Proposition 4.1. If D0 ∈ DerA−AC, then there is a purely propositional D1 ∈ DerA−AC, such
that D0 ≈ D1

The proof of proposition 4.1 shows the following translations involving the language L :

• b-variables onto propositional b-variables (b-variables stand for bound variables);

• u-variables onto propositional u-variables (u-variables stand for universal variables);

• parameters onto propositional parameters.
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Yet quantifiers are also translated. Each occurrence of Qi (where i = 1,2) is replaced by Q2,
for Q = ∃,∀. That is in K we have both kinds of quantifiers, for first and second order. But in
C we only have second order quantifiers.

In the second stage we have obtained a propositional part (C) of L , which has the following
symbols.

• parametric variables: p,q, . . .

• universal variables: α,β , . . .

• bound variables: X ,Y, . . .

• constants: ⊥

• connectives: ∧,∨,→

• quantifiers: ∀(2),∃(2)

Yet C has the following rules: →-I, →-E, ∧-I, ∧-E, ∨-I, ∀(2)-I, ∀(2)-E, ∃(2)-I, and ⊥c rule.
Together with ∨-E, ∃(2)-E, when the minor premisses of these rules are ⊥. In case of ∨-E (see
Table 4.17 previously presented) the condition says: when G =⊥.

Moreover, we shall obtain the systems C− and I. C− is obtained in third stage, and I is
obtained in the last stage. C− has the following rules: →-I, →-E, ∀(2)-I, ∀(2)-E and ⊥C rule.
So, C− is a fragment of C where the operators ∨, ∧ and ∃(2) are excluded. And the system I
is exactly the system C−, but excluding ⊥c rule. Next, we give the proposition responsible to
draw the translation from C to C−. Note the concept of homomorphism is given at Section A.4
from Appendix A.

Proposition 4.2. There is a homomorphism m defined as: m : (DerC,>C)
m7−→ (DerC−,>C−).

The proof idea lays on two steps. First a homomorphism responsible for “removing" the
operators ∃(2) and ∨ is defined. Indeed, the operators are defined by means of the remaining
operators (∀(2), →, ∧). Thus, the second step is defined by a second homomorphism respon-
sible to define conjunction (∧) in terms of ∀(2) and→. This replacement is done according to
Prawitz second order definition of ∧, which is given bellow. Finally, by joining the two steps
(homomorphism) we obtain the desired translation from C into C−.

Before describing the proof we present the extension from first to second order logic defined
by Prawitz.

Second order logic:
Prawitz defines an extension of first order logic ND logic into second order logic. The

systems M (minimal logic), I (inuitionistic logic) and C (classical logic) are defined for
second order logic and named respectively as M 2, I 2 and C 2.

Before giving such extension we need to cite the following corollary, see p. 59 in [Pra65].
Still we mention that this corollary is given by Prawitz as a result to the proof of the form of
normal deduction in systems M and I .
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Corollary 4.1. All the logical constants are strongly independent in the system I . In the sys-
tem M , ⊥ is weakly independent, and all the other logical constants are strongly independent.

By strongly independent logical constants, Prawitz means that none of the constants (∧, ∨,
→ and ¬) can be (strongly) defined in terms of the other three. According to Prawitz this result
is due to Wajsberg and McKinsey [Pra65]. And with above corollary, Prawitz shows that even
in the first order logic (with the first order quantifiers), the logical constants are still strongly
independent. Nonetheless, when we move to the second order logic such strong independence
is lost.

Definability of ∧, ∨, ∃ and ⊥ in intuitionistic logic: In contrast to the first order logic, for
second order logic the following theorem is stated.

Theorem 4.1. The logical constants ∧, ∨ and ∃ are definable in the systems I 2, M 2.

` (A∧B)≡ ∀X((A→ (B→ X))→ X)
` (A∨B)≡ ∀X((A→ X)∧ (B→ X)→ X)

` ∃xA≡ ∀X(∀x(A→ X)→ X)
` ∃Y nA≡ ∀X(∀Y n(A→ X)→ X)

Furthermore, ⊥ is definable in I 2, where it holds:

` ⊥ ≡ ∀XX

Yet Prawitz says that the definition of ∧, which indeed is of interest for classical logic is
given by Russell. Also the definition of ¬A as A→∀XX is due to Russell.

Proof. First, we define m0 : (DerC,>C)
m07−→ (DerC,>C). Let m0(F) be the result of replacing

∃(2) quantifier in ∃(2)X by ¬∀(2)¬F and ∨ connective in F ∨G by ¬(¬F ∧¬G). Now define
m0(D) according to the following replacements (show in Table 4.18). Notice we only show the
replacement for disjunction (∨-I and ∨-E rules).

Fi
F0∨F1

m07−→

¬m0(F0)∧¬m0(F1)
1

∧-E¬m0(Fi) mi(Fi)

⊥ (1), ⊥c¬(¬m0(F0)∧¬m0(F1))

F0∨F1

[F0]

⊥
[F1]

⊥
⊥

m07−→
m0(F0∨F1)

[m0(F0)]
1

⊥ (1), ⊥c¬m0(F0)

[m0(F1)]
2

⊥ (2), ⊥c¬m0(F1) ∧-E¬m0(F0)∧¬m0(F1)

⊥

Table 4.18 Homomorphism m0 - definition of ∨ in terms of ∧ and ¬
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F0 F1
F0∧F1

m17−→

m1(F0)→ (m1(F1)→ α)1 m1(F0) →-E
m1(F1)→ α m1(F1) →-E

α (1),→-I
(m1(F0)→ (m1(F1)→ α))→ α ∀(2)-I∀X((m1(F0)→ (m1(F1)→ X))→ X)

F0∧F1
Fi

m17−→ m1(F0∧F1) ∀(2)-E
(m1(F0)→ (m1(F1)→ m1(Fi)))→ m1(Fi)

m1(Fi)
i

(1),→-I
m1(F1)→ m1(Fi) (0),→-I

m1(F0)→ (m1(F1)→ m1(Fi)) →-E
m1(Fi)

Table 4.19 Homomorphism m1 - definition of ∧ in terms of ∀ and→

Next, we define m1 : (DerC,>C)
m17−→ (DerC,>C). Let m1(F) be the result of replacing ∧ in

F∧G by ∀X((F→ (G→ X))→ X). Now define m1(D) by the following replacements (shown
in Table 4.19).

Both m0 and m1 are verified as homomorphisms. Thus, we have m = m1◦m0 for the desired
homomorphism into DerC− .

Fourth stage:

The fourth stage requires auxiliary definitions, a mapping and a lemma in order to establish
the translation via a specific proposition. As a matter of fact, Statman uses the proof of the laws
of classical logic for species (the theory of species) in order to translate the classical fragment
C− into the intuitionistic system I, by means of using the following double negation rule:
¬¬x ∈ X → x ∈ X . This formula has a key role in the translation, since the translation is
basically done by replacing the ⊥c rule with the double negation rule, as we shall see next.

Let C be defined as the predicate λX¬¬X → X , and let Fc be the result of relativizing the
quantifiers in F to C. Next, Statman defines some auxiliary derivations N(F) by recursion on
the length of F , see them in Table 4.20. Notice the use of double negation rule in derivation of
N(F → G).

Before giving the proposition a map m : DerC− 7−→ DerI by recursion on length is defined
as follows:

m(F)=Fc, m commutes with→-I,→-E. We remark that [¬Fc] =m′′[¬F ]. In Table 4.21 we
show the mapping, where we remark the translation from ⊥c rule to double negation rule. As
a matter of fact, here Statman uses the double-negation translation, which states that A = ¬¬A.
Gödel and Gentzen have defined the double-negation translations, which are used to embed
classical logic into intuitionistic logic [UR06]. Furthermore, we find the following description
given by Bellin ([Bel95]), which helps to support the key role that double negation plays in the
translation from classical logic into intuitionistic logic.
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N(p) =Cp N(⊥) =C⊥

N(F → G) =

N(G)

¬¬((F → G)c)4

((F → G)c)1 (Fc)3

Gc (¬Gc)2

⊥ (1)
¬(F → G)c

⊥ (2)¬¬Gc

Gc
(3)

Fc→ Gc
(4)

¬¬(F → G)c→ (Fc→ Gc)

Table 4.20 Fourth stage - auxiliary derivations

‘There is a system of ND NKa for classical logic enjoying strong
normalization which uses the double negation rule

¬¬A
A

where A is an atomic formula. But it can be argued that such a system does
not formalize classical logic, but rather a translation of classical logic into

intuitionistic logic.
—‘

aNK stands for the classical ND system for predicate logic defined by Gentzen.

[¬F ]

D
⊥
F

m7−→
N(F)

[¬Fc]

m(D)

⊥
¬¬Fc

Fc

Table 4.21 Translation map: ⊥c to double negation rule

Having defined the above map, we obtain the following lemma:

Lemma 4.1. If [Fc] = m′′[F ], then we obtain the following (see Table 4.22).

Finally, we state the proposition of the fourth stage.
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D0

[F ]

D1

m7−→
m(D0)

[Fc]

m(D1)

Table 4.22 Fourth stage - auxiliary lemma

Proposition 4.3. There is a homomorphism m defined as, m : (DerC−,>C−)
m7−→ (DerI,>I).

The proof is done by analyzing four cases. Two cases concerning → and two ∀(2). Here
we only describe the first two cases. Statman shows redundant derivations in C− which are
translated (according to the above map and lemma) into I. Next, the derivation is normalized.
So, we obtain a normal derivation in I. At last, we close the chain, since we have the homo-
morphism from the normal derivation in C− (D′C−) to the normal derivation in I (D′I), as wee
see in Figure 4.2.

DC−
m
. DI

D′C−

r
5

m
. D′I

r
5

Figure 4.2 Translation: C− into I

Proof. It suffices to show D0 ; D1⇒ m(D0) >I m(D1). In Table 4.23 we have the first case,
where the redundancy is determined by an application of→-I rule followed by→-E rule.

D1

F

[F ]

D0

G
F → G

G

m7−→ m(D1)

Fc

[F ]

m(D0)

Gc

Fc→ Gc

Gc

;

;

m(D1)

[Fc]

m(D0)

Gc

m←−

D1

[F ]

D0

G

Table 4.23 Proof of Proposition 4.3 - case 1
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In Table 4.24 we have the second case, where the redundancy is determined by an applica-
tion of⊥c rule followed by→-E rule. We remark here we have three reduction steps before the
first homomorphism. Bellow we give an explanation concerning the steps of the second case.

Table 4.24 first shows a redundant derivation in C−, a ⊥C rule followed by an elimination
rule. Next, we have the homomorphism which leads to the redundant derivation in I. Notice
the translation which yields the double negation rule. Then, we have a sequence of three re-
duction steps (r1, r2 and r3) in order to yield a normal derivation in I. And finally we have the
homomorphism from the normal derivation in C− to the normal derivation in I. We now take
a close look into the reduction steps. The objective of the reduction steps is to transform this
redundant derivation in a normal derivation like the proper ⊥C reduction does, see Table 4.17.
Thus, the first reduction r1 is responsible for yielding an atomic conclusion for ⊥. Notice the
transformation from ¬¬(F → G)c formula to ¬¬Gc formula. However, the r1 step uses an
unnecessary assumption and an→-E rule. As a result, the r2 reduction step is used to remove
both: the assumption and elimination rule. Nonetheless, we still have a redundancy, which
is the rightmost branch started at [¬(F → G)c] assumption. Therefore, the r3 step is defined
to join the rightmost branch with the center branch. As a consequence, we finally obtain the
normal derivation. Notice the derivation has exactly the same structure of the resulting normal
derivation when proper ⊥C reduction rule is applied, as we have seen in Table 4.17. The last
step shows the homomorphism from the normal derivation in C− into the respective normal
derivation obtained via the three reduction steps in I.
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D1

F

[¬(F → G)]

D0

⊥
F → G

G

m7−→
m(D1)

Fc

N(F → G)

[¬(F → G)c]

m(D0)

⊥
¬¬(F → G)c

Fc→ Gc

Gc

r1
;

r1
;

m(D1)

Fc

N(G)

(¬Gc)3
((F → G)c)2 (Fc)4

Gc

⊥ (2)
¬(F → G)c

[¬(F → G)c]1

m(D0)

⊥ (1)
¬¬(F → G)c

⊥ (3)¬¬Gc

Gc
(4)

Fc→ Gc

Gc

r2
;

r2
;

N(G)

(¬Gc)3
((F → G)c)2

m(D1)

Fc

Gc

⊥ (2)
¬(F → G)c

[¬(F → G)c]1

m(D0)

⊥ (1)
¬¬(F → G)c

⊥ (3)¬¬Gc

Gc

r3
;

r3
;

N(G)

(¬Gc)2
((F → G)c)1

m(D1)

Fc

Gc

⊥ (1)
[¬(F → G)c]

m(D0)

⊥ (2)¬¬Gc

Gc

m←−

m←−

¬G2
(F → G)1

D1

F
G

⊥ (1)
[¬(F → G)]

D0

⊥ (2)
G

Table 4.24 Proof of Proposition 4.3 - case 2
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4.4.5 Subformula property via graphical schemata

In order to establish the subformula property, Statman uses classical ND propositional logic,
taking the connectives: ∧, ∨,→, and adopts some terminology of Prawitz. Besides, we have M
as a closed orientable surface (M is defined as in Def. 3.1 in Part I). That is, a graph G drawn
on M should have the lines representing edges of G in such a way that they intersect only at
points of M representing vertices of G. Thus, we have that D ∈ DerM is normal if D has no
maximum formula and no ∨-E rule whose conclusion is the major premiss of an elimination
rule. Next, in Fig. 4.3 we have the representation of ND inference rules via graphs, where the
graphs represent the subformula relation among formulas.

[F ]

G
F → G

=⇒

F → G F
G

=⇒

F0 F1
F0∧F1

=⇒

F0∧F1
Fi

=⇒

Fi
F0∨F1

=⇒

F0∨F1

[F0]

G
[F1]

G
G

=⇒

Figure 4.3 ND rules and the subformula correspondence via graphs

To each D ∈ DerM a graph G(D) = (V (D),E(D)) is assigned, where the vertices are the
formula occurrences of D and the edges are the connections in D. That is, the edges have show
the subformula correspondence among the formulas.

Consider a given formula occurrence F , which occurs in D. Let G(D)〈F〉 be the subgraph
of G(D) induced by those elements of V (D) containing F as a subformula. Thus, we have that
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a proof of D (i.e., a derivation without uncanceled assumptions) is direct if whenever F occurs
in D it is connected to the end-formula of D in G(D)〈F〉. As a result, if D is direct, then D
has the subformula property. As it follows, we give the proposition which states subformula
property.

Proposition 4.4. For any derivation D ∈ DerM, D is normal iff whenever F occurs in D the
connected component C of G(D)〈F〉 containing this occurrence contains also an uncanceled
assumption occurrence, or the end-formula of D.

The proof below is done in a two-fold manner. Firstly, by induction on the length of D. Sec-
ondly, by inspection on the specific cases to be considered. Statman analyzes two main cases:
one when derivation ends in an introduction rule and another when it ends in an elimination
rule. For each case we have three subcases, according to the sort of rule used: ∧-I, ∨-I, or→-I
and ∧-E, ∨-E, or→-E. Roughly speaking, the idea of the proof is to demonstrate the formula
F is placed in D in such a way that subformula property is held. That is F is a premiss, or the
end-formula, or yet it is adjacent to a given formula, which is a premiss or the end-formula.
Now we show the first part of Statman’s proof.

Proof. Basis: Length of D is one. Then, there is nothing to prove.
Induction step:
Case 1: D ends in an introduction rule. There are three cases to be inspected, only the case

with→-I is shown.
Subcase:

[G]

D0
H

G→ H

If F is the end-formula of D, the proof is done. So, suppose F ∈ V (D0). Let C0 be the
connected component of G(D0)〈F〉 containing F so C0 ⊆ C. If ([G]∪ [H])∩V (C0) = /0 the
proof is done by induction hypothesis. Otherwise, G→ H ∈ V (C) and this completes the
subcase.

Yet, Statman shows the second case considering elimination rules.

4.5 Normalization in a multiple conclusion proof structure

This Section and the next two Sections present formal systems which are extensions from
traditional single conclusion ND logic. The systems shown in these Sections have both: logical
and structural rules and proof structures with more than one conclusion. We start by describing
Ungar’s work where a correspondence among normalization and cut-elimination is traced via
a multiple conclusion proof system [Ung92]. Next, in Section 4.6 we present Cellucci’s work
with a proof system which joins features of both: ND and sequent calculus and describes the
corresponding normalization theorem [Cel92]. Thirdly, Section 4.7 brings Blute and colleagues
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work, which is responsible for defining a correspondence among categories and proof-nets
together with normalization mechanism [BCST96].

Ungar’s main goal is to draw a correspondence between normalization (ND) and cut-elimination
(sequent calculus). Indeed, the author defines an extension of Zucker’s work [Zuc74]. The dis-
tinction among Ungar and Zucker works lays on the multiple conclusion framework used by
Ungar. Ungar has defined an ND proof system augmented with structural rules and a multi-
ple conclusion proof structure. And the corresponding normalization procedure. In order to
draw the correspondence between normalization and cut-elimination, Ungar defines a calculus
based on LK, the classical sequent calculus created by Gentzen. And the corresponding cut-
elimination procedure. Ungar chooses to define his own version of LK in order to achieve his
goals [Ung92]. As it follows, we show Ungar’s multiple conclusion system. Then, we bring
the reduction rules and we close the section describing Ungar’s normalization procedure.

4.5.1 ND multiple conclusion proof system

We start showing the logical rules defined by Ungar in his ND multiple conclusion proof system,
see Table 4.25.

Axioms: Am

Rules:

(1)
Am Bn

A∧Bp
(2) a.

A∧Bp

Am
b.

A∧Bp

Bn

(3) a.
Am

A∨Bp
b.

Bn

A∨Bp
(4)

A∨Bp

Am Bn

(5)
Bm

A→ Bp {An}
(6)

An A→ Bp

Bm

(7)
⊥p

An
(8)

An

>p

Table 4.25 Rules of ND with multiple conclusion proof structure

According to Ungar’s rules we cite the following remarks:

• m,n, p, . . . range over natural numbers. As we shall see later, Ungar uses this notation in
order to apply the contraction rule;

• Rule (8) is said to be redundant and has been included to preserve symmetry. In the
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sequel, Ungar prefers to ignore the rule, since it complicates the discussion over normal-
ization;

• In rule (5) the notation {An} indicates that all occurrences of An as an assumption are
discharged by the inference;

• Derivations in this calculus are graphs whose vertices are labelled as formulas;

• Every axiom {Am} is represented by one single vertex which is labelled as {An};

• Ungar defines the following proviso to avoid fallacious derivations construction: both
premisses of rules (1) and (6) can not be conclusions of the same rule (see example 4.1):

Example 4.1. A fallacious derivation:

A∨B
A B

A∧B

As it follows, Ungar has altered his proof system. First, the rules (7) and (8) are replaced by
the rules presented in Table 4.26. These negation rules are used to obtain negation as a primitive
rule in the multiple conclusion system. We notice that the symbols (∗) in negation rules have
been conceived by Kneale [KK62]. This notation is used to represent that any formula can be
used in place of (∗).

negation introduction negation elimination

∗
¬Am An

¬Am An

∗

Table 4.26 ND with multiple conclusion- negation rules

We have seen that in the above rules, the notation m,n, p, . . . is used. This notation works
as a bookkeeping device. With this, it is possible to determine which class the formula belongs
to and to distinguish among different occurrences of the same premiss. Besides, the notation
is used to join conclusions in equivalence classes. Therefore, rules are applied to equivalence
classes, instead of to individual formula occurrences.

Next, Ungar adds some structural rules to the proof system. Permutation rules are dismissed
in multiple conclusion proof systems. The contraction rule is defined by means of a mechanism
which controls the notation m,n, p, . . . over formulas, that is contraction is not applied explicitly
by means of rules. Instead, it is applied tacitly by means of changing notation over formulas.
The last structural rules are the thinning rules (see Table 4.27), which are used to guide the
normalization procedure.
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left thinning right thinning

C j Ai

Ak

Ak
Ai C j

Table 4.27 ND with multiple conclusion - thinning rules

In order to establish a multiple conclusion system, one needs to deal with the so-called
problem of substitution. The problem of substitution is one of the major challenges when one
defines a multiple conclusion calculus.

We may pictorially describe the problem of substitution as we see in Fig. 4.4. That is,
having derivation Π1 with two conclusions and derivation Π2 with three premisses, we ask
ourselves: how can we accurately match Π1 and Π2?

Figure 4.4 The problem of substitution

Notice, when we match Π1 and Π2, a cycle is created in derivation. As a result, we need
to define a mechanism to handle cycles in the multiple conclusion calculus. This sort of cycle1

is discussed in Kneale’s work [KK62]. Kneale has chosen to avoid the matching of derivations
(such as the one between Π1 and Π2). As a consequence, every kind of cycle must be avoided.

However, Shoesmith and Smiley [SS78] have shown that such restriction has not allowed
the construction of some valid derivations, e.g., A∨A→ A∧A (see Table 4.28 at right). With
this in mind, Shoesmith and Smiley decided to relax Kneale’s restriction over cycles, in such a
way that every kind of cycle could be constructed.

We notice that Kneale’s approach is strictly rigid, while Shoesmith and Smiley’s approach
is flexible and cycles are properly obtained. We should emphasize that a mechanism capable to

1Kneale does not use cycle terminology. This concept of graph theory is used by Shoesmith and Smiley.
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fallacious derivation valid derivation

A∨B
A B
A∧B

A∨A
A A
A∧A

Table 4.28 Cycles in a multiple conclusion calculus

distinguish among two kinds of cycles: valid cycles (those which yield valid derivations) and
non-valid cycles (those which yield fallacious derivations, see Table 4.28 at left) is necessary
in order to properly allow cycles in derivations.

The mechanism defined by Ungar in order to determine whether or not a cycle is valid
lays on a precise definition of derivation, where the application of an inference rule is seen
as an operation on graphs, called combination. These combinations yield the class of sound
derivations, which are named substitutions. In example 4.2 we illustrate Ungar’s approach.

Example 4.2. Let Π1 and Π2 as derivations of A and B as follows,

Π1 :
Π′1

...
...

A A

Π2 :
Π′2

...
...

...
B B B

Matching Π1 and Π2 with the graph A B
A∧B

as Fig. 4.5 shows, one can infer the con-
clusion A∧B. This is obtained by making three copies of Π1 and two copies of Π2.

Figure 4.5 Problem of substitution - example

4.5.2 Normalization rules

Ungar has established three sets of reduction rules: proper, permutative and thinning reduc-
tions. Here, we present the proper and thinning reductions:
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∧-reduction →-reduction
Π1

An

Π2

Bm

A∧Bp

Bq

;

Π1

An

Π2

Bm
Bq

Π

An

Π′

Bm

A→ Bp

Br

;

Π

An

Π′

Bm
Br

∨-reduction

Π

An

A∨Bm

Ap Bq

;

Π

An

Ap Bq

Table 4.29 Proper reductions in multiple conclusion calculus

Proper reductions: The proper reductions are used to remove redundant occurrences of the
maximum formula, which arises when we have an introduction rule followed by an elimination
rule of the same connective. In Table 4.29, we show Ungar’s proper reductions for: ∧, ∨ and
→ (Observe that proper reductions are also given for ∀ and ∃).

Here, we highlight a difference among proper reductions which are usually defined for sin-
gle conclusion calculus and the proper reduction conceived by Ungar. Considering the ∧ proper
reduction, we have in derivation two premisses responsible to infer the maximum formula and
the conclusion inferred by the maximum formula. These premisses and conclusion may be
called neighbor formulas of the maximum formula (in ∧ proper reduction the neighbor formu-
las are: An, Bm, Bq). As we know, the maximum formula is redundant and must be removed
from derivation. In solutions suitable for single conclusion calculus, not only the maximum
formula is removed, but also two neighbor formulas.

However, in Ungar’s approach we notice that only the maximum formula is removed. The
three neighbor formulas are kept in derivation. Ungar prefers to maintain these formulas be-
cause derivations are seen as graphs. Therefore, the two premisses responsible to infer the
maximum formula might be connected above in the graph, consequently yielding a cycle in
derivation. Thus, if one of the premisses is removed, the graph might be improperly over cut,
as we see in Table 4.30.

A
A B

A∧B
B

Table 4.30 Example with maximum formula and neighbor formulas
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Thinning reductions: Ungar defined two kinds of thinning reductions: pruning reductions
and thinning with permutation.

The pruning reductions are designed to remove roundabout steps in the use of thinning
rule. Specifically, the redundancies arise when we have: (a) inferences with a thinned premiss
in application of thinning rule and (b) inferences with a thinned conclusion in application of
thinning rule. The pruning reductions are used to assure that derivation has the subformula
property.

In Table 4.31 we show three pruning reductions. In the first two rules, we remark that no-
tation Π(Bk/ j) represents the (tacitly) application of contraction operation, where conclusions
of Π with form B j are replaced by Bk. In the third pruning reduction, we remark the use of
an introduction rule followed by a thinning rule. Notice the conclusion of introduction rule is
indeed a sort of maximum formula, because thinning rule is playing the role of an elimination
rule. The result application of this pruning reduction is similar to the proper reductions seen
above.

reduction (1)

Ai

Π

B j

Bk

;
Π(Bk/ j)

Bk

reduction (2)

Π

B j

Bk Ai

;
Π(Bk/ j)

Bk

reduction (3)

Π

An

B→ Ap

Π′

Cr

Ck

;

Π

An

Π′

Cr

Ck

Table 4.31 Pruning reductions - multiple conclusion

The thinning with permutation reductions are defined to deal with those cases where thin-
ning rules have non-atomic formulas. Besides, the rule is preceded or followed by a logical
rule (introduction/elimination). Therefore, the thinning rule and logical rule shall be permuted
in order to obtain a thinning rule with atomic formulas. This set of rules is large. Ungar does
an extensive analysis of every kind of thinning rule matched with logical rules. Three kinds of
logical rules denoted by R1, R2 and R3 are matched with different thinning rules.

• R1: represents rules with single premiss and conclusion,

• R2: represents rules with two conclusions,
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• R3: represents rules with two premisses.

In Table 4.32 we show some of these rules. We still remark that the thinning with permuta-
tion rules can be applied in both directions.

reduction (1)
Π1

Ai

Π2

B j

Bk R1Cd

↔ Π1

Ai

Π2

B j R1Cq

Cd

reduction (2)
Π1

Ai

Π2

B j

Bk R2Cn Dm

↔

Π2
Π1 B j R2
Ai Cq Dm

Cn

reduction (3)
Π1

Ai

Π2

B j

Bk

Π3

Cn R3Dm

↔ Π1

Ai

Π2

B j

Π3

Cn R3Dq

Dm

reduction (4)
Π

A1
Ak R1 B j
Cn

↔

Π

Ai R1Cq

Cn B j

reduction 5)
Π

Ai
Ak R2 B j

Cn Dm

↔

Π

Ai R2
Cn Dq

Dm B j

reduction (6)
Π

Ai
Π2 B j

Ak Cn R3
Dm

↔

Π1

Ai

Π2

Cn R3Dq

Dm B j

Table 4.32 Thinning with permutation reductions - multiple conclusion

4.5.3 Normalization proof

Ungar draws his normalization proof indirectly by means of tracing correspondences among
the ND calculus with multiple conclusion and the LK calculus. Ungar extends the LK as defined
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by Gentzen. The author includes additional reductions in LK in order to establish the mappings
among ND and sequent calculus.

The normalization proof is specifically defined via two main theorems which are pictorially
represented in Fig. 4.6. The diagram at left represents the first theorem which is responsible for
mapping derivations (Π) of the multiple conclusion system into derivations (θ ) of LK. Notice
that r1 and r2 stand for reductions of ND and sequent calculus derivations. And t1, t2 represent
transformations among multiple conclusion system and LK. The diagram at right shows the
flavor of the second theorem, which is defined to map derivations (θ ) of LK into derivations
(Π) of multiple conclusion system.

Π
r1
. Π

′

θ

t1
5

r2
. θ
′

t2
5

θ
r1

. θ
′

Π

t1
5

r2
. Π

′

t2
5

Figure 4.6 Diagrams of normalization theorems - Ungar

Ungar mentions that the proof of the first theorem is easier than the proof of the second
theorem. This occurs because LK has several rules of reduction. As a result, it is easier to draw
a mapping from the small set of reductions of the multiple conclusion system into the large set
of reductions from LK calculus, than the opposite.

Ungar establishes the correspondences among ND and sequent calculus by means of defin-
ing similarities among elements of the systems. Here we highlight two features. First, the
similarity among the maximum formulas of ND and the cut formulas of sequent calculus. Sec-
ond, the intensive use of thinning rule. The thinning rule is widely used in LK. Therefore, Ungar
has introduced the thinning rule in ND, in order to establish the desired correspondences. By
identifying similar aspects from both calculus, it is possible to set up the mappings mentioned
above.

4.6 Normalization in a sequent conclusion proof structure

Here we describe another extension from traditional single conclusion ND logic by means of
Cellucci’s work, which has two main stages. Firstly, the author defines a proof system for
classical logic, where the proof structure is given by a sequent conclusion (i.e., a conclusion
which has a sequence of formulas). Secondly, we have the construction of a normalization
procedure for such proof system [Cel92].

Cellucci’s proof system is named sequent natural deduction, since the calculus joins fea-
tures of both: ND and sequent calculus. Cellucci intends to overcome some disadvantages of
ND, for instance the treatment of ∨-E and ∃-E rules, because these rules are not defined accord-
ing to the pattern of introduction and elimination in ND rules. The normalization procedure
is defined based on Prawitz’s normalization. But Cellucci establishes normalization for the
full system of rules. Moreover, the properties of subformula and separation are given. As it
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follows, we show the sequent natural deduction system and the corresponding normalization
procedure. Still, we remark that this section describes some proofs, which have been all defined
by Cellucci and are presented in his work [Cel92].

4.6.1 Sequent natural deduction

We start with some notation and definition concerning the sequent natural deduction system.
The logical connectives are: ¬, ∧, ∨,→, ∀, ∃; the letters: ∆, Γ, Θ represent sequents; the empty
sequent is denoted by /0; and A, B, . . . stand for formulas.

Definition 4.6 (Sequent). A sequent is a finite (possible empty) sequence of formulas separated
by commas.

The proof system has structural and logical rules. The structural rules (see Table 4.33) are
the following: weakening (W), contraction (C) and permutation (P). The logical rules include
both propositional and quantifier rules, following the pattern of introduction and elimination
rules. In Table 4.34, we only show the propositional logical rules.

∆(W)
∆,A

∆,A,A
(C)

∆,A

∆,A,B,Γ
(P)

∆,B,A,Γ

Table 4.33 Structural rules - Cellucci

Yet, Cellucci gives the following definitions:

Definition 4.7. 1. In an inference, the upper sequents are called the premisses, and the lower
sequent is called the conclusion of that inference.

2. In a (W) inference formula, A is called the weakening formula of that inference. In a (C)
inference formula, A is called the contraction formula. In a (P) inference formulas A and
B are called the permutation formulas.

3. In an inference obtained by an I-rule, the formula in the conclusion containing the logical
symbol introduced is called the principal formula of that inference, while the formulas in
the premisses from which the principal formula is built up are called auxiliary formulas.
(Note that in a ¬-I inference there are no auxiliary formulas.)

4. In an inference obtained by an E-rule, the formula in the premiss containing the logical
symbol eliminated is called the principal formula of that inference and the premiss in
which it appears is called the major premiss. The other premiss (if any) is called the
minor premiss. The formulas in the conclusion or in the minor premiss from which
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Introduction Elimination

∆,A Γ,B
(∧I)

∆,Γ,A∧B
∆,A∧B

(∧E)
∆,A

∆,A∧B
(∧E)

∆,B

∆,A,B
(∨I)

∆,A∨B
∆,A∨B

(∨E)
∆,A,B

[A]
∆,B

(→I)
∆,A→ B

∆,A Γ,A→ B
(→E)

∆,Γ,B

[A]
∆(¬I)

∆,¬A

∆,A Γ,¬A
(¬E)

∆,Γ

Table 4.34 Logical rules - Cellucci

the principal formula is built up are called the auxiliary formulas (note that in a ¬-E
inference, there are no auxiliary formulas in the conclusion).

5. In an inference obtained by an arbitrary rule, the formulas in ∆, Γ or Θ are called the side
formulas of that inference.

Definition 4.8. A derivation is a tree of sequents in which:

1. every topmost sequent, which is called an assumption of the derivation, consists of an
arbitrary formula;

2. every non-topmost sequent is yielded from the sequents standing immediately above it
by an inference obtained by one of the rules of Tables 4.33 and 4.34;

3. the downmost sequent is called the conclusion of derivation.

4.6.2 Normalization reductions

In order to define normalization, Cellucci excludes the permutation structural rule. The author
uses the term cut to design a detour in derivation. Cellucci states two main kinds of detours:
(i) an inference obtained by an I-rule which principal formula is also the principal formula of
an inference obtained by an E-rule; (ii) an inference obtained by (W) which the weakening
formula is also the principal formula of an inference obtained by an E-rule. As it follows, we
give specific definitions concerning redundant structures and present the set of reduction rules.

Definition 4.9. A (W) inference is said to be atomic if its weakening formula is atomic.
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Definition 4.10. A cut in a derivation D is a sequence Σ ≡ ∆1, . . . ,∆n of sequents in D such
that there is a formula A, called its cut formula, satisfying the following conditions:

1. A is a member of each ∆i, 1≤ i≤ n;

2. ∆1 is the conclusion of a non-atomic (W) inference whose weakening formula is A, or of
an inference obtained by an I-rule whose principal formula is A;

3. each ∆i, 1≤ i≤ n, is a premiss of an inference, whose conclusion is ∆i+1;

4. ∆n is the major premiss of an inference obtained by an E-rule, whose principal formula
is A.

On the one hand, (W) is not a proper structural rule, since, like the I-rules, it generally
allows to introduce new logical symbols. On the other hand, the special case of (W) when its
weakening formula is atomic may be considered as a proper structural rule.

Definition 4.11. The length of a cut Σ≡ ∆1, . . . ,∆n is n; the degree of a cut Σ is the degree A,
d(A), where A is the cut formula of Σ.

Definition 4.12. A derivation D is said to be cut-free, or normal, if D contains no cuts.

Cellucci has defined three kinds of reductions: weakening, logical and permutative to elim-
inate cuts from roundabout derivations.

The weakening reductions are defined to eliminate those cuts yielded by a weakening infer-
ence followed by an E-rule. These cuts have length 1. In Table 4.35, we show the weakening
reductions for ∧, ¬ and ∨.

The logical reductions are established to eliminate those cuts which arise when we have an
I-rule followed by an E-rule with the same logical operator. These cuts have length 1. Next, in
Table 4.36, we show the logical reductions for ∧, ¬ and ∨.

The permutative reductions define a permutation among an arbitrary rule and an E-rule, pro-
vided that the principal formula of E-rule is a side formula in the arbitrary rule. In Table 4.37,
we show the permutative reduction between ∀-I and ∧-E rules.

4.6.3 Normalization proof

By applying the above set of reductions, one can determine the general property of normaliza-
tion.

Theorem 4.2 (Normalization theorem). Every derivation D can be transformed into a normal
derivation D ′ whose open assumptions are among those of D and with the same conclusion as
D .

Cellucci gives the following concepts to build the normalization proof:

Definition 4.13 (Degree). Degree of a derivation is the maximum degree of its cuts or 0 if
derivation is normal.



4.6 NORMALIZATION IN A SEQUENT CONCLUSION PROOF STRUCTURE 103

W ∧-reduction

D1

∆(W)
∆,A∧B

(∧E)
∆,A

;

D1

∆(W)
∆,A

W ¬-reduction

D1

∆,A

D2

Γ(W)
Γ,¬A

(¬E)
∆,Γ

;

D2

Γ

inferences (W)
∆,Γ

W ∨-reduction

D1

∆(W)
∆,A∨B

(∨E)
∆,A,B

;

D1

∆(W)
∆,A

(W)
∆,A,B

Table 4.35 Weakening reductions - Cellucci

Definition 4.14 (Index). Index of a derivation is the number of cuts with maximum degree, or
0 if derivation is normal.

Definition 4.15 (Order). Order is defined as the pair (d, i), where d is the degree and i is the
index of derivation.

Proof. The normalization proof is done by induction over the order (d, i) of D , where d and i
are ordered lexicographically. That is, (d, i) is less than (d′, i′) if either d < d′ or d = d′ and
i < i′.

According to the reduction rules a three stage process in normalization proof is established.

1. First using permutative reductions in order to move upwards as far as possible, the infer-
ences obtained by E-rules . Thus, D is transformed into D1. Here D1 and D have the
same order. This is followed by inspection of permutative reductions;

2. Next, we shall choose a cut in D1. A cut with degree d is chosen, such that no cut of
degree d occurs above it in D1. Inferences obtained by E-rules have been moved upwards
as far as possible in D1. Consequently, the chosen cut has length 1;

3. Now the suitable weakening or logical reduction is applied. Thus, D1 is transformed into
D2. And D2 has order less than order of D1. This is followed by inspection of weakening
and logical reductions.
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∧-reduction

D1

∆1,A1

D2

∆2,A2(∧I)
∆1,∆2,A1∧A2(∧E)

∆1,∆2,Ai

;

Di

inferences (W)
∆1,∆2,Ai

(i = 1,2)

¬-reduction

D1

∆,A

[A]
D2

Γ(¬I)
Γ,¬A

(¬E)
∆,Γ

;

D1

∆,A

D2
{pth ϕ

∆

}
∆,Γ

se [A] 6= /0

;

D2

Γ

inferences (W)
∆,Γ

if [A] = /0

∨-reduction

D1

∆,A,B
(∨I)

∆,A∨B
(∨E)

∆,A,B

;
D1

∆,A,B

Table 4.36 Logical reductions - Cellucci

Since inferences obtained by E-rules have been moved upwards as far as possible in D1,
we emphasize the new (W) inferences introduced in some weakening and logical reductions to
restore side formulas do not generate new cuts.

Finally, the induction hypothesis to transform D2 into a normal derivation D ′ is applied.

4.6.4 Structure of normal derivations

This Subsection presents the structure of normal derivation. Cellucci highlights that a normal
derivation has the following structure: the assumptions, or weakening formulas, or principal
formulas of ¬-I inferences are broken down in their components by use of E-rules, and the
final components are obtained by using I-rules. Next, we define this structure. Notice this
structure has the pattern of E-rules plus I-rules, i.e., it is the usual pattern found in normal
derivations of classical ND.

Definition 4.16 (Successors). If φ is a formula occurring in a premiss of an inference, then the
successors of φ are defined as follows:
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∀I-∧-permutative reduction

D1

∆,χ(a),A1∧A2(∀I)
∆,∀x χ(x),A1∧A2(∧E)

∆,∀x χ(x),Ai

;

D1

∆,χ(a),A1∧A2(∧E)
∆,χ(a),Ai(∀I)

∆,∀x χ(x),Ai

(i = 1,2)

Table 4.37 Permutative reductions - Cellucci

1. if φ is one of the two occurrences of the contraction formula in the premiss of a (C)
inference, then the occurrence of the contraction formula in the conclusion is a successor
of φ ;

2. if φ is an occurrence of a permutation formula in the premiss of a (P) inference, then the
occurrence of the permutation formula in the conclusion is a successor of φ ;

3. if φ is an auxiliary formula in a premiss of an inference obtained by an I-rule, then the
principal formula in the conclusion is a successor of φ ;

4. if φ is the principal formula in the major premiss of an inference obtained by an E-rule,
then an auxiliary formula in the conclusion is a successor of φ ;

5. if φ is the nth formula of ∆ in a premiss of an inference obtained by any rule, then the
nth formula of ∆ in the conclusion is a successor of φ .

Definition 4.17 (Track). A track of a derivation D is a sequence Σ = φ1, . . . ,φn of formulas,
such that:

1. φ1 is an assumption, or a weakening formula, or the principal formula of a ¬-I inference;

2. φi+1 for 1≤ i < n is a successor of φi;

3. φn is either:

(a) the auxiliary formula in the minor premiss of an→-E or ¬-E inference, or

(b) the principal formula of a ¬-E inference, or

(c) a formula belonging to the conclusion of D ,
whatever of the conditions a-c applies first.

If φn satisfies condition (3)(c), then Σ is said to be an end track of D .

Now we present some examples, where the notion of track is illustrated (see Table 4.38).
Derivation from Example 1 has the following three tracks: (i) P∨Q, Q, Q, Q, ¬P→ Q, (P∨
Q)→ (¬P→ Q); (ii) P∨Q, P, P; (iii) ¬P.
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In derivation from example 2, three tracks are determined: (i) ¬¬P, P→¬¬P; (ii) P; (iii)
¬¬P.

Example 3 shows a derivation containing four tracks: (i) P, P, P, P, ¬Q→ P, (¬P→Q)→
(¬Q→ P); (ii) ¬P; (iii) ¬P→ Q, Q; (iv) ¬Q.

Example 1 Example 2 Example 3

P∨Q1
(∨E)

P,Q
(P)

Q,P ¬P2
(¬E)

Q
(→I)

¬P→ Q2
(→I)

(P∨Q)→ (¬P→ Q)1

P1 ¬P2
(¬E)

/0(¬I)
¬¬P2

(→I)
P→¬¬P1

P1
(¬I)

P,¬P1 ¬P→ Q2
(→E)

P,Q ¬Q3
(¬E) P(→I)

¬Q→ P3
(→I)

(¬P→ Q)→ (¬Q→ P)2

Table 4.38 Track examples

Definition 4.18 (Segment). • A segment of a track Σ is a sequence σ of consecutive for-
mulas in Σ that are identical, i.e., are occurrences of the same formula.

• If a segment σ consists of occurrences of the formula ϕ , we say that ϕ is the formula of
σ .

Definition 4.19 (Sequence of segments). Every track Σ can be uniquely divided into consecu-
tive segments σ1, . . . ,σk. The sequence σ1, . . . ,σk is called the sequence of segments in Σ.

The concepts of track and segment as defined by Cellucci give us the following vision
concerning derivations. One may state that a derivation is divided into k tracks, and each track
is divided into n segments. Now that we are speaking in terms of segments, we somehow restate
the notion of cut.

Definition 4.20 (Cut Segment). A cut segment of a track Σ is a segment of Σ that begins with
the weakening formula of a non-atomic (W) inference or the principal formula of an inference
obtained by an I-rule and ends with the principal formula of an inference obtained by an E-rule.

The notion of cut segment is strictly related to that of cut: each cut determines a cut segment,
and vice-versa. Thus, a derivation is normal iff it contains no cut segment.

Now we extract the form of tracks in normal derivations. With this, we obtain the structure
of a normal derivation.

Theorem 4.3 (Form of tracks). Let D be a normal derivation. Let Σ be a track in D and
let σ1, . . . ,σn be the sequence of segments in Σ. Then there is a segment σi in Σ, called the
minimum segment of Σ, which separates two (possibly empty) parts of Σ, called the E-part
(elimination part) and the I-part (introduction part) of Σ, such that:
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1. for each σ j in the E-part (i.e., j < i) it holds that σ j is the principal formula of an inference
obtained by an E-rule and σ j+1 is a subformula of σ j;

2. σi, for i 6= n, is an auxiliary formula of an inference obtained by an I-rule;

3. for each σ j in the I-part (i.e., i < j) it holds that, for j 6= n, σ j is an auxiliary formula of
an inference obtained by an I-rule and is a subformula of σ j+1;

The proof of the Theorem 4.3 is done by contradiction. Suppose we first have an inference
obtained by I-rules followed by an inference obtained by E-rules. This would lead to a cut
segment. As a result, it contradicts the hypothesis that D is normal.

4.6.5 Subformula property

Closing this section, we introduce the subformula property. Guided by the notion of the form of
tracks, one may conclude that each formula occurring in a normal derivation is a subformula of
an open assumption or of a formula in the conclusion. This leads us to the subformula property.
Bellow, we describe the concept of order. It is basically used to classify the sort of tracks in
derivation. With this, one can walk on derivation and determine the subformula property.

Definition 4.21 (Order). To every track Σ = σ1, . . . ,σn of a normal derivation D , an order is
assigned as follows:

• if σn occurs in the conclusion of D , then Σ is of order 0;

• if σn is the auxiliary formula in the minor premiss of an→-E or ¬-E inference and the
principal formula in the major premiss of that inference belongs to a track of order p,
then Σ is of order p+1;

• if σn is the principal formula of a ¬-E inference, then Σ is of order 0 whenever σ1 is an
open assumption of D , while Σ is of order p+1 whenever σ1 is an assumption discharged
in D by an→-I or ¬-I inference whose principal formula belongs to a track of order p.

Above, in Table 4.38, we have presented some examples. Now we retake those examples
to present their respective orders of tracks. In example 1, we have track (i) with order 0, track
(iii) with order 1 and track (ii) with order 2. In example 2, we have track (i) with order 0, track
(iii) with order 1 and track (ii) with order 2. And in example 3, we have track (i) with order 0,
track (iv) with order 1, track (iii) with order 2 and track (ii) with order 3.

Theorem 4.4 (Subformula property). Let D be a normal derivation with open assumptions Γ

and conclusion ∆. Then, each formula in D is a subformula of some formula in Γ or in ∆.

Basically, the proof of subformula property is done by walking on the tracks guided by the
respective orders. As a consequence the result obtained in Theorem 4.3 is used here. Bellow,
we describe the proof given by Cellucci.
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Proof. Let D be a normal derivation with open assumptions Γ and conclusion ∆. It is assumed
the result holds for all segments of a track of order < p and also for all segments of a track of
order p. Let Σ be a track of D of order p, let σ1, . . . ,σn be the sequence of segments in Σ and
let σ1 be the minimum segment of Σ.

Firstly, it is shown the result holds for σn. If σn occurs in ∆, then the result is clear. If σn is
the auxiliary formula in the minor premiss of an→-E or ¬-E inference, then σn is a subformula
of the principal formula in the major premiss and the latter belongs to a path of order p−1, thus
the result holds for σn by hypothesis. If σn is the principal formula of a ¬-E inference, then by
Theorem 4.3, σ1 is an assumption and σn is a subformula of σ1. If σ1 is in ∆, then the result
holds for σn. If σ1 is discharged by an →-I or ¬-I inference, then σ1 is a subformula of the
principal formula of that inference which belongs to a track of order p−1, so the result holds
for σ1 by hypothesis, and hence it holds for σn. Since the result holds for σn, by Theorem 4.3
it holds for all σ j with i < j < n.

Next, the result that holds for σ1 is presented. If σ1 is in Γ, then the result is clear. If
σ1 is an assumption discharged by an →-I or ¬-I inference, then σ1 is a subformula of the
principal formula of that inference which belongs either (1) to the I-part of Σ, or (2) to a track
of order < p. In case (1), the result holds for σ1 by what has already been established for σ j
with i < j ≤ n. In case (2) it holds by hypothesis. If σ1 is a weakening formula or the principal
formula of a ¬-I inference, then since D is normal, σ1 cannot belong to the E-part of Σ, thus
σ1 is either the minimum segment or belongs to the I-part of Σ. In both cases the result holds
for σ1 by what has already been established for σ j with i < j ≤ n. Then by Theorem 4.3 the
result holds for all σ j with j ≤ i. This concludes the proof.

Corollary 4.2 (Separation property). Let D be a normal derivation with open assumptions Γ

and conclusion ∆. Then D contains only inferences obtained by structural rules or by logical
rules for the logical symbols occurring in Γ or ∆.

The proof of separation property follows immediately from the subformula property proof
together with an inspection over the inference rules.

4.7 Categories and Proof-nets via normalization techniques

In this section we present the work of Blute et al. [BCST96]. The authors intend to define
translations between proof-nets and categories. With this, an expansion-reduction system with
equalities is obtained. And normalization for such system is established via rewriting tech-
niques. This system of equalities indeed is used to determine equivalences of proof-nets. More-
over, it is possible to accomplish when two morphisms in a free weakly distributive category are
equal. Specifically, the translation is done between weakly distributive categories and proof-
nets. We remark that Blute et al. take into account the original proposal of proof-nets. That is,
they use a multiplicative fragment of linear logic (MLL), which is devised to be the counterpart
for classical ND logic. Blute et al. use an MLL fragment which is negation free.

Moreover we shall notice that an abstract graphical framework of proof-nets is used. This
representation is somehow inspired by the work of Joyal-Street (previously seen in section 3.2).
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We recall that Joyal-Street give a graphical representation for categories. In Joyal-Street repre-
sentation we have arrows of a category represented as nodes, and objects represented as edges.
So, now in terms of proofs we have operators represented as nodes, and formulas as edges.
Some additional features of Blute and colleagues work are the rules of thinning for handling
the units (⊥ and >) and the allowance of cycles in proof-nets.

As it follows, we shall describe the categories used in this work. Next, we present the
proof-nets. Thirdly, we show the soundness criterion for such proof-nets. Fourthly, we present
the translations among proof-nets and categories. After, we introduce normalization. At last,
we describe how negation is added in Blute et al.’s work. With negation we see that proof-nets
are mapped into another category.

4.7.1 Weakly distributive category

Here we give the concept of weakly distributive category.

Definition 4.22 (weakly distributive category). A weakly distributive category C is a category
with two tensors and two weak distribution natural transformations. The two tensors are de-
noted by⊗ and⊕ and are called respectively tensor and cotensor. Each tensor comes equipped
with a unit object, an associativity natural isomorphism and a left and right unit natural isomor-
phism:

(⊗,>,a⊗,uL
⊗,u

R
⊗)

a⊗ : (A⊗B)⊗C→ A⊗ (B⊗C)
uL
⊗ : A⊗>→ A

uR
⊗) :>⊗A→ A

(⊕,⊥,a⊕,uL
⊕,u

R
⊕)

a⊕ : (A⊕B)⊕C→ A⊕ (B⊕C)
uL
⊕ : A⊕⊥→ A

uR
⊕) :⊥⊕A→ A

The two weak distribution transformations shall be denoted by:

γL : A⊗ (B⊕C)→ B⊕ (A⊗C)
γR : (B⊕C)⊗A→ (B⊗A)⊕C

A symmetric weakly distributive category is a weakly distributive category where both
tensors are symmetric.

Moreover, the authors describe a motivation to use the weakly distributive category. In
a previous work of Cockett and Seely [CS91], it has been defined that weakly distributive
categories are precisely the categorical analogue to polycategories. One may ask: what is the
use of polycategories? Polycategories were introduced by Lambek and by Szabo (see p. 3 in
[BCST96]) to give a categorical description of the proof-theoretic structure of classical logic,
and may be briefly described (according to [BCST96]) as: “categories whose arrows have many
objects as source and many objects as target". These source and target objects correspond to the
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premisses and conclusions of a sequent in classical logic (or yet ND with a multiple conclusion
structure).

With this, one may wonder that polycategories are the suitable choice to represent proof-
nets. Nonetheless, polycategories are unfamiliar when compared to tensor categories, as a
weakly distributive category. So, with the correspondence determined in [CS91] between poly-
category and weakly distributive category, it is a natural choice to use weakly distributive cate-
gory in order to represent proof-nets.

In Subsection 4.7.6, negation is added into the system. The authors remark that by adding
negation it is possible to capture the structure of ∗-autonomous categories. To handle the sym-
metric case, the following definition is necessary.

Definition 4.23. A symmetric weakly distributive category with negation is a symmetric weakly
distributive category with an object function ( )⊥, together with the following parameterized
families of maps (contradiction and tertium non datur):

A⊗A⊥
γA→⊥ > τA→ A⊥⊕A

which satisfy the following coherence condition:

>⊗A
τ⊗i
. (A⊗A⊥)⊗A

A⊗ (A⊥⊗A)

δ R
R5

A

uL
⊗

5

/
uR
⊗ A⊗⊥

i+δ

5

and the dual diagram for A⊥.

4.7.2 Proof-nets as circuits

In this Subsection we introduce a two sided notion of proof-nets to represent proofs of negation
free fragment of MLL. The proof theory of these proof-nets corresponds to the weakly distribu-
tive category. As a consequence, the proof-nets can be used to represent the weakly distributive
category, as we shall see next in this section.

The graphical representation of proof-nets presented here has a different terminology from
the usual proof-nets. Here proof-nets have logical formulas as wires (edges) and logical rules
as components (nodes). This representation is similar to the one used by Joyal-Street.

As we have aforementioned, the main goal is to establish a connection between proof-nets
and the morphism of a weakly distributive category. Blute et al. describe both the commutative
logic (with exchange rule) and the non-commutative logic (lacking the exchange rule and with
a restricted cut). On the categorical side we have respectively, symmetric weakly distributive
category and non-symmetric weakly distributive category. Bellow, we show the circuits, the



4.7 CATEGORIES AND PROOF-NETS VIA NORMALIZATION TECHNIQUES 111

framework where the proof-nets are built. Next, we present the graphical framework of Blute
et al.’s proof-nets.

The graphical diagram of proof-nets is based on the concept of a typed circuit. A typed
circuit has a set of types T and a set of components C . Each component f ∈ C has a signature
sig( f ) = (α,β ), a pair of lists of types, where α has the types of the input ports and β has the
type of the output ports.

A component can be seen as a black box with a number of (typed) input and output ports, as
we see at left of Fig. 4.7. Still one can attach variable terms or wires to the ports of a component
to obtain a primitive circuit expression. So, we would have: [x1,x2]h[y1,y2], where each wire
must be of the correct type for its corresponding port. In this case we obtain: x1 : A, x1 of type
A, x2 : B, y1 : C and y2 : D.

Yet we can obtain larger circuits. We can plug (primitive) circuit expressions to form new
circuit expressions by juxtaposition. Here we have the following expression, which yields the
circuit at right of Fig. 4.7.

([x2,x3] f [y1,z1,y5,z2]; [x1,z2,x4,z1]g[y2,y3,y4])

Figure 4.7 Circuits

Now we shall see how the proof-nets of Blute et al. are drawn according to the circuits.
The authors are interested in (⊗,⊕)-circuits with components C and atomic types A . Thus we
have as types the positive linear formulas. Starting with the set A of atomic types, we have the
set defined inductively:

• A ∈A is a formula;

• if A and B are formulas, then A⊗B and A⊕B are formulas;

• > and ⊥ are formulas.

The set of components C is now called links. Bellow we have the list of links. And in
Fig. 4.8 we have the corresponding graphical representation.
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• [A,B]⊗ I[A⊗B] ⊗-introduction;

• [A⊗B]⊗E[A,B] ⊗-elimination;

• [A,B]⊕ I[A⊕B] ⊕-introduction;

• [A⊕B]⊕E[A,B] ⊕-elimination;

• []>I[>] unit introduction;

• [A,>]>ER[A] unit right elimination (thinning);

• [>,A]>EL[A] unit left elimination (thinning);

• [A]⊥IR[A,⊥] counit right introduction (cothinning);

• [A]⊥IL[⊥,A] counit left introduction (cothinning);

• [⊥]⊥E[] counit elimination

Figure 4.8 Proof-nets links

4.7.3 Sequentialization, soundness and cycles

Here we describe the sequentialization process defined by Blute et al. Besides, we briefly
mention the cycle structures which should be handled to generate sound proof-nets.

Sequentialization: Blute et al. give the process of sequentialization in order to determine
that a (⊗,⊕)-circuit is a representation of a proof. Roughly speaking, the idea is to collect the
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circuit into a sequent. The circuits which can be rewritten into a single sequent by a series of
directed surgeries are called sequential. Thus, the process of collecting circuits is sequential-
ization. Sequentialization shows that circuits represent a sequent calculus proof of the positive
fragment of MLL.

The process of sequentialization is established as an expansion/reduction rewriting system
on the circuit, where we have the translation of a proof-net into a sequent. In Fig. 4.9, we show
some of these rewritings.

Figure 4.9 Translation: proof-nets into sequents

This translation is done for planar circuits. To extend it to non-planar circuits it is necessary
to allow the exchange rule.

Cut cycle: Blute et al. handle cycle structures in order to determine soundness for proof-
nets. They identify a kind of cycle (named cut cycle) which must be avoided to yield valid
proof-nets. As a matter of fact, in the next Subsection we shall see some examples where
valid cycles are used in proof-nets. Thus, we realize that a valid cycle should necessarily be
constructed with one of the two links: ⊗-E or ⊕-I (previously presented in Fig. 4.8). Notice
these links are represented with some small arcs. These arcs mean that only one port should
be connected. That is why Blute et al. use Danos-Regnier’s [DR89] criterion. With this, it is
established that a sound proof-net generates a graph which is acyclic and connected. And using
⊗-E and ⊕-I links we can construct an acyclic and connected graph, since one of the wires
from these links should necessarily be discharged.

4.7.4 Translations: proof-nets and categories

This Subsection shows the connection between proof-nets and weakly distributive category
given by Blute et al. With the objective of establishing such correspondence, the authors intro-
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duce the so-called rules of surgery for proof-nets. As it follows, we present these rules, and
next we give the translation between proof-nets and weakly distributive category.

Proof-net equivalence: The surgical rules are used to determine the equivalence of proof-
nets. Blute et al. remark: a rule of surgery can only be applied to a proof-net if it preserves
the proof-net criterion; that is, if after the surgical alteration one still has a proof-net. As a
consequence there is a hidden cost in applying the surgical rules, since one must check if the
new derivation is indeed a sequential proof-net.

Blute et al. defined three sets of surgical rules: reduction, expansion and rules to handle
units (⊥, >), the thinning rules.

Bellow, we have the reductions given by terms. In Fig. 4.10, we graphically represent the
reductions.

A,B : 〈x1,x2‖x1,x2〉 : A,B⇐ A,B : 〈x1,x2|[x1,x2]⊗ I[z]; [z]⊗E[y1,y2]|y1,y2〉 : A,B
A,B : 〈x1,x2‖x1,x2〉 : A,B⇐ A,B : 〈x1,x2|[x1,x2]⊕ I[z]; [z]⊕E[y1,y2]|y1,y2〉 : A,B

A : 〈x‖x〉 : A⇐ A : 〈x|[]>I[z]; [z,x]>EL[x]|x〉 : A
A : 〈x‖x〉 : A⇐ A : 〈x|[]>I[z]; [x,z]>ER[x]|x〉 : A
A : 〈x‖x〉 : A⇐ A : 〈x|[x]⊥IL[z,x]; [z]⊥E[]|x〉 : A
A : 〈x‖x〉 : A⇐ A : 〈x|[x]⊥IR[x,z]; [z]⊥E[]|x〉 : A

Figure 4.10 Surgical rules: reductions

As it follows, we bring the expansion as terms. Then, in Fig. 4.11, we show them graphi-
cally.

A⊗B : 〈z‖z〉 : A⊗B⇒ A⊗B : 〈z|[z]⊗E[z1,z2]; [z1,z2]⊗ I[z]|z〉 : A⊗B
A⊕B : 〈z‖z〉 : A⊕B⇒ A⊕B : 〈z|[z]⊕E[z1,z2]; [z1,z2]⊕ I[z]|z〉 : A⊕B

> : 〈x‖x〉 :>⇒> : 〈x|[x]>EL[]; []>I[x]|x〉 :>
> : 〈x‖x〉 :>⇒> : 〈x|[x]>ER[]; []>I[x]|x〉 :>
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⊥ : 〈x‖x〉 :⊥⇒⊥ : 〈x|[x]⊥E[]; []⊥IL[x]|x〉 :⊥
⊥ : 〈x‖x〉 :⊥⇒⊥ : 〈x|[x]⊥E[]; []⊥IR[x]|x〉 :⊥

Figure 4.11 Surgical rules: expansions

The rules developed to handle thinning and cothinning links form a large set. Blute et al.
show a representative set of rules and present the full set in an Appendix. Bellow, we only
present two of these rules, first as terms, next graphically (see Fig. 4.12).

A,>,B : 〈x,z,y|[x,z]>ER[x]; [x,y]⊗ I[w]|w〉 : A⊗B =
A,>,B : 〈x,z,y|[z,y]>EL[y]; [x,y]⊗ I[w]|w〉 : A⊗B

>,A⊗B : 〈z,x|[z,x]>EL[x]; [x]⊗E[x1,x2]|x1,x2〉 : A,B =
>,A⊗B : 〈z,x|[x]⊗E[x1,x2]; [z,x1]>EL[x1]|x1,x2〉 : A,B

Figure 4.12 Surgical rules: thinning

Translations: Here we bring the translations defined by Blute et al. Firstly, we have a
weakly distributive category and obtain the correspondent proof-net. Secondly, we have the
proof-nets and obtain the weakly distributive category.

The proof-nets constructed from some set of components C and any set E of equivalences
form a category NetE(C ) and PNetE(C ) for planar proof-nets. So we have:
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Proposition 4.5. NetE(C ) is a symmetric weakly distributive category and PNetE(C ) is a non-
symmetric weakly distributive category.

As it follows, we give two examples where from a category we obtain proof-nets. Firstly,
in Fig. 4.13, we have the weakly distributive category. Next, in Fig 4.14, we show the two
respective proof-nets. At left, we bring the proof-net generated when one decides to go around
left hand side. And at right we show the case via the right hand side. Yet, in Fig. 4.15, we have
the proof-net obtained by reducing each one of proof-nets obtained in Fig 4.14.

(A⊕B)⊗ (C⊕D)

((A⊕B)⊗C)⊕D

δ L
L

/
A⊕ (B⊗ (C⊕D))

δ R
R

.

=

(A⊕ (B⊗C))⊕D

δ R
R⊕iD

5

a⊗
. A⊕ ((B⊗C)⊕D)

iA⊕δ L
L
5

Figure 4.13 First example of translation: category to proof-net - the category

Figure 4.14 First example of translation: category to proof-net - the proof-nets

Figure 4.15 First example of translation: category to proof-net - the reduced proof-net

As a result, the weakly distributive category diagram commutes, since the two proof-nets
can be surgically altered to be the same proof-net.
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The second example uses the following weakly distributive category diagram, see Fig. 4.16.
The respective proof-net is shown at left of Fig. 4.17. And at right of the same figure we have
the reduced proof-net.

>⊗ (A⊕B)

(>⊗A)⊕B

δL
5

uL
⊗⊕iB

. A⊕B

uL
⊗

.

Figure 4.16 Second example of translation: category to proof-net - the category

Figure 4.17 Second example of translation: category to proof-net - the proof-net and reduced proof-net

Now we have the opposite. That is, from the proof-nets we obtain the respective category.
Bellow we cite the theorem.

Theorem 4.5. NetE(C ) is the free symmetric weakly distributive category generated by the
polygraph C and the equivalences E . Similarly, PNetE(C ) is the free non-symmetric weakly
distributive category generated by the polygraph C and the equivalences E .

Basically, this is done by translating the rules back into morphisms and checking that indeed
the diagrams commute. Blute et al. say that for reductions and expansion this is easily obtained.
Then, the authors present some of the rewritings of thinning links. In Figures 4.18 and 4.19,
we show two of them.
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(A⊗>)⊗B
a⊗

. A⊗ (>⊗B)

A⊗B
iA⊗uL

⊗/uR
⊗⊗iB .

Figure 4.18 First translation: proof-net to category

>⊗ (A⊕B)

(>⊗A)⊕B

δL
5

uL
⊗⊕iB

. A⊕B

uL
⊗

.

Figure 4.19 Second translation: proof-net to category
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4.7.5 Normalization via rewriting

Blute et al. define strong normalization for the expansion-reduction system with equalities by
using rewriting techniques. This system enlarges the surgical rules of reductions and expan-
sions which are used in the translations between categories and proof-nets. This result is given
for the symmetric case (symmetric weakly distributive category). The non-symmetric case is
left opened by the authors. They observe that in non-symmetric case it would be necessary to
include the unit reductions applied in both directions. And this would generate complications
in decision procedure. In this rewriting proof, the following concept is used:

Definition 4.24 (Skeleton). The skeleton of a proof-net is the graph obtained from the proof-net
by removing all thinning links.

The normalization proof is strong, since it guarantees: unicity and termination properties.
Notice that termination for reductions is naturally obtained, since all reductions are applied
in a single direction and links are removed. Nonetheless, termination for expansion would be
difficult to grant, because expansions are applied in both directions. As a consequence, the
authors rearrange the rewriting mechanism: firstly expansions are applied, next reductions are
applied.

4.7.6 Negation

To close the section we show how Blute et al. have extended the proof-nets in order to in-
clude negation. Firstly, it is necessary to add new components correspondent to the non-logical
axioms

A⊗A⊥→⊥ >→ A⊥⊕A

according to the required equivalences previous given in Def. 4.23.
By adding negation, we shall obtain a new category, which indeed is built from the weakly

distributive category. Thus, we need to construct the free-symmetric ∗-autonomous category
generated by a polygraph with negation. A similar treatment can be given for the non-symmetric
case. However, it is more complex, since two different negations should be used, see [CS91].

Now, we extend the definitions of Subsection 4.7.2. And establish the corresponding for-
mulas, proof-nets representations and rewriting rules. We start with the set of atomic types A ,
but here we generate all the linear types. Thus, we add the following:

• If A is a formula, then A⊥ is a formula.

From these types, we obtain the proof-nets seen in Fig. 4.20. And the corresponding equiv-
alences (rewriting rules) in Fig. 4.21.

With this, we have the category named Net∗E(C ). And the following theorem:

Theorem 4.6. Net∗E(C ) is the free ∗-autonomous category generated by the polygraph (with
negation) C and the equivalences E.

As a result, we observe that an MLL negation free fragment yields the correspondence with
a weakly distributive category, while an MLL with negation fragment yields a correspondence
with an ∗-autonomous category.
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Figure 4.20 Proof-nets – with negation

Figure 4.21 Proof-nets – with negation (rewriting rules)

4.8 Normalization via flow graphs

In [GG08], Alessio-Gundersen present a normalization mechanism via an abstract graphical
framework for SKS system. SKS is a formalism for the calculus of structures in deep infer-
ence logic. One the of major ingredients of Alessio-Gundersen’s normalization is the global
reductions, which are used to normalize generic derivations. Moreover, we highlight the use
of an abstract graphical framework by means of the so-called atomic flows. An atomic flow
is a directed graph obtained from a derivation by only retaining information about the creation
and destruction of atom occurrences. Atomic flows are based on S. Buss’ logical flow graphs.
These graphs are constructed by tracing the flow of information (i.e., the formulas) in proofs of
the sequent calculus. In logical flow graphs, the different occurrences of a formula in a proof
are linked by the edges of the graph.

The abstract graphical framework defined by Alessio-Gundersen gives a simple and abstract
representation of derivations, because the authors use a kind of derivation where logical rules
are discharged. Therefore, only structural rules are used. Indeed, this mechanism lays on a
deep inference feature. Yet a replacing technique is used, where formulas are substitute by
occurrences of atoms. With this, a derivation has a structural part which is atomic.

We still remark that inference rules in SKS have a single premiss and conclusion. And
the operators ⊥ and > are included in SKS language, but they are not represented. Cycle
structures are defined and illustrated in atomic flows. Nevertheless, cycles are solely handled in
one fragment of normalization reductions. When all normalization reductions are used, cycles
should be dismissed. Otherwise, normalization would be non-terminating. The normalization
procedure together with the discharging of cycles are presented later. Before, we describe the
rules of SKS and some definitions concerning paths and cycles in atomic flows.

4.8.1 Rules of SKS

Definition 4.25. Inference rules have one premiss and one conclusion, and their instances are
used in inference steps to rewrite inside formulas. A derivation Φ, from α (premiss) to δ
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(conclusion) is a chain of inference steps with α at top and δ at bottom.

At left of Fig 4.22, we present the structural rules of SKS. And at right we show two logical
rules: switch and medial.

tai↓ a∨ ā
faw↓ a

a∨aac↓ a
interaction weakening contraction

a∧ āai↑
f

aaw↑ t
aac↑ a∧a

cointeraction coweakening cocontraction

α ∧ (β ∨ γ)
s
(α ∧β )∨ γ

(α ∧β )∨ (γ ∧δ )
m

(α ∨ γ)∧ (β ∨δ )
switch medial

Figure 4.22 SKS - structural and logical rules

Atomic flows can be seen as composite diagrams that are generated from a set of six ele-
mentary diagrams. These diagrams are called atomic flow labels and are illustrated in Fig. 4.23.

Figure 4.23 Atomic flows diagrams

4.8.2 Paths and cycles

Here we give some definitions. Paths are sequences of adjacent edges that only “go down" or
“go up"; ai-paths are formed by joining paths at interaction or cointeraction vertices; ai-cycles
are circular ai-paths. Yet we say that a simple edge is an edge connecting an interaction and
a cointeraction. Besides, a path from an interaction to a cointeraction vertex or vice versa is
called an ai-connection.

Definition 4.26. An ai-connection consisting of a single edge is called a simple edge. A clean
path is an ai-path where every ai-connection is a simple edge. An ai-cycle is an ai-path from a
vertex to itself, where no edge appears twice. A fragile cycle is an ai-cycle containing a simple
edge. Atomic flows and ai-paths are both called cycle-free if they do not contain ai-cycles.

Example 4.3. In Fig. 4.24 we bring some examples of atomic flows. At left we have some
examples of paths: 1; 2; 3,4; 5; and also some examples of ai-paths: 1,2; 1,2,4; 1,2,4,5. At
center of Fig. 4.24 we have a cycle-free flow where all ai-paths are clean paths, yet 1, 2 and
3 are ai-connections and simple edges. And at right of Fig. 4.24 we illustrate an atomic flow
which has two ai-cycles: 1, 4, 5, 6, 7, 2 and 1, 3, 8, 2. The first ai-cycle contains the two simple
edges 5 and 6, so it is a fragile cycle; the second ai-cycle does not contain any simple edge.
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Figure 4.24 Examples - atomic flows

4.8.3 Normalization procedure

Normalization is established by means of graph rewriting operations. The authors define two
kinds of flow reductions: local and global reductions. Local reductions replace a subflow by
another subflow, while global reductions replace the entire flow.

Firstly, we describe the local reductions. These reductions represent relations A→ B be-
tween flows, which are interpreted as the possibility of replacing flow A by flow B. In Fig. 4.25
we present the flow reductions of the kind r : A→ B, where r is a name and A, B are flows.

Figure 4.25 Atomic flows reduction rules

Definition 4.27. A finite set of reduction rules is a flow rewriting system. For every flow
rewriting system F = {r1, . . . ,rh} it is defined →F=→r1 ∪·· ·∪ →rh . The reflexive transitive
closure of→F is denoted by→?

F . Given a set of atomic flows S, it is stated that a flow rewriting
system F is terminating on S if there is no infinite chain A1→F A2→F . . . , for every A1 ∈ S; if
F is terminating on the set of atomic flows, thus it is terminating. Moreover, an atomic flow A
is normal for flow rewriting system F if there is no atomic flow B such that A→F B.

Alessio-Gundersen define normalization for two different flow rewriting systems, one in-
volving reduction rules for weakening and coweakening and another the reduction rules for
contraction and cocontraction.

The reduction rules for weakening and coweakening compose a simple flow rewriting sys-
tem. Notice that these reductions simplify the atomic flows, as one can see in Fig. 4.25. The
flow rewriting system called w has the following rules: { w↓-c↓, c↑-w↑, w↓-i↑, i↓-w↑, w↓-w↑,
w↓-c↑, c↓-w↑ }.

The authors establish that w is terminating. And also the following proposition:

Proposition 4.6. If A is cycle-free and A→?
w B then B is cycle-free.
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These results are easily obtained since, when reductions of w are applied, neither the num-
ber of vertices increases nor new edges are introduced,

The reduction rules for contraction and cocontraction are not as simple as the reductions for
system w. Because the rules for contraction and cocontraction yield infinite reduction chains.
The flow rewriting system called c has the following rules: { c↓-i↑, i↓-c↑, c↓-c↑ }. The authors
realize that c is not terminating, because when a derivation has an ai-cycle, the vertex can
alternate between applications of contraction and cocontraction, and this yields an infinite
reduction chain, as shown in Fig. 4.26. As a consequence, in order to establish termination for
c it is necessary to dismiss cycle structures. Thus, the flow rewriting system c is terminating
on the cycle-free atomic flows. The procedure created to remove cycles has two basic steps: (i)
transform every ai-cycle into a fragile cycle; and (ii) break fragile cycles.

Figure 4.26 Infinite reduction chain with cycles

At last, we have the global reductions, which are responsible to determine the major result
of Alessio-Gundersen’s work. That is, obtain a normalization algorithm for propositional logic
that normalizes generic derivations. Specifically, the authors give two algorithms for global
reductions application. A global reduction entails different operations which can be generically
applied, for instance the operations for removal of simple edges and break of fragile cycles.

4.9 Summary

In this Chapter, we have seen normalization mechanisms for classical ND logic, specially those
mechanisms devised for a multiple conclusion proof structure, as well as some techniques
towards cycle structures.

With this, we can illustrate the general framework (see Fig. 4.27) of a normalization mech-
anism for classical logic. Notice the keystone feature of normalization, that is giving dynamics
to the proof system. Through normalization dynamics one can precisely determine the mecha-
nism of proof systems. As a result, additional properties from the proof system and even some
adjustments in the proof system can be established.

In Fig. 4.27 we also present the main stages of a normalization procedure: the determina-
tion of redundant structures and the creation of reduction rules. With this, one can reduce a
redundant derivation D into a non-redundant derivation D′.

As it follows, we present in subsection 4.9.1 a comparison among the different uses of ⊥
constant in normalization. Subsection 4.9.2 shows a discussion and further details concerning
normalization theorems. And subsection 4.9.3 brings some additional remarks considering
those works, which indeed are extensions of traditional normalization procedures for classical
ND logic, as well as a normalization approach which uses a graphical framework and admits
cycle structures. Before describing these discussions and comparisons, we should mention the
normalization technique used by Seldin (as described in section 4.3). Specifically, the author
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Figure 4.27 General framework - normalization and proof system

has defined a normalization strategy where the →-K and ¬-D inferences should be pushed
down to the end of deduction during normalization process. Later, in Chapter 9, we shall retake
Seldin’s mechanism in order to foresee a forthcoming work where Seldin’s technique could be
adopted to produce an alternative normalization procedure for N-Graphs.

4.9.1 The use of ⊥ as redundant element

In subsection 4.2.1, we have seen the use of ⊥ constant in different proof systems. Most of
them use ⊥ as a redundant element. Specifically, we have described three kinds of treatment
for ⊥ constant:

1. When ⊥ conclusion must be atomic. Thus, there is no redundancy;

• Used by Prawitz in system C ?.

2. When ⊥ has a non-atomic conclusion and is said to be redundant;

• Used by Prawitz in system C ′ and also by van Dalen.

3. When ⊥ has a non-atomic conclusion followed by an elimination rule. Thus, it is said to
be redundant.

• Used by Statman, Massi-Pereira, Andou and Stålmarck.

Here, we trace a specific comparison among the different proper ⊥C reductions established
by Statman, Massi-Pereira, Andou and Stålmarck.

On the one hand, we recall that Stålmarck highlights a problem which arises when his
proper ⊥C reduction is applied. That is a new maximum formula with a higher degree may be
uncovered in the new derivation. Thus, we have a transformation in derivation degree: from k to
k+1. Stålmarck creates an additional reduction (named assumption contraction) specifically to
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solve this problem. On the other hand, Massi-Pereira and Andou do not mention this problem.
However, taking a closer look into the reductions, one can notice that Massi-Pereira and Andou
have placed some remarks and/or definitions in order to avoid the arisal of Stålmarck’s problem.
With this, we intend to extract the general structure from the proper ⊥C reductions in order to
compare them.

Before drawing the general structure of the reductions, we show the common element found
in all reductions. That is, all four proper ⊥ reductions (i.e., rules of Massi-Pereira, Stålmarck,
Andou and Statman) are designed in such a way that two main tasks are accomplished:

• (a) the switching of an elimination rule, which is the last rule in the original derivation
and then it is switched to become the first rule in new derivation;

• (b) this switching has the side-effect of “breaking" the assumption formula, i.e., the as-
sumption formula in the original derivation was the negation of the major premiss from
elimination rule.

Now, in the new derivation the assumption formula is the negation of the conclusion of the
elimination rule. Therefore, we obtain a new assumption formula with a lower degree than
the original one. So, executing these two tasks: switching plus “breaking" the assumption
formula, we have the essence of the proper ⊥C reductions. In Table 4.39, we give a general
representation for proper ⊥ reduction (inspired on Andou’s reduction) which shows the two
main tasks (a and b) aforementioned. Consider that E stands for an elimination rule, α as
the major premiss of E, and C as the conclusion of E. Notice the assumption formula ¬α is
“broken" into the new assumption ¬C. Thus we need to cancel ¬C, instead of ¬α .

¬α α

⊥
...
⊥
α Σ EC

;

¬C1
α Σ EC

⊥
...
⊥ (1)
C

Table 4.39 General representation of proper ⊥C reduction

Now, we shall draw how each author has given his own definition and created the respective
proper ⊥C reduction.

We start with Stålmarck’s reduction. In Figure 4.28, we draw the general structure of Stål-
marck’s process of reduction. As we know, the author has created the assumption contractions
as a previous stage in normalization. Thus, they are firstly applied. Next, we can apply the
proper ⊥C reduction. The assumption contraction execute task (a), next task (b) is executed
twice. As a result it yields D′ with two “broken" assumption formulas, instead of one (as we
see above in Table 4.39). Now D′ is prepared to the application of proper ⊥C reduction, which
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Figure 4.28 General structure of Stålmarck’s proper ⊥C reduction

is responsible to apply task (a). Thus, we obtain DF , a derivation free of redundant applications
of ⊥C rule.

Next, in Figure 4.29, we show the reduction mechanism defined by Massi-Pereira. Here,
the authors use an additional remark in order to deal with Stålmarck’s problem, in case it arises.
Thus, we only have the application of proper ⊥C reduction. And if it is required, we use the
additional remark transforming Σ into Σ′. We stress that in both transformations: from DI to
DF and from Σ to Σ′, the tasks (a and b) are applied.

Figure 4.29 General structure of Massi-Pereira proper ⊥C reduction

In spite of using different mechanisms, Stålmarck and Massi-Pereira approaches may pro-
duce similar derivations (in terms of form and length), if the additional remark of Massi-Pereira
rule is used.

Now we present Andou’s mechanism (see Figure 4.30). Andou’s approach shows that firstly
it is necessary to transform a non regular proof (DI) into a regular proof (D′). This initial step
makes the application of proper⊥C reduction easier than the previous formulations. Having D′

as a regular proof requires a simple application of the reduction, where both tasks (a and b) are
successfully accomplished.

Comparing the three approaches, we believe Andou’s mechanism is simpler, because tasks
(a) and (b) are applied only once. While Stålmarck and Massi-Pereira may apply both tasks
twice, therefore yielding a larger derivation. Nonetheless, Andou’s mechanism requires the
previous transformation of non-regular proofs into regular proofs, while Stålmarck and Massi-
Pereira have simply the application of reduction rules. Indeed, Stålmarck and Massi-Pereira
solve the problem at normalization stage, while Andou solves it before normalization stage (at
the proof system configuration).
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Figure 4.30 General structure of Andou’s proper ⊥C reduction

Yet we retake Statman’s proper ⊥C reduction. Firstly, we draw the corresponding general
structure. In Fig. 4.31, we see that Statman’s reduction is similar to Massi-Pereira’s reduction,
but without the additional remark. Thus, we have a single application of tasks a and b, the
switch of E-rule and the break of assumption formula, respectively.

Figure 4.31 General structure of Statman’s proper ⊥C reduction

We realize that Statman neither mentions any problem nor adds any mechanism to prevent
a problem (here we mention the problem like the one introduced by Stålmarck), reminding that
Stålmarck, Massi-Pereira and Andou have faced the problem, explicitly or tacitly. According
to the transformations seen in Table 4.24 (subsection 4.4.4), we believe Statman does not face
this problem in his intuitionistic formulation of classical logic.

Recalling the problem mentioned by Stålmarck (illustrated in Fig. 4.5) arises when at the
original derivation we have a formula ¬α being cancelled by a formula α . Then, when the
proper ⊥C reduction is applied we obtain a derivation, where a formula α is cancelled by a
formula ¬α . If we have an→-E link, then formula ¬α is a maximum formula. Consequently,
we have a new redundant element and the degree of derivation has been increased, since the
degree was given by α and now is determined by ¬α .

But, when we analyze Statman’s approach, we notice a different situation (recalling that
Statman has used double negation rule (A≡ ¬¬A) in order to embed classical logic into intu-
itionistic logic). Taking a close look at Table 4.24, we observe the first step is responsible for
translating F→G into ¬¬(F→G) and here formula ¬(F→G) is cancelled by F→G. Next,
we have the application of r1 (i.e., the application of proper⊥C reduction). As a result, formula
F→G is cancelled by ¬(F→G). However, here formula ¬(F→G) does not have the higher
degree in derivation. Instead, formula ¬¬(F → G) has a higher degree. And this formula was
already placed at the original derivation. Consequently, the transformation (explained above
with α and ¬α formulas) which complicates Stålmarck’s reduction, does not bring troubles for
Statman’s approach.
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4.9.2 Normalization theorems

Previously, in subsections 4.2.3 and 4.4.2, we have mentioned some aspects concerning nor-
malization theorems according to Prawitz and Statman, respectively. Here, we retake those
discussions in order to determine further details w.r.t normalization theorems.

When defining normalization, we have two main theorems: normal form and normalization.
Roughly speaking, we may say normal form theorem has the “what" flavour. That is, it defines
the elements and consequently the pattern of a normal form. Or yet the elements which should
not be present in a normal derivation. With normal form theorem, we obtain the essence which
differs a redundant derivation from a normal derivation. When one reduces a derivation, the
aim should be at transforming the derivation into its normal form.

On the other hand, the normalization theorem has the “how" flavour. That is, it defines how
someone can reduce the redundant derivation into its normal form; how one can build a reduc-
tion strategy to prove that derivations should be transformed into normal form via application
of a set of reduction rules.

Now we see the different ways to build a normalization theorem, or the reduction strategies,
which lead us to enumerate three kinds of normalization theorems:

• Weak normalization theorem;

• Normalization theorem;

• Strong normalization theorem.

The first theorem is called weak, because it describes an “existential" reduction strategy.
That is, at least one reduction strategy reduces a redundant derivation into its normal form.
Thus, the weak theorem fails when tries to generalize the result, since it does not assure that
every strategy succeeds. Usually, we have a weak normalization theorem when it is necessary
to establish an order in the application of reductions. For example, as we have mentioned in
Stålmarck’s work (subsection 4.2.1), the assumption contractions must be firstly applied, and
next the proper reductions can be used.

The second kind of normalization theorem succeeds in the generalization of normalization
result, because we have a “for all" reduction strategy, where every strategy chosen leads to
determinance of a normal form.

And the strong normalization theorem is a strengthened version of normalization theorem
by means of determining unicity and termination properties. We remark that these definitions
are mainly based on Prawitz’s work [Pra71].

4.9.3 Extensions of ND systems and an additional normalization technique

Through sections 4.5, 4.6 and 4.7, we have seen extensions of classical ND logic systems and
the corresponding normalization procedures. Besides, in section 4.8 we have described the
work of Alessio-Gundersen, where a normalization technique via flow graphs is given.

We emphasize that one of the main goals to extend classical ND logic is to deal with the lack
of symmetry in the introduction and elimination rules. Recalling that at end of Section 1.3 we
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have briefly discussed Abramsky’s work [Abr94], where the author highlights that symmetrical
rules in a calculus would lead to a subtle correspondence between proofs and processes, because
it would be possible to represent the multiple inputs/outputs of concurrent processes. And in
order to obtain symmetry for a given calculus it is necessary to use new elements. For example,
someone can add the following: (i) > constant to be symmetrical with ⊥; (ii) structural rules,
like weakening, contraction; and (iii) define rules which have two conclusions. By using these
elements, a multiple conclusion calculus may allow cycle structures.

As expected, when someone defines a proof system with these aforementioned features,
one shall deal with new difficulties to determine a normalization procedure and related proper-
ties. Two difficulties which may arise are the following. The operators (⊥, >) can be used in
different rules (logical and structural) and play distinct roles. As a result, it should be defined a
mechanism to distinguish these different roles of ⊥ and >. Besides, with the allowance of cy-
cle structures in derivation, it is necessary to give a procedure capable to determine redundant
cycle structures.

Now, we retake the works presented by Ungar, Cellucci and Blute et al. in order to extract
the main features of these extensions of traditional classical ND logic. Ungar’s major aim is
to give an indirect normalization proof by tracing correspondences between ND and sequent
calculus. In order to draw a more suitable correspondence with sequent calculus, Ungar has
chosen to use a multiple conclusion proof system with structural rules, where proofs are seen
as graphs. With the multiple conclusion system, Ungar defines symmetrical rules. Notice the
pattern among ∨-I and ∨-E rules, as well as ¬-I and ¬-E, respectively presented in Tables 4.25
and 4.26. Still, we cite the structural rules which are defined to establish correspondences with
the several structural rules of sequent calculus. Besides, the author has created the proper ∧
reduction in a conservative manner, since the graph is not overcut, see Table 4.29. At last, we
emphasize that proofs are defined as graphs. However, no graphical representation is used. But
since proofs are seen as graphs, cycles are allowed. As a consequence, Ungar has defined a
mechanism to distinguish between valid and non-valid cycles.

Furthermore, we mention Cellucci’s work, who intended to define full normalization pro-
cedure for a calculus which joins both systems: ND and sequent calculus. With this, Cellucci
has used structural rules, a sequent conclusion proof structure and trees to represent proofs.
Notice with a sequent conclusion proof structure, there are neither multiple formulas as con-
clusions nor cycles in the proof structure. Consequently, there is no need to deal with these
elements in normalization. However, it is not possible to obtain symmetry for all system rules.
In Table 4.34 we can see the pattern among ∨-I and ∨-E rules, but also the lack of symmetry
between ¬-I and ¬-E rules.

Still, we observe that Cellucci does not use ⊥ constant, even though Cellucci has defined
the weakening structural rule (W) (see Table 4.33), which in normalization plays a role similar
to proper ⊥C reduction. As a consequence, in Table 4.40, we trace a little comparison between
Cellucci’s W-∧ reduction (see Table 4.35) and the proper⊥C reductions, which have been seen
in this Chapter, like the reduction defined by Andou (in Table 4.8).

Blute et al.’s main goal is to draw translations between categories and proof-nets. Specifi-
cally, the authors use normalization mechanisms (surgical rules) in order to obtain equivalence
of proof-nets. As a consequence, it is possible to determine when two morphisms in a category
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proper ⊥C reduction W-∧ reduction
Differences redundant derivation is determined redundant derivation is determined

by two logical rules by a structural and a logical rule
reduction application is done in two tasks: reduction application is simply done

permutation and break of assumption by using W structural rule
Similarities redundant flavour of I rule plus E rule, redundant flavour of I rule plus E rule,

when ⊥C assumes the role of an I rule when W assumes the role of an I rule
the goal is to obtain ⊥C the goal is to obtain the W rule

with an atomic conclusion with an atomic conclusion

Table 4.40 Traditional normalization × Cellucci’s normalization

are equivalent. We highlight that Blute et al.’s work is not a strict extension of traditional classi-
cal ND logic systems, like Ungar’s and Cellucci’s works. In fact, Blute et al. define an extension
of Girard’s proof-nets augmented with some ND logic elements. Here, we remark the use of
the following elements: units (⊥, >), structural links, a multiple conclusion proof structure,
where graphs are used to represent proofs, and also reductions like β and η . Therefore, with
these new elements, Blute et al. can build cycles and distinguish between cut cycles (non-valid
cycles) and cycles which are allowed in proof-nets. Moreover with units (⊥, >) and structural
links it is possible to define a mechanism capable to capture the categorical elements/operations
and consequently determine the desired correspondences.

Furthermore, we have presented the normalization mechanism defined by Alessio-Gundersen
[GG08], which is neither determined as an extension of classical ND logic, nor as a multiple
conclusion system. Indeed, the authors define normalization for a different formalism, the
calculus of structures in deep inference logic. Nonetheless, the normalization technique es-
tablished by Alessio-Gundersen has some distinct features, which bring some correspondences
with our own goals towards N-Graphs normalization.

Alessio-Gundersen use an abstract graphical framework by means of logical flow graphs,
named atomic flows. The atomic flows are used to give a clear representation from the system
rules, reductions and cycles. Additionally, the authors establish some cycle definitions like,
ai-cycle and fragile cycle (see Def. 4.26). Therefore, Alessio-Gundersen determine a normal-
ization procedure via an abstract graphical framework, where cycles are admitted. However,
cycles are only allowed in one fragment of the system, fragment w. In fragment c, cycles should
be dismissed. Otherwise, a non-terminating reduction process could be generated, as we have
shown in Fig. 4.26.
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N-Graphs

In this Chapter, we introduce N-Graphs, the formal system developed by de Oliveira ([dO01],
[dOdQ03]).

N-Graphs is a proof system which has logical rules of ND together with structural rules in
sequent calculus style. Derivations are graphically represented by means of labelled digraphs,
augmented with a multiple conclusion proof structure. With this, we have symmetry between
introduction and elimination rules. And cycle structures are allowed in derivations. N-Graphs
language has propositional connectives and the constants: ⊥ and >.

The conception of N-Graphs is based on the multiple conclusion proof systems of ND de-
fined by Kneale and Ungar. Moreover, the treatment of implication (→) follows ideas of Stat-
man. And the soundness criterion for N-Graphs is given according to Danos-Regnier criterion
for proof-nets. As it follows, we present, in Section 5.1, basic definitions and the links (rules)
of N-Graphs. Next, in Section 5.2, we describe the soundness criterion for N-Graphs cycles
and proof-graphs.

5.1 Definitions and links

Some definitions found here are based on graph theory concepts, as stated in [dO01]. We recall
that instead of rules, the term links is used.

Proofs are represented by proof-graphs, which are graphs whose vertices are labelled with
formula occurrences and edges represent atomic steps in a derivation. We emphasize that N-
Graphs are those proof-graphs which are logically sound.

The propositional language of N-Graphs has the following elements:

• propositional constants: ⊥,>;

• connectives: ¬,∧,∨,→;

• formula-occurrences: A,B,C, . . .

And the grammar of the language is given by the 4-tuple (V,Σ,R,S) where:

• V = {S,C,L,F};

• Σ = {⊥,>,A,B,C, . . .};

• S is the initial variable;

131
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• R is the set of rules defined as follows:

S→ C | L | F
C→⊥ | >
L→ A | B | C | . . .
F→¬ F | F ∧ F | F ∨ F | F→ F | L

Before presenting N-Graphs links, we still give some definitions.

Definition 5.1 (Subformula). The concept of subformula is defined inductively by:

1. A is a subformula of A.

2. If ¬B, B∧C, B∨C, or B→C is a subformula of A, then so are B and C.

Definition 5.2 (Branch point). A branch point is a vertex in a digraph with three edges attached
to it.

Definition 5.3 (Focussing branch point). A focussing branch point is a vertex in a digraph with
two edges oriented towards it.

Definition 5.4 (Defocussing branch point). A defocussing branch point is a vertex in a digraph
with two edges oriented away from it.

Definition 5.5. (i) A focussing link is a set {(u1,v),(u2,v)} in which v is called the branch point
(or focussing branch point) of this link. u1 and u2 are the premises and v is the conclusion. (ii)
A defocussing link is a set {(u,v1),(u,v2)} in which u is called the branch point (or defocussing
branch point) of this link. v1 and v2 are the conclusions and u is the premiss. (iii) A simple link
is an edge (u,v) which belongs neither to a focussing nor to a defocussing link. u is the premiss
and v is the conclusion.

In Fig. 5.1, we illustrate the three kinds of links seen above.

Figure 5.1 Kinds of links

Definition 5.6 (Proof-graph). A proof-graph is a connected directed graph G defined as follows:

• G is constructed by means of the three following kinds of links: simple, focussing and
defocussing. Specifically, N-Graphs links are divided into logical and structural links.
We still remark that we use the term N-Graphs links, where the term N-Graphs rules
could also be properly used;
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• there are two kinds of edges: meta and solid. Meta-edges are labelled with m in order
to identify the respective edge, where a meta-edge is used to represent cancellation of a
hypothesis. Solid edges are left unlabelled;

• each vertex is labelled with a formula-occurrence;

• every vertex in a proof-graph is labelled with a conclusion of a unique link and is the
premiss of at most one link.

In Fig. 5.2, we present the logical and structural links of N-Graphs. And bellow we present
some definitions concerning the “flavours" of N-Graphs links.

Figure 5.2 N-Graphs links

Definition 5.7 (Conjunctive link). The links ∧-I, ¬-E, → -E, >-focussing-weakening and ex-
pansion link are called conjunctive.

Definition 5.8 (Disjunctive link). The links ∨-E, ¬-I, → -I, ⊥- defocussing-weakening and
contraction link are called disjunctive.

We realize that almost every conjunctive link is a focussing link, except expansion, while
almost every disjunctive link is a defocussing one, except contraction. To close this Section we
still give the following definitions:

Definition 5.9 (Degree). The degree of a formula A is defined as the number of occurrences of
logical connectives in A, except ⊥ and > constants.

Definition 5.10 (Solid indegree of v in a proof-graph). The solid indegree of a vertex v in a
proof-graph is the number of solid edges oriented towards it.
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Definition 5.11 (Solid outdegree of v in a proof-graph). The solid outdegree of a vertex v in a
proof-graph is the number of solid edges oriented away from it.

As expected, we have the corresponding notions of meta indegree and meta outdegree.
Notice the expansion and contraction links are also named as switching links. And their edges
are respectively called switching edges. The set of vertices with outdegree equal to zero is the
set of conclusions of a derivation represented in a proof-graph G and is defined as CONC(G).
And the set of vertices with indegree equal to zero is the set of premisses of G, and it is definied
as PREM(G). Yet HYPO(G) is the set of vertices in G with solid indegree equal to zero, but
meta indegree equal to 1, that is the set of cancelled hypothesis.

Closing this Section we define a theorem in N-Graphs.

Definition 5.12 (Theorem in N-Graphs). An N-Graph G is a theorem iff the set PREM(G) has
one or more occurrences of > constants and the set HYPO(G) has zero or more discharged
assumptions.

5.2 N-Graphs cycles, meta-edges and soundness

Initially we should state that in our work we use the term N-Graph cycle which is defined
bellow.

Definition 5.13 (N-Graph cycle). An N-Graph cycle is a semicycle, where a semicycle in a
digraph is an alternating sequence of distinct vertices and edges v0,x1,v1, . . . ,xn,v0 in which
each edge xi may either (vi−1,vi) or (vi,vi−1). Roughly speaking, a semicycle is a cycle in a
digraph where the direction of the edges is dismissed.

Further definitions concerning graphs and digraphs are found in Appendix A. As it follows
in this section, we present how we can distinguish between valid and non-valid N-Graphs cy-
cles. We also describe the use of meta-edges in proof-graphs. Furthermore, we bring definitions
concerning soundness of N-Graphs.

As a matter of fact, cycle structures bring the major shortcoming in order to establish sound-
ness in a multiple conclusion proof system. As we have aforementioned in Section 4.5, we have
seen Ungar’s solution to this problem by means of defining an operation on derivations, called
combination. In addition to this, we have seen, in Section 4.7, the solution given for cycles
in proof-nets. That is, the use of Danos-Regnier’s criteria [DR89]. Now, we shall present the
solution determined by de Oliveira and extract the patterns of valid and non-valid N-Graphs
cycles.

In a proof-graph we may have multiple formulas as premiss nodes and also as conclu-
sion nodes. The remaining formulas (which are neither premisses nor conclusions) are called
nodes. When the proof-graph is an N-Graph cycle, we extend these definitions as follows.

Definition 5.14 (Cycle premiss/conclusion node). In an N-Graph cycle G, the set PREM(G) has
the so-called cycle premiss nodes, for short CP. Besides, G has the set CONC(G) which has
the so-called cycle conclusion nodes, for short CC. Yet the remaining nodes of G which are
neither CP nor CC nodes are called cycle nodes, for short CN.
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Every logical link has two sorts of formulas: cutting center and cutting periphery. The
cutting center is the formula which has the connective that is being introduced or eliminated,
while the cutting periphery is the formula which neither has the connective that is being intro-
duced nor eliminated. For example, in both links ¬-I and ¬-E (presented in Fig. 5.2), we have
A as cutting periphery and ¬A as cutting center. The terminology of both concepts is suggested
by Statman [Sta74], as we have previously cited in Remark 4.1 in Subsection 4.4.3.

5.2.1 Construction of N-Graphs cycles

We stress that here we introduce N-Graphs cycles. In a later Chapter, we shall give a thorough
definition and classification of N-Graphs cycles, where these definitions are used to determine
normalization for N-Graphs cycles. Thus, here we kept ourselves with simple cycle structures.

De Oliveira has defined the soundness criterion for N-Graphs based on Danos-Regnier cri-
terion for proof-nets. The switching links (expansion and contraction) are necessarily used to
build N-Graphs cycles. Mainly, the criterion states the following: one of the two edges of each
switching link should be removed. After removing these edges, one must check whether or not
the resulting graphs are acyclic and connected. Notice that a valid cycle must have at least one
switching link.

With this criterion for N-Graphs cycles, we can extract the pattern of simple valid N-Graphs
cycles. An N-Graph cycle should have one of the two basic patterns:

1. The CP is premiss of an expansion link and the CC is conclusion of a focussing and
conjunctive link.

2. The CP is premiss of a defocussing and disjunctive link and the CC is conclusion of a
contraction link.

In Fig. 5.3, we bring four examples of N-Graphs cycles. Notice that G1 and G2 are valid N-
Graphs cycles, while G3 and G4 are non-valid N-Graphs cycles, because G3 has no switching
link at all. We recall that at least one switching link is required in a cycle. Otherwise, when
applying the criterion, one does not obtain an acyclic graph. And G4 has two switching links
placed in such a way that when applying the criterion, one obtains a non-connected graph.

5.2.2 Meta-edges

In classical single conclusion ND, the introduction of→ rule complicates the soundness defi-
nition, because of the treatment of cancelled assumptions. With this in mind, we have seen in
Section 3.1, Statman’s topological approach to handle derivations with cancelled assumptions.
Retaking N-Graphs, we see the use of meta-edges to represent cancelled assumptions, which
also introduce some complications.

In Fig. 5.4, at left we have a non-valid proof-graph, while at right we have an N-Graph. In
next Subsection, we present the soundness for N-Graphs. As a consequence, we give a further
explanation concerning these two proof-graphs.
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Figure 5.3 Cycle structures: examples

Figure 5.4 N-Graphs cycles and meta-edges: examples

5.2.3 Soundness criterion

Now, we show the concepts given in [dO01], which determine the soundness criterion for N-
Graphs.

Definition 5.15 (Switching graph). Given a proof-graph G, a switching graph S associated with
G is a spanning subgraph of G in which the following edges are removed:

• one of the two edges of every expansion and contraction link;

• all meta-edges.

Definition 5.16 (Switching expansion). Given a proof-graph G, a switching expansion graph
S′ associated with G is a spanning subgraph of G in which all meta-edges are removed, as well
as one of the two edges of every expansion link is removed.
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Definition 5.17 (Meta-condition). Given a prooof-graph G we say that the meta-condition
holds for it iff for every meta-edge (u,v)m of a defocussing link {(u,v)m,(u,w)} in G, there
is a path or a semipath without passing through (u,w), from v to u in every switching expan-
sion graph S′ associated with G and the solid indegree of v is equal to zero.

Definition 5.18 (N-Graph derivation). A proof-graph G is an N-Graph derivation, or an N-
Graph for short, iff the meta-condition holds for G and every switching graph associated with
G is acyclic and connected.

Retaking the examples shown in Fig. 5.4, we realize that in the graph at left of this figure
we have formula A∨B is u, A is v and A→ A∨B is w. Thus, applying the meta-condition, we
notice that v has solid indegree equal to zero. However, there is no path from v to u without
passing via (u,w), because the only potential path is formed by an expansion link, as we know
we shall remove one of the two edges of every expansion link. As a result, this graph does not
satisfy meta-condition. Now looking the graph at right of the same figure, we check that in the
above meta-edge we have formula B as u, A as v and A→ B as w. Applying the meta-condition,
we determine that v has solid indegree equal to zero and obtain a straight path from v to u. The
same holds for the meta-edge bellow in the graph. As a consequence, this graph does satisfy
the meta-conditon and it is indeed an N-graph.





CHAPTER 6

Normalization for N-Graphs

In this Chapter, we present the first stage of normalization procedure for N-Graphs. Next, in
Chapter 7, we present the second stage of normalization, which is devoted to handle cycle
structures. Throughout these Chapters, we use the term cut to represent a redundant struc-
ture. With this, we define cuts in N-Graphs, which shall be removed by applying a set of cut
transformations.

Our normalization procedure is based on traditional normalization mechanism given by
Prawitz, augmented with some extensions devoted for multiple conclusion proof structure, like
we have seen in Ungar’s and Cellucci’s works. Furthermore, we are inspired by N-Graphs
graphical flavour itself. With this, we determine a normalization procedure capable of proper
handling the use of ⊥/> constants, meta-edges in implication rule and cycle structures.

As it follows, we present the β cuts. Section 6.2 brings the permutative weakening cuts.
In Section 6.3, we show the permutative switching cuts. In Section 6.4, we describe ⊥:>
cuts. After, in Section 6.5, we shall give two properties which are devised to preserve N-Graph
structure, together with further details concerning the use of implication rule in N-Graphs. We
close the Chapter by summarizing the main results and ideas.

6.1 β cuts

Before describing the β cuts, we shall mention two terms which are used in this Section and also
in the next one. First, we cite the notion of an I-flavour that represents any logical introduction
link and also the⊥ link. Secondly, we have an E-flavour that represents any logical elimination
link and the > link. The ⊥ link and > link assume these logical roles when they are connected
to non-atomic formulas. Otherwise, they do not have the corresponding flavours.

The β cut transformations are established to remove the so-called cut nodes from N-
Graphs.

Definition 6.1 (Cut node). A proof-graph G has a cut node α , when α is a cutting center of an
I-flavour element and at the same time α is a cutting center of an E-flavour element. Notice that
both I-flavour and E-flavour share the same connective.

As we have seen, I-flavour and E-flavour represent both: logical and structural links. So, we
define two kinds of β cuts: logical-β and structural-β . Specifically, we have the following:

• logical-β is defined when we have a logical introduction link followed by an elimination
link;

139
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• structural-β is defined when we have ⊥ link followed by an elimination link, or when
we have an introduction link followed by a > link.

6.1.1 Logical-β

In Fig. B.1, we show β -∧ and β -∨ transformations. Notice the preservation of formulas in G2
and G3 in β -∨, which indeed may form a cycle structure. This preservation of formulas has
already been discussed in Ungar’s work in Section 4.5. Next, Fig. B.2 brings β -¬ and β -→
transformations.

Figure 6.1 Logical-β : β -∧, β -∨

Figure 6.2 Logical-β : β -¬, β -→

6.1.2 Structural-β

The structural-β can be divided into two kinds: one which handles ⊥ link playing the role of
an introduction link, and another kind deals with > link playing the role of an elimination link.

In Fig. B.3, we have the following four cut transformations: β -⊥∧, β -⊥∨, β -⊥¬ and β -⊥→.
And Fig. B.4, presents another four cut transformations: β ->∧, β ->∨, β ->¬ and β ->→.

Notice that β ->∧ cut rule can be applied in two slightly different ways and therefore it
yields two slightly distinct proof-graphs. There is one transformation in which the application
of the focussing weakening link is at right, while in a second transformation the application of
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Figure 6.3 Structural-β - ⊥ link

the same link is at left. Exceptionally in this cut rule we have used labels at > nodes in order
to emphasize that focussing weakening links are being used and not contraction links.

We emphasize that implication brings some difficulties for normalization. Here, for exam-
ple, we observe that the β ->→ cut rule has a different reduction mechanism when comparing
to the other structural-β cut rules. As a matter of fact, the β ->→ cut has four different cases
of application. In Fig. B.4, we have shown the first kind of application, while the remaining
three cases are represented in Fig. B.5. In the first kind of application of β ->→ cut rule (used
when G1 exists in the proof-graph), we realize that the reduction resembles the other transfor-
mations given for structural-β cuts. But, in the three additional cases (see Fig. B.5), which are
used when there is no G1, the transformations are done by analyzing the subgraphs that can be
connected at > constant. Yet we should remark that these four transformations of β ->→ cut
rule change the set PREM(G). The set was empty (or had a single formula C, or a subgraph
G1) and after applying the cut rule we have PREM(G′) = {G2} (or PREM(G′) = {G2,C}, or
PREM(G′) = {G2,G1}). With this, we say that PREM(G) and PREM(G′) are quasi equivalent,
see Def. 6.2. Indeed, this small distinction between the sets PREM(G) and PREM(G′) does not
bring problems to our normalization procedure. Because the subgraph G2, which is the dif-
ference between the sets of premisses is already used in proof-graph G, where the discharged
assumption A is connected to G2.

Definition 6.2 (Quasi-equivalent). Considering two sets PREM(G) and PREM(G′) in such a
way that |PREM(G′)| > |PREM(G)|. Thus, we say that PREM(G) and PREM(G′) are quasi-
equivalent iff PREM(G′)−PREM(G) =DIFF-PREM such that DIFF-PREM ⊆ G.
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Figure 6.4 Structural-β - > link

6.2 Permutative weakening cuts

In this Section, we introduce the permutative weakening cut transformations which are respon-
sible to remove the so-called cut paths.

Definition 6.3 (Cut path). A proof-graph G which has a cut path is defined as follows:

1. G has an I-flavour element where φ is the respective cutting center node;

2. Next G has a sequence of one or more weakening structural links where φ is propagated
via these structural links;

3. And G has an E-flavour element where φ is the respective cutting center node.

Thus, a cut path is established by the sequence of φ nodes existent in G. Notice that a
cut path may have the three parts defined above. Alternatively, the first or the last part may be
empty.

The set of permutative weakening cut transformations is large. Because we have eight cuts
with different I-flavours plus other eight cuts with different E-flavours (That is, four logical
operators: ∧, ∨, ¬, → plus ⊥/> constants matched with each logical operator). Besides, we
define different matches from these 16 kinds of links with different structural links (focussing
and defocussing). Nonetheless, the essence of all permutative weakening cut transformations is
the same. That is why we have shown in Table 6.1 the general form of weakening permutative
cuts. Observe that I-flavour links (represented by Θ) should be permuted bellow the weakening
structural links (represesented by ψ1 . . .ψk), while E-flavour links (represented by Π) should be
permuted above it, in k steps (where k ≥ 1).
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Figure 6.5 β ->→ cut transformation - three additional cases

Θ

ψ1

...
ψk

Π

1
; · · · k

;

Π

ψ1

...
ψk

Θ

Table 6.1 Permutative weakening cut transformations - general form

In Fig. B.6 we show the cut transformations with I-flavour. And in Fig. B.7 the respec-
tive cut transformations with E-flavour. Note that the I-flavour transformations are show with
the focussing weakening link, but we still have the same amount of transformations with the
defocussing weakening link instead. With the E-flavour we have exactly the opposite, i.e., we
present the transformations with the defocussing weakening link.

Furthermore, we close this Section with an additional example to highlight some features
of permutative weakening cuts. In Fig. 6.8, we show a proof-graph with both: I-flavour and
E-flavour, together with a sequence of two weakening structural links. Notice that we have two
strategies to apply the cut transformations. The first one applies Weak-def-−E∧ and Weak-foc-
−E∧ cuts, then a β cut arises; while the second strategy applies Weak-foc-−I∧ and Weak-def-
−I∧ cuts, then β cut arises. When a cut is applied and a new and unexpected cut is uncovered,
we say that we have a hidden cut. The notion of hidden cut is retaken later when we establish
the normalization theorem for N-Graphs.
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Figure 6.6 Permutative weakening cuts - I-flavour

6.3 Permutative switching cuts

The permutative switching cuts are somehow similar to the permutative weakening cuts. Re-
calling that permutative weakening cuts are responsible to remove the cut paths, while the
permutative switching cuts are designed to remove the so-called cut cyclic paths (see defini-
tion bellow). These both cuts share some elements: I-flavour, E-flavour and structural links.
And they also have the same reduction mechanism where the new proof-graph is obtained by
permuting some links.

Definition 6.4 (Cut cyclic path). In a proof-graph G, where G has N-Graphs cycles, we deter-
mine two main cases where the cut cyclic paths are obtained. In both cases G has the following
structure: (1). G has an I-flavour element where φ is the respective cutting center node; (2). next
G has a switching link where φ is propagated via this link; (3). and G has an E-flavour element
where φ is the respective cutting center node. Thus, a cut cyclic path is established by the se-
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Figure 6.7 Permutative weakening cuts - E-flavour

quence of φ nodes existent in G. Notice that a cut cyclic path may have the three parts defined
above, alternatively the first or the last part may be empty. Specifically, the two main cases
state the following:

1. The first case is determined when G has a single cycle structure and the sequence of
elements mentioned above. Additionally, the switching link of G is used to propagate
the cutting center node from the respective logical or structural link. At bottom left of
Fig. B.8, we present a corresponding cut rule.

2. The second case is determined when G has a double cycle structure, two switching links
and the sequence of elements mentioned above. One switching link is responsible to
propagate the cutting center node from the logical or structural link and the other switch-
ing link is used to propagate a cutting periphery node from the respective logical or
structural link. At bottom right of Fig. B.8, we show a corresponding cut rule.

According to Def. 6.4 we define the set of permutative switching cut rules, which is divided
into two main kinds of cut rules: the first kind brings those N-Graphs that have expansion as
switching link and the second kind presents those N-Graphs that have contraction as switching
link.
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Figure 6.8 Permutative weakening cuts - an example

In Figs. B.8 and B.9, we present some cuts from the first kind of permutative switching
cut, where there are two specific cases. One case occurs when we have logical introduction
links followed by an expansion link, while the other case occurs when we have an expansion
link followed by elimination links. In the first case, the cut rule is constructed in such a way that
introduction links are pushed down by the expansion link (e.g., Exp-I∧, Exp-I∨ cut rules); while
in the second case we have the opposite, i.e., elimination links are pushed up by expansion link
(e.g., Exp-E∧, Exp-E∨ cut rules).

This distinct mechanism for introduction and elimination links brings some side-effects.
For example, when an introduction link is permuted with an expansion link, then we obtain a
proof-graph with a new introduction link. Now there are two introduction links. This sort of
cut rule is called one by two, i.e., one link is replaced by two links. Thus, we need an extra
switching link (see Exp-I∧ cut rule) in order to aggregate some cutting periphery nodes from
both introduction links. Nonetheless, when elimination links are permuted with expansion link
the converse scenario occurs. That is, we have cut rules which are two by one, i.e., two links
are replaced by a single link. As a result, here the extra switching link (see Exp-E∨ cut rule)
is used in the original proof-graph to join some cutting periphery nodes from both elimination
links. With this, we clearly obtain a symmetry among permutative switching cut rules, as we
can see, with Exp-I∧ and Exp-E∨ cut rules, for instance.

The cut rules for the second kind of permutative switching cuts are shown in Appendix B,
respectively, in Figs. B.11 and B.12, where now the switching link is contraction. Thus, we
exactly have the dual cut rules of Figs. B.8 and B.9. Consequently, introduction links are two
by one and elimination links are one by two.
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Figure 6.9 Permutative switching cuts - first kind: ∧, ∨

Moreover, Figs. B.10 and B.13 (presented in Appendix B) illustrate, respectively, the first
and second kinds of permutative switching cuts. But, now we have ⊥ and > structural links,
instead of logical links. Notice that these links are simple links. As a consequence, the cut rules
are easily constructed without generating extra nodes and requiring extra switching links. That
is (the reason) why we have defined general cut rules for these last transformations.

6.4 ⊥:> cuts

Here we describe the so-called cut holes, which arise when we have a ⊥ link followed by a
subgraph H plus a > link. When we have a ⊥ constant and simply want to infer a > constant,
we should directly use a ⊥ link whose conclusion is a > constant. As a consequence, any link
or formula placed among ⊥ and > (i.e., subgraph H) is indeed placed in a hole and should be
removed from derivation. Bellow, we give the precise definition.

Definition 6.5 (Cut hole). A cut hole is a subgraph H from a proof-graph G (as illustrated in
Fig. 6.12), where the following holds:

• H can not have any meta-edge attached to it;
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Figure 6.10 Permutative switching cuts - first kind: →, ¬

• ∆ is the set of premisses of H;

• Γ is the set of conclusions of H;

• ∆ has one or more ⊥ constants and zero or more > constants;

• Γ has one or more ⊥ or > constants.

Based on Def. 6.5, we have two specific cases of cut holes. The simple ⊥:> cut rule
and extended ⊥:> cut rule. The simple ⊥:> cut rule arises when H has a single formula or
only simple links. Moreover, both sets ∆ and Γ have one single element as follows: ∆ = {⊥}
and Γ = {>}. When these conditions are satisfied, we have the cut transformation given in
Fig. B.14.

The extended ⊥:> cut rule is defined when the subgraph H has not only simple links,
but also at least one focussing or one defocussing link. And consequently, at least one of the
sets Γ and ∆ has more than one element. Ahead, in Table 6.2, we show the general form of
extended ⊥:> cut transformation. Notice that this cut transformation is applied and yields a
new proof-graph, where both sets ∆ and Γ are kept the same. But the subgraph H is replaced by
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Figure 6.11 Permutative switching cuts - first kind: ⊥, >

Figure 6.12 Cut hole representation

a new subgraph H ′. With this, the links of H are replaced by structural links labelled with ⊥/>
constants. As a result, we have the extended ⊥:> cut transformations which are responsible
for removing the extended cut hole. In Fig. B.15, we present some cut transformations defined
according to the general form of extended ⊥:> cut.

6.5 Some properties and the role of implication in N-Graphs

In this Section, we initially give two results concerning this first stage of normalization. Next,
we emphasize how implication and cancelled assumptions are handled in N-Graphs. Specifi-
cally, we stress how→-I link may affect normalization.

Figure 6.13 Simple ⊥:> cut
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∆

H
Γ

;

∆

H ′
Γ

Table 6.2 Extended ⊥:> cut - general form

Figure 6.14 Extended ⊥:> cut - application examples

6.5.1 Properties of preservation

We state two results concerning the application of cut transformations seen throughout this
Chapter. The first result states that cut transformations only yield valid proof-graphs. And
the second one shows that cut transformations do preserve the sets of formulas: PREM(G) and
CONC(G) from proof-graphs.

PROPERTY 6.1 (Soundness preservation). Let G be an N-Graph, and G′ a proof-graph resulting
from the application of a cut transformation to G, then G′ is also an N-Graph.

Proof. By inspection over the sets of cut transformations: β cuts,⊥:> cuts, permutative weak-
ening cuts and permutative switching cuts.

We emphasize that the following property states the preservation of the sets of premisses
and conclusions, while the set of cancelled hypothesis HYPO(G) is not preserved in N-Graphs
normalization, as one can notice by inspecting the following cut rules: β ->→ (see Figs. B.4
and B.5), Exp-I→ (see Fig. B.9) and Ctr-I→ (see Fig. B.12). We should mention that the lack of
preservation of HYPO(G) has no side effect in N-Graphs normalization such as complicating
the subformula property.

PROPERTY 6.2 (Premisses and conclusions preservation). Let G be an N-Graph, PREM(G)
the set of premisses of G and CONC(G) the set of conclusions of G, and G′ a proof-graph
resulting from the application of a cut transformation to G. Then, CONC(G′) = CONC(G) and
PREM(G′) = PREM(G), or PREM(G′) is quasi equivalent to PREM(G).

Proof. By inspection over the sets of cut transformations: β cuts,⊥:> cuts, permutative weak-
ening cuts and permutative switching cuts. As we have aforementioned in Subsection 6.1.2
and shown in Figures B.4 and B.5, there are four cases of β ->→ cut rule application that do
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a small (and harmless) change in the original set of premisses. As a consequence, we say that
PREM(G′) is quasi equivalent to PREM(G).

We trace a brief discussion concerning the sets of transformations and how the above Prop-
erties are determined for N-Graphs.

Firstly, we have the logical-β and structural-β . These cut transformations are built accord-
ing to the following pattern: connect all premisses to all conclusions by means of using weak-
ening structural links, as wee see for example in Fig. B.1. So, we easily see that Properties 6.1
and 6.2 are guaranteed. However, we have two exceptions, since the cut rules which handle
→-I link do require a close look in order to preserve the properties. The above Properties are
not immediately granted for cut rules with→-I link. In next Subsection, we analyze β -→ and
β ->→ cut rules in order to show that for granting Property 6.1, an additional mechanism (the
hidden cost checking) is used to determine whether or not a graph is valid. Yet we inspect the
four cases of β ->→ cut rule, which indeed do not preserve the set of premisses.

Secondly, we have the permutative weakening cut transformations (presented in Figs. B.6
and B.7). The permutative weakening cuts are easily checked, since they have a simple mecha-
nism of application, where the links are simply commuted without affecting the proof-graph in
terms of soundness or sets of premisses/conclusions. Thus, both Properties are established for
permutative weakening cuts.

Next, we analyze the permutative switching cuts (shown in Figs. B.8, B.9, B.11, B.12, B.10
and B.13). These cut rules bring a distinct feature by means of the use of cycle structures. All
permutative switching cuts are defined via transformations among N-Graphs cycles. On the one
hand, these cycle structures do not complicate Property 6.2, which is easily obtained by means
of inspecting all permutative switching cuts. On the other hand, Property 6.1 can not be easily
determined, because we should handle the cycle structures in order to assure the soundness
preservation, where we need to cope with the so-called hidden cost, which is here defined to be
the cost for checking if G′ yields a valid N-Graph cycle (The term hidden cost has been used
by Blute et. al., see Subsection 4.7.4.). With this, the proof of Property 6.1 is left open and
next in Chapter 7 we shall define additional tools capable of enclosing this proof. Specifically,
we mention that some cut rules like Exp-E∧ and Ctr-I∨, among others, generate new proof-
graphs with single cycles. As a consequence, the procedure described in Subsection 5.2.1 is
subtle to demonstrate Property 6.1. However, some cut rules like Exp-I∧ and Ctr-E∨ yield a
proof structure with two cycles. Indeed, this sort of proof structure is closely analyzed next in
Subsection ??. As a matter of fact, these cut rules with cycles have inspired the creation of the
next Chapter, where a thorough treatment of N-Graphs cycles is devised. In Chapter 7, we shall
specifically determine a procedure where this kind of structure with two cycles is checked for
soundness.

Fourthly, we have simple ⊥:> (illustrated in Fig. B.14) cut which is easily shown to pre-
serve soundness and the sets of premisses/conclusions, since the new proof-graph generated
by this cut rule has simply a ⊥ link, while the extended ⊥:> cut (given in Fig. B.15) is de-
fined similarly with β cut rules. That is, all premisses are connected to the conclusions via
weakening structural links. The difference is that here, formulas in G′ are all exclusively ⊥/>
constants. As a consequence, Properties 6.1 and 6.2 are guaranteed also for extended ⊥:> cut.
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6.5.2 Implication and N-Graphs

As we have aforementioned, implication, especially→-I link, brings some difficulties to define
normalization. Mainly because we need to handle cancelled assumptions. Initially, we analyze
β -→ and β ->→ cut transformations. Next, the permutative switching cuts involving→-I link
are discussed.

In Subsection 6.5.1, we have mentioned that β cuts yield new proof-graphs by joining
formulas via weakening structural links. However, we shall notice that β -→ and β ->→ fall
outside this pattern.

Retaking Fig. B.2, we see β -→ cut has a mechanism that moves G3 upwards. With this,
G3 is used to infer the formula that shall “replace” the cancelled assumption. Notice that
weakening structural links have not been used in β -→ cut, whereas the other β cut rules do
use weakening links. So far, this cut rule mechanism does not seem a problem. However, if the
proof-graph has cycle structures, then the mechanism of β -→ cut rule may affect the soundness
of the proof-graph. As a consequence, we draw a further detailed analysis of β -→ cut rule in
order to guarantee the soundness of the proof-graph when β -→ cut rule is applied.

Implication in multiple conclusion calculus: Here we use some examples in order to
further analyze β -→ cut transformation. We shall present three different examples to illustrate
the use of β -→ in a multiple conclusion system, where cycles are admissible.

Notice the basic mechanism of β -→ cut is defined to move G3 upwards in derivation. If
the system allows only proof-trees, then transformation works properly. However, if cycle
structures are also allowed, then we need to check three main cases in order to assure the
proper mechanism of β -→. Specifically, we must assure that by applying β -→ the yielded
proof-graph has only sound N-Graphs cycles. Before describing the specific cases, we present
(once more) the β -→ cut transformation in order to emphasize how the reduction mechanism
works. Roughly speaking, we can see the β -→ cut reduction by means of a triangulation
among the hypothesis node (H), the cut node (K) and the premiss of→ -E link (P), as we can
see in Fig. 6.15. With this, we realize that β -→ cut is defined to remove the cut node. As a
consequence, the hypothesis node is also removed. Thus, only the premiss node of→ -E link
remains in the new proof-graph. Indeed, this node is responsible to infer G2, which is used to
infer the conclusion of the new proof-graph together with G1.

Figure 6.15 Reduction mechanism of β -→ cut
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The three main cases with β -→ cut which must be analyzed are the following:

1. if G1 and G2 are connected via a cycle structure;

2. if G1 and G3 are connected via a cycle structure;

3. if G1, G2 and G3 are connected via two cycles.

In Fig. 6.16, we see an example of case 1. We realize that when G1 and G2 are connected
via a cycle, the transformation occurs as expected. That is, G3 is moved upwards and it is joined
at the cycle formed by G1 and G2. Thus, β -→ application in case 1 does not affect the original
cycle of derivation.

However, in Figs 6.17 and 6.18 where we show cases 2 and 3, respectively, we realize that
cycle structures are changed by means of application of β -→ cut. So, we need to check if
these changes are harmless or not. Notice in Fig. 6.17 we have a cycle connecting G1 and G3,
which has A∧Q as CP and B as CC, B is in fact conclusion of→-E link. After applying β -→
cut, CP and CC are kept unchanged. But, now B is conclusion of a weakening structural link.
Indeed, as G3 has been moved upwards, the cycle formed by G1 and G3 is now closed by a link
of G2. And we must assure that this link (responsible for closing the new cycle) preserves the
soundness of the original cycle. Observe that in case 2, G3 is moved upwards, like in case case
1. In addition to this, G3 and G1 are mirrored. Note that conclusion node R is placed at the
rightmost spot in the proof-graph. After applying β -→ cut node, R is changed to the leftmost
spot in the proof-graph.

Taking a close look in Fig. 6.17, one concludes the new N-Graph cycle does not affect
the proof-graph and we obtain a valid proof-graph, because the new N-Graph cycle has an
expansion link and it is properly closed by a focussing and conjunctive link, just like the original
N-Graph cycle. As a matter of fact, the N-Graph cycle represented in case 2 must always have
an expansion link, since it is necessarily closed by an→ -E link. Still, we remark the link from
G2 used to close the new N-Graph cycle is necessarily a focussing link. Thus, one may wonder
this link could be a contraction link. But, G2 is not a cycle structure, thus it can not have a
contraction link.

Now, taking a close look in Fig. 6.18, one determines that by moving upwards the cycle
formed by G1 and G3 we obtain a sound N-Graph cycle. We remark the cycle of G1 and G3 is
not only moved upwards, but also mirrored. That is, case 3 executes the operations from cases
1 and 2. Still, we emphasize the cycle of G1 and G3 is changed, while the cycle formed by G1
and G2 remains at the same place and it is not changed. Similarly, as we have seen in Fig. 6.17,
the cycle of G1 and G3 is moved upwards, mirrored and closed by a focussing and conjunctive
link. Specifically, this new N-Graph cycle is opened by an expansion link and closed by an
¬-E link. In fact, this ¬-E link is used in the original N-Graph cycle to bridge the two cycle
structures. Consequently, a link which is used in such way should necessarily be a focussing
and conjunctive link. It could not be a contraction link, for instance. Otherwise, the original
N-Graph cycle would not be a sound cycle. As a result, we guarantee that β -→ cut application
does not generated an unsound proof-graph.

In the examples illustrated above we have shown that some cycles are switched to a new
place at proof-graph. Therefore, we have a hidden cost in order to check whether or not the



154 CHAPTER 6 NORMALIZATION FOR N-GRAPHS

Figure 6.16 Example of β -→ cut - case 1

Figure 6.17 Example of β -→ cut - case 2

N-Graph cycle is sound and consequently demonstrate Property 6.1. We still observe that
Property 6.2 is easily granted for β -→. An inspection over the cut transformation demonstrates
this Property, recalling that the cancelled hypothesis set is not preserved when the cut rule is
applied, but Property 6.2 shall preserve only the sets of premisses and conclusions.

In Figs. B.4 and B.5, we have seen the four cases of β ->→ cut transformation. The first case
(see Fig. B.4) is defined according to the pattern of β cut rules, i.e., join nodes via structural
links. Nevertheless, the remaining three cut rules (see Fig. B.5) do not follow the same pattern.
As a matter of fact, these transformations are defined by analyzing the subgraphs that may be
connected at > constant. As a consequence, one needs to determine that these subgraphs are
indeed valid proof-graphs. Therefore, this further checking of subgraphs soundness represents
a hidden cost in order to guarantee Property 6.1. Furthermore, we should mention that the four
cases of β ->→ cut rule (see Figures B.4 and B.5) do not preserve the set of premisses, since
there is a subgraph G2 which changes the set of premisses from the new proof-graph (yielded
by the cut rule), since at the original proof-graph G2 is not part of the set of premisses. But,
G2 belongs to the original proof-graph. As a result, this small difference between the sets of
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Figure 6.18 Example of β -→ cut - case 3

premisses does not affetc the establishment of Property 6.2.
At last, we remark that the permutative weakening cut (Weak-foc-I→) and the permutative

switching cut rules (Exp-I→, Ctr-I→) are not affected by →-I link. Thus, →-I link does not
disturb demonstration of Properties 6.1 and 6.2 in terms of permutative weakening and permu-
tative switching cuts.

6.6 Summary

In this Chapter, we have presented the first stage of our normalization procedure for N-Graphs,
which is responsible to handle the following cuts: cut nodes, cut holes, cut paths and cut cyclic
paths.

Some cut transformations have been based on related works (e.g., Ungar and Cellucci)
and others have been defined according to N-Graphs mechanisms and features themselves.
Generally, we have been following the inversion principle given by Prawitz and adapting it
in terms of a multiple conclusion proof structure calculus. One example of adaptation is β -∧
cut definition, which is similar with Ungar’s reduction. That is, preserving all premisses and
conclusions, since we could have some cycle connecting premisses or conclusions. Moreover,
the set of permutative cuts is somehow inspired in the set of permutative thinning reductions
given by Ungar (see Table 4.32 in Section 4.5).

We stress that ⊥:> cut transformations are determined in our normalization procedure,
because in N-Graphs language, both constants > and ⊥ are admitted. ⊥:> transformations
have a key role in normalization, specially if one wants to establish the subformula property
(see definitions given by Cellucci in Subsection 4.6.5).
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Besides, we highlight that β -⊥∧ cut is defined similarly as W ∧-reduction given by Cel-
lucci (see Table 4.35 in Section 4.6). Indeed, this cut rule has the same redundant structure as
the one found in approaches given by Statman, Stålmarck, Massi-Pereira, Andou (in previous
Section 4.9.1 we summarized the approaches given by these authors). These authors define that
when we have a ⊥ rule (or absurd rule) followed by an elimination rule, we have a redundant
structure. While β -⊥∧ and W ∧-reduction are defined as redundant when there is a weakening
rule (or ⊥ link) plus elimination rule. Notice that, in N-Graphs, we also have the dual proof
structure as redundant, i.e. an introduction rule followed by a> rule. We still remark that β -⊥∧
(N-Graphs) and W ∧-reduction (Cellucci) are more easily constructed when comparing to the
reductions given by Statman, Stålmarck, Massi-Pereira and Andou. This difference naturally
arises because Cellucci’s system and N-Graphs enjoy structural rules, and structural rules are a
subtle choice to connect formulas in derivation.

Nonetheless, we can not say that all cut transformations are easily defined in our normal-
ization procedure. In this Chapter, we have faced some complications with implication links
and proof-graphs with cycle structures.

In Section 6.5, we have seen the disturbing factors which may arise when→-I link is used
in normalization. Specially in β -→ and β ->→ cut transformations. We have presented that
both cut rules fall outside the general pattern of β cuts. In addition to this, these cut rules
require a hidden cost in order to check the soundness of the new proof-graph.

Through this Chapter we have not defined a complete treatment of cycle structures. Such
treatment is left for Chapter 7, even though we have already had some cut transformations
where N-Graphs cycles are used, for example, β -→ cut (see Figs 6.16, 6.17 and 6.18) and the
set of permutative switching cut transformations.

With the permutative switching cuts, we have seen two major kinds of transformations in
N-Graphs cycles: one that generates a single cycle structure and other that yields a structure
with two cycles. In Fig. B.8, the cuts Exp-E∧ and Exp-I∨ generate structures with single cycles,
while the cut Exp-I∧ yields a structure with two cycles. With this, two initial questions arise:
are these two sorts of cycle structures the same kind of cycle? Is there a lack of a classification
over cycle structures in N-Graphs? Furthermore, we shall retake some cycle examples given
in Section 5.2 (Fig. 5.3), where we note there is no matching cycle with the one generated by
Exp-I∧ cut. Therefore, another question arises: is the structure with two cycles a sound proof-
graph? As a matter of fact, the answer for this last question shall be used in order to complete
the proof of Property 6.1 (previously given in Section 6.5).

Consequently, the challenge of answering the questions discussed above has motivated us
to establish a thorough treatment of N-Graphs cycles. This treatment of N-Graphs cycles
shall comprehend the following elements: (i) a classification concerning the valid classes of
N-Graphs cycles; (ii) a formal definition of N-Graphs cycles guided by a graph-geometrical
framework and a grammar; (iii) determination of soundness for different cycle structures (like
the one with two cycles); and (iv) the normalization for N-Graphs cycles by means of a specific
algorithm, which is responsible to check whether or not a given N-Graph cycle is redundant.



CHAPTER 7

N-Graphs Cycles: classes, properties and
normalization

Here, we present the second stage of our normalization procedure: the treatment of N-Graphs
cycles. In Chapter 6, we have shown normalization for N-Graphs, but N-Graphs cycles have
been considered only in one set of reductions, the permutation of links in cycle structures. Now
we define an explicit algorithm capable to determine whether or not a given N-Graph cycle is
redundant. But before defining the algorithm, we need to create a grammar which formalizes
N-Graphs cycles, as Section 7.2 shows, and we also establish a visual representation of N-
Graphs cycles, as presented in Section 7.3. With this, we define a taxonomy of N-Graphs
cycles. Besides, a grammar of N-Graphs cycles is defined in Section 7.4. The Section 7.5
discusses the soundness of some specific sorts of N-Graphs cycles. Yet, Section 7.6 brings
further properties over N-Graphs cycles. In Section 7.7, the algorithm is defined. As it follows,
Section 7.8 presents the corresponding computational complexity from the algorithm. Besides,
in Section 7.9 some properties and examples are illustrated. Closing this Chapter, Section 7.10
brings the summary.

7.1 Introduction

Retaking Chapters 5 and 6, we notice that N-Graphs cycles are not always easily handled,
because there is a hidden cost, that is the need to establish whether or not a given N-Graph
cycle is sound. Moreover, soundness of N-Graphs cycles is not always a trivial task to be
accomplished, especially when we have structures with more than one cycle (throughout this
Chapter we shall see examples). Besides, N-Graphs cycles do have a certain flexibility to
be constructed, that is, N-Graphs cycles have several and different forms to be built. As a
consequence, we realize that normalization for N-Graphs cycles is not a simple task and it can
not be directly accomplished. This means we can not directly define a notion of “cycle cut"
and simply define the respective transformations. As we have previously seen with β cut rules,
for example, where a simple notion of cut node and the corresponding cut rules were capable
to remove all kinds of cut nodes in N-Graphs. Nevertheless, with N-Graphs cycles, a simple
notion of cut is not enough to capture every (existent) redundant N-Graphs cycle. That is why
we devise an alternative approach.

With this, our approach is defined by means of an algorithm, which is responsible for deter-
mining if a given N-Graph cycle is redundant. As a matter of fact, with the algorithm, we obtain
a general solution capable to handle and to transform every kind of N-Graphs cycles. This algo-
rithm has as entrance a given N-Graph cycle and as exit the information: redundant or normal
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cycle. Now one may ask: what kind of N-Graph cycle is accepted at algorithm entrance? How
many different (valid) N-Graphs cycles can we build in N-Graphs, and consequently must be
checked by the algorithm? These questions give raise to the need of a classification over N-
Graphs cycles, where the following scenario is presented. Firstly, we see that we can build
several and different cycle structures. Secondly, we notice we must “filter" the N-Graphs cy-
cles, i.e., we need to apply the soundness criterion in order to obtain only those valid N-Graphs
cycles. Now these “filtered" cycles can be indeed classified.

As a result, we establish a taxonomy of N-Graphs cycles. The taxonomy is defined by
means of a grammar and it is represented via a graphical framework. With this, we extract
and determine the classes of valid N-Graphs cycles. As a result, the algorithm entrance is now
accurately determined by the class of N-Graph cycle. And the major goal, i.e., normalize N-
Graphs cycles is indeed achieved by establishing the algorithm. The remainder of this Chapter
brings these aforementioned results.

7.2 The classes of N-Graphs cycles

In this Section, we introduce some basic concepts. Next, we give cycle definitions and we close
the Section with the grammar of N-Graphs cycles.

7.2.1 Basic concepts

Previously, in Section 5.2 we have defined the following concepts: cycle premiss node (or
CP), cycle conclusion node (or CC) and cycle nodes (or CN). Moreover, in Fig. 5.3 we have
shown some cycle examples, where we emphasize the notion of switching links, i.e., expansion
or contraction links which are necessary to build a valid N-Graph cycle. Now, we present, in
Fig. 7.1, additional examples of N-Graphs cycles. Notice the three N-Graphs cycles have initial
and final links. The N-Graph cycle at right has an expansion link as initial link and a weakening
link as final link. Besides, observe the three N-Graphs cycles have only one CP and one CC.
But the N-Graph cycle at right has additional premisses and conclusions. As a matter of fact,
this N-Graph cycle has branches and we extend the Def. 5.14 given in Section 5.2.

Definition 7.1 (Branch cycle premiss/conclusion node). In an N-Graph cycle G, when the set
PREM(G) has not only CP nodes, we say that PREM(G) has also the so-called branch cycle
premiss nodes, for short BP. And when CONC(G) has not only CC nodes, it has also the so-
called branch cycle conclusion nodes, for short BC.

The N-Graph cycle shown at right in Fig. 7.1, has node R as BP and node Q as BC. Accord-
ing to Def. 7.1, we notice the term PREM(G) is used to denote all premiss nodes from a given
N-Graph cycle G, that is all the CP nodes or the CP plus BP nodes. Correspondingly, the term
CONC(G) is used to denote all conclusion nodes of G, that is all CC nodes or the CC nodes plus
BC nodes. Therefore, when we wish to generally mention all premiss (conclusion) nodes of G,
the term PREM(G) (CONC(G)) is used. And when we want to specifically indicate the kind of
premiss (conclusion) node that is used, then the terms CP and BP (CC and BC) are applied.
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Figure 7.1 Examples of N-Graphs cycles

7.2.2 Classes of Cycles

Every N-Graph cycle has a common structure, the so-called backbone framework. A backbone
is specifically devised to extract the skeleton of an N-Graph cycle. That is, the backbone neither
extracts the formulas which label the nodes nor the links of N-Graphs cycles. Instead, it only
captures the general structure (the shape) of cycles, i.e., the backbone dismisses the labelled
digraph for an unlabelled graph.

Definition 7.2 (Backbone). A backbone is a framework which has one CP and one CC. The
CP belongs to the initial link (a defocussing link) and the CC to the final link (a focussing link).
Moreover, we have two parallel structures connecting these two links: the left subgraph (or
LS) and right subgraph (or RS). These subgraphs can be empty, or may have any kind of link:
simple, focussing or defocussing. According to this, three different structures for subgraphs
and three different backbones are established.

1. backbone diamond: a backbone diamond structure is obtained when both subgraphs
(LS and RS) are empty, see an example at leftmost N-Graph cycle of Fig. 7.1;

2. backbone unbranched: a backbone unbranched structure is obtained when at least one
of the subgraphs (LS and RS) has only simple links. Yet one of them (LS or RS) may be
empty, see an example at center N-Graph cycle of Fig. 7.1;

3. backbone branched: a backbone branched structure is obtained when at least one of the
subgraphs (LS and RS) necessarily has focussing and/or defocussing links. Moreover,
both subgraphs can have simple links. And one of them (LS or RS) may be empty, see
an example at rightmost N-Graph cycle of Fig. 7.1.

The backbone is the core N-Graph cycle structure, which is required to build any valid N-
Graph cycle. With this, we use backbones to build the three classes of N-Graphs cycles: basic,
crossed and recursive. We remark that a class should have only valid N-Graphs cycles. Thus,
starting from a backbone we can obtain any N-Graph cycle. But, additionally, we must apply
the soundness criterion in order to yield a valid N-Graph cycle, which indeed belongs to a given
class.
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Definition 7.3 (Basic cycles). The basic class is defined by means of basic N-Graphs cycles,
which are directly obtained from backbone framework together with soundness criterion ap-
plication, where soundness requires that the initial or the final link should be a switching link.
Specifically, the basic class has three kinds of N-Graphs cycles: diamond, unbranched and
branched.

1. basic diamond cycle (or simply diamond cycle): is obtained from the backbone diamond
structure, see an example at leftmost N-Graph cycle of Fig. 7.1.

2. basic unbranched cycle (or unbranched cycle): is obtained from the backbone un-
branched structure, see an example at center N-Graph cycle of Fig. 7.1.

3. basic branched cycle (or branched cycle): is obtained from the backbone branched
structure, see an example at rightmost N-Graph cycle of Fig. 7.1.

Definition 7.4 (Crossed cycle). This class of N-Graphs cycles is determined by the so-called
crossed N-Graph cycle (or simply crossed cycle). A crossed cycle has kn backbone structures
(for n≥ 2, where n is the length of the crossed cycle), which may have one or both subgraphs
(LS or RS) empty, or yet with simple, focussing and/or defocussing links. Then, in order to
yield the crossed cycle, we should connect every ki backbone as follows: k1 crossed connected
with k2, k2 crossed connected with k3, . . . , kn−1 crossed connected with kn . As a result, we
obtain one single crossed cycle. Notice a crossed cycle is sound iff it has exactly one switching
link. Specifically, we have three kinds of crossed cycles.

1. crossed diamond cycle: this N-Graph cycle is obtained when all k backbones have a
diamond structure.

2. crossed unbranched cycle: this N-Graph cycle is obtained when at least one backbone
has an unbranched structure. The remaining backbones may have unbranched and/or
diamond structures.

3. crossed branched cycle: this N-Graph cycle is obtained when at least one backbone has
a branched structure. The remaining backbones may have branched, unbranched and/or
diamond structures.

At left of Fig. 7.2, we show a crossed diamond cycle, where n = 2. Observe, as we join k1
and k2 backbones in order to build the crossed cycle, we obtain 2 CP’s and 2 CC’s.

Recursive cycles: The recursive class is defined by means of three recursive N-Graphs
cycles: sequence, side sequence and nested.

Definition 7.5 (Recursive sequence cycle). A sequence N-Graph cycle has a sequence of ele-
ments: s1, . . . ,sy, (for y ≥ 2, where y is the height of the sequence), where these elements can
be any from the following: basic cycles, crossed cycles, side sequence and nested recursive
cycles. The elements of the sequence are connected as follows: one or more δ node connects
s1 and s2, where the δ nodes are at the same time CC in s1 and CP in s2, . . . , one or more δ
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Figure 7.2 Examples: crossed, sequence and nested cycles

nodes connect sy−1 and sy, where the δ nodes are at the same time CC in sy−1 and CP in sy.
That is, the δ nodes are the connectors between the N-Graphs cycles in a recursive sequence.
At the center of Fig. 7.2, we have a sequence cycle s2. The sequence has an unbranched plus a
diamond cycle. Notice that the δ node is P∨Q, which is the CC of unbranched cycle and the
CP of diamond cycle.

Definition 7.6 (Recursive side sequence cycle). A side sequence N-Graph cycle has a sequence
of elements: s1, . . . ,sy, where y ≥ 2, where the admissible elements are the following: basic
branched cycles, crossed branched cycles, sequence and nested cycles, where these recursive
cycles should necessarily be based on the backbone branched structure. The elements of the
side sequence are side connected as follows: one or more BP and/or BC side connects s1 and
s2, . . . , one or more BP and/or BC side connects sy−1 and sy. Fig. 7.3 shows an example with
a side sequence s2. The example has two branched cycles, which are side connected via the
following nodes: P∧Q (a BP node), S, >, Q∨S.

Definition 7.7 (Recursive nested cycle). A nested N-Graph cycle has the same pattern of back-
bone structure. That is, it has initial and final links, and two parallel structures. The difference
is that a nested cycle has two recursive parallel structures: the left nested (or LN) and right
nested (or RN). Both LN and RN may have any of the following N-Graphs cycles: basic cy-
cles, crossed cycles, sequence, side sequence and nested. We still remark that LN or RN may
be empty. At right of Fig. 7.2 we see a nested cycle (with two unbranched cycles).

We still remark that soundness of the three recursive cycles is determined independently
for each N-Graph cycle of the corresponding recursive cycle. Thus, we must assure that each
N-Graph cycle holds the soundness criterion. Besides, the nested cycle should have a proper
use of the initial and final links, i.e., exactly one of them should be a switching link in order to
obtain a sound nested recursive cycle.
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Figure 7.3 Side sequence – example

7.3 Visual cycles: a taxonomy of N-Graphs cycles

As we have aforementioned in Section 7.1, we shall face two difficulties when dealing with
normalization of N-Graphs cycles: firstly, the conception of N-Graph cycle soundness; sec-
ondly, the handling of several and different N-Graphs cycles which can be built in N-Graphs.
As a result, we have decided to define a mechanism capable to establish the classes of valid
N-Graphs cycles. These classes are used in the algorithm responsible for determining whether
or not a given N-Graph cycle is redundant. We still emphasize that taxonomy of N-Graphs
cycles is crucial to the algorithm. With the classes of N-Graphs cycles, the algorithm can prop-
erly and specifically handle cycle structures. The classes of N-Graphs cycles have been defined
in Section 7.2. Here, we define the so-called Visual cycle, which is devised to represent the
following classes: basic, crossed and recursive cycles.

7.3.1 From N-Graphs cycles to Visual cycle

Initially, we define a direct mapping from N-Graphs cycles towards Visual cycle.

Definition 7.8 (Visual cycle). A Visual cycle is obtained from an N-Graph cycle by removing
the nodes labels (i.e., formulas) and dismissing the edges orientations. That is, given a labelled
digraph N-Graph cycle NC, we obtain an unlabelled graph cycle VC , named Visual cycle.
Besides, VC must be a Hasse diagram1 of the partial order among existing nodes in NC.

1

Definition 7.9 (The covering relation). Let P be an ordered set and let x, y ∈ P. We say x is covered by y (or y
covers x), and write x≺ y or y� x, if x < y and x≤ z < y implies z = x.

Definition 7.10 (Diagrams). Let P be a finite ordered set. We can represent P by a configuration of circles
(representing the elements of P) and interconnecting lines (indicating the covering relation). The construction
goes as follows.
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In Fig. 7.4 we show the mapping of basic diamond, basic unbranched and basic branched
cycles. Next, we present the mapping of crossed diamond cycle (see Fig. 7.5). Fig. 7.6 brings
the mapping of sequence and nested cycles. Moreover, Fig. 7.7 illustrates the mapping of side
sequence.

Figure 7.4 Visual cycle: basic class cycles

Figure 7.5 Visual cycle: crossed class cycle - crossed diamond

As we have seen in Section 7.2 and now in the above mappings, we realize that all basic
cycles are built directly from the backbone framework, and the crossed cycles are constructed
by picking up kn backbone frameworks. Yet, both (basic and crossed) use the three backbone

1. To each point x∈ P, associate a point P(x) of the euclidean plane R2, depicted by a small circle with center
at P(x).

2. For each covering pair x≺ y in P, take a line segment l(x,y) joining the circle at P(x) to the circle at P(y).

3. Carry out (i) and (ii) in such a way that

(a) if x ≺ y, then P(x) is ’lower’ than P(y) (that is, in standard cartesian coordinates, has a strictly
smaller second coordinate);

(b) the circle at P(z) does not intersect the line segment l(x,y) if z 6= x and z 6= y.

A configuration satisfying (1)-(3) is called a diagram (or Hasse diagram) of P. These definitions are presented
in [DP90].
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Figure 7.6 Visual cycle: sequence and nested cycles

Figure 7.7 Visual cycle: side sequence cycle

structures: diamond, unbranched and branched in order to build their cycles. The recursive
cycles: sequence and nested can have any recursive construction of basic, crossed and the
own sequence and nested cycles, while the recursive side sequence cycle is restricted to basic,
crossed, sequence, nested cycles which should necessarily be defined by means of backbone
branched structure. As as result, we obtain the following hierarchy of N-Graph cycle classes,
as shown in Fig. 7.8. This diagram also highlights the correspondence among the classes of
N-Graphs cycles.

Furthermore, we highlight the diamond property. As we shall see later, we build an algo-
rithm in order to determine whether or not a given N-Graph cycle is redundant. Nonetheless,
N-Graphs cycles which are exclusively based on the backbone diamond structure do not need
to be checked by this algorithm.

PROPERTY 7.1 (Diamond property). The diamond property states that every N-Graph cycle
which is completely based on the backbone diamond structure is indeed a non-redundant N-
Graph cycle.

Proof. An inspection over N-Graphs links determines that it is impossible to build an N-Graph
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Figure 7.8 Visual cycle: hierarchy

cycle only with diamonds which is not only valid but also redundant. Specifically, the dia-
mond property holds for the following cycles: basic diamond, crossed diamond, sequence
diamond (see Fig. 7.9) and nested diamond.

Figure 7.9 Diamond property: a sequence diamond cycle

7.4 The grammar of N-Graphs cycles

According to previous definitions of classes of N-Graphs cycles, we now establish the cor-
responding grammar of N-Graphs cycles. This grammar is used therefore to assure that we
should obtain only valid N-Graphs cycles. Initially, we define an auxiliary grammar. Next, the
main grammar.

The auxiliary grammar formalizes the basic definitions of N-Graphs cycles. It establishes
how links and nodes are connected. Specifically, we have definitions concerning three op-
erations: join, cross and parallel, which are shown bellow and illustrated in Fig. 7.10. And
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also concerning the simple (SL), focussing (FL) and defocussing (DL) links, which are de-
scribed bellow and illustrated in same Fig. 7.10. Notice that we use the following notation: a,
b stand for any node; Γ and ∆ represent any node, or subgraph, or even an N-Graph cycle; p
is a premiss, c is a conclusion, l p,rp are left and right premisses, and lc,rc are left and right
conclusions.

JOIN→ a ⊕ b
CROSS→ (a ⊕ b) ⊗ (c ⊕ d)
PARALLEL→ Γ | | ∆

Figure 7.10 Auxiliary grammar: operations and links

SL→ p c
DL, DL1, DL2, DLn → p (lc | | rc)
FL, FL1, FL2, FLn → (lp | | rp) c
L∗ → SL | DL | FL

Now we present the main grammar of N-Graphs cycles. Firstly, we present the backbone
framework.

BACKBONE→ DL (LS | | RS) FL
LS, RS→ DIAMOND | UNBRANCHED | BRANCHED
DIAMOND→ ε

UNBRANCHED→ SL UNBRANCHED+
UNBRANCHED+→ UNBRANCHED | ε
BRANCHED→ FL | DL BRANCHED+
BRANCHED+→ BRANCHED | UNBRANCHED BRANCHED | ε
Secondly, we describe each of the three classes of N-Graphs cycles. Before, we cite specific

notation used in the grammar.
Notation for crossed cycles: According to Def. 7.4, n ≥ 2, where n is the length of the

crossed cycle (i.e., the amount of backbones in a crossed cycle), and 2≤ j < n. Index j is only
used when n≥ 3.

CYCLES→ BASIC | CROSSED | RECURSIVE
BASIC→ BACKBONE JUNCTION
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BACKBONE→ DL (LS | | RS) FL
DL, FL→ p (lc | | rc) (LS | | RS) (lp | | rp) c
JUNCTION→ p (lc ⊕ LS ⊕ lp) | | (rc ⊕ RS ⊕ rp) c
CROSSED→ KBACKBONES KCROSS
KBACKBONES→ DL1 (LS1 | | RS1) FL1 DL2 (LS2 | | RS2) FL2 KBACKBONES∗
KBACKBONES∗ → DLn (LSn | | RSn) FLn KBACKBONES∗ | ε
DL1, DL2, FL1, FL2 → (p1 (lc1 | | rc1) (LS1 | | RS1) (lp1 | | rp1) c1) (p2 (lc2 | | rc2) (LS2 | | RS2) (lp2

| | rp2) c2)
DLn, FLn → pn (lcn | | rcn) (LSn | | RSn) (lpn | | rpn) cn
KCROSS→ p1 (lc1 ⊕ LS1 ⊕ lp1) c1 | | CROSSOP | | pn (rcn ⊕ RSn ⊕ rpn) cn
CROSSOP→ p j ((rc j−1 ⊕ RS j−1 ⊕ lp j) ⊗ (lc j ⊕ LS j ⊕ rp j−1)) c j | | CROSSOP | (rcn−1 ⊕ RSn−1 ⊕

lpn) ⊗ (lcn ⊕ LSn ⊕ rpn−1)
RECURSIVE→ SEQ | SIDESEQ | NESTED
SEQ→ SEQCYCLE SEQCYCLE SEQ∗
SEQ∗ → SEQCYCLE SEQ∗ | ε
SEQCYCLE→ BASIC | CROSSED | SIDESEQ | NESTED
SIDESEQ→ SIDESEQCYCLE SIDESEQCYCLE SIDESEQ∗
SIDESEQ∗ → SIDESEQCYCLE SIDESEQ∗ | ε
SIDESEQCYCLE→ BASIC (BRANCHED) | CROSSED (BRANCHED) | SEQ (BRANCHED) | NESTED (BRANCHED)
NESTED→ DL ((LN∗ | | RN+) | (LN+ | | RN∗)) FL
LN∗ → ε | L∗ (LN∗ | RN+) | NESTEDCYCLE (LN∗ | RN+)
RN+→ L∗ NESTEDCYCLE (LN∗ | RN+)
LN+→ L∗ NESTEDCYCLE (LN+ | RN∗)
RN∗ → ε | L∗ (LN+ | RN∗) | NESTEDCYCLE (LN+ | RN∗)
NESTEDCYCLE→ BASIC | CROSSED | SEQ | SIDESEQ | NESTED

We emphasize the crossed cycle is defined in the grammar by means of CROSSED rule and
it handles crossed cycle with length n (n≥ 2). The CROSSED rule has three stages. Firstly, we
have the KBACKBONES, where the structure of n backbones is defined. Secondly, the auxiliary
definitions of DL and FL are used in order to describe the nodes from the defocussing and
focussing links of the backbones. Thirdly, the stage (KCROSS) executes the crossing operations
among nodes obtained in the second stage. We notice that in KBACKBONES∗ rule, when n = 2,
the ε (i.e., empty) transition is chosen. But, when n ≥ 3, the recursive transition is chosen.
Moreover, for CROSSOP rule, if n = 2, then the second transition (which uses the index n)
is chosen. But, if n ≥ 3, then the recursive transition (which uses index j) is executed for
n−2 crossing operations, and at last the second transition is chosen to execute the last crossing
operation of the crossed cycle. We emphasize that a given crossed cycle with length n has
n− 1 crossing operations. Still, the crossed cycles grammar is further explained bellow in
Subsection 7.4.1. And in Subsection 7.4.2 an example is given.

7.4.1 Crossed cycles grammar via Visual cycle

We notice the rules which define crossed cycles are not so intuitive as the rules from the other
classes of N-Graphs cycles, because the crossed rules use some indexes ( j and n) and describe
several join and cross operations. (Recalling that n ≥ 2 and 2 ≤ j < n). Here we intend to
further explain the grammar rules of crossed cycles supported by the Visual cycle framework.

We take as example the crossed cycle shown in Fig. 7.11, which has length n = 4, in order
to show how its transitions are defined.
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Figure 7.11 Crossed cycle example

Firstly, notice the rule KBACKBONES∗ is used twice, one for k3 and another for k4. Sec-
ondly, we have the use of KCROSS, which is shown bellow,

KCROSS→ p1 (lc1⊕LS1⊕ l p1) c1︸ ︷︷ ︸
1st transition k1

| |CROSSOP | | pn (rcn⊕RSn⊕ rpn) cn︸ ︷︷ ︸
last transition kn

That is, KCROSS defines in its first transition the joining of k1 and in the last part the joining
of kn (in the example of Fig. 7.11 k4). Besides, it calls the CROSSOP rule, which is responsible
for executing the (n−1) cross operations. And the CROSSOP has the following definition.

CROSSOP→ p j((rc j−1⊕RS j−1⊕ l p j)⊗ (lc j⊕LS j⊕ rp j−1))c j ||CROSSOP︸ ︷︷ ︸
crossings f rom k1 to kn−1

|

(rcn−1⊕RSn−1⊕ l pn)⊗ (lcn⊕LSn⊕ rpn−1)︸ ︷︷ ︸
last crossing at kn

If n= 2, then only the last crossing is used to determine the single crossing operation among
k1 and k2. However, if n≥ 3, then the recursive part of CROSSOP is used to execute the crossing
operations from k1 to kn−1. And the last part is chosen to execute the last crossing operation at
kn. Thus, in example of Fig. 7.11 the recursive transition of CROSSOP executes the following
crossing operations: k1⊗ k2 and k2⊗ k3, while the last part of CROSSOP executes crossing
operation between: k3⊗ k4.

7.4.2 Example

Here we present a simple example of how the grammar for the classes of N-Graphs cycles can
be applied to assure N-Graphs cycles soundness. The following example corresponds to the
N-Graph cycle G2 previously presented in Fig. 7.1.

CYCLES→ BASIC→ BACKBONE JUNCTION→
→ DL (LS | | RS) FL JUNCTION→
→> (¬P | | P) (LS | | RS) (¬P∨P | | ¬P∨P) ¬P∨P JUNCTION→
→> (¬P ⊕ LS ⊕ ¬P∨P) | | (P ⊕ RS ⊕ ¬P∨P) ¬P∨P→
→> (¬P ⊕ UNBRANCHED ⊕ ¬P∨P) | | (P ⊕ UNBRANCHED ⊕ ¬P∨P) ¬P∨P→
→> (¬P ⊕ SL UNBRANCHED+ ⊕ ¬P∨P) | | (P ⊕ SL UNBRANCHED+ ⊕ ¬P∨P) ¬P∨P→
→> (¬P ⊕ ¬P(¬P∨P) UNBRANCHED+ ⊕ ¬P∨P) | | (P ⊕ P(¬P∨P) UNBRANCHED+ ⊕ ¬P∨P) ¬P∨P

→
→> (¬P ⊕ ¬P(¬P∨P) ε ⊕ ¬P∨P) | | (P ⊕ P(¬P∨P) ε ⊕ ¬P∨P) ¬P∨P→
→> (¬P ⊕ ¬P(¬P∨P) ⊕ ¬P∨P) | | (P ⊕ P(¬P∨P) ⊕ ¬P∨P) ¬P∨P
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7.5 Further discussions concerning soundness of N-Graphs cycles

In Section 5.2 we have seen how determining the soundness of N-Graphs cycles. Now, we
should extend these definitions in order to cope with the soundness of some sorts of N-Graphs
cycles: recursive sequence of cycles and crossed cycles with additional links.

7.5.1 Soundness of sequence with crossed cycles

Here we take a close look at the (recursive) sequence of crossed cycles. Specifically, we shall
present two kinds of sequences2: (i) sequence of crossed cycles; and (ii) sequence of crossed
cycles with inner links. The first kind of sequence is clearly and directly obtained from the
formal definition and grammar given in Sections 7.2 and 7.4, see an example as it follows in
Fig. 7.13. However, the second kind of sequence is not directly obtained by the established set
of definitions. In fact, we need to extend the definitions from Sections 7.2 and 7.4 in order to
obtain the sequence of crossed cycles with inner links.

As it follows, we shall initially give the further definitions corresponding to the sequence
with inner links. Next, we take a close look at the (recursive) sequence of crossed cycles, where
we shall analyze the soundness of such kind of N-Graphs cycles. Note that the soundness
mechanism of both: the first and second kinds of sequence is exactly the same. That is (the
reason) why we only analyze the soundness for the sequence with crossed cycles.

The second kind of sequence, the one with crossed cycles and inner links is illustrated in
Fig. 7.12. Note this kind of sequence with crossed cycles admits the use of inner links placed
between the crossed cycles. With this, we need to extend some definitions in order to capture
these distinct elements.

Figure 7.12 Sequence of crossed cycles with inner links

Bellow, we extend Def. 7.5 in such a way that inner elements can be allowed in the sequence
of crossed cycles.

Definition 7.11 (Recursive sequence of crossed cycle with inner links). A sequence cycle has a
sequence of elements: s1,δ1,s2, . . . ,sy−1,δw,sy, (for y≥ 2, w≥ 1), where si stands for crossed

2For the sake of clarity here we handle sequences with crossed diamond cycles, but crossed unbranched and
branched cycles could also be used.
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cycles and δ j represents the inner elements used to connect the crossed cycles. Specifically,
the crossed cycles can be connected in two different ways according to inner elements: (i) δ

elements can be simply nodes which connect, for example, s1 and s2, where the δ nodes are at
the same time CC in s1 and CP in s2; (ii) or δ elements can be simple, focussing or defocussing
links. In the example given in Fig. 7.12, the crossed cycles are connected via simple links.

The grammar previously given in Section 7.4 is now extended to allow sequences of crossed
cycles with inner links.

RECURSIVE→ SEQ | INNERSEQ | SIDESEQ | NESTED
INNERSEQ→ SEQCYCLE∗ IL SEQCYCLE∗ INNERSEQ∗
INNERSEQ∗ → IL SEQCYCLE∗ INNERSEQ∗ | ε
SEQCYCLE∗ → CROSSED

IL→ SL | DL | FL

Now we analyze the kind of (recursive) sequence, which has crossed cycles, as shown in
Fig. 7.13. For this kind of N-Graph cycle we realize that determining the soundness is not a
trivial task. As we know from Def. 7.4, a crossed cycle must have exactly one switching link
in order to be a valid N-Graph cycle. If we use this definition, we obtain the graph shown at
right of Fig. 7.13. Notice this graph is not a valid N-Graph cycle, since it has cyclic structures.
With this, we conclude that a further mechanism capable to accurately capture the elements of
a sequence with crossed cycles is required in order to establish the pattern of valid sequences
with crossed cycles.

Figure 7.13 A sequence of crossed cycles

Furthermore, a new difficulty arises to establish soundness of sequence with crossed cycles.
That is, when two or more crossed cycles are joined via a recursive sequence structure, we ob-
tain new (internal) cycle structures. Now the crossed cycles are not anymore seen as indepen-
dent structures. Instead, they are overlapped structures, which yield trickier cycle structures.
Consequently, soundness of such structures can not be directly given. In Fig. 7.14 we high-
light the internal cycle by means of thicker lines. This kind of cycle is called large diamond,
following the Visual cycle definitions which are devised to emphasize the geometric contents
of N-Graphs cycles. (Observe that large diamond does not have the same link structure of a
diamond cycle, they only share the same geometrical content). We remark that any sequence
of crossed cycles with length n (where n≥ 3) has large diamond cycles.

Notation used in a (recursive) sequence of crossed cycles: Notice that in Fig. 7.14 we
also emphasize that we have a sequence (s1,s2, . . . ,sy, y ≥ 2, where y is the height of the
sequence, see Def. 7.5) of crossed cycles, where each crossed cycle is determined by kn back-
bones (k1,k2, . . . ,kn, n≥ 2, where n is the length of the crossed cycle, see Def. 7.4). Moreover,
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each crossed diamond cycle has two levels: l1 and l2, where l1 has focussing links and l2 has
defocussing links.

Figure 7.14 A large diamond cycle

The mechanism developed here should be capable to determine how many switching links
and where these links should be placed in the sequence. So far, we have just seen that the
sequence of crossed cycles is a tricky cycle structure with new internal cycles. Now we show
that this structure is also fragile. That is, we can not simply choose any link to be a switching
link, instead two provisos must hold when a switching link is chosen.

In order to determine the provisos, we define three concepts which somehow recast Def 5.2
given in Chapter 5. Notice Def 5.2 is given for digraphs, here the concepts are given for
Visual cycle, which indeed are undirected graphs. Besides, we use Def. A.13 (degree) given at
Appendix A.

Definition 7.12 (Simple point). A simple point in a Visual cycle is a vertex which has degree
2.

Definition 7.13 (Branch point (for Visual cycle)). A branch point in a Visual cycle is a vertex
which has degree 3.

Definition 7.14 (Full Branch point). A full branch point in a Visual cycle is a vertex which has
degree 4.

The above definitions and the following provisos are given considering we have a proof-
graph G, which has a sequence of crossed cycles, like the one previously presented in Fig. 7.13.

PROVISO 7.1 (Adjacent links). Given a proof-graph G and two adjacent links a1 and a2, where
a1 and a2 are connected via a node α which is a simple point. We say that a1 and a2 can not
be switching links, only one of them can be a switching link. However, if node α is a branch
point or a full branch point, then both: a1 and a2 can be switching links.

PROVISO 7.2 (Maximum adjacent links). Given a proof-graph G and a link a (focussing or
defocussing) which has three nodes. If a has z j (where 1≤ j ≤ 2) adjacent links placed only at
simple points, then only z j−1 link can be a switching link. However, if link a has an adjacent
link placed at the full branch point or branch point, then all adjacent links (three at maximum)
of a can be switching links. We remark that a link a at proof-graph G may have exactly one full
branch point or one branch point.
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Both provisos are used in order not to yield an isolated link or node.

• Proviso 7.1 is responsible for handling the connectivity between two adjacent links:

– If the links are strict connected (i.e., the links are connected via a branch or a full
branch point), then both links can be switching links.

– Otherwise, we have a fragile connectivity (i.e., the links are connected via a simple
point) between the links and just one of them can be a switching link.

• Proviso 7.2 is devised to handle the connectivity of a given link and its respective adja-
cent links (at maximum three):

– If the link has a strict connectivity with at least one of its adjacent links, then all
adjacent links of the given link can be switching links.

– Otherwise, the given link has a fragile connectivity with its adjacent links and not
all of them can be switching links.

At left of Fig. 7.15 we illustrate that if a1 and a2 are defined as switching links, then node α

becomes an isolated node, since α is a simple point. Therefore, we would have a disconnected
graph. And at right of Fig. 7.15 we bring two additional examples. At top we have a link a
which has the three nodes (α1, α2, α3) which are all simple points. Then, a has two adjacent
links. As a result, if both adjacent links are chosen as switching links, then a becomes an
isolated link. At bottom, we show an example where α3 is a full branch point. As a result,
link a may have its three adjacent link as switching links, even though a does not become an
isolated link.

Figure 7.15 Examples of Provisos 7.1 and 7.2

Choosing the switching link: Now we establish the mechanism used to determine the
structure and pattern of a valid sequence with crossed cycles. That is, define the amount and
location of switching links in the sequence with crossed cycles. We remark that we create two
mechanisms, one devised for sequences of crossed cycles with k2 backbones and another for
sequences of crossed cycles with kn (n≥ 3) backbones.

Firstly, we state lemma ASL/K2, which is responsible to give the amount of switching links
in a sequence of crossed cycles with length n = 2.
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Lemma 7.1. ASL/K2 := y+ y−1

where y is the height of the sequence.

Proof. As we know from previous Def. 7.4, the soundness of a crossed cycle demands that
exactly one link must be a switching link. Therefore, y represents each crossed cycle from
the sequence that must have exactly one switching link. But as we have mentioned at the
beginning of this subsection, the value of y is not enough to determine soundness of sequence
with crossed cycles. That is (the reason) why we still use y−1; y−1 represents the connections
among crossed cycles, i.e., s1 with s2, s2 with s3, and so on. Bellow we describe the specific
cases.

• Basis case: For a sequence with height y = 1, we obtain

ASL/K2 = 1

That is, the sequence should have one single switching link.

• Inductive case: For a sequence with height y = s (where s≥ 2), we obtain

ASL/K2 = s+ s−1

That is, the sequence should have the double of the sequence height minus 1. This gives
the total amount of switching links.

Secondly, we describe the steps used in this first mechanism:

1. Use Lemma 7.1 to obtain the amount of switching links required in a sequence of crossed
cycles with k2 backbones;

2. Choose the location for each switching link in the sequence, respecting provisos 7.1
and 7.2.

Besides, we give a hint in order to choose the location of switching links. As we have
highlighted in the notation illustrated in Fig. 7.15, each element of the sequence has two levels:
l1 and l2. Thus, if one chooses switching links at l1, then it is suggested to leave l2 without
switching links. With this, we avoid the violation of proviso 7.1, i.e., we have two adjacent
links as switching links, recalling that every link placed at l1 is naturally adjacent to some link
at l2.

The second mechanism initially requires an additional lemma (ALD) to determine the amount
of large diamond cycles in a sequence of crossed cycles with kn (n≥ 3) backbones.

Lemma 7.2. ALD := (n−2)× (y−1)
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where y (y≥ 2) is the height of the sequence and n is the length of the crossed cycle.

Proof. Large diamond cycles are internally obtained, but we do not consider k1 and kn, indeed
large diamonds are obtained from k2 to kn−1. Thus, n−2 gives the number of large diamonds
by joining s1 and s2. The next step would have n−2 large diamonds by joining s2 and s3, and
so on. As a result, we multiply n− 2 by y− 1 to obtain the exact number of large diamond
cycles in a sequence of crossed cycles. Specifically, we have the following cases:

• Basis case: For a sequence with height y = 2 and a crossed cycle with length n = 3, we
obtain

ALD = 1

That is, the sequence should have one single large diamond cycle.

• Inductive case: For a sequence with height y = s (where s≥ 2) and a crossed cycle with
length n (where n≥ 3), we obtain

ALD = (n−2)× (y−1)

That is, the number of large diamonds cycles in the sequence is directly given by kn−2
crossed cycles multiplied by the height of the sequence minus 1.

Now, we establish the second mechanism devised for sequence of crossed cycles with kn
(n≥ 3) backbones, by means of the following lemma.

Lemma 7.3. ASL/Kn := ALD + ASL/K2

As expected, Lemma 7.3 is given by means of Lemmata 7.1 and 7.2. Specifically, the
second mechanism has the following steps:

1. Use Lemma 7.2 to obtain the amount of large diamond cycles, then choose exactly one
switching link for each large diamond cycle without violating provisos 7.1 and 7.2;

2. Use Lemma 7.1 to obtain the remaining amount of switching links and choose the corre-
sponding location of switching links respecting provisos 7.1 and 7.2.

We recall that large diamond cycles are obtained from k2 to kn−1. Therefore, k1 and kn are
not considered in the first step (defined above). As a consequence, we use Lemma 7.1 to obtain
the total amount of required switching links and complete the second mechanism. Roughly
speaking, Lemma 7.2 extracts those N-Graphs cycles which are placed in the internal structure
of the sequence, while Lemma 7.1 extracts those N-Graphs cycles which are placed at the
external borders of the sequence. Consequently, by joining the results from these two lemmata,
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one can subtly determine the amount of switching links which are required in a sequence of
crossed cycles.

Examples: now we present some examples. We emphasize that we use different represen-
tations for switching links. Firstly, we have the graph as a Visual cycle. Secondly, we have the
same Visual cycle graph, but those links which have been chosen as switching links are rep-
resented as dashed lines. Thirdly, we show the Visual cycle graph drawn with one edge from
each switching link removed, in order to clearly illustrate that an acyclic and connected graph
is obtained.

In Fig 7.16, we show two N-Graphs cycles where the Lemma 7.1 (ASL/K2) is used. For
an N-Graph cycle with n = 2 (length) and y = 2 (height), we obtain: y+ y− 1⇒ 3. And for
n = 2/y = 3 we obtain: y+ y−1⇒ 5.

Next, in Fig 7.17 we show two N-Graphs cycles where the Lemma 7.3 (ASL/Kn) is used.
We remark that in this figure the large diamonds are highlighted with thicker lines. Firstly,
we need to obtain the amount of large diamonds via Lemma 7.2 (ALD). Secondly, we use
Lemma 7.1 (ASL/K2). And thirdly, we add the results from these two lemmata to obtain the
total amount of switching links by means of Lemma 7.3. Thus, for n = 3/y = 2 we have: ALD
:= (n− 2)× (y− 1) ⇒ 1; ASL/K2 := y+ y− 1 ⇒ 3; finally ASL/Kn := 1+ 3 ⇒ 4. And for
n = 3/y = 3 we have: ALD := (n−2)× (y−1)⇒ 2; ASL/K2 := y+y−1⇒ 5; finally ASL/Kn
:= 2+ 5 ⇒ 7. We still emphasize that this sequence of crossed cycles has nodes δ1 and δ2
as two examples of full branch points. In Appendix C (Subsection C.1.1), we bring further
examples of sequences with crossed cycles and their corresponding soundness analysis.

Figure 7.16 Sequence with crossed diamond cycles – examples with n = 2

Sequence of crossed cycles with different measures: so far, we have seen examples of
sequences of crossed cycles with equivalente measures, that is the whole sequnece has the same
lenght and height. Now, we should mention how to handle a recursive sequence of crossed
cycles that has different measures. Initially, we define such kind of N-Graph cycle.

Given a recursive sequence cycle S, which has as its elements a set C (C = {C1, . . . ,Cn}, for
n≥ 2), where each Ci (1≤ i≤ n) is a sequence of crossed cycles, or it is simply a crossed cycle.
Thus, every pair from C, say Ci and C j, has different measures. That is, Ci and C j have different
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Figure 7.17 Sequence with crossed diamond cycles – examples with n = 3

lengths (denoted by n) and heights (denoted by y). Observe that between two elements from C
we always have one of the following:

• if n(Ci)> n(C j)⇒ y(C j)> y(Ci),

• or if n(C j)> n(Ci)⇒ y(Ci)> y(C j).

That is, a given element Ci of C always has a measure (length or height) which is higher
than the same measure from another element C j of C. And at the same time Ci has a second
measure which is smaller than this second measure from C j. At left of Fig. 7.18 we present
an example of a sequence with different measures. Notice that the recursive sequence has two
elements: a crossed cycle and a sequence of crossed cycles with n = 2 and y = 2.

Figure 7.18 Sequence of crossed cycles with different measures and intersection zone

Since the elements from C have different measures, we can not simply use the Lemmata 7.1
and 7.3 previously defined. As a matter of fact, we need to use an additional mechanism, which
is capable to handle the so-called intersection zones.

Definition 7.15 (Intersection zone). Given two elements from C, say Ci and C j, which have
different measures: Ci has ni, yi, while C j has n j, y j. The intersection zone between Ci and C j
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is generated by the smallest length (between ni and n j) and the smallest height (between yi and
y j). At right of Fig. 7.18 we illustrate an intersection zone, which has n = 2 and y = 1, i.e., it is
a crossed cycles with two backbones.

Now, we establish the steps defined in the mechanism devised to handle sequence of crossed
cycles with distinct measures. Considering two elements from C, Ci and C j that share an
intersection zone (IZ), we shall apply the following steps.

1. Use the Lemmata 7.1 and/or 7.3 to obtain the amount of switching links for Ci and C j.
And add both values in order to have the total amount of switching links by joining Ci
and C j. Alternatively instead of using the Lemmata 7.1 and/or 7.3, it might be necessary
to simply use the crossed cycle soundness criterion (previously seen in Def. 7.4), in case
the element of C is a crossed cycle, like we have seen in the example of Fig. 7.18.

2. Identify the IZ between Ci and C j and obtain the corresponding amount of switching
links.

3. The final amount of switching links between Ci and C j is given by subtracting the value
obtained in the first step from the value resulting of the second step.

In Fig. 7.19, we present an example corresponding to the previous Fig. 7.18. Applying
the first step we know that the crossed cycle should have a single switching link (according
to Def. 7.4) and the sequence (n = 2, y = 2) by applying Lemma 7.1 has 3 switching links.
Thus, the total amount is 4 switching links. Now, by means of the second step we know the
intersection zone is simply a crossed cycle. As a consequence, it has a single switching link.
At last, by applying the last step we obtain the final amount of switching links, that is 3 links.

Figure 7.19 Sequence of crossed cycles with different measures – example

In Fig. 7.20, we show a second example, where there are two sequences of crossed cycles:
one has n = 4,y = 2 and another sequence has n = 2,y = 4. Applying the first step we obtain
for the first sequence by means of Lemma 7.3, an amount of switching links equal to 5 (2 +
3). And for the second sequence of crossed cycles we should use Lemma 7.1 and obtain the
amount of 7 switching links (4 + 3). As a result, the total amount of links obtained by joining
both sequences is 12. Now, we apply the second step, which extracts the amount of links from
the intersection zone. Observe that the intersection zone has n= 2,y= 2, thus it has 3 switching
links. Applying the third step we shall obtain the amount of 9 switching links (12 - 3).
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Figure 7.20 Sequence of crossed cycles with different measures – example

7.5.2 Soundness of crossed cycles with additional links

In this Subsection we analyze the crossed cycles with additional links and how can we establish
the soundness for these crossed cycles. The aforementioned soundness mechanism for crossed
cycles (see Def. 7.4), where every crossed cycle should have exactly one switching link, is no
longer valid for crossed cycles with additional links. Then, we shall define a specific property
to determine the soundness for crossed cycles like the ones shown in Fig. 7.21.

Figure 7.21 Crossed cycles with additional links – examples

PROPERTY 7.2 (Soundness for crossed cycles with additional links). Given a crossed cycle
with additional links denoted as K , we note that K has a crossed cycle C preceded by a set
of defocussing links D = {d1,d2, . . . ,dn} (where n ≥ 0) and/or succeed by a set of focussing
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links F = { f1, f2, . . . , fm} (where m≥ 0). Consequently, K is a sound N-Graph cycle iff C has
exactly one switching link and each link of D and F is indeed a switching link.

Observation: Alternatively, not all di and fi links from D and F (respectively) must be
switching links. For example, one can choose dn−1 and fm−1 links as switching links, and con-
sequently these two links which are missing from D and F could be placed in C, as switching
links. Notice that this alternative placement of switching links should be carefully used in order
to not violate Provisos 7.1 and 7.2 (previously presented in Subsection 7.5.1).

Proof. The proof is done by inspecting the crossed cycles with additional links. We may il-
lustrate this inspection by representing the N-Graphs cycles from Fig. 7.21 as Visual cycle (as
Fig. 7.22 shows). We remark that switching links are represented as dashed lines. By analyzing
each example we realize that by respecting the Property 7.2 we obtain proof-graphs which are
acyclic and connected, i.e., sound proof-graphs.

Next, in Subsection 7.6.1 (Fig. 7.26) we present an example where one can see the use of the
alternative mechanism explained above in the obervation item from Property 7.2. Moreover,
the proof-graph shown at top right of Fig. 7.21 (followed by Fig. 7.22) is a sound N-Graph
cycle iff it has two switching links. Note that this N-Graph cycle has one switching link placed
at C and other at F (according to Property 7.2). By analyzing this kind of N-Graph cycle and
establishing Property 7.2, we are now able to complete the proof of Property 6.1 (previously
presented in Section 6.5), which deals with soundness preservation of proof-graphs during
the normalization procedure. Property 6.1 shall be complete in the end of this Chapter, in
Section 7.9.

Figure 7.22 Crossed cycles with additional links – represented as Visual cycle

Sequence of crossed cycles with additional links: Having analyzed the crossed cycles
with additional links, we now inspect the (recursive) sequence of crossed cycles with additional
links. This sort of recursive sequence is denoted as s1, . . . ,sy (y ≥ 2) and it has the following
structure: (i) s1 has only defocussing links, (ii) next from s2 to sy−1 we have the sequence of
crossed cycles, and (iii) sy has only focussing links. We remark that parts (i) or (iii) may be
empty, as long we obtain a sequence with two or more elements.
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Figure 7.23 Sequence of first special case of crossed cycles – example

With this, the soundness of such sequence of crossed cycles with additional links is deter-
mined in two steps. Firstly, Lemma 7.1 or 7.3 is used to obtain the amount of switching links
and choose the location of them. Secondly, according to Property 7.2, each defocussing link
and focussing link from s1 and sy should be choose as a switching link. Alternatively, we could
also choose some links at the crossed cycles as switching links, instead of only links at s1 and
sy. But, notice that in the first step (application of Lemma 7.1 or 7.3) we have already selected
switching links placed at crossed cycles. As a result, it would be advisable to choose links at s1
and sy in order to not violate the Provisos 7.1 and 7.2.

We observe that we treat crossed cycles with additional links almost like crossed cycles. The
only difference is the need to consider these additional switching links for each defocussing and
focussing link.

Fig. 7.23 brings an example of a sequence of crossed cycle with additional links, where
n = 4 (length) and y = 2 (height). Thus, we obtain ALD := (n− 2)× (y− 1) ⇒ 2; ASL/K2
:= y+ y−1⇒ 3; finally ASL/Kn := 2+3⇒ 5. Observe that in this example nodes α1 and α2
are branch points, while node δ is a full branch point. As a matter of fact, we realize that in a
sequence of crossed cycles (with additional links) we may have simple, branch and full branch
points, while in a sequence of crossed cycles we can only have simple and full branch points.

7.6 Additional properties for N-Graphs cycles

Having defined N-Graphs cycles, the respective grammar, a graphical representation and sound-
ness, we now discuss some additional properties of N-Graphs cycles, where some properties
should be useful to define the algorithm, as we see in the next section.

Intially, in Subsection 7.6.1, we present the translation of crossed cycles into uncrossed
cycles. As it follows, Subsection 7.6.2 shows an analysis of side sequence recursive cycles.
Finally, Subsection 7.6.3 discusses the structures and frameworks of recursive cycles. We still
emphasize that Visual cycles play a key role in this section, because they are used to represent
and guide the properties defined throughout this section. Some properties are not trivial to
be defined and have a difficult representation. Thus, we obtain a clear representation of cycle
structures by means of Visual cycles.
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7.6.1 Crossed into uncrossed N-Graphs cycles

We have defined the class of crossed cycles. Now we show that crossed cycles can be translated
into uncrossed cycles. And this transformation is done via a planar surface. For the sake of
clarity we define the transformations of crossed cycles which have their backbone structure with
both subgraphs (LS and RS) empty, that is we use crossed diamond cycles. But, crossed cycles
with LS and/or RS not empty can also be translated. Next, we establish the transformations by
means of Def. 7.16.

Definition 7.16 (Transformation of crossed cycles into uncrossed cycles). The translation of
crossed cycles into uncrossed cycles has two basis cases and also two inductive cases.

• Basis cases: there are two basis cases. The first one is used when n = 2, while the second
case is used when n = 3, where n is the length of the crossed cycle.

– Case n = 2: the transformations are illustrated in Fig. 7.24 and occur as follows:

* A.1 FLi link remains in the same position in the N-Graph cycle (where i = 1,
j = 2);

* A.2 DLi and DL j links are slid up, in such a way that DL j must be placed
bellow DLi;

* A.3 FL j link is still used to bind DL1 and DL2 links and remains in the same
position.

– Case n = 3: the transformations are illustrated in Fig. 7.24 and occur as follows:

* B.1 Idem case A.1 above (where k = 2, l = 3);

* B.2 Idem case A.2 above;

* B.3 FLk and FLl links are slid down, in such a way that FLl must be placed
bellow FLk;

* B.4 DLl link is still used to bind FLk and FLl links and remains in the same
position.

• Inductive cases: there are two inductive cases.

– n≥ 4: the first case is used when n≥ 4 and n is an even value. The transformations
occur as follows (see in Fig. 7.25 an example where n = 4):

* C.1 Apply the aforementioned steps: B.1, B.2 and B.3.

* C.2 Successively repeat the application of steps: B.2 for DL3, . . . ,DLn and B.3
for FL4, . . . ,FLn−1 (where n≥ 6);

* C.3 At last, FLn link is still used to bind DLn−1 and DLn links and remains in
the same position.

– n ≥ 5: the second case is used when n ≥ 5 and n is an odd value. The transforma-
tions occur as follows (see in Fig. 7.25 an example where n = 5):

* D.1 Apply step: C.1 mentioned above;
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* D.2 Successively repeat the application of steps: B.2 for DL3, . . . ,DLn−1 and
B.3 for FL4, . . . ,FLn;

* D.3 At last, DLn link is still used to bind FLn−1 and FLn links and remains in
the same position.

Figure 7.24 Crossed into uncrossed cycle – n = 2 and n = 3

Figure 7.25 Crossed into uncrossed cycle – examples n = 4 and n = 5

According to Def. 7.16, we emphasize the distinction between odd and even translations.
Notice that in the even translations (cases n = 2 and n ≥ 4) the last step has the use of a
focussing link to bind two defocussing links. That is, since the lenght of the crossed cycle is
even a focussing link always remains in the N-Graph cycle. (Recalling that the slid up and slid
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down operations always start at the first defocussing link and at the second focussing link.) On
the other hand, in the odd translations (cases n = 3 and n ≥ 5) the last step has the use of a
defocussing link to bind two focussing links. That is, since the lenght of the crossed cycle is
odd a defocussing link always remains in the N-Graph cycle.

We remark that in Subsection C.2.1 from Appendix C we bring an additional translation, for
n = 6. Recalling that in Section 6.3 we have presented the permutative switching cuts. Some of
these cut rules generate new proof-graphs with structures which have two N-Graphs cycles, for
instance the Exp-I−∧ cut rule (previously shown at top left of Fig. B.8). Thus, here we shall
retake this sort of cut rule in order to illustrate that the resulting proof-graph from Exp-I−∧ cut
application is indeed an uncrossed cycle (with n = 2).

Figure 7.26 Exp-I−∧ cut: uncrossed and crossed representations

In Fig. 7.26 we illustrate the transformations which show that from proof-graph G (un-
crossed cycle) we can obtain a corresponding Visual cycle V . Next, using the equivalence
given above in Fig. 7.24 we obtain a crossed Visual cycle V ′ from the uncrossed Visual cycle
V . Note that V and V ′ are basically the same Visual cycles presented at top of Fig. 7.24. The
only difference lays on an additional link (labelled as 3) placed at V and V ′. At last, from V ′ and
guided by the links and nodes of G we obtain the proof-graph G′, which indeed is the crossed
cycle version of the uncrossed cycle G.

7.6.2 Analysis of side sequence recursive cycles

Now we trace a brief correspondence between side sequence recursive cycle (previously defined
at Def. 7.6) and some graph theory concepts. In Fig. 7.27, we present, at top, a side sequence
cycle in N-Graphs and, at bottom, we show the corresponding Visual cycle.

Next, we present the following graph theory concepts: cutpoint, bridge and block, which
shall be identified in the side sequence cycle. Definitions presented bellow are given in [Har69].
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Figure 7.27 Example: side sequence recursive cycle

Definition 7.17 (Cutpoint, bridge and block). A cutpoint of a graph is one whose removal
increases the number of components, and a bridge is such a line. Thus, if v is a cutpoint of a
connected graph G, then G− v is disconnected. A nonseparable graph is connected and has
no cutpoints. A block of a graph is a maximal nonseparable subgraph. If G is nonseparable,
then G itself is often called a block.

According to the above definitions, we can now retake the example shown in Fig. 7.27 and
highlight the notions of cutpoint, bridge and block, as Fig. 7.28 illustrates. Note that b stands
for bridge, c for cutpoint, and B1, B2 and B3 are blocks.

Figure 7.28 Side sequence recursive cycle and graph theory concepts

PROPERTY 7.3 (Side sequence cycle property). In every side sequence recursive cycle we can
identify the following concepts of graph theory: cutpoint, bridge and block.
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Proof. An inspection over side sequence recursive cycles (for example see Figs. 7.3 and 7.27)
demonstrates property 7.3.

7.6.3 Recursive cycle structures

In this subsection, we analyze the structures of N-Graphs cycles (especially recursive cycles).
Specifically, we determine the entrance and exit of N-Graphs cycles, i.e., cycle premisses and
conclusions, respectively. And the external and internal structures of N-Graphs cycles, respec-
tively the concepts of supercycle and subcycle.

We start with entrance and exit of N-Graphs cycles, recalling that we have two kinds of cy-
cle premisses: CP and BP; and two kinds of cycle conclusions: CC and BC. Then, we establish
three kinds of entrance/exit structures: (i) N-Graphs cycles with single CP/CC have single en-
trance/exit structure; (ii) N-Graphs cycles with multiple CP/CP have multiple entrance/exit
structure; and (iii) N-Graphs cycles with BP/BC have branched entrance/exit structure. An
inspection over the classes of N-Graphs cycles tells us that diamond and unbranched cycles
have single entrance/exit; crossed cycles have multiple entrance/exit, as long as the crossed
cycle has backbones with diamond and/or unbranched structures; and branched cycles have
branched entrance/exit structure. We still mention that crossed cycles may have BP/BC, as
long as the respective backbones have branched structures, in this case the crossed cycles do
have a branched entrance/exit structure.

As one may wonder the recursive cycles inherit the entrance/exit structure from basic and
crossed cycles. Later we see how entrance/exit structure is determined for these kinds of N-
Graphs cycles. Before, we need to give the following concepts.

Based on graph theory concepts of subgraph and supergraph, see Definitions A.5 and A.6,
respectively in Appendix A. We establish the notions of subcycle and supercycle.

Definition 7.18 (Subcycle). A subcycle S of a recursive cycle R is an N-Graph cycle which has
all nodes and links in R.

Definition 7.19 (Supercycle). If a given subcycle S is a subcycle of a recursive cycle R, then R
is a supercycle of S.

According to grammar definition, we state that we have three kinds of supercycles in N-
Graphs. That is, the three recursive cycles: sequence, side sequence and nested. Consequently,
these supercycles admit the following subcycles: (i) a sequence may have basic, crossed, side
sequence, or nested cycles; (ii) a side sequence can have branched, crossed branched, se-
quence, or nested cycles; and (iii) a nested may have basic, crossed, side sequence, sequence,
or nested as subcycle structures.

As we have seen, these concepts are recursively defined. As a result, we may have a given
nested cycle N1 which is a supercycle of two unbranched cycles. But N1 is also a subcycle of a
given nested cycle N, where N is a supercycle with N1 and N2 as subcycles, as Fig. 7.29 shows.

Having defined the entrance/exit structures and super/subcycle concepts, we now determine
how the entrance/exit structures are presented in recursive cycles. Given a recursive cycle R we
define that R has one of following entrance/exit structures:
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Figure 7.29 Supercycle and subcycles: example of structure

1. The first case states that if R has only basic diamonds and/or basic unbranched cycles
as subcycles; or yet has only subcycles which are based on basic diamonds and/or basic
unbranched cycles. Then, R is said to have a single entrance/exit structure;

2. The second case states that R may have N-Graphs cycles from case 1. But necessarily R
has at least one subcycle as a crossed diamond or crossed unbranched cycle, or yet has a
subcycle based on crossed diamond or crossed unbranched cycle. Then, R is said to have
a multiple entrance/exit structure;

3. The third case states that R may have N-Graphs cycles from both cases: 1 and 2. But R
must have at least one subcycle which is a basic branched or crossed branched cycle, or
it has a subcycle based on basic branched or crossed branched cycle. Then, R is said to
have a branched entrance/exit structure.

We notice that sequence and nested cycles may have any of the three cases above of en-
trance/exit structure; while the side sequence has only the third case. That is, every side se-
quence cycle has necessarily a branched entrance/exit structure.

These three cases of entrance/exit structure do cover all recursive cycles: sequence, side
sequence and nested. In Fig. 7.30 we have some examples of recursive cycles and the respective
entrance/exit structures. At top left, we have a nested cycle with single structure (the nested has
two unbranched cycles); at bottom left, we show a side sequence with branched structure (the
side sequence has a crossed cycle with additional links plus a crossed cycle), and at right we see
a (recursive) sequence cycle with multiple entrance/exit structure. Note that the sequence starts
and ends with the crossed cycle with additional links and between these two crossed cycles the
sequence has an unbranched cycle.

At last, we remark some details concerning super/subcycle notions in recursive cycles. The
sequence and nested cycles share the same mechanism of super/subcycle structures. That is, in
both recursive structures the N-Graph cycle can be seen in a two-fold manner: as a supercycle,
or yet as n subcycles, in which one can independently check every subcycle from the super-
cycle. Nonetheless, in the side sequence the inspection of subcycles is not allowed. Instead,
we can only see the N-Graph cycle as the supercycle structure itself, because in side sequence
the subcycles are side connected. Consequently, they can not be independently checked. These
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Figure 7.30 Recursive cycles and entrance/exit structures

mechanisms of inspection over recursive cycles shall be useful in the algorithm described in
the following section.

7.7 Algorithm for N-Graphs cycles

In this section, we present the algorithm used to handle redundant N-Graph cycle structures.
We emphasize that by means of this algorithm we obtain a general framework to deal with
N-Graphs cycles, which is capable to determine if a given N-Graph cycle is redundant. With
this, we follow a different approach when compared to the normalization for N-Graphs given
in Chapter 6, because in normalization previously defined we have used specific cuts (e.g., cut
node, cut path) and specific transformations for each cut (e.g., for cut node: β -∧, β -∨, etc),
while for N-Graphs cycles we have a general notion for redundant cycles (named cut cycle)
and also general transformations to handle the N-Graphs cut cycles. Before continuing with the
explanation concerning the algorithm, we should state the defintion of an N-Graph cut cycle.

Definition 7.20 (N-Graph cut cycle). Given an N-Graph cycle C, we say that C is an N-Graph
cut cycle (or simply cut cycle) if one of the following holds:

1. An acyclic graph is obtained by means of matching a subset of PREM(C) with a subset of
CONC(C). That is, if it is possible to draw an acyclic graph from some nodes of PREM(C)
towards some nodes of CONC(C), or vice-versa, then we say that C is a cut cycle. See an
example in Fig. 7.39.

2. In the second case, we consider that C has been checked for matching, but we have not
obtained the acyclic graph. As a result, we shall check if C is a recursive cycle, specific
a sequence or a nested recursive cycle. Then, we check all subcycles of C according to
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item 1 described above in order to determine if, at least, one subcycle of C is indeed a
cut cycle. See an example in Fig. C.6 (Appendix C).

We observe that the algorithm gives us an abstract model to normalize N-Graphs cycles,
i.e., given a proof-graph G (where G is a cycle structure); we obtain the same proof-graph G,
in case G has no redundancies; or we obtain a new proof-graph G′, in case G is a redundant
N-Graph cycle or if it has some redundant element (where G′ can be an N-Graph cycle or
an acyclic graph), such that G ∼= G′. The algorithm is named cut cycle checking algorithm,
or simply 3CA. The 3CA is designed to determine whether or not a given N-Graph cycle is
redundant, that is if the N-Graph cycle is a cut cycle.

In Fig. 7.31, we illustrate the general diagram of 3CA algorithm. And as it follows we
present the main stages of 3CA algorithm by means of a pseudo code (see Algorithm 1).

Figure 7.31 3CA - general diagram

The diagram and the pseudo code describe that initially the node matching stage is evoked.
This stage is responsible for searching a successful matching between nodes from the set of
premisses and the set of conclusions of the N-Graph cycle. If a successful matching is found it
means the N-Graph cycle is indeed a cut cycle and it can be replaced by an acyclic graph. As a
consequence, we move to the next stage, where we should build the new proof-graph which is
now am acyclic proof-graph. In this stage the procedure Build-Acyclic-Graph is used.

If the node matching stage fails, then we still have an (additional) alternative for determining
if the N-Graph cycle has some redundant elements. This alternative is only used, in case the
N-Graph cycle is a recursive sequence or nested. If so, the procedure SubCycle-Matching is
evoked. This procedure is responsible to verify each subcycle from the recursive supercycle.

As it follows, we show each stage of 3CA by means of specific algorithms. And in next
section, we shall present the computational complexity of 3CA.

Before stating the first stage of 3CA, we establish based on the language for N-Graphs given
in Section 5.1, the language L which is defined for 3CA algorithm. And next we give a brief
explanation considering a data structure used in our algorithm.

• Operators of L : ⊥, >, ¬, ∧, ∨,→;

• Links of L : ∧-I, ∧-E, ¬-I, ¬-E, ∨-I, ∨-E, → -I, → -E, ⊥-link, >-link, focussing-
weakening, defocussing-weakening, expansion, contraction, single-node;
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Algorithm 3CA
Input G: an N-Graph cycle, where G is a list of adjacency lists.
Output G′: where G′ may be an acyclic graph or a graph with cycles.

1 G′←Node-Matching
2 if thereIsMatching then
3 G′←Build-Acyclic-Graph
4 else
5 if cycleIsRecursive then
6 G′←SubCycle-Matching
7 end if
8 end if
9 return G′

end

Algorithm 1 Pseudo code for 3CA algorithm

• Nodes of L : Σ, Θ, Π, Ψ, . . . ;

• Grammar of L is determined as follows, where α ranges over a countable set of propo-
sitional letters:

– Σ,Θ := α | > | ⊥ | ¬Σ | Σ∧Θ | Σ∨Θ | Σ→Θ;

According to definitions over N-Graphs cycles seen in Subsection 7.4 we define additional
types.

• Types of L specific for N-Graphs cycles:

– Every N-Graph cycle has an entrance/exit cycle structure given by type Str: single,
multiple or branched structure;

– Every N-Graph cycle has a Type: diamond, unbranched, branched, crossed, nested,
sequence and side sequence.

Yet we should mention that 3CA uses a list of adjaceny lists as data structure to represent
the proof-graph G. Specifically, the data structure has an array where each position from the
array has a vertice v from the graph, and for each v of G there is a chained list, where each node
from the list corresponds to a vertice of G that is adjacent to v.

7.7.1 3CA - Node matching

The node matching stage is basically responsible for searching through the lists of discharged
assumptions (LH), premisses (LP) and conclusions (LC) of G in order to obtain a matching
node between LP and LC (and possibly LH), when a matching is obtained the N-Graph cycle
G can be replaced by an acyclic proof-graph. We define two main strategies to search for
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matching nodes: forward and backwards. The forward strategy is conducted from LP towards
LC, while backwards strategy is done from LC to LP. Bellow we give a general idea of how the
forward matching works, but backwards matching works almost like the opposite.

Ther are three kinds of node matching. The first kind (in the forward strategy) is the direct
node matching, which is the most simple one. In direct node matching, a given node p at LP
is selected. Next, we select a valid N-Graph link lk, where lk must have p as premiss. Now,
we should match the remaining nodes of lk (premisses and/or conclusions) with nodes from LP
and LC (we remark that LH is exclusively used in backwards strategy, when one tries to match
nodes via→ -I link - where meta-edge is used). Suppose lk has node lc and rc as conclusions,
then we must find nodes lc and rc at LC. If we succeed, then lk is a direct matching from node
p to lc and rc. At top left of Fig. 7.32, we show an example considering lk as ∨-E link.

Figure 7.32 3CA - three kinds of node matching - examples

If direct node matching does not succeed, then we may try to use two recursive match-
ings which are called: subformula node recursive inverse matching and subformula node
recursive matching. The subformula recursive node matching is used when the direct node
matching does not succeed and a given conclusion node c remains unmatched at LC. However,
c is subformula from a node Π which belongs to LC. With this, we call the backwards proce-
dure in order to determine that from a node Π it is possible to reach node c. At top right of
Fig. 7.32, we illustrate an example where links ∧-E and ∨-I are used.

Besides, we have the subformula node recursive matching, which is also used when a
given conclusion node c is unmatched at LC. Then, we shall check if c is a non-atomic node.
If so, we evoke a recursive call of the forward procedure and try to match the subformulas of
node c with respective nodes at LC. At bottom of Fig. 7.32, we present an example where links
∨-E and ∧-E are used.

As it follows, we see Algorithm 2, which describes the pseudo code for node matching
stage. And next we explain the procedures used in Node Matching algorithm.

• Forward matching procedure: The forward matching procedure has as input parameters:
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Algorithm Node-Matching
Input LH,LP,LC: lists of discharged assumptions, premisses and conclusions.
Output LN,LK,LRP,LRC: LN is a list of an adjacency lists of the graph which has the matched

nodes; LK has the corresponding links used in LN; LRP and LRC are the lists of
remaining premisses and conclusions.

1 n←has the size of LP {the size of lists LP and LC is already known}
2 m←has the size of LC
3 for i← 1 . . .n do
4 for j← 1 . . .m do
5 LN,LK ←forward-Matching (LH, LP[i], LC[j], LP, LC)
6 if thereIsMatching then
7 LRP,LRC←extractRemainingNodes (LN, LP, LC)
8 return LN,LK,LRP,LRC
9 end if

10 end for
11 end for
12 for j← 1 . . .m do
13 for i← 1 . . .n do
14 LN,LK ←backwards-Matching (LH, LP[i], LC[j], LP, LC)
15 if thereIsMatching then
16 LRP,LRC←extractRemainingNodes (LN, LP, LC)
17 return LN,LK,LRP,LRC
18 end if
19 end for
20 end for
end

Algorithm 2 Pseudo code for Node matching stage



192 CHAPTER 7 N-GRAPHS CYCLES: CLASSES, PROPERTIES AND NORMALIZATION

the list of hypotheses, a premiss, a conclusion, the list of premisses and the list of con-
clusions of proof-graph G. Specifically, the procedure has six main matching cases:

1. it checks if both: premiss and conclusion are identical;

2. checks if cycle conclusion is a > node, if so, then cycle premiss must be any node,
except a > node;

3. verifies if cycle premiss is Σ∧Θ;

4. it handles the case when p = Σ∨Θ;

5. the case when p = ¬Σ;

6. the case when p = Σ→Θ.

For the last four cases above we notice that three kinds of matchings can be used: firstly
we try the direct node matching, secondly the subformula node recursive inverse match-
ing is used towards a backwards node matching and thirdly the subformula node recursive
matching is used towards a forward node matching.

As it follows, in Algorithm 3 we present the pseudo code of Forward matching subpro-
cedure. But, notice that this is a simple pseudo code which only presents the main stages of
the subprocedure. Specifically, it shows the three kinds of matchings. Observe that this pseudo
code is indeed a subprocedure that is used by each one from the last four cases aforementioned.

In Fig. 7.33, we illustrate the general mechanism of the last three cases, which handle the
connectives: ∨, ¬ and→. In case (4) we must search for two conclusions (Σ, Θ) at LC, in case
(5) and case (6) we should search for one premiss at LP and one conclusion at LC.

As a matter of fact, the two procedures described in node matching stage (forward and back-
wards) are devised to execute matching and searching processes. Here we specifically analyze
the matching and searching of forward procedure when case (4) (p = Σ∨Θ) is matched. That
is, according to the matches, certain search mechanisms are evoked, i.e., forward, backward
and/or recursive search. The matching and searching process continues until it succeeds or it
does not succeed. If it succeeds, then the corresponding list of adjacency lists LN and list of
links lists LK are returned; otherwise empty lists are returned.

As a result, we illustrate the succeeded searches of forward procedure, when p = Σ∨Θ is
matched. We show the results via matched graphs.

At top left of Fig. 7.34 we show the matched graph 1, which represents a direct matching
when Σ and Θ are matched at LC. At top of Fig. 7.34 we have the graphs which correspond to
the use of subformula node recursive inverse matching. In graph 2 we see that Σ is matched
via a backwards search and Θ is directly matched, while in graph 3 we observe that both: Σ

and Θ are matched via backwards searches.
Furthermore, we bring at bottom of Fig. 7.34 the two matched graphs of subformula node

recursive matching. At bottom left of Fig. 7.34 we have the matched graph 4 where Σ is
directly matched and Θ is matched via a forward search. At bottom of Fig. 7.34 (in graph 5),
we show that both: Σ and Θ are forward recursively matched. Besides, we present the two
matched graphs where both mechanisms are used: subformula node recursive matching and
subformula node recursive inverse matching. At bottom of Fig. 7.34 (in graph 6) we show that
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Algorithm Forward-Matching
Input LH,LP[i],LC[ j],LP,LC.
Output LN,LK.

{First try direct matchings for Σ and Θ, which are subformulas from LP[i].}
1 LN,LK ←direct-Matching (LH, Σ, LC[j], LP, LC)
2 LN,LK ←direct-Matching (LH, Θ, LC[j], LP, LC)
3 if thereIsMatching then
4 return G′

5 else
6 if AreSubformulas then

{Check if Σ and/or Θ are subformulas from some formula of LC.}
7 LN,LK ←backwards-Matching (LH, Σ, LC[j], LP, LC)
8 LN,LK ←backwards-Matching (LH, Θ, LC[j], LP, LC)
9 if thereIsMatching then

10 return G′

11 else
12 if AreNonAtomic then

{Check if Σ and/or Θ are non atomic formulas.}
13 LN,LK ←forward-Matching (LH, Σ, LC[j], LP, LC)
14 LN,LK ←forward-Matching (LH, Θ, LC[j], LP, LC)
15 if thereIsMatching then
16 return G′

17 end if
18 end if
19 end if
20 end if
21 end if
end

Algorithm 3 Pseudo code for Forward matching algorithm
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Figure 7.33 Forward matching – general mechanism to handle: ∨, ¬ and→

Figure 7.34 Forward matching – matched graphs for direct and recursive matchings

Σ is matched via a backwards search, while Θ is matched via a forward search. Yet, in graph 7
we show that Σ is matched via two searches: a backwards plus a forward one. And Θ has also
the same two kinds of matching.

• backwards matching procedure: The backwards matching procedure has as input param-
eters: the list of hypotheses, a premiss, a conclusion, the list of premisses and the list of
conclusions of proof-graph G. Specifically, the procedure has six main matching cases:

1. it checks if both: cycle premiss and conclusion are identical nodes;

2. checks if cycle conclusion is a > node, if so, then cycle premiss must be any node,
except a > node;

3. it checks if cycle conclusion is Σ∨Θ;

4. it handles the case when c = Σ∧Θ;

5. the case when c = ¬Σ;

6. the case when c = Σ→Θ.
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Algorithm Build-Acyclic-Graph
Input LN,LK,LRP,LRC: the first element is a list of adjacency lists from matched nodes,

the second list has the links lists used in the graph given by LN and the last two lists
have the remaining premisses and conclusions.

Output G′: an acyclic graph.
1 if thereIsRemainingNode then
2 G′←join-Build-Graphs (LN, LK, LRP, LRC)
3 else
4 G′←Build-Graph (LN, LK)
5 end if
6 return G′

end

Algorithm 4 Pseudo code for Build acyclic graph stage

For the last four cases above we notice that three kinds of matchings can be used: firstly we
try the direct node matching, secondly the subformula node recursive inverse matching and
thirdly the subformula node recursive matching.

• Extract remaining nodes: The extract remaining nodes procedure has the following three
lists as input: LN, LP and LC. And the lists LRP and LRC as output. This procedure is
used only when N-Graphs cycles have multiple or branched structures. It is responsible
to extract from LP and LC the remaining nodes. That is, those nodes which have not been
matched and do not belong to LN (the list of matched nodes). Thus, LRP has the list of
remaining premisses and LRC the remaining conclusions.

7.7.2 3CA - Join and build acyclic graph

Above we have described the Node matching stage. Now, we present the Build acyclic graph
stage and its two procedures. The procedure Build-Graph is called in case the entrance/exit
structure of the N-Graph cycle is single. And join-Build-Graphs is called when en-
trance/exit structure is multiple or branched. Moreover, these procedures are responsible for
building the new proof-graph G, that is, transforming the cut cycle G into an acyclic proof-
graph. As it follows, we present the Algorithm 4 with the pseudo code for build acyclic graph
stage and next we further explain the two procedures from Algorithm 4.

• Build graph:

• input: lists LN and LK.

• output: G.

• description: this procedure is responsible to build an acyclic graph by means of using the list of adjacency
lists LN together with the list of links lists LK. In Fig. 7.35, we present two examples from the construction
of graphs.
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Figure 7.35 Build graph procedure - examples

• Join and build graphs:

• input: lists LN, LK, LRP and LRC.

• output: G.

• description: this procedure is done in two stages. The first stage is responsible for joining the nodes from
LRP and LRC with nodes from LN. And the second stage builds the respective acyclic graph with all nodes
obtained in first stage.

Now, we further explain join-Build-Graphs procedure, which has two stages: joining
nodes and building the new proof-graph. The lists LN and LK may have two parts, the first part
(E-part) has elimination links and the second part (I-part) has introduction links (one of these
parts may be empty). Note that the nodes from LRP and LRC are joined via structural links of
N-Graphs. And they must be placed between the first and second parts of LN and LK. This
order in the structure of proof-graph, i.e., E-part, structural part and I-part, must be respected in
order to not yield new cuts in proof-graph. If the structural links were placed before the E-part,
for example, a cut path (previously defined in Section 6.2) would arise. As a matter of fact, the
nodes from LRP and LRC are translated into new lists of LN and LK. Consequently, we should
join the original lists of LN and LK and also the newest lists of LN and LK, obtained from LRP
and LRC. This is done in order to yield the new proof-graph G by means of the second stage.

The nodes from LRP and LRC are connected via structural links and by means of this
structural framework a node α is propagated. The node α is the conclusion of E-part and it
must reach I-part or the conclusion, in case I-part is empty.

The nodes from LRP are translated via >-link and focussing-weakening link. Considering
a given node N1 from LRP, we generated a graph (shown at right of Fig. 7.36) from the list of
adjacency lists and the list of links lists (presented at left of Fig. 7.36).

Figure 7.36 Translation of nodes LRP
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Besides, the nodes from LRC are translated via ⊥-link and defocussing-weakening link.
Considering a given node N2 from LRC we generated a graph (shown at right of Fig. 7.37)
from the list of adjacency lists and the list of links lists (presented at left of Fig. 7.37).

Figure 7.37 Translation of nodes LRC

Figure 7.38 Joind and build acyclic graph procedure - example

Moreover, in Fig. 7.38, we bring a complete example of how all lists are joined in order to
build the acyclic graph. Notice that in this example LN has solely E-part, and node P is the α

node which must be propagated via structural links until reaching the conclusion.

7.7.3 3CA - Subcycle matching

Now, we present the last stage of 3CA algorithm, which is evoked by means of the procedure:
SubCycle-Matching. This procedure is evoked when the node matching stage does not
succeed in the search for matching nodes and links. That is, we have verified that G is a non
cut cycle. Nevertheless, we still have an alternative to determine that proof-graph G has at least
some redundant element in its internal structure, i.e., its subcycles. The SubCycle-Matching
procedure is only used when the N-Graph cycle is a recursive sequence or a recursive nested.

This procedure checks independently each subcycle from the (recursive) supercycle in order
to determine if some subcycle is a cut cycle. And every subcycle which is defined as a cut cycle
should be transformed into a subgraph that is acyclic.

The SubCycle matching algorithm (see Algorithm 5 for the pseudo code) evokes the
Node-Matching procedure for each subcycle from the (recursive) supercycle G, in order
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Algorithm SubCycle-Matching
Input G: where G is a recursive cycle.
Output G′: where G′ may still be a recursive cycle, or an acyclic graph.

1 if (cycleIsNotCrossedSequence) ∧ (cycleIsSequence ∨ CycleIsNested) then
2 sub←getSubCycle (G)
3 while thereIsSubCycle do
4 LH, LP, LC←extractLists (sub)
5 LN, LK, LRP, LRC←Node-Matching (LH, LP, LC)
6 if thereIsMatching then
7 G′←Build-Acyclic-Graph (LN, LK, LRP, LRC)
8 end if
9 G′←addSubCycle (sub)

10 sub←getSubCycle (G)
11 end while
12 return G′

13 end if
end

Algorithm 5 Pseudo code for subcycle matching stage

to verify if the corresponding subcycle is indeed a cut cycle. If so, then it still calls the
Build-Acyclic-Graph procedure to build the acyclic subgraph which shall replace the
redundant subcycle from G.

7.8 Computational Complexity

In order to establish the computational complexity of 3CA algorithm, we should define the
corresponding complexity for each one of the three stages: node matching, build acyclic graph
and subcycle matching. As it follows, we state the complexity of these stages by means of
specific lemmata.

Firstly, Lemma 7.4 defines the complexity from Algorithm 2 (previously presented).

Lemma 7.4 (Node matching complexity). Let n be the size of LP, m is the size of LC, c is the
number of binary connectives of a given formula Σ and u is the number of unary connectives
of Σ. Thus, the asymptotic upper bound of node matching is determined by the running time
of a nested for from lines: 10-18 (or lines: 19-27) which is O(n×m); multiplied by the
running time of forward-Matching (line: 12) (or backwards-Matching, line: 21) which is
O(2c+u)+O(n); plus the running time of executing once the extractRemainingNodes (line:
14 or 23) which is O(n+m). Summarizing the running time of node matching algorithm is
the following:

O(n×m)× (O(2c+u)+O(n))+O(n+m)
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Proof. To determine the complexity of Lemma 7.4 we shall inspect the elements from the al-
gorithm, where there are two nested for commands. Initially, we analyze the first nested for
(from line: 10 to: 18), where we notice that in the worst case there would be n×m itera-
tions (with lists LP and LC) in the search for a successful matching. With this, the procedure
forward-Matching (line: 12) would be evoked n×m times. Besides, the procedure extrac-
tRemainingNodes (line: 14) would be evoked exactly once, when a successful matching is
obtained.

In order to close the complexity from this first nested for, we must analyze the complexity
of steps 12 and 14.

The complexity from step 12 is recursively defined as follows:

• Basis case: F is atomic, thus: QSub(F) = 0, where QSub(F) is the amout of subformulas
of formula F ;

• Recursive case: in this case QSub(F) is given by the number of connectives from F . For
each binary connective there are two subformulas, while for each unary connective there
is one subformula. Therefore, if F has c binary connectives and u unary connectives,
then QSub(F) = 2c+u;

• Complexity of step 12: we should mention that in node matching two formulas can be
matched, one in LP and other in LC. However, in the worst case scenario we shall have
the matching for three formulas: two in LP, one in LC; or two in LC, one in LP; or
yet one in LP, one in LH and one in LC. So, considering that in LP or LC we have a
formula Π, the remaining two formulas that we should match are indeed subformulas
of Π, say Σ and Θ. As a result, there are for each iteration from the nested for (from
lines: 10-18) one call for the forward-Matching procedure, where inside this procedure
there are four additional calls: two for backwards-Matching and two (recursive) for
forward-Matching, as we have seen in Algorithm 3. Specifically, two calls are devised
for matching Σ and two for matching Θ. As we have defined above in the recursive case,
one call of forward-Matching or backwards-Matching has running time: O(2c+ u).
Consequently, we would have: O(2c+u)+O(2c+u)+O(2c+u)+O(2c+u), which is
equal to 4×O(2c+u) and can be simplied to: O(2c+u).

Moreover, at step 12 the forward-Matching procedure executes (in the worst case) three
additional searches in LP, LC or LH in order to match some formula. In Algorithm 3 at
line: 6 we have one of these additional searches, that is the condition: AreSubformulas
searches in some list LP, LC or LH the corresponding subformula from a given formula.
With this, we would have: O(n)+O(n)+O(n). And simplifying it we obtain: O(n).

As a consequence, the running time of step 12 is given by:

O(2c+u)+O(n)

In step 14, we have the extraction of remaining nodes from lists LP and LC. Thus, the
matched nodes from LN must be searched in both lists LP (it has size n) and LC (it has size m).
Consequently, the complexity of step 14 is the following:



200 CHAPTER 7 N-GRAPHS CYCLES: CLASSES, PROPERTIES AND NORMALIZATION

O(n+m)

Summarizing, the worst case scenario from this first nested for would be one where n×m
iterations would be executed until a successful matching is found at the very last positions from
lists LP and LC. As a consequence, the complexity of the first nested for is given by:

O(n×m)× (O(2c+u)+O(n))+O(n+m)

The complexity of the second nested for (from line: 19 to: 27) is equivalent to the com-
plexity of the first nested for. As a consequence, the complexity of Lemma 7.4 is given by
adding the running time of both nested for, but since their running times are equal we can
simplify it and obtain the following:

O(n×m)× (O(2c+u)+O(n))+O(n+m)

Secondly, Lemma 7.5 establishes the complexity from Algorithm 4 (previously presented).

Lemma 7.5 (Build acyclic graph complexity). Let G′ be an acyclic graph, v is the number of
vertices from G′ and e is the number of edges from G′. The asymptotic upper bound of build
acyclic graph algorithm corresponds to the construction of the new acyclic graph G′, which is
given by the number of vertices and edges of G′. With this, the running time of build acyclic
graph algorithm is:

O(v+ e)

Proof. In order to define the complexity of Lemma 7.5 we must determine the larger complex-
ity between if and else commands. Specifically, between the procedures: join-Build-Graphs
(line: 2) and Build-Graph (line: 4).

As we have seen, the Algorithm 4 uses a list of adjacency lists to represent graphs. Thus,
the complexity of steps 2 and 4 shall be determined by the number of vertices and edges of
the graph. In join-Build-Graphs procedure, we must take into account the construction of two
graphs: a logical graph obtained from node matching stage and a structural graph, which is
obtained by linking together the remaining nodes, i.e., those nodes from LP and LC that have
not been matched. With this, we determine the complexity of join-Build-Graphs as follows:

• The logical graph has Nop×2 as the number of vertices and also as the number of edges.

– Where Nop is the number of connectives from the biggest formula from LN. And
the biggest formula is that formula that has the biggest amount of connectives.

• The structural graph has Nrn× 3 as the number of vertices and also as the number of
edges.

– Where Nrn is the number of remaining nodes, i.e. those nodes from LP and LC that
have not been matched.
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Thus, we have:

O(v+ e)

• where

– v = Nop×2+Nrn×3

– e = Nop×2+Nrn×3

On the other hand, the complexity of Build-Graph procedure only takes into account the
construction of the logical graph. As a result, the complexity is obtained as follows:

O(v+ e) = (Nop×2+Nrn×3)

Consequently, the complexity of if command is larger than else complexity. And the
complexity of Lemma 7.5 is the following:

O(v+ e) = ((Nop×2+Nrn×3)+(Nop×2+Nrn×3))

Thirdly, Lemma 7.6 defines the complexity from Algorithm 5 (previously presented).

Lemma 7.6 (Subcycle matching complexity). Let k be the number of subcycles from the re-
cursive supercycle. Thus, the running time of subcycle matching algorithm is determined by
calling k times the procedures: extractLists (line: 4), Node-Matching (line: 5), Build-Acyclic-
Graph (line: 7), addSubCycle (line: 9) and getSubCycle (line: 10). This results in the following
asymptotic upper bound:

k×O(1)+O(n)+ [O(n×m)×O(2c+u)+O(n)+O(n+m)]+O(v+ e)

Proof. With the objective of defining the complexity of Lemma 7.6, we must inspect the com-
plexity of the following procedures: getSubCycle (lines: 2, 10), extractLists (line: 4), Node-
Matching (line: 5), Build-Acyclic-Graph (line: 7) and addSubCycle (line: 9).

In the worst case scenario these five procedures would be evoked k times, one for each
subcycle from the (recursive) supercycle.

• The procedures: getSubCycle and addSubCycle have complexity O(1), since they have
simple operations of obtaining and adding an element from (to) a list.

• The complexity of extractLists is O(n), since this procedure inspects a list of elements in
order to obtain the list of discharged assumptions, premisses and conclusions.

• The complexity of Node-Matching and Build-Acyclic-Graph has already been given in
Lemmata 7.4 and 7.5, respectively.

As a consequence, the complexity of Lemma 7.6 is the following:
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k×O(1)+O(n)+ [O(n×m)×O(2c+u)+O(n)+O(n+m)]+O(v+ e)

Having determined the Lemmata 7.4, 7.5 and 7.6, we now can establish the theorem for
3CA (previously presented in Algorithm 1).

Theorem 7.1 (3CA complexity). The 3CA asymptotic upper bound is determined by the Sub-
cycle matching algorithm (line: 6) running time. Because in this algorithm there are k calls to
Node matching (line: 1) and consequently also k calls to Build acyclic graph (line: 3) (where
k is the number of subcycles in the recursive supercycle). As a result, the running time of 3CA
is given by Lemma 7.6. That is,

k×O(1)+O(n)+ [O(n×m)×O(2c+u)+O(n)+O(n+m)]+O(v+ e)

Proof. Specifically the 3CA complexity is analyzed by the running time of Node matching
(line: 1). which has already been given in Lemma 7.4: O(n×m)×(O(2c+u)+O(n))+O(n+
m). Next, at line: 2 there is a condition which verifies if the node matching stage has been
successfully applied. The running time of this condition is O(1), since it only checks if G′ is
not empty. (Notice that it is enough to check only the first element of G′.) In case this condition
is satisfied, then Build acyclic graph (line: 3) is called. The running time of Build acyclic
graph was given by Lemma 7.5: O(v+e). Now, there is the else part from the first condition.
So, if there was not a matching, we still have a second condition. That is, check if the N-Graph
cycle is recursive. The running time of the second condition is O(1), since it only checks a flag
variable. In case the cycle is recursive (sequence or nested), then Subcycle matching (line:
6) is evoked. The running time of Subcycle matching algorithm has already been defined in
Lemma 7.6: k×O(1)+O(n)+ [O(n×m)×O(2c+ u)+O(n)+O(n+m)]+O(v+ e). As a
consequence, the complexity from the else part is larger than the if part. Therefore, the
running time of 3CA is the sum of Node matching and Subcycle matching complexities,
since the complexity of Node matching is part of the Subcycle matching complexity, we may
simplify the running time of 3CA and obtain the following:

k×O(1)+O(n)+ [O(n×m)×O(2c+u)+O(n)+O(n+m)]+O(v+ e)

7.9 Properties and examples

We present a set of examples, where the 3CA algorithm is applied to determine whether or not
a given N-Graph cycle is a cut cycle. Moreover, we extend the properties of preservation for
N-Graphs cycles. These properties have been previously defined for acyclic proof-graphs in
Subsection 6.5.1 (Chapter 6).

Examples: We describe four examples. In Section C.3 (Appendix C) we give some addi-
tional examples. In these examples, we show the N-Graphs cycles and the corresponding lists
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of premisses and conclusions (LP and LC). Then, if the N-Graph cycle is a cut cycle we obtain
the matched nodes (LN), the lists of remaining premisses and/or conclusions (LRP/LRC), if
they exist, and the matched nodes are part of the acyclic graph. At last, we transform the cut
cycle into a new (non-redundant) proof-graph. If the lists LRP and/or LRC exist, then the new
proof-graph is the result of joining the acyclic graph with matched nodes and the graph with
nodes obtained from lists LRP/LRC. Otherwise, the new proof-graph is simply given by the
acyclic graph with matched nodes. Furthermore, we have the case which handle supercycles
and subcycles (specifically sequence and nested recursive cycles), where we can transform only
some subcycles from a supercycle and not the whole supercycles.

In Fig. 7.39, we present an example where a forward strategy and a direct matching are
used to obtain an → -E link as the corresponding acyclic graph of matched nodes. We have
started the search for matched nodes at premiss node P→ Q. And this node has been directly
matched with nodes P (at LP) and Q (at LC). The next step is devised to join the remaining
node R with the acyclic graph of matched nodes in order to obtain the new proof-graph.

Next, Fig. 7.40 brings the application of a forward strategy and a subformula node re-
cursive matching. With this, we obtain an acyclic graph with matched nodes formed by the
following links: ∨-E and ∧-E. We have started to search for matched nodes at premiss node
(A∧B)∨ (C∧D). But, we have not matched its subformulas: A∧B and C∧D. However, we
observe that these subformula nodes are non-atomic. Therefore, we still can search for their
respective subformulas. Thus, we match node A∧B with conclusion node A and node C∧D
with conclusion node D. The last step is to join the remaining node Q with the acyclic graph of
matched nodes and obtain the new proof-graph.

Yet, in Fig. 7.41 we give an example where both: forward and backwards strategies are used
together with recursive matchings. We obtain an acyclic graph with matched nodes formed by
the following links: ∧-E and ∨-I. We have started to search for matched nodes at premiss
node A∧C (using a forward strategy). But, we have not matched its subformulas, neither node
A nor node C. Nonetheless, we notice A is subformula from conclusion node A∨B. As a
consequence, we now use a backwards strategy to match nodes A∨B and A. With this, we have
obtained the acyclic graph with matched nodes and we move to the last step, which is defined to
join the two remaining conclusion nodes: ⊥ and C∨C with matched nodes. Notice the acyclic
graph of matched nodes has two parts: an elimination part followed by an introduction part. As
a result, the remaining nodes of LRC should be placed among these two parts in order not to
uncover new cuts (specifically new cut paths).

Besides, we illustrate in Fig. 7.42 an example of a non-redundant cycle. Observe we have
used a backwards strategy in order to obtain an ∧-I link. However, we have matched only one
premiss of ∧-I link (the node P). Therefore, we have not obtained a list of matched nodes.

Properties of preservation: Previously in Chapter 6 (Subsection 6.5.1) we have been de-
fined the following properties: soundness preservation (see Property 6.1) and premisses and
conclusions preservation (see Property 6.2). These properties have been defined for the sets
of cut transformations: β cuts, ⊥:> cuts, permutative weakening cuts and permutative switch-
ing cuts. Now, we shall extend these properties for N-Graphs cycles. In order to obtain this
extension, we shall analyze three major cases. These three cases describe the general kinds of
transformations which may occur in an N-Graph cycle, according to 3CA algorithm.
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Figure 7.39 3CA algorithm – example with forward strategy and direct matching

The first case of transformation occurs when the N-Graph cycle has a single entrance/exit
structure (i.e., unbranched cycle). This sort of N-Graph cycle is transformed into a new proof-
graph, which has a single node or simple links. With this, we notice that this transformation
preserves the single premiss and conclusion from the redundant N-Graphs cycles. And it also
preserves the soundness, because the simple links used to build the new proof-graph are given
by (valid) N-Graphs links. We remark that the list of matched nodes (LN) obtained in node
matching stage is defined by an adjacency list. And with this, one can build a graph, which has
(valid) N-Graphs links. This mechanism defined in 3CA algorithm is crucial to guarantee that
when LN is obtained, it does represent a set of valid N-Graphs links. And consequently, we
obtain a sound proof-graph.

The second case of transformation deals with N-Graphs cycles which have multiple or
branched entrance/exit structure (i.e., crossed, branched cycle). This kind of N-Graph cycle is
transformed by means of two stages. One stage yields an acyclic graph with matched nodes
(LN). And the other stage generates a graph from those nodes which have not been matched
(i.e., nodes from LRP and/or LRC). Next, we should join these two graphs to obtain the new
proof-graph. As a result, the property of premisses/conclusions preservation is guaranteed,
because the second stage builds a graph which joins all remaining nodes that have not been used
in the first stage. Moreover, the second case also holds the soundness preservation property,
since both graphs are constructed with (valid) N-Graphs links. Indeed, the construction of such
graphs follow the same mechanism described above in the first case of transformations.

Furthermore, we have a case which handle recursive cycles. This case corresponds to the
last stage of 3CA, the so-called subcycle matching. Thus, the third case of transformation
occurs with recursive sequence and nested cycles. Here the supercycle (a sequence or a nested
cycle) has each one of its subcycles checked in order to determine if the respective subcycle is
a cut cycle. As a result, the new proof-graph may have two sorts of elements: subcycle graphs
and acyclic graphs. The subcycles represent those elements which are not cut cycles and have
not been changed; while the acyclic graphs have been obtained by transforming those subcy-
cles which have been determined as cut cycles. Notice that the mechanism used to transform
the subcycles into acyclic graphs is exactly the same used above in the first two cases. Con-
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Figure 7.40 3CA algorithm – example with forward strategy and subformula node recursive matching

sequently, the properties of premisses/conclusions preservation and soundness preservation are
guaranteed for the third case.

Finally, we conclude that soundness preservation and premisses/conclusions preservation
properties hold for those N-Graphs cycles which have been inspected by 3CA algorithm.

7.10 Summary

As we have seen throughout this Chapter the treatment of N-Graphs cycles is not a trivial task.
This occurs because it demands new definitions and different techniques in order to craftly
handle the N-Graph cycle structures and consequently define the normalization for N-Graphs
cycles. With this in mind, we have conceived three classes of N-Graphs cycles by means of def-
initions and a grammar: basic, crossed and recursive. Moreover, we have established a graphi-
cal framework, the so-called Visual cycle, with the objective of highlighting the graphical and
geometrical contents of N-Graphs cycles. Specifically, we have seen the use of Visual cycle in
the following N-Graph cycle properties: (i) analysis of crossed cycle grammar; (ii) transforma-
tions of crossed cycles into uncrossed cycles; (iii) soundness of sequences with crossed cycles
and crossed cycles with additional links; (iv) analysis of side sequence recursive cycle; and (v)
determination of subcycle and supercycles concepts. We emphasize that these N-Graph cycle
properties indeed have some tricky mechanisms. And with the use of Visual cycle we have
obtained a subtle framework to handle these features.

Furthermore, we note that the set of formal definitions for N-Graphs cycles has been used
to determine the classes, structures and types of N-Graphs cycles. With this, the 3CA algorithm
has been built. Notice the construction of this algorithm requires the extraction of frameworks
and structures of valid N-Graphs cycles.



206 CHAPTER 7 N-GRAPHS CYCLES: CLASSES, PROPERTIES AND NORMALIZATION

Figure 7.41 3CA algorithm example – forward and backwards strategies with recursive matchings

Figure 7.42 3CA algorithm – non-redundant cycle example

The 3CA algorithm is responsible for determining whether or not a given N-Graph cycle
is a cut cycle. The algorithm gives us a general solution to establish normalization for N-
Graphs cycles, since general transformations are conceived for N-Graphs cycles. With this, the
following abstract model is determined: given a proof-graph G (where G is an N-Graph cycle),
G is not changed in case G is a non-redundant N-Graph cycle. Or we obtain a new proof-graph
G′, in case G is a cut cycle, such that G∼= G′. The mechanism of 3CA is devised to search for
matched nodes and consequently determine the transformations of cut cycles. Specifically, we
highlight the following three main steps of 3CA algorithm:

1. Search through lists of premisses and conclusions (LP/LC) guided by forward and/or
backwards strategies;

2. Try to match nodes from LP/LC by means of the following three kinds of matchings:
direct node, subformula node recursive inverse matching or subformula node recursive
matching;

3. Transform those N-Graphs cycles which have been matched by using one of the three
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kinds of transformation described bellow.

The first kind of transformation handles single entrance/exit structure N-Graphs cycles,
where these N-Graphs cycles are transformed by means of single nodes or simple links. The
second kind determines transformations of multiple and/or branched entrance/exit structure N-
Graphs cycles, where these N-Graphs cycles are transformed into acyclic proof-graphs. The
third kind deals with recursive sequence and/or nested cycles, where the redundant subcycles
from supercycle are transformed into acyclic graphs. Observe that the first two kinds of trans-
formations generate a proof-graph which is an acyclic graph. The last transformation yields a
hybrid proof-graph, i.e. the proof-graph has acyclic graphs, but also may keep some N-Graphs
cycles from the original proof-graph.





CHAPTER 8

Normalization proof

This Chapter brings the normalization proof for N-Graphs. We shall demonstrate that the
set of cut transformations (given in Chapter 6) together with the 3CA algorithm (defined in
Chapter 7) are responsible for transforming a given redundant N-Graph into a non-redundant
N-Graph. The normalization proof is shown in Section 8.3. Before, we establish the concepts
and definitions necessary to build the proof through Sections 8.1 and 8.2. And we close this
Chapter by determining the properties of subformula and separation.

8.1 Cut, cut free N-Graph and normalization measure

Here we conceive a set of definitions which shall be used to guide the normalization proof. We
start by giving the notion of a redundant N-Graph, i.e., a cut N-Graph. Next, we determine
the so-called normalization measure, which establishes some measures according to the cut
structures (i.e., cut node, cut path, etc). These measures extract the different levels and kinds
of redundancy that a proof-graph may have. And we close the Section by stating the notion of
a normal N-Graph, i.e., a cut free N-Graph.

Generally speaking, the major goal of a normalization procedure is to transform a redundant
derivation into a non-redundant derivation. With this in mind, we state that our normalization
procedure is devised to transform a cut N-Graph into a cut free N-Graph by means of applying
a set of cut transformations in order to remove the cut structures. Thus, we need to define when
a proof-graph is indeed a cut N-Graph.

Definition 8.1 (Cut N-Graph). A given proof-graph G is said to be a cut N-Graph when G has
at least one of the following cut structures: cut node, cut path, cut cyclic path, cut hole and cut
cycle.

In Section 8.3, we shall construct the normalization proof for N-Graphs. This proof is
guided by the normalization measure. That is, the general mechanism from the proof deter-
mines that a given proof-graph G should be transformed into a non-redundant proof-graph by
means of applying reduction steps. And at each reduction step the normalization measure must
be decreased. The normalization measure corresponds to the levels and kinds of redundancies
which may exist in a cut N-Graph. In order to define the normalization measure, we firstly
establish three basic elements which indeed compound the normalization measure. The three
elements which are used to extract the measure of cut N-Graphs are the following: (i) cut
structure degree; (ii) amount of cut structure nodes and (iii) cut structure periphery.

Initially, we determine the degree for each cut structure. This basic element uses Def. 5.9
given in Section 5.1.

209
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Definition 8.2 (Cut structure degree). The degree for each cut structure is given as follows,
where we use notation d(C) to represent the cut structure degree of a given cut C.

• cut node: the cut node degree is determined by the formula degree which labels the cut
node and it is represented as: d(C) = d(cut node).

• cut path/cut cyclic path: the cut path (respectively, cut cyclic path) degree is given by
the degree from the node which is the cutting center of the introduction link or the cutting
center of the elimination link that belongs to the cut path (respectively, cut cyclic path).
This cut structure degree is represented by: d(C) = d(cutting center node). At left of
Fig. 8.1 we have a cut path which has its cutting center node given by d(P∧Q). And at
center of Fig. 8.1 we have a cut cyclic path which has its cutting center node given by
d(Q∧R).

• cut hole: the degree of the cut hole is zero. Thus, it is simply represented by: d(C) = 0.

• cut cycle: the cut cycle degree is established by the sum from the degrees of the following
sets: cycle premiss (CP), branch cycle premiss (BP), cycle conclusion (CC) and branch
cycle conclusion (BC) plus 1 as a penalty (considering the N-Graph cycle as a redundant
framework). Notice the sets BP and BC may be empty. The cut cycle degree is repre-
sented as follows: d(C) = d(CP)+d(BP)+d(CC)+d(BC)+1. At right of Fig. 8.1 we
have a cut cycle, where its degree is determined by: d(R)+d(P∧Q)+d(R)+d(Q)+1.

Figure 8.1 Examples: cut path, cut cyclic path and cut cycle

The second element from the measure is responsible for determining the number of nodes
from each cut structure.

Definition 8.3 (Amount of cut structure nodes). The amount of nodes from each cut structure
is determined as follows. Notice we use notation n(C) to represent the amount of nodes for a
given cut structure C.

• cut node: a cut node has a single node, n(C) = 1.
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• cut path: every cut path has a sequence of weakening structural links, (i.e. a structural
part), as shown in Def. 6.3. Specifically, this structural part starts at the cutting center
node of an introduction link and/or ends at the cutting center node of an elimination link.
With this, the cutting center node is propagated through the weakening structural links.
Therefore, the amount of nodes in a cut path is given by the number of cutting center
node copies which exist in the structural part. The amount is given by: n(C) = s, where
s≥ 2. In the aforementioned example, at left of Fig. 8.1, the amount of nodes is equal to
3, that is the three copies of node P∧Q.

• cut cyclic path: a cut cyclic path necessarily has an expansion or a contraction link.
Thus, the amount of nodes from a cut cyclic path is 3. That is, the three identical nodes
from the respective switching link of the cut cyclic path. The amount is represented as:
n(C) = 3. Consequently, in the example at right of Fig. 8.1, we have the amount equal to
3, that is the three copies of node Q∧R.

• cut hole: the amount of nodes in a cut hole is established by the number of nodes which
are placed inside the cut hole structure. The amount of a cut hole is given by: n(C) = h,
where h≥ 1.

• cut cycle: the amount of nodes in a cut cycle is defined by the number of elements
from the following sets: cycle nodes (CN), cycle premisses (CP), branch cycle premisses
(BP), cycle conclusions (CC) and branch cycle conclusions (BC). Thus, we have: n(C) =
n(CN)+n(CP)+n(BP)+n(CC)+n(BC). Respectively, in the aforementioned example
at right of Fig. 8.1, the amount of nodes is given as follows: 6+1+1+1+1.

The third basic measure element is a specific case defined for cut nodes and cut paths
which are placed in a cycle structure. We remark this cycle structure can not be a cut cycle.
The measure is called cut periphery.

Definition 8.4 (Cut periphery). Given a proof-graph G which has a cut node (or a cut path)
C, if C is placed in a cycle structure P, where P is not a cut cycle, then, we say that P is the
cut periphery of C, represented as: P(C) = 1. Otherwise, there is no cut periphery and it is
represented as: P(C) = 0.

In Fig. 8.2 we shown an example with a cut periphery. Notice the N-Graph cycle is not a cut
cycle, but we do have a cut node at P∧R. As a result, the N-Graph cycle is the cut periphery
of P∧R.

Having defined the three basic measure elements, we can establish the normalization mea-
sure.

Definition 8.5 (Normalization measure). The normalization measure is assigned by the fol-
lowing tuple:

normalization measure(G) := 〈P(C),MaxCut(C),NCuts(G)〉

where,
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Figure 8.2 Example with a cut periphery

• P(C): is the cut periphery of C, according to Def. 8.4.

• MaxCut(C): is the following pair:

MaxCut(C) := (d(C),n(C))

– d(C): is the degree of C, according to Def. 8.2.

– n(C): is the amount of nodes in C, according to Def. 8.3.

• NCuts(G): is the total number of cut structures in G.

We consider that a proof-graph G has been transformed into a new proof-graph G′, by
means of applying some cut transformations. Thus, we shall establish that normalization
measure(G′) := 〈P(C′),MaxCut(C′),NCuts(G′)〉 should be less than normalization measure(G) :=

〈P(C),MaxCut(C),NCuts(G)〉, respecting the following lexicographic order.

P(C′)< P(C)
or P(C′) = P(C) and d(C′)< d(C)

or P(C′) = P(C) and d(C′) = d(C) and n(C′)< n(C)
or P(C′) = P(C) and d(C′) = d(C) and n(C′) = n(C) and NCuts(G′)< NCuts(G)

Retaking the N-Graph from Fig. 8.2, we say that: normalization measure(G) := 〈1,(1,1),1〉.
That is, the N-Graph has a cut node which is placed in a cycle, therefore there is a cut periphery.
Moreover, the degree from the cut node is given by formula P∧R; the amount of nodes from
the cut node is 1; and the N-Graph has a single cut structure.

At last, we define the notion of a cut free N-Graph, or normal N-Graph.

Definition 8.6 (Cut free N-Graph). An N-Graph G is said to be a cut free N-Graph if G does
not have any of the following cut structures: cut node, cut path, cut cyclic path, cut hole and
cut cycle.
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8.2 Termination, confluence and cuts

In this Section, we discuss the properties of termination and confluence for N-Graphs normal-
ization. Additionally, we analyze the cuts in N-Graphs transformations.

8.2.1 Termination

Termination property states that the process of reduction for a given redundant derivation is
finite. This property is established for N-Graphs normalization, since the application of re-
duction strategies is necessarily finite and uncyclic. Finite because we show that every step
of a reduction strategy is responsible for decreasing the normalization measure from the cut
N-Graph, until it reaches zero and we obtain a cut free N-Graph. And uncyclic because every
N-Graph cut is applied in a single direction. Next, in Section 8.3 we give the normalization
proof and demonstrate how termination property is guaranteed for N-Graphs normalization.

8.2.2 Confluence and rewriting theory

Confluence property states that every derivation has a single normal form. Nevertheless, for
multiple conclusion proof systems, it is difficult to obtain a single normal form, because these
systems have more than one conclusion and use structural links. As a result, we have a cer-
tain flexibility when building derivations, which leads to different normal forms. Thus, for
N-Graphs we shall obtain a weak confluence property, since we show that the normalization
procedure do not converges to a single normal form. Moreover, for those reductions which do
not converge we shall build equivalence relations.

In order to analyze the reduction strategies, we use some concepts from rewriting theory. In
rewriting theory, we have a mechanism used to establish confluence property. This mechanism
is capable to deal with overlapped terms. Overlapped terms arise in a given derivation, when
the derivation has two rules with elements in common and two different terms are obtained for
this derivation. As a result, those derivations which have overlapped terms should be further
analyzed in order to guarantee that these different terms converge to the same normal form,
as we see at left of Fig. 8.3. Otherwise, the overlapped reductions may affect the confluence
property. As a matter of fact, when we have two overlapped terms which generate two different
reduction paths we say we have a critical pair.

Figure 8.3 Overlapped reductions: convergent and divergent

In rewriting theory, Knuth and Bendix [KB70] have defined the completion procedure.
Basically, this procedure is responsible for determining termination and confluence properties
for a rewriting system. Specifically, the confluence is given by the overlapping algorithm.
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This algorithm is widely used in rewriting theory (as mentioned in de Oliveira [dO95]). As it
follows, we describe the basic steps of overlapping algorithm, as given in de Oliveira [dO95].

• Given the initial set of reduction rules, the first stage of overlapping algorithm is defined
by the following steps:

1. For each overlapped term we obtain a critical pair;

2. Then we verify each critical pair: if it is convergent or divergent.

• If the critical pair is convergent, both reduction strategies lead to the same normal form,
as we see at left of Fig. 8.3. However, if the critical pair is divergent, the strategies have
distinct normal forms, as we see at right of Fig. 8.3.

• If every critical pair is convergent, then the algorithm halts and the system is said to be
confluent. But, if we have at least one divergent critical pair, then the algorithm executes
the next stage.

• In second stage, every divergent critical pair generates new reduction rules. Thus, the
initial set of rules is increased. According with to reduction illustrated at right of Fig. 8.3,
we would create a new rule from D3 to D4, or conversely. This might depend on a pre-
established order of the proof system.

• With this, we have obtained a new set of reduction rules. As a consequence, the first
stage is once more applied and we shall check if there is some divergent critical pair. If
so, once more we would create new rules, and so on. Until we obtain only convergent
critical pairs and the system is said to be confluent.

In de Oliveira [dO95], an additional remark is given considering the overlapping algorithm.
The algorithm can be defined as an infinite process. We can not assure that only convergent
critical pairs are obtained and consequently the algorithm halts. Instead, we may repeatedly
obtain divergent critical pairs. As a result, the algorithm would not halt.

8.2.3 Analysis of cuts in N-Graphs transformations

Here we analyze some special kinds of cuts and the mechanism of reduction paths by means of
a valid reduction strategy. In order to state the notion of valid reduction strategy we need the
following auxiliary concepts.

Definition 8.7 (Ci is above C j). Given a proof-graph G with two cuts, say Ci and C j. If there is
a path in G from Ci to C j, then we say that Ci is above C j.

Definition 8.8 (Set of maximal cuts). Given a set C , in an N-Graph G, where C = {C1, . . . ,Ck}
for k ≥ 1 and each Ci (1 ≤ i ≤ k) is a cut of G with a highest normalization measure value.
We say that M is a set of maximal cuts from C , where M ⊆ C , such that no other element of
C is above of any element of M .

Now we establish the so-called valid reduction strategy in N-Graphs normalization.
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Figure 8.4 Maximal cuts and cuts with the highest normalization measure

Definition 8.9 (Valid reduction strategy). A valid reduction strategy in a proof-graph G is de-
termined by:

• Choosing a maximal cut structure C of M (according to Def. 8.8):

– If |M |= 1, then we choose the unique maximal cut from set M , see illustration at
left of Fig. 8.4;

– Otherwise, we shall arbitrarily choose a given cut from M , see illustration at right
of Fig. 8.4.

• Applying the respective transformation of C;

• And checking if the normalization measure of G has been decreased.

We repeat this process until the normalization measure is reduced to zero and G becomes
a cut free N-Graph.

Before continuing with our analysis towards the cuts in N-Graphs transformations, we shall
trace the following considerations of Prawitz work.

Prawitz terminology and concepts used in normalization proof: In his seminal work
[Pra65], Prawitz uses the concept of side-connected formulas in order to reinforce the selec-
tion for a maximal formula F (in a derivation D) where F has the higher degree (or higher
normalization measure) of D.

Besides assuring that there is no formula above F in D, which has a higher degree than
F . Prawitz uses the side-connected terminology to guarantee that those formulas which are
side-connected to F do not have any formula above them with a higher degree than F . As it
follows we present the definitions given by Prawitz (see [Pra65], pages: 25, 26 and 40).

Definition 8.10 (Subtree). If A is a formula occurrence in the tree Π, the subtree of Π deter-
mined by A is the tree obtained from Π by removing all formula occurrences except A and the
ones above A.

Definition 8.11 (End-formula). The end-formula of Π is the formula occurrence is the formula
occurrence in Π that does not stand immediately above any formula occurrence in Π.
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Definition 8.12 (Side-connected). Let A be a formula occurrence in Π, let (Π1,Π2, . . . ,Πn/A)
be the subtree of Π determined by A, and let A1,A2, . . . ,An be the end-formulas of Π1,Π2, . . . ,Πn,
respectively. We then say that A1,A2, . . . ,An are the formula occurrences immediately above A
in Π in their order from left to right. We shall then also say that Ai is side-connected with
A j (i, j ≤ n).

In addition to this, we extract a part from Prawitz normalization proof, where the following
is given considering that Σ is a deduction in the proof system used by Prawitz.

Let F be a maximum formula in Σ such that there is no other maximum formula in Σ of
higher degree than that of F and such that maximum formulas in Σ that stand above a formula
occurrence side-connected with F (if any) have lower degrees than F.

Having state the terminology and concepts used in Prawitz normalization proof. We should
mention that our normalization mechanism it is also devised to capture Prawitz normalization
mechanism. Specifically, in terms of choosing those maximum formulas which are above all
the others. Prawitz used the notion of side-connected formulas, whereas we have used a set
of maximal cuts M (see Def. 8.8) in order to guarantee that if there is a cut c in a proof-graph
G which is placed above M , then c has a lower normalization measure than any maximal cut
of M . Furthermore, we emphasize that in N-Graphs every proof-graph is a connected graph.
Therefore, the elements of M are connected to each other likewise the formulas in Prawitz
terminology are side-connected.

We now move forth for analyzing the cut transformations. We start by inspecting two
special kinds of cuts which may arise in a reduction process: hidden and overlapped cuts.

The hidden cut is pictured out in Fig. 8.5 and defined as follows.

Figure 8.5 Hidden cut

Definition 8.13 (Hidden cut). Given a proof-graph G with a cut structure C and considering
we apply the corresponding transformation of C, we obtain a proof-graph G′ which is free of
C. Nonetheless, a new and unexpected cut structure C′ has been uncovered at G′. When this
occurs, we say C′ is a hidden cut of C.

In Fig. 8.6, we show two examples of hidden cuts. At top of Fig. 8.6, we remark that the cut
node is removed from the N-Graph and a cut path is uncovered, while, at bottom of Fig. 8.6,
the cut path is removed and a cut node is uncovered.

Still we present the overlapped cuts, see definition below.

Definition 8.14 (Overlapped cuts). Given a proof-graph G, which has two different cut struc-
tures: C1 and C2. If C1 and C2 have, at least, one node or link in common, then we say C1 and
C2 are overlapped cuts.
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Figure 8.6 Hidden cut: cut node↔ cut path

As one may wonder, the notion of overlapped cut resembles the notion of overlapped terms
aforementioned in Subsection 8.2.2. As a matter of fact, we use some techniques from rewriting
theory. Specifically, we use a procedure based on the overlapping algorithm. Consequently, we
still need to define the notion of critical pairs for N-Graphs normalization in order to obtain a
procedure capable to determine which transformations lead to convergent critical pairs (see left
of Fig. 8.7) and which ones lead to divergent critical pairs (see right of Fig. 8.7).

Definition 8.15 (Critical pair). If there is a proof-graph G with two overlapped cuts: C1 and C2,
where these two cuts have the same normalization measure and one can draw two different valid
reduction strategies: one starting at C1 and other at C2. Then, we say that C1 and C2 conceive a
critical pair.

Figure 8.7 Overlapped cuts

Here, we are especially interested on the kind of overlapped cut, which generates critical
pairs. Because, we need to identify the convergent and divergent critical pairs. Nonetheless,
there also overlapped cuts which do not yield critical pairs, they are shown in Appendix D.
Notice that these overlapped cuts do not generate critical pairs, since the valid reduction strategy
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solves the overlapping itself. Recalling that two overlapped cuts, which do not generate critical
pairs, have different normalization measures. And that there are two reduction paths which can
be followed. Thus, the reduction strategy can determine which path is indeed the unique valid
reduction strategy, and which one can be discharged.

In Fig. 8.8, we present an example of overlapped cuts which yields a critical pair. In Ap-
pendix D, we still present some additional examples. Notice that the overlapped cuts have the
same normalization measure:= 〈0,(1,2),2〉. With this, there are two maximum cuts in the
proof-graph, since the cuts are overlapped, we can not determine which cut is above the other.
As a result, there is not a single valid reduction strategy. Instead, there are two different valid
reduction strategies. At top of Fig. 8.8 we see the first reduction strategy, where Weak-foc-E∧
and β -∧ cuts are applied, while, at bottom of Fig. 8.8, we see the second reduction strategy,
where Weak-foc-I∧ and β -∧ cuts are applied in order to obtain the cut free N-Graph.

Figure 8.8 Overlapped cuts – example

We observe that the reductions strategies shown in Fig. 8.8 lead to two different cut free
N-Graphs, which indeed yield a divergent critical pair. With this, we should define an equiv-
alence relation among N-Graphs in order to assure that every divergent critical pair has two
equivalent proof-graphs. By means of establishing the equivalence relations, we guarantee
the weak confluence property in our normalization procedure. As it follows, we formalize the
notion of equivalence relation (represented by ∼=) used in N-Graphs normalization.

Definition 8.16 (Equivalence relation for cut free N-Graphs). Let NG be the set of N-Graphs.
The binary relation ∼= on NG is called equivalence relation for cut free N-Graphs iff ∼= is the
reflexive, symmetric and transitive closure of the binary relation defined from the pairs of N-
Graphs shown in Figs. 8.9, 8.10, 8.13, D.8 and D.11. Fig. 8.9 shows the equivalence obtained
for β ->∧ cut rule application (previously presented in Fig. B.4). Fig. 8.10 corresponds to the
example previously shown in Fig. 8.8, Fig. 8.13 shall be presented next in normalization proof
(see Section 8.3). And Figs. D.8 and D.11 correspond to the examples presented, respectively,
in Figs. D.7 and D.10 (see Appendix D).
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We must emphasize that we have applied the algorithm of Knuth and Bendix in order to
obtain those pairs of N-Graphs which yield the divergent critical pairs. It should be mentioned
that we have not created any additional cut rule by applying the algorithm. Because each pair
has proof-graphs with the same measure, i.e., the normalization measure from the proof-graphs
is zero, since the N-Graphs are cut free. As a consequence, the set of N-Graphs pairs cited in
Def. 8.16 is enough to assure the property of equivalence relation.

Figure 8.9 Equivalence relation between N-Graphs (corresponds to Fig. B.4)

By means of determining the equivalence relation between N-Graphs, we shall obtain two
classes of equivalences. The one obtained from the overlapped cuts between cut paths, as
presented in Figs. 8.8 and D.7. And the class generated from the overlapped cuts between cut
cyclic paths, as shown in Figs. 8.12 and D.10.

Figure 8.10 Equivalence relation between N-Graphs (corresponds to Fig. 8.8)

8.3 The normalization proof for N-Graphs

In Sections 8.1 and 8.2 we have described the elements which shall guide our normalization
proof for N-Graphs. Generally speaking, our normalization proof must demonstrate that every
reduction strategy constructed in N-Graphs normalization is finite, weak confluent and has its
normalization measure decreased in each reduction step.

Theorem 8.1 (Normalization). Every cut N-Graph G can be transformed into a cut free N-
Graph G′, where the set PREM(G′) is equivalent (or quasi equivalent) to the set PREM(G) (as
determined in Property 6.2) and the set CONC(G′) is equivalent to the set CONC(G).

Proof. The normalization proof shall guarantee the three following properties: preservation
of premisses and conclusions, termination and weak confluence. Moreover, the normalization
proof should demonstrate that every reduction strategy built in the normalization procedure is,
in fact, a valid reduction strategy.
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The preservation property is granted by Proposition 6.2, which has been defined in Sec-
tion 6.5 for cut transformations and extended for N-Graphs cycles in Subsection 7.9. Proposi-
tion 6.2 shows the preservation of premisses and conclusions during normalization procedure.
Considering that in four cut rules (previously shown in Figures B.4 and B.5) the set of premisses
suffers a small change which leads us to obtain quasi equivalent sets of premisses.

Termination property is guaranteed, because every valid reduction strategy is necessarily
a finite and uncyclic process. We remark that every N-Graph cut transformation is applied in
a single direction in such a way that normalization measure is always decreased. Therefore,
a infinite and cyclic normalization process is avoided. Besides, every valid reduction strategy
halts when the cut N-Graph is transformed into a cut free N-Graph.

As we have aforementioned in Subsection 8.2.2, a confluence property is obtained by means
of analyzing the overlapped cuts that yield critical pairs. Later in this Subsection, we shall ex-
emplify this analysis and determine the weak confluence property for N-Graphs normalization.
We emphasize that we obtain a weak version of this property, since some overlapped cuts gen-
erate divergent critical pairs.

The general mechanism of normalization procedure for N-Graphs demonstrates that we
obtain only valid reduction strategies for a given cut N-Graph G. The mechanism, previously
given in Def. 8.9, states that one should start by choosing a maximal cut structure from the set
M (see Def. 8.8).

We know the selected maximal cut is above all the other cuts of C (see Def. 8.8), in case
|M | = 1; or yet, it has been freely selected from M , in case we could have not determined
a unique cut that is above all the others (cuts of M ), but instead we have obtained a subset
with more than one maximal cut from M . Next, we apply a cut transformation or the 3CA
algorithm. With this, we realize that normalization measure of G has been decreased. This
procedure continues until we have obtained a cut free N-Graph G′ for G. In order to assure that
our normalization procedure always generates valid reduction strategies, we shall inspect the
cut transformations and 3CA algorithm, as it follows.

Considering a cut N-Graph G which is immediately transformed into a cut free N-Graph
G′ or in a cut N-Graph G′′ (where normalization measure(G′′) is less than normalization
measure(G)) by means of the following transformations:

1. logical-β or structural-β : the cut node of G is removed;

2. permutative weakening cuts: the cut path of G is removed or decreased;

3. permutative switching cuts: the cut cyclic path of G is removed or decreased;

4. ⊥:> or extended ⊥:> cuts: the cut hole of G is removed;

5. 3CA algorithm: the cut cycle of G is removed.

Observe that the last item above is guarantee by means of using Def. 7.20 (see Section 7.7),
where we determine that an N-Graph cut cycle is always removed from the cut N-Graph. In
addition to this, we should further analyze the cuts in N-Graphs transformations. Firstly, we an-
alyze (by means of examples) the case where a hidden cut arises in transformation. In Fig. 8.6,
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we have shown an example. And now, in Fig. 8.11, an additional example is presented (in Ap-
pendix D the full set of hidden cuts is illustrated). In this example there is a cut N-Graph, which
has a cut node at P∧R. But, we realize that this cut node is placed in a cycle structure. As a re-
sult, this cut node has a cut periphery. Thus, we obtain normalization measure:= 〈1,(1,1),1〉.
Next, we remove the cut node and a hidden cut arises in proof-graph, i.e., a cut cycle. There-
fore, the new measure is given by: 〈0,(4,5),1〉. At last, the 3CA algorithm is applied and we
obtain a cut free N-Graph.

Figure 8.11 Hidden cut example

Secondly, we retake the notions given in Definitions 8.9 and 8.14 in order to closely inspect
additional cases of cut applications and their respective reduction paths.

• Given two cuts, Ci and C j:

– If Ci and C j are said to be overlapped cuts, then we do have two valid reduction
strategies: one starting at Ci and another starting at C j;

• Or obtaining the set M from C :

1. If |M | = 1, i.e., there is a unique maximal cut which is said to be above all other
cuts from C . Then, we have a single valid reduction strategy;

2. Otherwise, set M has n maximal cuts and we do have n possible reduction paths.

Yet we give an example (see Fig. 8.12) with an overlapped cut between two cut cyclic
paths, where normalization measure:= 〈0,(1,3),2〉. In both (valid) reduction strategies there
are permutative switching cut applications, followed by some logical-β cut rule applications
and the respective cut free N-Graphs are generated. In this example, a divergent critical pair is
obtained. Thus, we use the notion of equivalence relation (given in Def. 8.16) in order to assure
the weak confluence property for N-Graphs normalization, see Fig. 8.13. This last example
concludes the normalization proof.



222 CHAPTER 8 NORMALIZATION PROOF

Figure 8.12 Overlapped cuts – example

8.4 Subformula and separation properties

This last Section brings two results obtained from N-Graphs normalization: subformula and
separation properties. In order to determine these properties, we shall define the structure
of cut free N-Graphs. Before establishing this structure we still need to give some auxiliary
definitions. Notice the structure of cut free N-Graphs is responsible for extracting the general
frameworks of cut free proof-graphs. And this is one of the keystones from the proof of sub-
formula property. The definitions throughout this Section are mainly based on Cellucci’s work
[Cel92].

Definition 8.17 (Node successors). Given a node δ which belongs to PREM(G), the successors
of δ are defined as follows:

Figure 8.13 Equivalence relation between N-Graphs (corresponds to Fig. 8.12)
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1. If δ is the ⊥ node of a ⊥-link, then a given node A which is the conclusion of ⊥-link is
a successor of δ ;

2. If δ is a given node A which is the premiss of a >-link, then the > node which is the
conclusion of >-link is a successor of δ ;

3. If δ is one of the two premisses of a contraction or a focussing-weakening link, then a
node A which is the conclusion of contraction or focussing-weakening link is a successor
of δ ;

4. If δ is the premiss of an expansion or a defocussing-weakening link, then the two given
nodes A and B which are the conclusions of expansion or defocussing-weakening link
are successors of δ ;

5. If δ is a given node A (or a > node in case of ¬-I link) which is a premiss of a logical
introduction link (or one of the premisses in case of ∧-I link). Then the cutting center
node (and the cutting periphery node in case of ¬-I link) which is the conclusion(s) of
introduction link is a successor of δ ;

6. If δ is the cutting center node (or the cutting periphery node in case of ¬-E and →-E
links) of a logical elimination link, then a given node A (or a ⊥ node in case of ¬-E
link) which is the conclusion of elimination link is a successor of δ . Notice that if the
elimination link is ∨-E, then we have two successors of δ .

Definition 8.18 (Tracks). A given cut free N-Graph G has some tracks, where a track of G is a
sequence Θ = γ1, . . . ,γn of nodes such that:

1. γ1 is one of following:

(a) any given node which belongs to PREM(G);

(b) or a ⊥ or a > node, where they both do not belong to PREM(G).

2. γi+1 for 1≤ i < n is a successor of γi;

3. γn is one of following:

(a) any given node which belongs to CONC(G);

(b) or a ⊥ node or a > node, where they both do not belong to CONC(G).

If γ1 satisfies condition 1.(a) and γn satisfies condition 3.(a), then Θ is a full track. Otherwise,
Θ is simply called a track.

In Fig. 8.14, we show two examples of cut free N-Graphs to illustrate the use of tracks. We
remark that we use the framework of Visual cycle slightly changed to highlight the ⊥ and >
constants, which are represented by square boxes. At left of Fig. 8.14, we have two full tracks:
1−2−3 and 11−10−9 and four tracks: 1−2−4; 4−5−6; 8−7−6 and 11−10−8. And
at right of Fig. 8.14, we have two full tracks: 1−2−3−5 and 1−2−4−5.

Now we establish the structure of cut free N-Graphs theorem.
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Figure 8.14 Examples with tracks

Theorem 8.2 (Structure of cut free N-Graphs). Given a cut free N-Graph G which has a set of
tracks. Each track of G is divided into three parts, where any part may be empty.

1. E-part: the elimination part has links with an E-flavour.

2. S-part: the structural part has only structural links.

3. I-part: the introduction part has links with an I-flavour.

Recalling that E-flavour and I-flavour terms have been aforementioned in Section 6.1.

Proof. The proof is done by contraction based on Cellucci’s work [Cel92]. Considering G is
a cut free N-Graph, we know that every track must have the following cut free structures: E-
flavour element followed by I-flavour element; E-flavour plus structural links; structural links
plus I-flavour; cycles free of matched CP/CC nodes and structures free of matched premisses/con-
clusions nodes, when these nodes are represented by ⊥/> elements.

But let us suppose that G does not have such normal structures. Instead, G would have the
following structures:

• I-flavour element followed by E-flavour;

• Structural link followed by E-flavour;

• I-flavour followed by structural link;

• Cycles with matched CP/CC nodes;

• Structures with matched premisses/conclusions nodes, when these nodes are represented
by ⊥/> elements.

Where these structures are respectively defined as cut node, cut path, cut cyclic path, cut
cycle and cut hole. Consequently, we would obtain a cut N-Graph. And this contradicts the
hypothesis that G is a cut free N-Graph.

As it follows, the subformula and separation properties are established. Before defining
these properties we determine the following auxiliary concepts:



8.4 SUBFORMULA AND SEPARATION PROPERTIES 225

Definition 8.19 (Checkable nodes). If ⊥ is simply a node of G, that is it does not belong to
PREM(G) or CONC(G); and if > belongs to PREM(G) or CONC(G). Then, ⊥ and > are said to
be checkable nodes.

Definition 8.20 (Uncheckable nodes). If ⊥ belongs to PREM(G) or CONC(G); and > is simply
a node of G, that is it does not belong to PREM(G) or CONC(G). Then, ⊥ and > are said to be
uncheckable nodes.

Theorem 8.3 (Subformula property). Let G be a cut free N-Graph with the sets PREM(G) and
CONC(G). Then each node of G is a subformula of some node of PREM(G) or CONC(G).

Proof. The proof is guided by the concepts previously given of node successor, track and
structure of cut free N-Graphs. Roughly speaking, we analyze where and how the nodes are
placed in a cut free proof-graph in terms of determining the subformula property.

As we know, G has a set of tracks, where we shall inspect every track of G in order to
demonstrate the property. Initially, we analyze two basic cases, where subformula property
holds for a given node γ (γ represents any node: A,B,C, . . . ,⊥,>). Firstly, in case G has a full
track, node γ should be either placed in the beginning or the end of the full track; or if G has
a track, γ should be either in the beginning or the end of the track, as long as the beginning
corresponds to PREM(G) or end corresponds to CONC(G). Secondly, in case node γ is placed
in a full track or a track, where γ is a subformula of a node γ ′, since γ and γ ′ are identical nodes
and γ ′ belongs to PREM(G) or CONC(G). Then, γ also holds subformula property.

Next, we should determine the roles played by ⊥/> operators in subformula property. Re-
calling that we shall check if a given node is subformula of a node which is in PREM(G) or
CONC(G). Defining that: (i) ⊥ is subformula of any given node γ; and (ii) any given node γ

is subformula of >. And together with the aforementioned definitions of checkable nodes and
uncheckable nodes (given in Definitions 8.19 and 8.20, respectively). We say that checkable
nodes can be used to determine if a given node is subformula of another node, while uncheck-
able nodes can not be used for such operation. Nonetheless, uncheckable nodes are defined to
properly hold subformula property.

In Fig. 8.15, we show some examples of cut free N-Graphs augmented with a graphical
framework representation that illustrates the checkable and uncheckable nodes, which are,
respectively, represented as filled and blank square boxes. Note that in G1,⊥ is an uncheckable
node, thus one can not check if A or C is subformula of⊥. But, in G2 we have⊥ as a checkable
node, then ⊥ is subformula of A, ¬A and A∧C. Now, in G3 we have > as an uncheckable
node, thus one can not check if A or ¬A is subformula of >. Yet, in G4 and G5 we have both
checkable and uncheckable nodes. Thus, we can say that nodes A and ¬A are subformulas of
(the checkable) > node and also of ¬A∧A.

Every track may have the three parts: E-part, S-part and I-part. Bellow, we inspect four
general cases cases considering the parts of a cut free N-Graph.

1. Considering a given node γi+1 (i ≥ 0) placed at E-part of G. Then γi+1 belongs to
PREM(G) or it is a subformula of a given node γi+2 (γi+1 is a successor of γi+2), where
γi+2 belongs to PREM(G), or it is a subformula of a given node γi+3 (γi+2 is a successor
of γi+3), where γi+3 belongs to PREM(G), or . . . ; and so on, until a node γi+l (l is the
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Figure 8.15 Examples with checkable and uncheckable nodes and roles of ⊥ and >

index of a premiss of G) is found. This search always succeeds because E-part only has
E-flavour links.

2. Considering a given node γi placed at S-part of G. Then γi belongs to PREM(G), in case
the E-part is empty; or γi is propagated via structural links until reaching the E-part.
Then, we proceed like in case 1 described above.

3. Considering a given node γi−1 placed at I-part of G. Then γi−1 belongs to CONC(G) or
it is a subformula of a given node γi−2 (γi−2 is a successor of γi−1), where γi−2 belongs
to CONC(G), or it is a subformula of a given node γi−3 (γi−3 is a successor of γi−2),
where γi−3 belongs to CONC(G), or . . . ; and so on, until a node γi− j ( j is the index of
a conclusion of G) is found. This search always succeeds because the I-part only has
I-flavour links.

4. Considering a given node γi placed at S-part of G. Then γi belongs to CONC(G), in case
the I-part is empty; or γi is propagated via structural links until reaching the I-part. Then,
we proceed like in case 3 described above.

Figure 8.16 Subformula property - general schema
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Fig. 8.16 illustrates the general schema from the four cases described above. Moreover, as
it follows we analyze three specific cases.

• a. Considering that G has a logical link k, and k has a cutting center node c. Then in
order to check if node c admits subformula property we shall use one of the cases (1-4)
described above.

• b. Considering that G has the same logical link k, and k has a cutting periphery node p.
As we know, node p is a subformula of node c, then we shall proceed like in case a.

• c. Considering that G has a structural link s, then s may have a ⊥/> node or a given
node t, where t is propagated via structural links in such a way that case 2 or 4 previously
presented holds.

Corollary 8.1 (separation property). In a cut free N-Graph G, all inferences are obtained
by logical or structural links for the logical connectives presented in the sets PREM(G) and
CONC(G) of G.

The proof follows immediately from previous Theorem 8.3.

8.4.1 Cycle structures and subformula property

As we have seen throughout this work, cycle structures are not easy to be handle. According to
this, we have defined specific elements to deal with N-Graphs cycles and also an algorithm to
normalize redundant N-Graphs cycles. As a consequence, we shall take a close look into cycle
structures in terms of subformula property.

Previously, at right of Fig. 8.14, we have shown a cycle structure and its respective tracks.
Notice this N-Graph cycle has exactly the three parts of the structure of cut free N-Graphs (as
given in Def. 8.2). Next, in Fig. 8.17 we present two cycle structures. Observe they have similar
structures, i.e. a S-part followed by an E-part and identical links: an expansion link followed
by two ∧-E links. However, they have a striking difference. The N-Graph cycle shown at left
is a cut free N-Graph, whereas the N-Graph cycle at right has a cut cyclic path (since both ∧-E
links have the same conclusion, node P). With this, the N-Graph cycle at right is transformed
into a new (cut free) proof-graph, which has exactly the structure of a cut free N-Graph.

The N-Graph cycle shown at left of Fig. 8.17 does not have the structure of a cut free N-
Graph. But notice that this does not affect subformula property. Observe we have three tracks.
And at the following tracks: 1− 2− 4− 6 and 1− 3− 5− 6 we realize that every node is
subformula from the premiss node (P∧¬P). Besides, at the track: 6− 7 we simply have the
conclusion node (A∧B) itself.
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Figure 8.17 Cycles and subformula property - examples



CHAPTER 9

Conclusion

As we have aforementioned in Chapter 1, our proposal is mainly motivated to fulfill two gaps.
The first one is the lack of a normalization procedure defined for a multiple conclusion classical
ND calculus where an abstract graphical framework is used to guide normalization process. We
have seen some graphical and topological frameworks, like Statman’s, Blute and colleagues,
Alessio-Gundersen’s, Yetter’s and Fleury’s works. But we have not seen an abstract graphical
framework which is used to give an interpretation of normalization transformations in a multiple
conclusion classical ND calculus. The second gap brings the lack of a thorough treatment of
cycle structures. We have seen the use of cycles in Statman’s, Melliès’, Alessio-Gundersen’s
and Blute and colleagues works. However, we have not seen a mechanism where cycles are
handled not only for soundness, but also for normalization purposes. With this in mind, we
have tackled the major goal of our proposal: the construction of a normalization procedure for
N-Graphs.

In addition to this, we have done an the investigation of topological frameworks in order
to extract proof-theoretic properties. Through this investigation we have described topological
graph theory concepts, as well as topological approaches for different proof systems given by
Statman, Fleury, Yetter and Melliès (see Part I). We remark that such investigation was a
difficult task to be accomplished, because it has been necessary to study topological concepts,
like surfaces, embeddings, etc. Together with topological approaches, which are used to trace
correspondences between topology and proof-theoretic properties. And we emphasize that such
connections are not given at first glance. Specially, we mention Statman’s work which uses an
unusual notation to describe abstract concepts of topology and proof-theory.

As a consequence, we cite our main contributions in terms of the topological investiga-
tions: (i) the study of properties like soundness and normalization by means of topological
frameworks; (ii) the comprehension of Statman’s and Blute et al. normalization mechanisms;
and (iii) the development of forthcoming ideas towards the use of topological frameworks for
N-Graphs normalization(which are given next in Section 9.1).

(i) study of Statman’s pioneer work; and (ii) investigation of extraction from proof-theoretic
properties via topological frameworks, e.g., soundness and normalization reductions.

The normalization procedure for the full set of N-Graphs operators has been built in two
stages. The first one handles general proof-graphs, i.e., acyclic graphs and some specific N-
Graphs cycles. And the second stage is specifically constructed to give a thorough treatment
of N-Graphs cycles. With this, we have constructed four sets of cut transformations (or cut
rules): β ,⊥:>, permutative weakening and permutative switching cuts; together with a specific
algorithm (named 3CA) designed to determine whether or not a given N-Graph cycle has a
detour.

229
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We highlight that our normalization procedure is defined for N-Graphs, which is a multiple
conclusion system. A multiple conclusion system is a sort of an extension of a single conclusion
system, where new and different elements must be defined. As a consequence, when one wants
to build a multiple conclusion system, the following elements may be used: (i)> constant to be
symmetrical with ⊥; (ii) structural rules, like weakening, contraction; and (iii) define rules like
∨-E (see in Fig. 5.2 the N-Graphs links), which have two conclusions. By using these elements,
a multiple conclusion calculus may allow cycle structures, as we have seen in N-Graphs.

The use of such elements gives a certain degree of flexibility to build different derivations
and also normalization reductions. In N-Graphs, for example, the structural rules have a key
role of building the sets of transformations and also the 3CA algorithm; cycle structures are use-
ful to yield subtle proof-graphs like any diamond cycle, which is defined as a non-redundant
N-Graph; and simple reductions have been used to handle the logical role of⊥ and> constants
(see the structural-β transformations in Figs. B.3 and B.4). This specially, when comparing
to the proper ⊥C reductions defined for single conclusion ND calculus (presented in Subsec-
tion 4.2.1).

However, the use of these multiple conclusion elements brings some difficulties when nor-
malization should be defined. In N-Graphs, we need to handle the different roles that ⊥/>
can play, i.e., the role of a structural and a logical operator. Besides, the flexibility given by
structural rules indeed results in a weak confluence property, because for a given cut N-Graph
we can build two different cut free N-Graphs which are not convergent, but only equivalent (as
described in 8.2). Moreover, we mention that the treatment of cycle structures presents the
following difficulties: definition of β -→ transformation, which has lead to a specific analysis
of this reduction in Section 6.5; establishment of permutative switching transformations, where
these transformations give a first taste of operations on N-Graphs cycles; need for formal def-
initions, grammar and classification; demand for a specific soundness criterion to cope with
N-Graphs cycles like the sequence of crossed cycles; and the creation of a specific algorithm to
check for redundant N-Graphs cycles.

In Chapter 4, we have presented normalization mechanisms towards classical ND logic.
With this, we have collected some definitions and techniques which indeed have inspired some
developments of our normalization for N-Graphs and also may inspire some further develop-
ments. As it follows, we cite these definitions and techniques.

• From Prawitz work:

– The general idea of building a normalization proof for a classical ND logic, as men-
tioned in Subsection 4.2.2.

• From Statman’s work:

– The terminology suggested by Statman in the end of Subsection 4.4.3: cut free,
cutting center and cutting periphery;

– The subformula property defined via a graphical schema.

• From Ungar’s work:



CHAPTER 9 CONCLUSION 231

– In Subsection 4.5.2 we have mentioned the “conservative” aspect of proper ∧ re-
duction, where derivation is not over cut. We have employed the same technique in
all β cuts;

– The set of thinning with permutation reductions (shown in Table 4.32) has been
useful, because it is similar to our permutative transformations.

• From Cellucci’s work:

– The W ∧-reduction (see Table 4.35) shows a structural inference assuming a logical
role. This reduction is similar to structural-β for ⊥, which has been presented in
Fig. B.3;

– Cellucci’s normalization proof and also subformula property proof have somehow
inspired our weak normalization proof and subformula property proof, respectively.

• From Blute and colleagues work:

– Blute et al. have used elements like ⊥/> operators and cycle structures, which in
fact are also used in normalization for N-Graphs;

– When surgical rules are given, the authors define the hidden cost embedded in surgi-
cal rules, i.e., after applying a surgical rule one needs to determine if the new graph
is indeed a valid proof-net. In N-Graphs, we also use this hidden cost measure
in order to establish Property 6.1 (Soundness preservation). Specially for cycles,
since after applying 3CA algorithm it is necessary to check if the new proof-graph
is indeed a sound proof-graph. This has been described in Subsection 7.9.

Furthermore, we remark that our normalization for N-Graphs brings the following main
contributions:

1. Normalization for the full set of N-Graphs operators (∧, ∨, ¬,→, ⊥, >);

2. Cut transformations capable to handle the different roles of ⊥/>;

3. Thorough treatment of N-Graphs cycles, where we specifically highlight:

(a) definition of N-Graphs cycles formal concepts;

(b) creation of a grammar;

(c) settle of the (valid) classes of N-Graphs cycles;

(d) establishment of specific soundness criterion for N-Graphs cycles like sequence of
crossed cycles;

(e) analysis of additional properties in the side sequence cycles and also recursive cy-
cles;

(f) transformation of crossed cycles into uncrossed cycles;
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(g) and definition of a specific algorithm to determine whether or not a given N-Graph
cycle is redundant.

4. Determination of the computation complexity of the normalization algorithm for N-
Graphs cycles;

5. We have used the abstract graphical framework to give an abstract representation of
proofs, proof objects and related properties (as we have aforementioned in Section 1.3),
where the abstract graphical framework uses different graphical resources. In Table 9.1,
we summarize this achievement:

Graphical resources Proofs, proof objects, properties
unlabelled graph Visual cycle

unlabelled graph, adjacent nodes/edges, soundness of sequence of crossed cycles

branch point

unlabelled graph, bridge, cut point analysis of side sequence cycle

unlabelled graph, super/sub-graph recursive cycles

unlabelled graph, inspiration on crossed into uncrossed cycles

topological deformations

unlabelled graph, super/sub-graph normalization of N-Graphs cycles

unlabelled graph tracks of cut free N-Graphs

Table 9.1 Use of the abstract graphical framework

We still emphasize that the abstract graphical framework gives the possibility of inter-
preting the normalization reductions by means of transformations among graphs, for ex-
ample, we cite the transformations from cyclic graphs to acyclic graphs when the 3CA
algorithm is used and the transformation from an unbranched into a diamond cycle pre-
sented in Fig. D.2 in Appendix D. Notice this interpretation uses both: the Visual cycle
framework and the N-Graphs graphical flavour itself.

6. Creation of a weak normalization proof;

7. And the properties of subformula and separation.
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Retaking the discussion mentioned in Subsection 4.2.3, we shall highlight that our normal-
ization proof is weak, since we have determined an order in our reduction strategy. That is, we
first need to reduce the maximum cut degrees of a given cut N-Graph.

9.1 Forthcoming works

In this Section, we describe some forthcoming works. Firstly, we give a detailed description
concerning the forthcoming goal, which has already been mentioned in Section 1.3. That is,
defining normalization for N-Graphs by means of an abstract graphical framework, where the
graphical resources used are topological concepts. Specifically, we describe five different ap-
proaches. The first four (topological) approaches indeed retake Table 3.10, illustrated in Sub-
section 3.5.2, although now this table is extended in order to show how topological frameworks
presented in Part I might be useful in normalization for N-Graphs, see Table 9.2 bellow.

topological framework topological technique use in N-Graphs
shape topological deformations equivalences

torus/sphere embedding crossing of meta-edges

bands orientations crossing of edges, recursive cycles

ribbons borders crossing of edges, recursive cycles

Table 9.2 Forthcoming goal: use of topological elements for N-Graphs

• Topological deformations: Given in Subsection 2.1.6, topological deformations could be
used to determine the equivalence between crossed and uncrossed cycles, which has been
shown in Subsection 7.6.1. Notice we have been inspired by topological deformations
to determine the transformations from crossed into uncrossed cycles. But we have not
formally used the concept of topological deformation. Yet the equivalence relations used
to determine the weak confluence property, in previous Subsection 8.2.2, could be inter-
preted via topological deformations.

• Surface embeddings: The technique of embedding defined in Section 2.1 and used by
Statman in Section 3.1 could be used to handle crossing of meta-edges, reminding that
in N-Graphs meta-edges are used in →-I link. In Fig. 9.1 we present two examples
of N-Graphs with meta-edges. These examples were taken from de Oliveira [dO01]
and have been adopted with embedding technique given by Statman. We recall that in
Subsection 3.1.5 we have described how someone can determine if a given graph has a
spherical or toroidal embedding. Thus, at left of Fig. 9.1 we have a graph with spherical
embedding, while at right of the same figure we show a toroidal embedding.
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Figure 9.1 Surface embeddings

• Ribbons/Bands: Ribbons and bands, respectively shown in Sections 2.3 and 2.2, could be
similarly used to represent the N-Graphs via a topological framework. That is why here
we only present the use of ribbons, but bands could also be used with small adjustments.
Firstly, we could use ribbons to represent the crossing cycles (like the ones shown in
Fig. 7.21) and also the crossing of meta-edges described above (see at left of Fig. 9.2).
Indeed, by using a ribbon representation we may obtain a proper manner to handle the
crossing of edges, as long as the ribbons are embedded in a surface like a sphere or a
torus. Secondly, ribbons could be used to highlight the difference between supercycle
and subcycle (previously defined in Subsection 7.6.3). As we see at right of Fig. 9.2,
the external border of the ribbon represents the supercycle, while the internal borders
(illustrated by thicker lines) represent the subcycles. This ribbon is obtained from the
sequence cycle shown at left of Fig. 7.6, where we have two subcycles, one unbranched
and one diamond cycle.

Having described the four topological approaches, we move forth to present the last ap-
proach where an abstract graphical framework is used, but now without topological elements.
This approach is named as Flow N-Graphs and would be established to determine normaliza-
tion for N-Graphs. That is, not only the proof and reductions are represented as a geometrical
object, but also the normalization mechanism should be explicitly defined via a geometric per-
spective technique. As it follows, we give some general settings of how Flow N-Graphs would
be defined.

Flow N-Graphs: The Flow N-Graphs would be defined following the idea of geometric
perspective techniques. Thus, Flow N-Graphs would be responsible for abstracting the syntactic
manipulation and extract the information flow from N-Graphs, where this information casts
the contents of formula, subformula and constants ⊥/>. This information shall be useful to
determine the redundant elements of N-Graphs. Moreover, we would establish a translation
from N-Graphs links (see Fig. 5.2) towards information flow links, i.e., the links from Flow
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Figure 9.2 Ribbons

N-Graphs. The information flow links are defined in such a way in which the flow should go
from subformulas to formulas. Consequently, introduction N-Graphs links are translated as
down flows, while elimination N-Graphs links are translated as up flows, as we see in Fig. 9.3.

Figure 9.3 Translation: N-Graphs links to information flow links

The next step would be to define the so-called information flow cuts. That is, the N-Graphs
cuts shall be interpreted now in terms of information flow. Here, we show the interpretation of
β cuts (defined in Section 6.1), which corresponds to the notion of clash flow center.

Definition 9.1 (Clash flow center). A clash flow center at a given node γ is determined when
the indegree of γ is≥ 2. Besides, at node γ it should be connected: δi flows and θi flows (where
i = 1 or 2).

We remark that indegree definition is found in Appendix A, Def. A.21. And δi stands for
down flows, while θi for up flows. Bellow, in Fig. 9.4, we present two examples of clash flow
center. We observe the main idea of using Flow N-Graphs is to determine normalization by
purely geometric perspective techniques. As a consequence, the normalization proof and sub-
formula property proof could be also defined by following this same technique of information
flow links.

Moreover, we emphasize that the conception of Flow N-Graphs would bring the possibil-
ity of establishing some correspondences between normalization and computation. We could
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Figure 9.4 Example: clash flow center

define a connection between proof-graphs and concurrent processes in such a way that a given
proof-graph would have its corresponding concurrent program. Thus, the proof-graph would
be graphically represented via Flow N-Graphs. Consequently, we would create an additional
correspondence, where the concurrent program would be graphically represented by means of
some flow representation, maybe named as Flow Concurrent Program. With this, we would
have the correspondence between Flow N-Graphs and Flow Concurrent Program. And conse-
quently some technique for extracting the information flow from N-Graphs would be possibly
mapped in order to extract the information flow of concurrent programs.

Yet, we retake the brief discussion mentioned at end of Section 1.3, where we have cited
Abramsky’s work [Abr94]. Abramsky traces correspondences between linear logic and con-
current processes. And also remarks that a given calculus with symmetrical rules is capable to
define correspondences between proofs and processes, since it would be possible for represent-
ing the multiple inputs/outputs of concurrent processes. As a result, we wonder if N-Graphs
could be properly used to extended Abramsky’s paradigm for classical logic. In order to achieve
this correspondence we might need to define a typed version of N-Graphs.

Furthermore, we highlight the following forthcoming ideas. Above we have mentioned dif-
ferent topological frameworks which might be used to represent N-Graphs. With this in mind,
we retake Theorem 3.1 (given by Fleury in Subsection 3.2.3) in order to foresee that identity
of proofs for N-Graphs could be given by means of normalization, topological framework and
some real geometric perspective technique. For example, Fleury has used the isotopy technique.

• (Fleury’s theorem) Two cut-free proof-nets with only atomic axioms are equal iff they
are isotope as proof-nets in B3.

Additionally, we mention some suggestions done by professor Luiz Carlos Pereira1 con-
cerning N-Graphs and identity of proofs. N-Graphs present some features which could lead to
a subtle definition of a criterion of an identity of proofs, but also some features which could
bring some problem. Firstly, we cite the preservation of premisses and conclusions in the nor-
malization procedure. In Property 6.2 we have established this preservation property. Secondly,
we remark that ∨-E link of N-Graphs does not complicate the identity of proofs, as we see with
the disjunction rules from single conclusion ND calculus. Thirdly, we shall mention the use
of an abstract graphical framework, like Visual cycle in N-Graphs normalization. By means
of some abstract graphical framework, one can enjoy the graphical tools (e.g., isomorphism,
homomorphism, among others) from graph theory in order to establish an identity of proofs.

1These suggestions have been taken during the presentation of our thesis proposal in November 28th, 2008.
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And we also mention one feature that could introduce some difficulty when defining identity of
proofs. That is, the ambiguity of N-Graphs links. Specifically, structural links like expansion
and weakening defocussing, or contraction and weakening focussing can be ambiguous when
they are all labelled with ⊥ and > constants, respectively. A possible solution to this problem
would be adding some labels in switching links in order to avoid the ambiguity.

We also should mention the development of new normalization procedures for N-Graphs.
Firstly, we cite the creation of a normalization for N-Graphs inspired by Seldin’s normaliza-
tion technique. Secondly, we mention the definition of a normalization mechanism for the
intuitionistic version of N-Graphs.

As we have seen in Section 4.3, Seldin has constructed a normalization procedure where
the →-K and ¬-D inferences should be always pushed down to the end of deduction. This
mechanism has a side effect on the structure of normal form. The structure of cut free N-
Graphs has been defined in Section 8.4 (see Def. 8.2) and it has the following elements: E-part,
S-part and I-part. This is the structure usually found in ND systems that follow Prawitz’s work.
However, in Seldin’s work we should obtain a different structure where the I-part is pushed up
and the S-part is pushed down, since the→-K and ¬-D inferences are pushed down to the end
of deduction. With this, in case we adopt Seldin’s normalization technique we would possibly
change the cut transformations, like the permutative weakening cuts, where the I-flavour links
should be permuted with structural links in such a way that I-flavour links are now placed above
the structural links. Therefore, the normalization procedure would be responsible for pushing
down all the weakening links. As a result, we would obtain a different structure of cut free
N-Graphs: E-part, I-part and S-part.

The other normalization procedure is devised for the intuitionistic N-Graphs. The intuition-
istic N-Graphs has been developed by Marcela Quispe in her Master’s thesis [Cru09]. Thus, we
devise the determination of a normalization procedure for intuitinistic N-Graphs, where such
procedure could be defined based on the techniques developed here for classical N-Graphs.

Furthermore, we cite a computation application for N-Graphs, which indeed is being devel-
oped by Everton Marques in his Master’s thesis at CIn-UFPE. His work is intended to create
a theorem prover for N-Graphs focussed on the proof strategies used to construct the valid
proof-graphs.

At last, we bring a connection among proof systems, geometric perspective and compu-
tational complexity. As mentioned by de Oliveira in [dO01], Carbone has used the graphical
framework logical flow graphs (introduced by S. Buss) in order to study the complexity of
proofs in sequent calculus [Car97]. Carbone traces a geometrical study of the cut-elimination
process by means of determining the exponential blow up of proof sizes caused by the cut-
elimination process. With this, we could enjoy the graphical flavour of N-Graphs for analyzing
the proof-graphs complexity during the normalization procedure, as well as inspect the com-
plexity of N-Graphs cycles.





APPENDIX A

Graph Theory

This Appendix presents some graph theory concepts, such concepts are useful for definitons
from Chapter 2 and also for definitions concerning N-Graphs and normalization.

A.1 Graphs

The concepts given next are mainly based on [Har69].

Definition A.1 (Graph). A graph G consists of a pair (V,E), where V is a nonempty set of
p points, called vertices (or nodes); and E is a prescribed set of q unordered pairs of distinct
vertices of V . Each pair e = {u,v} of vertices in E is called edge or line of G, e is said to join
u and v; u and v are adjacent vertices; and the vertex u and edge e are incident with each other,
as are v and e.

The notation G(V,E) may be used to represent the sets of vertices V and edges E of a given
graph G. Any finite graph can be represented in a geometric form via a figure. To obtain such
figure each vertex is drawn as a point and each edge is drawn as a line connecting points.

Additionally, we can change, Def. A.1, and allow the existence of loops and/or multiple
edges. A loop is given by a degenerate edge of a graph which joins a vertex to itself. Multiple
edges are two or more edges connecting the same two vertices.

Definition A.2 (Simple graph). A simple graph G is a graph which neither has loop nor multiple
edges.

Definition A.3 (Adjacent edges). If two distinct edges e1 and e2 are incident with a common
vertex, then they are adjacent edges.

Definition A.4 (Adjacent vertices). In a graph G two vertices are said to be adjacent if there is
an edge which connects them.

Definition A.5 (Subgraph). A graph of G′ is a subgraph of G if all vertices and edges of G′ are
in G.

Definition A.6 (Supergraph). If G1 is a subgraph of G, then G is a supergraph of G1.

Definition A.7 (Spanning subgraph). A spanning subgraph is a subgraph G1 of G containing
all the vertices of G.
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Definition A.8 (Walk). A walk of a graph G is an alternating sequence of vertices and edges
v0,x1,v1, . . . ,vn−1,xn,vn (where n > 1) beginning and ending with vertices, in which each edge
joins the vertices immediately preceding it and following it.

Definition A.9 (Closed walk). A closed walk is a walk where v0 = vn.

Definition A.10 (Path). A path is a walk where all vertices and edges are distinct.

Definition A.11 (Trail). A trail is a walk where all edges are distinct.

Definition A.12 (Cycle). A cycle is a path where v0 = vn and n≥ 3.

We observe that in graph theory terminology each author uses different terms and defintions.
Thus, here we emphasize that instead of walk, closed walk, path and cycle, one can also see,
respectively, the use of the following terms: path, cycle, simple path and simple cycle.

Definition A.13 (Vertex degree). The vertex degree at a vertex v is the number of edges incident
with v.

Definition A.14 (Weighted graph). A weighted graph is a graph which has its edges or vertices
labeled with weights.

Definition A.15 (Colored graph). A colored graph is a graph which has its edges or vertices
labeled with colors.

Definition A.16 (Connected graph). A graph G is connected if there is at least one path between
every pair of distinct vertices in G. Otherwise, G is disconnected.

Definition A.17 (Tree). A graph is acyclic if it has no cycles. A tree is a connected acyclic
graph.

Definition A.18 (Complete graph). A simple graph is said to be a complete graph if every pair
of vertices is adjacent.

A complete graph with n vertices is denoted as Kn. We remark that the complete graph K1
is also known as trivial graph.

Definition A.19 (Bipartite graph). A bipartite graph G (or bigraph) is a graph whose set of
vertices V can be divided into two disjoint no empty subsets V1 and V2 such that every line of
G joins V1 with V2.

If each vertex of V1 is adjacent to every vertex of V2 the graph is said to be complete
bipartite.

For the topological graph theory, an additional kind of graph is defined: bouquet of n circles.
A bouquet of n circles is a graph with one single vertex and n loops, it is usually denoted by
Bn. In figure A.1 we have four examples of bouquet with circles.
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Figure A.1 Examples of bouquet with circles

A.2 Directed graphs

Here, we give some definitions concerning the concept of directed graph.

Definition A.20 (Directed graph). A directed graph or digraph G consists of a finite nonempty
set of vertices together with a set E of ordered pairs of distinct vertices. The edges are called
directed edges.

Definition A.21 (Indegree). In a digraph G the number of edges oriented towards the vertex
determines the vertex indegree.

Definition A.22 (Outdegree). In a digraph G the number of edges oriented away from the
vertex determines the vertex outdegree.

In Fig. A.2, a digraph example is shown: vertex 1 has indegree zero and outdegree 2, while
vertex 6 has indegree 2 and outdegree zero.

Figure A.2 Example of a digraph

Definition A.23 (Directed walk). A directed walk in a digraph is an alternating sequence of
vertices and edges, v0,x1,v1, . . . ,xn,vn in which each edge xi is (vi−1,vi).

Definition A.24 (Closed directed walk). A closed directed walk is a directed walk in which has
the same first and last vertices.
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Definition A.25 (Directed Path). A directed path is a directed walk in which all vertices are
distinct.

Definition A.26 (Directed Cycle). A directed cycle is a nontrivial closed directed walk with all
vertices distinct (except the first and last).

Besides, the above concepts, there are also definitions where the property of direction is
dismissed. These definitions are analogous to a walk, path and cycle (respectively) in a graph.

Definition A.27 (Semiwalk). A semiwalk is an alternating sequence v0,x1,v1, . . . ,xn,vn of
edges and vertices, but each edge xi may be either (vi−1,vi) or (vi,vi−1).

Definition A.28 (Semipath). A semipath in a digraph is an alternating sequence of distinct
vertices and edges v0,x1,v1, . . . ,xn,vn in which each edge xi may either (vi−1,vi) or (vi,vi−1).

Definition A.29 (Semicycle). An alternating sequence of vertices and edges v0,x1,v1, . . . ,xn,v0
is a semiclyle provided the sequence v1,v2, . . . ,vn is a semipath.

Notice that in Fig. A.2 we do have a semicycle, instead of a cycle.

A.3 Isomorphism and homeomorphism

Having the graphs G and G′. A graph mapping f : G→ G′ has a vertex function f : VG→VG′

and an edge function f : EG→ EG′ .

Definition A.30 (Isomorphism). A graph mapping f : G→G′ is named an isomorphism if both
functions: of vertex and edge have one-one correspondences. That is, if f ({u,v}) = {u′,v′},
then f (u) = u′ and f (v) = v′ or f (u) = v′ and f (v) = u′. Two graphs are said to be isomorphic
if there is an isomorphism from one graph to the other.

Roughly speaking, there is an isomorphism if both functions (vertex and edge) are bijectors.
In Figure A.3 we have an example of an isomorphism, when there is an isomorphism of one
graph to itself it is named automorphism.

Figure A.3 Isomorphism examples

Before proceeding with the definition of homeomorphism, we shall state the concept of
the subdivision operation. The subdivision operation is defined by a finite sequence of edges
subdivision. Taking the example given in Figure A.4, we analyze the operation in a single edge
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a, which has the vertices v1 and v2 as endpoints, when the subdivision operation is applied
at edge a we obtain two new edges: a′ and a′′. The subdivision operation might be used to
transform a graph into a simple graph. In order to obtain such result is necessary to apply the
operation for each loop and multiple edge.

Figure A.4 Subdivision example

Definition A.31 (Homeomorphism). The graphs G and H are named homeomorphic if they
have subdivisions G′ and H ′, and we say that G′ and H ′ are isomorphic.

Figure A.5 shows an example of homeomorphic graphs.

Figure A.5 Two homeomorphic graphs

A.4 Homomorphism

We mention the concept of homomorphism found in graph theory as described in [Har69]. An
elementary homomorphism of G is an identification of two nonadjacent nodes. A homomor-
phism of G is a sequence of elementary homomorphisms. If G′ is the graph resulting from a
homomorphism φ of G we can consider φ as a function from V onto V ′, so that if u and v are
adjacent in G, then φu and φv are adjacent in G′. Note that each edge of G′ must come from
some edge of G, that is, if u′ and v′ are adjacent in G′, then there are two adjacent nodes u and
v in G, so that φu = u′ and φv = v′. With this, we can say that φ is a homomorphism of G
onto G′, that G′ is a homomorphic image of G, and it is denoted G′ = φG. Thus, in particular
every isomorphism is a homomorphism. In Fig. A.6 we present four homomorphic images of
path P4. (Observe that Pn stands for a path with n vertices.)
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Figure A.6 The homomorphic images of path P4

A.5 Contraction operation

A contraction of a graph G along the edge e is the result of deleting the edge e from G and
then identifying its endpoints. The edge e is topologically contracted to a single point, and
we denote the result as G/e. Figure A.7 shows an example of a graph with the contraction
operation. Note that the edge e has been contracted together with node 1, while node 2 remains
in the graph.

The word contraction refers to both: the operation and the resulting graph. Note that con-
traction of an edge may introduce multiple edges.

Figure A.7 Contraction operation

A.6 Kuratowski’s graphs

The complete graph K5 and the complete bipartite graph K3,3 are called Kuratowski’s graphs.
In Figure A.8 we have the graphs of K5 and K3,3, respectively.

Figure A.8 Graphs: K5 and K3,3

Kuratowski (1930) has proved that K5 and K3,3 define a complete set of restrictions for
embedding graphs in the sphere. This can be noticed by the following theorem:

Theorem A.1 (Kuratowski). The graph G has an embedding in the sphere if and only if it
contains no homeomorphism of K5 or K3,3.
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The set of N-Graphs cut transformations

In this Appendix we present the complete set of N-Graphs cut transformations. Mostly cut
rules illustrated here have been previously presented in Chapter 6. Nonetheless, there are also
some additional cut rules. As it follows, Section B.1 present the logical and structural β cut
rules. Next, Section B.2 shows the permutative weakening cut rules. Section B.3 illustrates
the permutative switching cut rules. Yet we have in Section B.4 the ⊥:> cut rulles. And in
Section B.5 we mention the use of 3CA algorithm.

B.1 β cuts

The cut nodes are removed via two kinds of cut rules: logical and structural β cuts.

B.1.1 Logical β cuts

The logical β cut rules have been introduced in Subsection 6.1.1. Bellow in Figures B.1 and B.2
we present the four cut rules from this set of transformations.

Figure B.1 Logical-β : β -∧, β -∨

B.1.2 Structural β cuts

The structural β cut rules have been introduced in Subsection 6.1.2. Bellow in Figures B.3, B.4
and B.5 we present the eight cut rules from this set of transformations plus some additional cut
rules which are necessary to handle β ->→ cut rule.
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Figure B.2 Logical-β : β -¬, β -→

Figure B.3 Structural-β - ⊥ link

B.2 Permutative weakening cuts

The permutative weakening cuts rules have been introduced in Section 6.2. As it follows, in
Figures B.6 and B.7 we present the two kinds of transformations of permutative weakening
cuts, the ones which have an I-flavour and those cuts which enjoy an E-flavour.

B.3 Permutative switching cuts

The permutative switching cuts rules have been presented in Section 6.3. Next, in Subsec-
tion B.3.1 we show the first kind of permutative switching cut rules. And Subsection B.3.2
presents the second kind of permutative switching cut rules. Notice that these cut rules from
the second kind have not been previously shown in Section 6.3.
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Figure B.4 Structural-β - > link

B.3.1 First kind of permutative switching cuts – expansion

In Figs. B.8, B.9 and B.10 we show the first kind of permutative switching cut, where the
switching link is a expansion link. Observe that introduction links are one by two and elimi-
nation links are two by one.

B.3.2 Second kind of permutative switching cuts – contraction

In Figs. B.11, B.12 and B.13 we show the second kind of permutative switching cut, where
the switching link is a contraction link. Observe that introduction links are two by one and
elimination links are one by two.

B.4 ⊥:> cuts

The⊥:> cut rules have been illustrated in Section 6.4. Specifically, we have defined the simple
⊥:> cut rule (see Fig. B.14) and the extended ⊥:> cut rule (see Fig. B.15).

B.5 3CA algorithm

The so-called cut cycles are removed by means of a specific algorithm, the 3CA algorithm,
which is presented in Section 7.7, see also the Algorithm 1 where the pseudo code from 3CA
is shown. Notice that here we do not have specific cut transformations, instead the redundant
proof-graph is transformed by applying the algorithm mechanism.
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Figure B.5 β ->→ cut transformation - three additional cases

Figure B.6 Permutative weakening cuts - I-flavour
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Figure B.7 Permutative weakening cuts - E-flavour
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Figure B.8 Permutative switching cuts - first kind: ∧, ∨
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Figure B.9 Permutative switching cuts - first kind: →, ¬

Figure B.10 Permutative switching cuts - first kind: ⊥, >
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Figure B.11 Permutative switching cuts - second kind: ∧, ∨
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Figure B.12 Permutative switching cuts - first kind: →, ¬

Figure B.13 Permutative switching cuts - second kind: ⊥, >
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Figure B.14 Simple ⊥:> cut

Figure B.15 Extended ⊥:> cut - application examples



APPENDIX C

N-Graphs cycles: soundness, properties and
examples

In this Appendix we describe some N-Graphs cycles, which represent examples, properties and
analysis of soundness which have been defined throughout Chapter 7. Specifically we bring,
in Section C.1, further examples of soundness of N-Graphs cycles. Section C.2 illustrated
examples of transformation from crossed cycles into uncrossed cycles. And in Section C.3, we
show additional examples of 3CA algorithm application, as we have presented in Section 7.9.

C.1 Soundness of N-Graphs cycles

C.1.1 Sequence of crossed cycles

We present some additional examples of sequences of crossed cycles, which we have described,
in Subsection 7.5.1, in order to determine the patterns of valid sequences of crossed cycles.
Bellow, we illustrate the N-Graphs cycles and describe the equations used to determine the
respective amount of switching links necessary for obtaining a valid sequence of crossed cycles.

Fig. C.1 brings two N-Graphs cycles, where Lemma 7.3 (ASL/Kn) is used. Initially we
have the n = 4/y = 2 N-Graph cycle, where we obtain ALD := (n−2)× (y−1)⇒ 2; ASL/K2
:= y+ y− 1 ⇒ 3; finally ASL/Kn := 2+ 3 ⇒ 5. Next, we have n = 5/y = 2 N-Graph cycle,
where we have ALD := (n−2)×(y−1)⇒ 3; ASL/K2 := y+y−1⇒ 3; finally ASL/Kn := 3+3
⇒ 6.

Figure C.1 Sequence with crossed diamond cycles – examples with n = 4 and n = 5
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C.2 Properties of N-Graphs cycles

C.2.1 Crossed into uncrossed cycles

Here we describe an example of the mechanism defined in Subsection 7.6.1. That is, the trans-
formation of crossed cycles into uncrossed cycles. Fig. C.2 presents the transformation of a
crossed cycle with n = 6.

Figure C.2 Crossed into uncrossed cycle – n = 6

C.3 Examples of 3CA algorithm application

This Section presents additional examples of 3CA algorithm application (other examples have
already been given in Section 7.9 from Chapter 7). In Fig. C.3, we present the use of a back-
wards strategy with a direct node matching. The search for matched nodes start at conclusion
node R∧P. This node is directly matched with premisses R and P. Therefore, the tree with
matched nodes has ∧-I link. The last step is responsible for joininig the remaining node⊥ with
the matched nodes. With this, we obtain the new proof-graph.

Next, Fig. C.4 brings other example with a backwards strategy, but here with a subformula
node recursive matching. We start the search for matched nodes at conclusion node (P∨ S)∧
(Q∨R), where we try to match its subformula nodes: P∨S and Q∨R, but both nodes are not
matched. However, they are non-atomic nodes and we can search for their subformulas. As
a consequence, we obtain the target matches with premisses nodes P and Q. This matching
yields a graph with the following links: ∨-I and ∧-I. At last, we should join the matched nodes
with the remaining node S and generate the new proof-graph.

Besides, Fig. C.5 illustrate a hybrid strategy (backwards and forward). We start at con-
clusion node P∧R using a backwards strategy, but this strategy matches only node R at LP.
Nevertheless, we notice node P is a subformula from node P∧ S. Consequently, we use a
forward strategy to establish a match from P∧ S towards P. This results in a graph with the
following links: ∧-E and ∧-I. It is still necessary to join the remaining node Q with the matched
nodes. We remark that node Q is placed after ∧-E link and before ∧-I link. With this, we avoid
the uncover of new cut paths.
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Figure C.3 3CA algorithm example – backwards strategy and direct matching

Figure C.4 3CA algorithm example – backwards strategy and subformula node recursive matching

The last example is described in Fig. C.6 and brings a sequence cycle that is a non-redundant
N-Graph cycle. However, we inspect its subcycles and determine that the second subcycle (an
unbranched cycle) is indeed a cut cycle. With this, the new sequence cycle is given by the two
(diamonds) subcycles which are non-redundant cycles.
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Figure C.5 3CA algorithm example – backwards and forward strategies with recursive matchings

Figure C.6 3CA algorithm – recursive sequence cycle example



APPENDIX D

Hidden and overlapped cuts

This Appendix presents the complete list of hidden cuts and overlapped cuts, which may be
obtained in N-Graphs normalization, as we have defined in Subsection 8.2.3. These elements
are used to construct the normalization proof (given in Section 8.3).

D.1 Hidden cuts

Here we list the kinds of hidden cuts existent in N-Graphs normalization. Notice that symbol
↔ is used to represent that we have the hidden in both directions, while symbol→ is used to
represent the hidden cut in a single direction.

1. cut node↔ cut path

2. cut node→ cut hole

3. cut cyclic path→ cut node

4. cut node↔ cut cycle

5. cut cycle↔ cut path

6. cut path→ cut cyclic path

7. cut cycle→ cut cyclic path

In Fig. 8.6 (Subsection 8.2.3) we have already shown the hidden cut 1. Bellow, in Fig. D.1,
we present the hidden cut 2, where a cut node is removed and a cut hole is uncovered. Next,
in Fig. D.2 we show the hidden cut 3, where a cut cyclic path is removed and a cut node is
uncovered.

In Fig. D.3, we illustrate the second direction from hidden cut 4, i.e. a cut cycle is removed
and a cut node is uncovered. Recalling that in Fig. 8.11 (Section 8.3) we have show the first
direction from hidden cut 4, when a cut node is removed and a cut cycle is uncovered.

Fig. D.4 brings the hidden cut 5 which is bidirectional. At top of Fig. D.4 we show that a
cut path is removed and a cut cycle is uncovered. At bottom of Fig. D.4 we present that a cut
cycle is removed and a cut path is uncovered.

In Fig. D.5 we describe the hidden cut 6, where a cut path is removed and a cut cyclic path
is uncovered. We remark the cut path is placed in a cycle structure. As a result, we have a cut
periphery. At last in Fig. D.6, we bring the hidden cut 7, where a cut cycle is removed and a
cut cyclic path is uncovered.
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Figure D.1 Hidden cut 2: cut node→ cut hole

Figure D.2 Hidden cut 3: cut cyclic path→ cut node

D.2 Overlapped cuts and equivalence relations

In this Section, we present the overlapped cuts. Specifically we present those overlapped cuts
which generate critical pairs and also those which do not generate critical pairs. Recalling
that, in Chapter 8, we have presented only the overlapped cuts which yield critical pairs, since
they can complicate the normalization procedure (and must be further analyzed), while the
others overlapped cuts are handled by the valid reduction strategy without bring any problem
for normalization.

We must emphasize that when we have overlapped cuts which do not yield critical pairs, one
can properly chooses from the two (possible) reduction paths the one which is the unique valid
reduction strategy. With this, the other path can be discharged. Nonetheless, we realize that in
some cases, even though one does not starts the reduction process by selecting the maximum
cut, a cut free N-Graph can also be obtained. Here, as a result, we analyze the whole group
of overlapped cuts that do not generate critical pairs. On the one hand, we notice that in some
cases there is not only the valid reduction strategy, but also a second reduction path to the cut
free N-Graph. On the other hand, we observe that in some cases there is, actually, only the
unique valid reduction strategy.

As it follows, we firstly present three additional examples of overlapped cuts which generate
critical pairs. Notice that, in Chapter 8, we have already given some examples.

• Overlapped cuts yielding critical pairs:

– overlapped cut between two cut paths;
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Figure D.3 Hidden cut 4: cut cycle→ cut node

– overlapped cut between two cut cyclic paths.

In Fig. D.7, we present an overlapped cut between cut paths, where a divergent critical
pair is obtained. As a consequence, in Fig. D.8 we illustrate the equivalence relation between
N-Graphs. Moreover, we show two examples of overlapped cuts between cut cyclic paths.
The first one (see Fig. D.9) leads to a convergent critical pair, while the second example (see
Fig. D.10) generates a divergent critical pair. With this, in Fig. D.11 we illustrate the corre-
sponding equivalence relation.

Now, we present those overlapped cuts that do not complicate the normalization procedure.

• Overlapped cuts that do not yield critical pairs:

1. overlapped cut between cut hole and cut node;

2. overlapped cut between cut hole and cut path;

3. overlapped cut between cut hole and cut cyclic path;

4. overlapped cut between cut hole and cut cycle;

5. overlapped cut between cut cycle and cut cyclic path;

6. overlapped cut between cut cycle and cut path;

7. overlapped cut between cut cycle and cut node.

The first four cases describe overlapped cuts which handle cut holes. All these first four
overlapped cuts present transformations, where there are two different paths to the cut free N-
Graph, considering that one path necessarily starts by selecting the maximum cut. In Fig. D.12,
we show the overlapped cut 1 between cut hole and cut node. Next, Fig. D.13 presents the
overlapped cut 2 between cut hole and cut path. Besides, Fig. D.14 illustrates the overlapped
cut 3 between cut hole and cut cyclic path. And the overlapped cut 4 between cut hole and
cut cycle is illustrated in Fig. D.15.
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Figure D.4 Hidden cut 5: cut cycle↔ cut path

The next three overlapped cuts deal with cut cycles. We remark that in these three over-
lapped cuts we present two different cases. A first case where we have a single valid reduction
strategy, because the other strategy is not a valid one, since the normalization measure increases
during the reduction process. And, in the second case, there are two different paths which lead
to the cut free N-Graph.

The overlapped cut cut 5 is illustrate in Figs. D.16 and D.17, where we see the overlap
between cut cycle and cut cyclic path. In Fig. D.16 we have a single path to obtain the cut free
N-Graph, while Fig. D.17 has an example with two different paths. In Fig. D.18, we present
the overlapped cut 6 between cut cycle and cut path. At top of Fig. D.18, we have an example
with a single path to the cut free proof-graph. And, at bottom of Fig. D.18, the example shows

Figure D.5 Hidden cut 6: cut path→ cut cyclic path
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Figure D.6 Hidden cut 7: cut cycle→ cut cyclic path

two different paths towards the cut free proof-graph. Besides, in Figs. D.19 and D.20, we
show the overlapped cut 7 between cut cycle and cut node. Specifically, Fig. D.19 illustrates a
transformation with a single path to generate the cut free N-Graph, while Fig. D.20 shows two
different paths to reduce the proof-graph.
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Figure D.7 Additional overlapped cuts: between cut paths

Figure D.8 Equivalence relation between the N-Graphs from Fig. D.7
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Figure D.9 Additional overlapped cuts: between cut cyclic paths

Figure D.10 Additional overlapped cuts: between cut cyclic paths
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Figure D.11 Equivalence relation between the N-Graphs from Fig. D.10

Figure D.12 Overlapped cut 1: cut hole and cut node

Figure D.13 Overlapped cut 2: cut hole and cut path

Figure D.14 Overlapped cut 3: cut hole and cut cyclic path
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Figure D.15 Overlapped cut 4: cut hole and cut cycle

Figure D.16 Overlapped cut 5: cut cycle and cut cyclic path (single path)

Figure D.17 Overlapped cut 5: cut cycle and cut cyclic path (two paths)
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Figure D.18 Overlapped cut 6: cut cycle and cut path
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Figure D.19 Overlapped cut 7: cut cycle and cut node (single path)

Figure D.20 Overlapped cut 7: cut cycle and cut node (two paths)
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